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Abstract
Wederive Kazdan–Warner type identities for the bound-
ary problem of prescribing nonconstant interior 𝑄
curvature and boundary 𝑇 curvature on the upper
hemisphere 𝕊4+ by a conformal change of the standard
metric. Using the natural variational formulation and
conformal variations generated by boundary-preserving
conformal vector fields, we obtain nontrivial integral
obstructions to solvability.
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1 INTRODUCTION

Let (Σ, g) be a compact surface and let g̃ = 𝑒2𝑢g be a conformal metric. The classical Kazdan–
Warner problem asks which functions 𝐾 can arise as the Gaussian curvature of g̃ . Analytically, 𝑢
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solves the Liouville-type equation

−Δg𝑢 + 𝐾g = 𝐾 𝑒
2𝑢 in Σ, (1.1)

where 𝐾g denotes the Gaussian curvature of Σ with respect to g . The Gauss–Bonnet theorem
shows that the Equation (1.1) does not always admit a solution, since a topological constraint
must hold, namely,

∫Σ 𝐾 𝑒
2𝑢 𝑑𝑉g = 2𝜋𝜒(Σ).

On the round sphere (𝕊2, g0), this problem is known as the Nirenberg problem, whose difficulty
is intimately related to the noncompactness of the group of conformal transformations of the
sphere. One important feature of this setting is the existence of nontrivial integral obstructions to
solvability, as observed by Kazdan and Warner in [13, 14] by differentiating the Euler–Lagrange
functional along conformal flows. A particularly interesting case arises when taking the gradients
of the first spherical harmonics as conformal vector fields, as highlighted by Chang and Yang in
[5]. More precisely, if 𝑢 solves Δg0

𝑢 + 𝐾 𝑒2𝑢 = 1 on 𝕊2, then one has the explicit obstruction

∫𝕊2
⟨
∇g0

𝐾,∇g0
𝑥𝑗
⟩
𝑒2𝑢 𝑑𝑉g0

= 0, 𝑗 = 1, 2, 3,

where 𝑥𝑗 are the coordinate functions of the embedding 𝕊2 ⊂ ℝ3. In particular, monotonicity of
𝐾 along a conformal direction prevents existence of solutions.
A natural boundary analogue for (1.1) is obtained by prescribing, besides the interior curvature,

the geodesic curvature of 𝜕Σ to be equal to a given function ℎ. If Σ has boundary 𝜕Σwith geodesic
curvature ℎg and g̃ = 𝑒2𝑢g , this problem reduces to solving the boundary problem

−Δg𝑢 + 𝐾g = 𝐾 𝑒
2𝑢 in Σ, 𝜕𝑢

𝜕𝜈
+ ℎg = ℎ 𝑒

𝑢 on 𝜕Σ,

where 𝜈 denotes the external unit normal vector. The case of the upper hemisphere Σ = 𝕊2+ with
the standard round metric g0 is especially delicate, again due to the noncompact action of its
conformal group. In this case, we arrive at the following Liouville-type boundary problem

⎧⎪⎨⎪⎩
−Δ𝑢 + 1 = 𝐾 𝑒2𝑢 in 𝕊2+,

𝜕𝑢

𝜕𝜈
= ℎ 𝑒𝑢 on 𝕊1,

(1.2)

subject to the Gauss–Bonnet constraint

∫𝕊2+
𝐾 𝑒2𝑢 𝑑𝑉g0

+ ∫𝕊1 ℎ 𝑒
𝑢 𝑑𝑆g0 = 2𝜋.

This problem with nonconstant 𝐾 and ℎ from the point of view of the disk has been studied in
[8, 22, 23], and more recently in [16].
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KAZDAN–WARNER OBSTRUCTIONS FOR A FOURTH-ORDER BOUNDARY PROBLEM 3 of 15

As in the case of the whole sphere, further obstructions to the existence of solutions in the form
of Kazdan–Warner identities persist in the hemisphere. More precisely, Hamza [11] showed, via a
careful integration by parts, that if 𝑢 solves (1.2), then

∫𝕊2+
𝑒2𝑢 ⟨∇𝐾,∇𝐹⟩𝑑𝑉g0

+ 2∫𝕊1 𝑒
𝑢 ⟨∇ℎ,∇𝐹⟩𝑑𝑆g0 = 0. (1.3)

for every 𝐹 in the span of the restrictions of the coordinate functions. In particular, (1.3) yields a
simple nonexistence criterion: if there exists such an 𝐹 for which ⟨∇𝐾,∇𝐹⟩ and ⟨∇ℎ,∇𝐹⟩ have
the same strict sign, then the problem admits no solution.
If (𝑀, g) is a closed Riemannian manifold of dimension four, Branson’s 𝑄-curvature and the

conformally covariant Paneitz operator 𝑃4
g
provide a natural analogue of the Gaussian curvature

in the context of conformal geometry. Under the change of the metric g̃ = 𝑒2𝑢g , they satisfy the
transformation law

𝑃4g𝑢 + 2𝑄g = 2𝑄g̃ 𝑒
4𝑢 in𝑀; (1.4)

see [1, 21]. In view of (1.4), one could address the existence of conformal metrics g̃ with pre-
scribed 𝑄-curvature equal to a given function 𝑄 (see [2, 6, 9]). In this regard, the case of the
sphere 𝕊4 is again particularly challenging and so far only the partial results obtained in [15, 17,
24] for 𝑄 > 0 are available. Notably, this case displays the same obstruction mechanism as in the
two-dimensional Nirenberg problem. Indeed, Chang and Yang pointed out in [6] that, if 𝑢 solves

𝑃4
g0
𝑢 + 2𝑄g0

= 2𝑄 𝑒4𝑢 on 𝕊4,

then for the coordinate functions 𝑥𝑗 on 𝕊4 ⊂ ℝ5 one has

∫𝕊4
⟨
∇g0

𝑄,∇g0
𝑥𝑗
⟩
𝑒4𝑢 𝑑𝑉g0

= 0, 𝑗 = 1,… , 5, (1.5)

which again yields immediate nonexistence criteria under suitable monotonicity of 𝑄 along the
Euclidean directions.
In the presence of a boundary, however, the integral quantity in (1.5) is no longer forced

to vanish. More precisely, Gursky showed in [10, Theorem C] that the variation of the 𝑄-
curvature along a conformal vector field can be expressed as a boundary integral involving
a symmetric fourth-order (0,2)-tensor introduced for this purpose and characterized by its
structural properties.
If𝑀 has boundary, Chang and Qing [3, 4] introduced a third-order boundary operator 𝑃3g and

the corresponding boundary curvature 𝑇g , so that

𝑃4g𝑢 + 2𝑄g = 2𝑄g̃ 𝑒
4𝑢 in𝑀, 𝑃3g𝑢 + 𝑇g = 𝑇g̃ 𝑒

3𝑢 on 𝜕𝑀. (1.6)

Together with the Gauss–Bonnet–Chern formula, (1.6) suggests that the pair (𝑄g , 𝑇g ) is the
natural four-dimensional counterpart of (𝐾g , ℎg ) on surfaces.
If one aims to prescribe𝑄 and 𝑇 curvatures on𝑀 and 𝜕𝑀, one needs to solve (1.6) with𝑄g̃ = 𝑄

and 𝑇g̃ = 𝑇. For the sake of solvability, it is natural to impose an additional first-order boundary
condition. In order to maintain the conformal nature of the problem, one natural condition to
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4 of 15 CRUZ-BLÁZQUEZ and DELATORRE

work with is to impose that (𝑀, 𝑒2𝑢g) has minimal boundary, that is,

𝜕𝑢

𝜕𝜈
+
1

3
𝐻g = 0 on 𝜕𝑀,

where 𝜈 denotes the unit normal vector pointing outwards.
In general terms, this problem has not been widely addressed, and the available results cover

mostly the particular cases in which both curvatures are constant, and one of them is identically
equal to zero, see [4, 18–20].Moreover, all these results rule out themanifolds that are conformally
equivalent to the hemisphere. The latter case, including nonconstant curvatures, was recently
addressed in [7] for 𝑄, 𝑇 ⩾ 0; see also [12] for a 𝑇-curvature flow approach on 𝔹4.
The present work is precisely concerned with themodel case of the upper hemisphere 𝕊4+ ⊂ ℝ

5

endowed with the standard metric g , for which 𝜕𝕊4+ = 𝕊3 is totally geodesic. In this setting we
have 𝑃4g = Δ

2
g − 2Δg and 𝑄g = 3. Moreover, the boundary is totally geodesic, which means the

second fundamental form 𝕀g vanishes everywhere on 𝕊3. This gives 𝑇g = 𝐻g = 0 and, for func-
tions satisfying 𝜕𝜈𝑢 = 0, one has 𝑃3g𝑢 = −

1

2
𝜕𝜈(Δg𝑢). Therefore, prescribing smooth functions 𝑄

on 𝕊4+ and 𝑇 on 𝕊
3 as the 𝑄 and 𝑇 curvatures of g̃ = 𝑒2𝑢g leads to the boundary problem

⎧⎪⎪⎨⎪⎪⎩

Δ2g𝑢 − 2Δg𝑢 + 6 = 2𝑄 𝑒4𝑢 in 𝕊4+,

−
𝜕Δg𝑢

𝜕𝜈
= 2𝑇 𝑒3𝑢 on 𝕊3,

𝜕𝑢

𝜕𝜈
= 0 on 𝕊3,

(QT)

where 𝜈 = −∇g𝑥5, together with the Gauss–Bonnet–Chern constraint

∫𝕊4+
𝑄 𝑒4𝑢 𝑑𝑉g + ∫𝕊3 𝑇 𝑒

3𝑢 𝑑𝑆g = 4𝜋
2. (1.7)

Throughout the paper, we assume that 𝑄 ∈ 𝐶∞(𝕊4+) and 𝑇 ∈ 𝐶
∞(𝕊3).

In [7] we initiated the study of (QT) from the variational point of view, deriving existence results
under symmetry assumptions by exploiting a mean-field type reformulation and sharp higher
order Moser–Trudinger inequalities on 𝕊4+.
This paper goes in the opposite direction: we investigate nonexistence phenomena for (QT)

by deriving Kazdan–Warner type identities in the spirit of (1.3) and (1.5). The proof follows the
classical strategy of differentiating the energy along conformal orbits of 𝑢 generated by boundary-
preserving conformal vector fields, as done in [5]. More precisely, if {𝜙𝑡} is a conformal flow on
𝕊4+ preserving the boundary and 𝜙∗𝑡 g = 𝑒

2𝑃𝑡g for some smooth function 𝑃𝑡 on 𝕊4+, we test the
Euler–Lagrange functional along the curve

𝑢𝑡 = 𝑢 ◦𝜙𝑡 + 𝑃𝑡.

However, the fourth-order nature of (QT) requires establishing a cocycle identity for the quadratic
part of the energy induced by 𝑃4

g
and 𝑃3

g
. Differentiating at 𝑡 = 0 and using this identity together

with conformal covariance yields an integral relation linking 𝑋(𝑄) and 𝑋(𝑇), where 𝑋 is the
infinitesimal generator of 𝜙𝑡. Our main result reads as follows:

 14692120, 2026, 8, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70461 by C

ochraneItalia, W
iley O

nline L
ibrary on [30/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



KAZDAN–WARNER OBSTRUCTIONS FOR A FOURTH-ORDER BOUNDARY PROBLEM 5 of 15

Theorem1.1. Let𝑢 ∈  be a solution to (QT). Then for every boundary-preserving conformal vector
field 𝑋 on 𝕊4+,

∫𝕊4+
𝑋(𝑄)𝑒4𝑢 𝑑𝑉g +

4

3 ∫𝕊3 𝑋(𝑇)𝑒
3𝑢 𝑑𝑆g = 0. (1.8)

As a consequence, the problem admits no solutions if 𝑄 and 𝑇 are simultaneously monotone
along a conformal direction. In particular, we obtain the analogue of (1.3) by choosing 𝑋 among
the standard conformal vector fields associated to the coordinate functions.
The paper is organized as follows. In Section 2 we recall the direct variational formulation of

(QT) and the basic conformal invariance properties needed in the argument. Section 3 is devoted
to the derivation of the Kazdan–Warner identity on 𝕊4+. Finally, in Section 4 we discuss several
concrete nonexistence criteria and illustrative examples. We also include an appendix detailing
the weak formulation of the problem.

2 THE VARIATIONAL SETTING

Let

(𝑀) =
{
𝑢 ∈ 𝐻2(𝑀) ∶

𝜕𝑢

𝜕𝜈
= 0 on 𝜕𝑀

}
.

We adopt the convention that, when we write, we are referring to(𝕊4+).
Definition 2.1. We define the energy functional 𝐼 ∶  → ℝ by

𝐼(𝑢) = ∫𝕊4+
(Δg𝑢)

2 𝑑𝑉g + 2∫𝕊4+
|∇𝑢|2 𝑑𝑉g + 12∫𝕊4+

𝑢 𝑑𝑉g

− ∫𝕊4+
𝑄𝑒4𝑢 𝑑𝑉g −

4

3 ∫𝕊3 𝑇𝑒
3𝑢 𝑑𝑆g .

(2.1)

Integrating by parts and using the condition 𝜕𝑢

𝜕𝜈
= 0 on 𝕊3, it is easy to check that critical points

of 𝐼 solve (QT) in the usual weak sense. More precisely, if 𝑢 is a critical point of 𝐼 then

∫𝕊4+
Δg𝑢 Δg𝑣 𝑑𝑉g + 2∫𝕊4+

⟨∇𝑢,∇𝑣⟩𝑑𝑉g + 6∫𝕊4+
𝑣 𝑑𝑉g

− ∫𝕊3 2𝑇𝑒
3𝑢𝑣 𝑑𝑆g − ∫𝕊4+

2𝑄𝑒4𝑢𝑣 𝑑𝑉g = 0 ∀ 𝑣 ∈ ,

which is the weak formulation of (QT). The details of this computation can be found in
Appendix A.
Now, we decompose our functional in three parts that will be studied separately. The following

definitions and result do not require us to be in the particular setting of the hemisphere, so we
will place ourselves in a more general context.
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6 of 15 CRUZ-BLÁZQUEZ and DELATORRE

Definition 2.2. We define the quadratic form g ∶ (𝑀) ×(𝑀) → ℝ as

g (𝑢, 𝑣) = ∫𝑀(𝑃
4
g𝑢)𝑣 𝑑𝑉g + 2∫𝜕𝑀(𝑃

3
g𝑢)𝑣 𝑑𝑆g 𝑢, 𝑣 ∈ (𝑀).

In the case of (𝕊4+, g), we can integrate by parts twice, using the definitions of 𝑃4
g
and 𝑃3

g

introduced in Section 1, to obtain the simplified expression:

g (𝑢, 𝑣) = ∫𝕊4+
(Δ2𝑢 − 2Δ𝑢)𝑣 𝑑𝑉g − ∫𝕊3

𝜕Δ𝑢

𝜕𝜈
𝑣 𝑑𝑆g

= ∫𝕊4+
Δg𝑢Δg𝑣 𝑑𝑉g + 2∫𝕊4+

∇g𝑢 ⋅∇g𝑣 𝑑𝑉g , 𝑢, 𝑣 ∈ .
(2.2)

Definition 2.3. Let (𝑀, g) be a four-dimensional Riemannian manifold with boundary 𝜕𝑀, and
let 𝑄g and 𝑇g be its Q and boundary T curvatures. We define the functional 𝑆 ∶ (𝑀) → ℝ by

𝑆g (𝑢) = g (𝑢, 𝑢) + 4∫𝑀 𝑄g𝑢 𝑑𝑉g + 4∫𝜕𝑀 𝑇g𝑢 𝑑𝑆g , 𝑢 ∈ (𝑀).

Lemma 2.4. Let 𝑤, 𝑣 ∈ (𝑀) and set g̃ = 𝑒2𝑤g . Then
𝑆g (𝑤 + 𝑣) = 𝑆g (𝑤) + 𝑆g̃ (𝑣).

Proof. Expanding by linearity,

𝑆g (𝑤 + 𝑣) = g (𝑤 + 𝑣,𝑤 + 𝑣) + 4∫𝑀 𝑄g (𝑤 + 𝑣) 𝑑𝑉g + 4∫𝜕𝑀 𝑇g (𝑤 + 𝑣) 𝑑𝑆g

= 𝑆g (𝑤) + g (𝑣, 𝑣) + 2g (𝑤, 𝑣) + 4∫𝑀 𝑄g𝑣 𝑑𝑉g + 4∫𝜕𝑀 𝑇g𝑣 𝑑𝑆g .

Remember that, by conformal covariance,

𝑃4g̃ (𝜑) = 𝑒
−4𝑤𝑃4g (𝜑), 𝑑𝑉g̃ = 𝑒

4𝑤𝑑𝑉g ,

𝑃3g̃ (𝜑) = 𝑒
−3𝑤𝑃3g (𝜑), 𝑑𝑆g̃ = 𝑒

3𝑤𝑑𝑆g .
(2.3)

These imply that

g (𝑣, 𝑣) = ∫𝑀(𝑒
4𝑤𝑃4

g̃
𝑣)𝑣 𝑒−4𝑤𝑑𝑉g̃ + 2∫𝜕𝑀(𝑒

3𝑤𝑃3
g̃
𝑣)𝑣 𝑒−3𝑤𝑑𝑆g̃ = g̃ (𝑣, 𝑣). (2.4)

Now, multiply the transformation rules

𝑃4g𝑤 + 2𝑄g = 2𝑄g̃𝑒
4𝑤, 𝑃3g𝑤 + 𝑇g = 𝑇g̃𝑒

3𝑤,

by 𝑣, integrate and use the conformal identities (2.3) to obtain
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KAZDAN–WARNER OBSTRUCTIONS FOR A FOURTH-ORDER BOUNDARY PROBLEM 7 of 15

∫𝑀(𝑃
4
g
𝑤)𝑣 𝑑𝑉g + 2∫𝑀 𝑄g𝑣 𝑑𝑉g = 2∫𝑀 𝑄g̃𝑒

4𝑤𝑣 𝑑𝑉g = 2∫𝑀 𝑄g̃𝑣 𝑑𝑉g̃ , (2.5)

∫𝜕𝑀(𝑃
3
g𝑤)𝑣 𝑑𝑆g + ∫𝜕𝑀 𝑇g𝑣 𝑑𝑆g = ∫𝜕𝑀 𝑇g̃𝑒

3𝑤𝑣 𝑑𝑆g = ∫𝜕𝑀 𝑇g̃𝑣 𝑑𝑆g̃ . (2.6)

Combining (2.5) and (2.6) we get

2g (𝑤, 𝑣) + 4∫𝑀 𝑄g𝑣 𝑑𝑉g + 4∫𝜕𝑀 𝑇g𝑣 𝑑𝑆g

= 2

(
∫𝑀(𝑃

4
g𝑤)𝑣 𝑑𝑉g + 2∫𝑀 𝑄g𝑣 𝑑𝑉g + 2∫𝜕𝑀(𝑃

3
g𝑤)𝑣 𝑑𝑆g + 2∫𝜕𝑀 𝑇g𝑣 𝑑𝑆g

)
= 4

(
∫𝑀 𝑄g̃𝑣 𝑑𝑉g̃ + ∫𝜕𝑀 𝑇g̃𝑣 𝑑𝑆g̃

)
.

(2.7)

Finally, by (2.4) and (2.7), we reach the desired conclusion:

𝑆g (𝑤 + 𝑣) = 𝑆g (𝑤) + 𝑆g̃ (𝑣). □

In view of Definitions 2.2 and 2.3, the identity (2.2) and the fact that 𝑄g = 3 and 𝑇g = 0 in
(𝕊4+, g), we can rewrite the energy functional (2.1) as

𝐼 = 𝑆 −𝑄 −
4

3
𝑇, (2.8)

with

𝑆(𝑢) = ∫𝕊4+
(Δg𝑢)

2 𝑑𝑉g + 2∫𝕊4+
|∇𝑢|2 𝑑𝑉g + 12∫𝕊4+

𝑢 𝑑𝑉g

and

𝑄(𝑢) = ∫𝕊4+
𝑄𝑒4𝑢 𝑑𝑉g , 𝑇(𝑢) = ∫𝕊3 𝑇𝑒

3𝑢 𝑑𝑆g . (2.9)

3 CONFORMAL VARIATIONS: PROOF OF THEOREM 1.1

Let 𝑋 be a 𝐶1 vector field on 𝕊4+ that preserves the boundary, namely

⟨𝑋, 𝜈⟩ = −⟨𝑋,∇g𝑥5⟩ = 0 on 𝕊3.

Let {𝜙𝑡} for 𝑡 ∈ (−𝜀, 𝜀) be its flow:

𝜙0 = Id,
𝑑

𝑑𝑡
𝜙𝑡(𝑝) = 𝑋(𝜙𝑡(𝑝)).

We write

𝑋(𝑓) =
𝑑

𝑑𝑡

|||𝑡=0𝑓(𝜙𝑡) (3.1)
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8 of 15 CRUZ-BLÁZQUEZ and DELATORRE

for the action of 𝑋 on functions. Assume now that 𝜙𝑡 is conformal, that is, there exists a smooth
function 𝑃𝑡 on 𝕊4+ such that

𝜙∗𝑡 g = 𝑒
2𝑃𝑡g , 𝑃0 = 0. (3.2)

To simplify the notation, we will refer to the above metric as g𝑡. Given a solution 𝑢 to (QT), we
consider the curve

𝑢𝑡 = 𝑢 ◦𝜙𝑡 + 𝑃𝑡. (3.3)

Any weak solution 𝑢 ∈  of (QT) is smooth by standard elliptic regularity for the corresponding
fourth-order boundary value problem. Consequently, the curve 𝑢𝑡 is a differentiable curve in .
Since 𝑢 is a critical point of 𝐼, it follows that

𝑑

𝑑𝑡

|||𝑡=0𝐼(𝑢𝑡) = 0. (3.4)

Proposition 3.1. For any boundary-preserving conformal flow (3.2) and any 𝑢 ∈ ,

𝑑

𝑑𝑡

||||𝑡=0𝑆(𝑢𝑡) = 0.
Proof. First, we observe that 𝑢𝑡 ∈ : since 𝜙𝑡 is a 𝐶∞ diffeomorphism of 𝕊4+, 𝑢 ◦𝜙𝑡 ∈ 𝐻

2(𝕊4+).
Moreover 𝑃𝑡 ∈ 𝐶∞(𝕊4+) ⊂ 𝐻

2(𝕊4+), so 𝑢𝑡 ∈ 𝐻
2(𝕊4+).

It remains to check the boundary condition. Fix 𝑝 ∈ 𝕊3. By the chain rule,

𝑑(𝑢 ◦𝜙𝑡)𝑝(𝜈(𝑝)) = 𝑑𝑢𝜙𝑡(𝑝)
(
𝑑𝜙𝑡|𝑝(𝜈(𝑝))).

Since 𝜙𝑡(𝕊3) = 𝕊3, we have 𝑑𝜙𝑡(𝑇𝑝𝕊3) = 𝑇𝜙𝑡(𝑝)𝕊
3. As 𝜙𝑡 is conformal, 𝑑𝜙𝑡 preserves orthogonality,

hence it maps the normal line 𝑁𝑝(𝕊3) = span{𝜈(𝑝)} onto 𝑁𝜙𝑡(𝑝)(𝕊
3) = span{𝜈(𝜙𝑡(𝑝))}. Therefore

there exists 𝜆𝑡(𝑝) ∈ ℝ such that

𝑑𝜙𝑡|𝑝(𝜈(𝑝)) = 𝜆𝑡(𝑝) 𝜈(𝜙𝑡(𝑝)).
Note that 𝜆𝑡(𝑝) ≠ 0 since 𝑑𝜙𝑡|𝑝 is invertible. Moreover 𝜆0(𝑝) = 1 because 𝜙0 = Id, and by
continuity 𝜆𝑡(𝑝) > 0 for |𝑡| small.
Consequently,

𝜕(𝑢 ◦𝜙𝑡)
𝜕𝜈

(𝑝) = 𝜆𝑡(𝑝)
𝜕𝑢

𝜕𝜈
(𝜙𝑡(𝑝)) = 0,

because 𝑢 ∈  and 𝜙𝑡(𝑝) ∈ 𝕊3.
Finally, we observe that the conformal factor 𝑃𝑡 satisfies

𝜕𝑃𝑡
𝜕𝜈

= 0 on 𝕊3. (3.5)

Indeed, since 𝜙𝑡 is a diffeomorphismwith 𝜙𝑡(𝕊3) = 𝕊3, then 𝜙𝑡 ∶ (𝕊4+, g𝑡) → (𝕊4+, g) is an isometry.
In particular, the second fundamental form 𝕀g is transported via 𝜙𝑡, so (𝕊4+, g𝑡) also has totally
geodesic boundary.
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KAZDAN–WARNER OBSTRUCTIONS FOR A FOURTH-ORDER BOUNDARY PROBLEM 9 of 15

It is known that, under the conformal change of metrics g𝑡 = 𝑒2𝑃𝑡g , we have

𝑒−𝑃𝑡 𝕀g𝑡 = 𝕀g +
𝜕𝑃𝑡
𝜕𝜈

g|𝕊3
on 𝕊3, which gives (3.5).
Hence

𝜕𝑢𝑡
𝜕𝜈

=
𝜕(𝑢 ◦𝜙𝑡)
𝜕𝜈

+
𝜕𝑃𝑡
𝜕𝜈

= 0 on 𝕊3,

showing that 𝑢𝑡 ∈ .
By Lemma 2.4 with 𝑤 = 𝑃𝑡, g̃ = 𝑒2𝑃𝑡g = 𝜙∗𝑡 g , and 𝑣 = 𝑢 ◦𝜙𝑡, and the invariance of 𝑆 under

diffeomorphisms,

𝑆g (𝑢𝑡) = 𝑆g (𝑢 ◦𝜙𝑡 + 𝑃𝑡) = 𝑆g (𝑃𝑡) + 𝑆𝑒2𝑃𝑡 g(𝑢 ◦𝜙𝑡)

= 𝑆g (𝑃𝑡) + 𝑆𝜙∗𝑡 g
(𝑢 ◦𝜙𝑡) = 𝑆g (𝑃𝑡) + 𝑆g (𝑢).

Hence, since 𝑆g (𝑢) is independent of 𝑡,

𝑑

𝑑𝑡

||||𝑡=0𝑆g (𝑢𝑡) = 𝑑

𝑑𝑡

||||𝑡=0𝑆g (𝑃𝑡). (3.6)

Let us prove that 𝑑

𝑑𝑡

|||𝑡=0 𝑆g (𝑃𝑡) = 0. First, we see that
𝑑

𝑑𝑡

||||𝑡=0𝑆g (𝑃𝑡) = 𝑑

𝑑𝑡

||||𝑡=0
(
∫𝕊4+

(Δg𝑃𝑡)
2 𝑑𝑉g + 2∫𝕊4+

|∇𝑃𝑡|2 𝑑𝑉g + 12∫𝕊4+
𝑃𝑡 𝑑𝑉g

)

= 12∫𝕊4+
𝑃̇0 𝑑𝑉g ,

(3.7)

since all the quadratic terms vanish because 𝑃0 = 0. Now, we aim to differentiate the identity
𝜙∗𝑡 g = 𝑒

2𝑃𝑡g at 𝑡 = 0. Remember that, for any 𝐶1 vector fields 𝑌, 𝑍 on 𝕊4+, we have

(𝜙∗𝑡 g)(𝑌, 𝑍) = g((𝜙𝑡)∗𝑌, (𝜙𝑡)∗𝑍) ◦𝜙𝑡,

that is,

(𝜙∗𝑡 g)𝑝(𝑌𝑝, 𝑍𝑝) = g𝜙𝑡(𝑝)
(
𝑑𝜙𝑡(𝑝)[𝑌𝑝], 𝑑𝜙𝑡(𝑝)[𝑍𝑝]

)
.

Therefore,

𝑑

𝑑𝑡

|||𝑡=0(𝜙∗𝑡 g)(𝑌, 𝑍) = 𝑋(g(𝑌, 𝑍)) + g

(
𝑑

𝑑𝑡

|||𝑡=0(𝜙𝑡)∗𝑌, 𝑍
)
+ g

(
𝑌,

𝑑

𝑑𝑡

|||𝑡=0(𝜙𝑡)∗𝑍
)

= 𝑋(g(𝑌, 𝑍)) + g([𝑋, 𝑌], 𝑍) + g(𝑌, [𝑋, 𝑍])

= (𝑋g)(𝑌, 𝑍),

 14692120, 2026, 8, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70461 by C

ochraneItalia, W
iley O

nline L
ibrary on [30/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



10 of 15 CRUZ-BLÁZQUEZ and DELATORRE

where the right-hand side is the Lie derivative. Consequently, we have

𝑋g = 2𝑃̇0𝑒2𝑃0g = 2𝑃̇0g . (3.8)

If we now take the trace of (3.8) we get 2divg𝑋 = 8𝑃̇0, which gives

𝑃̇0 =
1

4
divg𝑋.

Integrating on 𝕊4+ and applying the divergence theorem:

∫𝕊4+
𝑃̇0 𝑑𝑉g =

1

4 ∫𝕊4+
divg𝑋 𝑑𝑉g =

1

4 ∫𝕊3 𝑋 ⋅ 𝜈 𝑑𝑆g = 0, (3.9)

since 𝑋 preserves the boundary. The result follows from combining (3.9), (3.7) and (3.6). □

We now compute the derivatives of the nonlinear terms𝑄 and𝑇 defined in (2.9) along (3.3).
For the interior term,

𝑑

𝑑𝑡

|||𝑡=0 ∫𝕊4+ 𝑄𝑒4𝑢𝑡 𝑑𝑉g =
𝑑

𝑑𝑡

|||𝑡=0 ∫𝕊4+ 𝑄(𝑥)𝑒4𝑢(𝜙𝑡(𝑥))𝑒4𝑃𝑡(𝑥) 𝑑𝑉g (𝑥).

Performing the change of variables 𝑦 = 𝜙𝑡(𝑥), so that𝑥 = 𝜙−𝑡(𝑦), and using the conformal relation
(3.2) to relate the Jacobian to 𝑃𝑡, we obtain

𝑑

𝑑𝑡

|||𝑡=0 ∫𝕊4+ 𝑄𝑒4𝑢𝑡 𝑑𝑉g =
𝑑

𝑑𝑡

|||𝑡=0 ∫𝕊4+ 𝑄(𝜙−𝑡(𝑦))𝑒4𝑢(𝑦) 𝑑𝑉g (𝑦) = −∫𝕊4+
𝑋(𝑄)𝑒4𝑢 𝑑𝑉g . (3.10)

Here we have used the group property of the flow, which implies that 𝜙−𝑡 = 𝜙−1𝑡 , and (3.1). More
precisely,

𝑑

𝑑𝑡

|||𝑡=0𝑄 ◦𝜙−1𝑡 =
𝑑

𝑑𝑡

|||𝑡=0𝑄 ◦𝜙−𝑡 = −
𝑑

𝑑𝑠

|||𝑠=0𝑄 ◦𝜙𝑠 = −𝑋(𝑄).

Analogously, for the boundary term we obtain

𝑑

𝑑𝑡

|||𝑡=0 ∫𝕊3 𝑇𝑒3𝑢𝑡 𝑑𝑆g = 𝑑

𝑑𝑡

|||𝑡=0 ∫𝕊3 𝑇(𝜙−𝑡(𝑦))𝑒3𝑢(𝑦) 𝑑𝑆g (𝑦) = −∫𝕊3 𝑋(𝑇)𝑒
3𝑢 𝑑𝑆g . (3.11)

Recalling the splitting of the functional given in (2.8) and combining (3.4) with Proposition 3.1,
(3.10) and (3.11), we obtain the Kazdan–Warner type identity from Theorem 1.1.

4 NONEXISTENCE CRITERIA

We first point out that the Kazdan–Warner identity (1.8) does not require any sign assumption
on the prescribed curvatures 𝑄 and 𝑇. Independently of this identity, every solution of (QT) must
satisfy the Gauss–Bonnet–Chern constraint (1.7). Consequently, if

𝑄 ⩽ 0 in 𝕊4+, 𝑇 ⩽ 0 on 𝕊3,
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KAZDAN–WARNER OBSTRUCTIONS FOR A FOURTH-ORDER BOUNDARY PROBLEM 11 of 15

then (QT) admits no solutions. This is a purely topological obstruction, whereas (1.8) detects the
variation of the prescribed curvatures along conformal directions that preserve the boundary. As
we will show, the two obstruction mechanisms are therefore different and complementary.
As a direct consequence of (1.8),we obtain the following obstruction to the existence of solutions

to the prescribed curvature problem (QT).

Corollary 4.1. Assume there exists a boundary-preserving conformal vector field𝑋 on 𝕊4+ such that

𝑋(𝑄) ⩾ 0 on 𝕊4+, 𝑋(𝑇) ⩾ 0 on 𝕊3,

and at least one of the two functions 𝑋(𝑄), 𝑋(𝑇) is not identically zero. Then (QT) has no solutions
in.

As a particular case, we obtain the classical Kazdan–Warner result, which establishes that there
can be no solution for curvatures with the samemonotonicity with respect to the same Euclidean
direction.

Corollary 4.2. For 𝑖 ∈ {1, … , 4} let 𝑥𝑖 ∶ 𝕊4+ → ℝ be the 𝑖th Euclidean coordinate in ℝ5 and set

𝑋𝑖 = ∇g𝑥𝑖.

Then 𝑋𝑖 is a boundary-preserving conformal vector field on 𝕊4+ and any solution 𝑢 ∈  to (QT)
satisfies

∫𝕊4+
⟨∇g𝑥𝑖, ∇g𝑄⟩ 𝑒4𝑢 𝑑𝑉g +

4

3 ∫𝕊3⟨∇g𝑥𝑖, ∇g𝑇⟩ 𝑒3𝑢 𝑑𝑆g = 0.
In particular, if for some 𝑖 one has

⟨∇g𝑥𝑖, ∇g𝑄⟩ ⩾ 0 in 𝕊4+, ⟨∇g𝑥𝑖, ∇g𝑇⟩ ⩾ 0 on 𝕊3,
and at least one of the two functions above is not identically zero, then (QT) admits no solutions in
.

On 𝕊4 ⊂ ℝ5 one has the explicit formula

𝑋𝑖(𝑥) = 𝑒𝑖 − 𝑥𝑖𝑥,

hence 𝑋𝑖(𝑥𝑖) = 1 − 𝑥2𝑖 and therefore, for curvature functions 𝑄(𝑥) = 𝑓(𝑥𝑖) and 𝑇(𝑦) = g(𝑦𝑖),

𝑋𝑖(𝑄) = 𝑓
′(𝑥𝑖)(1 − 𝑥

2
𝑖
), 𝑋𝑖(𝑇) = g ′(𝑦𝑖)(1 − 𝑦

2
𝑖
).

In particular, if𝑓′ ⩾ 0 and g ′ ⩾ 0 and at least one is not identically zero, then (QT) has no solutions
in.
The preceding corollary can be extended to any conformal direction in the following sense:

Corollary 4.3. Let Ψ ∶ 𝕊4+ → 𝕊4+ be a conformal diffeomorphism such that Ψ(𝕊3) = 𝕊3. Fix 𝑖 ∈
{1, … , 4} and set 𝑋𝑖 = ∇g𝑥𝑖 on 𝕊4+. Assume that

𝑋𝑖(𝑄 ◦Ψ) ⩾ 0 in 𝕊4+, 𝑋𝑖(𝑇 ◦Ψ) ⩾ 0 on 𝕊3, (4.1)
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12 of 15 CRUZ-BLÁZQUEZ and DELATORRE

and that at least one of the two functions in (4.1) is not identically zero. Then the boundary problem
(QT) admits no solutions in.

Proof. Since Ψ is conformal and preserves the boundary, the vector field 𝑋 = Ψ∗𝑋𝑖 is also a
boundary-preserving conformal vector field on 𝕊4+. Moreover, for any smooth function 𝐹 on 𝕊4+
one has

𝑋(𝐹) ◦Ψ = 𝑋𝑖(𝐹 ◦Ψ),

hence 𝑋(𝑄) ⩾ 0 in 𝕊4+ and 𝑋(𝑇) ⩾ 0 on 𝕊3 are equivalent to (4.1). Therefore, the claim follows
from Corollary 4.1 applied to 𝑋. □

We can construct easy explicit examples for Corollary 4.3 in the following way: given two dis-
tinct points 𝑝, 𝑞 ∈ 𝕊3, one may choose Ψ mapping ±𝑒𝑖 ∈ 𝕊3 to 𝑝, 𝑞, so that 𝑋 = Ψ∗𝑋𝑖 generates
the boundary Möbius flow with fixed points 𝑝 and 𝑞. Then (4.1) is equivalent to saying that 𝑄 and
𝑇 are nondecreasing along that flow.
Let us illustrate this procedure.
Identify 𝕊4+ ⊂ ℝ

5 as

𝕊4+ = {(𝑥̄, 𝑥5) ∈ ℝ
4 × ℝ ∶ |𝑥̄|2 + 𝑥52 = 1, 𝑥5 ⩾ 0},

𝜕𝕊4+ = {(𝑥̄, 0) ∈ ℝ
4 × {0} ∶ |𝑥̄| = 1} ≅ 𝕊3 ⊂ ℝ4.

Consider the restriction to 𝕊4+ of the stereographic projection from the south pole (0, … , 0, −1),

Π(𝑥̄, 𝑥5) =
𝑥̄

1 + 𝑥5
∈ 𝐵4, Π−1(𝑦) =

(
2𝑦

1 + |𝑦|2 , 1 − |𝑦|2
1 + |𝑦|2

)
,

which maps 𝕊4+ conformally onto the unit ball 𝐵
4 ⊂ ℝ4 and restricts to the identity on the bound-

ary 𝕊3 (sinceΠ(𝑥̄, 0) = 𝑥̄ for |𝑥̄| = 1). For 𝑎 ∈ 𝐵4, we define the following Möbius automorphism
of 𝐵4 ∶

Φ𝑎(𝑦) =
(1 − |𝑎|2) 𝑦 + (1 + 2𝑎 ⋅ 𝑦 + |𝑦|2) 𝑎

1 + 2𝑎 ⋅ 𝑦 + |𝑎|2|𝑦|2 , 𝑦 ∈ 𝐵4,

so that Φ𝑎(𝐵4) = 𝐵4 and Φ𝑎(𝕊3) = 𝕊3. Set Ψ = Π−1 ◦Φ𝑎 ◦Π ∶ 𝕊4+ → 𝕊4+, which is a conformal
diffeomorphism with Ψ(𝕊3) = 𝕊3. Now choose, for instance,

𝑎 =
(
0,
1

2
, 0, 0

)
∈ 𝐵4.

Since Π|𝕊3 = Id, on the boundary we have Ψ|𝕊3 = Φ𝑎|𝕊3 , and a direct computation gives
𝑝 = Ψ(𝑒1) = Φ𝑎(𝑒1) =

(
3

5
,
4

5
, 0, 0

)
, 𝑞 = Ψ(−𝑒1) = Φ𝑎(−𝑒1) =

(
−
3

5
,
4

5
, 0, 0

)
.

Let 𝑋1 = ∇g𝑥1 on 𝕊4+ and define 𝑋 = Ψ∗𝑋1, which generates a boundary Möbius flow with
fixed points 𝑝 and 𝑞 on 𝕊3. Consider the data

𝑄(𝑥) = 3 + 𝜀 (𝑥1 ◦Ψ
−1)(𝑥) in 𝕊4+, 𝑇 ≡ 1 on 𝕊3,

 14692120, 2026, 8, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.70461 by C

ochraneItalia, W
iley O

nline L
ibrary on [30/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



KAZDAN–WARNER OBSTRUCTIONS FOR A FOURTH-ORDER BOUNDARY PROBLEM 13 of 15

with 𝜀 > 0. Then

(𝑄 ◦Ψ)(𝑥) = 3 + 𝜀𝑥1, (𝑇 ◦Ψ) ≡ 1,
and therefore

𝑋1(𝑄 ◦Ψ) = 𝜀 𝑋1(𝑥1) = 𝜀 |∇g𝑥1|2 = 𝜀(1 − 𝑥21) ⩾ 0, 𝑋1(𝑇 ◦Ψ) = 0.

Since 𝑋1(𝑄 ◦Ψ) ≢ 0, the assumptions of Corollary 4.3 are satisfied, hence the boundary problem
(QT) admits no solutions in for this choice of (𝑄, 𝑇). Note that, if 0 < 𝜀 < 3, then 𝑄 ⩾ 3 − 𝜀 > 0

on 𝕊4+ and 𝑇 > 0 on 𝕊
3. Therefore, the Gauss–Bonnet–Chern constraint alone does not prevent

solvability; the obstruction is purely of Kazdan–Warner type.

APPENDIX A: WEAK FORMULATION
Let be the functional space defined in Section 2 and fix 𝑢 ∈ . For any 𝑣 ∈ , multiplying the
first equation in (QT) by 𝑣 and integrating over 𝕊4+ gives

∫𝕊4+
(
Δ2g𝑢 − 2Δg𝑢 + 6

)
𝑣 𝑑𝑉g = ∫𝕊4+

2𝑄𝑒4𝑢𝑣 𝑑𝑉g . (A.1)

We integrate by parts in the term with Δ2g𝑢:

∫𝕊4+
Δ2g𝑢 𝑣 𝑑𝑉g = ∫𝕊4+

Δg𝑢 Δg𝑣 𝑑𝑉g − ∫𝕊3 Δg𝑢 𝜕𝜈𝑣 𝑑𝑆g + ∫𝕊3 𝜕𝜈(Δg𝑢) 𝑣 𝑑𝑆g

= ∫𝕊4+
Δg𝑢 Δg𝑣 𝑑𝑉g + ∫𝕊3 𝜕𝜈(Δg𝑢) 𝑣 𝑑𝑆g ,

where we used 𝜕𝜈𝑣 = 0 on 𝕊3. Using the boundary condition −𝜕𝜈Δg𝑢 = 2𝑇𝑒
3𝑢, we obtain

∫𝕊4+
Δ2g𝑢 𝑣 𝑑𝑉g = ∫𝕊4+

Δg𝑢 Δg𝑣 𝑑𝑉g − ∫𝕊3 2𝑇𝑒
3𝑢𝑣 𝑑𝑆g . (A.2)

Similarly,

−2∫𝕊4+
Δg𝑢 𝑣 𝑑𝑉g = 2∫𝕊4+

⟨∇𝑢,∇𝑣⟩𝑑𝑉g − 2∫𝕊3 𝜕𝜈𝑢 𝑣 𝑑𝑆g = 2∫𝕊4+
⟨∇𝑢,∇𝑣⟩𝑑𝑉g . (A.3)

Plugging (A.2) and (A.3) into (A.1) yields the weak formulation

∫𝕊4+
Δg𝑢 Δg𝑣 𝑑𝑉g + 2∫𝕊4+

⟨∇𝑢,∇𝑣⟩𝑑𝑉g + 6∫𝕊4+
𝑣 𝑑𝑉g − ∫𝕊3 2𝑇𝑒

3𝑢𝑣 𝑑𝑆g − ∫𝕊4+
2𝑄𝑒4𝑢𝑣 𝑑𝑉g = 0.
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