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1. Introduction

One of the main hypotheses of classical no-arbitrage pricing
theory is the absence of frictions in the market, which essentially
materializes in the linearity and time-consistency of the dynamic
pricing rule. In turn, this translates in a discounted conditional
expectation representation of prices that relies on martingale
theory (see, e.g., Harrison and Kreps, 1979; Harrison and Pliska,
1981). Despite this simplifying assumption, it is well-known that
real markets show frictions, most evidently in the form of bid-ask
spreads (see, e.g., Amihud and Mendelson, 1986, 1991). Therefore,
several researches faced the problem of modeling frictions in a
pricing problem (see, e.g., Bion-Nadal, 2009; Jouini, 2000; Jouini
and Kallal, 1995; Roux, 2011).

The majority of the quoted approaches takes probability the-
ory as the natural environment, eventually switching to sets of
probability measures for expressing lower/upper prices (Beissner
and Riedel, 2019). On the other hand, a different way for dealing
with the problem is to abandon the probabilistic setting and refer
to the purely non-additive framework of Choquet theory (Cho-
quet, 1954) leading to non-linear pricing rules. Indeed, starting
from Chateauneuf et al. (1996), a stream of research explored
this path in pricing (Cerreia-Vioglio et al., 2015; Chateauneuf and
Cornet, 2022a,b; Cinfrignini et al., 2023; Kast et al., 2014), thanks
to its connection with decision theory (see, e.g., Aouani et al,,
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2021; Chateauneuf, 1991). Most of such proposals focus on the
single period case.

By following the ideas developed in Chateauneuf et al. (1996)
and Cerreia-Vioglio et al. (2015), we consider Choquet pricing
rules relying on the Dempster-Shafer theory of evidence (Demp-
ster, 1967; Shafer, 1976) as basic framework for modeling uncer-
tainty. In this context, as well as in decision theory and artificial
intelligence, several proposals are available for introducing con-
ditioning (see Coletti et al., 2016; Denneberg, 2002; Eichberger
et al,, 2007; Gilboa and Schmeidler, 1993; Horie, 2013) and a
suitable notion of expectation (see Wang and Klir, 2009). Here,
we refer to the product (or geometric) conditioning rule proposed
in Suppes and Zanotti (1977) and to the Choquet integral (Den-
neberg, 1994; Grabisch, 2016). The choice of the conditioning
rule has a direct impact both on computational aspects and bid-
ask pricing intervals (see Remark 1). The product conditioning
rule takes the non-additive setting as reference, by relegating the
probabilities in the core of a belief function to a marginal role.
A different approach would be to refer to the so-called Bayesian
conditioning rule for belief functions (Fagin and Halpern, 1991),
which, however, gives rise to computational difficulties and to the
so-called dilation effect on bid-ask price intervals.

We define a time-homogeneous Markov multiplicative bino-
mial process (namely, a DS-multiplicative binomial process) by
fixing the structure of its set of t-step transition belief functions,
for which we show the existence of a consistent global belief
function. In turn, this allows us to introduce a corresponding
conditional Choquet expectation operator. We stress that our
notion of DS-multiplicative binomial process differs from other
proposals that aim to introduce “imprecision” in a Markov pro-
cess (see, e.g., Kast et al.,, 2014; Krak et al., 2019; Nendel, 2021;
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Skulj, 2016; T’Joens et al.,, 2021). To the best of our knowledge,
the notion of DS-multiplicative binomial process is new, even if
it is based on concepts already known in the literature, such as
the product conditioning rule for belief function. Indeed, other
proposals usually refer to more general non-additive uncertainty
measures and to different notions of conditioning. Moreover, a
distinguishing feature of our approach is that we look for a global
belief function that generates all the local transition belief func-
tions via the product conditioning rule. On the other hand, many
other proposals only pay attention to local transition models. In
turn, this makes our Theorem 1 the main result of this paper
since it does not follow from previous results in the literature and
guarantees the soundness of all the proposed theory.

We show that the introduced DS-multiplicative binomial pro-
cess is completely determined by the choice of only two param-
eters that characterize the one-step transition belief function. In
turn, this allows us to provide a closed form expression for the
conditional Choquet expectation of any function of a variable of
the process. We also show that the conditional Choquet expecta-
tion operator generally fails the linearity and tower properties,
which are recovered in the particular case the two parame-
ters sum up to 1: in this case we get back to the classical
multiplicative binomial process appearing in Cox et al. (1979).

Then, we consider a market formed by a frictionless risk-
free bond (whose price is modeled by a deterministic process)
and a non-dividend paying stock with frictions (whose lower
price is modeled by a DS-multiplicative binomial process). In this
market we prove an analog of the classical theorem of change
of measure relying on the notion of equivalent one-step Choquet
martingale belief function. With such a global belief function, the
discounted lower price process of the stock turns out to be a
one-step Choquet martingale, though it is only a Choquet super-
martingale when more than one steps are considered. Also this
series of results is, to the best of our knowledge, new.

Next, assuming that the payoff of a European derivative only
depends on the lower price of the stock, we propose a dynamic
pricing rule that accounts for bid-ask spreads. The derivative
lower price process is defined as a one-step discounted con-
ditional Choquet expectation, while the upper price process is
defined one-step-wise through duality. For this pricing rule, the
lower price process is shown to be always dominated by the
upper price process and its discounted version turns out to be
a Choquet super-martingale.

Finally, we provide a normative justification of the proposed
dynamic lower pricing rule by referring to a dynamic generalized
no-arbitrage condition. Such condition, introduced in Cinfrignini
et al. (2023) in the single period case, is based on the partially
resolving uncertainty principle due to Jaffray (1989). Given the
history up to time n, by partially resolving uncertainty we mean
that at time n+ 1 the market agent may not be able to determine
which one between the two mutually exclusive events “up” and
“down” for the stock has occurred. Thus, he/she needs to consider
the set of all the possible pieces of information he/she may
acquire once uncertainty is resolved at time n + 1 that reduce
to “up”, “down”, and “up or down”. In other terms, random
quantities are extended to the three pieces of information that an
agent may acquire. We assume that the agent adopts a systemat-
ically pessimistic behavior under partially resolving uncertainty as
he/she systematically considers the minimum value of a random
quantity X defined on “up” and “down”, when the piece of
information “up or down” is acquired. We further show that the
resulting lower pricing rule satisfies time-consistency in the sense
of Cheridito and Stadje (2009).

The paper is structured as follows. Section 2 recalls the nec-
essary preliminaries on Dempster-Shafer theory, Choquet in-
tegration and the classical binomial pricing model. Section 3
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introduces time-homogeneous Markov multiplicative processes
under Dempster-Shafer uncertainty (namely, DS-multiplicative
binomial processes) and defines the induced conditional Choquet
expectation operator. Section 4 considers a market composed by
a frictionless risk-free bond and a non-dividend paying stock with
frictions, and proves an analog of the classical theorem of change
of measure relying on the notion of equivalent one-step Choquet
martingale belief function. Section 5 proposes a dynamic pricing
rule with bid-ask spreads according to which the discounted
lower price process of a European derivative contract on the
stock is a Choquet super-martingale. Section 6 shows that the
dynamic lower pricing rule of Section 5, though not consistent
with the classical one-step no-arbitrage condition, is consistent
with a generalized one-step no-arbitrage condition that relies
on the notion of partially resolving uncertainty due to Jaffray.
Moreover, the same section deals with the time-consistency of
the proposed dynamic lower pricing rule, and its connection with
dynamic risk measures. Finally, Appendix gathers the proofs of
results presented in the previous sections.

2. Preliminaries
2.1. Non-additive measures and integrals

Let 2 = {wy, ..., wg} be a finite non-empty set of states of the
world and take F = P(§2), where the latter denotes the power
set of £2. Let R denote the set of all random variables on £2 and
1¢ the indicator of event E, for every E € F. In what follows, for
every a € R, we identify alg, with a.

The reference framework is the Dempster-Shafer theory of ev-
idence (see Dempster, 1967; Shafer, 1976) where a belief function
is a mapping v : F — [0, 1] satisfying:

(i) v(#) = 0 and v(2) = 1;

(i) v (Ule Ei) > Z (=) (m E,-), for every k > 2
BAIC,... ) il

and every Eq, ..., Ex € F.

Condition (ii) is called complete monotonicity and together with
(i) it implies monotonicity: v(A) < v(B) when A C B, with
A, B € F. In other terms, by belief function we mean a completely
monotone normalized capacity (Choquet, 1954; Grabisch, 2016).
The function v is associated with a dual set function v on F called
plausibility function and defined, for every A € F, as v(A) =
1 — v(A°).

Notice that, if condition (ii) is asked to hold for k = 2,
then v is termed 2-monotone (also called supermodular or convex)
normalized capacity (Grabisch, 2016). Thus, belief functions are
particular 2-monotone normalized capacities.

Both v and v are completely characterized by the Mébius
inverse of v (see, e.g., Grabisch, 2016; Shafer, 1976) that goes
also under the name of basic probability assignment. Such function
n: F — [0, 1] satisfies u(¥) = 0 and Z“(B) = 1, and, for all

. BeF
A € F, it holds that

v(A)=) u(B) and V(A)= ) u(B). (1)

BCA BNA#(

Every belief function induces a non-empty, closed and convex
set of probability measures on F called core (see, e.g., Grabisch,
2016):

core(v) = {P : P is a probability measure on F, P > v}. (2)

Note that v = mincore(v) and v = max core(v), where minima
and maxima are pointwise on F. Therefore, belief and plausibil-
ity functions are particular coherent lower and upper probabili-
ties (Walley, 1991; Williams, 2007). We also recall that probabil-
ity measures are particular belief functions.
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A belief function v, being a particular coherent lower probabil-
ity, can be the lower envelope of possibly infinitely many closed
and convex sets of probability measures on F (see, e.g., Walley,
1991), where we refer to the space [0, 117 endowed with the
product topology. The set core(v) turns out to be the largest of
such sets and, since v is (at least) 2-monotone, the extreme points
of core(v) can be given a combinatorial characterization (see,
e.g., Grabisch, 2016). Moreover, since property (ii) is preserved
under pointwise limits on F, the set of belief functions on F is a
closed and convex subset of [0, 1]7.

In decision theory (see Etner et al., 2012; Gilboa and Mari-
nacci, 2016) the term ambiguity refers to situations related to
partially determined probability measures, like the celebrated
Ellsberg’s paradox (Ellsberg, 1961). Our motivation for sticking
to Dempster-Shafer theory is that belief functions are sufficiently
expressive to address these problems and are close enough to
probability theory.

The problem of conditioning for belief functions has been
deeply investigated in the literature and several proposals have
been considered (see, e.g., Dempster, 1967; Suppes and Zanotti,
1977 and Coletti et al., 2016; Coletti and Vantaggi, 2008 for
a deeper discussion). In this work we refer to the product (or
geometric) conditioning rule: for every E,H € F with v(H) > 0

w(EH) = LEOH, 3)
v(H)

Let us stress that, for every H € F with v(H) > 0, v(-|H) is a

belief function on F, thus it induces a core as in (2), denoted by

core(v(-|H)).

The product conditioning rule imposes to focus just on the
“evidence” implying H, while that compatible with H is not
taken into account. As a consequence, a conditional belief func-
tion cannot be seen as the lower envelope of a family of condi-
tional probabilities under the product conditioning rule.

Given v(-|H) on F, then it uniquely extends to a conditional
completely monotone functional defined on R¥ through the Cho-
quet integral (see, e.g., Denneberg, 1994; Grabisch, 2016) by set-
ting, for all X € R¥,

d
f( )dv(w|H) :Z (wo(iy)

i=1

X(wq(isn)) v(E] [H), (4)

where o is a permutation of §2 such that X(ws1)) > -+ >
X(a)(,(d)), E{T = {a)(,m), ey a)o—(j)} fori = 1,..., d, and X(wg(d+])) =
0. Notice that, by identifying v(-|£2) with v(-), Eq. (4) covers also
the definition of the unconditional Choquet integral fde.

We actually have that (see Proposition 3 in Schmeidler, 1986)
the above Choquet integral can be given a lower expectation
interpretation locally on H, by referring to core(v(-|H)), as it holds
that

}{ X(w)dv(w/H)= min

Pecore(v(:|H))

/ X(@)dP(w), 5)

where the integrals in the minimum are of Stieltjes type. In
the particular case v reduces to a probability measure, then the
conditional Choquet integral reduces to a conditional Stieltjes
integral.

Remark 1. Besides the product conditioning rule for belief func-
tions, two other popular choices are the Dempster’s rule (Demp-
ster, 1967) and the Bayesian rule (Fagin and Halpern, 1991): for
every E, H € F with v(H) > 0 define

. WENH)  v(ENH)UH)— o(HY)
v(EH) = 1= =0~ = 1= o(HC) ’

B P(ENH) B W(ENH)
vp(E|H) = n{ip(H) :Pe core(v)} = SENH) L TENH)
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As shown in Coletti et al. (2016), we have that, for all E € F, it
holds that

vg(E[H) < min{v(E|H), vp(E|H)},
which implies that, for all X € R¥, it holds that

fX(a))de(w|H) < min {fX(a))dv(aﬂH), fX(a))dvD(w|H)} ,

while no dominance relation generally holds between v(-|H)

and vp(-|H). An axiomatic decision-theoretic characterization of
both the product and the Dempster’s conditioning rules has been
recently provided for conditional preferences in a generalized
Anscombe-Aumann setting (Petturiti and Vantaggi, 2022). We
notice that, though vg(-|H) can be interpreted as the lower en-
velope of conditional probabilities computed with respect to
core(v), it generally produces a dilation with respect to both
v(-|H) and vp(-|H), when computing Choquet integrals. The last
aspect is particularly relevant in the bid-ask pricing problem.

The choice of the product conditioning rule is motivated by
the bid-ask pricing model we develop in the next sections, as
this conditioning rule assures that the core of the updated belief
function never reduces to a singleton, provided v is not additive.
That is, ambiguity “never vanishes”, which is natural given the
interpretation in terms of bid-ask spreads and financial frictions.
Note that this feature could be questionable in decision models,
where (from a normative point of view) it seems more natural
to assume an updating rule for which ambiguity vanishes as in-
formation accumulates (Marinacci, 2002; Marinacci and Massari,
2019) (see Section 3 for a deeper discussion). As shown in Pet-
turiti and Vantaggi (2022), the choice of the product conditioning
rule may give rise to dynamically inconsistent preferences and
this has an impact on the ensuing notion of time-consistency in
pricing. We discuss the time-consistency issue in Section 6.2 in
more detail.

2.2. The classical binomial pricing model

The classical binomial pricing model (see, e.g., Cerny, 2009;
Pliska, 1997) builds upon the assumption of a perfect (frictionless
and competitive) market under the classical no-arbitrage princi-
ple. The market is composed by two assets: a risk-free bond and
a risky stock that does not pay dividends, both considered over a
discrete set of times {0, ..., T}, for a finite horizon T € N.

In particular, the hypothesis of absence of frictions in the mar-
ket implies that the bid and ask prices of securities in the market
always coincide. The price evolution of the bond is expressed
by the deterministic process {Bg, ..., Br} with By = 1, and for
n=1,...,T,

B, =(1+r)By_1, (6)

where r is the risk-free interest rate over each period. On the
other hand, the price evolution of the stock is expressed by the
stochastic process {So, ..., Sy} with S = s > 0 and, for n =
1,...,T,

s, :{ uSp,_q if “up”,

if “down”,

dS,_1 )
where u > d > 0 are the “up” and “down” coefficients. Such a
process will be called in what follows a multiplicative binomial
process. The process above gives rise to a filtered measurable
space (82, F, {F LO), where 2 = {1, ..., 27} and 7, is the alge-
bra generated by random variables {Sg, ..., Sy}, forn=0,...,T
with 7y = {0, 2} and Fr = F = P(£2).

The trajectories of {So, ..., St} can be represented graphically
on a binomial tree. In particular, every state w € £2 is identified



A. Cinfrignini, D. Petturiti and B. Vantaggi

with the path corresponding to the T-digit binary expansion of
number v — 1.

As usual, for every 0 < n < T, a random variable X
2 — R is said to be F,,-measurable if it is constant on the atoms
of the algebra F,. Notice that, all random variables in R¥ are
JFr-measurable.

In the classical binomial pricing model, the returns over each
period % AU STS—T] are assumed to be i.i.d. random variables,
with range {u, d} and probability distribution b,, 1 — b,, with
b, € (0, 1). In turn, the i.i.d. hypothesis on the returns gives rise
to a unique real-world probability measure P on F, strictly positive
on F \ {#}, which is completely determined by the parameter
b,. Therefore, both the bond and stock price processes are as-
sumed to be defined on the real-world filtered probability space
(82, F, {F Lo’ P). Under such P, the process {So, ..., St} satisfies
both the classical Markov and time-homogeneity properties (see,
e.g., Cerny, 2009; Pliska, 1997).

A trading strategy is a bivariate stochastic process {Ao,...,
Ar—1} with A, = (A2, A}), where A2 and A} are F,-measurable
random variables expressing, respectively, the number of units
of bond and stock to buy (if positive) or short-sell (if negative) at
time n up to time n + 1. The trading strategy is self-financing if,
forn=1,...,T — 1, it satisfies

A0 Bn+ Ay 1Sn = A0By + A}S. (8)

Given a self-financing trading strategy {Ao, ..., Ar_1}, we can

introduce the corresponding price process {IT, ..., H%} by set-
ting

) = A%B, +AlS,, forn=0,...,T—1, 9)
mr =% Br+ A ,Sr. (10)

A self-financing strategy {Ao, ..., Ar_1} is an arbitrage oppor-
tunity in the classical sense (see, e.g., Cerny, 2009; Munk, 2013) if
the corresponding price process {170*, R I'[T*} satisfies one of the
following two conditions, where comparisons are intended over
£2:

(a) I} <0and 1} =0;
(b) I} <0 and IT} > 0 with IT} # 0.

The additive formulation of the market above is shown to be
dynamically complete (see, e.g., Cerny, 2009; Pliska, 1997), in the
sense that every derivative whose payoff depends only on the
stock price history can be replicated by a self-financing strategy.
In particular, every simple European-type derivative with pay-
off Y = ¢(Sr) can be replicated by a self-financing strategy

{Xo, ..., Ar_1} whose value process {IT}, ..., IT}} is such that
Yr = IT}. Thus, setting
Yo =TI}, forn=0,...,T—1, (11)

the value of the derivative can be determined via a replication
argument. The resulting process {Yy, ..., Y7} is interpreted as the
price evolution of the derivative.

In this classical setting, the conditionu > 1+r > d > 0 is
necessary and sufficient to the absence of arbitrage opportunities
and, together with dynamic completeness, implies the existence
of a unique risk-neutral probability measure P, completely speci-
fied by the parameter b, = “:i)d_ , still assuring i.i.d. returns. The
measure P is an “artificial” probability measure that comes from
the model and shares with the real-world probability measure
P only the strict positivity on F \ {#}. We have that, for n =
0,...,T—1

1 ~
Yy = mE[Yn#—ﬂfn]s (12)

where E denotes the expectation with respect to P, and P is also
called equivalent martingale measure for this last property.
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3. DS-multiplicative binomial processes

The aim of this section is to define a multiplicative binomial
process in the Dempster-Shafer framework, i.e., by replacing the
probability measure P with a belief function v. This will be the
basis for addressing bid-ask pricing in the next sections.

Consider a discrete-time finite-horizon stochastic process {Sp,
...,Sr} with T € N, that is assumed to be a multiplicative
binomial process defined on the filtered measurable space (2, F,
{Fa}l_p), as in Section 2.2.

From now on, we consider a filtered belief space (£2, F,
{]:n}Lo’ v) with a fixed belief function v defined on F.

Forn=1,...,T, denote

Kk k=0,...,n), (]3)

Ap = {ak =u

for which we have ag < a; < --- < a, and, fori <j, let

lai, aj] = {ax € An @ a; < ax < qj}. (14)
For every s > 0 and A € P(A,;), denote

As = {ays : ag € A}, (15)

where As = ¢J if A = (. In particular, each random variable S,
takes values s, in S, = A;So.

Definition 1. Given a filtered belief space (£2, F, {Fn}!

neo> V), the
process {So, ..., St} is said to satisfy the:

Markov property: if forevery0 <n<T—1land1<t <T—n,
A € P(A;), and sg € Sp,...,Sp € S, on a trajectory with
positive belief it holds that

V(Snse € AsplSo = S0, - .-, Su = Su) = V(Sntt € AsplSn = Sn);

Time-homogeneity property: if for every 0 < n < T — 1 and
1<t<T-—-nAeP(A)andsy € Sp,...,S, € S, ona
trajectory with positive belief it holds that

. Sn = sn) = ﬂf(A)v
where B; : P(A;) — [0, 1] is a fixed belief function.

If the process satisfies both the properties above is called a DS-
multiplicative binomial process (where DS reads “Dempster-
Shafer”).

In the particular case where the process {Sg,...,Sr} satis-
fies the Markov property, then the time-homogeneity property
reduces to

V(Snye € Asp|Sn = si) = Be(A). (16)

The properties above are called one-step if they hold only for
t=1.

Since the purpose of process {S, ..., Sr} is to model a stock
price evolution, the ratio behind the Markov property is to assure
weak market efficiency. On the other hand, the time-homogeneity
property rests upon the family of transition belief functions {8; :
t = 1,...,T}, that are considered as partially specified ran-
domizing devices used to evaluate the t-step evolution of the
stock. Every B; conveys ambiguity in analogy to an Ellsberg’s
partially specified urn (Ellsberg, 1961). Under this interpretation,
it is important to notice that the resulting evolution is not subject
to learning as in Marinacci (2002), Marinacci and Massari (2019).
Indeed, at each node of the tree, the future stock evolution will be
determined with the same set of partially specified randomizing
devices, i.e., ambiguity does not fade away as time passes by.

The first issue to face is the existence of a belief function
v on F that makes the process {So,...,Sr} Markov and time-
homogeneous (i.e., a DS-multiplicative binomial process). Notice
that a DS-multiplicative binomial process singles out a family of

V(Snyt € ASnlSo = So, - -
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belief functions {8; t = 1,...,T} defined on the family of
power sets {P(A;) : t = 1,...,T} that, in turn, are determined
by the particular v that is chosen. Let us point out that, if v is
not additive, then we need the entire family of B;'s since the
usual Chapman-Kolmogorov equations (see, e.g., Cinlar, 1975) do
not apply due to the lack of additivity. Such S;’s are actually t-step
transition belief functions.

In general, we can have infinitely many belief functions on 7
that make the process {Sp, ..., Sr} a DS-multiplicative binomial
process (see, e.g., Cinfrignini et al., 2022 for a related discussion).
Actually, some choices of v on F could lead to a lack of interpre-
tation for the family {8; : t = 1,..., T} induced by v, and to a
large amount of parameters that could make difficult a calibration
procedure. This is why, in what follows we restrict to a particular
family of t-step transition belief functions that guarantee a clear
interpretation and a nice parameterization.

Let by, by be two strictly positive numbers with b, + by < 1

corresponding, forevery 0 <n <T —1,and sp € Sy, ..., Sn € Sy
on a trajectory with positive belief, to

V(Sp1 = usnlSo = So, ..., Su = Sn) = by, (17)
V(Sn+1 = dsy|So = So, ..., Sn = Sn) = bu, (18)

that can be interpreted as one-step “up” and “down” conditional
beliefs. In case b, + by = 1, conditions (17) and (18) determine
a unique additive belief function that satisfies time-homogeneity
and Markov properties. On the other hand, if b, + by < 1 we
need to characterize v by means of the t-step transition belief
functions B;’s. For that, for t = 1, ..., T, we consider the belief
function 8; : P(A;) — [0, 1] defined, for all A € P(A;), as

ﬂt(A>=Z()b"b”‘+ 2 ( )b" b7 (1 = (bu+ ba)).

ageA [ag.ap4j1A
j=1

(19)

Notice that (19) is consistent with (17) and (18) as it holds that
B1(¥) = 0, B1({u}) = by, B1({d}) = bq, and B1(A,) = 1. This
leads to a clear interpretation where ambiguity that amounts to
the excessive weight to unity (1 — (b, + by)) is attached to the
entire frame of evidence A; = {d, u}.

Proposition 1. The function B; : P(A;) — [0, 1] defined as
in Eq. (19) is a belief function on P(A;).

The belief function B; in (19) generalizes the binomial distri-
bution with parameters t and by, to which it reduces in case b, +
bs = 1, since the second summation vanishes. On the other hand,
if b, + by < 1, then the second summation takes into account a
contribution of intervals contained in A which receive a binomial-
like weighting deflated by the excessive weight to unity (1—(b,+
bg)). More in detail, we have that intervals of length j contribute
by weights mimicking the binomial distribution with parameters
t —j and by, multiplied by the deflator (1 — (b, + bg)). Looking
at the binomial tree representation of process {Sg,...,Sr} we
get that, starting from a node s, at time n and looking ahead
of t steps, the interval [ay, ai4;] of length j represents the set
of all trajectories starting at node s, and continuing for t steps
that have a fixed state s,;._; at time n + t — j. Indeed, all the
continuations of partial trajectory sy, ..., Sp4¢—j for the remaining
j times will end in a state belonging to [ay, ak]s,. Therefore,
interpreting such weights as evidence in the spirit of Dempster-
Shafer theory (Shafer, 1976), B;(A) is obtained by summing the
binomial-like weights of all partial trajectories with decreasing
length starting from node s,, that support the evidence of having
a final state of the process after t steps belonging to As,.

The following theorem states that there exists a strictly posi-
tive belief function v : 7 — [0, 1] meeting all the desiderata.
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Theorem 1. There exists a belief function v : F — [0, 1] such
that a multiplicative binomial process on the filtered belief space
(2, F (7 n_o» V) meets the following properties:

(i) v(B) > 0, for every B € F\ {#};
(ii) {So, ..., St} is a DS-multiplicative binomial process whose
transition belief functions {8; : t =1, ..., T} satisfy (19).

The extent of Theorem 1 is deeply connected to the product
conditioning rule for belief functions we adopt. To the best of
our knowledge, this is the first time that imprecise stochastic
processes are introduced in Dempster-Shafer theory by relying
on the product conditioning rule. Moreover, still to the best of
our knowledge, the notion of DS-multiplicative binomial process
endowed with the transition belief functions satisfying (19) is
new. Therefore, the proof of Theorem 1, which is reported in
Appendix, does not follow from previous results already known
in the literature.

Assumption 1. From now on, we assume the belief function v
meeting conditions (i)-(ii) of Theorem 1 to be fixed. Therefore,
we always refer to transition belief functions {8; : t =1, ..., T}
satisfying (19).

Every DS-multiplicative binomial process can be associated
with an additive binomial process through a logarithmic trans-
formation. In detail, we consider the process {Ry, ..., Rr} where

S
Rn:ln—", forn=0,...,T. (20)
So
Setting I, = Inu and [; =
in the set

= {re =kl + (n — k)l

Ind, we have that Ry = 0 and R, ranges

:k=0,...,n}. (21)

The process {Rg, ..., Ry} is still a time-homogeneous Markov
process under v, since it satisfies, for every 0 < n < T — 1 and
1<t<T-—n,and B € P(Ry),

V(Ruie €BIRy=0,...,Ry =ry) = V(Ruie € BIRy = 1)

Be(exp(B)). (22)

From a financial point of view, if {Sp, ..., St} is used to model the
price evolution of a stock, then {Ry, ..., Rr} is the corresponding
log-return process. We also notice that {Ry, ..., Ry} is an example
of DS-random walk as introduced in Cinfrignini et al. (2022).

Definition 2. Let {Sp,...,Sr} be a DS- multiplicative binomial
process on the filtered belief space (2, 7, {Fa)! n—o> V). Then, for
every random variable X € R?, define

CIX|Sh = sl = fx(w)dv(aﬂsn = Sn),

(C[X|So =5S0,...,5, = Sn] = fX(w)dv(wlSo =5S0,...,5, = Sn).

In turn, we define the random variables C[X|S,] and

C[X|So, - .., Sy] setting, for all w € {S,, = su},

CIX|Snl(@) = CIX|Sn = snl, (23)
and, for all w € {So = Sg, ..., Sp = Su},

CIX|So, - - - » Sul(w) == C[X|So = So, - - - » Sp = Sul. (24)
We also simply write

CIX|F.] = C[X]So, - - -, Snl, (25)

which is easily seen to be F,-measurable. The operator C[-|F;]
will be referred to as conditional Choquet expectation, in the fol-
lowing. The properties of the Choquet integral with respect to a



A. Cinfrignini, D. Petturiti and B. Vantaggi

belief function (see, e.g., Denneberg, 1994; Grabisch, 2016) imply
that C[-|F,] is a positively homogeneous, completely monotone,
comonotone additive and superadditive conditional functional on
R¥, which further satisfies the following property.

Proposition 2. The conditional Choquet expectation C[-|F,] asso-
ciated with the filtered belief space (£2, F, {]—‘n}zzo, v) satisfies:

(conditional constant) for all F,-measurable X € R¥ and all

Y € R?,
CIX|Fl =X
and, if X > 0,

CIXY|Fu] = XC[Y|Fl.

In the particular case b, +by = 1, the belief function v reduces
to a probability measure P and C[-|F,] becomes a classical con-
ditional expectation E[-|F,]. In this case, the conditional constant
property in Proposition 2 holds for all F,-measurable X € R%?,
without any sign restriction. Moreover, as is well-known, E[-|F;]
satisfies the tower property, that is, for 0 < n < T — 1 and
1 <t <T—n, we have that

E[E[X|Fnte]lFn] = E[X]| 7,

for all X € R¥.

On the other hand, if b, + by < 1, it is easy to verify that the
conditional Choquet expectation C[-|F,] may fail to satisfy the
tower property

CICIX|Fnte11Fn] = CIX|Fal, (26)
as the following example shows.
Example 1. LetT =2,u>d > 0,59 > 0,by,bg > 0,b,+bg <1,

and consider the DS-multiplicative binomial process {So, S1, S2}
and the random variable X on 2 = {1, 2, 3, 4} reported below

2 Binary w — 1 So S S, X
4 11 So Uuso u?sg 1
3 10 So USo udsg 1
2 01 So dso udsg 1
1 00 So dSO dZSO 0

Taking n = 0 and t = 1, we have that

C[X|Fol(w) = bybg + b,, forall w € £2,

|1, forallw e {3, 4},
CIX|F)(w) = { by, forallw e {1,2},

C[CIX|F1]| Fol(w) = 2by, — b},
hence, C[X|Fy] = C[C[X]|F1]|Fo] holds if and only if b, + by = 1.

We stress that the failure of the tower property (26) im-
plies some important consequences, like the failure of the usual
dynamic programming approach.

If ¢(x) is a real-valued function of one real variable defined on
the range of S,,.¢, then the following proposition characterizes the
conditional Choquet expectation when X = ¢(Sp).

forall w € £2,

Proposition 3. Let {So, ..., St} be a DS-multiplicative binomial
process on the filtered belief space (52, F, {}‘,,}Lo, v). Then, for
every0 <n<T-—1and1 <t <T —n, and every real-valued
function of one real variable ¢(x) defined on the range of Sy, we
have that

d t
Clo(Su ISy = 2] = Z¢(ahsn)(h) bl

h=0
t t—j
+Z [mm
aj

t—j i
asn)} ( J)bzb; i1 _ (b + by))
= o €lay,an;] h
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and Cl@(Su4¢)ISo = S0, .. Sn = Sal = Cl@(Su4)ISn = sul. In
particular, if ¢(x) is non-decreasing

t
t
Cle(Sns0)ISh = sn] = E ‘p(uhdtihsn)(h>bzbg_h
h=0

t—1

+_ ol

h=0

while, if ¢(x) is non-increasing

t
t
Clo(Snt)ISn = sul = Z¢(Uhd[7h5n)(h> befi_h

h=0
t—1 t—h

+) e s > (t ;’) by "Bl(1 — (by + ba)).

h=0 j=1

t—h

W'd s, Z( ])b"‘”‘u—(b + b)),

j=1

In Denk et al. (2018), non-linear expectations are used to intro-
duce a suitable version of the Chapman-Kolmogorov equations,
thus, it is interesting to verify if C[-|F,] can be used to derive
an analogous result. In our setting, the Chapman-Kolmogorov
equations are vacuous for T = 1. For T > 2, we say that
the DS-multiplicative binomial process {S, ..., St} satisfies the
Chapman-Kolmogorov equations if, for every 0 <n < T — 2 and
1<t <w<T—n,it holds that

Clys,pensny | Fnl = CIC[ s, easn) | Fuse ]l Fal, (27)

for all A C A, where {S,,,, € AS,} = USn 5, {Sn+w € Asn}. Let us
notice that, due to the Markov and time-homogeneity properties,
Eq. (27) can be rewritten explicitly as

,Bw(A) = C[(C[l{Sn_WGASn}|]'—n+t]|-7'—n]-

Except for the case b, +by = 1, the following example shows that
the Chapman-Kolmogorov equations may fail when b, + by < 1,
and this happens yet for w =t + 1. In turn, the failure of (27) is
due to the failure of the tower property (26).

Example 2. Consider the process {So, S1,S2} and the random
variable X of Example 1. Taking n = 0,t = 1, w = 2
and A = {u?, ud}, noticing that X = 1is,eas01, We have that
f[l(szg/,go,l}'o] = C[C[1s,easy}|F111Fo] holds if and only if b, +
d — .

4. Equivalent one-step Choquet martingale belief functions

As usual, given the filtered belief space (£2, F, {}‘n}zzo, V), a
process {Xp, ..., Xr} defined on such space is said to be adapted
if X,, is F,-measurable, forn=0,...,T.

Definition 3. An adapted process {Xo, ..., X7} on the filtered
belief space (2, F, {J—‘n}gzo, v) is said to be a:

one-step Choquet martingale if, forn = 0,...,T — 1, it holds
that
(C[XrH—l |]:n] =X

one-step Choquet super[sub]-martingale if, forn=0,...,T —

1, it holds that
(C[Xn+1|]'—n] =< [E]Xn-

Choquet martingale if, forevery0 <n <T—-1and1 <t <
T — n, it holds that

C[Xn+t|-7:n] = Xn

Choquet super[sub]-martingale if, for every 0 <n <T —1 and
1<t <T—n,itholds that

(C[XrH—tU:n] = [Z]Xn-
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Using the process {By, ..., Br} as numeraire, we can define the
discounted process {Sj, ..., Sy} setting, forn=0,...,T
Sk = 5o _ _Sn ,

B, (1+r)y

which is trivially seen to be adapted.

The following theorem is the analog in the Dempster-Shafer
theory of the classical theorem of change of measure for the prob-
abilistic binomial pricing model (Cerny, 2009; Pliska, 1997). In
what follows, analogously to probability theory, a belief function
v : F — [0,1] is said to be equivalent to the belief function
v if, for all A € F, v(A) = 0 < 7(A) = 0. In particular,
since the reference belief function v is strictly positive on 7\ {#}},
an equivalent 7 will satisfy the same property. In what follows
C[-|Fx] denotes the conditional Choquet expectation with respect
to .

(28)

Theorem 2. The condition u > 1+ r > d > 0 is necessary
and sufficient to the existence of a belief function v : F — [0, 1]
equivalent to v such that the discounted process {S;,...,S{} on
the filtered belief space ($2, F, {}‘H}LO,"F) satisfies the following
properties:

(a) it is a DS-multiplicative binomial process with transition belief

functions {B; : t =1, ..., T} satisfying (19) with parameters
u " d ~ (1+4r)—d ~ ~
* = , = , by = and by € (0, 1—-b,],
1471 141 " u—d a €l ul
(b) it is a one-step Choquet martingale, i.e, forn=0,...,T — 1

it holds that
CIS; 1171 = S;.

(c) it is a Choquet super-martingale, i.e., forevery 0 <n <T — 1
and 1 <t <T — n, it holds that

CISE (| Fa) < S

Let us stress that, due to the time-homogeneity and Markov
properties of the process {Sj,...,S7} and the fact that {S; =

s*} = {Sp = sy}, properties (b) and (c) of Theorem 2 reduce to

(b’) forn=0,...,T — 1 it holds that
Clsy 1831 =S,

(c’) forevery0<n<T-—1and 1<t <T —n, it holds that
CISy4elSh = S5

We also have that the original process {So, ..., St} continues to
be a DS-multiplicative binomial process, seen in the new filtered
belief space (£2, F, {Fa}l_y. D).

Following the usual terminology of mathematical finance (see,
e.g., Cerny, 2009; Pliska, 1997), the belief function v singled out
by the choice of b, and by as in Theorem 2, will be called an
equivalent one-step Choquet martingale belief function or, simply,
risk-neutral belief function. By contrast, the original belief function
v will be called real-world belief function. We stress that there are
actually infinitely many risk-neutral belief functions, depending
on the choice of by € (0,1 — b,]. The adjective risk-neutral for
such a belief function v is justified by the fact that the Choquet
expectation at time n of the return of the stock over the period
[n, n 4+ 1] coincides with the risk-free return 1 + r, that is

~[S
c[ ”“|fn]=1+r. (29)
Sn

The following corollary is an immediate consequence of the
proof of Theorem 2.
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Corollary 1. IfT > 1andu > 1+r > d > O, then the discounted
process {S;, ..., St} satisfying the properties (a)-(c) of Theorem 2
further satisfies the property:

(d) it is a Choquet martingale, i.e., for every 0 <n < T — 1 and
1<t <T-—n,it holds that

CISy |7l = S5,
if and only ifbAd =1- 5; that is v is a probability measure.

It is easily seen that our model subsumes the classical binomial
pricing model reported in Section 2.2, which can be recovered
when by = 1—b,,. Giving up on additivity, i.e., for bs € (0, 1—by),
we can model bid-ask spreads, but the price we pay is the loss
of the tower property (26) that further implies that composing t
times a one-step model we do not get the same results of a t-step
model.

We point out that we do not require the one-step Choquet
martingale property under the real-world belief function v, but
we can always obtain a representation of {Sg, ..., St} as a one-
step Choquet martingale, if we switch to a risk-neutral belief
function V. This last fact will be justified through a suitable
dynamic no-arbitrage condition in Section 6.1.

5. A dynamic pricing rule with bid-ask spreads

Consider the market introduced in Section 4, described by the
processes

{Bo,...,Br} and {So,...,Sr},

defined on the real-world filtered belief space (2, F, {}‘H}LO, V).
We face the problem of finding the lower price of a simple
European-type derivative contract with maturity T, whose under-
lying asset is the stock. Such a contract has payoff at the maturity
T given by

Yr = ¢(Sr), (30)

where ¢ is a suitable contract function defined on the range of Sr.
Let b, and by as in Theorem 2, determining the risk-neutral belief
function v and the corresponding risk-neutral filtered belief space
(Q, F AR _o V).

We define a lower price process for the derivative contract by
setting, forn=0,...,T — 1,

1 ~

Yo = mC[Yn“l}—n]’ (31)
where @[~|Fn] denotes the conditional Choquet expectation with
respect to V. We actually have that, since Yy = ¢(Sr), then
Y, = ¢n(Sn) where ¢, is a function on the range of S, for n =
0,...,T — 1, and ¢ = ¢, that is all random variables Y;’s turn
out to be functions of the corresponding random variables S,’s.
In particular, by the time-homogeneity and Markov properties of
the process {So, ..., St} under the risk-neutral belief function v,
we get that

Yn

= ——C[Yny1ISa]. 32
147 [ n+]| n] ( )
The above construction defines a process {Yq, ..., Y7}, still

adapted to the risk-neutral filtered belief space (£2, F, {F, £=07

).

Using again the process {By, ..., Br} as numeraire, we can de-

fine the discounted process {Yj, ..., Yf} setting, forn =0, ..., T

Y, Y,
::7”27”, (33)
By (14+r)m

which is trivially seen to be adapted.
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Theorem 3. The discounted process {Yy,..., Y} on the risk-
neutral filtered belief space ($2, F, {]—‘,1}520,?) satisfies the proper-
ties:

(a) it is a one-step Choquet martingale, ie., forn=20,...,T — 1,

it holds that
[ n+1|]'—n] = Y,;ka

(b) it is a Choquet super-martingale, i.e., forevery 0 <n <T — 1
and 1 <t <T — n, it holds that

ClYy |7l < Y7,

(c) it is a Choquet martingale, i.e., for every 0 < n < T — 1 and
1<t <T—n,it holds that

[Y:+t|]:n] =Y,
when 5:1 =1-— l;:,

We stress that the condition 5:1 =1- bAu is sufficient for the
discounted process {Yj, ..., Y7} to be a Choquet martingale but
it is not necessary. To see this, it is enough to take a constant con-
tract function ¢ defined on the range of Sr, for which {Yg, ..., Y7’}
is a Choquet martingale, independently of bd €(0,1— ba ul-

From a financial point of view, the undlscounted process
{Yo, ..., Yr} can be interpreted as the lower price evolution of
the derivative with payoff Yr = ¢(Sr). In turn, such process can
be associated with an upper price process {Yo, ..., Y7} under the

assumption that Yr = Yr = ¢(Sy), by setting forn=0,...,T—1,
— 1
Yn = _?C[ Yn+1|f—'n] (34)

The pair of processes {Yo,...,Yr} and {Yo,..., Y7} can thus
be used to model the time evolution of bid-ask spreads in a
market with frictions. We point out that, in the single-period
case, working with lower prices and upper prices is completely
equivalent. Nevertheless, in our setting, due to the product con-
ditioning rule for belief functions, the main focus is on lower
prices, since we pay attention to v only, and the upper prices
are generated through duality. A different approach would be to
consider the dual plausibility function v and the Dempster’s rule
of conditioning, but this would lead to a different model (see
Remark 1).

Since our model subsumes the classical binomial pricing
model reported in Section 2.2, the choice by = 1 — b,, which
expresses absence of frictions in the market, turns out to be
consistent. In this particular case lower and upper price processes
coincide, and we can simply speak of a price process.

Proposition 4. The following statements hold:

(i) Yo <Ypn forn=0,...,T;
(ii) if ¢ is non-decreasing then the lower price process {Yo, ..., Yr}
does not depend on the choice of by € (0, 1—b,];
(iii) if ¢ is non-increasing then the upper price process {Yy, ...,
Y} does not depend on the choice of by € (0, 1 — by].

The following toy example shows the explicit computation of
bid-ask price processes for a European put option.

Example 3. Let T = 3,r = 0.04, Sp = €100, u = 1.2, d = 0.8,
and consider a European put option on the stock with maturity T
and strike price K = €100, whose final payoff is

Pr = max{K — St, 0}.

In this case we have b, = 0.6 and by € (0, 0.4]. Fig. 1
shows the binomial tree representation of lower and upper price
processes {Pg, Py, Py, P3} and {Pg, P1, P, P3} for bd =0.4-0.999.
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P, P, P, P,
1 1 L 1
r 1 ] 1
0
3.425 0
8.700 < 8.914
17.497 232
32144
48.8
l_)t) _1 _2 PJ
1 1 L ]
I 1 1 1
0
0
3.432 0
8.716 < 8.923
17.515 232
32.154
48.8

Fig. 1. Binomial tree representatlon of lower and upper price processes

{P(] Py, Py, P3} and {Po Py, Py, P3} for bd =0.4-0.999.

10

Bid-ask spread as a function of &

Po-Po

Fig. 2. Bid-ask spread Py — Py as a function of € (0, 1].

Setting 5:1 = 0.4¢, we have that

_ 11.136¢€2 — 1.3312¢€3
(1.04)3
5 3.0.6-0.4%-232+0.4%.48.8

0= (1.04)3 :

where P, does not depend on € by Proposition 4. Fig. 2 shows the
graph of the bid-ask spread Py — Py as a function of € € (0, 1].

We point out that another possibility for defining a lower price
process is to set Y; = ¢(Sr) and, forn =0, ..., T — 1, define

1 —~
Y, = WC[ZH}H- (35)

The resulting lower price process {Yy,...,Y;} coincides with
{Yo,...,Yr} if by = 1 — by, while in general we have Y, <Y,
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by virtue of Theorem 2. The fact that {Y,, ..., Y} gives rise to
a greater dilation in lower prices makes us favor the one-step
approach given by (31). On the other hand, the lower price pro-
cess defined through (35) assures that a dynamic version of the
put—call parity relation introduced in Cerreia-Vioglio et al. (2015)
(see also Bastianello et al., 2022) is satisfied. Indeed, denoting
by Gt = max{Sr — K, 0} and P = max{K — Sr, 0} the payoffs
of European call and put options on Sy with strike price K, the
decomposition

Cr—Pr=S—K (36)
and the comonotonic additivity of @[-l}‘n] imply that
CICr|Fal + Cl—Pr| 7ol = CISr| Fal — K (37)
which, after discounting, reduces to
C[—Pr|F, K
[PrlF] _ o _ (38)

= (A4 T (14

where C,, S, refer to (35). Let us stress that, since the lower stock
price process under vV is only a Choquet super-martingale, we
actually have that S, < S,. However, under ambiguity, different
forms of put-call parity relations arise: for instance, the form
introduced in Chateauneuf et al. (1996) is generally not satisfied
in our framework (see also Bastianello et al., 2022), as it holds
only when 7 is additive, i.e., in absence of frictions.

6. Discussion

6.1. A dynamic no-arbitrage condition under partially resolving un-
certainty

The construction carried out in the previous section subsumes
the classical linear formulation, obtained when we restrict to
work with additive belief functions. In this case, we get back
to probability theory where the conditional Choquet expecta-
tion operator defined in (24) reduces to the classical conditional
expectation operator, which is linear and satisfies the tower
property.

The classical construction recalled in Section 2.2 is intrinsically
based on the additivity of v and V. Indeed, in case of additive be-
lief functions, the one-step Markov and time-homogeneity prop-
erties imply the general Markov and time-homogeneity proper-
ties. The same also holds for the one-step martingale and general
martingale properties. From a normative point of view, additivity
can be justified in order to ensure price linearity which is a
materialization of absence of frictions in the market.

On the other hand, real markets are quite far from being
perfect as they can show frictions, mainly in the form of bid-
ask spreads (Amihud and Mendelson, 1986, 1991). If we allow
frictions in the market, i.e.,, we give up on the additivity of v
and 7, the above construction necessarily breaks down since
C[-|7x] is not linear and does not satisfy the tower property. In
financial terms, the lack of linearity of C[-|F,] translates in the
lack of duality between the direct definition of the lower price
process {Yp,...,Y,;} as a discounted Choquet expectation and
the replicating portfolio representation. Furthermore, the failure
of the tower property implies that working on single periods
[n, n 4+ 1] is not equivalent to working on larger periods.

Here, we provide a detailed analysis of implications due to the
lack of additivity. If we assume v_and v are _non-additive belief
functions, i.e., by € (0, 1—b,) and by € (0, 1—b,), then we can still
define the lower price process {Yp, ..., Yr} of a simple derivative
with payoff Yr = ¢(Sr) through (31), for which we have that
Y, = ¢u(Sn) with ¢, : S, — R. In order to have a replicating
strategy, in every period [n, n 4+ 1], working conditionally on the
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history of the stock lower price process up to time n, the random
vector A, = (kg, )\}1) must be chosen by solving the linear system

{ )»3(1 +71)By + )”:,usn = @n41(USn),
)\2(1 +71)B, + )\,]ldsn = Qn+1(dSy),

which has a unique solution. In turn, the replication constraint
can be compactly rewritten as

AOBi1 + ApSni1 = Yai1. (40)

The lack of linearity of @[-l}‘n] implies that the resulting trading
strategy {Ao, ..., At} is generally not self-financing as we may

(39)

have
1 ~
Yn = mC[Yn+l|fn]
1 = 0 1
= mC[Aan+l + knsn+1|]:n]
1 0 Nrq 1
=1 (A2(1 + )By + CIANSn411Fal)
1 -
= ABy + ———CSur1lFal

1+r
A
# AOBy + AiSy = T},

where @[)\,‘,Sn+1|}‘n] # A;(C\[Snﬂl]-‘n] unless Al > 0. This shows
that we generally lose the replicating strategy representation of
the lower price process.

On the other har/lgl, by virtue of Theorem 3, the failure of the
tower property of C[-|F,;] implies that the discounted process
{Yg, ..., Yf}is only a one-step Choquet martingale and a Choquet
super-martingale, but it is generally not a Choquet martingale. In
particular, we only have that

1 <
Yo > TS0 ClYr|Fol. (41)
We now investigate further how the choice of B:; €(0,1- 5;)
can be justified from a normative point of view. Indeed, as already
highlighted, the classical no-arbitrage principle is inconsistent
with this choice, as the only admissible choice is to set by = 1—b,,.
To see this, we reformulate the no-arbitrage condition restricting
to every single period [n, n+1]. At this aim, working conditionally
on the history {So = sg,...,S; = sp}, we can define the events
U(sn) = {Sns1 = usy} and D(s,) = {Sps1 = ds,}, which are
functions of the value S, can take, thus we can write U(S,) and
D(S,,) to stress this fact. In turn, the one-period market formed
by the bond and the stock over [n, n 4+ 1] can be augmented by
adding the artificial securities whose payoff at time n + 1 is

Angy =1y, and AL, =1ps,), (42)

that turn out to be Arrow-Debreu securities (Cerny, 2009). Pricing
through (31), the prices at time n of Arrow-Debreu securities are
set equal to

1 . b,
A= — C[AY | |F] = ——, 43
" {4r A1 7] 147 (43)
A= L gl )= (44)
L T

In the augmented one-period market over [n, n+ 1], a portfolio
is a vector &, = (82, 81, 82, 82), where the §!’s are F,;-measurable
random variables expressing, respectively, the number of units of
bond, stock and Arrow-Debreu’s securities to buy (if positive) or
short-sell (if negative) at time n up to time n + 1. Furthermore,
we can define a local price process {n,‘,s, n,fH} associated with §,
over [n, n + 1] by defining the random variables

nl = 0By + 81Sn + 82AL + 83AL (45)

n‘'n’
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Ty = OB + B1Suer + AL, + SAL . (46)

Given the history {Sp = Sg, ..., Sy = Sa}, U(sp) and D(s,) form a
partition of each event {S, = s,}, moreover, the random variables
n,‘f and n,f 4 can be simply regarded as functions with domain
WI(sn) = {U(Sn), D(sn)}, where n,f is actually constant over W(s).

If we are at time n, the tacit assumption of the classical no-
arbitrage condition concerning time n + 1 is to work under
completely resolving uncertainty. This means that, given the his-
tory {So = So,...,Sn = Sp}, at time n + 1 the market agent will
be always able to determine which one between the mutually
exclusive events U(s,) and D(s,) has occurred. In this setting,
we define a one-step arbitrage opportunity as a portfolio §, that
satisfies one of the following two conditions, where comparisons
are intended over W(s,,) given the history {So = So, ..., Sq = Su}:

1 =0
L= 0withzf  #0.

(@) 7} <0and 7},
(b) 7} <0and 7l

It is easily shown that the absence of one-step arbitrage ol?por—
tumtles is equnvalent tou>14r>d >0, bu = 1”_ and
bd =1- bu In turn, this is equivalent to the classical no- arbltrage
condition and, therefore, to the existence of a unique strictly
positive additive risk-neutral belief fg\nction’v\ that reduces to the
already quoted probability measure P.

Hence, choosing by € (0,1 — b,) we can always build a
one-step arbitrage opportunity. Therefore, to justify the choice
of by € (0,1 — b,) from a normative point of view, we need
to generalized the one-step no-arbitrage condition by working
under partially resolving uncertainty, as done in Cinfrignini et al.
(2023). The concept of partially resolving uncertainty goes back
to Jaffray (1989) and in the present context means that, given the
history {Sg = So, ..., Sp = sy}, at time n+ 1 the market agent may
not be able to determine which one between the two mutually
exclusive events U(s,) and D(s,) has occurred. Thus, he/she needs
to consider the set of all the possible pieces of information he/she
may acquire once uncertainty is resolved at time n+1 which form
the set U(s,) = {U(sn), D(Sn), U(Sn) U D(sp)}.

To address partially resolving uncertainty, the local price pro-
cess needs to be changed to {ft;f, ﬁ,‘f 1} by defining its compo-
nents as functions defined over (s, ) instead of over W(s,), given
the history up to time n. To do so, we notice that, given the history
up to time n, By, Sy, A%, Aﬂ as well as Buy 1, Snv1, Apy g Afm can be
seen as functions with domain W(s,). Given a function X defined
on W(s,), the market agent adopts a systematically pessimistic
behavior under partially resolving uncertainty if he/she considers
in place of X the quantity [X]* defined on (s,) by setting, for
every E € U(sy)

[X1Y(E) = min{X(F) : F CE,F € W(sy)}. (47)
We finally define
73 = 8y[Bal" + 8, (81" + 87 [ANT" + S2[ATI, (48)
o1 = 8pBui1l" + 8 [Snsa " + 87 [AL 1 + S31AL, 1" (49)

Also in this case, n,‘f is actually constant over 2/(s,).

In agreement with Cinfrignini et al. (2023), we define a gener-
alized one-step arbitrage opportunity a portfolio §, that satisfies
one of the following two conditions, where comparisons are
intended over U(s,) given the history {So = So, ..., Sp = Sn}:

n) =8 ~ 5
(a”) 7{% < 0and N%“
(b”) 7p <0and 7, ,

> 0 with 7, | = 0 over W(sn);
> 0 with 77| # 0 over W(sy).
As an immediate consequence of Theorem 5 in Cinfrignini et al.

(2023), avoiding generalized one-step arbitrage opportunities
is equivalent to the existence of a conditional belief function
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V(:|So = so, ..., Sy = s,) defined on the ring generated by W(s;,)

such that

1)\(5114—1 = usy|So = So, - .., Sp = Sn) bAu, (50)

/V\(SIH—l = dsy|So = So, .-, Sn = Sn) ds (51)
(C[Sn+1|50 = So, - Sp = Sn] = Sp (52)

1+r

In other terms, the choice ofl;; € (0,1 —bAL,) is consistent with the
generalized one-step no-arbitrage condition, i.e., it does not pro-
duce generalized one-step arbitrage opportunities. It is important
to notice that abandoning additivity we lose the self-financing
property and, therefore, dynamic completeness. We also stress
that in the additive case the one-step no-arbitrage principle alone
assures the uniqueness of the global P defined on the whole F. On
the other hand, this is not the case for the generalized one-step
no-arbitrage principle since we generally have infinitely many
non-additive risk-neutral belief functions v compatible with the
fixed one-step transition belief functions.

6.2. Induced dynamic risk measures and time-consistency

Consider {By,...,Br} and {So,...,Sr}, where the latter is
a DS-multiplicative binomial process on (2, F, {}‘n}LO, v). The
real-world belief function v and the associated conditional Cho-
quet expectation operator C[-|F,] allow us to define a dynamic
risk measure by setting, forn =0, ..., T and all X; € R?,
pn(Xr) = —

ClXr|Fal, (53)

1
(14r)T-n
where X7 is taken as a risky position at time T. In turn, this im-
plies that p, is an F,;-measurable, positively homogeneous, trans-
lation invariant, monotone and sub-additive conditional operator,
thatis, forn=0,...,T

(i) pn(Xr) is an F,-measurable random variable, for all X; €
R%:
(i) pa(AX7T) Aon(Xr), for all Xr, A € R? where A is Fy-
measurable and A > 0;
(iii) pa(Xr + @) = pn(Xr) —
is F,-measurable;
(iv) pa(Xr) = pa(Yr), for all Xp, Yr € R¥ with X; < Yr;
(v) pa(Xr + Y1) < pa(Xr) + pa(Yr), for all Xp, Yr € R?.

The above properties imply that the family {,on}Z:0 is a coherent
dynamic risk measure according to Riedel (2004), where we
restrict to risky positions that can be non-null only at time T.
Noticing that pr(Xr) = —Xr, for T = 1, then py reduces to a
static coherent risk measure in the sense of Artzner et al. (1999).

Following Epstein and Schneider (2003) in the axiomatization
of inter-temporal multiple-priors utility (see also Amarante and
Siniscalchi, 2019), the notion of time (or dynamic) consistency can
be formulated for {,o,1 o- In particular, as in Cheridito and Stadje

Gy forall Xr, @ € R¥ where o

(2009), we say that {p,,} _o i time-consistent ifforn=0,...,T—
1 and Xr, Yr € R®
Pn+1(X1) = pnt1(Y7) implies pp(Xr) > pn(Yr). (54)

The next example shows that the coherent dynamic risk mea-
sure {,o,q}L0 built through a DS-multiplicative binomial process
is generally not time-consistent.

Example4. LetT =2,u>d>0,5>0,b,=bg=3 14+r=1
and consider the DS-multiplicative binomial process {Sg, S1, S2}
and the random variables X5, Y, Z; on 2 = {1, 2, 3, 4} reported
below
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2 Binary w—1 50 5] Sz Xa Y, Zy
4 11 so usp u’sp 1 2 4
3 10 so  usop udsy 1 : ]
2 01 So dsg udsg 1 2 4
1 00 so dsg  d’so 1 : 3
Taking n = 0, we have that
ClX2|Fol(w) = C[Xz|F1](w) = C[Y2|Fil(w) =1, forallw € £2,
19
ClY2| Fol(w) = T forall w € £2,
therefore, we get p1(Xa) = pi(Y2) but po(X2) < po(Y2), so

equalities are not preserved. Moreover, since

11
ClZ|F1l(w) = = for all w € £2,

15
ClZ:| Fol(w) = E, for all w € £2,
we have that p1(X3) > p1(Z2) but po(X2) < po(Z3), so inequalities
can even be inverted.

Actually, the failure of time-consistency is not surprising and is
precisely due to the product conditioning rule for belief functions
(3). Indeed, this has been already highlighted in Petturiti and Van-
taggi (2022) in terms of conditional preferences in a generalized
Anscombe-Aumann setting under Dempster-Shafer uncertainty.

The failure of time-consistency is a well-known problem in
risk measurement (see, e.g., Cheridito and Stadje, 2009): such
property is known to hold when {p, 5:0 can be expressed in
terms of a closed and convex set P of probability measures on
F, satisfying a suitable version of the tower property, called rect-
angularity in Epstein and Schneider (2003) or consistency in Riedel
(2004). In this setting, conditioning is intended element-wise
on P by relying on the classical Bayesian conditioning rule for
probabilities.

In our setting we can refer to 7 = core(v) but we consider
the product conditioning rule (3) that only pays attention to the
lower envelope v and not to the elements of P (see Remark 1).
On one hand, our approach gives rise to an easy parameterization
of the family of transition belief functions {8; : t = 1,..., T}
and, therefore, of the conditional Choquet expectation operator.
On the other hand, the resulting conditional Choquet expectation
operator is generally not the lower envelope of the set of condi-
tional expectation operators obtained from P as in Epstein and
Schneider (2003), Riedel (2004) and, further, it fails the tower
property (26). Hence, in our setting, under the definition (54),
time-consistency holds when by = 1 — b,.

Nevertheless, following Cheridito and Stadje (2009), time-
consistency can be recovered in our setting by composing one-
period risk measures over time. This gives rise to the dynamic risk

measure {pS}T_ defined, forn = 0,...,T — 1 and all Xy € R?,
as

c 1 c
on(Xr) = —mc[—PHH(XTN Fnls (55)
where pf(Xr) = —Xr. In this case, {p}!_, is easily verified

to satisfy the properties (i)-(v) above and to be time-consistent
by construction. Therefore, {,o,f LO is a time-consistent coherent
dynamic risk measure.

If we refer to a risk-neutral belief function v according to
Theorem 3, then the dynamic risk measures {5,}]_, and {5 }}_,
computed with respect to v and C[-|F,] as in (53) and (55), give
rise to two dynamic lower pricing rules {¢}_, and {¥,}!_,
obtained, for all Y; € R?, as

WC(Yr) = —pr(Yr) and Wy(Yr) = —pu(Yr), (56)

that actually correspond to Egs. (31) and (35), respectively. The
previous discussion, shows that {lllnC}LO always satisfies the
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analog of property (54), while {@n}LO does not. In turn, time-
consistency is another motivation in favor of the lower pricing
rule {¥C}T_ generated through (31).

7. Conclusion

We introduce the novel notion of DS-multiplicative binomial
process and use it to build a bid-ask pricing model. All the
construction relies on the product rule of conditioning for belief
functions (3), that leads to a nice parameterization of the re-
sulting conditional Choquet expectation operator. The proposed
pricing model subsumes the classical binomial pricing model,
which is extended in a way to allow for frictions in the market.
Many properties of the additive case are preserved, while the
general failure of the tower property (26) implies the failure
of the Chapman-Kolmogorov equations and the usual dynamic
programming approach. Nevertheless, the one-step construction
allows us to preserve time-consistency.

This pricing model, though simple, can be easily calibrated on
market data, due to its significant parameterization. Nevertheless,
the research carried out in this paper naturally looks towards
more complex models, whose development is reserved to the
future. Below we report some of the possible future expansions
of the present model:

e Define a more complex market model where more stocks
evolve as DS-multiplicative binomial processes. This would
require to express dependencies between the processes by
referring, for instance, to a suitable notion of correlation for
belief functions (Jiang, 2018).

e Define a DS-multiplicative n-nomial process where the stock
is allowed to have n > 2 future developments after one
step. This would require to define and characterize a suitable
family of “canonical” transition belief functions, in analogy
with (19).

e Consider the convergence of a DS-multiplicative binomial
process in continuous time. This would require to recur to
results on Choquet weak convergence in a way to get a sort
of DS-geometric Brownian motion in the limit (Feng and
Nguyen, 2007).
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Appendix. Proofs

Proof of Proposition 1. Define u; : P(A;) — [0, 1] setting, for
k=0,...,t,

t
me(far}) = (k)b’;bf[", (A1)
forj=1,...,tand k=0,...,t —],
R
st el = ()0 = 0+ 00 (82)

and u; is 0 otherwise. The function wu. is easily seen to range in
[0, 1], moreover we have that it sums up to 1 since

t tot—j
D melad) + Y0 nellax, ai)
k=0 j=1 k=0

t
= (bu+ba) + D _(bu+ba) (1 — (by + bg)) = 1.
j=1
Finally, the claim follows since, for all A € P(A;), we have that

BlA) = mwlaN+ Y wellaw, aryl),

axeA lag.ag4j1<A
iz

that is u, is the Mobius inverse of the belief function ;. O

Proof of Theorem 1. Let i : F — [0, 1] be such that:

(a) u({So = So, - ., St = s7}) = bEbI 7, for sy = ukd"*sy € Sr;

(b) u({So = So.....Sn = sa}) = bkBJ (1 — (by + by)), for
0 <n<Tands, =ukd"*sy € S,:

(c) u({So = so}) = u(£2) = 1 — (by + by);

(d) w is zero otherwise.

We prove statement (i). We have that w(B) > 0, for all B € F,
moreover
.» St =s1}) = (by + ba)",
S = sn}) =

® D s H{So = s0, ..

eforall0 <n < T,3 o ul{So = so,--
(by + ba)*(1 — (by + byg)),

o u({So =so}) = pu(82) =1 —(by + ba),

while u is zero otherwise. Hence, we get that

> 1(B) = (bu +ba)'

BeF
+ D (bu+ba)"(1 = (by + ba)) + (1 = (bu + ba)) = 1,

0<n<T

that is u is the Mobius inverse of a belief function. Moreover,
since elements of §2 can be identified with the trajectories on the
binomial tree, i.e., with events {Sy = sp, ..., St = sr}, u is such
that u({w}) > 0, for all w € £2. In turn, this implies that v is such
that v(B) > 0, for every B € F \ {#}.

We prove statement (ii). For every 0 < n < T, we let s,
ukd" ks, e S, and prove that

., Sp = ukd"*sp) = b E.

V(S0 = S0, S1 =51, .. (A.3)

In order to get the events with strictly positive « contained in the
event {So = So,S1 = S1,...,Sy = ukd"*sy}, the corresponding
partial trajectory on the binomial tree must be completed for the

remaining T —n times indexed by [with | =T—n,T—n-—1,...,0,
working backward.
Forl = T—n we have to add ir_, = 0, ..., T—n movements to

the state of the random variable S,,. For a fixed i_,, by summing
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over all the possible completions of the trajectory, we have that

Z /J,(S() :So,...,sn :ledn_kSO,...,ST
Sn15005T—1
— uk+iT,ndn7k+(T7n)fir,n 50)
_ (T — n) pirn bg—k+(T—n)—i1,n.
IT—n
Then, summing over ir_, we have that
T—n T—n ) )
Z ( . )bl;lﬂT,n bgkar(Tfn)ftT,n. (A4)
P IT—n
lT,n—O
For a generic0 < I < T—-n—1weneedtoaddi =0,...,!

movements to the state of the random variable S,. For a fixed i,
by summing over all the possible completions of the trajectory,
we have that

2

R R

1 X .
- <i1>b’;+”bg_k+l_”(1 — (by + by)).

k qn—k k+ij gn—k—+1—i
u(So =50, ..., Sn =ud""sg, ..., Sy =ud YY)

Then, summing over i; we have that
I

I S
> (-)bﬁ*"bz I = (b + b)), (A5)
ij=0 h
Therefore we obtain that
V(SO = S0, 51 =S1,..., Sn = u"d"_kso)
T—n
_ Z <T - n) bﬁ+i7,nbg—k+(r—n)—ir,n
. IT—n
IT—n=|
T—n—1 1 I ) )
+ > > <i>bf,+”b2_"+'_"(1 — (by + ba))
=0 §=0 M
T—n—1
= bjbg [(bu +ba) " + (1 = (by + ba)) (bu + bd)']
1=0
= bkb] -,
Now we prove that
V(Sy = ukd"*sp) = (Z)bﬁbg—". (A.6)

Eq. (A.4) considers the trajectory from time n to time T, having
fixed the part before n. Summing over all the possible comple-
tions of the trajectory before time n, we get

n\ <= (T—n
- kit _p p n—k4+(T—n)—it_p
E b b .
<k> 4 ( ir—n ) ! ¢

iT_p=0

Analogously, for a generic0 <1 < T —n — 1, Eq. (A.5) considers
the trajectory from time n to time n + [, having fixed the part
before n. For a fixed [, summing over all the possible completions
of the trajectory before time n, we get

l
n l ki n—k—+1—i
b, '(1 — (by + byg)).
<k>§<i,> &I = b+ ba))

Hence, we obtain

v(Sp = ukd™*sp)

n\ < (T—n i i
(k) Z ( )bﬁ+11nbz—k+(T—n)—zrn

ir—
ir_n=0 f=n
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T—n—

1 I
> (Z) 2 (ilz)bﬁ“’bf"“*"'(l — (b + ba))

1=0 ii=0

n ne
= (k)b’;bd k.

Nowlet1 <t <T—-nandA C A = {a, = ud~" :
h = 0,...,t}. Let u; be the Mdbius inverse of B, defined in
Proposition 1 through (A.1) and (A.2). We prove that

V({Snie € AuFd™ s} N {So = S0, ..., Sn = uFd"*so}) = bEDT T BL(A).
(A7)

If a, € A, summing over the partial trajectories from time n+ 1
to time n 4+ t — 1, we get that

2

Sn1s-5Sn+t—1
t ht-k g.n+t—(h+k)
= <h>bu bd

= byb*pe({an)).

If j > 1 and [ap, apyi] S A, summing over the partial
trajectories from time n+ 1 to time n +t —j — 1, we get that

2

Sn1se2Sn4t—j—1
_ uh+kdn+t—j—(h+k)so)

t—j i
( ; ]) bﬁ+kbz+t—]—(h+k)(«l _ (bu + bd))

= ¥ ¥ we([an, anyjl)-

, Sn — ukdn—kso uh+kdn+t—(h+k)so)

u(So = so, ... seeesSnpe =

/J,(SO =S50y .. Sn = ukd"_ks() .y SrH—t—j

Hence

V({Snpe € AuFd"*s0} N {So = 50, ...

— Z (;)bz-#kbyrtfh—k

»Sn = ukdn_kso})

apeA
+ Z ( )bh+kbn+t—1 h— k(l _ (b + bd))
lap, ﬂh+]JCA
j=1

= by | D mellan) +

apeA

Y wellan, anyl)

[ah.ah+j]§A
jz1

= ¥ Bi(A).

Proceeding in analogy with the derivation of Eq. (A.6) we get
that

V({Snpe € AuFd™ *s0) N {S, = ukd"*so}) = (Z) bEDI* B, (A). (A.8)

Finally, Markovianity and time-homogeneity follow from
Egs. (A.1), (A.2), (A.6), (A.7) and (A.8) since we obtain

V(Snee € Autd"s0|So = 5o, ..., Sp = u*d"¥s)
Z (Suse € Ak Hsl5, = o
= B(A). O

Proof of Proposition 3. Conditionally on {S,, = s,}, the random
variable S, takes values in A;s, and has belief distribution given
by B: on P(A;). Let u; be the Mobius inverse of B; defined in
Proposition 1 through (A.1) and (A.2). The general expression of
Cle(Sp+t)ISn = sn] easily follows by the properties of the Choquet
integral (see, e.g., Denneberg, 1994; Gilboa and Schmeidler, 1994;
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Grabisch, 2016). We have that
Clo(Sn+t)1Sn = sn] = f‘ﬂ(snﬁ(w))d‘)(@sn = Sy)
p(asn)dpB:(a)

At

= Z @(ansn)e({an})

t t—

55>

j=1 h=0

min

[ p(a sn)] we(lan, apg),
ai€lap,ap4; ]

and the claim follows by (A.1) and (A.2). The special cases of a
non-decreasing or non-increasing ¢(x) are obtained by computing
minima and gathering terms. Finally, the equality C[¢(S;4¢)|So =
S0y .-y Sy = Sul Cle(Sn+t)ISn = sn] follows by the time-
homogeneity and Markov properties of the process. O

Proof of Theorem 2. We prove only sufficiency as necessity is
readily verified. Hence, suppose u > 1+r > d > 0. Property (a)
follows immediately, by taking the discounted “up” and “down”
coefficients u* = and d* = = +r and taking

_(1—|—r)—d
YT u—d

Property (b) follows by Proposition 3, noticing that {S}
Sy =55} =1{So = S0, ..., Sy = Su}, since

1+r

and by € (0,1 —by].

Sgs v ns

C[S+1|s*_so,...,s;:s:]

= d*s;[bg + 1 — (by + bg)] + u*s;b,
*[d(u—(l—kr)) u((l+r)—d)]
A+r)u—d) A+r)u—d)

= sp.

Sk =

n

We prove property (c) by conditioning on {S5 = sj, ...
sy}. By Proposition 3, we have that

t
C[S +t|50_50,“. :s:]:ZSu*hd*t h:’
=0
where &, ...,8 > 0and Y ,_, 8, = 1, and the 8’ are defined,

forh=0,...,

5h _ (h>E\hB;t —h

in which the second summation is 0 for h = t. Moreover, by well-
known results on the classical binomial model (see, e.g., Cerny,
2009; Pliska, 1997) we have that

t
* *h*th*
sn_E(xud Shs
h=0

t, as

t—h t_ ) N
e P
Z( " )b "ba’ " (1 = (bu + ba)).

j=1

where «g, ..., a; > 0 and Z)tmo o = 1, and the «y’s are defined,
forh=0,...,t,as

L\ ~h ~
o = (h)bu (1—by,)™"

lfbAdz1—E:l,then8h=ah,forh=0,...,t,andso

C[S nitlSe =835 .- Sp =851 = sp.
Thus, suppose bd € (0,1 — t?) If t = 1, then by property (b)
we still have that (C[Sn+1 ISg = S5 ---» S, = sp] = s;. Therefore,

suppose t > 1. In this case, after a straightforward algebraic
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manipulation we have that, forh =0, ...,

.
—5 Y

t—1,

) (s

j=1
t—h .
p1-n () )E
j=1
and §; = E;t. From this, since E; <1-— 5:, we get that
t t
So=1-bu) bi" >1—bT, bu)' 7 = ao.
j=1
moreover,
t .
8o + 61 = 1—5;2/?7]
j=1
-1 . -1 .
Y bd 1 —ba > (e —pba
j=1 j=1
t—1
_ 2 —] 1
- Ll
=1
t—
u2 - )t] 1_0[0"‘0‘1-

j=1

.

More generally, for k = 0, . — 2, we have that

k .

5 1_E\k+1 ( ])At—] k
;h u Z
(s

~k+1
> 1—by

Z%

while we get that

t—1 t—1
ZSh =1 —but = Zah,
h=0 h=0

t t
Z(Sh = 1 = Z(Xh.
h=0 h=0

Hence, we have shown that &g,...,6; and «g,..., o are
probability distributions on A;s, such that «o, ..., «; first-order

stochastically dominates dq, ..., &. In turn, this implies that
CISE, (ISe =5, ..., SE =si] < st

and this concludes the proof. O
Proof of Theorem 3. Property (a) is an immediate consequence

of (33) and the positive homogeneity property of the conditional
Choquet expectation, indeed

Yn 1 ~
Yy = = ClYps1l 7
n (1+r)" (1+r)”1+r [ n+l| n]
T Yo,
= (C|:(1+n:)n+l|fni| ClYy |70

We prove property (b). Due to its definition, the discounted
process {Yj,..., Y[} can be expressed as Y, Yn(Sy) for a
suitable y, : S, — R, forn =0, ..., T, where y¥1(S7) = (‘f(ff))r
Fix0<n<T-1,1<t<T-—n,and s, € S,. By Proposition 3,
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it holds that

CIYy IS = sl = Zm {an})rn+e(ansn)

h=0
¢ t—j
+ Z Z we(lan, angjl)

j=1 h=0
We also have that, forj =0, ...,

min
ai€lap.ap4

Yntt(QiSn)

t —1and spij € Spyj

Ynti(Snti) = DaWnsjr1(dSnsj) + butnsjs(Usnys)
+ Min{Ynj1(dSntg)s Y1 (USn)}(1 — (By + ba)).

Since

min{wn+j+1(dsn+]) I//n+]+'l(usﬂ+j)} = mf{n ‘/fnth(a 5n+j)
—J

starting from ,(s,), an iterative substitution and minorization
shows that
t

Un(sa) = D mel{an})¥mse(ansn)
h=0
+ ZZM [an, apyl)  min - Yy e(aisy)
i1 hoo a;€lap,apl
= Cly; " ¢1Sn = Snl,

thus the claim follows.

Property (c) is an immediate consequence of well-known re-
sults on the classical binomial model (see, e.g., Cerny, 2009;
Pliska, 1997). O

Proof of Proposition 4. Statement (i) is an immediate conse-
quence of (31) and (34). If ¢ is non-decreasing, statement (ii)
follows by (31) and Proposition 3 since, forn = 0, ..., T, it is
easy to show that Y, = ¢n(S,), where ¢, : S, — R is non-
decreasing. If ¢ is non-increasing, statement (iii) follows by (34)
and Proposition 3 since, forn =0, ..., T, it is easy to show that
Yy = ¢n(Sn), where ¢, : S; — R is non-increasing. 0O
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