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Abstract
We focus on the optimization problem with smooth, possibly nonconvex objectives
and a convex constraint set for which the Euclidean projection operation is practically
available. Focusing on this setting, we carry out a general convergence and complexity
analysis for algorithmic frameworks. Consequently, we discuss theoretically sound
strategies to integrate momentum information within classical projected gradient-type
algorithms. One of these approaches is then developed in detail, up to the definition
of a tailored algorithm with both theoretical guarantees and reasonable per-iteration
cost. The proposed method is finally shown to outperform the standard (spectral)
projected gradient method in two different experimental benchmarks, indicating that
the addition of momentum terms is as beneficial in the constrained setting as it is in
the unconstrained scenario.

Keywords Nonlinear optimization · Convex constraints · Projected gradient method ·
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1 Introduction

In this work, we consider the constrained nonlinear optimization problem

min f (x) s.t. x ∈ S, (1)
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where S ⊂ R
n is a closed, convex set and f : R

n → R is a smooth, possibly
nonconvex function.

A rather classical approach (analyzed in the 60s already [27]) to deal with problems
of this form is by means of iterative descent schemes relying on the Euclidean projec-
tion operatorPS : Rn → S, provided the latter is available at a low computational cost
for the feasible set S. In this scenario, two conceptually different types of projected
gradient (PG) methods are, in fact, known from the literature, both collapsing to the
standard gradient descent method if S = R

n . The first one [4, Sec. 2.3] is defined by
the following update rule

xk+1 = PS [xk − αk∇ f (xk)] (2)

where the stepsize αk is determined by a curvilinear line search along the projection
arc. The second PG approach is, instead, defined by the following iteration [21, Sec.
20.4]

xk+1 = xk + αk d̂k, (3)

where d̂k is the projected gradient direction, i.e.,

d̂k = PS [xk − ηk∇ f (xk)] − xk, (4)

ηk > 0 is an algorithmic parameter, and the stepsize αk is determined by an Armijo-
type line search.

Taking inspiration from the Barzilai-Borwein spectral gradient method [3, 30], the
selection of parameter ηk using the inverse Rayleigh quotient was proposed in [6] to
be used in combination with a nonmonotone line search for the selection of αk [20].
In the vast literature on this family of techniques, other relevant developments of PG
methods deal with inexact projections [8, 16–18] and the use of gradient scaling [1,
9, 10].

Here, we are mainly interested in studying acceleration techniques for projected
gradient algorithms using a momentum-based strategy, i.e., through the addition of a
term that includes information from the past iteration within the update rule. In the
unconstrained case, i.e., when S = R

n , gradient methods with momentum are defined
according to iterations of the form

xk+1 = xk − αk∇ f (xk) + βk(xk − xk−1), (5)

whereαk > 0 is the stepsize, andβk > 0 is themomentumweight. Relevant algorithms
in this class are the famous Polyak’s heavy-ball method [29] and the broad family of
conjugate gradient methods [21, Ch. 12]. While the latter is widely considered among
the best performing options for nonlinear unconstrained problems, the former has
particularly received renewed interest in the context of stochastic gradient algorithms
for finite-sum problems in machine learning [11, 33]. In both cases, deterministic
and stochastic, the momentum term helps to prevent oscillations and yields faster
convergence.

Very recently, some gradient methods with momentum have been proposed [24, 25,
31] sharing the innovative strategy of simultaneously determining αk and βk through a
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two-dimensional search, instead of using predefined values chosen according to some
rule. These methods share strong theoretical convergence guarantees and remarkable
computational efficiency. Despite the flourishing activity of the literature on momen-
tum methods for unconstrained optimization, extensions to the constrained case have
barely been studied.

The natural extension of the update rule (5) to the constrained case, in a projection-
based fashion, is to modify (2) as follows

xk+1 = PS [xk − αk∇ f (xk) + βk(xk − xk−1)].

In [32], the above scheme was, in fact, proposed for tackling problem (1), assuming
that the objective function f is possibly nonsmooth but convex, and that the feasible set
S is bounded. For suitable, predefined sequences of αk and βk , the proposed method
attains an optimal O(1/k) complexity bound.

In thiswork,we followa completely different andnewpath for defining aprojection-
based extension to the constrained setting of momentum methods. In particular, we
take inspiration from the line search-based projected gradient method (3), defining a
feasible search direction

dk = αk d̂k + βk (PS [xk + (xk − xk−1)] − xk) ,

where d̂k comes from (4); if S = R
n , the update collapses back to (5); here, the scalars

αk and βk need not be fixed in advance but are rather determined by solving – in closed
form – a constrained two-dimensional quadratic problem. Then, the iteration of the
proposed method takes the form

xk+1 = xk + μkdk, (6)

where μk > 0 is set by an Armijo-type line search; the backtracking procedure can be
started with the unit stepsize which, by the construction of dk , is optimal according to
some objective function model in a subspace and is thus a computationally convenient
guess. For the proposed class of algorithms, we prove asymptotic convergence results
and a worst-case complexity bound ofO(ε−2) in the nonconvex setting. In fact, these
properties are proven for a more general class of constrained optimization algorithms
and, to the best of our knowledge, are novel in the literature.

The results of preliminary computational experiments highlight the benefits of
adding the momentum term compared to using the standard projected gradient direc-
tion; in particular, we show through numerical experiments on both bound-constrained
and ball-constrained problems that a significant speed-up can be attained for the state-
of-the-art spectral projected gradient solver from [6] if the proposed technique to
introduce the momentum term is adopted.

The rest of the paper is organized as follows: we begin with the formalization
of (approximate) stationarity conditions for problem (1) in Sect. 2; we then identify
a general line search-based algorithmic framework in Sect. 3, for which we state
and prove conditions guaranteeing global convergence and complexity bounds. The
specific case of projected gradient methods with momentum is addressed in Sect. 4,

123



20 Page 4 of 27 Journal of Optimization Theory and Applications (2026) 210 :20

where the soundness of direction choice is proved considering both n-dimensional and
two-dimensional subproblems. In Sect. 5, we present in detail the proposed method,
which is then numerically compared to the standard spectral projected gradient in Sect.
6. Final remarks are given in Sect. 7.

2 Stationarity Conditions

Before turning to the introduction of algorithmic frameworks to deal with problem
(1), we need to state some basic assumptions and introduce the stationarity concepts
we will be using to characterize solutions of the problem.

We consider problem (1), stating the following set of assumptions on the objective
function f .

The rendering is not good. Start the itemize at a new line, as we have done (e.g.,
with

Assumption 2.1 - f is bounded below over S, i.e., there exists f ∗ ∈ R such that
f (x) ≥ f ∗ for all x ∈ S;

- f is L-smooth over an open convex set D containing S, i.e.,

‖∇ f (x) − ∇ f (y)‖ ≤ L‖x − y‖ ∀x, y ∈ D ⊇ S.

Now, the standard optimality condition for problem (1) can be given according to
the following definition.

Definition 2.1 A point x̄ ∈ S is a stationary point for problem (1) if

∇ f (x̄)T (x − x̄) ≥ 0 ∀x ∈ S. (7)

At this point, we shall also formally recall the Euclidean projector operator over S,
which will play a crucial role throughout the paper, defined as

PS [x] = argmin
y∈S

‖x − y‖,

and the following well-known result that allows us to deal with stationarity in a prac-
tically more convenient way.

Proposition 2.1 Given x ∈ S and η > 0, let x̂ = PS [x − η∇ f (x)] and d̂ = x̂ − x .
Then:

i) the following inequality holds

∇ f (x)T d̂ ≤ −1

η
‖d̂‖2 = −1

η

∥
∥PS [x − η∇ f (x)] − x

∥
∥2;

ii) point x is stationary for (1) if and only if ‖d̂‖ = ∥
∥PS [x − η∇ f (x)] − x

∥
∥ = 0.
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Proof From [21, Prop. 20.2(i)], for every y ∈ R
n and z ∈ S,

(

y − PS [y])T (

z − PS [y]) ≤ 0. (8)

Then, for every x ∈ S and η > 0, taking y = x − η∇ f (x) and z = x in (8),

(

(x − η∇ f (x)) − PS [x − η∇ f (x)])T (

x − PS [x − η∇ f (x)]) ≤ 0.

Then, point i) follows. Point ii) immediately follows from [21, Prop. 20.3]. �

The main takeaway from point ii) of the above proposition is that we are allowed to

select any arbitrary value of η > 0 to define the (continuous) function φη : S → R≥0
as

φη(x) = ∥
∥PS [x − η∇ f (x)] − x

∥
∥

and use φη(x̄) = 0 as a stationarity condition for a point x̄ ∈ S. Given xk ∈ S, we are
also allowed to call xk ε-stationary for problem (1) if

φη(xk) = ∥
∥PS [xk − η∇ f (xk)] − xk

∥
∥ ≤ ε.

However, the ε-stationarity property is not independent of the choice of η, as we can
deduce from the following lemma.

Lemma 2.1 Let x ∈ S, z ∈ R
n. Define functions p, h : R>0 → R≥0 as

p(t) = ‖PS [x + t z] − x‖ and h(t) = 1

t
‖PS [x + t z] − x‖ = p(t)

t
.

Then, (a) p(t) is monotonically nondecreasing and (b) h(t) is monotonically nonin-
creasing.

Proof For part (b): see [4, Lemma 2.3.1]. For part (a), let 0 < t1 < t2. We aim to show
that p(t1) ≤ p(t2), i.e., ‖PS [x + t1z] − x‖2 ≤ ‖PS [x + t2z] − x‖2. First, we prove
that

zT (PS [x + t2z] − PS [x + t1z]) ≥ 0. (9)

Indeed, by [21, Prop. 20.2], we know that:

(

(x + t1z) − PS [x + t1z]
)T (PS [x + t2z] − PS [x + t1z]

) ≤ 0 (10)

and
(PS [x + t2z] − (x + t2z)

)T (PS [x + t2z] − PS [x + t1z]
) ≤ 0. (11)

Summing up (10) and (11), we obtain:

0 ≥ (PS [x + t2z] − PS [x + t1z] + (t1 − t2)z
)T (PS [x + t2z] − PS [x + t1z]

)

= ‖PS [x + t2z] − PS [x + t1z]‖2 + (t1 − t2)z
T (PS [x + t2z] − PS [x + t1z]

)
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≥ (t1 − t2)z
T (PS [x + t2z] − PS [x + t1z]

)

.

Since t1 − t2 < 0, (9) must be satisfied. Hence,

∥
∥PS [x + t2z] − x

∥
∥
2

= ∥
∥
(PS [x + t1z] − x

) + (PS [x + t2z] − PS [x + t1z]
)∥
∥2

≥ ∥
∥PS [x + t1z] − x

∥
∥2 + 2

(PS [x + t1z] − x
)T (PS [x + t2z] − PS [x + t1z]

)

= ∥
∥PS [x + t1z] − x

∥
∥
2 + 2t1z

T (PS [x + t2z] − PS [x + t1z]
)

− 2
(

(x + t1z) − PS [x + t1z]
)T (PS [x + t2z] − PS [x + t1z]

)

≥ ∥
∥PS [x + t1z] − x

∥
∥2,

where the last inequality follows from (9) and (10). The lemma is proved. �

From point (a) of Lemma 2.1, we realize that given xk , the value of φη(xk) is

nondecreasing as the value of η increases; in other words, by changing the values of
η, we can retrieve a family of stationarity measures that become milder as the value of
η gets closer to 0. As a consequence, if a point xk satisfies the ε-stationarity condition
given some value of η̄ > 0, then it will also be ε-stationary for any choice of φη with
η ∈ (0, η̄].

Interestingly, we would obtain an analogous family of stationarity measures, this
time with increasing strictness as η gets smaller, if we considered the function
1
η

∥
∥PS [xk − η∇ f (xk)] − xk

∥
∥ instead of φη. However, in the following, we will only

be referring to function φη to treat stationarity.

3 A General Line Search-Based Algorithmic Framework for
Constrained Nonconvex Optimization and its Complexity Bounds

In this section, we define a general line search-based algorithmic scheme for con-
strained optimization, and we state general complexity and convergence results that,
to the best of our knowledge, are novel in the literature. These results will be later
employed for the specific theoretical analysis of the projected gradient algorithmswith
momentum proposed in this work.

We begin by stating a second set of assumptions, this time concerning the search
directions to be employed in iterative line search-based methods.

Assumption 3.1 Let {xk} ⊆ S and {dk} ⊆ R
n be the sequences of points and corre-

sponding search directions produced by an iterative algorithm and let η > 0. Then,
there exist constants a, c1, c2 > 0 such that, for all k, the following conditions hold:

xk + αdk ∈ S ∀α ∈ [0, a], (12)

∇ f (xk)
T dk ≤ −c1‖dk‖2, (13)

∇ f (xk)
T dk ≤ −c2

∥
∥PS [xk − η∇ f (xk)] − xk

∥
∥
2 = −c2φη(xk)

2. (14)
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The two latter conditions in Assumption 3.1 somehow extend the classical gradient-
related condition in unconstrained optimization [12] to the constrained setting; the
former deals instead with the feasibility of directions; in particular, it is just slightly
stricter than dk being feasible: by the convexity of S, the requirement in fact simply
collapses to xk + adk ∈ S for all k.

Remark 3.1 For any η > 0, Assumption 3.1 always holds with a = 1 and c1 = c2 =
1/η if dk is always chosen to be equal to d̂k = PS [xk − η∇ f (xk)] − xk = x̂k − xk .
The first condition, in fact, follows from xk + d̂k = x̂k ∈ S by the definition of the
projection operator. The two latter conditions instead collapse to the same inequality,
which holds for c1 = c2 = 1

η
by Proposition 2.1. As a consequence of this observation,

the following complexity results will be applicable to the classical projected gradient
method.

We are now able to state a useful preliminary result.

Proposition 3.1 Let xk ∈ S and let dk ∈ R
n be a pair of point-direction produced

under Assumption 3.1. Then, for any γ ∈ (0, 1), we have that

f (xk + αdk) ≤ f (xk) + αγ∇ f (xk)
T dk

for all α such that 0 < α ≤ αL = min
[

a,
(1−γ )2c1

L

]

.

Proof Let α ∈ (0, αL ]. By the Lipschitz-continuity of ∇ f and recalling the first
condition of Assumption 3.1, noting α ≤ a, we can write xk + αdk ∈ S. We can also
employ the descent lemma and (13) from Assumption 3.1 to write

f (xk + αdk) − f (xk) ≤ α∇ f (xk)
T dk + α2 L

2
‖dk‖2

= αγ∇ f (xk)
T dk + (1 − γ )α∇ f (xk)

T dk + α2 L

2
‖dk‖2

≤ αγ∇ f (xk)
T dk + (1 − γ )α∇ f (xk)

T dk − α2 L

2c1
∇ f (xk)

T dk

= αγ∇ f (xk)
T dk + α

(

(1 − γ ) − α
L

2c1

)

∇ f (xk)
T dk

≤ αγ∇ f (xk)
T dk,

where the last inequality follows noting that, by definition, α ≤ (1−γ )2c1
L . �


Next, we define the general constrained optimization algorithm based on the stan-
dard Armijo-type line search. The method is formalized by the pseudocode reported
in Algorithm 1.

The next proposition describes the theoretical properties of the presented line
search-based algorithm.

Proposition 3.2 Let η > 0 and let {xk}, {dk} be the sequences produced by Algorithm
1, with {dk} satisfying Assumption 3.1. For any ε > 0, we denote by:

123



20 Page 8 of 27 Journal of Optimization Theory and Applications (2026) 210 :20

Algorithm 1 Armijo line search-based algorithm
1: Input: x0 ∈ S, a > 0, γ ∈ (0, 1), δ ∈ (0, 1), η > 0.
2: for k = 0, 1, . . . do
3: /∗ Compute the search direction ∗/

4: Compute dk satisfying the conditions of Assumption 3.1
5: /∗ Perform Armijo line search along dk ∗/

6: Set α = a
7: while f (xk + αdk ) > f (xk ) + γα∇ f (xk )

T dk do
8: Set α = δα

9: Set αk = α,
10: Set xk+1 = xk + αkdk

– kε: the first iteration where the point xkε satisfies φη(xkε ) ≤ ε;
– niε: the total number of iterations k where the points xk satisfy φη(xk) > ε.

Then, in the worst case, we have for Algorithm 1

kε ≤ ( f (x0) − f ∗)
δαLγ c2

ε−2 = O(ε−2) and niε ≤ ( f (x0) − f ∗)
δαLγ c2

ε−2 = O(ε−2),

where f ∗ is the lower bound of f over S and αL = min
[

a,
(1−γ )2c1

L

]

.

Proof The instructions of the Armijo-type line search and Proposition 3.1 imply that,
for every iteration k, the stepsize αk satisfies αk ≥ δαL .

From the acceptance condition of theArmijo-type line search and the third condition
of Assumption 3.1, for all k ≥ 0, we then get

f (xk) − f (xk+1) ≥ αkγ |∇ f (xk)
T dk |

≥ δαLγ |∇ f (xk)
T dk | ≥ δαLγ c2φη(xk)

2.
(15)

Recalling the definition of kε, for k = 0, . . . , kε − 1, we have φη(xk) > ε and thus
f (xk) − f (xk+1) ≥ δαLγ c2ε2. By summing the inequalities, for k = 0, . . . , kε − 1,
we get f (x0) − f (xkε ) ≥ kεδαLγ c2ε2, from which we can write

f (x0) − f ∗ ≥ f (x0) − f (xkε ) ≥ kεδαLγ c2ε
2;

it then follows

kε ≤ ( f (x0) − f ∗)
δαLγ c2

ε−2.

Moreover, by adding together all the relations (15) from the first iteration up to the
k-th one, we have

f (x0) − f ∗ ≥ f (x0) − f (xk+1) ≥ δαLγ c2

k
∑

i=0

φη(xi )
2.
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Taking the limit for k → ∞, we have f (x0) − f ∗ ≥ δαLγ c2
∑∞

i=0 φη(xi )2 so that
we get

f (x0) − f ∗ ≥ δαLγ c2

∞
∑

i=0

φη(xi )
2 ≥ δαLγ c2

∑

φη(xi )≥ε

φη(xi )
2 ≥ δαLγ c2 niε ε2,

which finally implies:

niε ≤ ( f (x0) − f ∗)
δαLγ c2

ε−2.

�

Remark 3.2 The bounds on kε and niε stated in Proposition 3.2 are equal. This result
makes sense: in the worst case, all niε iterations with non-ε-stationary iterates will
have to be performed before obtaining xkε .

Remark 3.3 If we assume that the construction of dk requires a fixed number of (addi-
tional) gradient evaluations and a fixed – possibly zero – number of projections, then
we can immediately derive from the result of Proposition 3.2 an O(ε−2) bound for
the number of gradient evaluations and projections required for obtaining xkε .

By standard reasoning similar to that from [12, Lemma 2.2.1], we can also note
that the number of function evaluations n fαk needed to satisfy the Armijo criterion at
iteration k is bounded according to

n fαk ≤
⌈

logδ

(αL

a

)⌉

+ 1.

Thebound is constantw.r.t. k. Ifwe then assume that the number of function evaluations
required to definedk is alsofixed,we canfinally derive anO(ε−2)bound for the number
of function evaluations required to reach xkε .

The result from Proposition 3.2 also allows us to immediately derive a general
global asymptotic convergence result.

Corollary 3.1 Let {xk}, {dk} be the sequences produced by Algorithm 1, and assume
S is a compact set. Then {xk} admits accumulation points, each one being stationary
for problem (1).

Proof By the instructions of the algorithm, {xk} ⊆ S; by the compactness of S, we
immediately conclude that accumulation points exist for {xk}. Now, let x̄ be any such
accumulation point, i.e., there exists K ⊆ {0, 1, . . .} such that xk → x̄ for k ∈ K ,
k → ∞. Recalling from the proof of Proposition 3.2 that

∞
∑

k=0

φη(xk)
2 ≤ f (x0) − f ∗

δαLγ c2
< +∞,

we have that limk→∞ φη(xk) = 0. By the continuity of φη, we then get 0 =
limk∈K , k→∞ φη(xk) = φη(x̄), which concludes the proof. �
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4 Projected Gradient Directions with Momentum

To define a projected gradient method with momentum, we need to feed Algorithm 1
with directions of the form

dk = αk d̂k + βk ŝk, (16)

where αk, βk ≥ 0 and, for k ≥ 1,

d̂k = PS [xk − ηk∇ f (xk)] − xk, ŝk = PS [xk + (xk − xk−1)] − xk . (17)

In every iteration, the parameter ηk is allowed to vary as long as it satisfies

ηmin ≤ ηk ≤ ηmax, (18)

where 0 < ηmin ≤ ηmax < +∞ are two fixed scalars. To determine αk and βk , we can
solve a two-dimensional quadratic programming problem defined according to two
possible strategies, inspired by [24]: the first involves a n × n matrix Bk , whereas the
second involves a 2 × 2 matrix Hk .

We can thus consider a quadratic subproblem with the additional constraint on
direction structure:

min
d,α,β

∇ f (xk)
T d + 1

2
dT Bkd

s.t. xk + d ∈ S, d = αd̂k + β ŝk .

(19)

Now, the above problem may be too complex to deal with if the goal is to conve-
niently exploit it within an outer algorithmic framework. We thus aim to define a
two-dimensional subproblem whose feasible set is contained in that of (19), thus pos-
sibly excluding optimal solutions, but whose solution can be found in closed form for
any convex set S. First, we need to state the following result.

Proposition 4.1 For every pair of values α, β satisfying α +β ≤ 1 and α ≥ 0, β ≥ 0,
the direction d = αd̂k + β ŝk is such that xk + d ∈ S.

Proof Let (α, β) be scalars satisfying the assumptions of the proposition. The thesis
straightforwardly holds for both (α, β) = (1, 0) and (α, β) = (0, 1) by the definition
of Euclidean projection. Let us now consider a generic choice of values α, β > 0. We
can write

xk + αd̂k + β ŝk = α(xk + d̂k) + β(xk + ŝk) + xk(1 − α − β).

Let c = 1 − α − β. Since xk + d̂k ∈ S, xk + ŝk ∈ S, xk ∈ S, and α + β + c = 1, we
have that xk + αd̂k + β ŝk is a convex combination of points in S and thus it belongs
to S. �
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On the basis of the above result, we can then replace problem (19) with the following
two-dimensional problem

min
d,α,β

∇ f (xk)
T d + 1

2
dT Bkd

s.t. d = αd̂k + β ŝk, α + β ≤ 1, α ≥ 0, β ≥ 0,

(20)

i.e., setting Pk = [

d̂k ŝk
]

and gk = ∇ f (xk),

min
α,β

1

2

[

α

β

]T

PT
k Bk Pk

[

α

β

]

+ gTk Pk

[

α

β

]

s.t. α + β ≤ 1, α ≥ 0, β ≥ 0.

We could further consider replacing the 2× 2 matrix PT
k Bk Pk with a generic 2× 2

matrix Hk , thus obtaining the problem

min
α,β

1

2

[

α

β

]T

Hk

[

α

β

]

+ gTk Pk

[

α

β

]

s.t. α + β ≤ 1, α ≥ 0, β ≥ 0. (21)

As shown in the Appendix, the solution of (21) can indeed be determined in closed
form; thus, we can efficiently rely on this problem for the construction of dk in the
algorithmic framework.

In the next twopropositions,we state conditions on Bk and Hk respectively, ensuring
that the obtained values αk and βk are such that a sequence of directions {dk} produced
according to (16) satisfies Assumption 3.1.

Proposition 4.2 Let {Bk} ⊆ R
n×n be a sequence of positive definite symmetric matri-

ces, assuming that 0 < ν1 ≤ ν2 exist such that ν1 ≤ λmin(Bk) ≤ λmax(Bk) ≤ ν2
for all k. Let {ηk} be a sequence of values such that, for all k, condition (18) holds,
assuming that ηmax < 2

ν1
. Furthermore, let dk = αk d̂k +βk ŝk be the solution, for each

k, of problem (20) induced by matrix Bk and vectors d̂k, ŝk defined according to (17).
Then, for any η ∈ [ηmin, ηmax], the sequence of directions {dk} satisfies Assumption
3.1.

Proof Proposition 4.1 ensures that dk satisfies condition (12) of Assumption 3.1 with
a = 1.

Let us now consider the vector d̂k = PS [xk−ηk∇ f (xk)]−xk .As already observed,
d̂k is a feasible point for problem (20) obtained setting α = 1, β = 0. Recalling that
dk is optimal for the subproblem at iteration k and noting that the direction d̃k = ν1

ν2
d̂k

is feasible, we can then write

∇ f (xk)
T dk ≤ ∇ f (xk)

T dk + 1

2
dTk Bkdk

≤ ∇ f (xk)
T d̃k + 1

2
d̃Tk Bkd̃k

≤ −ν1

ν2

(
1

ηk
‖d̂k‖2 − 1

2
λmax(Bk)

ν1

ν2
‖d̂k‖2

)
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≤ −ν1

ν2

( 1

ηk
− 1

2
ν1

)‖d̂k‖2

≤ −ν1

ν2

( 1

ηmax
− 1

2
ν1

)∥
∥PS [xk − ηk∇ f (xk)] − xk

∥
∥
2

= −ν1

ν2
η2k

( 1

ηmax
− 1

2
ν1

) 1

η2k
‖PS [xk − ηk∇ f (xk)] − xk

∥
∥2

≤ −ν1

ν2
η2min

( 1

ηmax
− 1

2
ν1

) 1

η2max
‖PS [xk − ηmax∇ f (xk)] − xk

∥
∥
2

≤ −ν1

ν2
η2min

( 1

ηmax
− 1

2
ν1

) 1

η2max
‖PS [xk − η∇ f (xk)] − xk

∥
∥2,

where the third inequality follows from Proposition 2.1, and the fifth one comes from
ηk ≤ ηmax. For the sixth one, we used that ηk ≥ ηmin, and we exploited the inequality

1

ηk
‖PS [xk − ηk∇ f (xk)] − xk‖ ≥ 1

ηmax
‖PS [xk − ηmax∇ f (xk)] − xk‖,

which follows from ηk ≤ ηmax and h(t) = 1
t ‖PS [x − t∇ f (x)] − x‖ being non-

increasing, according to Lemma 2.1. The last one finally follows from function
p(t) = ‖PS [x − t∇ f (x)] − x‖ being nondecreasing by Lemma 2.1, which implies

‖PS [xk − ηmax∇ f (xk)] − xk‖ ≥ ‖PS [xk − η∇ f (xk)] − xk‖,

as η ≤ ηmax. Point (14) of Assumption 3.1 therefore follows for any η ∈ [ηmin, ηmax]
by defining

c2 = ν1

ν2

η2min

η2max

( 1

ηmax
− 1

2
ν1

)

> 0.

From the above chain of inequalities, we also get ∇ f (xk)T dk + 1
2d

T
k Bkdk ≤ 0,

from which we obtain

∇ f (xk)
T dk ≤ −1

2
dTk Bkdk ≤ −1

2
ν1‖dk‖2,

and hence, condition (13) of Assumption 3.1 also holds, setting c1 = ν1/2. �

We might want to elaborate on the condition ηmax < 2/ν1: large values of ν1

indicate that the matrix will induce a very strong regularization term within the sub-
problem, leading to a very small search direction; in an unconstrained scenario, this
corresponds to perturbing the gradient direction with an almost null preconditioner. It
is therefore not surprising that with large ν1 we can prove the property for the sequence
of directions only if we consider correspondingly small values of η, i.e., taking into
account less stringent measures of stationarity and of descent. A similar observation
will analogously hold for the result in the following proposition concerning the case
of the 2 × 2 matrix.
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Proposition 4.3 Let {Ĥk} ⊆ R
2×2 be a sequence of positive definite symmetric matri-

ces, assuming that 0 < ν̂1 ≤ ν̂2 exist such that

ν̂1 ≤ λmin(Ĥk) and (Ĥk)11 ≤ ν̂2, (22)

for all k. Let {ηk} be a sequence of values such that, for all k, condition (18) holds,
assuming that ηmax < 2

ν̂1
. For all k, let Hk ∈ R

2×2 be the symmetric matrix in problem
(21), defined as

Hk = Dk Ĥk Dk where Dk =
[‖d̂k‖ 0

0 ‖ŝk‖
]

,

and let dk = αk d̂k + βk ŝk, where [αk βk]T is the solution of problem (21). Then, for
any η ∈ [ηmin, ηmax], the sequence of directions {dk} satisfies Assumption 3.1.

Proof As already observed, any vector d belonging to the feasible set of (21) is such
that xk + d ∈ S, so that the condition (12) of Assumption 3.1 is satisfied by dk for all
k with a = 1. The objective of problem (21) at iteration k can be rewritten as

min
α,β

1

2

[

α

β

]T

Dk Ĥk Dk

[

α

β

]

+
[

gTk d̂k
gTk ŝk

]T [

α

β

]

.

Note that (α̂, β̂)T = ( ν̂1
ν̂2

, 0)T is a feasible point of the two-dimensional problem. Then

we can consider the corresponding direction d̃k = α̂d̂k +β̂ ŝk with (α̂, β̂)T = ( ν̂1
ν̂2

, 0)T .

If (αk, βk)
T is the optimal solution of (21) and dk = αk d̂k+βk ŝk , recalling Proposition

2.1, assumption (18) and ηmax < 2/ν̂1, and by similar derivations as in the proof of
Proposition 4.2, we can write:

∇ f (xk)
T dk ≤ ∇ f (xk)

T dk + 1

2

[

αk

βk

]T

Dk Ĥk Dk

[

αk

βk

]

≤ ∇ f (xk)
T ν̂1

ν̂2
d̂k + 1

2
(Ĥk)11

ν̂21

ν̂22
‖d̂k‖2

≤ − ν̂1

ν̂2

1

ηk
‖d̂k‖2 + 1

2

ν̂21

ν̂2
‖d̂k‖2

≤ − ν̂1

ν̂2

(
1

ηk
− 1

2
ν̂1

)

‖PS [xk − ηk∇ f (xk)] − xk‖2

≤ − ν̂1

ν̂2

(
1

ηmax
− 1

2
ν̂1

)

‖PS [xk − ηk∇ f (xk)] − xk‖2

= − ν̂1

ν̂2
η2k

( 1

ηmax
− 1

2
ν̂1

) 1

η2k
‖PS [xk − ηk∇ f (xk)] − xk

∥
∥2

≤ − ν̂1

ν̂2
η2min

( 1

ηmax
− 1

2
ν̂1

) 1

η2max
‖PS [xk − ηmax∇ f (xk)] − xk

∥
∥2
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≤ − ν̂1

ν̂2
η2min

( 1

ηmax
− 1

2
ν̂1

) 1

η2max
‖PS [xk − η∇ f (xk)] − xk

∥
∥
2

≤ −c2φη(xk)
2,

where

c2 = ν̂1

ν̂2

η2min

η2max

( 1

ηmax
− 1

2
ν̂1

)

> 0,

so that condition (14) of Assumption 3.1 is proved.
Then, from the above chain of inequalities and by using (22), we have

∇ f (xk)
T dk ≤ −1

2

[

αk

βk

]T

Dk Ĥk Dk

[

αk

βk

]

≤ −1

2
ν̂1

(

(αk‖d̂k‖)2 + (βk‖ŝk‖)2
)

≤ −1

4
ν̂1‖αk d̂k + βk ŝk‖2 = −1

4
ν̂1‖dk‖2.

Therefore, condition (13) of the Assumption holds by setting c1 = ν̂1
4 . �


Remark 4.1 Following the approach presented in [6], it is possible to choose the param-
eter ηk by computing the inverse Rayleigh quotient. Specifically, given two constants
0 < ηmin ≤ ηmax < +∞, we can choose ηk as:

ηk = min

{

ηmax,max
{

ηmin,
sTk sk

sTk yk

}
}

,

where yk = ∇ f (xk) − ∇ f (xk−1) and sk = xk − xk−1, with the choice of ηk = ηmax
if sTk yk ≤ 0.

In the next section, we present a specific projected gradientmethodwithmomentum
where the search direction is induced by a tailored 2 × 2 matrix Hk .

5 A Convergent Projected Gradient Method with Momentum

Theanalysis and the remarks from thepreceding sectiondrive us towards the designof a
convergent projected gradient methodwithmomentum. Summarizing for convenience
the main insights discussed thus far, we will have to exploit search directions of the
form dk = αk d̂k + βk ŝk, where αk, βk ≥ 0, and, for k ≥ 1,

d̂k = PS [xk − ηk∇ f (xk)] − xk, ŝk = PS [xk + (xk − xk−1)] − xk,

with ηmin ≤ ηk ≤ ηmax, in such a way that Assumption 3.1 holds.
While the analysis provides us with two sound options to obtain suitable values

of αk and βk , we will focus here only on the latter, based on the two-dimensional
subproblems, which appears to be more convenient from the numerical standpoint.
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The key computational element of the algorithmic framework lies, therefore, in the
definition of the 2× 2 matrix Hk in subproblem (21), which we also rewrite below for
convenience:

min
α,β

1

2

[

α

β

]T

Hk

[

α

β

]

+ gTk Pk

[

α

β

]

s.t. α + β ≤ 1, α ≥ 0, β ≥ 0.

The solution (α∗ β∗)T of the above subproblem provides the scalars αk = α∗ and
βk = β∗ defining the search direction dk given by (16). In the above problem, all
parameters are fixed given xk , except for the three elements defining the symmetric
matrix Hk , which thus leave three degrees of freedom.

To identify a meaningful matrix Hk to employ in the subproblem, we interpret the
objective function as the quadratic Taylor polynomial approximation of the bivariate
function of variables α and β, f (xk + αd̂k + β ŝk):

ϕk(α, β; Hk) = f (xk) +
[

gTk d̂k
gTk ŝk

]T [

α

β

]

+ 1

2

[

α

β

]T [

H11 H12
H12 H22

] [

α

β

]

.

The three elements defining Hk can then be determined by imposing the interpolation
conditions on three points (α1, β1), (α2, β2), and (α3, β3) different from (0, 0):

ϕk(α1, β1; Hk) = f (xk + α1d̂k + β1ŝk),

ϕk(α2, β2; Hk) = f (xk + α2d̂k + β2ŝk),

ϕk(α3, β3; Hk) = f (xk + α3d̂k + β3ŝk),

(23)

and thus by simply solving a 3×3 linear system, which can be handled in closed form.
The construction of a reliable quadratic matrix incurs the cost of a small number of
additional function evaluations per iteration (at most 3).

Before formally presenting the algorithm, we summarize its main steps at each
iteration:

(a) a quadratic subproblem of the form (21) is defined, where Hk ∈ R
2×2 is a sym-

metric matrix obtained by the aforementioned interpolation technique;
(b) once a solution [αk βk]T of (21) has been computed, the corresponding search

direction of the form (16) undergoes a check to ensure the gradient-related property
(with fixed φη induced by a constant value η) of the whole sequence {dk};

(c) if the test is satisfied, then a standard Armijo-type line search can be performed
along dk ; otherwise, a suitable modification to Hk is made that guarantees the
conditions of Proposition 4.3 to hold: steps (a) (with the modified H̃k) and (b)
(without the check on dk) are then repeated, as well as the Armijo-type line search
along the obtained dk .

Algorithm 2 describes the instructions of the proposed procedure rigorously and in
detail. In the following lemma we prove that the modified matrix H̃k computed as in
lines 29–33 satisfies the assumptions of Proposition 4.3.
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Algorithm 2 Projected Gradient Method with Momentum (PGMM)
1: Input: x0 ∈ S, γ ∈ (0, 1), δ ∈ (0, 1), 0 < ηmin ≤ η ≤ ηmax, c̄1, c̄2 > 0, 0 < ν̂1 ≤ ν̂2.
2: Set k = 0
3: Let x−1 = x0
4: for k = 0, 1, . . . do
5: Set sk = xk − xk−1, yk = ∇ f (xk ) − ∇ f (xk−1)

6: /∗ Define spectral parameter ∗/

7: if sTk yk > 0 then

8: Set ηk = min

{

ηmax,max
{

ηmin,
sTk sk
sTk yk

}
}

9: else
10: Set ηk = ηmax

11: /∗ Define base directions ∗/

12: Set d̂k = PS [xk − ηk∇ f (xk )] − xk , ŝk = PS [xk + sk ] − xk
13: /∗ Stop if xk is a stationary point ∗/

14: if d̂k = 0 then
15: return xk
16: if ŝk �= 0 then
17: /∗ Common nondegenerate case ∗/

18: /∗ Define 2 × 2 quadratic matrix by interpolation ∗/

19: Compute Hk imposing conditions (23) at three points (α1, β1), (α2, β2), (α3, β3)
20: /∗ Compute the search direction ∗/

21: Set αk , βk ∈ argminα,β≥0,α+β≤1 ϕk (α, β; Hk ) obtained using Algorithm 3

22: Set dk = αk d̂k + βk ŝk
23: /∗ Gradient-related check ∗/

24: Set gr_dir_found = False
25: if ∇ f (xk )

T dk ≤−c̄1‖dk‖2 and ∇ f (xk )
T dk ≤−c̄2‖PS [xk−η∇ f (xk )]−xk‖2 then

26: Set gr_dir_found = True

27: if gr_dir_found= False then
28: /∗ Modify 2 × 2 matrix ∗/

29: Set (H̃k )11 = max
{

min{(Hk )11, ν̂2‖d̂k‖2}, ν̂1‖d̂k‖2
}

30: Set (H̃k )22 = max
{

(Hk )22, ν̂1‖ŝk‖2
}

31: Set r̃k =
√

(

(H̃k )11 − ν̂1‖d̂k‖2
)(

(H̃k )22 − ν̂1‖ŝk‖2
)

32: Set (H̃k )12 = max
{

min{(Hk )12, r̃k },−r̃k
}

33: Set H̃k =
(

(H̃k )11 (H̃k )12
(H̃k )12 (H̃k )22

)

34: /∗ Recompute the search direction ∗/

35: Set αk , βk ∈ argminα,β≥0,α+β≤1 ϕk (α, β; H̃k ) obtained using Algorithm 3

36: Set dk = αk d̂k + βk ŝk
37: else
38: /∗ No momentum, do simple projected gradient iteration ∗/

39: dk = d̂k
40: /∗ Perform Armijo line search along dk ∗/

41: Set μ = 1
42: while f (xk + μdk ) > f (xk ) + γμ∇ f (xk )

T dk do
43: Set μ = δμ

44: Set μk = μ,
45: Set xk+1 = xk + μkdk
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Lemma 5.1 Let ‖d̂k‖ �= 0, ‖ŝk‖ �= 0, and let H̃k be the matrix computed in lines 29–33

of Algorithm 2. Then, H̃k = Dk Ĥk Dk, where Dk =
[‖d̂k‖ 0

0 ‖ŝk‖
]

and Ĥk is a 2 × 2

symmetric matrix such as (Ĥk)11 ≤ ν̂2 and λmin(Ĥk) ≥ ν̂1.

Proof We can explicitly compute the components of Ĥk as:

(Ĥk)11 = (H̃k)11

‖d̂k‖2
= max

{

min
{ (Hk)11

‖d̂k‖2
, ν̂2

}

, ν̂1

}

, (24)

(Ĥk)22 = (H̃k)22

‖ŝk‖2 = max

{
(Hk)22

‖ŝk‖2 , ν̂1

}

, (25)

(Ĥk)12 = (H̃k)12

‖d̂k‖‖ŝk‖
= max

{

min
{ (Hk)12

‖d̂k‖‖ŝk‖
, rk

}

,−rk

}

, (26)

where

rk = r̃k

‖d̂k‖‖ŝk‖
=

√
(

(H̃k)11

‖d̂k‖2
− ν̂1

)(
(H̃k)22

‖ŝk‖2 − ν̂1

)

=
√

(

(Ĥk)11 − ν̂1
)(

(Ĥk)22 − ν̂1
)

.

(27)

By (24), (Ĥk)11 ≤ ν̂2. Moreover,

√
(

(Ĥk)11 − (Ĥk)22
)2 + 4(Ĥk)

2
12

≤
√

(

(Ĥk)11 − (Ĥk)22
)2 + 4

(

(Ĥk)11 − ν̂1
)(

(Ĥk)22 − ν̂1
)

=
√

(

(Ĥk)11 − (Ĥk)22
)2 + 4(Ĥk)11(Ĥk)22 − 4ν̂1

(

(Ĥk)11 + (Ĥk)22
) + 4ν̂21

=
√

(

(Ĥk)11 + (Ĥk)22
)2 − 4ν̂1

(

(Ĥk)11 + (Ĥk)22
) + 4ν̂21

=
√

(

(Ĥk)11 + (Ĥk)22 − 2ν̂1
)2 = (Ĥk)11 + (Ĥk)22 − 2ν̂1,

where in the first inequality we employed that, by (26)–(27),

(Ĥk)
2
12 ≤ (

(Ĥk)11 − ν̂1
)(

(Ĥk)22 − ν̂1
)

,

and in the last equality that, by (24)–(25), (Ĥk)11 ≥ ν̂1 and (Ĥk)22 ≥ ν̂1. As a
consequence of the above chain of inequalities, the minimum eigenvalue of Ĥk is
bounded by:

λmin(Ĥk) = (Ĥk)11 + (Ĥk)22 −
√

(

(Ĥk)11 − (Ĥk)22
)2 + 4(Ĥk)

2
12

2

≥ (Ĥk)11 + (Ĥk)22 − (

(Ĥk)11 + (Ĥk)22 − 2ν̂1
)

2
= ν̂1. �
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Recalling the results proven in this paper, we are finally able to state the main
convergence and complexity results for Algorithm 2.

Proposition 5.1 Let Assumption 2.1 hold and let {xk} be the sequence produced by
Algorithm 2. Then, if ηmax < 2

ν̂1
, for any η ∈ [ηmin, ηmax] and ε > 0 and recalling the

notation of Proposition 3.2, we have kε = O(ε−2) and niε = O(ε−2). The asymptotic
bound ofO( 1

ε2
) also holds for the number of function evaluations, gradient evaluations

and projections carried out by the algorithm in the first kε iterations. Moreover, if S
is compact, either the algorithm stops in a finite number k̄ of iterations returning a
stationary point xk̄ , or the sequence {xk} has accumulation points, each one being
stationary for problem (1).

Proof We focus on the nontrivial case for which d̂k �= 0 for all k; otherwise, by defi-
nition of stationarity, we have finite termination with a stationary point. The proof for
the complexity results directly follows from Proposition 3.2, noting that the algorithm
carries out an Armijo line search and, for any choice of ηmin ≤ η ≤ ηmax, the sequence
{dk} satisfies Assumption 3.1. In particular, condition (12) always holds with a = 1.
As for conditions (13) and (14), we can note that:

– for each k such that ŝk �= 0 and gr_dir_found=True, the safeguard at step
25 ensures that dk satisfies the inequalities for the values c1 = c̄1 and c2 = c̄2
provided as inputs to the algorithm;

– if ŝk �= 0 but the check at step 25 fails, the perturbation of matrix Hk carried
out at steps 29–33 guarantees that the assumption of Proposition 4.3 holds (see
Lemma 5.1); dk is then constructed in such a way that the two inequalities hold

for constants c1 = ν̂1
4 and c2 = ν̂1

ν̂2

η2min
η2max

( 1
ηmax

− 1
2 ν̂1

)

, retrieved in the proof of

Proposition 4.3;
– if ŝk = 0, dk is equal to d̂k and, by Proposition 2.1 (see also Remark 3.1) and the
fact that ηk ≤ ηmax,

∇ f (xk)
T d̂k ≤ − 1

ηk
‖d̂k‖2 ≤ − 1

ηmax
‖d̂k‖2.

Therefore, the first inequality is satisfied with c1 = 1
ηmax

. Moreover, reasoning
similarly to the proof of Propositions 4.2-4.3,

− 1

ηmax
‖d̂k‖2 ≤ − η2min

η3max
‖PS [xk − η∇ f (xk)] − xk‖2.

Hence, the second inequality is satisfied with c2 = η2min
η3max

.

Hence, the entire sequence satisfies (13) and (14) for all k with

c1 = min

{

c̄1,
ν̂1

4
,

1

ηmax

}

, c2 = min

{

c̄2,
ν̂1

ν̂2

η2min

η2max

( 1

ηmax
− 1

2
ν̂1

)

,
η2min

η3max

}

.

The asymptotic convergence result then follows from Corollary 3.1. �
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6 Numerical Results

In this section, we report the results of computational experiments carried out with the
aim of assessing the potential of the proposed approach compared to baseline and state-
of-the-art methods. The experimental analysis was divided into two parts, considering
different classes of problems, which are discussed separately in the following.

Both scenarios, however, share the same general experimental setup: we compare
our solver (PGMM) with the Spectral Projected Gradient Method (SPG) [6, 7], whose
official MATLAB implementation is available at https://www.ime.usp.br/~egbirgin/
tango/index.php. The SPG is widely regarded as the state-of-the-art projection based
descent method, but it arguably also represents a baseline for our study, as it relies
on simple gradient directions without momentum or preconditioning terms. For a
fair comparison, the proposed Algorithm 2 was implemented within the SPG library
code, introducing only the modifications required to define PGMM. The algorithm
code, together with that concerning the experiments, is available at https://github.
com/DiegoScuppa/PGMM. All experiments were carried out in a MATLAB R2025a
environment.

In SPG, a non-monotone line search [20] is employed, considering the last M
iterations, combined with a safeguarded quadratic interpolation strategy; the related
parameters were set to the default valuesM = 10, γ = 10−4, δ = 0.5, σmin = 0.1, and
σmax = 0.9. The same safeguarded quadratic interpolation strategy was maintained
for use within the PGMM; however, we did not employ the non-monotone condition
for the line search: contrary to SPG, which benefits from the non-monotone approach,
we found the latter to be somewhat detrimental for the specific case of the proposed
method in preliminary experiments. For the first iteration in both algorithms, we set
η0 = 1/‖PS [x0 −∇ f (x0)]‖∞ and d0 = d̂0. As for the computation of the matrix Hk ,
interpolation was performed using the points (α1, β1) = (0, 1

2 ), (α2, β2) = ( 12 , 0),
and (α3, β3) = ( 12 ,

1
2 ).

Concerning the stopping criterion, both algorithms were stopped as soon as condi-
tion

∥
∥PS [xk−∇ f (xk)]−xk

∥
∥∞ ≤ 10−5 was achieved. Additional stopping conditions

included amaximumnumber of 105 iterations and a numerical control on ‖xk−xk−1‖2,
terminating the algorithm if it dropped below 10−15.

6.1 Ball-Constrained Problems

As a first set of experiments, we considered nonlinear optimization problems with 
1-
ball constraints. In particular, we focused on a small benchmark of machine learning
problems consisting of constrained logistic regression (LR) tasks [22], where solution
sparsity and generalization properties are enhanced by setting an upper bound on the

1-norm of the weights rather than by setting an 
1-regularization term [26, 28].

The 
1-ball of radius R is defined as B1(R) = {x ∈ R
n : ‖x‖1 ≤ R}, and the exact

projection onto B1(R) is readily obtainable via fast procedures [13].
The structure of the resulting problem is, therefore, particularly well suited as a test

case for the algorithm considered in this work. We employed a benchmark of ten LR
training problems to evaluate the performance improvement achieved by Algorithm 2
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Table 1 Logistic Regression
problems: n denotes the number
of variables (including the
intercept), m the number of
samples

Problem n m Problem n m

a1a 124 1605 phishing 69 11055

a9a 124 32561 sonar 61 208

gisette 5001 6000 splice 61 1000

madelon 501 2000 w1a 301 2477

mushrooms 113 8124 w8a 301 49749

over SPG. The problems were built using the datasets reported in Table 1 and all
available at https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html. The
objective function is the (convex) negative log-likelihood function

f (w) = 1

m

m
∑

i=1

log(1 + exp(−yi (Xw)i )), (28)

where X ∈ R
m×n is the data matrix, y ∈ {−1, 1}m is the labels vector, and w ∈ R

n

denotes the model parameters.
For each dataset, we computed an approximate unconstrained minimizer w̄ of (28)

using the L-BFGS solver provided by the MATLAB routine fminunc. We then
performed experiments with 
1-ball constraints of radius R = 1

2‖w̄‖1, so that the
unconstrained minimizer would be cut out of the feasible set. For each problem, ten
runs with different initial points were performed, for a total of 100 instances. CPU
times, iteration counts, and function evaluations were recorded.

The comparison between PGMM and SPG is shown in Figure 1 in the form of per-
formance profiles [15]. Detailed tables of results are available in theGitHub repository.
All instances were successfully solved by both algorithms, except for five instances
of the madelon problem where SPG failed. PGMM achieved the best CPU time
on all problems except splice and w8a; nevertheless, all instances were solved by
PGMM in a time not exceeding 1.5 times that of SPG. In terms of iterations, PGMM
consistently outperformed SPG, while both methods exhibited comparable costs in
terms of function evaluations. The above considerations suggest that projections and
gradient evaluations are likely to account for a large part of the cost of the algorithms.

6.2 Bound-Constrained Problems

As a second benchmark,we considered box-constrained optimization problems,where
the feasible set is S = {x ∈ R

n : l ≤ x ≤ u}, for given vectors l and u, whose
components may also take infinite values. The projection onto S is trivial; indeed,
PS [x] = min

{

u,max{l, x}}.
We considered the bound-constrained problems from the CUTEst collection [19]

(available at https://github.com/ralna/CUTEst), following the selection analyzed in [6,
Tables 2–5]. A total of 50 problems were considered, using their default dimensions,
bounds, and initial points. For each problem, ten runs starting from the same initial
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Fig. 1 Performance profiles for the comparison between SPG and PGMM on the 100 LR instances with

1-ball constraints
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Fig. 2 Performance profiles for the comparison between SPG and PGMMon the 50 CUTEst problems with
bound constraints
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point were performed to mitigate variability in execution times. Average CPU times,
iteration counts, and function evaluations were collected.

The results are summarized in Figure 2 using performance profiles. Tables contain-
ing the average results are available in the GitHub repository.

SPG failed on 9 problems, while PGMM failed on 8. Both solvers failed on
BQPGAUSS, EXPQUAD, NCVXBQP2, NCVXBQP3, ODNAMUR, and QRTQUAD. Addi-
tionally, SPG failed on CHEBYQAD, QR3DLS, and SCON1LS, whereas PGMM failed
on EXPLIN and EXPLIN2. For all failures except ODNAMUR, termination was due
to the numerical control on successive iterates; for ODNAMUR, the maximum number
of iterations was reached.

PGMM achieved the best CPU time on 36 problems, while SPG was the fastest on
8. Moreover, all problems solved by PGMM were completed in a time not exceeding
1.7 times that of SPG. PGMMalso showed superior performance in terms of iterations,
whereas SPG generally required fewer function evaluations. This behavior is expected
since PGMM evaluates the objective function at three additional points per iteration
to perform interpolation.

Overall, the numerical experiments on both problem classes highlight the superior-
ity of PGMM over SPG. The proposed method can be interpreted as an enhancement
of the classical SPG algorithm, where the introduction of a momentum term leads to
a significant improvement in performance.

7 Conclusions

In this paper, we derived a rigorous convergence and complexity analysis for line
search-based iterative descent algorithms for nonconvex optimization over convex
sets. These novel results guided us towards the definition of convergent projected
gradient-type methods exploiting momentum direction terms within their core mech-
anisms. From this general class of convergent methods, we drew a specific procedure
that, with limited computational cost, minimizes at each iteration a two-dimensional
quadratic model of the objective to construct the search direction, practically leading
to a substantial speedup in convergence compared to the baseline gradient projection
method. Experiments on a large benchmark of problems corroborated this claim.

Future work might concern the analysis of the proposed methods in scenarios
where exact projection is not computationally reasonable. Also, combinations of the
projection-based approach with tailored strategies for particular constraint sets (e.g.,
active-set strategies for linear constraints [2, 5, 14]) could further improve the per-
formance of the method. Finally, adaptations of the approach to work with classes of
nonconvex constraints (see, e.g., [23]) will also be of interest.
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Fig. 3 Feasible set of the
two-dimensional problem in α

and β

Appendix: Closed FormSolution for the ProblemofMinimizing a Two-
Dimensional Quadratic Function Over a Polytope

We consider the two-dimensional optimization problem

min
α,β

ϕ(α, β) = 1

2

[

α

β

]T [

t u
u w

] [

α

β

]

+
[

y
h

]T [

α

β

]

s.t. α ≥ 0, β ≥ 0, α + β ≤ 1. (29)

The feasible set of the problem is S = {(α, β) ∈ R
2 | α ≥ 0, β ≥ 0, α + β ≤ 1},

which is depicted in Figure 3.
As S is compact, there exists at least one optimal solution to problem (29). We can

split the set S into the interior part and the boundary: S = S̊ ∪̇ ∂S. In particular, the
boundary could be further split into ∂S = A1∪ A2∪ A3∪{(0, 0)}∪{(0, 1)}∪{(1, 0)},
where A1 = {(α, 0) | 0 < α < 1}, A2 = {(0, β) | 0 < β < 1}, A3 = {(α, 1 − α) |
0 < α < 1}.Hence, we can first search for aminimizer of ϕ in S̊ and then a (candidate)
minimizer ofϕ in each subset of ∂S. First of all,we note that if the 2×2 quadraticmatrix
is not positive definite, then a global minimizer of ϕ on S can necessarily be found
in ∂S. In this case, we directly skip to the analysis of ∂S. Otherwise, we compute the
(unique) unconstrained minimizer of ϕ: if it belongs to S, then it is clearly the unique
minimizer of ϕ on S. Otherwise, we analyze the behavior of ϕ in ∂S: we compute the
value of ϕ in the three vertices of the simplex and the three minimizers of the (mono-
dimensional) functions along the three edges. A sketch of an algorithm is presented
as Algorithm 3.
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Algorithm 3 Min of a 2-dim quadratic function over a
polytope
Require: t, u, w, y, h ∈ R.
1: /∗ Min on S̊ ∗/

2: det = tw − u2

3: if t > 0 and det > 0 then
4: /∗ The matrix is positive definite ∗/

5: (α∗, β∗) = (−wy + uh, uy − th)/ det
6: if (α∗, β∗) ∈ S then
7: return (α∗, β∗)

8: /∗ Stop as it is the min on S. Otherwise: investigate ∂S ∗/

9: /∗ Min on vertices ∗/

10: f ∗ = 0
11: (α∗, β∗) = (0, 0)
12: if t

2 + y < f ∗ then
13: f ∗ = t

2 + y
14: (α∗, β∗) = (1, 0)
15: if w

2 + h < f ∗ then
16: f ∗ = w

2 + h
17: (α∗, β∗) = (0, 1)
18: /∗ Min on A1: min0<α<1 ϕ(α, 0) = 1

2 tα
2 + yα ∗/

19: if t > 0 and 0 < − y
t < 1 and − y2

2t < f ∗ then

20: f ∗ = − y2

2t
21: (α∗, β∗) = (− y

t , 0)

22: /∗ Min on A2: min0<β<1 ϕ(0, β) = 1
2wβ2 + hβ ∗/

23: if w > 0 and 0 < − h
w < 1 and − h2

2w < f ∗ then

24: f ∗ = − h2
2w

25: (α∗, β∗) = (0, − h
w )

26: /∗ Min on A3: min0<α<1 ϕ(α, 1−α) = 1
2 (t−2u+w)α2 + (u−w+y−h)α + ( w

2 +h) ∗/

27: ᾱ = − u−w+y−h
t−2u+w

28: if t − 2u + w > 0 and 0 < ᾱ < 1 and ϕ(ᾱ, 1 − ᾱ) < f ∗ then
29: f ∗ = ϕ(ᾱ, 1 − ᾱ)

30: (α∗, β∗) = (ᾱ, 1 − ᾱ)

31: return (α∗, β∗)
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