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1. Introduction

The main topic of this paper is the cubic massless Dirac equation on R'*3 perturbed with a
potential

iup =Du+ V(x)u+ P3(u, u), u(0,x) = f(x), (1.1)

where u(t, x) : Ry x Ri — C% and P3(u, ) is any homogeneous, C*-valued cubic polynomial. We
recall that the Dirac operator D is defined as

D=i"Y(a181 + a2dr + a3ds)

where 9; are the partial derivatives on R3 and «; are the Dirac matrices
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The anticommutation relations

QO + oy = 268k 14

imply that D? = —I4A is a diagonal operator, showing the intimate connection of the massless Dirac
system with the wave equation.
The unperturbed nonlinear Dirac equation

iug =Du + F(u), u(0,x) = f(x) (1.3)

is important in relativistic quantum mechanics, and was studied in a number of works (see e.g. [20,7,
19,18,8,17,16] and for the more general Dirac-Klein—-Gordon system see [6,5]). In particular, it is well
known that the cubic nonlinearity is critical for solvability in the energy space H'; global existence in
H' is still an open problem even for small initial data, while the case of subcritical spaces H®, s > 1
was settled in the positive in [8,17].

Criticality is better appreciated in terms of Strichartz estimates, which are the main tool in the
study of nonlinear dispersive equations. The identity

i sin(t|D
e f = cos(t1DI) [ + 1" PUDSL Dl = (~)!7
shows that the estimates for the Dirac flow e!!? are immediate consequences of the corresponding

estimates for the wave flow e'!IPI| with the same indices, restricted to the special case of dimension
n = 3. For the wave equation on R!*" n > 3, Strichartz estimates can be combined with Sobolev
embedding and take the general form

n,1_n .
D17 p 2P| L SISl (14)
for all p, r such that

€l2,00], O ]<1 2
, 00], <-<=-——
P r 2 ((n—1p

We are using here the mixed time-space LPLY norms defined by
Ju ) e = Jiulg] -
Notice that the limiting case r = oo

”eitlleHLzLoo S H|D|%fHL2 (1.5)

is always excluded and is indeed false for general data. See [11] and [13] for the general Strichartz
estimates; concerning the limiting case r = oo, see [14,9]. The corresponding estimates for the Dirac
equation are given in [3].

In particular, the endpoint estimate

1€P £l 2 S NIDIFY (1.6)
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fails. To see the connection with the critical equation (1.3), we rewrite it as a fixed point problem for
the map

t
vi> &(v) =P f +i/ei(t_t/)DPg(v(t’))dt’.
0

If (1.6) were true one could write

t
/ i(t— t)D
0

and in conjunction with the conservation of H' energy this would imply

f [P s (v ()] 2y < V2,140

L2L°o

Hq)(V)HL;”H; + HdS(V)HLngo Sl + vl eopn ||V||f2L00'

In other words, a contraction argument in the norm || - [|;2; + || - [[;ocy1 Would be enough to prove
global existence of small H! solutions to (1.3).

It was already noted in [14] that (1.5) is true for radial data when n = 3. This remark is not of
immediate application for the Dirac equation, since solutions corresponding to radial data need not
be radial (due to the fact that the operator D does not commute with rotations of R?). Nevertheless,
for radial H! and even more general data, in [16] global existence was achieved via finer estimates,
which separate radial from angular regularity. We introduce the natural notations

e¢]

1
”f”L‘rILlZo - (f”f(r ')||(zb(gn—1)rn_1 dr)

0

and
[ fllpoorp = SUp||f ()| b gn-1y-
LeLh r>0“ HLb(S 1y
Then the following estimate is proved in [16]:

n=3, ||eit|D|fHL2Lr°°Lg) SV |IDIf|| 2 VP <oo. (1.7)
This gives a bound for the standard LZL> norm via Sobolev embedding on the unit sphere S?

2
Helt‘leHLzLoo < |48 ltlleHLzLooLP SIIDIAGf | P> = (18)

where the angular derivative operator A} is defined in terms of the Laplace-Beltrami operator on
ST as

AS = (1 — Agi1)*/2.

Using (1.8) one can prove global existence for (1.3) provided the norm |||D|A},f|l;> of the data is
small enough for some s > 0. In particular, this includes all radial data with a small H' norm.
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Our main goal here is to extend this group of results to Eq. (1.1) perturbed with a small poten-
tial V (x). We consider first the linear equation

iug =Du+ V(x)u+ F(t,x). (1.9)

The perturbative term Vu cannot be handled using the inhomogeneous version of (1.7) because of
the loss of derivatives. Instead, we prove new mixed Strichartz-smoothing estimates (Theorem 2.3)

n>3, <[00 DI"Z AZF| 5, (110)

LELLE

t
/ei(t_s)|D|F(s,x) ds
0

where

forn=3, o0=0,

forn > 4, o:l—g. (111)

Remark 1.1. As a byproduct of our proof, we obtain the following endpoint estimates for the wave
flow with gain of angular regularity (Theorem 2.1);

n>3, [P f] 2000 S |AGF] (112)

where o is as in (1.11). Although this was not the main purpose of the paper, it is interesting to
compare (1.12) with known results. In dimension n = 3, estimate (1.12) is just a special case of Theo-
rem 1.1-1Il in [16] where (1.12) is proved with o = —%; it is not known if this value is sharp, however
in the same paper it is proved that the estimate is false for o < —g. On the other hand, to our knowl-
edge, estimate (1.12) for n >4 and (1.10) for n > 3 are new. The literature on these kind of estimates
is extensive and we refer to [10,12] and the references therein for further information.

Combining (1.10) with the techniques of [4] we obtain the following endpoint result for a 3D linear
wave equation with singular potential. Analogous estimates can be proved for higher dimensions; here
we chose to focus on the 3D case since the assumptions on V take a particular simple form:

Theorem 1.1. Let n = 3 and consider the Cauchy problem for the wave equation

upr —Au+Vxu=F, u0,x)=f(x), u(0,x) =gk
under the assumptions:

(i) V(x) is real valued and the positive and negative parts V 1 satisfy

C 8
Vi< —4——r Vo< (113)
|x]27€ + |x|2 |x]27¢ + x|2
for some 8, € sufficiently small and some C > 0;
(ii) —A + V is selfadjoint;
(iii) O is not a resonance for —A + V_ (in the following sense: if f is such that (—A + V_)f =0 and
(x)~1f € L?, then f =0).
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Then the solution u(t, x) satisfies the endpoint Strichartz estimate

1
ull 2oz SISl +18lz + [ X2 F 2. (114)
t=r w t =X

The next step is to prove suitable smoothing estimates for the Dirac equation with potential

iuy =Du+VXxu+ F(t,x)

(see Proposition 4.2 and Corollary 4.3). Then by a perturbative argument we obtain the following
endpoint estimates for the linear flows:

Theorem 1.2. Assume that the hermitian matrix V (x) satisfies, for § sufficiently small, C arbitrary and o > 1,
with v(x) = x| 2 |log [x|| 2+ + |x|1*,

VV(x)| < < (1.15)

V)| < o

v

Then the perturbed Dirac flow satisfies the endpoint Strichartz estimate

[P f 202 S 1Sl (1.16)

If the potential satisfies the stronger assumptions: for some s > 1,

8 C
HAZ)V(M ) HLZ(SZ) S W HAZ)VV(M ‘)HL2(S2) S @ (117)
then we have the endpoint estimate with angular regularity
[ A% P F 21002 < 145 [ (118)
and the energy estimate with angular regularity
45,6 P 1o S 145 1 (119

We can finally apply Theorem 1.2 to the nonlinear equation (1.1) and we obtain:

Theorem 1.3. Consider the perturbed Dirac system (1.1), where the 4 x 4 matrix valued potential V (x) is
hermitian and satisfies assumptions (1.17). Let P3(u, i1) be a C*-valued homogeneous cubic polynomial. Then
forany s > 1 there exists €q such that for all initial data satisfying

1A%, fl 1 < €0 (1.20)
the Cauchy problem (5.1) admits a unique global solution u € CH! N L2L™ with ASju € L°H!.

In particular, problem (1.1) has a global unique solution for all radial data with sufficiently small
H' norm.
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Remark 1.2. It is clear that our methods can also be applied to nonlinear wave equations perturbed
with potentials, and allow to prove global well posedness for some types of critical nonlinearities.
This problem will be the object of a further note.

Remark 1.3. We did not strive for the sharpest condition on the potential V, which can be improved
at the price of additional technicalities which we prefer to skip here. Moreover, the result can be
extended to more general cubic nonlinearities |F(u)| ~ |u|.

Notice also that we need an angular regularity s > 1 on the data, higher than the s > 0 assumed in
the result of [16]. It is possible to relax our assumptions to s > 0; the only additional tool we would
need to prove is a Moser-type product estimate

[ 46 @z < Ml | 4GV g + [ AGu] g Vi, s>0

and an analogous one for A} |D|(uv). This would require a fair amount of calculus on the sphere S2,

and here we preferred to use the conceptually much simpler algebra property of H¥(S"!) for s > %

On the other hand, the extension of our results to the massive case

iy =Du+V&xXu+mpBu+ Fu), m#0
requires a different approach and will be the object of further work.

2. Endpoint estimates for the free flows

To fix our notations, we recall some basic facts on spherical harmonics (see [22]) on R", n > 2. For
k > 0, we denote by Hj the space of harmonic polynomials homogeneous of degree k, restricted to
the unit sphere S"~!. The dimension of H; for k > 2 is

n+k—1 n+k—3 _
d":< k )_< k—2 ):U{)nz

while dg = 1 and d; =n. Hj is called the space of spherical harmonics of degree k, and we denote by Y.,
1 <1< d an orthonormal basis. Since

(o.¢]

L2 (Sn—l) — @ Hk

k=0
every function f(x) = f(rw), r = |x|, can be expanded as

oo dy

F =323 Y (@) (2.1)

k=0 I=1
and we have

[fea)], = > Al
k>0
1<I<dy,

b

where we use the notation Lz, = L[2(S"1). More generally, if Ag is the Laplace-Beltrami operator on
S"™1 and
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1/2
Aw=(1-2g)"2,

we have the equivalence

[ag s = Y ®¥[H]. oek.

k=0
1<I<dy

As a consequence we have the equivalence

|4 f oy = D R AOIT 000 (2.2)
k>0
1<I<dy,

In a similar way

IV f I gny = (AF, 2

> (T 0 A0 | 2000 + R ITT HO | 20.00) (23)

k>0
1<I<dy

12

where we used the following representation of the action of A

r2

X _ _ k(k+n—2)
—Af(x)=ZY,’<<m)[—rl "o ("o fi) + —f,i] r=|x.
More generally we have for integer m

m _ _ k(k -2
“A( =A™ ) =3 (1 +kik+n—2) Y,l<|:—r1 "y (1" larf,g)+%fé]

which implies

[V AL |22y = (~A0 =A™ f. £) 2

~ Y (T 0 ) e HRIFT A 0) (24
k>0
1<I<dy,

and by interpolation and duality we see that (2.4) holds for all m € R.
We shall estimate the solution using the following norm:

”f ”LI?OLEO = SUpH f(rw) H Lﬁ,(S“‘U‘
r>0

Theorem 2.1. For all n > 4 the following estimate holds

“eitlle”LfLsoLg) N HAzo_jf”Hngl ’ (2.5)
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while for n = 3 we have

[P f 2 psorz S SN (2.6)

Remark 2.1. In dimension n = 3 the previous result is a special case of the stronger estimate proved
in [16]:

[Pl 2 pp0r2 S 14> £ [l - (2.7)

Notice that it is not known if estimate (2.7) is sharp. For higher dimension, estimate (2.5) seems to
be new; it is reasonable to guess that this result is not sharp and might be improved at least to

. _n-1
HeltlleHL?LrOOL(ZU 5 ”AZ) 2 f”anl , €> 0. (28)

Proof of Theorem 2.1. It is well known that the H} spaces are invariant for the Fourier transform F,
and more precisely

Fe)Yi(@))(E) = g(|s|)Y,’<(é—|) (2.9)

where g is given by the Hankel transform

g =miih'7 f c(0) Jyyn2 (rp)p dp. (2:10)
0

Here J, is the Bessel function of order v which we shall represent using the Lommel integral form

1
Jv(y) = /2) fe'“(l —AZ)V_%dA. (211)

n%r(wm/z)_l

Now, given a function f(x), we denote by f its inverse Fourier transform and with f,i(r) the coeffi-
cients of the expansion in spherical harmonics of ]‘:

oo dy
F=Y > fYiw). (212)

k=0 I=1

Recalling (2.9) we obtain the representation

f(x)=Z(2n)%i"‘lxll‘%Y}<(%> f f4(0) Jiynz2 (1x10) 02 dp (2.13)
0
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which implies

o0

Pl = @m)ti~tN' iy (%) f e fi(p) Jyn2 (IX1p) % dp.

0

2241

(2.14)

Consider now Lommel’s formula (2.11) for J,; since e’*Y = (iy)*kai‘(e‘”), after k integration by parts

we obtain
1
n_ i k423
Jiyn2 (¥) =cry? ! /emyaf(ﬁ —a%)" 7 )da
-1
with
k2———k+]
Ck = 1
w2l (5= 4 k)
Thus we can write
o0
|x|1“fe“pf,i(p)f,ﬁ%(lep)pj dp
0

1

+00
n—3 v .
= / ax((1-22) "*T)[ / 1+<p>f,i<p>p"—1e‘p““"")dp} di

-1

—o0

(2.15)

(2.16)

(2.17)

where 1, (p) is the characteristic function of (0, +00); regarding the inner integral as a Fourier trans-

form we arrive at

1
=y / ¥ ((1 - 12)“%)@}(@ + Alx[) da
-1
where

g.(0) =14(p) fL(p)p" !

In conclusion, we have the following representation

1
elPlf = Z<2”>“_ky'<(| |)C’</ (1 =22 ) B e+ 1)
-1

(2.18)

(2.19)
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where the constants cj are given by (2.16) and g}c by (2.18). Notice that similar representations play a

fundamental role also in [10,12]. In particular this gives for the L(ZU norm of the solution at t, |x| fixed
the formula

1 2

[ -2 e mm] . o)
-1

e Pl (X1 72 = D el

We now need the following estimate:

Lemma 2.2. Let Qi (x) be the function

ak((1 — x2)+"7)

U=k =)

Then we haveonx € [—1, 1]

Q| S WkTE ifn=4, Q| <1 ifn=3. (2.21)

Proof. We recall that the Jacobi polynomials are defined by

_1\k dk
(1) [(

P = S (=07 A0 [ =0 0P, (2.22)

We shall use some standard properties of these polynomial which can be found in [1]. The func-
tion Qy can be expressed in terms of P(a ®) (x) with o =1 —3)/2 as

k(1 —x2)" 2

(_37_
ST plT 2.23
rk+m1h o (X)‘ (2.23)

Q)| =

Thus in order to estimate Q; we need a bound for the function

n—3
Ta0) = (1-%)"PU?), a= — (2.24)

The following approach was suggested by Ilia Krasikov, see [15]. Consider the second order differ-
ential equation

f"x) 4+ p@) f'(x) +qx) f(x) =

on the interval (—1, 1), and define the Sonine function as

f(x)?
q(x)

S(f,x) = fx)?*+

under the assumption g > 0. It is easy to check that function S satisfies the relation

/
S = (2p+ q2>f’2.
q q
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The function T,(x) defined in (2.24) satisfies the differential equation

2Qa—1) _, (k + 1)(2a + k)

T(/l/(x) + T2 xT,(x) + ) Tqa(x)=0

so that the associated Sonine function

2
1—x ,2

k+1DQa+k)

Sax) =T2 +

satisfies

- 2(2a—-1) 72

T T k+Dhatk e (2.25)

From this identity it is clear that S; has a maximum at x =0 provided a > 1/2 i.e. n > 4. In this case
we have

P2’ (0)2

T{;(O)z __pla.a) 2
PO+ k+1R2a+k’

_ 2
$a®) < SO =Ta(O"+ Gito s =P

Now we recall that, for even k > 2,

F'k+a+1)
“2frE+Dr & +a+1)

P (0) = ~ (%3, POV 0 =0

where we used the Stirling asymptotics

K~ kK12e7k 0 P+ a4 1) ~ kkFa1/2e7k,

In a similar way, for odd k,

Ck+a+1)

1
~ (—1k k2.
¢ rE+ hré& +a+

PeY0 =0, P*V(0)=

Thus for all values of k > 1 we have

’Ta(x)‘ <VSa®) S

S|_‘
=

and by (2.23) we conclude that, for k > 1 and |x| < 1,

n

Q)| Sk'2

which is precisely (2.21) for n > 4.
In the remaining case n =3 we have a =0 and the best we can do is to use the sharp inequality

|P,(<O’O)| < 1 to obtain
k! 50,0
00| = £ 10 <1 o
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Using the lemma, we can continue estimate (2.20) as follows

1

2
Pl F (1x] ) Hig) 5200,3( /\Q,’{(Hklxl)\dx)

-1
where
=1 ifn=3, =& % ifn>4. (2.26)

Since

IX|

f\gk t + Alx| \dx_| | /| (t+)\)\d)\<M(§;<)(t)

—Ix|

where M(g) is the centered maximal function, we obtain

[P (1) 72 < D wopM (@) @

Now we can take the sup in |x| which gives

”eztIleH o2 S < Zwk (t)2

and integrating in time, by the L? boundedness of the maximal function, we obtain

. 2 A2 2 f -1
”e't'D'fHL?L?%Z, S oeléln =Y oillaln =D wil fiop” 1HL%(0700)'

It is immediate to check that the last sum is equivalent to

2| 7l -12 ~ n-1 2
Zwk | fi(0)p" HLf,(o,oo) ~ [ID] 2 AngLZ(]R")
where 0 =1 —n/2 for n > 4, which proves (2.5), and o =0 for n = 3, which proves (2.6). O

Although the method of proof of Theorem 2.1 is probably not sharp for the homogeneous operator,
it has the advantage that it can be adapted to handle also the nonhomogeneous term and gives the
following mixed Strichartz-smoothing estimate:

Theorem 2.3. For any n > 3, the following estimate holds

< w2tip)T A"FHLZ (2.27)

2 2
L2131,

t
/ei(t_s)|D|F(s,x) ds
0

where

n
021_5 ifn>4, oc=0 ifn=3
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Proof. As in the proof of the previous theorem, we expand F in spherical harmonics and we obtain
the representation

t
/ei(tS)D|F(s,x) ds
0

1

:Z(zn)%i—kcky}((%)faf(@ —AZ)” 2)Gj (s, t — s+ Alx]) dA (2.28)

with the constants ¢, as in (2.16), where the functions GL are defined as follows: denoting by
FL(t, r) the coefficients of the expansion into spherical harmonics of the inverse Fourier transform
F=F"(F)

F(s,x) = ZFk s, || Yk<| |>

and by GL the functions

Gi(s, p) =14.(p) " Fi(s, p), (2.29)

the G . (s, 7) are the Fourier transforms of G’ in the second variable:

+00
Clis.n = [ ecle. pdp.
—00
Thus applying Lemma 2.2 we obtain
t x| t
/e,(r OIDIE(s, x) ds <Z|Yk / dx/ds|ck(s t—s+A)| (2.30)
0 —Ix]

where wj is the same as in (2.26). We estimate the integral in s as follows

t —+00
/\E,Q}dsg /<A+t—s)% o+ t—5) 27 [Gls. A+t —9)|ds
0 —00

< (/(A+t—s)”\ﬁ,ﬁ(s,xﬂ—s)]zds)z = Qi+,

where

N —

QWh</MmM DIR" 1w§
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Thus we see that
. x| t ’ x|
— f dxfds\ﬁ,i(s,t—erx)\gm f Qi+ 6 dr < M(Q})(®).

1]
—Ix 0 ~lx]

Coming back to (2.30) we obtain

S v M(Qg)®

t
fei(t_s)|D|F(s, x)ds
0

and taking first the Li, norm, then the sup in |x|, then the Lt2 norm, by the L? boundedness of the
maximal function we have

t 2
o 2
/el“ OIDIE (s, x) ds SOICA (HG] et
0 LZL°L2
The definition of Q,i implies
J1akoae= [ [[6hs.n =9 1a =" dsdpe = [Elce. 0
and hence
t 2
/ei(t_5)|D|F(s,x)ds Y wp |G HLsz (2.31)
0 LZeL?

Recalling the definition (2.29) of GL, we see that to obtain (2.27) it is sufficient to prove the following
general inequality for s =1/24 and arbitrary o:

> 027 1) Famey (1 02" D) 12 S [0S AGIDIT £ [ e, (232)

Here as usual f,i denote the coefficients in the expansion in spherical harmonics of the inverse Fourier
transform f =F"1f.

First of all, since F~ (|D| f) €] Tlf we see that it is enough to prove, for 0 <s <1 and
arbitrary o, the slightly simpler

S 002 90y (10" Fo) I 5 074G (233

The inequality will follow by interpolation between the cases s =0 and s = 1; indeed, we can regard
it as the statement that the operator T defined as

T:f > (P Fny (AT 8}, 8=4,° f
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which associates to the function f the sequence of coefficients in the expansion of F _1(A;" ),
multiplied by A®~1/21_, transformed again and multiplied by (y)*, is bounded between the weighted
spaces

T:L*((x)* dx) — ¢2 20 (L% ((r)* dr)).
When s = 0 we have by Plancherel’s Theorem and by (2.2)
Z H}—K—>y(1+()‘))‘ fk()‘)) HLZ - Z k) 2 ”)L fk()‘)”Lz(O VS HAZ)fHLZ (RMy*
Since A, commutes with the Fourier transform, indeed

F(=Asf)=F Y ;o —x0)*f =>_ (@5 — W&j)>F

again by Plancherel we obtain (2.33) for s = 0.
To handle the case s =1 we consider the quantity

|lyFoesy (1A T fk()\))Ile—Hax(h(k)k f:<(“)||L2
S A7 5 R G000 + 14T 0,00

Multiplying by (k)2°, summing over I, k and recalling (2.4), we obtain

Z k)% Hy]:k—>}’(1+()‘))‘ fk()‘)) HL2 S HVA f“LZ(R”) + H)‘ fo ()‘)HLz(O 00)

where the last term cannot estimated by (2.4) because of the factor k? which vanishes when k = 0.
However we have

o) = / fow)di = / A% f (o) di

|w|=1 |w|=1

which implies, using Hardy’s inequality

SIS
12(R")

}|A_fo ()‘)HLZ(O 00) ~ H €]

Thus we have proved
Z (k)* ”y}—A—W(LrO‘))‘ fk()‘)) HL2 S |vag fHLZ(]R”) = ”|X|A?ufHL2

again by the commutation of A, with the Fourier transform. This gives (2.33) for s =1 and concludes
the proof of the theorem. O
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Remark 2.2. Since the operator A, commutes with |D|, estimates (2.5), (2.6) and (2.27) obviously
generalize to the following; for any real s > 0,

HAiueitlleHLfL;’OLfo S HAZ)JFGf”H% (2.34)
and
t
Az)/ei(t_s)m'F(s, x)ds | <x>%+|D|%A§U+GF}|L?L§ (2.35)
0 LELLE
where

n . .
0:1—5 ifn>4, o=0 ifn=3.

From the previous estimate for the free wave equation it is not difficult to obtain analogous end-
point Strichartz and Strichartz-smoothing estimates for the 3D Dirac system:

Corollary 2.4. Let n = 3. Then the flow e!'? satisfies, for all s > 0, the estimates

HAzoeithHLfL;’OLg, S ”Aiume’ (2.36)
and
t
A;/ef“—”’DF(t’,x) dt’ < (x)%+|D|AZ)FHLgL§. (2.37)
0 LELYLE
Proof. If u solves the problem
iug +Du =0, u(0) = f(x), (2.38)

by applying the operator (id; — D), we see that u solves also

Lu=0, u0) = f(x), us(0) =iDf. (2.39)
This gives the representation

e"'P f = cos(t|D|) f +ism|(tTllme. (2.40)

Moreover, we recall that the Riesz operators |D|_18j are bounded on weighted L? spaces with weight
(x)® for a < n/2. Thus in the case s =0 estimates (2.36), (2.37) are immediate consequences of the
corresponding estimates for the wave equation proved above.
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In order to complete the proof in the case s > 0, we need analyze the structure of the Dirac
operator D in greater detail. Following [23], we know that the space L?(R3)# is isomorphic to an

orthogonal direct sum

PE)'~ @ @D P 30 +00d) ® Hpyy,.

=13 mi=—j kj=£(j+1/2)

Each space Hy, ik has dimension two and is generated by the orthonormal basis {q§m e
which can be explicitly written in terms of spherical harmonics: when kj = j + 1/2 we have

. mj—1/2
j+1—m; Yk]j
o =L | —yiETEm |
mipki T J2j+ 2 0
0
j-l-mj Ym] 1/2
~ 1 —m; ij+1/2
mj,l<j_m JO
0
while when kj = —(j + 1/2) we have
. mj—1/2
J+m] Ylikj
n . i j—m- ij—l—l/Z
cpmf’kf__\/Z_j JO 1-k; ,
0
jrT—m; y"

1 m]+1/2
- - | -V +1+m Y_
cpmj,kj 2j_|_2 J !

0

The isomorphism is expressed by the explicit expansion

U (x) = Z 1/f k() k+ 1//m k]() m]k

with

_ 2
%112, —Z/ |+ Vi T
Notice also that

1, _ 2
w12, =3 z\wm] o+ 2 Vi

mj,kj}'

(2.41)

(2.42)

(2.43)
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Each L?(0, 4-00;dr) ® Hp; k; is an eigenspace of the Dirac operator D =i~! > «;jdj and the action of
D can be written, in terms of the expansion (2.41), as

+ —
k' P k; d k; Dy k;
DY — S o= Joi =t 2ot it
Z( mj kj r I//mj,kj) r + drl//mj,kj + r wmj,kj r
From decomposition (2.41) it is clear that the operator A2, which acts on spherical harmonics as

ATYM = (140t +1)% V! (2.44)

does not commute with D. Indeed, each space Hm; k; involves two spherical harmonics Y} with two
values of ¢ which differ by 1, and D swaps them. However, the modified operator /Tg defined by

Aoy 1y = ki1 Py (2.45)

obviously commutes with D, thus estimates (2.36), (2.37) are trivially true if we replace A with A It
remains to show that we obtain equivalent norms. The equivalence

[ 4572 = 14551

follows directly from (2.44), (2.45) and (2.43). Moreover, A and A commute with A, hence with |D],
and this implies

[1D14% Fll 2 > [1D1 4G, £ ] 2
or, equivalently,
[ 4% f i = 146 [0
This is sufficient to prove (2.36). Since A and A also commute with radial weights we have
[0271D14%, £ |2 = [ ) 2¥1DIAS £ |2
which gives (2.37). O
3. The wave equations with potential

Our next goal is to extend the results of previous section to the case of perturbed flows. This will
be obtained by a perturbative argument, relying on the smoothing estimates of [4] and the mixed
Strichartz-smoothing estimates of the previous section. In [4] smoothing estimates were proved for
several classes of dispersive equations perturbed with electromagnetic potentials (while the 1D case
was analyzed in [2]). For the wave equation in dimension n > 3 the estimates are the following:

Proposition 3.1. Let n > 3. Assume the operator

—A4+W(X,D)=—A+ax)-V+bi(x)+ba(x)

is selfadjoint and its coefficients satisfy
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)
ax)| < , 3.1
jaco) |x|1€ + |x|2|log |x||” G-
) C
‘bl (X)| < m, <bha(x) < X[1=€ + X2 (3.2)

for some §, € > 0 sufficiently small and some o > 1/2, C > 0. Moreover assume that 0 is not a resonance for
—A + by. Then the following smoothing estimate holds

(%12 7€+ 1x1) " YA W E L < fll e (3.3)

The assumption that O is not a resonance for —A + by(x) here means: if (—A + by)f =0 and
(x)~1f eL? then f=0.

Combining Proposition 3.1 with (2.27) we obtain the following Strichartz endpoint estimate for the
3D wave equation perturbed with an electric potential:

Theorem 3.2. Let n = 3 and consider the Cauchy problem for the wave equation

U — Au+Vxu=F, u0,x) = f(x), ue (0, x) = g(x)

under the assumptions:

(i) V(x) is real valued and the positive and negative parts V 1 satisfy

C 5
Vo< —— v —— % (3.4)

%127€ + [P %127€ + |2
for some 8, € sufficiently small and some C > 0;
(ii) —A + V is selfadjoint;

(iii) O is not a resonance for —A + V_.

Then the solution u(t, x) satisfies the endpoint Strichartz estimate

1
lullziorz, S 1l + gl + |02 F 2. (3.5)

Proof. We represent u(t, x) in the form

ut,x)=I1+1-—11I
where

sin(t|D
I=cos(t|D|) f + %g,

t

= / ID|~!sin((t — 5)|D|)F ds,

0
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and

t
= / ID|~"sin((¢ —s)|D|)Vuds.
0

We can use (2.5) to estimate I and (2.27) to estimate II in the norm LterooLfU directly. On the other
hand, applying (2.27) to IIl we get

||IH||L§L$°L5) S “ <XﬁJFVUHLZLZ < H <X>%+T€VHL§° er_luHmz-

By assumption (x)%JrrEV is bounded on R", moreover we are allowed to use (3.3) since V satisfies
the assumptions of Proposition 3.1. Notice that (3.3) implies

e ul e SUFI2 + 1D ] 2

and in conclusion we have proved

M 2012 S W fllg2 + [1D17 g 2
which completes the proof of (3.5). O

Analogous estimates can be proved for the Klein—-Gordon equation, or in higher dimension n > 3,
for first order perturbations, and for angular derivatives of the solutions. We omit the details since
we prefer to focus on the Dirac equation here.

4. The Dirac equation with potential
We consider now the perturbed Dirac operator D + V (x) where V (x) is a small 4 x 4 hermitian

matrix valued potential. We prove here more general versions of the estimates given in [4,3] in order
to include angular regularity. We begin with the free Dirac equation:

Proposition 4.1. The free Dirac flow satisfies, for all o > 1 and s > 0, the smoothing estimates (with w4 (X) =
x|(1 + [log |x|D?)

[wo 45,6 P £ 212 S [ 455 2 (41)

and

S lwo* 4%,F 2

1212

(4.2)

L2

t
W;l/2AZ)/ei(t—t’)DF(t/) ar’
0

Proof. When s = 0, both estimates follow from the resolvent estimate

H W(:]/ZR'D(Z)fHLZ(R3) < C” Wclf/szLZ(R3)’ z ¢ R,

with a constant uniform in z, proved in [3] using a standard application of Kato’s theory (see also [4]).
The case s > 0 is proved exactly as in Corollary 2.4, first by replacing A, with A, which commutes
with the flow, and then by using the equivalence of norms. O
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We consider now the case of a perturbed Dirac system
iuy=Du+Vu

where V(x) is a 4 x 4 matrix potential. If V is hermitian and its weak L>° norm is small enough,
the operator D + V is selfadjoint as proved in [3]. In all of the following results the assumptions on
the potential are somewhat stronger than this, so in all cases the unitary flow e!P+") will be well
defined and continuous on L?(R3)# by spectral theory.

Proposition 4.2. Let V (x) be a hermitian 4 x 4 matrix on R3 such that

V()| < wo () =r-(1+ [logr|)” (4.3)

wo (x])’

for some 8 > 0 sufficiently small and some o > 1. Then the perturbed Dirac flow et P+V) satisfies the smooth-
ing estimates

-1/2 i
[wa 2" P £ 2 S 1 F N2, (4.4)
t
~1/2 Y 1/2
wy / fCOPHIE(E)d' | S wo*F 2. (4.5)
0 LFL
Ifin addition V satisfies for some s > 1 the condition
s )
HAwV(r ) HL2(S2) < m, (4.6)
then we have, for all 0 < s < 2, the estimates with angular regularity
-1/2 '
[wa' 2 A3,e" PV £ 21n S [ 455 0 (4.7)
t
-1/2 i(t—t’ 1/2
Wy / Afufel(t t)(D+V)F(t/) dt/ 5 HWO_/ AZ)FHL?L)% (48)
0 LPL

Proof. If u solves
iuy=Du+Vu+F, u@ =f

we can write
t
u=ePf 4 i / e OP[Vu(t) + F(¢')]dr.
0
Using (4.1), (4.2) with s =0 and assumption (4.3) we get

[wo?ul 22 S U5z + |we >V + F1 2y

<Ufllz + 8 wo 2u oo + |Wo *F | 212

If § is sufficiently small this implies both (4.4) and (4.5).



2254 E Cacciafesta, P. D’Ancona / J. Differential Equations 254 (2013) 2233-2260

To prove (4.7), (4.8) we proceed in a similar way using again (4.1) and (4.2):

HW;UZAZ)”HLEL,% S[A%F ]2+ [wo' A%, (Vu + )| 22

We shall need the following fairly elementary product estimate involving the angular derivative oper-
ator Ay

[ 4% EM ] 2w < (A6l 12 62 [ A0 12 62 )

which holds provided s > 1. This estimate can be proved e.g. by localizing the norm on the sphere via
a finite partition of unity, and then applying in each coordinate patch a standard product estimate in
the Sobolev space H*(R?), s > 1.

Applying (4.9), and using assumption (4.6), we have

[wo'? A5,(Vu+ F)| 20 <8 wa P ASul| 2 + [ we 2 ASF 22

and the proof is concluded as above. O
We note the following consequence of (4.4):

Corollary 4.3. Assume that the hermitian matrix V (x) satisfies, for § sufficiently small, C arbitrary and o > 1
(with wg (r) =1(1 + |logr)?)

C
V(0| < , |VV(x)| < . (4.10)
wo (IX]) W (Ix])
Then besides (4.4) we have the estimate for the derivatives of the flow
—1/2o i
[wo29e P £ S il (411)
If in addition we assume that, for some s > 1,
S < 8 S < C 4 2
“ Aa)v(r ) ” [2(S?) W (r) s ”AwVV(T ) HLZ(SZ) X Wo (r) ’ ( 1 )
then we have the following estimate with angular regularity
-1/2 i
[wo VAL P f] 2y S [ ALS - (413)

Proof. Assume at first s =0 and let u = e/®P*V) f. Each derivative uj = d;ju satisfies an equation like

iofuj=Duj+Vuj+Vju, V;j=09;V, uj(0,x) = fj=09;f
so we can represent it in the form

t
uj:eit(D“LV)fj+i/ei<t—5)(D+V)Vjuds.

0
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To the first term at the r.h.s. we can apply estimate (4.4) obtaining
—1/2 Jit(D+V
[wo 2" P £ 22 S Ul

To handle the second term we use (4.5):

H w2 / =D+
L2

< Iwe?Viul 0 < Iwo Vil | wo ul 2,2

and again by (4.4) and by the assumption on VV we conclude the proof of (4.11).
For the proof of (4.13) we apply to the equation for u the operator |D| which commutes with D:

i0;(ID|u) = D(|D|u) + |D|(Vu)

and we use estimates (4.7), (4.8), obtaining

[wo 2 1D1A% Ul 2p2 S 145 Fll g + [ wel*1D14%, (Vi o

Now in the last term we commute |D| with A and we notice that we can replace |D| by V obtaining
an equivalent norm. This gives

1/2 1/2

1/2
[wo/*1D1A3, (Vi) 12p2 < | we* A% (VW] oo + o™ A5,V (V)| 22
We can now apply the product estimate (4.9) and assumptions (4.12); proceeding as in the first part

of the proof we finally obtain (4.13). O

By a similar perturbative argument, we obtain the endpoint Strichartz estimates for the Dirac equa-
tion with potential. Notice that in the version of this theorem given in the Introduction (Theorem 1.2)

. . . 1
we used an equivalent formulation in terms of the potential v, (x) = |x|2 |log |x||° + (x)11.

Theorem 4.4. Assume that the hermitian matrix V (x) satisfies, for § sufficiently small, C arbitrary and o > 1
(with we (r) =1(1 + |logr|)?)

8 C
Vo] < RO S s - (4.14)
(x ) Wq (|X])2 (x)z W0(|X|)2
Then the perturbed Dirac flow satisfies the endpoint Strichartz estimate
it(D+V) <
e f”LngoLgu S g (4.15)

If instead we make the following assumption (which implies (4.14)): for some s > 1,

)
(SZ) 1 1>
(T)2+ o

Wq ()2

C

A%V (- )HL2 | A5,V (r- )HL2 (4.16)

1°

2
) r>2+w (r)?2

then we have the endpoint estimate with angular regularity

” Ai)e"(mv)fHLngOLz S A% (4.17)
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and the energy estimate with angular regularity
s Lit(D+V) s
HAa)e f"Lg’OH1 S ||AwaH1' (4.18)

Proof. Consider first (4.15). Notice that V satisfies in particular the assumptions of Corollary 4.3. We
can write

PV =141 (4.19)

with
t
[=€Pf, =i f e 9Py yds.
0

The term I is estimated directly using (2.36) with s = 0. On the other hand, applying (2.37) to the
term I we get

W2 ez < 02 IDIOVI) | 2o

Now we recall that the Riesz operators |D|~!'V are bounded on weighted L? spaces with A, weights,
and (x)* belongs to this class provided s <n/2 (see [21]). Thus we can continue the chain of inequal-
ities as follows:

=[x DITVIDIVW 2 S 0TV (V)| 2y S A+ B

where

A=V B=| X2V Vu| 5.

HL2L2’

Then we have

1 _1
A< |3 W2V oo wo 2t 2 SIUFI2

by the assumptions on VV and (4.4), while

1 _1
B < [0 eV | W 2 Vit 2 S 1 f I

by (4.11). Summing up, we arrive at (4.15).
The proof of (4.17) is similar. We estimate I using (2.36). Applying (2.37) to the term II we get

[ A5 210012 S 027 ID1AL (V)| 2.

L2

Then we commute |D| with A,, and we can replace the operator |D| with V since the norm is
equivalent; we arrive at

< 07 ALYV oy + 0T ALV (V)| 120

L®L2)

[ A%,
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Now we use the product estimate (4.9) and assumptions (4.16) to obtain

1/2 1/2

SClwe ASUHLZLZ"‘SHWG AZ)VUHLZB

and recalling the smoothing estimates (4.7), (4.13) we conclude the proof of (4.17).
It remains to prove (4.18). Consider first the free case V = 0. We have the conservation laws

[P f |y =05 Nize [P f[[joepz = IDF 2 (4.20)
which imply
1€ £l joon = 1 1l

since |Df|l;2 = || f 1. Moreover, the operator Ay, introduced in (2.45) commutes with D, so that
we have for all s >0

| A%, £l oo 1 = Il Ao 1

and switching back to the equivalent operator A, as in the proof of Corollary 2.4 we obtain

| 456" f | oo st S Il Aa iyt (421)

Consider now the case V = 0. We start from

0737 f|| oo < Iz (4.22)

which is a consequence of (4.1) (we relaxed the weight). Taking the dual of (4.22) we get

[T
which together with (4.20) gives
H fei(f—t’)DF(t/) dt/ 2 g ” (X) %+F ” 202
L>L

Now a standard application of Christ-Kiselev’ Lemma in the spirit of [13] (see also [4] for the case of
Dirac equations) allows to replace the time integral with a truncated integral and we obtain

t
/ l(t f)DF dt
0

Recalling that the operator Ay, introduced in (2.45) commutes with D, and proceeding as in the proof
of Corollary 2.4 we obtain for all s >0

t
Az)/ei(t—t’)DF(t/) dt’
0

S H <X>%+F”L2L2' (423)
Loo[2

S 2T ALF | 2)2 (4.24)
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and finally, applying |D| which commutes both with D and A, we have also

< 32+ A% IDIF 20 (4.25)
LooH1

t
AZ) / ei(t_t/)DF(t/) dtl
0

Now we use again the representation (4.19); by (4.21) and (4.25) we can write
; 1
[ 46" P f oo S N AGSF [ + [x)2F A5 IDIVID | 1212
and proceeding exactly as in the first part of the proof we arrive at (4.18). O

5. The nonlinear Dirac equation

Theorem 4.4 contains all the necessary tools to prove global well posedness for the cubic nonlinear
Dirac equation

iuy =Du+ Vu+ P3(u, u), u(0,x) = f(x). (5.1)
Our result is the following:

Theorem 5.1. Consider the perturbed Dirac system (5.1), where the 4 x 4 matrix valued potential V = V (|x|)
is hermitian and satisfies assumptions (4.16). Let P3(u, 1) be a C*-valued homogeneous cubic polynomial.
Then for any s > 1 there exists €q such that for all initial data satisfying

1A%, Fll 1 < €0 (5.2)
the Cauchy problem (5.1) admits a unique global solution u € CH! N L?L> with ASju € L°H!.
Proof. The proof is based on a fixed point argument in the space X defined by the norm
= | A% ey + 1450 (53)

Notice that in Theorem 4.4 we proved the estimate

[P £l < 145 ] - (5.4)
Define u = @(v) for v € X as the solution of the linear problem
iuy=Du+Vu+P(v,Vv), u(0,x) = f(x) (5.5)

and represent u as

t
U=d() = eit(D+V)f +i/ei(t_t')(D+V)P(v (t/), M) dt’.
0

We recall now the product estimate
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| A%, g | 1262) S | 458 12,(S2) | A%h] 12,(S2)

(see (4.9)). Then we have, by (5.4)

Jullx < 4% F | + / e OP Py (), v(E)) |t

S 1AL + fHAS ) v () L ' = |45 F Lo + |45 P 0. D) -

By (4.9) we have

3
[ 2% () 262 S 14871262,
whence
145 2 S 45V 148 iz
and
|45,(v%) HL}L,% < AZ)VHL?OL?( | AZ)VH%?L?"LE) < Ivilx- (5.6)
In a similar way,
HAZ)V(V3)||L§)(SZ) S ”AZ)VVHLCZU(SZ) | A%, VHL2 (S2)
so that
2
|45V (V)2 < 1459v] 2|46V 1o
and
”AZ)V(V3) HL 112 S < || 4q V"“LO"LZ | 4%, VHLZLOOLZU < Ivilx- (5.7)
In conclusion, (5.6) and (5.7) imply
| AP, D)1 SHIVIX
and the estimate for u = @ (v) is

lullx = @) |y S [ A5 F]pr + VI

An analogous computation gives the estimate

| &) — 2w S v —wix - (IVilx + [wllx)*

and an application of the contraction mapping theorem concludes the proof. O
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