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PROJECTIVE AND ANOMALOUS REPRESENTATIONS OF CATEGORIES
AND THEIR LINEARIZATIONS

DOMENICO FIORENZA AND CHETAN VUPPULURY

ABSTRACT. We invesigate the relation between projective and anomalous representations of
categories, and show how to any anomaly J: C — 2Vect one can associate an extension C”
of C and a subcategory CSJT of C’ with the property that: (i) anomalous representations of C
with anomaly J are equivalent to Vect-linear functors E: C’/ — Vect, and (ii) these are in turn
equivalent to linear representations of C‘S]T where “J acts as scalars”. This construction, inspired
by and generalizing the technique used to linearize anomalous functorial field theories in the
physics literature, can be seen as a multi-object version of the classical relation between projective
representations of a group G, with given 2-cocycle «, and linear representations of the central
extension G% of G associated with a.
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1. INTRODUCTION

A functorial field theory is a (smooth) symmetric monoidal functor from a category of bordisms
endowed with geometric structure (e.g., a Riemannian metric) to a linear category, such as finite-
dimensional vector spaces or Hilbert spaces. This perspective, originating in the work of Atiyah
and Segal [Ati88, Seg04], has become a fundamental organizing principle in quantum field theory.
For instance, a 2-dimensional conformal field theory with values in super (i.e. Z/2-graded) Hilbert
spaces can be described as a symmetric monoidal functor

Z: Bord$®™ — sHilb,

where BordgOnf denotes the category of 1-dimensional spin manifolds and conformal spin bordisms.
A recurring phenomenon in the construction of such theories is a systematic but controlled failure of
strict functoriality, commonly referred to as an anomaly in the physics literature. This phenomenon
has been extensively studied from both physical and mathematical perspectives; see, for example,
the recent overview by Freed in [Fre23] as well as the treatment in [Frel4,FT14]. A typical example
is the fermionic anomaly of conformal spin field theories [LR20].

One way to accommodate anomalies is to enlarge the bordism category so that the additional
data compensates for the failure of functoriality. For instance, in [ST04], Stolz and Teichner define
a Clifford linear conformal field theory of degree n € Z, as a continuous functor

E: CliffordBord§?" — sHilb,
where Chﬂ?ordBordCO’rlf is a category whose objects are the same as Bord5™™, but whose morphisms

are pairs (X, ¥), where ¥ is a conformal spin bordism, and ¥ is an element in the n-th tensor power
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of the fermionic anomaly line. While this construction may appear somewhat ad hoc at first sight,
it reflects a more general and conceptually natural mechanism.

From a higher-categorical viewpoint, anomalous functoriality can be encoded in several equivalent
ways. On the one hand, one may consider functors valued in a projectivization of a linear category,
in which scalar automorphisms are promoted to elements in the Picard 2-group or its higher versions.
On the other hand, anomalous theories can be described in terms of cocycle data valued in suitable
higher groupoids, together with coherence data controlling the failure of strict functoriality. A third
perspective realizes anomalous theories as honest linear functors defined on suitable extensions of
the source category classified by such cocycles. Variants of these constructions appear throughout
the literature on higher category theory, projective representations, and extended field theories; in
addition to the aforementioned references, see, for example, [Lur09b,ST11, BDSPV15,FV15, JFS17,
SS25].

These different viewpoints are closely related to well-known categorical constructions. In
particular, the passage from projectivized targets to cocycle data and vice versa can be understood
in terms of universal properties of categorical quotients, while the relationship between cocycle-
adapted coherence data and extensions is expressed through a Grothendieck construction, and so it
is a version of the straightening/unstraightening correspondence in higher category theory [Lur09a].
Despite their ubiquity, these perspectives are often developed in different contexts and with different
conventions, and their precise relationship is not always made explicit.

The aim of the present article is to provide a systematic and self-contained comparison of these
approaches in the setting of higher categories. More precisely, given a functor

J: C — 2Vect,

where C is an co-category and 2Vect denotes the Morita 2-category of finite-dimensional algebras,
bimodules, and intertwiners, we introduce a notion of Vect-valued anomalous representations of C
with anomaly J. We show that these are equivalent to Vect-linear functors defined on a canonical
extension C”’ of C, which carries a natural structure of module category over Vect.

Moreover, C’ contains a distinguished subcategory CSIT, with the same objects as C, such that
Vect-linear functors from C” to Vect correspond to linear representations of C‘S’T in which the anomaly
J acts by scalars. This result can be regarded as a multi-object analogue of the Eilenberg—Watts
theorem on additive and cocontinuous functors between categories of modules [Eil60, Wat60], and is
closely related to the classical correspondence between projective representations of a group and
linear representations of its central extensions. In particular, when the anomaly J is invertible and
suitably structured, anomalous representations reduce to projective representations. In this sense,
the framework developed here provides a natural higher-categorical generalization of projective
representation theory.

The constructions considered in this paper admit further generalizations, for instance to super
vector spaces and to analytic settings involving (super) Hilbert spaces and (super) 2-Hilbert spaces,
modelled as the 2-category of (super) von Neumann algebras, Hilbert bimodules and continuous
intertwiners. [Sch26]. While we do not pursue these analytic aspects in detail here, the formalism
developed in the present work applies directly to such settings. In particular, when applied to the
n-th tensor power of the fermionic anomaly

JFermionic: BOngonf i S2I‘Illb7

our construction recovers the degree n Clifford-linear conformal field theories of Stolz and Teichner
as instances of a general universal procedure.

This article is based on C.V. PhD Thesis [Vup25]. We thank Matthias Ludewig, Christoph
Schweigert, Jim Stasheff, and the referee for very useful comments and suggestions. D.F. was
partially supported by 2023 Sapienza research grant “Representation Theory and Applications”, by
2024 Sapienza research grant “Global, local and infinitesimal aspects of moduli spaces”, and by PRIN
2022 “Moduli spaces and special varieties” CUP B53D23009140006. D.F. is a member of the Gruppo
Nazionale per le Strutture Algebriche, Geometriche e le loro Applicazioni. (GNSAGA-INdAM).



PROJECTIVE AND ANOMALOUS REPRESENTATIONS OF CATEGORIES AND THEIR LINEARIZATIONS 3

2. NOTATION AND CONVENTIONS

Throughout the whole paper, K will denote a field. By Vectg we denote the symmetric monoidal
category of finite dimensional vector spaces over K. For A and B two K-algebras, 4Modg will
denote the abelian category of (A, B)-bimodules that are finite dimensional over K. By 2Vectkx we
denote the Morita 2-category of finite dimensional K-algebras, bimodules, and intertwiners. That
is, 2Vectk is the 2-category whose objects are finite dimensional K-algebras, whose 1-morphisms
are finite dimensional (over K) bimodules, and whose 2-morphisms are morphisms of bimodules:

2Vectg (Ao, A1) = 4,Mod4,,.
The composition of 1-morphisms is given by tensor products:
2Vecty (A1, Ag) x 2Vecty (Ag, A1) > 2Vecty (Ao, Az)
is given by

A,Mody, x 4, Mody, — 4,Mody4,
(Ma1, M) — Mo ®4, Mip.

The identity 1-morphisms are algebras sees as bimodules over themselves. Tensor product of
algebras over K endows 2Vectg with a natural structure of symmetric monoidal 2-category, with
unit object the K-algebra K; see, e.g. [Shu20]. We will take 2Vectk as our preferred model for the
symmetric monoidal 2-category of finite dimensional 2-vector spaces over K, hence the notation.

We will be constantly identifying a (higher) category with its nerve. Indeed, at least for low values
of n, an (00, n)-category can be explicitly described as a simplicial set with a few special properties.
For instance, (00,0) categories (or, equivalently, co-groupoids) can be defined as Kan complexes
(i.e., simplicial sets for which all the horns are required to have a filler) and (oo, 1)-categories as
weak Kan complexes (i.e., simplicial sets for which only the internal horns are required to have a
filler). The simplicial characterization of (o0, 2)-categories appears to be a little less widely known
than the n = 0,1 cases; a good reference where it can be found spelled out in detail is Section 5.4
of Lurie’s Kerodon [Lur]. In these terms 2Vecty is the 2-category whose O-simplices are algebras
A;, whose 1-simplices are bimodules M;;, where M;; is a left A;-module and a right A;-module,
whose 2-simplices are morphisms of bimodules

ik Mij ®a; Mjp — Mg,
whose 3-simplices are commutative tetrahedra, i.e., commutative diagrams of the form

pijr®id
M;; ®a, Mji @a, My —— M ®a, My

id@ijlJ/ J{‘Pikl

Pijl
M;j ®a; Mjg —————— My

Higher simplices are defined by the condition that the nerve of a 2-category is 3-coskeletal, i.e., for
k > 4 a k-simplex is in the nerve of 2Vectk if and only if all of its faces are in the nerve.

By K* we denote the multiplicative group of the field K, and by B2K* the 2-group given by
the double delooping of the abelian group K*, i.e., the 2-groupoid having a single object with
only the identity 1-morphism and with K* as automorphism group of the identity 1-morphism.
There is a canonical embedding +: B2K* < 2Vectyg that maps the unique object of B2K* to the
K-algebra K, the identity 1-morphism in B?K* to the (K, K)-bimodule K, and the elements of
K* to themselves seen as (K, K)-bimodule morphisms from K to K. In simplicial terms, B2K*
is the simplicial abelian group whose 2-simplices are decorated by elements « in K* and whose
3-simplices are characterized by the 2-cocycle condition aga3p12 = @g13ai123. The realization of
B2K* as subsimplicial object of 2Vecty is manifest.

Through the whole paper we assume familiarity with basic construtions in higher category theory.
A comprehensive treatment can be found in [Lur].
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3. THE STANDARD BK*-ACTION ON Vectg

The 2-group BK* has a distinguished action on the symmetric monoidal category Vectk, i.e.,
there is a symmetric monoidal (2, 1)-category! Vecty //BK* fitting into a homotopy pullback diagram
of the form

Vectg ——— =

(3.1) J /l .

Vectg /BK* —— B2K*

The symmetric monoidal category Vectg//BK* will be the natural target for projective representa-
tions.? The construction begins by noticing that the 2-category 2Vecty is naturally pointed, with
pointing given by the unit object K. One can then form the loop space 2-category 922 Vectg, defined
as the lax® homotopy pullback

02 Vectg ———— =*

(3.2) l / |

x* —— 2Vectg.

One has a natural equivalence of symmetric monoidal categories {22 Vectx =~ Vectk. In particular,
Q2Vectg which is a priori a 2-category is actually equivalent to a 1-category.

Definition 3.1. The symmetric monoidal (2, 1)-category Vectk /BK* is defined by the lax homotopy
pullback

Vecty /BK* —— B2K*

(33) | = |

* ———— 2Vectk.

Here, the symmetric monoidal structure comes from the fact that the natural embedding
t: BK* < 2Vectg is symmetric monoidal, and the fact that Vectk /BK* is a (2, 1)-category from
the fact that all k-morphisms in BK* for k¥ > 1 and all k-morphisms in 2Vectk for & > 2 are
invertible. This will be manifest in the simplicial description of Vectg /BK* we provide below. By
the pasting law for lax homotopy pullbacks, from the defining diagram (3.3) we obtain the diagram

Vejc]K 7 I

(3.4) Vecty //BK* —— B2K*

x* —— 2Vectg,

where the 2-out-of-3 rule has been used to identify the top left corner with the category Vectx of
vector spaces over K. In the top square? of (3.4) we find the announced diagram (3.1), encoding a
higher group action of the 2-group BK* on the linear category Vectx. We will refer to this action
as to the standard 2-action of BK* on Vectg. One easily obtains the following explicit description
of the (2, 1)-category Vectg/BK*.

Lemma 3.2. The nerve of the (2,1)-category Vectg //BK* is given by the following data:

o (O-simplices are (finite dimensional) vector spaces over K;
o 1-simplices are morphisms ¢;5: Vi — V; of vector spaces;

1I.e., a 2-category whose k-morphisms for k > 1 are invertible.

2The fact that this target is naturally a 2-category justifies the motto that “The theory of projective representations
is a piece of 2-category theory fallen into the realm of 1-category theory.”.

3Here and in what follows we will always say ‘lax’ to mean the 2-cell is not necessarily invertible; when the
adjective ‘lax’ is omitted it is meant that the 2-cell is invertible. To avoid possible confusion, we will occasionally
write ‘strong’ to stress that a certain homotopy commutativity is with an invertible 2-cell.

4Notice that this top square is automatically a strong homotopy pullback, since B2K* is a 2-groupoid.
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o 2-simplices are homotopy commutative diagrams of the form

v, — % LW,

o I,

i.e., are the datum of three morphisms of K-vector spaces ¢;;: Vi — V; and of a scalar
a5, € K* such that
ik - Qijk = Qjk © Pij;
o 3-simplices are characterized by the fact that the decorations ayji, of the faces satisfy the
2-cocycle condition
ikl QG5 = Q5100 E]
e higher simplices are determined by the 3-coskeletality condition, i.e., for k = 4 one has
AF(Vectg /BK*) = (0AF)(Vecty //BK*).

Remark 3.3. In terms of nerves, the morphism Vectx/BK* — B?K* in diagram (3.1) sim-
ply consists in forgetting all O-simplex and 1-simplex decorations, and retaining the 2-simplex
decorations.

Remark 3.4. The content of Lemma 3.2 can be taken as a definition of the (2,1)-category
Vectg /BK*. This allows defining Vectk /BK* with no reference to 2 Vect.

Remark 3.5. The symmetric monoidal structure on Vectx naturally induces a symmetric monoidal
structure on Vectg /BK*.

4. PROJECTIVE REPRESENTATIONS OF CATEGORIES

The 2-category Vectk /BK* is the natural target of projective representations: given a category
(o

Definition 4.1. Let C be a category. A K-linear representation of C is a functor p: C — Vectg. A
projective representation of C (over K) is a functor p: C — Vectg /BK*. A 2-cocycle on C with
values in K* is a functor a: C — B2K*.

Every projective representation has an associated 2-cocycle, given by the composition of p: C —
Vectg /BK* with the canonical morphism Vectyk /BK* — B2K*. More generally, we can give the
following.

Definition 4.2. Let a: C — B2?K* be a K*-valued 2-cocycle on C. A projective representation of
C of class a is a lax homotopy commutative diagram of the form

¢ —2— Vectg //BK*

R
B2K*

Remark 4.3. When the filler 3 is the identity, this precisely says that p is a projective representation
of C with associated 2-cocycle a. For a general 3, the projective representation p will have a 2-cocycle
equivalent to « via the equivalence f.

Remark 4.4. Since Vectg /BK* is a 2-category, a projective representation of C will factor through
the 2-truncation of C. Hence will not be restrictive to assume C is a 2-category from the beginning,
and we often will tacitly make this assumption, e.g., in not discussing the data for k-simplices of C
for k > 4.

5Here and in what follows by category we will usually mean oo-category, and by functor we will mean co-functor,
using 1-category and 1-functor when we want to stress that we are in the non higher context. Clearly, every 1-category
is also an oco-category and so a category in our use of the term, so expressions like “the category of vector spaces”
will be non-ambiguous.
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Remark 4.5. Spelling out the definition, the functor p of a projective representation of C associates
with an object X; of C an object Vy, of Vectg/BK*, i.e., a K-vector space; with a 1-morphism
fij: Xi = X; in C a linear map

Pfij- Vx, = VXj
and with a 2 simplex

Xf—>Xk

N W@M

of C an element az,;, € K* such that py, o py,. = py, - az,,,. Functoriality of p also tells us that
g,

for a a 3-simplex in C we have az,,, az,
J

= ag that 15 the equation expressing the fact that
« is a 2-cocycle on C with values in K*.

it 850

Example 4.6. When C = BG, the above definition precisely reproduces the classical definition
of a projective representation of the group G, and the definition of 2-cocycle reproduces that of a
group 2-cocycle with values in K* as a trivial G-module. The equivalence class of the 2-cocycle
a: BG — B%K* is an element in the second group cohomology group Hérp(G ,K*) of G, and saying
that a projective representation p is of class « precisely means that the 2-cocycle associated with
the projective representation p is in the same cohomology class as a. More precisely, these two
2-cocycles are related by the coboundary corresponding to the filler 8 of Definition 4.2.

Definition 4.7. Let a: C — B2K* be a 2-cocycle. A trivialization of a is a homotopy commutative

diagram of the form

C ——F— B2K*

Example 4.8. When C = BG, a trivialization in the above sense is precisely the datum of a
K*-valued 1-cochain on G with dgyp8 = «, where dayp is the differential of the usual cochain
complex computing group cohomology.

Lemma 4.9. Let p: C — Vectk //BK* be a projective representation, and let o be its associated 2-
cocycle. Then a trivialization of « is equivalent to a lift of p to a linear representation p: C — Vectk.

Proof. Since « is the 2-cocycle associated with p, a trivialization of « is a homotopy commutative
diagram of the form

C—

@ | =

Vectg //BK* —— B2K*

By the universal property of lax homotopy pullback and by the top square in (3.4), diagram (4.1)
uniquely® factors as

=

Vecty — =,

|

Vecty /BK* —— B2K*

(4.2)

where the filler in the bottom right square has no name since it is the canonical filler for the
lax homotopy pullback and the filler in the top triangle has no name since * is the terminal

6As always in the context of higher categories, uniqueness is up to homotopies, that are unique up to 2-homotopies,
that are unique up to 3-homotopies, et cetera.
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2-category and so there is a unique’ triangle as the top one. Vice versa, given a lift p of p to a
linear representation, i.e., a lax homotopy commutative diagram of the form

C L{y Vectk

NG

Vecty //BK*

we can uniquely form a diagram of the form (4.2) (again by the uniqueness of the upper right
triangle in (4.2)), and the outer diagram of this is a diagram of the form (4.1), i.e., a trivialization
of a. 0

Remark 4.10. Spelling out the definition, we see that a trivialization of « consists in associating
with any morphism f;;: X; — Xj in C an element 3y, in K* in such a way that for any 2-simplex

X; fik X,

fij fir
Xj

in C the equations 3y, a=

Zijk

P = ﬁ;j py.;- One then easily directly checks that p is a linear representation of C.

= Bj1Bi; are satisfied. The lift p associated with the trivialization § is

Remark 4.11. The monoidal structure on Vectg /BK* from Remark 3.5 induces a tensor product
on projective representations. One immediately sees that if p; and ps are projective representations
of C of classes a1 and as, respectively, then p; ® ps is a projective representation of C of class
ajas. It follows that if two projective representations p and 7 of C are such that their associated
2-cocycles are inverse to each other then p ® n lifts to a linear representation of C.

Remark 4.12. Let p be a projective representation of C with associated 2-cocycle a. Assume «
has a trivialization §. Then from § we can construct a projective representation ng as follows

We can then form the tensor product ng ® p. Since f is a trivialization of «, the 2-cocycle for the

projective representation 7 is a;jk. So, by Remark 4.11, 73 ® p is a linear representation of C.

This is no surprise: making ng ® p explicit we find
ne®p: Xi > K®Vy, = Vx,
—1 ~
Eijk g ﬁf_”lﬂ;;ﬂflka)ﬁ”k = 1.

That is, 73 ® p is precisely the linear lift p of p associated with the trivialization 5. This shows
that linear lifts of projective representations can be seen as particular instances of tensor products
of projective representations.

5. ANOMALOUS REPRESENTATIONS OF CATEGORIES

A closely related notion to that of a projective representation of C with 2-cocycle «v is that of
anomalous representation with an anomaly J endowed with an a-structure &.

7Again, uniqueness is up to homotopy: one means that the space of all such triangles is contractible.
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Definition 5.1. Let J: C — 2 Vectgk be a functor. An anomalous representation of C with anomaly
J is a lax homotopy commutative diagram of the form

c—L 2Vectk

e NI

Remark 5.2. It is useful to make fully explicit the definition of an anomalous representation
Z of C with anomaly J. This explicitation will serve as a model for making fully explicit all
of the constructions presented by universal properties in the following of the present article. On
several occasions we will directly use these explicit descriptions in the proofs of a few results. The
interested reader can easily derive these explicit descriptions from the one presently given here, or
find them in [Vup25]. An anomalous representation Z of C with anomaly J consists of

e aleft J(X;)-module Z(X;), thought of as a (J(X;), K)-bimodule, for every object (0-simplex)

Xi of C,
e afiller Z(f;;) for the diagram

K—% 5K

2o LA oy

J(X;) m J(X;)

in 2 Vectg, i.e., a morphism of left J(X;)-modules
Z(fi5): I(fi3) ®ux) 2(Xi) = Z(X;),

for any morphism f;;: X; — X; in C;

\

such that the prism

K K

Z(X
/ Y
I

Z(X;)

Z(X5)
7k
) TG J(Xk)
J(X;)

commutes in 2 Vectg, i.e., such that the diagram of morphisms of left J(X})-modules

T(f30) ®rix,) J(fi) © 2(X:) 2259 14 @50x,) 2(X5)

(5.2) J(Eijlc)®idl J{Z(fjk)
Z(fik)
T(fir) ®(x0) Z(X,) S Z(Xy)

commutes, for any 2-simplex

e ﬂm

Xy ————— Xi

of C
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We now introduce the notion of invertible anomalies and of a-structures on a given anomaly,
where « is a 2-cocycle. The interplay between these two notions will lead to Proposition 5.6, relating
anomalous and projective representations.

Definition 5.3. The Picard 3-group Pic(2 Vectg) < 2 Vectk is the 3-group of invertible algebras,
invertible bimodules and invertible morphism of bimodules inside the Morita 2-category. We say
that an anomaly J: C — 2 Vecty is invertible if it factors through Pic(2 Vectk) € 2 Vecty, i.e., if
one is given the datum of a strong® homotopy commutative diagram of the form

Pic(2 Vect g )

(5.3) C / W \ :

2Vectk

where +: Pic(2 Vectg) — 2 Vectg is the inclusion.

Definition 5.4. Let J: C — 2 Vectg be a functor, and let o: C — B2K* be a 2-cocycle on C with
values in K*. An «a-structure on J is the datum of a lax homotopy commutative diagram of the
form

B2K*
(5.4) a ¢
P

We say that an « structure is invertible if (5.4) is strong.

2Vectg

Remark 5.5. By composing a 2-cocycle a: C — B2?K* with the inclusion ¢: B?K* < 2 Vectg one
gets a functor

Jo=toa:C — 2Vectg
The anomaly J, is endowed with a canonical invertible a-structure: the one with identity filler €.
We will call J,, together with its canonical a-structure, the canonical anomaly associated with the
2-cocycle a. Since the inclusion B2K* < 2 Vectg factors as

B?K* < B Pic(Vecty) < Pic(2 Vectg) < 2 Vect .

we see that an anomaly J endowed with an invertible a-structure is automatically invertible. In
particular, J, is an invertible anomaly.

Proposition 5.6. Let a: C — B2K* be a 2-cocycle on C with values in K*. Then we have an
equivalence between the category of projective representations of C of class o and the category of
anomalous representations of C with anomaly J,. More generally, if £ is an invertible a-structure
on J: C — 2Vectg, then £ induces an equivalence between the category of projective representations
of C of class o and the category of anomalous representations of C with anomaly J.

Proof. By pasting (5.4) with (5.1), we get the lax homotopy commutative diagram
C —*— B?’K*
(5.5) J l :
e
x* —— 2Vectk

By the universal property of lax pullbacks, this diagram can uniquely be factored as

C /a\
Peoz
ﬂ&oZ
\ =
Vecty /BK* —— B2K*
= J{ / J{L
* —— 2Vectk

Si.e., the 2-cell components are all invertible. Another terminology to express this consists in saying that the

2-cell filler is a “pseudonatural transformation”, as opposed to “lax natural transformation”.
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From the top triangle in the above diagram, comparing with Definition 4.2, one sees that
Peoz - C— VectK//B]K*

is a projective representation of C of class a.. Vice versa, since * is the terminal 2-category, given a
projective representation of C of class a we can uniquely form the diagram

C /a\
P
B
\ =
Vectg /BK* ——— B2K*
= J{ / ib
x —— 2Vecty

whose outer square is a lax homotopy commutative diagram of the form

C —2 B2K*

(5.6) JZ/' o

x* —— 2Vectg
Since the 2-cell ¢ is invertible, we can write Z, 3 = £o (§7' 0 Z, ), and (5.6) is factored as

B2K*

/ ﬂk{ \
C J 2Vectk
*

thus exhibiting €' o Z, s as an anomalous representation of C with anomaly J. By uniqueness,
the two constructions are inverse to each other, so that when the a-structure £ on J is invertible
we find an equivalence. O

Remark 5.7. The first part of the proof of Proposition 5.6 only uses the datum of the a-structure
on J and not its invertibility. So we still have that anomalous representations of C with anomaly
J induce projective representations of C of class « under the sole assumption £ is an a-structure on
J. However, this will not be an equivalence unless ¢ is invertible.

Remark 5.8. For an object X; in C, we have peoz(X;) = §(Xi) ®(x,) Z(X;). For a 1-morphism
fij: Xi = X, in C we have that peoz(fi;) is the linear map

§(fi)®idz(x;) ide(x;)®Z(fi5)
_ —_— s

E(Xi)®y(x)Z(Xi) §(X5)®x,) I (fi)®r(x)Z(Xi) §(X5)®rx,)Z(X5)-

Remark 5.9. It is reasonable to expect that the constructions of the previous sections make sense

with an arbitrary 2-term {2 sequence of symmetric monoidal co-categories, i.e., for any sequence
((n+ 1)V, nV, (n —1)V) where

e kV is a symmetric monoidal (o0, k)-category;

o (k—1)V = Q(kV).

Writing simply V for 1V, the sequence we have been considering in the previous sections has been

0V = 0 Vectg : the commutative algebra K of “numbers”, that can be thought of as
“0-vector spaces”
V = Vectk : the symmetric monoidal category of K-vector spaces

2V = 2 Vectg the symmetric monoidal Morita 2-category of “2-vector spaces”
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A second immediate example is the super-version of this Q-triple:
0V = OsVectk : the commutative algebra K of “numbers”, that can be thought of as
“super (i.e., Z/2Z-graded) O-vector spaces”
V = sVectk : the symmetric monoidal category sVectgk of super K-vector spaces

2V = 2sVecty : the symmetric monoidal Morita 2-category of “super 2-vector spaces”.

Here, more explicitly, 2sVectg is the 2-category whose objects are (finite dimensional) super (i.e.,
Z/2Z-graded) K-algebras, whose 1-morphism are (finite dimensional) Z/2Z-graded bimodules and
whose 2-morphisms are morphisms of Z/2Z-graded bimodules. As in the non-super case, composition
of 1-morphisms is given by tensor products, which in this case is the tensor product of Z/2Z-graded
bimodules.

Other examples are given by the Q-triple

0V = OHilbg : the commutative algebra C of complex numbers, thought of as
“0-Hilbert spaces”
V = Hilbg : the symmetric monoidal category Hilb of Hilbert spaces
2V = 2Hilb : the symmetric monoidal Morita 2-category of ‘Hilbert 2-vector spaces”,

modelled as the 2-category of von Neumann algebras, Hilbert bimodules and continuous intertwiners,
as well by its super version, see [Sch26] for details.
In the general setting, the chain of inclusions appearing in Remark 5.5 becomes

B? Pic((n — 1)V) < BPic(nV) < Pic((n + 1)V) — (n + 1)V
and all of the constructions of the previous sections should verbatim translate to this more general
setting. In particular the target with projective nV-valued representations would be the (00,1 — 1)-
category
nV//BPic((n — 1)V).
A somehow more explicit notation for the same (00, n — 1)-category is
nV//BAuth(an),

where one stresses the fact that Pic((n — 1)V) is the group of automorphisms of the unit object
of the (o0, n)-symmetric monoidal category n). Also notice that the possibility of multiplying
a morphism of vector spaces with an invertible scalar, that played a prominent role into giving
explicit equations for projective representations with values in Vectg makes perfect sense for any
(00, m)- symmetric monoidal category nV: the multiplication

K* x Homvecty (Vi, V) — Homyect, (Vi, V;)
is a particular instance of the multiplication
Autny(1ny) x Hompy (Vi, V) — Hompy (Vi, V)
given by
Autyy (1) x Homy(Vi, V) &> Hompy (1ay ® Vi, 1oy @ V;) = Hom,y (Vi, V;)
(a,f)—a®f

Also notice that invertibility actually plays no role here: one could have K and End,)(1y) in place
of K* and Aut,y(1,y) in the above formulas.

One could therefore have given all definitions and constructions from the beginning in the general
setup considered in this Remark. Yet, a close inspection of the relevant literature showed that many
of the expected results these definitions and constructions would be based on in the generality of
symmetric monoidal (oo, n)-categories are, for n > 3, more part of a well-established folklore than
being available in the form of rigorously established results. So we preferred to limit ourselves to
the treatment of the concrete example of K-vector spaces, so to have the constructions presented
in the paper based on solid ground. The construction immediately extend to the other explicit
examples mentioned above, i.e., super-2-vector spaces and (super-)2-Hilbert spaces; the rigorous
extension to arbitrary symmetric monoidal (00, n)-categories is the subject of [Vup26].

Focusing on 2 Vectk also has the benefit not to lose the reader into abstractness from the very
beginning, and to have a more immediate recognition of known results and construction from the
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classical theory of projective representation of groups. At the same time, we tried to present all
constructions in a sufficient abstract way, using only categorical properties of Vectg, to make the
transition to the general setting of of symmetric monoidal (o0, n)-categories immediate once the
needed basic results on co-group actions on symmetric monoidal (0o, n)-categories are rigorously
established.

6. FROM ANOMALOUS REPRESENTATIONS TO LINEAR REPRESENTATIONS

Let G be a finite group, and let a be a K*-valued 2-cocycle on G. Then one can use « to
construct a K*-central extension G of G by the rule: elements of G are pairs (g, \) with g € G
and A € K* and with the multiplication given by

(91, A1) - (92, A2) = (9192, (91, g2) A1 A2).

In categorical terms, the construction of G is a homotopy pullback: the groupoid BG? is the
homotopy pullback

(6.1) J / la

Remark 6.1. Notice that we are saying “homotopy pullback” here instead of “lax homotopy
pullback” since the category in the bottom right corner is a 2-groupoid, and so the filler of the
2-cell in (6.1) is automatically invertible.

A well know result from the theory of projective representations of group is that projective
representations of G with 2-cocycle « are equivalent to linear representations of the central extension
G“. Actually, stated this way, the result is improperly stated. To see this just consider the case
where G = {e} is the trivial group. Then also « is trivial and G* = K*. The statement would then
say that projective representations of the trivial group, that are necessarily trivial, are equivalent to
linear representations of the group K*, that are not necessarily trivial (already the 1-dimensional
representation of K* acting on K as scalars is nontrivial). The correct statement is: projective
representations of G with 2-cocycle « are equivalent to linear representations of the central extension
G such that the subgroup K* € G* acts as scalars. In this and in the following Section we are going
to present a generalization of this result to the case where BG is replaced by an arbitrary category
and « by an arbitrary anomaly. As in the previous Sections, we will present the constructions with
concrete linear targets such as Vectx and 2 Vectk, but in such a way that a generalization to an
arbitrary symmetric monoidal 2-category V replacing 2 Vectk should be immediate. There will be
however also a few specificities of 2 Vecty, in particular the fact that every algebra is a module over
itself, that will play a role.

6.1. From anomalous representations to linear representations. We begin by defining
the main character of this Section, namely the category C”, by generalizing diagram (6.1). This
amounts to performing a Grothendieck construction, so that the properties of C’ are an instance of
the straightening/unstraightening yoga in higher category theory, see [Lur09a).

Definition 6.2. Let C be a category and J: C — 2 Vectg be a functor. The extension of C with
anomaly J is the category C’ defined by the lax homotopy pullback

¢l ——¢

(6.2) l / L, .

x* — 2Vectg

Remark 6.3. Objects of C’ are pairs (X;, Lx,), where X is an object in C and Ly, is a right
J(X;)-module, and morphisms in C” are pairs (fi;, ©y.,;), where fi;: X; — X is a morphism in C
and ¢y, is a morphism of right J(X;)-modules ¢y, . : Lx, — Lx, ®;(x,) J(fij). Finally, with any
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2-morphism E;;;, in C it is associated a commutative diagram of morphisms of right J(X;)-modules

Plik

Lx, Lx, ®jx,) J(fir)
(6.3) @ful Tid@J(EUk)

Spfjk®id
Lx; ®sx,) J(fij) —— Lx, Qsx,) J(fir) Qsx;) J(fiz)

Remark 6.4. If C is a symmetric monoidal category and J is a symmetric monoidal functor, then
C7 is naturally endowed with a symmetric monoidal structure as well.
Remark 6.5. Let X be an object of C. Then we have an embedding
tx : Mod j(x) -’
given by L — (X, L) at the level of objects. At the level of 1-morphism, ¢tx is
x(Ly 25 L) = (X, Ly) S%9), (x L.

Here one is using the fact that J(idx) = J(X) as a (J(X), J(X))-bimodule, so that ¢;; is a
morphism from L; to Lj ®(x) J(idx). Finally, at the level of 2-simplices the functor ¢x acts as

(X, L)
Lx / \ _ (idx,y ﬂid \(idj,%k)
L L) (Xulx) ——— (X.L)

If E: C’ — Vecty is a functor, then we can restrict it along tx, i.e., consider the functor E‘X =
Eoux: Mod;x) — Vectg. This way, once E is fixed, every object X of C defines a functor from
right J(X)-modules to K-vector spaces.

Definition 6.6. Let F: C’/ — Vectx be a functor. We say that E is additive and cocontinuous over
C if all of the functors F | +: Modj(x) — Vectg from Remark 6.5 are additive and cocontinuous
(i.e., preserving small colimits).

Remark 6.7. The functor ¢x from Remark 6.5 identifies the lax fiber of C/ — C over the object X
with a copy of the category Mod ;(x of right J(X)-modules. This identification can be canonically
seen from the pasting law for lax homotopy pullbacks: in the diagram

MOdJ(X) J{ I
5 2Vectk.

both the rightmost square (by definition of C’) and the outer square are lax homotopy pullbacks;
by the 2-out-of-3 property also the leftmost square is a lax homotopy pullback.

Remark 6.8. The category C’ is naturally tensored over Vecty: the Vectg-action on C” is given
by ( (X27LX )) = (XiaV®K LXZ)

By Remark 6.8, both C”/ and Vecty are Vectg-linear categories, so one can look at Vectg-linear
functors E from C’ to Vectx. Putting this together with Definition 6.6, we give the following
definition, clearly hinting at the Eilenberg—Watts theorem [Eil60, Wat60].

Definition 6.9. Let C be a category and J : C — 2 Vecty be a functor. We write Homyect, (C7, Vecty)
for the category of Vectk-linear functors that are additive and cocontinuous over C.

Clearly Homyect, (C7, Vectx) € Hom(C”, Vectx), that is, every element of Homyect, (C7, Vectx) is
in particular a linear representation of C’. The Vectg-linearity makes the elements of Homvect, (C g
Vectx) special among the linear representations of C”; as we are going to see in detail in the
subsequent section, this condition is akin to the “K* acting as scalars” condition for the linear
representations of G% corresponding to projective representations of G we mentioned at the
beginning of this Section.
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Proposition 6.10. There is a distinguished natural map Z — Ez, from anomalous representations
of C with anomaly J to Homyeet, (C7, Vectx), defined as follows in terms of the notation of Remark
5.2.

e For an object (X;, Lx,) of C’ one has
(64) EZ(Xiv LX7) = Lx, ®J(Xi) Z(Xl)a

e For a I-morphism (fiz, py,,) in C”, the morphism Ez(fi;, ©y.;) in Vecty is the composition
(6.5)

Lpfij®idz(xi) idLX7®Z(fij)
Lx, ®x,) Z(Xi) '

Lx; ®jx,;) J(fij) ®rx,) Z(Xi)

Lx; ®1(x,) Z(X;)

Proof. By pasting diagram (5.1) to diagram (6.2) we get a lax homotopy commutative diagram of
the form

C/ ————

(6.6) l % l

* — 2Vectg

By the universal property of lax homotopy pullbacks, this uniquely® factors as

ey

VectK —_— % )

L

x* ——— 2Vectg

CJ

giving a morphism Ez: C’ — Vectx. We conclude the proof by showing that on objects and
1-morphisms in C’ the functor E; has the announced behavior. From this, the Vectg-linearity
of Ez is manifest. Let (X;, Lx,) be an object in C’. As emphasized in Remark 5.2, the 2-cell Z
from diagram (5.1) associates with X; the left J(X;)-module Z(X;), seen as a (J(X;), K)-bimodule.
Since diagram (6.6) is the pasting of diagram (5.1) with diagram (6.2), the 2-cell Z from diagram

Z(X,,) Lx

(6.6) associates with (X, Lx,) the composition of 1-morphisms K J(X;) —5 K in 2 Vecty,
i.e., the K-vector space Ly, ®;x,) Z(X;), seen as a (K, K)-bimodule. The description of Ez on
1-morphisms in C’ goes along the very same lines. Finally, for every object X; of C, we have
EZ‘Xi = —®y(x,) Z(Xi), s0 EZ|Xi is both additive and cocontinuous. O

Remark 6.11. In the proof of Proposition 6.10 we didn’t explicitly check that Ez maps 2-simplices
in C’ to commutative diagrams of K-vector spaces. Since E is constructed from universal properties,
this is automatically satisfied. Yet, it is a simple check to verify that the association Ez explicitly
defined by equations (6.4)-(6.5) does indeed map 2-simplices in C” to commutative diagrams of
K-vector spaces, thus defining a functor C/ — Vectg. That is, a reader not wishing to dwell into
higher categorical structures may define E directly by (6.4)—(6.5), without relying on the notion
and properties of lax homotopy pullbacks. To see that (6.4)—(6.5) indeed define a functor, let

> Lx;)
(figs P Fij kav‘Pf]k
/ ﬂ“uk \
(X“LX ) (fzkaﬂpflk) Xk7LXk)

9As usual and already remarked, uniqueness is in a homotopical sense: it means that the space of these
factorizations is contractible.
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be a 2-simplex in C’. By (6.4)—(6.5), the diagram of K-vector spaces

Ez(Xj,Lx,)

Ez(fij ,V \kava]k)

Ez(X;,Lx,) Ez (X, Lx,)

Ez(fik:e5;,)

is the diagram

Lx; ®x;) Z(X

) 2(X5)

Lx; ®y(x,) J(fij) ®1x,) Z(X Lx, ®x,) J(fir) ®x,;) Z(X;)
ldLX ®1dJ(f]kW
o k®1dJ(f”)m
?1i;®idz(x;) Lx, ®j(x,) J(fix) ®1(x;) J(fij) ®r(x,) Z(Xi) idrx, ®Z(fix)
Lx, ®J(x;) Z(X;) dry, ®J(Eijr)®idz(x,) Lx, ®J(xi) Z(Xk)

Wikm /LX,@Z(]‘M)

Lx, ®xy) J(fir) ®x,) Z(Xi)

and this commutes: the commutativity of the lower left square is diagram (6.3), the commutativity of
the lower right square is diagram (5.2), and the commutativity of the top square is the functoriality
of tensor product.

6.2. From linear representations to projective representations. In the previous Section we
have shown how an anomalous representation of C with anomaly J induces a linear representation of
C’. We now show how, given an a-structure on .J, a linear representation of C” induces a projective
representation of C of class a. Putting these two constructions together we get a projective
representation of C starting with an anomalous one endowed with an a-structure. We have already
described in Proposition 5.6 another way of producing projective representations out of anomalous
ones. No surprise, as we are going to show, these two constructions of projective representations
out of anomalous ones are equivalent. This ultimately relies on the fact that, since the groupoid
BK* is naturally a submonoidal category of Vectx, a Vectg-linear functor out of C” is naturally
BK*-equivariant.

Along the same line we used in Section 3 we produced the 2-category Vecty /B*K* we can
define the 2-category C’ //BK* by factoring the defining diagram (6.2) of C’ as

C/) — %

| =1
(6.7) ¢’ //BK* —— B2K*

| =~ |

C — 2Vectk

Lemma 6.12. Let E: C/ — Vectg be a Vectg-linear functor. Then E is BK*-equivariant, i.e., it
18 part of a lax homotopy commutative diagram of the form

1 / Vet
(6.8) ¢’ /BK* Z/BK” Vecty /BK* -

~ =

B2K*
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Proof. We have to define the functor E/BK*: C’ //BK* — Vecty /BK*. Since 0- and 1-simplices
in C///BK* and in Vectg /BK* are the same as 0- and 1l-simplices in C/ and in Vectg, re-
spectively, we define E//BK*: C’//BK* to coincide with F on these simplices. For a 2-simplex
(Zijis i), Bfiys G s G f) in C7 J/BK*, we define its image via E//BK* to be the 2-simplex

E(Xj7 LXJ')
E(fijﬁy ﬂ \E(fj:c,@fjk)
Qijk
E(Xi, Lx,) B(fiks%5sy,) By, Lx)

Using the Vectg-linearity of E, one easily checks that this indeed is a 2-simplex in Vectg /BK*. It
is straightforward to see that E//BK* maps 3-simplices of C’//BK* to 3-simplices of Vectx; by
3-coskeletality this concludes the construction of E/BK*. The commutativity of (6.8) is manifest,
with identity 2-cells. ([l

Corollary 6.13. Let Z: C — 2Vectg be an anomalous representation with anomaly J. The
morphism Ez: C7 — Vecty is BK*-equivariant.

Lemma 6.14. Let Z: C — 2 Vectg be an anomalous representation with anomaly J, and let & be
an a-structure on J. Then & induces a laz section & of the projection w: C' — C7 J/BK*.

Proof. The defining diagram (5.4) of the a-structure £ can be read as a lax homotopy commutative
diagram of the form

(6.9) idi e l

By the universal property of the lax homotopy pullback diagram defining C’ //BK*, (the bottom
square in (6.7)), diagram (6.9) factors as

R_
¢’ //BK* —— B2K*
W

C — 2Vectg

(6.10)

On the right of this diagram we read the lax homotopy commutative diagram

c’ //BK*
gom )
¢
telling us that £ is a lax section of C7 //BK* — C. O

Remark 6.15. For any morphism f;: X; — X, in C one has £(X;) = (X;,£(X;)) and &(fi;) =
(fij, €(fi5))-
Corollary 6.16. Let Z: C — 2 Vectg be an anomalous representation with anomaly J, and let £ be

an a-structure on J. Then with any Vectg-linear morphism E: C7 > Vectk is naturally associated
a projective representation of C of class «.

. - £ L & E/BK* "
Proof. With our data we can then form the composition ¢ = C”//BK* ——— Vectg /BK*,
that gives a projective representation of C. By (6.8), the 2-cocycle associated with this projective

representation is the composition C AN C’//BK* — B?K*, and by (6.10) this is a. O
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6.3. Two ways of going from anomalous representations to projective ones. Putting the
pieces together we see we have actually exhibited two ways of going from anomalous representations
endowed with a-structures to projective representations of class «. The first one has been described
in Section 5 and consists in producing the functor p . : C — Vectx //BK* as described in Proposition
5.6 and Remarks 5.7 and 5.8. The second one consists in using the results from Section 6.2: one
first produces the Vectg-linear representation Ez of C/ and then the projective representation
(Ez//BK*)o&: C — Vecty //BK* from Corollary 6.16. It will probably not be a surprise that these
two projective representations are equivalent. We state and prove this in the following Proposition.

Proposition 6.17. Let Z: C — 2Vectg be an anomalous representation with anomaly J, and let &
be an a-structure on J. Then we have a natural equivalence of projective representations of class «

c’ //BK*
(6.11) /' ﬂ XZ//BK*
PZoe VGC'E]K//BK*

Proof. We will recursively show that (6.11) strongly homotopy commutes, with canonical 2-cell
given by the identity.!? By recursively, we mean that we will first show this on O-simplices of C, next
on 1-simplices, and finally on 2-simplices. By the 3-coskeletality of Vectg /BK™*, this will conclude
the proof. We already have an explicit description of pzo¢ from Remark 5.8, so we just need to put
together Proposition 6.10 with Remark 6.15 and compare. Let X; be an object of C. Then

(Ez//BK* 0 §)(X;) = Ez(X;,£(X3)) = £(X)) ®(x;) Z(Xi),
by (6.4). Therefore, Ez//BK* o ¢ coincides with Pzoe oL objects.
For a 1-morphism f;;: X; — X; in C,
(Ez//BK* 0 £)(fi;) = Ez(fij,£(fis)),
and so it is given by the composition

£(fij)®idz(x; ide(x;H)®Z(fi5)
E(X)®y(x1) Z(X;) ——L2 €(X)®x,)J (i) ®(x0) Z(X) = E(X)®(x,) Z(X;)

by (6.5). Therefore, E//BK*of coincides with pzo¢ on 1-morphisms. For a 2-simplex (Zjk, ¢1.;, O 1,0, Pfir)
in C, its image via Ez//BK* o £ is the 2-simplex

Ez(X;,6(X;5))

2(fis, V ﬂ \fikﬁ(f]k
Qijk

Ez(Xi, 6(X; Bz (fon(fin)) Ez (X5, €(X))

and so the 2-simplex
§(X5) ®x,) Z(X5)

Ez(fij,€(fij)) ﬂ W(fjk)) ,
Qijk

§(X3) ®y(x,) Z(Xi) §(Xk) ®ix,) Z(Xk)

Ez(fik,6(fir))

of Vecty //BK*. Since in showing the coincidence of Ez//BK* o £ with pzo¢ on l-morphisms we
have in particular shown that Ez(fij, £(fij)) = pzoe(fij), this 2-simplex is

§(X5) ®ux,) Z(X;)

ng(y W;k)
ﬂaijk ’

§(X3) ®y(x,) Z(Xi) §(Xk) ®ix,) Z(Xk)

PZO&(fik)

showing that Ez//BK* o £ coincides with pzo¢ on 2-simplices, too. |

1050 it strictly commutes.
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7. THE STOLZ-TEICHNER SUBCATEGORY Cgr

Let G be a finite group, and let o be a K*-valued 2-cocycle on G, and J, be the composition
of o with the inclusion B?K* < 2 Vectx. Then we have seen in Proposition 5.6 that we have
an equivalence between the category of projective representations of the group BG of class «
and the category of anomalous representations of BG with anomaly J,, and in Proposition 6.10
that there is a distinguished natural map from anomalous representations of BG with anomaly
Jo to Homvyeer, ((BG)7=, Vectg.  Putting these two together, and recalling that a projective
representation of the groupoid BG in the sense of Section 4 is precisely a projective representation
of the group G in the sense of group representations, we get a distinguished natural map from
projective representations of G of class a to Homyeet, ((BG)”=, Vecty). Comparing this with the
classical equivalence between projective representations of G of class o and linear representations
of G such that K* acts as scalars suggests that the category BG”= should be closely related to
the central extension G¢.

The naive guess (BG)’« =~ BG? is clearly wrong, since (BG)’= is not even a groupoid. And even
taking the core of (BG)”=, i.e., its maximal subgroupoid, we still would not have an equivalence:
(BG)”7= has many more objects than BG® (that has a single object). Yet, as we are going to show
in this section, the category C” contains a distinguished subcategory CSIT» with the same objects as
C, capturing all the information of Vectg-linear functors out of C’. Specializing this to the case
where C = BG and J = J,, one finds a distinguished subcategory (BG)g% of BG”=, that encodes
all of the relevant information of BG®.

More precisely, the fact that the subgroup K* acts as scalars means that the action of K* is
induced by the inclusion K* € K and by the action of K as field of scalars for K-vector spaces.
This means that the linear representations of the group central extension G* = K* x, G such
that K* acts as scalars are precisely the linear representations of the monoid central extension
M, = K x, G such that K acts as the field of scalars. Therefore we have an equivalence between
projective representations of G of class « and linear representations of M, such that K acts as
scalars, and what we are going to show is that there is an equivalence BM, =~ (BG)g%.

Remark 7.1. The subscript “ST” stands for “Stolz—Teichner”. This choice is dictated by the fact
that, when C is the category of conformal spin bordisms and J is the n-th tensor power of the
so-called Fermionic (or Clifford/Fock) anomaly, the category Cdy is the enriched bordism category

considered by Stolz and Teichner in their description of Clifford linear field theories of degree n
in [ST04].

Definition 7.2. Let J: C — 2 Vectg be a functor. The Stolz—Teichner category CQIT is the category
defined as follows.

e O-simplices of Cdy are the O-simplices X; of C.

(fijvs:y) . c . .

e 1-simplices X; T, X; of CSJT are pairs consisting of a 1-simplex f;;: X; — X; of C,
together with a pointing, i.e., a distinguished element, vy, of the (J(Xj), J(X;))-bimodule
J(fij)-

e 2-simplices

X
<fw»va \wm
Eijk ’

X, — X
(Finrvs,) k

of Cdr are pairs consisting of a 2-simplex

e uwh

X—>X,C

of C and of a triple of 1-simplices

(fis-vs:;) (fiksvrsy) (firrvg;)
—_ _— AL AN

X; X;, X; Xy, X; X,
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in CQIT such that J(Eijk)(fufjk ®Uf7‘,j) = vy, l.e., such that J(E;;;): (J(fjk),vfjk_) ®J(x;)
(J(fij),v5,,) = (J(fir),vy,,) is a morphism of pointed bimodules;
e For k > 3, the set AF (CSIT) of k-simplices of C‘S]T is defined recursively as the fiber product

Ak(CsJT) = Ak(c) XoAk(C) 5Ak(CéIT)-

Example 7.3. Let G be a finite group, and let o be a K*-valued 2-cocycle on G, and J, be
the composition of o with the inclusion B2K* < 2 Vectg. Then there is a natural equivalence
BM,, = (BG)ds.

Proposition 7.4. Let J: C — 2Vectk be a functor. The Stolz-Teichner category CQIT of C7 is
(naturally equivalent to) the full subcategory of C’ on the objects (X;, J(X;)), where J(X;) is seen
as a right J(X;)-module.

Proof. A 1-morphism from (X;, J(X;)) to (X;,J(X;)) in C/ is a pair (fi;,¢y,,) consisting of a
1-simplex X; EiZR Xj in C and a morphism of right J(X;)-modules ¢y, : J(X;) = J(X;) ®s(x,)
J(fij) = J(fi;). Via the canonical isomorphism of left J(X;)-modules
HomMOdJ(Xi) (J(Xl)v J(fw)) — J(flj)
o= (1),

the morphism ¢y, is equivalently an element vy, of J(fi;), i.e., a pointing of J(f;;). In other words,
1-simplices in C/ with vertices (X;, J(X;)) and (X;, J(X;)) are exactly the 1-simplices in Cdy with
vertices X; and X;. Passing to 2-simplices, the commutativity of the diagram of morphisms of right
J(X;)-modules

J(X;) e, J(fir)

S‘injJ/ TJ(E,;J';C)
@1, ®id
J(fis) J(fir) ®1cx,) I (fiz)
is equivalent to the single equation ¢y, (1) = J(Zix) (@, (1) ® ¢y, (1)), i.e., to the single equation

vy, = J(Eijr)(vy,, ®vy,,). Since the higher simplices in C7 and in CZy are trivial, this concludes
the proof. O

8. LINEAR REPRESENTATIONS OF Cdp

By restricting along the full inclusion Cdy < C, linear representations of the category C’ induce
linear representations of of the category Cdr. In this section we are going to characterize those
linear representations of Cdy that are obtained this way. As a first step we will define a notion of
“J acting as scalars” for a linear representation of Cdy. and will show that restriction to Cdy induces
a morphism

Homyeer, (C7, Vectk) — {F € Hom(Cdy, Vecty)| J acts as scalars}.

Next we will show that this is indeed an equivalence. This fact can be seen as a multi-object version
of the Eilenberg—Watts theorem.

Lemma 8.1. Let F: Cdp — Vectg be a functor. Then for any object X in C the map
Ax : J(X) = Endg (F(X))
Jj— F(idx, j)
is a map of monoids.

Proof. We begin by showing that Ax is indeed well defined. Since J(idx) is the (J(X), J(X))
bimodule J(X), an endomorphism of X in Cgy covering idx: X — X is a pointing of J(X). There-
fore we have that X 127, X s a morphism in CZy for any j € J(X), and so F(X) Fldx9), F(X)
is a morphism in Vectx. Since the natural isomorphism J(X) ® ;(x) J(X) — J(X) corresponding
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to the identity idx oidx = idx is the multiplication of J(X), the 2-simplex
X
idx idx
/ ﬂid\ '
_—
X i X

of C and the triple of 1-simplices

X (idx,j1) X, X (idx,j2) X, X (idx,j172) X

in Cdy are such that J(id)(j1 ® j2) = j1j2. So we have the 2-simplex

X
(idx7j2/' YX )
ﬂid
X X

(idx,j152)

in Cdp. Applying F to this 2-simplex we find the identity F(idy, jij2) = F(idx, 1) o F(idx, ja),
i.e., the identity Ax(j1j2) = Ax(j1) o Ax (j2). O

Definition 8.2. Let F': C; — Vectg be a functor. We say that F is such that J acts as scalars if
the map Ax from Lemma 8.1 is a map of K-algebras, for any object X of C. Equivalently, J acts
as scalars if Ax makes F(X) a left J(X)-module, for any object X of C.

Lemma 8.3. Let E: C’ — Vectx be a Vectg-linear functor which is additive and cocontinuous
over C, and let Egr: Cdy — Vectg be the restriction of E to Cyp. Then Est is such that J acts as
scalars.

Proof. Let X be an object of C. Since E|X: Mod j(x) — Vectk is additive and cocontinuous, by
the Eilenberg—Watts theorem, we have that £ | ¥ = —®y(x) Vx for some left J(X)-module Vx. We
therefore have Egr(X) = E(X, J(X)) = E(ux(J(X)) = E|(J(X)) = Vx, and Egr(idx, j) is the
morphism of K-vector spaces given by

J®idvy

Vx = J(X)@J(X) Vx J(X)@J(X) Vx = Vx
V> 1Q@QU— jQUi—j-v,

where we used that left multiplication by an element j € J(X) is naturally a morphism of right
J(X)-modules from J(X) to itself. The map Ax from Lemma 8.1 is then j — j - — and thisis a
map of K-algebras from J(X) to Endg(Vx). O

Summing up, writing Homg (CJy, Vectk) to denote the subset of Hom(Cdy, Vectk) consisting of
those linear representations of Cdr such that J acts as scalars, we have proved that the restriction
along the full embedding Cé]T < C” induces a morphism Homvecs, (C7, Vectyx) — HomK(C‘S]T, Vectk).

8.1. A multiobject Eilenberg-Watts type theorem. By Proposition 6.10 we have a dis-
tinguished map from anomalous representations of C with anomaly J to Homyect, (C7, Vecty)
and by the results in the previous section we have a restriction functor Homvect, (CJ , Vectg) —
Homg (Cdr, Vectk). In this section we will show that there is also a natural functor bringing us
back, from HomK(CSJT7 Vectk) to anomalous representations of C with anomaly J, establishing a
commuting triple of equivalences

Homyect, (C7, Vectr) Homy (Cdr, Vectx)

T

{anomalous representations of C with anomaly J}.

The proof of this result, given as Theorem 8.8 below, will take the whole remainder of this section
and will suggest regarding the above commutative triple of equivalences as a multi-object analogue of
the Eilenberg—Watts theorem on additive and cocontinuous functors between categories of modules.
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Lemma 8.4. Let J: C — 2 Vectg be a functor and let F € HomK(Cé’T,VectK). Then there is an
anomalous representation Zp of C with anomaly J,

c—74 2Vectg

Nl

with Zp(X) = F(X), for any object X in X.

Proof. By Remark 5.2, to define Zr we need to provide
e a left J(X;)-module Zr(X;), thought of as a (J(X;), K)-bimodule, for every object (0-
simplex) X; of C;
e a morphism of left J(X;)-modules
Zp(fij): J(fij) ®s(x,) Zr(Xi) = Zr(X;),
for any morphism f;;: X; — X; in C;
such that the diagram of morphisms of left J(X})-modules

J(fix) ®(x;) J(fij)®ZF(X)lw> J(fir) ®sx;) Zr(X;)

(8.1) J(Eijk.)®idl lZF(fjk)

Zr(fik
J(fir) ®s(x,) Zr(Xy) (o) Z(Xy)

commutes, for any 2-simplex

d u-lh

X—>Xk

of C. We set Zp(X;) = F(X;), with the left J(X;)-module structure given by the fact that
F is an element in Homg(Cdr, Vectk). Next, to define the morphism of left J(X;)-modules
Zr(fij): J(fi) ®u(x,) F(Xi) — F(Xj). we notice that, for any fixed f;;: X; — X for any
element jy, € J(f;;) we have a morphism (fi;,js,,) from X; to X; in Cdp. Then we define
Zr(fij)(ds, ®vi) = F(fij, j,;)(vi). We have to check that this is well defined, i.e., that,

(82) ZF(fZJ)(Jf” Jx; ®7}1) = ZF(fZJ)(]f” ®Jjx, - Ui)
for any jx, € J(X;), and that Zg(f;;) is a morphism of left J(X,;)-modules, i.e.,
(8.3) Zr(fij)dx; G ®vi) = jx; - Zr(fij)(df; ®vi),

for any jx, € J(X;). To prove (8.2), we use the definition of the J(X;)-module structure on F'(X;)
to compute

Zr(fij)(Gp; ®Jx, - vi) = F(fij, dg.;)(dx, - vi)
= (F(fijsdgi;) o Fidx,, jx,)) (vi)
= F(fij>dr,; - Jx.) (i)
= Zr(fij) s, - Jx: ®vi),

where in the next to last step we used that we have the 2-simplex

(ldX a]X fl] Jf”
/ ﬂd\ '

(f777JX ]f”)
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in Cdy. Similarly, to prove (8.3), we use the definition of the J(X;)-module structure on F(X;) to
compute

ix; - Zr(fij) g, @ui) = Flidx;, jx,;) Zr(fij) (G, ®vi)
= (F(idx;,jx;) o F(fij ji;))(vi)
= F(fij,Je; - Jr:;) ()
= Zp(fij)(ix; - i, ®vi),

where in the next to last step we used that we have the 2-simplex

X
Ifij) (idx; .7x;)
/ ﬂid\ '
J

(figs
X X

‘ (figrix;ds;)
in CJr. Finally, we verify that the diagram (8.1) commutes. We have
(Zr(fir) o (idyp;) @ Zr(fij) Ut ®Jry; ®@vi) = Zr ([ (G @ Zr (i) gy @ vi)
= F(fijjfjk)(F(fij7jfij)(vi)))
= (F(fjk’?jfjk) OF(fijaij‘,j))(vi)'
Let jy,, be the element of J(f) defined by jr,, = J(Zix) (s, ®Jy,,;). Then

X;
(fig:dr:5) (Finsiss)
/ ﬂaﬁk\

(firsdri,)
is a 2-simplex in Cdy and so
F(X5)

F(fij,jV \F(J:jkyjfjk)

F(X;) F(Xy)

F(firdfig)
is a 2-simplex in Vectg, i.e., F'(fjx, js;. )0 F(fij, f.,;) = F(fir, g, ). We then conclude by computing
(Zp(fir) o (J(Eigk) ®1d) Zp(X3))) (Gg, @ Jgi; @ vi) = Zr (i) (T (Bijr) (r,n @ J1i;) @ 03)
= Zp(fir) s ®vi)

= F(fik7jfik)(vi)'

Proposition 8.5. The correspondence
Homyg (Cdr, Vectx) — {anomalous representations of C with anomaly J}
F— Zp
from Lemma 8.4 is the inverse of the composition
{anom. representations of C with anomaly J} — Homyect, (C7, Vecty) — Homp (Cdy, Vecty)
Z — Bz~ (Ez)sT,

where Z — Ez is the construction from Proposition 6.10, and (—)st is the restriction to the full
subcategory Cdy of C7. In other words, the triangle

Homyect, (C7, Vectr) Homy (Cdr, Vectx)

(8.4) \

{anomalous representations of C with anomaly J}.
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is the identity on Homg (Cdr, Vectk).
Proof. Let X; be an object in Cdy. Then, by Proposition 6.10,
(Ezp)s1(Xi) = Bz, (X3, J(X;)) = J(Xi) ®(x,) Zr(Xi) = F(X5),

where in the last step we used that, by Lemma 8.4, Zr(X;) is the K-vector space F(X;) endowed
with a certain left J(X;)-module structure. Let now (f;;,js,,): X; — X; be a morphism in CZr..
We have (Ez.)st(fij:dr,) = Eze (fij 05y, ), where oo J(X5) — J(X;) @y x,) J(fij) = J(fij) 1s
the unique morphism of left J(X;) modules with ¢,,(1) = w. By Proposition 6.10, the morphism
Ez.(fi;, ‘pjfij) is the composition

Pig,; ®idz . (x;)

J(X3) ®ux,) Zr(Xi) J(X;) ®1x,) J(fij) ®sx,) Zr(Xi)

idy(x ) ®Zr(fij)
————— J(X;) ®(x,) Zr(X;).

The source and target of this morphism are canonically identified with F'(X;) and F)X), respectively.
With this identification, the image of an element v in F'(X;) under (Ez,)st(fij,js;,;) is given by

Zr(fij) Gy ®v) = F(fijy jf,;)(v),

by definition of Zr on morphisms (see the proof of Lemma 8.4). This shows that (Ez.)st(fij,Jr.,;)
coincides with F' at the level of 1-morphisms, too. Since the target Vectg of the functors
(Ezp)st(fij, Jr,,;) and F is a 1-category, this concludes the proof. O

Proposition 8.6. The triangle (8.4) is the identity on Homyec, (C7, Vectx).

Proof. Let E € Homvect, (C7, Vectk), and let (X;, Lx,) be an object in C’. By Proposition 6.10,
Lemma 8.4 and Proposition 7.4, we have

Ezp, (Xi,Li) = Lx, ®1(x,) ZEsr (Xi) = Lx, ®y(x;) Est(Xi) = Lx, ®y(x,) E(Xi, J(X;)).

On the other hand, E(X;, Lx,) = E|, (Lx,). Since E|X‘ is additive and cocontinuous by definition

of Homyect, (C7, Vecti), by the Eilenberg-Watts theorem we have E|, =~ —®y(x,) E|, (J(X3)),
so that we have a natural isomorphism / '

B(Xi, Lx,) = Lx, ®(x,) Bl ,(J(Xi)) = Lx, ®yx,) E(Xi, J(Xi)) = Bz, (Xi, Ly).
More precisely, the isomorphism Ly, ® (x,) E(X;, J(X;)) — E(X;, Lx,) is given as follows:

E(idx;,¢-)
Ly, ®(x) E(X, J(X;)) ——22,

li QR v; — E(idXiv(pli)(vi)’

E(X:, Ly,

i

where ¢y, : J(X;) — Lx, is the unique morphism of right J(X;)-modules with ¢y, (1) = I;. |
Let now (fij, y5,,): (Xi, Lx,) = (Xj, Lx,) be a morphism in C’. Then Ezp..(fijs¢f,;) is the
composition

Prij ®idZEST (X4
Y TEsT T

)
Lx; ®yx;) J(fij) ®rx:) ZBsr (Xi)
idLXj ®ZEST (f”)

LXi ®J(X1) ZEST (Xl)

Lx; ®1(x;) ZEsr(X;),
i.e., the composition

‘Pfrij®idE(X'i»J(Xi))

Lx, ®jx,) E(Xi, J(Xi)) Lx; ®y(x;) J(fij) ®(x;) E(Xi, J(X5))

idej ®ZEgy (fis)

Lx; ®jx;) E(X;, J(X;)).
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Now we use the Eilenberg—Watts theorem again. The naturality of the isomorphism E’ 5 =

- Qu(x E’X X;)) = — ®yx,) B(X;,J(X;)) gives us the commutative diagram

©ri;®dB(x;,0(x)))
Lx, ®x,) E(Xi, J(X;)) ———— Lx, Qux,) J(fij) ®u(x,) E(Xi, J(X;))

| | ,

ElXi (‘pfi]')
Bl (Lx,) Bl (Lx, ®sx;) I (fij))

i.e., the commutative diagram

©r;®de(x;,7(x,))
Lx, ®Qx,) E(Xi, J(X;)) —————

|

E(X;, Lx,)

Lx, ®y(x,) J(fij) ®x,) E(Xi, J(Xy))

|

E(idxi P Fij )
E(Xi, Lx; ®x,) J(fij))

For every right J(X;)-module Ly, we have a morphism

(fij»idLXj ®J(X]-)J(fij))
(Xs, Lx; ®y(x;) J(fij)) : (X;,Lx,)

in C’ and so a morphism

E(fj'j7idLX.®J(Xv)J(fij))
E(Xi, Lx; ®1(x,) J(fij) - E(Xj, Lx;)

in Vectg. This gives linear natural transformation between cocontinuous additive functors

Elx;o(=®.(x;)J (fij)
KMOdJ(X],) ﬂE(id—) KMOdK = Vect]K,

\_/

Elx].

where E(idLXj) is a shorthand notation for E(fi;,idry @, s(f:;))- BY the Eilenberg-Watts
J J J
theorem we then have a commutative diagram

idLX ®E(ldx yP— ) ldL ®E(f”’ld‘](fu )
Lx; ®jx;) J(fij) ®r(xy) BE(X;, J(X;)) — LX ®ux;) E(Xi, J( fzg)}) — Lx; ®yx;) E(X;, J(X

| | N

(fuv‘dLX ®J(X yJI(fi
Bl (Lx, ®(x)) I (fi5)) === (Bl o (- ®yx,) T (fis) (Lx,) ———2 E (Lx,)

and so a commutative diagram
idpy ®E(fijre-)
Lx,; ®1x;) J(fi) ®s(x) E(Xi, J(X;)) ——————— Lx; ®y(x,) B(X;, J(X;))

! ll )
l E(fijvidLXj@)J(Xj)J(fij))
E(Xi, Lx; ®s(x,) J(fij)) E(Xj,Lx;)

where in the top horizontal arrow we used that for any jy, in J(fi;) we have the 2-simplex

(Xi, J(fi))

(idxiwy ﬂ widkz(fu))
id

(X, J(X3)) (X5, J(X5))

(fija%ojfij)

in C/. By Lemma 8.4, we have

Zagr (fi) (g, ®vi) = Es(fig, 35,) (i) = E(fij, 45, ) (vi),

i)
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for any jy,. in J(fi;) and any v; in E(X;, J(X;)), that is,
Zpsx (fi5) = E(fijr =) J(fi) @ux,) B(Xi, J(X0)) = BE(Xj, J(X;))-
Putting all the pieces together, we get the commutative diagram

¢1;®idzp L (x,) idLX7,®ZEST(fij)
Lx; ®y(x;) ZEsr (Xi) ———— Lx; ®y(x;) I(fij) ®u(x;) ZBsr (Xi) ———— Lx,; ®(x;) ZBsr (X;)

L L L

E(idx, ¢r;;) E(fijidox @ x,)7(i;)
E(X;, Lx,) : E(Xi, Lx; ®x,) J(fij) : : E(Xj,Lx;)

and so the commutative diagram

Ezpey (figesi)
—=r 3

EZEST (XZ LXz) EZEST (Xj7LXj)

! Lo

E(fij ;)
E(XivLXi) E(Xj7LXj)

where in the bottom horizontal arrow we used the 2-simplex
(Xi, Lx; ®y(x;) J(fiz))

(idXiV %Lx] ®J(Xj)J<f7"j))
ﬂid

(Xi’LXi) (Xj7LXj)

(fi5:#8:5)

in C”, and where the vertical arrows are the isomorphisms given by the Eilenberg-Watts theorem.
Hence we see that the Eilenberg—Watts theorem identifies Ez,,... with E both at the objects and
at the 1-morphisms level. Since the target Vectk of the functors Ezpq, and FE is a 1-category, this
concludes the proof.

Proposition 8.7. The triangle (8.4) is the identity on anomalous representations of C with anomaly
J.

Proof. Let X; be an object of C. Then, by Lemma 8.4 and Proposition 6.10 we have
Z(Ez)ST (Xz) = (EZ)ST(Xi) = EZ(Xiv J(Xi)) = J(Xi) ®J(Xi) Z(Xi) = Z(Xi)~
If fij: Xi — X is a morphism in C, then by Lemma 8.4 the morphism Z(g, .. (fi;): J(fij) ®s(x,)
Z(EZ)ST (Xz) - Z(EZ)ST (Xj) is given by
Z(Ey)sr (fi) g, ®@vi) = (Ez)st(fij dg.,)(vi) = Ez(fij, @i, (),
where @;, J(X;) — J(fi;) is the unique morphism of right J(X,;)-modules with Pisy, (1) =Jg,-
By Proposition 6.10, Ez( f;j, gojfij) is the composition '

ijf'ij ®idZ(X1-) idZ(fij)

Z(X;) = J(Xi) Qux,) Z(Xs) J(fij) ®scx.) Z(Xs) Z(X;)
and so it is given by v; — Z(fi;)(jz,, ® vi). This shows Z(g, )., (fij) = Z(fi;). So we see that
Z(Bz)sr and Z coincide both at the level of objects and at the level of 1-morphisms of C. Since
higher simplices in C do not provide additional data for an anomalous representation, but constraints
for the data {Z(X;), Z(fij)}, see Remark 5.2, this implies Z(g,)s, = Z. O

Summing up, we have proved the following result.

Theorem 8.8. There is an explicit commuting diagram of equivalences

Homyect, (C7, Vectr) Homy (Cdr, Vectx)

T

{anomalous representations of C with anomaly J}.
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Example 8.9. Let G be a finite group, and let a be a K*-valued 2-cocycle on G, and J,, be the
composition of a with the inclusion B2K* < 2 Vecty. Then Theorem 8.8 recovers the classical
equivalence between projective representations of G with 2-cocycle a and linear representations of
G such that K* acts as scalars.

APPENDIX A. THE TWISTED GROUP ALGEBRA K®[G] AS A KAN EXTENSION

In this final section we show how one recovers the classical equivalence between the category of
projective representations of G with 2-cocycle o and that of K¢[G]-modules, where K*[G] is the
twisted group algebra of G, with twist given by the 2-cocycle a, within the framework presented in
the main body of the article. To begin with, recall we have shown that projective representations
of G with 2-cocycle a are equivalently anomalous representations of BG with anomaly J,, i.e., lax
homotopy commutative diagrams of the form

BG — 2Vectg

Nk

where now we are stressing that the rightmost bottom arrow picks the algebra K. Forgetting the
rightmost algebra we are left with a diagram of the form

BG — Je 2Vectk

(A1) \ 7

*

and we can look for a universal completion of it of the form

BG — 7 2Vectyk

(A.2) \ ﬂ@/ ,

where universality means that, if a completion of the form

BG —> 2Vectk

(A.3) \ ﬂN/

is given, then (A.3) uniquely factorizes as

BG — 7~ 2Vectyk

(A4) N ﬂ@& 7

where as usual uniqueness is up to homotopies that are unique up to higher homotopies, etc. The
universal diagram (A.2), if it exists, is called the right Kan extension of J, along the terminal
morphism BG — *. as usual when dealing with universal properties, the right Kan extension, if it
exists, is unique.

Lemma A.1l. The right Kan extension (A.2) exists.
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Proof. The category BG is small and 2 Vectk is complete. These conditions are sufficient to ensure
the existence of right Kan extensions, see, e.g. [Mac71] for the classical case and [Lur09a] for the
higher categorical version. (]

Lemma A.2. Let A be the right Kan extension (A.2). Then we have an equivalence between the
category of lax homotopy commutative diagrams of the form

BG — 2Vectgk
\ WN /

and the category of (A, B)-bimodules.

Proof. The category of natural transformations

is (equivalent to) the category of (A, B)-bimodules. O

Lemma A.3. The right Kan extension (A.2) is

BG SN 2Vectk

\ ﬂKy
K*[G] )
*

where K*[G] is the a-twisted group algebra , i.e., the K-algebra generated by the elements x4, with
g in the group G, with multiplication x, - x, = a(g, h)Tgn-

Proof. A diagram of the form (A.3) is the datum of a pair (B, N), where B is a K-algebra and N
is a right B-module such that

(1) For every g in G we have a morphism of right B-modules
£ N —>N®pDB=N.
(2) The morphisms &, are such that

€9 0 &n = Egn - (g, h) = (g, h) &g

From this we see that the pair (K*[G],K*[G]), with &, the left multiplication by z, defines a
diagram of the form (A.3). To see that it is universal, notice that for every (B, N), the multiplication

zg-n=E(n)

makes N a (K%[G], B)-bimodule, and with this bimodule structure the isomorphism of right
B-modules

K< [G] Rk [G] N=x=N

provides the factorization (A.4). Uniqueness is clear: if M is a (K*[G], B)-bimodule providing
another factorization then we have an isomorphism of right B-modules M = K*[G] ®ga[q) M = N
by definition of the factorization. Under this isomorphism, the left K*[G]-module Structure induced
on N becomes a left K*[G]-module structure on K*[G] ®ga[g) M that is seen to be the natural
left K*[G]-module structure on K*[G] ®kag) M and so the left K*[G]-module structure on
M. This shows that M and N with the mduced left K*[G]-module structure are isomorphic as
(K*[G], B)-bimodules. O
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Corollary A.4. We have an equivalence between the category of lax homotopy commutative
diagrams of the form

BG — = 2Vectg

N

and the category of (K*[G], B)-bimodules.

By taking B = K in the above Corollary, we get the following.

Corollary A.5. We have an equivalence of categories between the category of projective represen-
tations of G with 2-cocycle a and the category of K*[G]-modules.

Remark A.6. Up to smallness issues, the construction presented in this section works for an
arbitrary diagram of the form

¢ —L 5 9Vectg

AN

*

To be rigorous, the construction in [Lur09a] only deals with (oo, 1)-categories, so it applies to the
case of BG considered above but not directly to an arbitrary higher category C. Here, since the
target is 2Vecty, it is not restrictive to assume that C is a 2-category. In this case, Kan extensions
of the kind we are considering here are implicitly considered in [JFR24]. We therefore see that there
exists an algebra K”[C], unique up to Morita equivalence, such that there is an equivalence between
the category of anomalous representations of C with anomaly .J and the category of K’[C]-modules.
Notice that with this notation we have K*[G] =~ K/~ [BG].
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