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Abstract

The present dissertation analyzes dynamic portfolio optimization problems with in-
vestment opportunities under different market scenarios. The portfolio allocation is
based on decision-making to determine how many resources should allocated among
various possible investments. It is well known that realistic portfolio choices must
reflect the peculiarities of financial markets and economic agents; we use optimal
control theory to replicate both economic investor behaviours and expected utility
maximization. The novelty with respect to the existing literature lies in modelling
precision instead of volatility, understood as the reciprocal of volatility, where both
the stock and the state variables are subject to discontinuities. Such a non-affine
structure guarantees a closed-form expression for the optimal weights for the fi-
nancial assets involved in every different market setting. The optimal allocation
result to be genuinely dynamic, consistent with Markowitz’s well-known economic
intuition that an inverse dependence of portfolio exposures on variance parameters
should be observed. We consider several assumptions regarding investor preferences
and market set-up. Empirical evidence shows that the investor is not only risk averse
but also ambiguity averse. We attempt to provide a unifying approach to portfolio
choice problems by studying a robust, dynamic, continuous-time optimal consump-
tion and portfolio allocation problem for investors with recursive preferences who
have access to both stock and derivatives markets.
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Chapter 1

Introduction

The present work analyzes dynamic portfolio optimization problems with time-
varying investment opportunities under different market scenarios. The portfolio
allocation problem is based on the decision-making process to determine how re-
sources should be allocated among various possible investments. Realistic portfolio
choices should reflect the peculiarities of financial markets and economic agents;
in particular, portfolio choices should strongly account for the investors’ embedded
qualities: investors are interested in earning as much as possible from their invest-
ments, but at the same time, they are concerned about the risks they face. Investors
would like to maximize their returns without exceeding a given level of risk. Such
a behaviour can be modelled mathematically using optimal control theory and ex-
pected utility maximization. Differently from the extant literature, in this work, we
assume an economy allowing for discontinuities in both the stock price and the state
variables. More precisely, we intend to model the avowed empirical property such
that peaks in volatility levels correspond to drops in asset prices, see e.g. Eraker
[2004], Todorov and Tauchen [2011], Bandi and Renò [2016]. Moreover, since the
aforementioned changes in price and volatility occur simultaneously, we dub them
co-jumps, and we introduce a unique counting process, typically a non-compensated
Poisson, driving the non-diffusive component in the dynamics.
Although this approach is intuitively correct and well supported by empirical evi-
dence, at a closer look, it turns out to be somewhat reductive due to the exclusion
of the investor’s level of confidence in the modelling used. For this reason, the pos-
sibility of uncertainty in the model and the possibility that investment strategies
may be flawed must also be included in the setting, implying that the probability
distribution underlying the model can be incorrect.
This work is organized as follows: Chapter 2 describes the mathematical model,
with particular emphasis to the dynamics used to model the underlying and the
volatility. We also review different market settings and investor preferences. In
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Chapter 3, we solve a continuous-time dynamic optimal portfolio allocation prob-
lem in a complete market set up by considering non-affine dynamics for the state
variables where both the stock and variance processes are subject to discontinu-
ities. Such a non-affine framework ensures a closed-form expression for the optimal
weights of all the financial assets involved, namely a riskless security, an equity and
traded derivatives on such equity. The solution to the optimal allocation is gen-
uinely dynamic, and an inverse dependence of the portfolio exposures with respect
to the variability parameters should be observed. We assume that the investor has
a classical utility function, namely power utility. In order to uncover the role of
jumps in the optimal allocation, we numerically investigate some instances of the
non-affine model proposed and analyze the corresponding risk profile. Furthermore,
we perform a calibration procedure on real data, revealing that the performances of
our investment strategy greatly benefit from the presence of both derivatives and
co-jumps. In Chapter 4, we solve a dynamic optimization problem in an incomplete
market, assuming the investor has access to one risk-free asset, one risky asset (uni-
variate case) or n risky assets (multivariate case). To give more rationality to the
economic agent, we consider different preferences for the investor. In particular, we
exploit recursive preferences, where the investor’s risk aversion is disentangled from
the degree of the elasticity of intertemporal substitution of consumption. We further
show the consequences of completing the market by adding a suitable number of
derivative instruments. Similar considerations can be extended to the multivariate
case. We derive an approximated closed-form solution to optimal rules by exploit-
ing standard dynamic programming techniques. Our findings are manifold. First,
we obtain dynamic optimal weights, inversely proportional to volatility. Second, we
show that both co-jumps frequency and intensity play a crucial role, as they con-
siderably limit potential losses in the investors’ wealth. Third, we prove that jumps
in precision reinforce the effect of jumps in price, further reducing optimal alloca-
tion. Finally, we highlight how co-jumps may influence investors’ choices regarding
intertemporal consumption. We also point out how the main evidence found for the
incomplete market continues to apply when we complete the market by investing
in derivative contracts. In the latter case, we show how ignoring the presence of
co-jumps has an even more significant impact on the economic agent’s wealth loss.
In Chapter 5, we study a robust, dynamic, continuous-time optimal consumption
and portfolio allocation problem for investors with recursive preferences who have
access to both stock and derivatives markets. We obtain a closed-form approximate
solution to the optimization problem for a non-unitary value of the elasticity of in-
tertemporal substitution of consumption, being able to derive an exact solution as a
particular case. Our theoretical findings show that the optimal policies are remark-
ably affected by the ambiguity-aversion parameters to diffusive and jump risks. The
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effectiveness of the theoretical results is confirmed by a detailed numerical analysis
we carried out on real data. Finally, we prove that investors who do not believe in
ambiguity may suffer considerable wealth losses.

1.1 The state-of-the-art

We first introduce a brief background on optimization problems over a finite time
horizon in which terminal utility is maximized .
The first attempt to solve a portfolio allocation problem is due to Markowitz [1952],
with the celebrated mean-variance approach. The latter continues to be widely ap-
plied in several financial frameworks, mainly because of its simplicity, since only the
knowledge of the expectation and covariances of random variables is required.
The main drawback of this approach is the static nature of the optimal allocation.
Indeed, the initial wealth is allocated between different assets at the beginning of
the time horizon without allowing for changes in the allocation until maturity.
Moreover, such a behaviour ignores the presence of price volatility, so adopting this
type of allocation model could result in large losses.
A solution widely adopted in the literature is considering continuous-time models
for price dynamics. By allowing continuous trading, the investor can immediately
react to possible changes in price volatility.

In this view, the pioneering work of Merton [1971] can be considered a starting point
for continuous-time portfolio management. In this setting, the asset allocation prob-
lem is solved using the stochastic control method, and the optimal portfolio rules
are expressed in terms of solutions to a second-order partial differential equation,
the so-called Hamilton-Jacobi-Bellman (HJB) equation. In the seminal paper, an
investor willing to allocate her wealth between stock and a riskless asset is taken
into account, when the asset price follows a Geometric Brownian motion. Merton
has proved that when investors select some special cases of HARA utility function,
such as power utility, the maximization problem can be solved in a closed form.
Several authors generalized Merton’s work in incomplete markets: we recall, among
others, Liu et al. [2003], who used the event-risk framework of Duffie et al. [2000] to
provide analytical solutions to optimal portfolio problems by assuming discontinu-
ities in the state variable dynamics. In particular, the authors studied the implica-
tions of jumps in prices and volatility on investment strategies, providing analytical
solutions to the optimal portfolio problem and finding that both jumps in prices and
volatility significantly affect optimal allocation policy. Liu [2007] solved dynamic
portfolio choice problems using affine models to face stochastic volatility. Three ap-
plications are presented: the first one is the bond portfolio selection problem when
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bond returns are described by quadratic term structure models; the second one is
the stock portfolio selection problem when volatility is stochastic as in the Heston
model; the last application is a portfolio selection problem in incomplete markets
when the interest rate is stochastic and stock returns have stochastic volatility.
A surprising and criticized feature of the optimal portfolio weights is their indepen-
dence of the variance. One might be expected the agent to hold more stocks when
the volatility is low and vice versa, but such a feature holds true if the risk premium
is independent of the volatility: in this model, the risk premium is proportional to
the conditional variance. Hence, when the variance is high, the risk premium is also
high, and vice versa. We observe that the aforementioned findings are not related
to a specific verification theorem, so we do not know under which conditions the
candidate for the optimal portfolio strategy is the unique optimal solution to the
allocation problem.
Kraft [2005] proved a verification result within the stochastic volatility framework,
also deriving the parameters’ conditions ensuring well-defined candidates for the
solution of the problem.
Fleming and Hernandez-Hernandez [2003] derived explicit verifications results prov-
ing that their portfolio strategies are optimal. Buraschi et al. [2003] developed a
new framework for multivariate intertemporal portfolio choices, where the correla-
tions across asset classes and volatilities are stochastic. More precisely, in such a
framework, volatilities and correlations are conditionally correlated with returns.
To model stochastic variance-covariance risk, the authors specified the covariance
matrix process as a Wishart diffusion process. The evidence highlighted in the
aforementioned works shows once again that the optimal weights result to be in-
dependent of the instantaneous volatility when the dynamics of the risky asset are
affine, implying a static allocation mechanism.
To overcome such a this drawback, Oliva and Renò [2018] study a continuous
time optimal portfolio allocation with volatility and co-jump risk in a multi-asset
framework. The authors deviate from affine models by specifying a Wishart jump-
diffusion for the co-precision, namely the inverse of the covariance matrix, gen-
eralizing the dynamics proposed by Chacko and Viceira [2005] to a multivariate
setting. They solved the optimal portfolio problem, providing an exact solution to
this problem in the absence of jumps and an approximated solution in the presence
of co-jumps. Furthermore the authors show that the optimal policies are dynamic,
consistently with the well-known Markowitz economic intuition, along with the op-
timal weights should be proportional to the instantaneous co-precision.
So far we have assumed an incomplete market setting. To complete the market,
we enrich the setting with a suitable number of financial securities susceptible to
the whole range of risk components. The natural choice is to include derivative
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contracts on the underlying portfolio equity. Among the numerous references, we
first focus on Liu and Pan [2003], who studied the impact of options on wealth allo-
cation in a stochastic volatility framework, considering only jumps in price. In this
setting, the agent is interested in investing not only in stock and riskless bonds but
also in derivatives. More specifically the derivatives involved must provide different
exposures to the fundamental risk factors characterizing the economy. The opti-
mal exposures to the risk factors, do not depend on instantaneous volatility. The
authors showed as derivatives extend the risk and return tradeoffs associated with
stochastic volatility and price jumps. In particular, they illustrated two significant
examples. In the first one, they focused on the role of derivatives as a vehicle for
volatility risk and, as a result the optimal portfolio weight in derivative security
depends explicitly on the sensitivity of the derivative to volatility. The second ex-
ample concerns the role of derivatives to disentangle jump risk from diffusive risk.
Branger et al. [2007] extended the Liu and Pan [2003] framework by adding discon-
tinuities in the stochastic process that governs volatility. The authors showed that
the demand for jump risk includes a hedging component which is not present in the
models without volatility jump, being the main difference with the previous setting.
Moreover, the authors showed how the volatility jump magnitude has a significant
impact on the optimal portfolio. They analyzed the distribution of terminal wealth
for an investor who uses the wrong model by ignoring volatility jumps or including
wrong estimates of such jumps.
Within the aforementioned strand of the literature a CRRA-type utility function is
assumed, with a specific focus on the power utility for the investor’s preferences.
As an alternative, another strand of the extant literature has focused on the so called
Epstein-Zin preferences, to include the effect of both risk aversion and separate EIS
from the coefficient of relative risk aversion. As it is well known, power utility
functions restrict risk aversion to be the reciprocal of the elasticity of intertemporal
substitution, and such a constraint does not reflect the empirical evidence according
to which the two parameters have very different effects on optimal consumption and
portfolio choice, as highlighted in Chacko and Viceira [2005]. The latter examine
the optimal consumption and portfolio-choice problem of long-horizon investors in
an incomplete market setting, by first introducing the precision process, intended
as the inverse of volatility, to obtain dynamic optimal portfolio rules. The authors
consider recursive utility over consumption and derive an analytic expression for the
optimal consumption and portfolio policies. The latter are exact when an investor
has unit elasticity of intertemporal substitution of consumption, and approximate
otherwise.
Since standard verification results are not applicable (Duffie and Epstein [1992]),
due to the non-Lipschitzianity of Epstein-Zin preferences, Kraft et al. [2013] pro-
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vided a suitable verification theorem for the associated HJB equation. This paper
contributes to providing new explicit solutions to the HJB equation with recursive
utility for a non-unit EIS. Those results represent the first explicit benchmark for
the Cambell-Shiller approximation, used by Chacko and Viceira [2005] in their ap-
proximation. Kraft et al. [2016] extended their previous work and provided the
existence and uniqueness of solutions of HJB equation by exploiting fixed point ar-
guments, and developed a fast and accurate numerical method for computing both
indirect utility and optimal strategies.
In a complete market setting, we refer to Hsuku [2007], where a recursive utility
function defined on intermediate consumption is maximized, to reflect the realistic
behavior of an investor who saves money for the future. The results obtained in
Hsuku [2007] further show that optimal consumption–wealth ratio is a function of
stochastic volatility when the elasticity of intertemporal substitution of consunption
is different from 1. In particular, it is an increasing function for investors whose
EIS is smaller than one, while it is a decreasing function for investors whose EIS
is larger than one. Finally, the analyses confirm the conclusions of Liu and Pan
[2003] in the case of the power utility, regarding the role of derivatives: derivative
securities are a significant tool for expanding investors’ dimension of risk-and-return
tradeoffs, being a vehicle for the additional risk factor of stochastic volatility in the
stock market.
On the other hand, realistic portfolio choices should reflect the peculiarities of finan-
cial markets and agents trading therein. First, portfolio choices should strongly ac-
count for the investors’ embedded qualities, such as the corresponding risk aversion
level. Although such an approach is intuitively correct and extremely well-supported
by empirical evidence, at a deeper look it turns out to be rather curtailing, because
of the exclusion of the investor’s level of confidence in the modeling used. More
precisely, the possibility of incorrect investment strategies has so far been ruled out,
since the probability distribution underneath the model is incorrect. The role played
by such uncertainty towards the model is widely documented in the literature, in
terms of the so-called Ellsberg paradox, see e.g. Ellsberg [1961].

Thus, in the realm of optimal dynamic portfolio allocation, the challenge of including
and managing both the risk component and the uncertainty factor has become
popular.

The literature refers to two main ways of describing the behavior of the economic
agents in the presence of model uncertainty, namely the multiple priors (MP) ap-
proach and the robust control problem (RC) approach, see e.g. Hansen and Sargent
[2001], Hansen et al. [2006] and Epstein and Schneider [2003]. The MP approach
has been launched for the first time in Gilboa and Schmeidler [1989], and is based
on considering a max-min expected utility with multiple priors. On the contrary,
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the RC approach dates back to Anderson et al. [2003] and consists in identifying
a reference model and a range of alternative models, the latter being difficult to
distinguish from the reference one. The distance between reference and alternative
models is measured in terms of relative entropy. Starting from the seminal paper by
Anderson et al. [2003], the literature has produced tons of contributions: without
claiming to be exhaustive, we mention Maenhout [2004], who apply robust control
techniques to a Merton model for an investor with recursive preferences. Such a
framework has been extended by Liu [2010], assuming mean-reverting dynamics for
the expected return of the risky asset. Xu et al. [2011] investigate the implications
of model uncertainty for the equity premium in a stochastic volatility model. Simi-
larly, Faria and Correia-da Silva [2016] extend the Chacko and Viceira [2005] model
by incorporating ambiguity with a different methodology of robust optimal control,
considering either constraints preferences, where a constraint on the magnitude of
perturbations is allowed for the reference model, or multiplier preferences, where
deviations from the reference model are constructed by penalizing larger deviations
more than smaller ones.
It is worth mentioning Aït-Sahalia and Matthys [2019] in the presence of disconti-
nuities in all process dynamics, the author consider the consumption and optimal
policies problem by allowing the incorrect specification for drift, jump intensity,
and jump amplitude. Interestingly, the literature offers a large number of contribu-
tions dealing with robust control problems in complete markets, without including
consumption. To name but a few, we mention Branger and Larsen [2013] and
Escobar et al. [2015], where investors are ambiguous to both diffusive and jump
risks, or diffusive and volatility risks, respectively. In particular, Escobar et al.
[2015] determine the optimal portfolio for an ambiguity-averse investor when stock
price follows a stochastic volatility jump-diffusion process, and when the investor
can have different levels of uncertainty about diffusion parts of the stock and its
volatility. The authors illustrate that the optimal exposures to stock and volatility
risks are significantly affected by ambiguity aversion to the corresponding risk fac-
tor only. Moreover, they also show that volatility ambiguity has a smaller impact
in incomplete markets. As an extension, Cheng and Escobar-Anel [2021] consider
an optimal allocation problem with both risk and ambiguity aversion under a 4/2
model. The numerical analysis finds that the wealth-equivalent loss (WEL) deriving
from ignoring uncertainty or market completeness is moderate, while the same met-
rics for investors who follow different models such as Heston or Merton (geometric
Brownian Motion) is quite substantial.
In a multivariate setting, Bergen et al. [2018] solve a multivariate optimization prob-
lem in a complete market setting, for an investor ambiguous to both diffusive and
covariance risk. In a similar context, Jin and Zhang [2012] examined a multi-asset
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model with constant volatility when the price is allowed to jump. Differently from
other authors, such as Das and Uppal [2004] and Ascheberg et al. [2016], who fo-
cused on one type of jump and assumed constant coefficients in their dynamics, Jin
and Zhang [2012] includes multiple types of jumps and a large number of assets and
state variables. The authors also incorporate model uncertainty into the portfolio
choice problem, tackling the problem by focusing on ambiguity aversion to inaccu-
rate estimates of parameters associated with jumps. The theoretical results showed
that ambiguity aversion increases the effect of jumps for a risk-averse investor, thus
the exposure to jumps is smaller in the case of an investor not neutral to ambiguity.
More recently Jin et al. [2021] formulates a portfolio choice problem in a multi-asset
market characterized by ambiguous jumps and constant volatility. In the paper,
therefore, a portfolio choice problem with ambiguity aversion in a continuous-time
incomplete financial market is considered. The authors investigate the impact of tail
risk on portfolio selection. The optimal portfolio is solved in closed form through a
decomposition approach, with two different jump size distributions. They also show
that underestimating tail risk might result in a sizeable wealth loss in the presence
of jump ambiguity. Furthermore, they confirm that ambiguity-averse investors re-
duce more of their jump exposure if the jump distribution exhibits a fatter left tail.
Very recently, Wei et al. [2023] examine the optimal control problem in a complete
market setting by assuming a Bates model for the underlying risky asset, where
investors are ambiguous about diffusive, volatility, and jump risks. Differently from
the extant literature, the authors consider recursive preferences for investors.
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Chapter 2

The model

This chapter describes the investment opportunity setting where the investor can
allocate his wealth. Several crucial factors are involved in defining the investment
choice setting for the investor. Throughout this work, we have made several assump-
tions about the investor’s investment opportunities. We started with an incomplete
market setting in which the investor can choose to invest his wealth between a risk-
free investment and a risky asset. Then, we went on to complete the market by
adding derivative contracts, i.e., complex instruments that give more realism to our
model and carry many implications in the allocative choice of the economic agent,
which we will explain in more detail in later sections. At the same time, we did
not only focus on a univariate setting, so what happens for an investor who has
a risky security at his disposal, but we considered, in some cases, a panel of risky
securities, thus assuming the correlation between each asset that makes up the in-
vestor’s portfolio. In addition, in this chapter, we also describe investor preferences:
we started by considering classical preferences for the agent, such as non-separable
preferences and the classic power utility. Then, we generalize the results obtained
to more complex utility functions that, in a sense, better represent the rational
behaviour of economic agents, as the stochastic differential utility function.
The chapter is organized as follows. Section 2.1 and 2.2 describe the model in the
incomplete market, both in the univariate and multivariate case, respectively. Sec-
tion 2.3 explains how the market is completed. Finally, Section 2.4 illustrates the
different utility functions considered in this work to describe investor preferences.

2.1 Incomplete Market Setting

We consider three stochastic processes M = {M(t)}t ∈ [0,T ], S = {S(t)}t ∈ [0,T ], and
y = {y(t)}t ∈ [0,T ] on a filtered probability space

(
Ω,F , {F(t)}t ∈ [0,T ],P

)
, represent-

ing the risk-free asset, the stock and the state variable, respectively. Regarding the
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latter, we employ the precision process y to describe the market diffusion feature.
We recall that the precision, as introduced in Chacko and Viceira [2005], is defined
as y(t) = 1

v(t) , t ∈ [0, T ], where v(t) specifies the variance process. Such a choice
mainly indicates that herein we will refer to a non-affine model. The model is
described as follows

dM(t)
M(t) = rdt , (2.1)

dS(t)
S(t) = µdt+

√
y(t)−1dB(t) + JdN(t) , (2.2)

dy(t) = k (θ − y(t)) dt+ σ
√
y(t)dB̄(t) + ξ (y(t)) dN(t), (2.3)

where B = {B(t)}t ∈ [0,T ], B̄ = {B̄(t)}t ∈ [0,T ] are two real-valued Wiener processes,
while N = {N(t)}t ∈ [0,T ] is a non-compensated Poisson process with intensity pa-
rameter λ, independent of B. The process B̄ is correlated with the Wiener process
B through

B̄(t) = ρB(t) +
√

1 − ρ2Z(t), t ∈ [0, T ] , (2.4)

being ρ ∈ [−1, 1] the correlation coefficient, and Z = {Z(t)}t ∈ [0,T ] a Wiener process
independent of B and N.

We expect a negative correlation between returns and volatility, which translates in
a positive value for the coefficient ρ when we look at the precision. More precisely,
since the shocks to precision are correlated with the instantaneous return on the
risky asset through (2.4), then we have

ρdt = Corr

(
dy(t), dS(t)

S(t)

)
= −Corr

(
dv(t), dS(t)

S(t)

)
= −ρ̃dt . (2.5)

The stochastic process for precision implies a mean-reverting process for the in-
stantaneous volatility: applying Ito’s Lemma to Equation (2.3), we find that the
volatility follow a mean-reverting, square-root process (namely 3/2 process).
Since

f(y(t)) = 1
y(t) ,

∂f

∂t
= 0, ∂f

∂y(t) = − 1
y(t)2 ,

∂2f

∂y(t)2 = 2
y(t)3

remember the Itô -Doeblin formula for one jump process [Shreve, 2004, p. 483], the
dynamic of the volatility is given by:

dv(t)
v(t) = ∂f

∂t
dt+ ∂f

∂y(t)dy(t)C+1
2
∂2f

∂2y(t) < dyC(t), yC(t) > +f (y(t) + ξ (y(t)) (y(t)))−f (y(t)) .
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So we have:

dv(t)
v(t) = − 1

y(t)2

[
k(θ − y(t))dt+ σ

√
y(t)

(
ρdB(t) +

√
1 − ρ2dZ(t)

)]
+

σ2

y(t)2dt+
( 1
y(t) + ξ (y(t)) − 1

y(t)

)
, (2.6)

with simple algebraic adjustments we obtain

dv(t)
v(t) = kv(θv − v(t))dt− σ

√
v(t)

(
ρdB(t) +

√
1 − ρ2dZ(t)

)
− ξv(t)

1 + ξ (v(t)) v(t) ,

(2.7)

with θv =
(
kθ − σ2)−1 and kv = k

θv
.

The risk-free interest rate r in (2.1) is assumed to be constant, while µ ∈ R+ and
J in (2.2) represent the investor’s expected return and the price-jump amplitude,
respectively.
The diffusive term in (2.2) depends on the precision y(t), for t ∈ [0, T ]. The latter is
described in (2.3), and is characterized by the speed of reversion k > 0, the long-term
mean level θ > 0, and the vol-of-precision σ > 0. Moreover, we introduce a jump
component in (2.3) driven by the same Poisson process N appearing in (2.2), with
a precision-jump amplitude ξ. To ensure the positiveness of the precision process
after a jump, we impose y(t) + ξ > 0, according to Ahn and Thompson [1988].
For more details about the existence of a solution of the jump-diffusion mean-
reverting process (with negative jump amplitude), see Wu et al. [2008], where a
condition is imposed on the parameters (k + λξ > 0) to guarantee the existence of
a solution. In general, ξ and J are random variables with suitable distributions. In
all the thesis we will focus on deterministic jump-amplitudes. Absence of arbitrage
in the market entails the possibility of moving from the physical measure P to the
equivalent martingale measure Q. In particular, the Girsanov theorem ensures that,
for T > 0 and t ∈ [0, T ], there exists a measure Q equivalent to P such that the
processes B(t)Q, Z(t)Q, given by

dB(t)Q = dB(t) + η
√
y(t)dt, (2.8a)

dZ(t)Q = dZ(t) + ν
√
y(t)dt, (2.8b)

are Wiener processes under Q, where

η = µ− r + λQJ, ν = νQ − ρη√
1 − ρ2 , (2.9)
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with νQ ∈ R volatility risk premium. Therefore, the model under the risk-neutral
measure Q ∼ P reads as follows
dS(t)
S(t)−

= rdt+
√
y(t)−1dB(t)Q + JdN(λQ)(t) − λQJdt

dy(t) = kQ(θQ − y(t)−)dt+ σ
√
y(t)−

[
ρdB(t)Q +

√
1 − ρ2dZ(t)Q

]
+ ξ (y(t)) dN(λQ)(t)

,

(2.10)
where kQ = k + σνQ and θQ = kθQ

kQ .

To determine the investor’s optimal policies, we must resort, again the real-world
probability measure P, recalling the equations (2.8a) and (2.8b) we obtain

dS(t)
S(t)−

= (r + η) dt+ J
(
λP − λQ

)
dt+

√
y(t)−1dB(t) + +J(dN(t) − λP)dt

dy(t) = k(θ − y(t)−)dt+ σ
√
y(t)−

[
ρdB(t) +

√
1 − ρ2dZ(t)

]
+ ξ (y(t)) dN(λQ)(t)

.

(2.11)
This model for stock returns and precision (or volatility) can capture the main
stylized empirical facts about the volatility of stock returns, particularly its mean
reversion and negative correlation with stock returns, and is also empirically realistic
in that changes in volatility are more pronounced in periods of high volatility than
in periods of low volatility.

2.2 Multivariate Case

The previous model corresponds to the univariate case in which we have only one
risky asset. Following the work of Oliva and Renò [2018], in a multivariate setting,
let

(
Ω,F , {F(t)}t ∈ [0,T ],P

)
a filtered probability space. Denoting by GLN (R) the

set of invertible matrices in RN×N and by SN (R) (resp., S+
N (R)) the set of the

symmetric matrices (resp., the set of the symmetric and positive definite matrices)
in RN×N .

First consider the process M = {M(t)}t ∈ [0,T ] representing the riskless asset, as in
the univariate case (2.1), such that

dM(t)
M(t) = rdt, t ∈ [0, T ] ,

where r ∈ R is the instantaneous rate of return. We also consider N risky assets
S(t) = (S(t, 1), . . . , S(t,N))′ ∈ RN×1 and assume a multivariate stochastic volatility
model, where we exploit the inverse of the instantaneous variance-covariance matrix
through a Wishart process. Such a state variable is dubbed co-precision. The
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dynamics are given by
dS(t) = diag(S(t))

[
αdt+

√
Y (t)−1dZ(t) + JdN(λ)(t)

]
dY (t) = (ΩΩ′ +KY (t) + Y (t)K ′) dt+

√
Y (t)dZ̄(t)Q+Q′

(
dZ̄(t)

)′√
Y (t)+

ξ(Y (t))dN(λ)(t)

,

(2.12)

for any t ∈ [0, T ]. The dynamics of the risky assets include the square matrix
diag(S(t)), with S(t) in the diagonal and 0 on the off-diagonal elements, the drift
α ∈ RN×1 and the jump amplitude J ∈ RN×1. A vector of Wiener processes Z(t) ∈
RN×1 drives the diffusive part and a non-compensated Poisson process N(λ)(t) with
intensity λ ∈ R describes the discontinuous component.
The Wishart stochastic (co-)precision includes K,Q ∈ RN×N , while Ω ∈ GLN (R)
is such that ΩΩ′ = aQQ′, with a ∈ R and a > N − 1, ensuring that Y (t) is positive
definite and mean-reverting at each time, see e.g. Bru [1991]. The matrix K

represents the speed of the mean-reversion of the co-precision to its mean-reversion
level Ȳ , which satisfies

aQQ′ +KȲ + Ȳ K ′ = 0 .

As highlighted in Oliva and Renò [2018], we expect the matrix K to be negative
semi-definite. The diffusive part of Y (t) is driven by a matrix of Wiener processes
Z̄(t) ∈ RN×N . The Wiener processes are correlated according to

Z(t) = Z̄(t)ρ+
√

1 − ρ′ρZ̃(t) , (2.13)

where ρ ∈ RN×1, Z̃(t) is a Wiener process in RN×1 and the elements of Z̃(t) and
Z̄(t) are all independent among them. Finally, we introduce a jump component
for Y, driven by the same Poisson process appearing in the dynamics of the risky
assets, with a precision-jump amplitude ξ(Y (t)) ∈ SN (R). A constant-precision
jump dimension should be assumed, with

Y + ξ(Y ) ∈ S+
N (R) ,

for all Y ∈ S+
N (R).

2.3 Complete Market Setting

The market described by (2.1) is incomplete and can be completed with a non-
redundant set of instruments any of which is sensitive to the whole range of market
risks. Following Liu and Pan [2003], by non-redundant we mean that the set of
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additional securities considering total price sensitivity, once all the risk factors are
considered, is not the same for any two assets. Effectively, this makes possible to
build portfolios that are sensitive to each of the individual risks across the whole
holding period. In concrete, this is expressed in the framework presented as follows.
We assume that N contingent claims maturing at time T are traded in the market,
and defined in terms of their price at time t ∈ [0, T ], say O(t)(i), i = 1, . . . , N. In
general, the prices of these claims will be a function of both the stock price and the
precision, namely

O(t)(i) = g(i)(S(t), y(t)), i = 1, . . . , N, (2.14)

with g ∈ C2(R,R). As a minimal requirement, assuming the pair (J, ξ) takes value
on a finite set of cardinality K, the number N of the additional assets selected must
be equal to

N = ND +NJ ·K − 1, (2.15)

where ND ≥ 1 and NJ ≥ 1 count the number of Wiener processes driving the
diffusive terms in the dynamics and the number of Poisson processes and of the
random variables describing the jump sizes, respectively. Therefore, together with
the requirement that the spot price and precision discontinuities happen simultane-
ously, the assumption that the jumps take a finite number of values implicates that
jumps can be perfectly hedged, and thus the market we consider can be completed
by adding a finite number of traded derivatives. In our case we have ND = 2 and
NJ = 1 in (2.15), since we have two Brownian components and only one jump-
driving Poisson process for both the asset returns and the stochastic volatility. In
our framework we also assume K = 1, i.e. deterministic known jump size in both
equity and precision.
Furthermore, the N assets selected must be non-redundant, that is, this set must
span the whole risk space without linear dependency of their total risk profiles. The
following definition formalizes this concept.

At any time t ∈ [0, T ], the derivatives represented by O(t)(1), O(t)(2) are said to be
non-redundant if

D(t) := g
(2)
y

O(t)(2)

(
∆g(1)

J O(t)(1) − S(t)g(1)
s

O(t)(1)

)
− g

(1)
y

O(t)(1)

(
∆g(2)

J O(t)(2) − S(t)g(2)
s

O(t)(2)

)
̸= 0 ,

(2.16)
where, for all i = 1, 2,

∆g(i) := g(i)((1 + J)S(t)−, y(t)− + ξ (y(t))) − g(i)(S(t)−, y(t)−) , (2.17a)

and g
(i)
s , g

(i)
y are a shorthand to indicate the first-order partial derivatives w.r.t. S
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and y. In the following, we will extend the same notation both to the first-order
partial derivative of g w.r.t. t and to the the second-order derivatives w.r.t. S and y.
Now using Ito’s Lemma, the dynamics of the i-th derivative security O(i)

t , i = 1, 2,
are

dO(t)(i) =
[
g(t) + rS(t)g(i)

s − λQJS(t)g(i)
s + g(i)

y κQ(θQ − y(t)) + 1
2
g

(i)
ss S(t)2

y(t) + 1
2g

(i)
yyσ

2y(t)

+ g(i)
sy σρS(t)

]
dt+

[
g

(i)
s S(t)√
y(t)

+ g(i)
y σρ

√
y(t)

]
dB(t)Q + g(i)

y σ
√
y(t)

√
1 − ρ2dZ(t)Q

+ ∆g(i)dN(λQ)(t), t ∈ [0, T ]. (2.18)

The drift in (2.18) is part of the following valuation equation for jump-diffusion models

gt + rS(t)g(i)
s − λQJS(t)g(i)

s + g(i)
y κQ(θQ − y(t)) + 1

2

(
g

(i)
ss S(t)2

y(t) + g(i)
yyS(t)2y(t) + 2g(i)

sy σρ

S(t)
)

+ ∆g(i)λQ = rg , (2.19)

so that we obtain the following martingale dynamics for O(i)(t), i = 1, 2,

dO(t)(i)

O(t)(i) =rdt+
[

g
(i)
s

O(t)(i)S(t) + σρ
g

(i)
y

O(t)(i) y(t)
]√

y(t)−1dB(t)Q + σ
√

1 − ρ2 g
(i)
y

O(t)(i)

√
y(t)

dZ(t)Q + ∆g(i)

O(t)(i)

(
dN(λQ)(t) − λQdt

)
, t ∈ [0, T ] . (2.20)

2.4 The investor preferences

An investor chooses among different strategies based on his/her preferences, and this is done
in terms of utility function, according to the expected utility criterion, see e.g. Von Neuman
and Morgenstern [1947].
If we assume that an investor compares random returns whose probability distributions are
known on a probability space (Ω,F ,P), we denote by ≻ the preference order that satisfies
the Von-Neumann Morgenstern criterion, so that

X1 ≻ X2 ⇐⇒ E[U(X1)] > E[U(X2)], (2.21)

where X1, X2 are random variables and U is an increasing real-valued function. The choice
of the utility function allows defining the concept of risk aversion and risk premium of the
investor. Among the properties that the utility function must have we recall the concavity
of the utility function. If we have a utility function that satisfies Jensen’s inequality, then
an agent prefers to get the expectation E[X] of this return (with certainty), that is:

U(E[X]) ≥ E[U(X)], (2.22)
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which holds only for concave functions. For a risk-averse agent with concave utility function
U we can define the risk premium associated with a random return X he is willing to pay,
to get a certain gain:

U(E[X] − π) = E[U(X)]. (2.23)

The quantity (E[X] − π) is called certainty equivalent of X, which is smaller than the
expectation of X.
It is easy to obtain the absolute risk aversion at level x, given by:

α(x) = −U ′′(x)
U ′(x) , (2.24)

that is the Arrow-Pratt coefficient of absolute risk aversion of U at level x.
In the context of dynamic programming, the choice of the utility function is very relevant.
The most preferred class of utility functions is given by HARA (Hyperbolic Absolute Risk
Aversion) functions, where the inverse of absolute risk aversion is linear in consumption. We
mention the quadratic, exponential, and isoelastic preferences. The most popular preference
specification is either isoelastic preferences CRRA, or power utility see Hansen and Singleton
[1982]. The power utility has the following specification:

U(x) =

 1
1−γx

1−γ , if x > 0

−∞, if x ≤ 0
, (2.25)

here γ > 0 and the second part of the utility specification impose a non-negative wealth
constraint. The parameter γ plays a crucial role, indeed it is the risk aversion parameter and
summarizes the behavior of the consumer toward risk, but at the same time its reciprocal
is equal to the constant elasticity of intertemporal substitution (EIS) in consumption, and
measures how consumption changes in time. So, only one parameter governs both investor
risk aversion and EIS, and the latter is independent of the level of consumption.
To give rational support to observable investors’ behavior decision-makers might take into
account more complex utility functions, to use a nonlinear aggregator to bring together
present and future utility thus dropping the hypothesis of expected utility.
In this perspective, the literature refers to the so-called stochastic differential utilities (SDU)
introduced by Epstein and Zin [1989], who derive a parametrization of recursive utility in
a discrete-time setting, and generalized by Duffie and Epstein [1992] and Fisher and Gilles
[1999] in a continuous-time setting.
The Duffie and Epstein [1992] parametrization is

J = Et
[∫ ∞

t

f (C(s), J(s)) ds
]
, (2.26)



2.4 The investor preferences 17

where f (C(s), J(s)) is a normalized aggregator of current consumption and utility with the
following form:

f(C, J) = β

1 − 1
ψ

(1 − γ)J

( C

((1 − γ)J)
1

1−γ

)1− 1
ψ

− 1

 , (2.27)

where β > 0 is the rate of time preferences, γ > 0 is the coefficient of relative risk-aversion
and ψ > 0 is the elasticity of intertemporal substitution in consumption. In this setting there
is a separation among preferences parameters, so the degree of risk aversion γ is disentan-
gled from the elasticity of intertemporal substitution of consumption EIS. The Epstein-Zin
preferences can be seen as a generalization of the standard time additive expected utility
function, in that the former collapse to the power utility when the elasticity of intertempo-
ral substitution of consumption EIS equals the reciprocal of the coefficient of relative risk
aversion, so when we set ψ = 1

γ .
When ψ → 1 the normalized aggregator f(Cs, Js) takes the following form

f(C, V ) = β(1 − γ)V
(

ln(C) − 1
1 − γ

ln((1 − γ)V )
)
. (2.28)
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Chapter 3

Dynamic portfolio allocation in
complete markets with
co-jumps and power utility

In the following chapter, we generalise the work of Oliva and Renò [2018] in the complete
market, considering a univariate setting. In particular, we assume a scenario where the
investor has separable preferences: we consider a classical utility function, i.e. power utility,
as specified in Section 2.4. The reference market is complete, and the investor can access
one risky asset, risk-free asset and derivative instruments.
We provide closed-form formulae for the optimal allocation of stocks and derivatives and the
exposures to risk factors governing the market by using dynamic programming techniques
and solving the corresponding Hamilton-Jacobi-Bellman equation. Our main theoretical
result ensures that the optimal investment is genuinely dynamic. Besides, and at odds with
the affine literature, we find that the optimal weights are state-dependent and inversely pro-
portional to the instantaneous volatility, in line with the well-known Markowitz intuition.
We also show that derivatives represent a way to manage the additional sources of risk that
intervene when a stochastic model with co-jumps is used. The optimal exposures to diffu-
sive, volatility and jump risks for long-horizon investors consist of two terms. The first is a
myopic component that guarantees the risk-and-return trade-off à la Merton. The second
one is a hedging component, required by investors who want to exploit the time dependence
of the investment. Such a hedging component is responsible for balancing allocation in
the presence of sudden and unfavourable changes in volatility and returns. Consequently,
derivatives allow the avoidance of any overestimation of diffusive risk. As expected, dif-
fusive and volatility exposures are proportional to the corresponding risk premia and are
inversely proportional to volatility, in contrast with the portfolio allocations provided by
affine models. By calibrating the model on real data, we investigate two particular cases to
highlight the main features of our findings. When assuming no jumps in the dynamics, we
show that: (i) the demand for derivatives is mainly driven by the myopic demand; (ii) as
the stock attractiveness increases, the corresponding allocation swells as well; (iii) when in-
vestors become more risk averse, they reduce their allocation to both stock and derivatives;
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(iv) when the initial volatility raises, the position in derivatives and equities slackens. On
the other hand, when assuming constant volatility, we obtain that jumps in price affect the
overall optimal portfolio allocation since investors take a more significant position in stocks
and derivatives in case of (absolute) jump amplitude reduction. Furthermore, we quantify
the role played by derivatives in portfolio management in terms of Certainty Equivalent
Wealth (CEW).

The chapter is organized as follows. Section 3.1 recalls the model we use and we explicitly
solve the optimization problem. Section 3.2 explain in detail the economic aspects emerging
from our theoretical results. The role of derivatives, both in the presence and absence of
discontinuities in the state variables’ dynamics, is detailed and empirically illustrated in
Section 3.3.

3.1 The dynamic optimal allocation problem and the
optimal policy

We consider three stochastic processes M = {M(t)}t∈ [0,T ], S = {S(t)}t∈ [0,T ], and y =
{y(t)}t∈ [0,T ], whose dynamics are given by (2.1) and (2.10). The market described by
(2.10) is incomplete, hence we include N = 2 contingent claims with underlying S and
maturing at time T, whose price at time t ∈ [0, T ] is given by (2.14). The dynamics of
the i-th derivative security O(i)(t), i = 1, 2, is given by (2.20) and the derivatives choosen
must be satisfying the conditition of non-redundant given by (2.16). We want to maximize
the expected utility from terminal wealth with respect to a power utility, (2.25) without
considering intermediate consumption, as in Liu et al. [2003], Das and Uppal [2004], Oliva
and Renò [2018]. We denote by ϵ(t), ϕ(t), ψ(t)(i), t ∈ [0, T ] the proportion of wealth
invested in the riskless asset, the risky asset and the non-redundant i-th derivative, i = 1, 2,
respectively. Thus, by observing that ϵ(t) + ϕ(t) +

∑2
i=1 ψ(t)(i) = 1, and using the self-

financing property of the optimal portfolio, the dynamics of the wealth process are

dW (t)
W (t)−

= ϵ(t)dM(t)
M(t) + ϕ(t)dS(t)

S(t) +
2∑
i=1

ψ(t)(i) dO(t)(i)

O(t)(i)

= rdt+
[
ϕ(t) +

2∑
i=1

ψ(t)(i)

(
S(t) g

(i)
s

O(t)(i) + σρ
g

(i)
y

O(t)(i) y(t)
)]√

y(t)−1dBQ
t

+ σ

[√
1 − ρ2

2∑
i=1

ψ(t)(i) g
(i)
y

Oi

]√
y(t)dZ(t)Q

+
[
ϕ(t) +

2∑
i=1

ψ(t)(i) ∆g(i)

J O(t)(i)

] (
JdN(λQ)(t) − λQJdt

)
, t ∈ [0, T ] , (3.1)

with initial wealth W0. For any t ∈ [0, T ], we define the risk exposures
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θB(t) := ϕ(t) +
2∑
i=1

ψ(t)(i)

(
S(t) g

(i)
s

O(t)(i) + σρ
g

(i)
y

O(t)(i) y(t)
)
, (3.2a)

θZ(t) := σ
√

1 − ρ2
2∑
i=1

ψ(t)(i) g
(i)
y

O(t)(i) y(t) , (3.2b)

θN (t) := ϕ(t) +
2∑
i=1

ψ(t)(i) ∆g(i)

JO(t)(i) , (3.2c)

so that, thanks to (3.2a), (3.2b) and (3.2c), the wealth Q-dynamics can be written as follows

dW (t) = rW (t)dt+ θB(t)W (t)
√
y(t)−1dB(t)Q + θZ(t)W (t)

√
y(t)−1dZ(t)Q+

θN (t)W (t)−(JdN(λQ)(t) − λQJdt), t ∈ [0, T ] .

Finally, by using (2.8a) and (2.8b), we obtain

dW (t) = W (t)
[
r + θB(t)η + θZ(t)ν − θN (t)λQJ

]
dt+ θB(t)W (t)

√
y(t)−1dB(t)+

θZ(t)W (t)
√
y(t)−1dZ(t) + θN (t)W (t)−JdN(λQ)(t), t ∈ [0, T ] . (3.3)

The investment problem we intend to solve is

V (W, y, t) := max
u(t) ∈ U

E(t)
[
W (T )1−γ

1 − γ

]
, (3.4)

where E(t) = E [·|W (t) = W, y(t) = y] and u(t) =
(
θB(t), θZ(t), θN (t)

)
∈ U with U the set

of admissible strategies. Eq. (3.4) can be solved by using standard dynamic programming
techniques.
To determine the HJB equation associated to the investment problem (3.4), we set

Ṽ (t,W, y, w) := E(t) [U(t,W, y, w)] , (3.5)

where U depends on both the wealth and precision dynamics, as well as on the control
process w. Thus, we write the optimal control problem as follows

V (W, y, t) := max
(u(t))t∈ [0,T ]

Ṽ (t,W, y, w). (3.6)

By exploiting Ito’s Lemma, we have

U(t+ ∆t,W + ∆W, y + ∆y, w) + U(t,W, y, w) = Utdt+ UW dWt + Uydy(t) + 1
2UWW ⟨dW, dW ⟩t

+ 1
2Uyy⟨dy, dy⟩t + +UWy⟨dW, dy⟩t + ∆UdN(λ)(t) , (3.7)

where ∆U := U(t,W, y, w)−U(t−,W, y, w) = U(t,W (1+JθN ), y+ ξ(y), w)−U(t,W, y, w),
Ut = ∂U

∂t , UW = ∂U
∂W , Uy = ∂2U

∂y2 and UWW = ∂2U
∂W 2 . By replacing the budget constraint (3.3)
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and the Q-precision dynamics (2.10) in (3.7), we get

U(t+ ∆t,W + ∆W, y + ∆y, w) − U(t,W, y, w) = Utdt+ UW
[
W
(
r + ηθB(t) + νθZ(t) − λQθN (t)

)
dt

+θB(t)W
√
y−1dBQ + θZ(t)W

√
y−1dZ

]
+ Uy

[
kQ(θQ − y(t))dt+ σ

√
y
(
ρdBQ +

√
1 − ρ2dZQ

)]
+ 1

2UWWW
2
((
ηθB(t)

)2 +
(
θZ(t)

)2)
y−1dt

+ 1
2Uyyσ

2y + +UWyWσ
(
ρθB(t) +

√
1 − ρ2θZ(t)

)
+ ∆UdN(λ)(t) .

(3.8)

Now we use (2.8a) and (2.8b), and evaluate the conditional expectation in (3.8), so that

Ṽ (t+ ∆t,W + ∆W, y + ∆y, w) − Ṽ (t,W, y, w) =
[
Ṽt + ṼWW

(
r + ηθB(t) + νθZ(t) − λQθN (t)

)
+Ṽy

(
kQ(θQ − y)

)
+ σṼyρηy + σṼy

√
1 − ρ2βy

+1
2 ṼWWW

2
((
θB(t)

)2 +
(
θZ(t)

)2)
+1

2 Ṽyyσ
2y + ṼWyWσ

(
ρθB(t) +

√
1 − ρ2θZ(t)

)
+λ
[
Ṽ (t,W (1 + JθN (t)), y + ξ, w) − Ṽ (t,W, y, w)

]]
dt .

(3.9)

The associated Hamilton-Jacobi-Bellman equation (HJB) follows by applying the maximum
over the control process w and evaluating the limit as ∆t goes to zero, and so

0 = max
(u(t))t∈ [0,T ]

{
V (t) + VWW (t)

(
r + θB(t)η + θZ(t)ν − θN (t)λQJ

)
+

Vy

[
kQ(θQ − y(t)) + σ

(
ρη + β

√
1 − ρ2

)]
y(t) + 1

2VWWW (t)2
[(
θB(t)

)2 +
(
θZ(t)

)2]
y(t)−1+

1
2Vyyσ

2y(t) + VWyW (t)σ
[
ρθB(t) +

√
1 − ρ2θZ(t)

]
+λ
[
V
(
(1 + JθN (t))W (t)−, y(t)− + ξ, t

)
− V (W (t)−, y(t)−, t)

]}
. (3.10)

In the proposed non-affine model with co-jumps the optimal portfolio weights can be ex-
pressed in closed form.

Proposition 3.1.1. Consider the investment problem (3.4) and the associated HJB equa-
tion (3.10). Then, for any t ∈ [0, T ], the value function is

V (W, y, t) = exp{F (T − t)y(t) +G(T − t)}W (t)1−γ

1 − γ
, (3.11)
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where

F (T − t) = ek2(T−t) − 1
2k2 + (k2 + k1)(ek2(T−t) − 1)

δ , (3.12)

G(T − t) = r(1 − γ)(T − t) + 2k
QθQ

σ2 ln
(

2k2e
(k1+k2)(T−t)

2

2k2 + (k1 + k2)(ek2(T−t) − 1)

)

−
∫ (T−t)

0

(
λ− λeF (s)ξ

(
1 + JθN (s)∗)1−γ

+ λQJθN (s)∗
)
ds , (3.13)

with

δ := 1 − γ

γ

(
η2 + β2) , k1 := kQ − σ

γ

(
ρη + ν

√
1 − ρ2

)
, k2 :=

√
k2

1 − δσ2 (3.14)

and (T − t) = τ .
The optimal risk exposures to diffusive B(t), volatility Z(t) and jump risk factors JN(λ)(t)
are

θB(t)∗ =
(
η

γ
+ σρF (τ)

γ

)
y(t) , (3.15a)

θZ(t)∗ =
(
ν

γ
+ σ

√
1 − ρ2F (τ)

γ

)
y(t) , (3.15b)

θN (t)∗ = 1
J

[(
λeF (τ)ξ

λQ

) 1
γ

− 1
]
. (3.15c)

Assume further that there exist non-redundant derivatives traded at time t ≤ T. The optimal
portfolio weights related to the risky asset and the derivative securities in t ≤ T are

ϕ(t)∗ = θB(t)∗ −
2∑

i=1

ψ(t)(i)∗
(
S(t) g

(i)
s

O(t)(i) + σρ
g

(i)
y

O(t)(i) y(t)
)
, (3.16a)

ψ(t)(1)∗
= 1

D(t)

{(
−θB(t)∗ + ρθZ(t)∗√

1 − ρ2

)
g

(2)
y

O(t)(2) +

[
θN (t)∗ g

(2)
y

O(t)(2) −

(
∆g(2)

J O(t)(2) −

S(t) g
(2)
s

O(t)(2)

)
θZ(t)∗

σ
√

1 − ρ2y(t)

]}
, (3.16b)

ψ(t)(2)∗
= − 1

D(t)

{(
−θB(t)∗ + ρθZ(t)∗√

1 − ρ2

)
g

(1)
y

O(t)(1) +

[
θN (t)∗ g

(1)
y

O(t)(1) −

(
∆g(1)

J O(t)(1) −

S(t) g
(1)
s

O(t)(1)

)
θZ(t)∗

σ
√

1 − ρ2y(t)

]}
. (3.16c)

Proof. Assume that the value function is given in (3.11). Thus, setting τ = T − t, the HJB
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equation (3.10) becomes

0 = max
{u(t)}t∈ [0,T ]

{(
−Ḟτy(t) − Ġτ

)
+ (1 − γ)

(
r + θB(t)η + θZ(t)ν − θN (t)λQJ

)
+F (τ)

[
kQ(θQ − y(t)) + σ

(
ρη + ν

√
1 − ρ2

)
y(t)

]
+ 1

2F (τ)2σ2y(t)

−γ(1 − γ)
2

[(
θB(t)

)2 +
(
θZ(t)

)2]
y(t)−1 + (1 − γ)F (τ)σ

[
ρθB(t) +

√
1 − ρ2θZ(t)

]
+λE

[
eF (τ)ξ(y(t)) (1 + JθN (t)

)1−γ − 1
]}

:= φ(u(t)) , (3.17)

with Ḟτ = ∂F (τ)
∂τ and Ġτ = ∂G(τ)

∂τ . Where u(t) = {θ(t)B , θ(t)Z , θ(t)N}. The first order
conditions are given by

∂φ

∂θB
= (1 − γ)η − γ(1 − γ)θB(t)y(t)−1 + (1 − γ)σρF (τ) = 0 ,

∂φ

∂θZ
= (1 − γ)ν − γ(1 − γ)θZ(t)y(t)−1 + (1 − γ)σ

√
1 − ρ2F (τ) = 0 ,

∂φ

∂θN
= −(1 − γ)λQJ + λE

[
(1 − γ)eF (τ)ξ(y(t))J

(
1 + θN (t)J

)−γ] = 0 ,

which imply (3.15a), (3.15b), and (3.15c). Thanks to (3.2) we obtain the portfolio weights
given by (3.16).

By replacing the optimal exposures in the HJB equation (3.17) and with some algebra we
obtain an affine equation in y of the form

(
Ḟτ − F (τ)

[
−kQ + σ

γ

(
ρη + ν

√
1 − ρ2

)]
− F (τ)2 σ

2

2γ + 1 − γ

2γ (η2 + ν2)
)
y(t)+ (3.18)

Ġτ − (1 − γ)r − kQθQF (τ) + (1 − γ)λQJθN (t) − λE
[
eF (τ)ξ (1 + JθN (t)

)1−γ − 1
]

= 0,

and so we have the following system of ODEs w.r.t. F (τ) and G(τ)

 Ḟ (τ) − F (τ)
[
−kQ + σ

γ

(
ρη + ν

√
1 − ρ2

)]
− F (τ)2 σ2

2γ + 1−γ
2γ (η2 + ν2) = 0 ,

Ġ(τ) − (1 − γ)r − kQθQF (τ) + (1 − γ)λQJθN (t) − λE
[
eF (τ)ξ (1 + JθN (t)

)1−γ − 1
]

= 0 ,

(3.19)

with initial conditions F (0) = G(0) = 0. We observe that the ODE for F (τ) in (3.19) is a
Riccati-type equation of the form

Ḟτ = +σ2

2γ F (τ)2 + k̃1F (τ) + δ

2 , (3.20)

where k̃1 = −k1 and δ are defined in (3.14).

We set y(τ) := −
∫ τ

0 F (s)ds, so that F (τ) = − 2
σ2

ẏ(τ)
y(τ) , and Eq. (3.20) can be rewritten as

2γ
σ2 ÿ(τ) − k1

2γ
σ2 ẏ(τ) + δ

2 = 0 . (3.21)
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Eq. (3.21) is a second-order linear ODE, whose solution is of the form

y(τ) = C1e
x1τ + C2e

x2τ , (3.22)

with x1, x2 solutions to the corresponding characteristic equation

2γ
σ2 x

2 − 2γk1

σ2 x+ δ

2 = 0 , (3.23)

and C1, C2 constants to be determined. More precisely, solving Eq. (3.23) we obtain
x = k1±k2

2 , with k2 =
√
k2

1 − δσ2

γ . The boundary condition for F ensures that C2 = −C1
x1
x2
.

Replacing Eq. (3.22) in (3.21), with some algebra we get (3.12). The explicit expression for
G(τ) is obtained by direct integration.

3.1.1 The optimal policy in incomplete market

When derivatives are not included, the investor faces the same investment problem as in
(3.4) and (3.10), with the additional constraint that she cannot invest in the derivatives
market. In this case, to determine the associated HJB equation, we set

V̂ (t,W, y, w) := E(t) [U(t,W, y, w)] , (3.24)

where we want to find

V (t,W, y, w) = max
(π(t))t∈[0,T ]

V̂ (t,W, y, w).

By following the same steps described in (3.8) and (3.9), and assuming that the value
function is given in (3.11), the HJB equation is

0 = max
{π(t)}t∈ [0,T ]

{
− ˙̂
F τy − ˙̂

Gτ + (1 − γ)r + (1 − γ) (η − λ∗J)π(t) + F̂ (τ)kQθQ

− F̂ (τ)kQy + F̂ (τ)σy
(
ηρ+

√
1 − ρ2ν

)
− 1

2γ(1 − γ)1
y
π(t)2+

1
2 F̂

2(τ)σ2y + F̂ (τ)(1 − γ)σwt + λEt
[
eF̂ (τ)ξ(y(t)) (1 + Jπ(t))1−γ − 1

]}
:= φ̂(π(t)). (3.25)

In this case, along the lines of Oliva and Renò [2018], we exploit the approximation

(1 + Jπ(t))1−γ = 1 + (1 − γ)π(t)J + o(π(t)J)2 .

Hence, the jump component in (3.25) can be written as λE
[
eF̂ (τ)ξ(y(t)) (1 + (1 − γ)π(t)J) − 1

]
.

The first order condition is given by

∂φ̂(π(t))
∂π(t) =(1 − γ)(η − λ∗J) − (1 − γ)γπ(t) 1

y(t) + (1 − γ)ρσF̂ (τ) + (1 − γ)λeF̂ (τ)ξ(y(t))J = 0,

(3.26)
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so that

π(t)∗ =
[
η − λ∗J

γ
+ σρF̂ (τ)

γ
+ λeF̂ (τ)ξ

γ

]
y(t) = B̂(t)y(t). (3.27)

By replacing (3.27) in (3.25), and with some algebra, we obtain the following system of
ODEs for F̂ (τ) and Ĝ(τ)


˙̂
F τ− (1 − γ) (η − λ∗J) B̂(t) + F̂ (τ)kQ − F̂ (τ)σ

(
ηρ+

√
1 − ρ2ν

)
+ 1

2γ(1 − γ)B̂(t)2

− 1
2 F̂ (τ)2(τ)σ2 − (1 − γ)σF̂ (τ)B̂(t) − (1 − γ)λeF̂ (τ)ξ(y(t))B̂(t)J = 0

˙̂
Gτ− (1 − γ)r − F̂ (τ)kQθQ − λ

[
eF̂ (τ)ξ(y(t)) − 1

]
= 0

,

(3.28)

with initial conditions F̂ (0) = Ĝ(0) = 0. The ODEs (3.28) are solved numerically.

3.2 Analysis of the optimal allocation

We first note that Proposition 3.1.1 can be both read in terms of (optimal) allocation of
market components, i.e. stocks and derivatives, as well as with regards to the (optimal)
exposure to the sources of risk supporting the wealth dynamics, as in Liu and Pan [2003]
and Branger et al. [2008]. In order to provide additional economic insights to our result, we
first look at the exposures. By inspecting (3.15a) and (3.15b), we distinguish two terms,
which respectively represent the myopic and the inter-temporal hedging components for
optimal allocation. As expected, for θ(t)B∗ the former is proportional to the premium η

for diffusive risk, as it increases when the attractiveness of the stock raises. The same
holds for θ(t)Z∗ : a greater myopic risk exposure to the precision risk is due either to an
increase of the premium demand ν or to a smaller risk aversion γ. Interestingly, our optimal
portfolio exposures corresponding to the diffusive price stock B and the additional precision
risk Z are inversely proportional to instantaneous volatility. This is the crucial difference
with the affine models literature. Specifically, a myopic component proportional to the
inverse of volatility reflects the static mean-variance allocation, reconciling the dynamic
asset framework with Markowitz theory.
Now we investigate the exposure to jump risk given in (3.15c). In this view, we must impose
realistic constraints on the jumps amplitudes. Hence, we require the jump-price magnitude
to be negative, in line with the empirical evidence outlined in the literature, see e.g. Bandi
and Renò [2016] and references therein.
The presence of co-jumps implies the existence of a further measure of potential losses
deriving from such event risk, given by θ(t)N ∗

. A study of the latter as a function of
the precision-jump amplitude ξ(y(t)) exhibits interesting features: first, we observe that
θ(t)N ∗ changes its sign for ξ̄(y(t)) := 1

F (τ) ln
(
λQ

λ

)
, having imposed J < 0. Furthermore,

ξ̄(y(t)) > 0 for F > 0. The study of the derivative sign reveals that θ(t)N ∗ is decreasing
in ξ, if the function F turns out to be negative (i.e., for γ < 1). On the other hand, a
financially significant choice is to take downward precision jumps, in order to guarantee
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upward volatility jumps. Therefore, in our case the jump-risk exposure will always be
positive, and decreases as the precision-jump amplitude increases.
We can rewrite the optimal jump exposure in a slight different form, i.e.

θ(t)N ∗ = 1
J

[(
λ

λQ

) 1
γ

− 1
]

+ 1
J

(
λ

λQ

) 1
γ [
e
ξ(y(t))F (τ)

γ − 1
]
. (3.29)

Eq. (3.29) informs about both myopic and hedging components of the jump exposure. The
former depends on the jump risk premium λ

λQ . We first note that, since we consider negative
jumps in price, the myopic component results to be positive (resp., negative) when λ < λQ

(resp. λ > λQ) when γ > 1. However, the empirical evidence shows that a suitable choice
for the jump-risk premium is λQ = mλ, with m ∈ N, see e.g. Liu and Pan [2003] and
references therein for further details. Thus, it makes sense to assume that λ < λQ.

Moreover, the myopic component vanishes when λ = λQ, namely when there is no risk
premium for jump-timing uncertainty, see e.g. Pan [2002]. In this case, only the hedg-
ing component survives. Concerning the latter, we observe that the presence of co-jumps
impacts on the second term in (3.29). Differently from θ(t)B∗ and θ(t)Z∗

, the co-jump
exposure does not depend on the volatility level.

3.3 The role of derivatives and co-jumps

To test our theoretical results we set the risk-free rate equal to r = 0%, and we calibrate the
model on real data. We perform different calibration procedures to obtain parameters’ esti-
mation under co-jumps, jumps-in-price, and no-jumps models. To obtain the Q-parameters
for the dynamics given in (2.10), we consider 78 CBOE quotes linked to the SPX index,
downloaded from https://www.cboe.com/delayed_quotes/spx/quote_table on Novem-
ber 15, 2021. More precisely, we select 26 different strike prices for options expiring on
January 21, 2022, 14 strike prices for options expiring on February 18, 2022, 24 strike prices
for options expiring on March 18, 2022, and 14 strike prices for options expiring on May
20, 2022. We consider ITM and OTM options with moneyness smaller or equal to ±4%, in
order to have highly liquid options. As a further liquidity constraint, we also look at the
so called Open Interest (INT), the number of long and short open positions. Such a metric
reveals whether money is entering or leaving the market, and can be considered a measure of
market activity. A low INT indicates few open positions. The higher the number, the easier
it is to trade options at a reliable price. For this reason, we select options with INT > 100.
Finally, we rule out the OTM options with shortest maturities, since the corresponding
prices produced by the model are far from the average price (mid price), and therefore they
could alter the estimation procedure, see e.g. Romo and Ortiz-Gracia [2021]. The quality
of the calibration is assessed using the mean absolute error (MAE), i.e. the average of the
absolute value of the difference between prices deriving from the model and market prices of
the options. In terms of MAE there is no difference of the calibration performance between
the model with jumps only in price and joint jumps. However, as we shall see this does not
translate into similar behavior at the optimal allocation level, as jumps in volatility have
an important impact on optimal allocation.



28
3. Dynamic portfolio allocation in complete markets with co-jumps and power

utility

θQ kQ σ ρ λQ J ξ MAE

Co-Jumps 205.0658 1.7184 10.4945 0.6207 0.4922 -0.1997 -0.1462 0.44%
Jumps-in-Price 228.4186 1.4183 11.9137 0.6184 0.4922 -0.1985 – 0.44%

No Jumps 98.2938 0.2129 9.7254 0.2196 – – – 4%

Table 3.1. Parameters estimates for the co-jumps, jump-in-price, and no-jumps models.
The initial volatility (v0) is equal to 9.6% for both the co-jumps and the jump-in-price
models, and is equal to 13.16% for the no-jumps model. The jump intensity under the
physical measure P is λ = 0.2.

By using the parameters obtained through the calibration procedure previously introduced,
we first evaluate the optimal exposures for the model proposed, compared to the models
with only jumps in price and without jumps, for two different values of the risk aversion
parameter (γ = 0.5 to indicate low risk averse investor and γ = 3 to refer to risk averse
investors). The results are shown in Fig. 3.1.
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Figure 3.1. Optimal exposures for co-jumps, jumps-in price and no-jumps models for risk
loving (γ = 0.5, left chart) and risk averse (γ = 3, right chart) investors. The investment
maturity is 1 year, the diffusive and volatility risk premia are η = −8.51%, ν = −5.05%
for the co-jumps model, η = −8.45%, ν = −7.90% for the jumps-in-price model, and η =
0.84%, ν = −27.14% for the no-jumps model, respectively. The remaining parameters’
estimates are provided in Table 3.1.

When we exclude jumps, the primary source of uncertainty is the stochastic volatility, ex-
pressed in terms of its inverse. The latter decreases its impact if we allow stock prices to
jump since the total uncertainty will be shared over the remaining components. Volatility
risk reduces when the model includes co-jumps, exhibiting a subsequent increase in the
(joint) jump risk exposure. We also observe how adding jumps in precision, without chang-
ing the number of risk sources, results in a reduction of aggregate risk if γ > 1 (and an
increase if γ < 1). In addition, the exposure to jump risk is greater than zero, in line with
the theoretical results provided in Section 3.2. In our case, θN∗ is decreasing in ξ(y(t)),
having assumed η, ν < 0, hence the exposure to jump risk is greater in the model with only
jumps in price, suggesting that volatility jumps are an important driver of event risk.
According to the discussion provided in Section 2, the market is complete with two non-
redundant derivatives, so we include in the market two European options, namely a 3-month
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5%-OTM call, and a 3-month 5%-ITM call.

According to Branger et al. [2008], for very short maturities, the exposures reflect pre-
dominantly myopic demand and they are highly sensitive to changes in risk premia. From
(3.15a), (3.15b) and (3.15c) we deduce that the exposures inherit the analytical properties
of the function F. In particular, for γ > 1, F is decreasing and convex, while F is increasing
and concave for 0 < γ < 1. Hence, by considering the parameter set given in Table 3.1 and
assuming γ > 1, we conclude that the exposures are decreasing and convex as functions of
T and have horizontal asymptotes when we consider large maturities. The asymptote is
attained at T = 2. Such a behaviour is shown in the bottom-left chart of Fig. 3.2, which
provides the optimal portfolio weights evaluated at t = 0, as functions of the time horizon
T. To better understand the impact of the risk premia on the portfolio weights, we perform
a sensitivity analysis w.r.t. η, ν, and λQ

λ . The results are summarized in Fig. (3.2). The
top-left chart shows the optimal portfolio allocation in a complete market as a function of
the diffusive risk premium η. As expected, as the risk premium raises, the attractiveness of
the underlying security increases as well, resulting in a larger allocation in the stock. The
diffusive risk premium also affects the derivatives investment: the higher the shareholders’
remuneration for the risk underneath, the larger the derivative investment. As a conse-
quence, we obtain a long position in the 5%-ITM call and a short position in the 5%-OTM
call option. When investors act non-myopically (η = 0), the total wealth invested in DER1
(i.e., the 5%-ITM call option) and in DER2 (i.e., the 5%-OTM call option) is 5% and -20%,
respectively. For η = 0.1, the total wealth invested in DER1 (resp., DER2) is slightly more
than 8% (resp., about -27%). For η = −0.1, the positions of the two derivatives do not
change and the total wealth invested in DER1 (resp., DER2) is about 2% (resp., about
-16%).

The top-right chart in Fig. 3.2 shows the optimal portfolio allocation in stock and derivatives
as a function of the precision risk premium ν. We assume a risk-averse coefficient equal to
γ = 3 for a 1-year investment. Consistently with Liu and Pan [2003], when the precision-risk
premium is equal to zero, the non-myopic demand for DER1 (i.e., the 5%-ITM call option)
and DER2 (i.e., the 5%-OTM call option) are less than 1% and -12% of the total wealth,
respectively. When we consider more conservative values for the volatility-risk premium,
namely we set ν = −0.5, we witness an increasing investment in derivatives in absolute
value, with the optimal allocation in DER1 (resp., DER2) equal to roughly 20% (resp.,
-67%) of the total wealth.

The bottom-right chart in Fig. 3.2 shows the optimal portfolio weights as a function of the
jump risk premium λQ/λ, when λ is allowed to vary. We note that, while the ITM call
option allocation remains almost unchanged (going from 2.1% when the jump frequency is
2 years to 2.8% when the jump frequency is 10 years), the OTM call option suffers more
from the jump risk to the extent that the disinvestment is more than tripled. The greatest
impact of the jump risk is associated with the investment in the stock, for which the change
is about 200% when the jump frequency goes from 2 to 10 years.
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Figure 3.2. Optimal portfolio allocation as function of the diffusive risk-premium η,
volatility risk premium ν, intensity of jump λ, and time horizon, respectively. The risk
aversion coefficient is set equal to γ = 3, the risk-free interest rate is fix to r = 0. The
investment maturity is 1 year. The remaining parameters estimates are provided in
Table 3.1.

3.3.1 Optimal allocation with derivatives and no jumps

Turning to the optimal allocation given in (3.16), in order to better illustrate the formulae,
we analyze a couple of special cases. First, we assume that no jumps occur, i.e. we set
λ = ξ = J = 0 in (2.10). Hence, only one non-redundant derivative is needed. Setting
τ = T − t, the optimal allocation for t ∈ [0, T ] is

ψ(t)∗ =
(

ν

σγ
√

1 − ρ2
+ F (τ)

γ

)
O(t)
gy

, (3.30a)

ϕ(t)∗ =
(
η

γ
− νρ

γ
√

1 − ρ2

)
y(t) − ψ(t)∗

S(t) gs
O(t) . (3.30b)

Recalling that y(t) = 1
v(t) for all t ∈ [0, T ], we get gy = − gv

y(t)2 , so that the optimal
derivative allocation becomes

ψ(t)∗ = − 1
σ
√

1 − ρ2

(
ν

γ
+ F (τ)

γ

)
O(t)
gv

y(t)2 . (3.31)

Inspecting (3.31), we can detect some interesting features. First, we observe that the
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demand for derivatives is driven by two components, associated with two corresponding
economic determinants of the investors behavior. The first one is the ratio between ν and
γ, and defines the myopic demand of derivatives: investors are interested in taking positions
in those contracts that ensure the hedging of volatility risk. The second one illustrates the
surviving demand for derivatives when ν = 0. Moreover, the percentage of wealth to be
invested in the derivative is inversely proportional to gv

O(t) . As pointed out in Liu and Pan
[2003], such a quantity measures the volatility exposure for each unit of currency invested in
the derivative. Our result confirms that the more volatility exposure provided, the smaller
(in absolute value) the proportion of wealth to be invested. We observe two main differences
with the extant affine literature: first, for investors with ν < 0 and γ > 1, we witness
an inversion in the derivatives holding, in that investors must either go long or short on
derivatives with positive or negative volatility exposure gv, respectively. More importantly,
the optimal weight results to be inversely proportional to v(t)2, i.e. the quarticity. As
discussed in Carr and Wu [2009], Christensen et al. [2014], Barndorff-Nielsen and Veraart
[2012], the latter captures the fluctuations of the returns’ variance, making it possible, to
some extent, to disentangle volatility and jumps contributions in price changes. As the
quarticity increases, the volatility trade-off becomes less attractive for investors, as there
is more uncertainty in the market; this leads to a reduction in the derivative position (in
absolute value). Therefore, investors are more exposed to diffusive volatility risk under
unstable market conditions, implying a lower derivative allocation.

By replacing (3.31) in (3.30a), the risky asset allocation becomes

ϕ(t)∗ =
(
η

γ
− νρ

γ
√

1 − ρ2

)
y(t) +

(
ν

σγ
√

1 − ρ2
+ F (τ)

γ

)
S(t)gs
gv

y(t)2 . (3.32)

When no jumps occur the market can be completed by introducing one non-redundant
derivative in the market. For numerical illustration purposes, we select a 3-month 5%-
OTM European call option. To illustrate some traits of optimal allocation in such a special
case, we carry out a sensitivity analysis with respect to changes in the parameters involved
in (3.30a) and (3.32), namely the risk premia, the investor’s risk attitude, and the initial
level of volatility.

In the top-left panel of Fig. 3.3 the optimal weights are represented as a function of the
precision risk premium ν. We first highlight that when β = 0 the demand for the derivative is
negligible, in particular equal to 0.0018% of the total amount of wealth for an investor with a
risk aversion coefficient γ = 3 over a time horizon of 1 year. This means that the demand for
derivatives is mainly driven by its myopic component; instead using ν = −0.4 the optimal
derivative weight increases up to 5.22% for the same investor. In the top-right panel we
represent the optimal weights as a function of diffusion risk premium η. If we increase the
diffusive risk premium in absolute value, the attractiveness of the stock increases as well,
so the investment in the risky asset will raise. The bottom-left panel shows the optimal
weights as a function of the initial volatility level; as the volatility increases the investor
will allocate less (in absolute value) in the risky asset, since the optimal weight in the risky
asset is inversely proportional to the instantaneous volatility. In stable markets the investor
goes very short in equities and allocates little in the derivative. When the market becomes
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Figure 3.3. Optimal portfolio allocation for the no-jump case. The optimal weights ψ
(derivative) and ϕ (stock) are represented on the y-axis. The risk aversion coefficient
is set equal to γ = 3, the risk-free interest rate is fix to r = 0 and the time horizon
is T = 1. The diffusive and volatility risk premia are η = 0.84%, ν = −27.14%. The
remaining parameters’ estimates are provided in Table 3.1.

more turbulent, the situation changes with regard to the allocation in risky stocks, while
we observe almost no impact on the demand for the derivative. The bottom-right panel
shows the optimal weights as a function of the risk aversion coefficient: as expected, more
risk-tolerant investors adopt riskier strategies. More precisely, we notice that the investor’s
risk aversion (when γ > 1) weakly affects the derivative demand, but increasingly pushes
the investor towards the risky security, while maintaining a short position.

3.3.2 Optimal allocation with derivatives and constant volatility

In an economy with jump risk but no volatility risk, i.e. when assuming σ = ξ = 0 and
y(t) = ȳ ∈ R+, for all t ∈ [0, T ], we also are in a circumstance where one derivative is
enough to make the market complete. The optimal weights are given by

ψ(t)∗ = 1
J

(
λ
λQ

) 1
γ −

(
1 + ηJ

γ ȳ
)

∆g
JO(t) − S(t)gs

Ot

, (3.33a)

ϕ(t)∗ = η

γ
ȳ − ψ(t)∗S(t)gs

O(t) . (3.33b)
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Looking at (3.33a), we observe that the optimal allocation in the derivative is inversely
proportional to ∆g

JO(t) − S(t)gs
O(t) . The latter represents the way to disentangle the diffusive

price risk (represented by gs) from the jump risk (described through ∆g). Therefore, the
more the derivative allows to separate the two risks mentioned above, the lower the portion
of wealth to be invested in the derivative. On the other hand, such a financial tool also
affects the numerator of (3.33a) in terms of risk premia. If the investor feels it is indifferent
to focus on a specific risk factor, then

λ

λQ
=
(

1 + ηJ

γ
ȳ

)−γ

. (3.34)

In this case, the allocation vanishes, i.e. ψ(t)∗ = 0. However, the empirical evidence shows
that λ

λQ is greater than the right-hand side of (3.34), see e.g. Liu and Pan [2003] and
references therein. This implies that the jump risk is prevailing. Finally, it is worth high-
lighting that, unlike the affine case discussed in Liu and Pan [2003], the myopic component
of both ψ(t)∗ and ϕ(t)∗ depend on the (constant) level of volatility selected, according to
an inverse-proportion relationship.
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Figure 3.4. Optimal portfolio allocation as a function of the price-jump size, diffusive risk
premium and jump intensity under the physical measure P, respectively. The investment
maturity is 1 year, the risk aversion parameter is γ = 3, the diffusive risk premium is
η = −8.45. The remaining parameters’ estimates are provided in Table 3.1.

The top-left chart in Fig. 3.4 shows the stock and derivative (5%-OTM European call
option) allocation as a function of the diffusive risk premium η. As the latter increases, the
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attractiveness of the stock intensifies. The allocation in the derivative is also influenced
by changes in η, albeit to a lesser degree: for negative values of η a short position on the
derivative is shown, as the investor is not remunerated for taking the risk on.
The top-right chart in Fig. 3.4 shows the optimal portfolio allocation as a function of the
jump risk premium λQ

λ . As λ decreases, the allocation in the stock grows, as a result of a
larger stock premium. This also affects the call option, albeit in a not very significant way:
the derivative takes a short position and the short position increases for higher values of the
jump risk premium. If we kept the equity premium constant, we would obtain an increase in
the jump risk premium, resulting in a larger allocation of derivatives (in absolute value) and
a smaller attractiveness of the stock (as a result of the switch between the attractiveness of
the stock and derivatives), according to Liu and Pan [2003].
The bottom chart in Fig. 3.4 better clarifies the impact of jumps in price in this special case.
As expected, a jump in price reduces the optimal portfolio allocation: when the amplitude
of the jump reduces (in absolute value), the investor tends to to increase their position
in both stock and derivative (in absolute value), as a consequence of the reduction of the
exposure to a jump risk-event.

3.3.3 The impact of derivatives in portfolio allocation

To assess the effect of derivatives in an optimal allocation strategy, we resort to the so called
certainty-equivalent wealth W, that is, a metric used to evaluate the portfolio improvement
of an investor, as explained in Branger et al. [2008]. Given the initial wealth W0 and the
initial precision y0, the investment problem (3.4) and the value function (3.11) ensure that
there exists a value W of the investor’s wealth such that

W1−γ

1 − γ
= W 1−γ

0
1 − γ

exp{F (T )y0 +G(T )} ,

when derivatives are included in the market. This implies

W = W0 exp
{
F (T )y0 +G(T )

1 − γ

}
, (3.35)

where F (T ), G(T ) are given in (3.12) and (3.13), respectively. At the same time, we exclude
derivatives from the investment, mimicking the behaviour of investors who do not believe
in the protecting role of such financial contracts. Hence, we evaluate

Ŵ = Ŵ0 exp
{
F̂ (T )y0 + Ĝ(T )

1 − γ

}
, (3.36)

where F̂ (T ), Ĝ(T ) are the solutions to the ODEs for the investment problem without consid-
ering derivatives, see Section 3.1.1 for details. Finally, we define the portfolio improvement
as

RW := log
(

W
Ŵ

)
= 1

1 − γ

[
(F (T ) − F̂ (T ))y0 + (G(T ) + Ĝ(T ))

]
. (3.37)

The portfolio improvement obtained by introducing derivatives is evaluated as a function
of the risk aversion parameter γ, in both cases of γ < 1 and γ > 1. By inspecting Fig. 3.5,
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Figure 3.5. Portfolio improvement RW as a function of γ, for low risk averse (left chart)
and risk averse (right chart) investors. The investment horizon is 1 year, the risk-free
rate is fixed to r = 0%. The diffusive and volatility risk premia are η = −8.51%, ν =
−5.05%. The remaining parameter estimates are provided in Table 3.1.

we note that the presence of derivatives always implies a portfolio improvement, regardless
of the investor’s aggressiveness.
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Chapter 4

Dynamic portfolio allocation
with co-jumps and recursive
preferences in portfolio choices

In this chapter, we solve the optimal allocation problem by assuming that the investor has
recursive preferences. First, we consider an incomplete market in which the investor has
access to a risk-free asset and a panel of risky assets (multivariate case). Second, we focus
on a particular case in which the investor can only invest in one risky asset (univariate
case). Third, we complete the market by allowing economic agents to invest in derivative
contracts. The main goal is to quantify the impact of jumps on optimal consumption, as
well as on the proportion of wealth invested in the risky asset (and then in derivatives)
within the non-separable preferences framework. Our theoretical results are obtained by
exploiting classical dynamic programming techniques. We further analyse the economic
implications of our theoretical results, taking into account the investors’ characteristics: to
do this, we perform a two-step calibration procedure, by using hedge fund data. We first
show that both frequency and intensity of co-jumps play a crucial role, serving as a further
hedging tool. In details for the incomplete market setting, we find out that: (i) infrequent
jumps mainly influence the risky allocation, (ii) the impact of the precision-jump size is less
relevant than the price ones, although it is not negligible, (iii) the most significant effect
on optimal allocation is due to frequent and large jumps in price, instead of rare jumps of
the same magnitude, and (iv) the presence of co-jumps increases the consumption-wealth
ratio for investors who are extremely willing to substitute consumption over time, hence the
larger the investor’s propensity to save, the stronger this growth is. Finally, we measure the
performances of the optimal rules through a suitable economic metric, namely the Wealth
Equivalent Loss (WEL). Our findings show that investors who do not believe in the need
to incorporate co-jumps can suffer significant losses in their investments. We highlight how
the main evidence found for the incomplete market continues to apply when we complete
the market by investing in derivative contracts. In the latter case, we show how ignoring the
presence of co-jumps has an even more significant impact on the economic agent’s wealth
loss.
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Furthermore, as the results proposed in this chapter provide analytical but approximate
solutions, we also measure the effect of such an approximation on possible investment losses.
We have performed a numerical study on real data in some particular cases where it is
possible to solve the problem without using any approximation; our findings guarantee that
the proposed strategy is comparable to the true one, making our proposal reliable even in
the most general case.
The Chapter is organized as follows. In the Sections 4.1, 4.2 and 4.3, we describe our model,
the investment problem we intend to solve and the main theoretical results respectively, for
the multivariate, univariate and univariate cases in which we complete the market. In
Section 4.4 we provide some numerical experiments on real data to show how the presence
of co-jumps might affect the investment choice. In Section 4.5 we measure the reliability of
approximate solutions of the optimal allocation and consumption problem.

4.1 Multivariate case

Let
(
Ω,F , {Ft}t∈ [0,T ],P

)
a filtered probability space.

In this chapter, consider the model defined in section (2.2). We assume that the investor’s
wealth W = {W (t)}t∈ [0,T ] is apportioned among the risk-free asset M and the stock S,

also considering the related consumption C = {C(t)}t∈ [0,T ], so that we have

dW (t)
W (t) = ϵ(t)′ dM(t)

M(t) + π(t)′ dS(t)
S(t) − C(t)

W (t) , (4.1)

where π(t) ∈ RN×1 is the vector of wealth invested in the risky assets at time t. We define
by 1 the N × 1 vector of ones, so that the proportion of wealth invested in the riskless asset
is given by ϵ(t)′ = 1 − π(t)′1. Replacing the dynamics (2.12) in (4.1), we get the following
budget constraint

dW (t)
W (t) = [r + π(t)′(α− r1)W (t) − C(t)] dt+ π(t)′

√
Y (t)−1dZ(t) + π(t)′JdN(λ)(t) .

(4.2)

Following Chacko and Viceira [2005], we consider a SDU function given in (2.27), namely
a Duffie-Epstein recursive utility function, see e.g. Duffie and Epstein [1992], to describe
investors’ preferences.
The investment problem to be solved is

V (t,W, y) = max
{π(t),C(t)}

E
[∫ +∞

t

f(C(s), V (s))ds
∣∣∣∣Ft] , (4.3)

with (4.1) as intertemporal budget constraint. Eq. (2.27) depends on three parameters,
namely the rate of time preference β, the elasticity of intertemporal substitution of con-
sumption (EIS) ψ, and the risk-aversion parameter γ.
To find a solution to the intertemporal optimization problem (4.3) we use standard dynamic
programming techniques, so that we consider the associated Hamilton-Jacobi-Bellman equa-



4.1 Multivariate case 39

tion (HJB, from now on), given by

0 = max
π(t),C(t)

{
f(C, V ) + ∂V

∂t
+ ∂V

∂W
(π(t)′(α− r1) + r)W (t) − C(t) ∂V

∂W
+

Tr [(ΩΩ′ +KY (t) + Y (t)K ′) ∇V ] + 1
2W

2
t π(t)′Y (t)−1π(t) ∂

2V

∂W 2 +
(

2π(t)∇Q′ρ
∂V

∂W

)
W (t)+

1
2Tr(4Y (t)∇Q′Q∇)V + λE [V (W (t) + π(t)′JW (t), Y (t) + ξ(Y (t))) − V (W (t), Y (t))]

}
,

(4.4)

where ∇ :=
(

∂
∂Yi,j

)
i≤1,j≤N

, and the expectation in the last term of (4.4) is over the jump
sizes. It is worth noting that, since we are considering constant values for J and ξ, in what
follows the expectation in (4.4) will be unnecessary. The HJB equation is non-linear due
to the aggregator f and the jump component. Besides, the non-linearity mentioned earlier
implies the absence of an analytical solution, apart from some particular cases, see Chacko
and Viceira [2005] for further details. Therefore, since we would like to carry our analyses
on while remaining as general as possible, we propose a methodology for determining an
analytical but approximate solution. To achieve this, we impose two restraints. Concerning
the aggregator f, we proceed according to the approach proposed in Chacko and Viceira
[2005], where the consumption-wealth ratio is approximated using an appropriate log-linear
expansion around the unconditional mean c− w := E

[
C(t)
W (t)

]
, see Judd [1998] for further

details. Concerning the jump component, we exploit a first-order Taylor expansion around
Jπt = 0, so that

(1 + Jπ(t))1−γ = 1 + (1 − γ)Jπ(t) + o
(
J2π(t)2) , (4.5)

and ignore the term o
(
J2π(t)2) , see Oliva and Renò [2018] for an in-depth analysis. We

show the reliability of such approximations in Section 4.5. We set H = 1−γ
1−ψ and guess that

the solution to (4.4) is of the form

V (t,W, y) = exp {−H (Tr(F (t)Y (t)) +G(t))} W (t)1−γ

1 − γ
, (4.6)

where the matrix function F (t) ∈ SN and the function G ∈ R have to be identified.
Now, we are ready to prove the following

Proposition 4.1.1. Consider the investment problem (4.3) with ψ ̸= 1 and the associated
HJB equation (4.4). Then, for t ∈ [0, T ], the value function is given in (4.6), while the
optimal consumption and portfolio rules are given by

C(t)
W (t) = βψ exp {− (Tr(F (t)Y (t)) +G(t))} , (4.7)

π(t) = Y (t)
(

(α− r1)
γ

+ 2HF (t)Q′(−ρ)
γ

+ λJe−HTr(F (t)ξ(Y (t)))

γ

)
=: Y (t)B(t) , (4.8)
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where B(t) ∈ RN×1 and F ∈ SN , G ∈ R satisfying the following system of ODEs
Ḟt = h1F (t) + (1 − ψ)(α− r1)B(t)′ − F (t)K − F (t)K ′ − γ(1−γ)

2H B(t)B(t)′

−2(1 − γ)F (t)Q′ρB(t)′ − 2F (t)Q′QF (t) + λ (1−γ)
H e−HTr(F (t)ξ)JB(t)′, FT = 0

Ġt = −h0 + βψ − h1 (ψ log(β) +G(t)) + (1 − ψ)r + λ
H

(
e−HTr(F (t)ξ(Y (t)) − 1

)
+Tr(F (t)ΩΩ′), G(T ) = 0

(4.9)

with h1 := exp {c− w} and h0 := h1 − h1 log(h1).

Proof. To determine the optimal policies we start from the HJB (4.4) equation associated
to the investment problem, define H := 1−γ

1−ψ , and guess

V (t,W, y) = exp{−H (Tr(F (t)Y (t)) +G(t))}W (t)1−γ

1 − γ
. (4.10)

Furthermore, we set Ḟt = ∂F (t)
∂t and Ġt = ∂G(t)

∂t , and evaluate the partial derivatives of the
value function appearing in the HJB equation, namely

∂V

∂t
= −H(Tr(ḞtY (t)) + Ġt)V , (4.11)

∂V

∂W
= (1 − γ)W (t)−1V , (4.12)

∇V = −HF (t)V (4.13)
∂2V

∂W 2 = −γ(1 − γ)W (t)−2V , (4.14)

∇Q′ρ
∂V

∂W
= ∇ ∂V

∂W
Q′ρ = −HF (t)Q′ρV (1 − γ)W (t)−1 . (4.15)

Moreover, we have

Tr(Y (t)∇Q′Q∇)V = −HTr(Y (t)F (t)Q′QF (t))V . (4.16)

Finally, we use the linearization (4.5), so that the jump component in the HJB equation
becomes

V (W (t) + π(t)′JW (t), Y (t) + ξ(Y (t))) − V (W (t), Y (t)) = V

(
e−HTr(F (t)ξ(Y (t)))(1+

π(t)′J)1−γ − 1
)
. (4.17)

Hence, we replace all the partial derivatives (4.11) –(4.15), the condition (4.16) and (4.17)
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in (4.4), so that we obtain

0 = max
{π(t),C(t)}

{
f(C(t), V (t))

V (t) −HTr(F̂tY (t)) −HĠt + r(1 − γ) + π(t)′(α− r1)(1 − γ)−

C(t)
W (t) (1 − γ) −HF (t)Tr(ΩΩ′ +KY (t) + Y (t)K ′) − γ(1 − γ)

2 π(t)′Y (t)−1π(t)

−2Hπ(t)′F (t)Q′ρ(1 − γ) −HTr(2Y (t)F (t)Q′QF (t)) + λ

[
e−HTr(F (t)ξ(Y (t)))

(1 + (1 − γ)π(t)′J) − 1
]}

=: φ(π(t), C(t)) . (4.18)

The first term in (4.18) can be written as

f(C(t), V (t))
V (t) = Hβψ − Hβψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ )C(t)

ψ−1
ψ . (4.19)

Hence, we are able to determine the first order condition for optimal consumption

∂φ

∂C(t) = − Hβψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ )

ψ − 1
ψ

C(t)
1
ψ − (1 − γ)

W (t) = 0 , (4.20)

and with some algebra we obtain (4.7). Similarly, we are able to determine the first order
condition for optimal portfolio allocation

∂φ

∂π(t)′ = (α− r1)(1 − γ) − γ(1 − γ)π(t)Y (t)−1 − 2HF (t)Q′ρ(1 − γ) + λ(1 − γ)

e−HTr(F (t)ξ(Y (t))) = 0 , (4.21)

and (4.8) easily follows. Finally, we have to make explicit the expressions for F and G

appearing in the value function. To do this, we replace the optimal consumption and
portfolio allocation in (4.18) and we have

A(t)
H

− Tr(ḞtY (t)) − Ġt + r(1 − γ)
H

+B′
tY (t) (α− r1)(1 − γ)

H
− F (t)Tr(ΩΩ′ +KY (t)

+ Y (t)K ′) − γ(1 − γ)
2H B(t)Y (t)B(t)′ − 2F (t)Q′ρY (t)B(t)′(1 − γ) − 2Tr(Y (t)F (t)

Q′QF (t)) + λ

H

[
e−HTr(F (t)ξ) − 1

]
+ λ(1 − γ)

H
e−HTr(F (t)ξ(Y (t)))JB(t)′Y (t) = 0 , (4.22)

where we set

B(t) := (α− r1)
γ

+ 2HF (t)Q′(−ρ)
γ

+ λJe−HTr(F (t)ξ(Y (t)))

γ
(4.23)

and

A(t) = f(C(t), V (t))
V (t) − C(t)

W (t) (1 − γ) . (4.24)

With some algebra, we obtain A(t) = Hβψ−Hβψ exp{−(F (t)+G(t))} = Hβψ−HβψX−1.
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The envelope condition ensures that

βψX−1 = Ct
W (t) = exp{log (C(t)) − log (W (t))} = exp{c(t) − w(t)}, (4.25)

so that

c(t) − w(t) = log (βψX−1) = ψ log (β) − Tr(F (t)Y (t)) −G(t). (4.26)

Moreover, using the first-order taylor expansion of exp{c(t)−w(t)} around its unconditional
mean c− w, we have

A(t) ≈ Hβψ −H [h0 + h1(c(t) − w(t))] , (4.27)

where h1 := exp{c− w} and h0 := h1−h1 log(h1). By replacing (4.27) and (4.26) in (4.22),
we have(

− Ḟt + h1F (t) +B(t)′ (α− r1)(1 − γ)
H

− F (t)K − F (t)K ′ − γ(1 − γ)
2H B(t)B(t)′ − 2F (t)

Q′ρB(t)′(1 − γ) − 2F (t)Q′QF (t) + λ

H
(1 − γ)e−HTr(F (t)ξ)JB(t)′

)
Tr(Y (t)) +

(
− Ġt + βψ

− h0 − h1

[
ψ log(β) − h1G(t)

]
+ r(1 − γ)

H
+ λ

H

[
e−HTr(F (t)ξ) − 1

]
− Tr(ΩΩ′F (t))

)
= 0 ,

(4.28)

implying that (4.9) holds.

An inspection of Proposition 4.1.1 shows that the optimal portfolio allocation, given by (4.8),
comprises three terms: more precisely, (α−r1)

γ is the myopic component, 2HF (t)Q′(−ρ)
γ is the

intertemporal hedging demand, and λJe−HTr(F (t)ξ(Y (t)))

γ is the jump hedging demand. The
first one depends on both the excess return and the risk-aversion parameter and describes
the agents who completely ignore the multi-period nature of the investment. The latter
is incorporated in the second term, relying on the investment opportunities σ, and the
correlation between returns and volatility. The last term quantifies the hedging against tail
risk and is related to the jump frequency λ and magnitudes J and ξ. While the absence
of idiosyncratic risk ensures a positive myopic component, we can discuss the sign of the
remaining terms. For the intertemporal hedging demand, we expect a negative correlation
structure for correlated shocks to price returns and their variance-covariance matrix, since
variances and covariances typically increase while prices decline. Assuming γ > 1, we
distinguish two cases according to the value of EIS. For ψ < 1, we have H < 0, then the
impact of the intertemporal hedging demand over the optimal consumption will be positive
(resp., negative) when the function F is greater (resp., smaller) than zero. Vice versa,
for ψ > 1, we have H > 0, thus the impact of the intertemporal hedging demand over the
optimal consumption will be positive (resp., negative) when the function F is smaller (resp.,
greater) than zero. However, an in-depth analysis of Eq. (4.9) for F shows that F (t) < 0,
for all t ∈ [0, T ], if ψ < 1, so that the intertemporal hedging demand curtails the optimal
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allocation

Remark 4.1.1. The properties of the function F (t) are crucial to study the optimization
problem. For this purpose, we make a change of variable by considering τ := T − t, so that
the ODE (4.9) admits an initial condition. We have

Ḟτ = −h1F (τ) − (1 − ψ)(α− r1)
(

(α− r1)
γ

+ 2HF (τ)Q′(−ρ)
γ

+ λJe−HTr(F (τ)ξ(Y (t)))

γ

)
+ F (τ)K +K ′F (τ) + γ(1 − ψ)

2

(
(α− r1)

γ
+ 2HF (τ)Q′(−ρ)

γ
+ λJe−HTr(F (τ)ξ(Y (t)))

γ

)
(

(α− r1)
γ

+ 2HF (τ)Q′(−ρ)
γ

+ λJe−HTr(F (τ)ξ(Y (t)))

γ

)′

+ 2(1 − γ)F (τ)Q′ρ(
(α− r1)

γ
+ 2HF (τ)Q′(−ρ)

γ
+ λJe−HTr(F (τ)ξ(Y (t)))

γ

)′

+ 2F (τ)Q′QF (τ) − λ(1 − ψ)J

e−HTr(F (τ)ξ)
(

(α− r1)
γ

+ 2HF (τ)Q′(−ρ)
γ

+ λJe−HTr(F (τ)ξ(Y (t)))

γ

)′

, (4.29)

with F0 = 0, Ḟτ = ∂F
∂τ and we set

B(τ) := (α− r1)
γ

+ 2HF (τ)Q′(−ρ)
γ

+ λJe−HTr(F (τ)ξ(Y (t)))

γ
.

Thanks to the updated boundary condition, the ODE (4.29) evaluated at τ = 0 can be
written as

Ḟ0 = −(1 − ψ)(α− r1)B(0) + γ(1 − ψ)
2 B(0)B(0)′ − λ(1 − ψ)JB(0)′

= −γ(1 − ψ)
2 B(0)B(0)′ . (4.30)

By assuming γ > 1 and ψ < 1, from (4.30) it is straightforward to verify that Ḟ (0) < 0.
Since F is continuous in γ, the previous discussion ensures that F (τ) < 0. Analogously, we
get F (τ) > 0, for any τ, when γ > 1 and ψ > 1. Previous results are switched when γ < 1.

Concerning the jump hedging demand, we observe that its sign only depends on the price-
jump amplitude, being positive (resp., negative) for J > 0 (resp., J < 0). On the other
hand, the precision-jump component and the jump intensity affect the magnitude of the
reduction/increase of the optimal allocation. More importantly, each component in (4.8) is
proportional to the instantaneous precision, meaning that the allocation will reduce during
volatile periods, reconciling the Markowitz intuition.
We would like to point out that, although it is taken for granted that modelling precision
is equivalent to modelling variance (by assuming a 3/2-dynamics), remember the equation
(2.7), this would still not be sufficient to overcome the problem of the non-dynamic nature
of the investment. In the affine case, the optimal allocation depends neither on the long-run
level nor the instantaneous volatility because of the choice to set the variance-risk premium
proportional to volatility in the drift term. Therefore, using precision to model the state
variable is not a trivial mathematical gimmick; instead, it is a requirement to obviate the
imperative to impose a constraint on the drift architecture.
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In addition, our investment strategy implies that, after a precision jump of size ξ, investors
will change their allocation in the risky asset from Y (t)S(t) to (Y (t) + ξ(Y (t)))S(t). Since
we impose a negative precision-jump size (to comply with the empirical evidence of positive
peaks in volatility behind market crashes), we witness a reduction of risky investments after
a market collapse, consistently with the current market practice. Such a circumstance is
extensively discussed in Moreira and Muir [2017], where the authors argue that the mean-
variance trade-off weakens in high-volatility regimes.

Finally, we provide some comments regarding the optimal consumption (4.7). As in Chacko
and Viceira [2005], the log consumption-wealth ratio is an affine function of instantaneous
precision. Furthermore, the role of jumps on optimal consumption cannot be directly in-
ferred from (4.7), even though they affect C(t) through functions F (t) and G(t), the latter
being evaluated numerically.

From Proposition 4.1.1 we can obtain an approximated solution to the investment problem
(4.3) when ψ = 1. In this case, the aggregator simplifies as (2.28). Hence, we have the
following

Corollary 4.1.2. Under the hypotheses of Proposition 4.1.1 and assuming that (2.28) holds
true, the value function solving the investment problem (4.3) is

V (t,W, y) = exp
{
Tr(F̃ (t)Y (t) + G̃(t)

} W (t)1−γ

1 − γ
, (4.31)

where F̃ (t), G̃(t) are deterministic functions satisfying the following system of ODEs

˙̃Ft = βF̃ (t) − (1 − γ)(α− r1) ˜B(t)′ −KF̃ (t) − F̃ (t)K ′ + 1
2γ(1 − γ) ˜B(t)′ ˜B(t)

−2(1 − γ) ˜B(t)′F̃ (t)Q′ρ− 2Tr(F̃ (t)′Q′QF̃ (t)) − λ(1 − γ)eTr(F̃ (t)ξ(Y (t)))J ˜B(t), F̃ (T ) = 0 ,
˙̃Gt = −β(1 − γ) log(β) + βG̃(t) − (1 − γ)r + (1 − γ)β − Tr(Ω̃(t)Ω̃(t)′)

+λ(1 − eTr(F̃ (t)ξ(Y (t)))), G̃(T ) = 0 .
(4.32)

Moreover, the optimal consumption and portfolio rules are, for t ∈ [0, T ],

C(t)
W (t) = β , (4.33)

π(t) = Y (t)
(

(α− r1)
γ

+ 2F̃ (t)Q′ρ

γ
+ λJeTr(F̃ (t)ξ(Y (t)))

γ

)
=: Y (t)B̃(t) . (4.34)

Proof. To determine the optimal policies in the special case in which ψ = 1 we start from
the HJB equation (4.4). We guess

V (t,W (t), Y (t)) = exp{Tr(F̃ (t)Y (t)) + G̃(t)}W (t)1−γ

1 − γ
. (4.35)
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We evaluate the partial derivatives of the value function and obtain

∂V

∂t
= (Tr( ˙̃F (t)Y (t)) + ˙̃G(t))V , (4.36)

∂V

∂W
= VW (t)−1(1 − γ) , (4.37)

∇V = F̃ (t)V (4.38)
∂2V

∂W 2 = −V γ(1 − γ)W (t)−2 , (4.39)

∇Q′ρ
∂V

∂W
= ∇ ∂V

∂W
Q′ρ = F̃ (t)Q′ρV (1 − γ)W (t)−1 (4.40)

where ˙̃Ft = ∂F̃ (t)
∂t , ˙̃Gt = ∂G̃(t)

∂t , and Tr(Y (t)∇Q′Q∇)V = Tr(Y (t)F̃ (t)Q′QF̃ (t))V. Thanks
to the linearization (4.5), the jump component in the HJB equation can still be written as

V (W (t)+π(t)′JW (t), Y (t)+ξ(Y (t)))−V (W (t), Y (t)) = V
(
eTr(F̃ (t)ξ(Y (t)))(1 + π(t)′J)1−γ − 1

)
.

(4.41)
When ψ = 1 the normalized aggregator is given by equation (2.28), that is, it has the
following form

f(C, V ) = β(1 − γ)V
(

ln(C) − 1
1 − γ

ln((1 − γ)V )
)
. (4.42)

If we replace the partial derivatives (4.36) – (4.40) in (4.4) and the normalized aggregator
(2.28) in (4.4), we obtain,

0 = max
{π(t),C(t)}

{
f(C(t), V (t))

V
+ Tr( ˙̃FtY (t)) + ˙̃Gt + (1 − γ)π(t)′(α− r1) + r(1 − γ)

− C(t)
W (t) (1 − γ) +Tr(ΩΩ′ +KY (t) + Y (t)K ′)F̃ (t) − 1

2π(t)′Y (t)−1π(t)γ(1 − γ)+

2π(t)′F̃ (t)Q′ρ(1 − γ) +2Tr(Y (t)F̃ (t)′Q′QF̃ (t))) + λ
[
eTr(F̃ (t)ξ(Y (t)))(1 + (1 − γ)Jπ(t)′) − 1

]}
=: φ̃(π(t), C(t)) . (4.43)

We determine the first order condition for optimal consumption

∂φ̃

∂C(t) = β(1 − γ)
C

− (1 − γ)
W (t) = 0 (4.44)

and (4.33) easily follows. Similarly, we are able to determine the first order condition for
optimal portfolio allocation

∂φ̃

∂π(t) = (1 − γ)(α− r1) − Y (t)−1π(t)γ(1 − γ) + 2F̃ (t)Q′ρ(1 − γ) + λeTr(F̃ (t)ξ(Y (t)))(1 − γ)J = 0 ,

(4.45)

so that we obtain the optimal portfolio rule (4.34). By using the optimal rules and with
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some algebra we obtain

(−βTr(F̃ (t)Y (t)) + Tr( ˙̃FtY (t)) + (1 − γ)(α− r1)B̃(t)′Y (t) +KTr(F̃ (t)Y (t)) + Tr(F̃ (t)Y (t))

K ′ − 1
2 B̃(t)Y (t)B̃(t)′γ(1 − γ) + 2Q′ρB̃(t)′Tr(F̃ (t)Y (t))(1 − γ) + 2Tr(Y (t)F̃ (t)′Q′QF̃ (t))+

λeTr(F̃ (t)ξ(Y (t)))(1 − γ)JB̃(t)′Y (t) + β(1 − γ)(ln(β) − 1) − βG̃(t) + ˙̃Gt + r(1 − γ) + Tr(ΩΩ′)

+ λ(eTr(F̃ (t)ξ(Y (t)) − 1) = 0 . (4.46)

4.2 Univariate case

Now we want to analyze the model in the case where we have only one risky asset.
We consider three stochastic processes M = {M(t)}t∈ [0,T ], S = {S(t)}t∈ [0,T ], and y =
{y(t)}t∈ [0,T ] on a filtered probability space

(
Ω,F , {F(t)}t∈ [0,T ],P

)
, see equation (2.1),

(2.2) and (2.3), representing the risk-free asset, the stock and the state variable, respec-
tively. The process B̄ is correlated with the Wiener process B through equation (2.4).
We assume that the investor’s wealth W = {W (t)}t∈ [0,T ] is apportioned among the risk-
free asset M and the stock S, also considering the related consumption C = {C(t)}t∈ [0,T ],

so that we have

dW (t)
W (t) = ϵ(t)dM(t)

M(t) + π(t)dS(t)
S(t) − C(t)

W (t) , t ∈ [0, T ] , (4.47)

where ϵ(t) and π(t) represent the proportion of wealth invested at time t into the risk-free
asset and the stock, respectively. Replacing the dynamics (2.1) and (2.2) in (4.47) and
observing that ϵ(t) = 1 − π(t), we get the following budget constraint

dW (t) = [rW (t) + (µ− r)π(t)W (t) − C(t)]dt+ π(t)W (t)
√
y(t)−1dB(t) + π(t)JdN(t),

t ∈ [0, T ] . (4.48)

The investment problem to be solved is given by (4.3) with (4.48) as intertemporal budget
constraint.
As in the multivariate case, to find a solution to the intertemporal optimization prob-
lem we use standard dynamic programming techniques, so that we consider the associated
Hamilton-Jacobi-Bellman equation (HJB, from now on), given by

0 = max
{π(t),C(t)}

{
f(C, V ) + ∂V

∂t
+ ∂V

∂W
[rW (t) + (µ− r)π(t)W (t) − C(t)] + ∂V

∂y
k(θ − y(t))

+1
2
∂2V

∂W 2W
2
t π(t)2 1

y(t) + 1
2
∂2V

∂y2 σ
2y(t) + σρ

∂2V

∂W∂y
π(t)W (t) + λE

[
V (t, (1 + Jπ(t))W,

y + ξ(y(t))) − V (t,W, y)
]}

. (4.49)
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Since HJB is non-linear, we impose the same constraint as in multivariate case: the consumption-
wealth ratio is approximated using an appropriate log-linear expansion around the uncon-
ditional mean, as in Chacko and Viceira [2005] while for the jump component we exploit a
first-order Taylor expansion around Jπt = 0, as in Oliva and Renò [2018], look at section
(2.2) for more details. We guess that the solution to (4.49) is of the form

V (t,W, y) = exp {−H (F (t)y(t) +G(t))} W (t)1−γ

1 − γ
, (4.50)

where H = 1−γ
1−ψ and F and G are deterministic function to be identified.

Proposition 4.2.1. Consider the investment problem (4.3) with ψ ̸= 1 and the associated
HJB equation (4.49). Then, for t ∈ [0, T ], the value function is given in (4.50), while the
optimal consumption and portfolio rules are given by

C(t)
W (t) = βψ exp {− (F (t)y(t) +G(t))} , (4.51)

πt =
(
µ− r

γ
+ Hσ(−ρ)F (t)

γ
+ λJe−HF (t)ξ(y(t))

γ

)
y(t) =: B(t)y(t) , (4.52)

where H = 1−γ
1−ψ and F, G are deterministic functions satisfying the following system of

ODEs



Ḟ (t) = h1F (t) + (1 − ψ)(µ− r)B(t) + kF (t) − 1
2γ(1 − ψ)B(t)2 + 1

2Hσ
2F (t)2

−(1 − γ)σρF (t)B(t) + λ(1 − ψ)Je−HF (t)ξ(y(t))B(t),

F (T ) = 0

Ġ(t) = h1G(t) − h1ψ log β + βψ − h0 + (1 − ψ)r − kθF (t) + λ
H

(
e−HF (t)ξ(y(t)) − 1

)
,

G(T ) = 0

,

(4.53)

with h1 := exp {c− w} and h0 := h1 − h1 log(h1).

Proof. To determine the optimal policies we start from the HJB equation (4.49), define
H := 1−γ

1−ψ and guess

V (t,W, y) = exp {−H(F (t)y(t) +G(t))} W (t)1−γ

1 − γ
. (4.54)

Furthermore, we set Ḟt = ∂F (t)
∂t and Ġt = ∂G(t)

∂t , and evaluate the partial derivatives of the
value function appearing in the HJB equation, namely
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∂V

∂t
= −H(Ḟty(t) + Ġt)V , (4.55)

∂V

∂W
= exp {−H(F (t)y(t) +G(t))}W (t)−γ , (4.56)

∂V

∂y
= −HF (t)V (4.57)

∂2V

∂W 2 = −γ exp {−H(F (t)y(t) +G(t))}W (t)−γ−1 , (4.58)

∂2V

∂y2 = H2F (t)2V , (4.59)

∂2V

∂W∂y
= −HF (t) exp {−H(F (t)y(t) +G(t))}W (t)−γ . (4.60)

Finally, we use the linearization (4.5), so that the jump component in the HJB equation
becomes

V (t, (1 + Jπ)W, y + ξ) − V (t,W, y) = V
(
e−HF (t)ξ(1 + π(t)J)1−γ − 1

)
. (4.61)

Hence, we replace all the partial derivatives (4.55) – (4.60) and (4.61) in (4.49), so that we
obtain

0 = max
{π(t),C(t)}

{
f(C(t), V (t)) −H(Ḟty(t) + Ġt)V (t) + r exp{−H (F (t)y(t) +G(t))}W (t)1−γ

−HF (t)k(θ − y(t))V (t) + (µ− r) exp{−H (F (t)y(t) +G(t))}π(t)W (t)1−γ − C(t)

exp{−H (F (t)y(t) +G(t))}W (t)−γ − γ

2π(t)2 1
y(t) exp{−H (F (t)y(t) +G(t))}W (t)1−γ+

1
2H

2F (t)2σ2y(t)Vt − σρHF (t)π exp{(F (t)y(t) +G(t))}W (t)1−γ + λV (t)
[
e−HF (t)ξ(y(t))

−1 + (1 − γ)e−HF (t)ξ(y(t))Jπ

]}
(4.62)

= max
{π(t),C(t)}

{
f(C(t), V (t))

V (t) −H(Ḟty(t) + Ġt) + r(1 − γ) −HF (t)k(θ − y(t)) + (µ− r)

(1 − γ)π(t) − C(t)
W (t) (1 − γ) − γ(1 − γ)

2
π(t)2

y(t) + 1
2H

2F (t)2σ2y(t) − σρHF (t)π(1 − γ)

+λ
[
e−HF (t)ξ − 1 + (1 − γ)e−HF (t)ξ(y(t))Jπ

]}
=: φ(C(t), π(t)) . (4.63)

Moreover, the first term in (4.63) can be written as in (4.19), hence we are able to determine
the first order condition for optimal consumption

∂φ

∂C(t) = − Hβψ

[(1 − γ)V (t)]
1

1−γ (1− 1
ψ )C(t)− 1

ψ − 1 − γ

W (t) = 0 ,

and with some algebra we obtain (4.51). Similarly, we are able to determine the first order
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condition for optimal portfolio allocation

∂φ

∂π(t) = (µ− r)(1 − γ) − γ(1 − γ)π(t)
y(t) − σρHF (t)(1 − γ) + λe−HF (t)ξ(y(t))J(1 − γ) = 0 ,

and (4.52) easily follows.

Finally, we have to make explicit the expressions for F and G appearing in the value
function. To do this, we replace the optimal consumption and portfolio allocation in (4.63)
and we have

−A(t) − Ḟty(t) − Ġt + 1 − γ

H
r + 1 − γ

H
(µ− r)B(t)y(t) − kθF (t) + kF (t)y(t) − 1

2
γ(1 − γ)

H

B(t)2y(t) + 1
2σ

2HF (t)t2y(t) − (1 − γ)σρF (t)B(t)y(t) + 1 − γ

H
λe−HF (t)ξJB(t)y(t) + λ

H[
e−HF (t)ξ − 1

]
= 0 , (4.64)

where we set

Bt := µ− r

γ
+ σH(−ρ)F (t)

γ
+
λE
[
e−HF (t)ξJ

]
γ

, (4.65)

and

A(t) :=βψ

(βψ exp {−(F (t)y(t) +G(t))}W (t)
[(1 − γ)V ]

1
1−γ

)1− 1
ψ

− 1

+ 1 − γ

H
βψ

exp {−(F (t)y(t) +G(t)))} . (4.66)

With some algebra, we obtain A(t) = βψ − βψ exp {−(F (t)y(t) +G(t)))} =: βψ − βψX−1.

The envelope condition ensures that

βψX−1 = C(t)
W (t) = exp {log(C(t)) − log(W (t))} = exp{c(t) − w(t)} , (4.67)

so that
c(t) − w(t) = log

(
βψX−1) = ψ log(β) − F (t)y(t) −G(t) . (4.68)

Moreover, using the first-order Taylor expansion of exp{c(t)−w(t)} around its unconditional
mean c− w, we have

A(t) ≈ βψ − h0 − h1(c(t) − w(t)) , (4.69)

where h1 := exp{c− w} and h0 := h1 −h1 log(h1). By replacing (4.69) and (4.68) in (4.64),
we have
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(
− Ḟt + h1F (t) + 1 − γ

H
(µ− r)B(t) + kF (t) − 1

2
γ(1 − γ)

H
B(t)2 + 1

2σ
2HF (t)2−

(1 − γ)σρB(t)F (t) + 1 − γ

H
λJe−HF (t)ξ(y(t))B(t)

)
y(t) +

(
− Ġt − h0 + βψ − h1(ψ log(β)−

G(t)) + 1 − γ

H
r − kθF (t) + 1

H
λ
[
e−HF (t)ξ(y(t)) − 1

])
= 0 ,

implying that (4.53) holds true.

Similar comments apply to the multivariate case concerning optimal weights and consumption-
wealth ratio. From Proposition 4.2.1 we can obtain an approximated solution to the invest-
ment problem when ψ = 1. In this case, the aggregator simplifies as (2.28). Hence, we have
the following

Corollary 4.2.2. Under the hypotheses of Proposition 4.2.1 and assuming that (2.28) holds
true, the value function solving the investment problem (4.3) is

V (t,W, y) = exp
{
F̃ (t)y(t) + G̃(t)

} W (t)1−γ

1 − γ
, (4.70)

where F̃ (t), G̃(t) are deterministic functions satisfying the following system of ODEs



˙̃Ft = βF̃ (t) − (1 − γ)(µ− r) ˜B(t) + F̃ (t)k + 1
2γ(1 − γ) ˜B(t)

2
− 1

2 F̃ (t)2σ2

−(1 − γ)F̃ (t)σρ ˜B(t) − λ(1 − γ)eF̃ (t)ξ(y(t))J ˜B(t), F̃ (T ) = 0
˙̃Gt = −β(1 − γ) log(β) + βG̃(t) − (1 − γ)r + (1 − γ)β − F̃ (t)kθ + λ(1 − eF̃ (t)ξ(y(t))),

G̃(T ) = 0

.

(4.71)

Moreover, the optimal consumption and portfolio rules are, for t ∈ [0, T ],

C(t)
W (t) = β , (4.72)

π(t) =
(
µ− r

γ
+ σρF̃ (t)

γ
+ λJeF̃ (t)ξ(y(t))

γ

)
y(t) =: B̃(t)y(t) . (4.73)

Proof. To determine the optimal policies in the special case in which ψ = 1 we start from
the HJB equation (4.49). We guess

V (t,W (t), y) = exp{F̃ (t)y + G̃(t)}W (t)1−γ

1 − γ
. (4.74)



4.2 Univariate case 51

We evaluate the partial derivatives of the value function and obtain

∂V

∂t
= ( ˙̃Fty(t) + ˙̃Gt)V , (4.75)

∂V

∂W
= exp

{
F̃ (t)y(t) + G̃(t)

}
W (t)−γ , (4.76)

∂V

∂y
= F̃ (t)V (4.77)

∂2V

∂W 2 = −γ exp
{
F̃ (t)y(t) + G̃(t)

}
W (t)−γ−1 , (4.78)

∂2V

∂y2 = F̃ (t)2V , (4.79)

∂2V

∂W∂y
= F̃ (t) exp

{
F̃ (t)y(t) + G̃(t)

}
W (t)−γ , (4.80)

with ˙̃Ft = ∂ ˜F (t)
∂t and ˙̃Gt = ∂ ˜G(t)

∂t . Thanks to the linearization (4.5), the jump component in
the HJB equation can still be written as

V (t, (1 + Jπ(t))W (t), y(t) + ξ(y(t))) − V (t,W (t), y(t)) = V
(
eF̃ (t)ξ(y(t))(1 + π(t)J)1−γ − 1

)
.

(4.81)

When ψ = 1 the normalized aggregator (2.27) is simplified as in the equation,(2.28). If we
replace the partial derivatives (4.75) – (4.80), (4.81) and the normalized aggregator (2.28)
in (4.49), we obtain,

0 = max
π(t),C(t)

{
f(C(t), V (t))

V (t) + ( ˙̃Fty(t) + ˙̃Gt) + r(1 − γ) + π(t)(µ− r)(1 − γ) − C(t)
W (t) (1 − γ)

+ F̃ (t)k(θ − y(t)) − γ(1 − γ)
2

π(t)2

y(t) + 1
2 F̃ (t)2σ2y(t) + (1 − γ)F̃ (t)σρπ(t) + λ

[
eF̃ (t)ξ(y(t)) − 1

+ (1 − γ)eF̃ (t)ξ(y(t))Jπ(t)
]}

=: φ̃(C(t), π(t)) . (4.82)

We determine the first order condition for optimal consumption

∂φ̃

∂C(t) = β(1 − γ)
C(t) − 1 − γ

W (t) = 0 ,

and (4.72) easily follows. Similarly, we are able to determine the first order condition for
optimal portfolio allocation

∂φ

∂π(t) = (1 − γ)(µ− r) − γ(1 − γ)
y(t) π(t) + (1 − γ)σρF̃ (t) + λ(1 − γ)JeF̃ (t)ξ(y(t)) = 0,

so that we obtain the optimal portfolio rule (4.34).
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By using the optimal rules in (4.82) and with some algebra we obtain(
˙̃Ft +

[
σ2

2γ (γ + (1 − γ)ρ2)
]
F̃ (t)2 +

(
(µ− r)(1 − γ)ρσ

γ
− (β + k)

)
F̃ (t)

+ λeF̃ (t)ξ(y(t))J

[
(µ− r)(1 − γ)

γ
+ ρσ(1 − γ)F̃ (t)

γ
+ 1

2
λ(1 − γ)JeF (t)ξ(y(t))

γ

]
+ (1 − γ)(µ− r)2

2γ

)
y(t)

+ ˙̃Gt + (1 − γ)(β log(β) − β + r) − βG̃+ F̃ (t)kθ + λ
(
eF̃ (t)ξ(y(t)) − 1

)
= 0. (4.83)
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4.3 Adding derivatives to complete the market

The model we have so far analyzed with recursive preferences assumes an incomplete market
setting. Suppose we want to complete the market by allowing the investor to invest in
derivatives. In this way, the investor will allocate his wealth between a risk-free investment,
a risky asset, and derivative instruments. We start with the model (2.10) described in
the section (2) and assume that to complete the market, we need only two derivatives, the
dynamics of which are expressed by the equation (2.20). We always consider the investment
problem given by the equation (4.3).
The investment problem is subject to the intertemporal budget constraint given by the
wealth dynamic.
We denote by ϵ(t), ϕ(t), π(t)(i), t ∈ [0, T ] the proportion of wealth, W = {W (t)}t∈[0,T ] ,
invested in the riskless asset, the risky asset and the non-redundant i-th derivative, i = 1, 2,
respectively, also considering the related consumption C = {C(t)}t∈[0,T ]. Thus, by observing
that ϵ(t) + ϕ(t) +

∑2
i=1 π(t)(i) = 1, the dynamic of the wealth process is

dW (t)
W (t) = ϵ(t)dM(t)

M(t) + ϕ(t)dS(t)
S(t) +

2∑
i=1

π(t)(i) dO(t)(i)

O(t)(i) − C(t)
W (t)

= ϵ(t)rdt+ ϕ(t)
[
rdt− λQJdt+

√
y(t)−1dB(t)Q + JdN(t)

]
+

2∑
i=1

π(t)(i)
[
rdt+

√
y(t)−1

(
S(t) g

(i)
s

O(i) + σρ
g

(i)
y

O(i) y

)
dB(t)Q

+ σ
√

1 − ρ2
√
y(t)g

(i)
y

Oi
dZ(t)Q + ∆g(i)

O(i) J
(
dN(t) − λQdt

) ]
− C(t)
W (t)dt

= r

(
ϵ(t) + ϕ(t) +

2∑
i=1

π(t)(i)

)
dt− C(t)

W (t)dt− ϕ(t)λQJdt+ ϕ(t)
√
y(t)−1

dB(t)Q + ϕ(t)JdN(t) +
√
y(t)−1

2∑
i=

π(t)(i)
(
S(t) g

(i)
s

O(i) + σρy
g

(i)
y

O(i)

)
dB(t)Q+

σ
√

1 − ρ2
√
y(t)

2∑
i=1

π(t)(i) g
(i)
y

O(i) dZ(t)Q +
2∑
i=1

π(t)(i) ∆g(i)

O(i) J
(
dN(t) − λQJdt

)
(4.84)

= rdt− C

W (t)dt+
[
ϕ(t) +

2∑
i=1

π(t)(i)

(
S(t) g

(i)
s

O(i) + σρy
g

(i)
y

O(i)

)√
y(t)−1dB(t)Q

]

+ σ
√

1 − ρ2
√
y(t)

2∑
i=1

π(t)(i) g
(i)
y

O(i) dZ(t)Q +
[
ϕ(t) +

2∑
i=1

π(t)(i) ∆g(i)

O(i)

] (
JdN(t) − JλQ

)
.
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For any t ∈ [0, T ], we define the risk exposures

θB(t) := ϕ(t) +
2∑
i=1

π(t)(i)

(
S(t) g

(i)
s

O(t)(i) + σρ
g

(i)
y

O(t)(i) y(t)
)
, (4.85a)

θZ(t) := σ
√

1 − ρ2
2∑
i=1

π(t)(i) g
(i)
y

O(t)(i) y(t) , (4.85b)

θN (t) := ϕ(t) +
2∑
i=1

π(t)(i) ∆g(i)

O(t)(i) , (4.85c)

so that, thanks to (4.85a), (4.85b) and (4.85c), the wealth Q-dynamics can be written as
follows

dW (t) = rW (t)dt+ θB(t)W (t)
√
y(t)−1dB(t)Q + θZ(t)W (t)

√
y(t)−1dZ(t)Q + θN (t)W (t)(JdN(t)Q

− λQJdt) − C(t)dt, t ∈ [0, T ] .

Finally, by using (2.8a) and (2.8b), we obtain

dW (t) = W (t)
[
r + θB(t)η + θZ(t)ν − θN (t)λQJ − C(t)

W (t)

]
dt+ θB(t)W (t)

√
y(t)−1dB(t)

+ θZ(t)W (t)
√
y(t)−1dZ(t) + θN (t)W (t)JdN(t)Q, t ∈ [0, T ] . (4.86)

To find a solution to the intertemporal optimization problem (4.3) we use standard dynamic
programming techniques. The associated Hamilton-Jacobi-Bellman equation (HJB) is

0 = max
(u(t),C(t))t∈ [0,T ]

{
f(C, V ) + V (t) + VWW (t)

(
r + θB(t)η + θZ(t)ν − θN (t)λQJ − C(t)

W (t)

)
+

Vy

[
kQ(θQ − y(t)) + σ

(
ρη + ν

√
1 − ρ2

)
y(t)

]
+ 1

2VWWW
2
t

[(
θB(t)

)2 +
(
θZ(t)

)2]
y(t)−1

+1
2Vyyσ

2y(t) + VWyWtσ
[
ρθB(t) +

√
1 − ρ2θZ(t)

]
+ λ∆V

}
, (4.87)

with u(t) =
(
ϕ(t), π(t)(1), π(t)(2)) , and V (t) = ∂V

∂t , VW = ∂V
∂W , Vy = ∂V

∂y , VWW = ∂2V
∂W 2 , Vyy =

∂2V
∂y2 , VWy = ∂2V

∂W∂y ,∆V =
[
V
(
(1 + JθN (t))W (t−), y(t−) + ξ(y(t−)), t

)
− V (W (t−), y(t−), t)

]
.

The HJB equation is nonlinear due to the aggregator, f , and the jump component. Re-
garding the f aggregator, we proceed according to the approach presented in section (4.1),
where the wealth-consumption ratio is approximated using an appropriate log-linear expan-
sion around the unconditional mean, ct − wt := E

[
C(t)
W (t)

]
. In section (4.5) we show that the

approximation error is negligible in an incomplete market setting: this continues to hold if
we complete the market.

Proposition 4.3.1. Consider the investment problem (4.3) and the associated HJB equa-
tion (4.87). Then. for any t ∈ [0.T ], the value function, for ψ ̸= 1, is

V (t,W, y) = exp{−H (F (T − t)yt +G(T − t))}W (t)1−γ

1 − γ
, (4.88)
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where H = 1−γ
1−ψ , and

F (τ) = δ

H

(
1 − ek2τ

(k2 − k1)(ek2τ − 1) + 2k2

)
, (4.89)

G(τ) = ψ log (β) + h0

h1
+ −βψ

h1
− r(1 − γ)

Hh1
− λQ(1 − γ)

h1
+ e−h1t

∫ τ

0
F (s)kQθQeh1sds

+ e−h1t

{∫ τ

0

[
λQJ(1 − γ)θN (t)(s) − λeF (s)ξ(y(t))(1 + θN (t)(s)J)1−γ

]
eh1sds

}
,

(4.90)

with τ = T − t and we can define

δ := 1 − γ

γ

(
η2 + ν2) , k1 := (kQ + h1) + σ

γ

(
ρη + ν

√
1 − ρ2

)
, k2 :=

√
k2

1 − σ2δ

γ
. (4.91)

The optimal risk exposures to diffusive B(t), volatility Z(t) and jump risk factors JN(λ)(t)
are

θB(t)∗ =
(
η

γ
− HσρF (τ)

γ

)
y(t) , (4.92a)

θZ(t)∗ =
(
ν

γ
− Hσ

√
1 − ρ2F (τ)
γ

)
y(t) , (4.92b)

θN (t)∗ = 1
J

[(
λeF (τ)ξ(y(t))

λQ

) 1
γ

− 1
]
. (4.92c)

While the optimal consumption-wealth ratio is given by

C(t)
W (t) = βψ exp{−(F (τ)y(t) +G(τ))}. (4.93)

Assume further that exist non-redundant derivatives traded at time t ≤ T. The optimal
portfolio weights related to risky asset and derivative securities in t ≤ T are

ϕ(t)∗ = θB(t)∗ −
2∑
i=1

π(t)(i)∗
(
S(t) g

(i)
s

O(t)(i) + σρ
g

(i)
y

O(t)(i) y(t)
)
, (4.94a)

π(t)(1)∗
= 1

D(t)

{(
−θB(t)∗ + ρθZ(t)∗√

1 − ρ2

)
g

(2)
y

O(t)(2) +
[
θN (t)∗ g

(2)
y

O(t)(2)

−

(
∆g(2)

O(t)(2) − S(t) g
(2)
s

O(t)(2)

)
θZ(t)∗

σ
√

1 − ρ2y(t)

]}
, (4.94b)

π(t)(2)∗
= 1

D(t)

{[(
∆g(1)

J O(t)(1) − St
g

(1)
s

O(t)(1)

)
θZ(t)∗

σ
√

1 − ρ2yt
− θN (t)∗ g

(1)
y

O(t)(1)

]
−(

−θB(t)∗ + ρθZ(t)∗√
1 − ρ2

)
g

(1)
y

O(t)(1)

}
, (4.94c)

where D(t) is given by (2.16).
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Proof. To determine the optimal policies we can start from the HJB (4.87) equation asso-
ciated to the investment problem, define H := 1−γ

1−ψ and guess

V (t,W, y) = exp{−H (F (t)yt +G(t))}W (t)1−γ

1 − γ
. (4.95)

We evaluate the partial derivatives of the value function appearing in the HJB equation,
namely

∂V

∂t
= −H(Ḟty(t) + ĠtV , (4.96)

∂V

∂W
= exp {−H(F (t)y(t) +G(t))}W−γ

t , (4.97)

∂V

∂y
= −HF (t)V (4.98)

∂2V

∂W 2 = −γ exp {−H(F (t)y(t) +G(t))}W (t)−γ−1 , (4.99)

∂2V

∂y2 = H2F (t)2V , (4.100)

∂2V

∂W∂y
= −HF (t) exp {−H(F (t)y(t) +G(t))}W (t)−γ . (4.101)

∆V = exp{−H(F (t)(y + ξ(y(t))) +G(t))}W
1−γ(1 + θN (t)J)1−γ

1 − γ
− exp{−H(F (t)y(t) +Gt)}

W 1−γ

1 − γ

= exp{−H(F (t)y(t) +G(t))}W (t)1−γ

1 − γ

[
e−HF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]
= V

[
e−HF (t)ξ(y(t)) (1 + θN (t)J

)1−γ − 1
]
. (4.102)
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We replace all the derivatives (4.96) – (4.102) in (4.87), so that we obtain

max
{u(t),C(t)}

{
f(C(t), V (t)) −H(Ḟ (t)y(t) + Ġ(t))V + exp{−H(F (t)y(t) +G)}W (t)−γW (t)

(r + θB(t)η + θZ(t)ν − θN (t)λQJ − C

W (t) ) −HFtV [kQ(θQ − yt) + σρηy(t)+

σν
√

1 − ρ2y(t)] − γ
1
2 exp{−H(F (t)y(t) +G(t))}W (t)−γ−1W 2[(θB(t))2y(t)−1+

(θZ(t))2y(t)−1] + 1
2H

2F (t)2V σ2y(t) −HW (t)F (t) exp{−H(F (t)y(t) +G(t))}W (t)−γ

(
σθB(t)ρ+ σ

√
1 − ρ2θZ(t)

)
+ V λ

[
eF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]}
=

(4.103)

max
{u(t),C(t)}

{
f(C(t), V (t))

V (t) −H(Ḟ (t)y(t) + Ġ(t)) + r(1 − γ) + θB(t)η(1 − γ) + θZ(t)ν(1 − γ)−

θN (t)λQJ(1 − γ) − C(t)
W (t) (1 − γ) −HF (t)

[
kQ(θQ − y(t)) + σρηy(t) + σν

√
1 − ρ2y(t)

]
−

γ

2 (1 − γ)
[
(θB(t))2y(t)−1 + (θZ(t))2y(t)−1]+ 1

2H
2F (t)2σ2yt −HF (t)(1 − γ)(

σθB(t)ρ+ σ
√

1 − ρ2θZ(t)
)

+ λ
[
eF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]}
=: φ(C(t), w(t)).

(4.104)

The first term in (4.104) can be written as

f(C(t), V (t))
V (t) = ψ

ψ − 1β(1 − γ)

( C(t)
((1 − γ)V )

1
1−γ

)1− 1
ψ

− 1

 =

= −Hβψ

[
C(t)1− 1

ψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ ) − 1

]
= (4.105)

= Hβψ − Hβψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ )C(t)

ψ−1
ψ .

We are able to determine the FOC’s condition

∂φ

∂C(t) = − Hβψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ )

ψ − 1
ψ

C(t)
1
ψ − (1 − γ)

W (t) = 0 (4.106)

follows that

C(t)− 1
ψ = − (1 − γ)

W (t)
ψ

ψ − 1

(
(1 − γ)V

ψ−1
(1−γ)ψ

)
Hβψ

, (4.107)
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substituting the value function, H and with some algebra we get

C(t)− 1
ψ =

[
(1 − γ) exp{−H(F (t)y(t) +G(t))}W (t)1−γ

1−γ

] ψ−1
(1−γ)ψ

βW (t)
C(t) = βψ exp{−(F (t)y(t) +G(t))}W (t). (4.108)

Similarly we are able to determine the first order condition for optimal portfolio exposures

∂φ

∂θB(t) = η(1 − γ) − 2γ2 (1 − γ)θB(t) 1
y(t) −HF (t)(1 − γ)σρ = 0, (4.109)

∂φ

∂θZ(t) = ν(1 − γ) − 2γ2 (1 − γ)θZ(t)y(t)−1 −HF (t)(1 − γ)σ
√

1 − ρ2 = 0, (4.110)

∂φ

∂θN (t) = −λQJ(1 − γ) + λJ
[
eF (t)ξ(y(t))(1 − γ)(1 + θN (t)J)−γ

]
; (4.111)

from which it follows that

θB(t) =
[
η −HσF (t)ρ

γ

]
y(t), (4.112)

θZ(t) =
[
ν −HσF

√
1 − ρ2

γ

]
y(t), (4.113)

θN (t) = 1
J

[(
λ

λQ
eF (t)ξ(y(t))

) 1
γ

− 1
]
. (4.114)

By replacing the optimal consumption and optimal exposures in the equation (4.104) we
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obtain

A(t)
H

− ˙F (t)y(t) − Ġ(t) + r(1 − γ)
H

+
(
η −HσF (t)ρ

γ

)
y(t)η(1 − γ) 1

H
+
(
ν −HσF (t)

√
1 − ρ2

γ

)

y(t)ν(1 − γ) 1
H

− θN (t)λQJ(1 − γ) − F (t)
[
(kQ(θQ − y(t)) + σρηy(t) + σν

√
1 − ρ2y(t)

]
−

γ

2 (1 − γ) 1
H

{[(
η −HσF (t)ρ

γ

)
y(t)

]2
y(t)−1 +

[(
ν −HF (t)σ

√
1 − ρ2

γ

)
y(t)

]2

y(t)−1

}
+ 1

2HF (t)2

σ2y(t) − F (t)(1 − γ)
[
σρ

(
η −HσF (t)ρ

γ

)
y(t) + σ

√
1 − ρ2

(
ν −HF (t)σ

√
1 − ρ2

γ

)
y(t)

]
+

λ
[
eF (t)ξ(y(t)) (1 + θN (t)J

)1−γ − 1
]

= 0 (4.115)

A(t)
H

− ˙F (t)y(t) − Ġ(t) + r(1 − γ)
H

+ η2

γ
(1 − γ)y(t)

H
− η(1 − γ)σF (t)ρ

γ
y(t) + ν2(1 − γ)

γ

y(t)
H

−

ν(1 − γ)F (t)σ
√

1 − ρ2

γ
y(t) − θN (t)λQJ(1 − γ) − F (t)kQθQ + F (t)kQy(t) − F (t)σρηy(t) − F (t)σν√

1 − ρ2y(t) − η2(1 − γ)
2γ

y(t)
H

− F (t)2Hσ2ρ2(1 − γ)
2γ y(t) + (1 − γ)ησF (t)ρ

γ
y(t) − ν2(1 − γ)

2γ
y(t)
H

−

Hσ2F (t)2(1 − γ)
2γ y(t) + (1 − γ)Hσ2ρ2F (t)2

2γ y(t) + (1 − γ)νF (t)σ
√

1 − ρ2

γ
y(t) + 1

2HF (t)2σ2y(t)−

F (t)(1 − γ)
γ

σρηy(t) + F (t)t2(1 − γ)Hσ2ρ2

γ
y(t) − F (t)ν(1 − γ)y(t)σ

√
1 − ρ2

γ
+ F (t)2H(1 − γ)σ2y(t)

γ

− F (t)2H(1 − γ)ρ2σ2

γ
y(t) + λ

[
eF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]
= 0 (4.116)

A(t)
H

− ˙F (t)y(t) − Ġ(t) + r(1 − γ)
H

+ η2(1 − γ)
2γ

y(t)
H

+ ν2(1 − γ)
2γ

y(t)
H

− F (t)(1 − γ)σρη
γ

y(t) + 1
2HF (t)2

σ2y(t) − (t)ν(1 − γ)σ
√

1 − ρ2

γ
y(t) + F (t)2H(1 − γ)σ2y(t)

2γ − θN (t)λQJ(1 − γ) − F (t)kQθQ+

F (t)kQy(t) − F (t)σρηy(t) − F (t)σν
√

1 − ρ2y(t) + λ
[
eF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]
= 0;

where A(t) is given by

A(t) = f(C(t), V (t))
V (t) − C(t)

W (t) (1 − γ), (4.117)
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substituting the equation (2.27) and the optimal consumption wealth ratio (4.106) we obtain

A(t) = Hβψ − Hβψ(
(1 − γ) exp{−H(F (t)y(t) +G(t))W 1−γ

1−γ }
) ψ−1

(1−γ)ψ

(
W (t)βψ exp{−(F (t)y(t) +G(t))}

)ψ−1
ψ

− W (t)βψ exp{−(F (t)y(t) +G(t))}
W (t) (1 − γ)

= Hβψ − Hβψ

(exp{−H(F (t)y(t) +G(t))}W (t)1−γ)
ψ−1

(1−γ)ψ
W (t)

ψ−1
ψ βψ−1 exp{−(Fy(t) +G(t))}

ψ−1
ψ

− βψ exp{−(F (t)y(t) +G(t))}(1 − γ)

= Hβψ − Hβψ

exp{ 1−γ
1−ψ

1−ψ
(1−γ)ψ (F (t)y(t) +G(t))}W (t)1−γ ψ−1

(1−γ)ψ
W (t)

ψ−1
ψ βψ−1 exp{−(F (t) +G(t))}

ψ−1
ψ

− βψ exp{−(F (t) +G(t))}(1 − γ)

= Hβψ −Hβψψ exp
{

− 1
ψ

(F (t)y(t) +G(t))
}

exp
{

− ψ − 1
ψ

(F (t)y(t) +G(t))
}

− βψ exp{−(F (t)

y(t) +G(t))}(1 − γ)

= Hβψ −Hβψψ exp
{(

− 1
ψ

+ 1
ψ

− 1
)

(Fy(t) +G(t))
}

− βψ exp{−(F (t)y(t) +G(t))}(1 − γ)

= Hβψ −Hβψψ exp{−(F (t)y(t) +G(t)} − βψ exp{−(F (t)y(t) +G(t))}(1 − γ)

= Hβψ −H exp{−(F (t)y(t) +G(t))}
(
βψψ + (1 − γ)

H
βψ
)

= Hβψ −H exp{−(F (t)y(t) +G(t)}
(
βψψ + βψ − βψψ

)
= Hβψ −Hβψ exp{−(F (t) +G(t))} =: Hβψ −HβψX−1. (4.118)

Now using the envelope condition, as in Chacko and Viceira [2005], we have

βψX−1 = C(t)
W (t) = exp{log (C(t)) − log (W (t))} = exp{c(t) − w(t)}, (4.119)

so that

c(t) − w(t) = log (βψX−1) = ψ log (β) − F (t)y(t) −G(t). (4.120)

Moreover, using the first-order taylor expansion of exp{c(t)−w(t)} around its unconditional
mean c− w, we have

A(t) ≈ Hβψ −H [h0 + h1(c(t) − w(t))] , (4.121)

where h1 := exp{c− w} and h0 := h1 − h1 log(h1). By replacing (4.121) and (4.120) in
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(4.117), we have(
− Ḟt − F (t)(1 − γ)σρη

γ
− F (t)ν(1 − γ)σ

√
1 − ρ2

γ
+ F (t)kQ − F (t)σρη − F (t)σν

√
1 − ρ2+

1
2HF (t)2σ2 + F (t)2H(1 − γ)σ2

2γ + h1F (t) + η2(1 − γ)
2γ

1
H

+ ν2(1 − γ)
2γ

1
H

)
y(t) +

(
− Ġ(t)

− h0 + βψ − h1(ψ log (β) −G(t)) + r(1 − γ)
H

− θN (t)λQJ(1 − γ) − F (t)kQθQ + λ

[
eF (t)ξ(y(t))(1+

tNJ)1−γ − 1
])

= 0,

and so we have the following system of ODEs, where F (t) and G(t) have the following form

−Ḟ (t) − F (t)
[

(1−γ)
γ σ(ρη − ν

√
1 − ρ2) + σ(ρη − ν

√
1 − ρ2) + kQ + h1

]
+ 1

2γF (t)2Hσ2

(γ + (1 − γ)) + (1−γ)
2γ

1
H

(
η2 + ν2) = 0,

−Ġt − h0 + βψ − h1 (ψ log (β) −G(t)) + r(1−γ)
H − θN (t)λQJ(1 − γ) − F (t)kQθQ

+λ
[
eF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]
= 0,

(4.122)
Ḟt + F (t)

[
(kQ + h1) + σ

γ

(
ρη + ν

√
1 − ρ2

)]
− 1

2γHF (t)2σ2 − (1−γ)
2γ

1
H (η2 + ν2) = 0,

Ġt + h0 − βψ + h1 (ψ log (β) −G(t)) − r(1−γ)
H + θN (t)λQJ(1 − γ) + F (t)kQθQ−

λ
[
eF (t)ξ(1 + θN (t)J)1−γ − 1

]
= 0,

(4.123)

with final condition F (T ) = G(T ) = 0.
If we set τ = T − t, remembering that Ḟτ = ∂F

∂τ = ∂F
∂t

∂t
∂τ = −∂F

∂t , the previous system
becomes

Ḟτ = F (τ)
[
(kQ + h1) + σ

γ

(
ρη + ν

√
1 − ρ2

)]
− 1

2γHF (τ)2σ2 − (1−γ)
2γ

1
H (η2 + ν2),

Ġτ = h0 − βψ + h1 (ψ log (β) −G(τ)) − r(1−γ)
H + θN (t)λQJ(1 − γ) + F (τ)kQθQ−

λ
[
eF (τ)ξ(y(t))(1 + θN (t)J)1−γ − 1

]
,

(4.124)

where F and G as function of τ have initial condition F (0) = G(0) = 0.
We observe that the ODE for F (τ) in (4.124) is a Riccati-type equation of the form

Ḟτ = −Hσ2

2γ F (τ)2 + k1F (τ) − δ

2H (4.125)

where k1 = kQ + h1 + σ
γ

(
ρη + ν

√
1 − ρ2

)
and δ = 1−γ

γ (η2 + ν2).
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Assume

F = 2γ
Hσ2

(
y′

y

)
(4.126)

Ḟ = 2γ
Hσ2

[
y′′y − (y′)2

y2

]
= 2γ
Hσ2y

[
y′′ − (y′)2

y

]
. (4.127)

Replacing the expression for F and Ḟ above in (4.125)

2γ
Hσ2y

[
y′′ − (y′)2

y

]
= −Hσ2

2γ

(
4γ2

H2σ4
(y′)2

y2

)
+ k1

(
2γ
Hσ2

(
y′

y

))
− δ

2H ;

2γ
Hσ2

y′′

y
− 2γ
Hσ2

(y′)2

y2 = − 2γ
Hσ

(y′)2

y2 + k1

(
2γ
Hσ2

y′

y

)
− δ

2H ;

2γ
Hσ2 y

′′ − k1

(
2γ
Hσ2 y

′
)

+ δy

2H = 0. (4.128)

If we put y′ = xexτ = xy ⇐⇒ y′′ = x2exτ = x2y, we obtain

2γ
Hσ2x

2y − 2k1γ

Hσ2 xy + δ

2H y = 0

exτ
[

2γ
Hσ2x

2 − 2k1γ

Hσ2 x+ δ

2H

]
= 0. (4.129)

Therefore solving (4.125) is equivalent to solve the characteristic equation in (4.129)

2γ
Hσ2x

2 − 2k1γ

Hσ2 x+ δ

2H = 0; (4.130)

x =
k1γ
Hσ2 ±

√
k2

1γ
2

σ4H2 − 2γ
Hσ2

δ
2H

2γ
Hσ2

=
k1γ
Hσ2 ±

√
k2

1γ
2−Hσ2δγ

H2σ4

2γ
Hσ2

=
k1γ ±

√
γ2
(
k2

1 − Hσ2δ
γ

)
2γ

=
k1 ±

√(
k2

1 − Hσ2δ
γ

)
2 . (4.131)

If we define k2 :=
√
k2

1 − Hσ2δ
γ , thus we have x = 1

2 (k1 ± k2). Standard arguments allow us
to prove that a general solution to (4.129) is

y = c1e
x1τ + c2e

x2τ . (4.132)

In any case, we have

y = c1e
1
2 (k1+k2)τ + c2e

1
2 (k1−k2)τ (4.133)

y = 1
2c1(k1 + k2)e 1

2 (k1+k2)τ + 1
2c2(k1 − k2)e 1

2 (k1−k2)τ . (4.134)
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Replacing in (4.126), we obtain

F = 2γ
Hσ2

[
1
2c1(k1 + k2)e 1

2 (k1+k2)τ + 1
2c2(k1 − k2)e 1

2 (k1−k2)τ
]

[
c1e

1
2 (k1+k2)τ + c2e

1
2 (k1−k2)τ

]
=
γc1e

1
2 (k1+k2)τ

[
(k1 + k2) + c2

c1
(k1 − k2)e 1

2 (k1−k2)τ− 1
2 (k1+k2)τ

]
Hσ2c1e

1
2 (k1+k2)τ

[
1 + c2

c1
e

1
2 (k1−k2)τ− 1

2 (k1+k2)τ
]

=
γ
[
(k1 + k2) + C(k1 − k2)e−k2τ

]
Hσ2 [1 + Ce−k2τ ] =

γ
[
(k1 + k2)ek2τ + C(k1 − k2)

]
Hσ2 [ek2τ + C] (4.135)

having set C = c2
c1
.

Moreover we know that the F as a function of τ has as initial condition F (0) = 0,

γ [(k1 + k2) + C(k1 − k2)]
Hσ2 [1 + C] = 0;

k1 + k2 + C(k1 − k2) = 0 ⇐⇒ C = k1 + k2

k2 − k1
. (4.136)

Then by substituting C into the expression (4.135) we get

F (τ) =
γ
[
(k1 + k2)ek2τ + k1+k2

k2−k1
(k1 − k2)

]
Hσ2

[
ek2τ + k1+k2

k2−k1

]
=
γ
[
(k1 + k2)(k2 − k1)ek2τ − (k1 + k2)(k2 − k1)

]
Hσ2 [ek2τ (k2 − k1) + k1 + k2]

=
γ(k2 − k1)

[
(k1 + k2)ek2τ − (k1 + k2)

]
Hσ2 [ek2τ (k2 − k1) + k1 + k2]

= γ(k2 − k1)(k1 + k2)(ek2τ − 1)
Hσ2 (k1 + k2 + ek2τ (k2 − k1))

= γ(k2
2 − k2

1)(ek2τ − 1)
Hσ2 (k1 + k2 + k2 − k2 + (k2 − k1)ek2τ )

= − δ

H

(ek2τ − 1)
Hσ2 [(k2 − k1)(ek2τ − 1) + 2k2]

= δ

H

1 − ek2τ

(k2 − k1)(ek2τ − 1) + 2k2
, (4.137)

which follows from the fact that (k2
2−k2

1)γ
σ2 = −δ.

The explicit expression for G(τ) is obtained by observing that it is a first-order differential
equation. More precisely,

Ġτ + h1G(τ) = h1ψ log (β) + h0 − βψ + θN (t)λQJ(1 − γ) + FkQθQ − r(1 − γ)
H

− (4.138)

λ
[
eF (τ)ξ(y(t))(1 + θN (t)J)1−γ − 1

]
,
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with initial condition G(0) = 0, is a first order differential equation of the type y′(t) + a0(t)y(t) = g(t)

y(t0) = y0
,

with solution of the form

y(t) = e−At
[
y0 +

∫ t

t0

g(s)eA(s)ds,

]

with A(t) =
∫ t

0
a0(s)ds.

From which it follows following the solution scheme for the differential equation

A(t) =
∫ t

0
h1ds = h1t, (4.139)

G(τ) =e−h1τ

{∫ τ

0

[
h1ψ log (β) + h0 − βψ + θN (t)(s)λQJ(1 − γ) + F (s)kQθQ − r(1 − γ)

H
−

λeF (s)ξ(y(t))(1 + θN (t)(s)J)1−γ + λ

]
eh1sds

}
;

= e−h1τ

{∫ τ

0
h1ψ log βeh1sds+

∫ τ

0
h0e

h1sds− βψ

∫ τ

0
eh1sds+

∫ τ

0
θN (t)(s)λQ(1 − γ)

Jeh1sds+
∫ τ

0
F (s)kQθQeh1sds−

∫ τ

0

r(1 − γ)
H

eh1sds−
∫ τ

0
λeF (s)ξ(y(t))(1 + θN (t)(s)J)1−γeh1sds+∫ τ

0
λeh1sds

}
;

= e−h1τ

{
ψ log (β)eh1τ + h0

h1
eh1τ − βψ

h1
eh1τ − r(1 − γ)

Hh1
eh1τ − λQ(1 − γ)

h1
eh1τ +

∫ τ

0
F (s)kQθQeh1s

ds+
∫ τ

0
θN (t)(s)λQ(1 − γ)Jeh1sds−

∫ τ

0
λeF (s)ξ(1 + θN (t)(s)J)1−γeh1sds

}
;

(4.140)
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using some algebra we get

G(τ) =ψ log (β) + h0

h1
− βψ

h1
− r(1 − γ)

Hh1
− λQ(1 − γ)

h1
+

kQθQδ

(k1 + k2)H

{F1

[
1, h1

k2
, h1+k2
k1+k2

, e
k2τ (k1−k2)
k1+k2

]
− e−h1τF1

[
1, h1

k2
, h1+k2

k2
,−1 + 2k1

k1+k2

]
h1

+

−ek2τF1

[
1, h1+k2

k2
, 2 + h1

k2
, e

k2τ (k1−k2)
k1+k2

]
+ e−h1τF1

[
1, h1+k2

k2
, 2 + h1

k2
,−1 + 2k1

k1+k2

]
h1 + k2

}

+ e−h1τ

{∫ τ

0

[
λQ(1 − γ)JθN (t)(s) − λeF (s)ξ(y(t))(1 + θN (t)(s)J)1−γ

]
eh1sds

}
;

where F1 is the hypergeometric function.

4.4 The impact of jumps and recursive preferences on
optimal policies

In this Section, we show how the theoretical results provided in Section 4.1 work on real
data. In particular, we focus on the general case ψ ̸= 1, and spotlight the role played by
preferences in optimal allocation.

4.4.1 Numerical example: the multivariate case:incomplete market
setting

In the first numerical example, we consider a portfolio with N = 12 hedge funds from the
Credit Suisse Hedge Fund index, namely Convertible Arbitrage (CA), Emerging Markets
(EM), Equity Market Neutral (EMN), Event Driven (ED), Event Driven Distressed (EDD),
Event Driven Multi-Strategy (EDMS), Event Driven Risk Arbitrage (EDRA), Fixed Income
(FI), Global Macro (GM), Long/Short (L/S), Managed Futures (MF), and Multi-Strategy
(MS).
The choice of considering hedge funds instead of the equity market is motivated by consid-
ering that the former are more exposed to the tail risk, as explained e.g. in Kelly and Jiang
[2012]. We perform a calibration procedure to obtain the parameter estimates under three
kinds of models, depending on the presence of the jump component. Hereinafter, we will
refer to such models as Co-Jumps, Jumps-in-Price, and No-Jumps. Calibration consists of
two parts: first, we estimate the precision and identify the parameters characterizing the
jump component through a kernel estimator and a data-driven threshold, respectively, as
in Corsi et al. [2010]. Then, we use a generalized (simulated) method of moments to detect
the remaining parameters, as in Oliva and Renò [2018]. The parameter estimates of the
three models are reported in Table 4.1. Furthermore, to be compliant with the empirical
evidence, see e.g. Liu and Pan [2003] and Branger et al. [2008], we constrain the price-jump
amplitudes to be smaller than zero. The results for the optimal allocation are provided in
Table 4.2. We observe that the overall optimal allocation reduces as more sources of risk
are included in the model. We also observe that the reduction in the overall allocation is
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minimal when only price jumps are considered (the variation is 0.4%). The presence of
co-jumps, on the other hand, causes a sizeable decrease in the optimal investment in risky
securities, equal to 10%.
Thus, we extend this analysis to different types of investors. As discussed in Section 4.1,
a crucial role is played by the log-linearization coefficient appearing in (4.9). In what
follows, we apply the scheme proposed in Chacko and Viceira [2005] and implement a
recursive numerical procedure so that we fix an initial value for h1, we use it to calculate
(4.7) and update h1 until the convergence is reached. Furthermore, we consider investors
with coefficients of relative risk-aversion ranging in [2, 40], and elasticity of intertemporal
substitution spanning between 1/2 and 1/40.

Remark 4.4.1. It is worth stressing that, while for the risk-aversion parameter, the empir-
ical evidence suggests γ > 1, the literature does not express a uniform agreement for the
estimation of ψ, as highlighted in Kraft et al. [2013]. Hall [1988], Campbell and Viceira
[1999, 2001, 2002], and Vissin-Jorgensen [2002] provide a value for EIS smaller than one
and justify this result on extensive analyses of aggregated and disaggregated data. On the
other hand, Bansal and Yaron [2004], Bansal [2007] and Hansen and Singleton [1982] argue
that such an estimate of the parameter ψ is based on misspecification of the model, showing
that ignoring the effects of time-varying consumption volatility and excluding fluctuating
economic uncertainty leads to a severe downward bias in EIS estimates. However, while
recognising the importance of an appropriate specification of the parameters characterising
recursive preferences, it must be pointed out that this is beyond the scope of this work.
This is why in the following we will not address the estimation of the risk aversion and EIS
parameters, but will provide a detailed sensitivity analysis of our numerical results w.r.t.
changes in the parameters. We will also set specific values for γ and ψ when this will be
strictly necessary for our study.

The optimal allocation is highest when there are no jumps in the dynamics, implying that
the optimal allocation is mainly affected by co-jumps. When we consider both jumps in
price and precision (top panel in Table 4.3), the optimal allocation reduces, compared to
the no-jump case (bottom panel). For example, for γ = 2 and ψ = 1/2, in the absence of

Co-Jumps Jumps-in-Price No-Jumps
α diag(Q) diag(K) J diag(ξ) α diag(Q) diag(K) J diag(ξ) α diag(Q) diag(K) J diag(ξ)

CA 0.68 0.05 -0.10 -8.48 -0.33 0.68 0.05 -0.04 -8.48 – 0.57 0.13 -0.40 – –
EM 0.72 0.06 -0.33 -2.47 -0.73 0.72 0.09 -0.26 -2.47 – 0.69 0.2 -1.01 – –

EMN 0.51 0.1 -0.43 -7.48 -0.46 0.51 0.08 -0.09 -7.48 - 0.42 0.13 -0.40 – –
ED 0.76 0.02 -0.02 -7.40 -0.46 0.76 0.08 -0.09 -7.40 – 0.67 0.11 -0.27 – –

EDD 0.85 0.03 -0.03 -7.51 -0.44 0.85 0.06 -0.07 -7.51 – 0.76 0.1 -0.22 – –
EDMS 0.69 0.02 -0.02 -4.99 -0.37 0.69 0.05 -0.05 -4.99 – 0.63 0.14 -0.43 – –
EDRA 0.56 0.05 -0.11 -6.15 -0.10 0.56 0.09 -0.11 -6.15 – 0.48 0.08 -0.20 – –

FI 0.55 0.05 -0.10 -8.25 -0.13 0.55 0.07 -0.07 -8.25 – 0.45 0.1 -0.24 – –
GM 0.89 0.15 -1.47 -1.45 -1.18 0.89 0.06 -0.08 -1.45 – 0.87 0.14 -0.47 – –
L/S 0.89 0.07 -0.26 -9.62 -0.77 0.89 0.08 -0.14 -9.62 – 0.77 0.18 -0.70 – –
MF 0.41 0 -0.28 3.18 -0.01 0.41 0.08 -0.48 3.18 – 0.45 0.19 -1.17 – –
MS 0.68 0.07 -0.22 -4.04 -0.42 0.68 0.07 -0.08 -4.04 – 0.63 0.13 -0.34 – –

Table 4.1. Parameter estimates for the Co-Jumps model (ψ = 146.9339), the Jumps-
in-Price model (ψ = 48.3789), and the No-Jumps model (ψ = 62.0173). The
jump intensity λ is equal to 0.0120 when jumps occur, or is equal to 0 otherwise,
diag(Q), diag(K), diag(ξ) represent the main diagonal of matrices Q, K, ξ, respec-
tively. Estimates are for returns expressed in percentages and in monthly units, see
Oliva and Renò [2018] for further details.
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Hedge Fund No-Jumps (%) Jumps-in-Price (%) Co-Jumps (%)
CA 7.8328 7.9276 7.0144
EM 2.1976 2.1866 2.1372

EMN 9.7140 9.6576 8.2937
ED 7.9774 7.9344 7.3218

EDD 8.5607 8.5233 7.9016
EDMS 6.5082 6.5047 6.1320
EDRA 11.6174 11.6437 10.5577

FI 10.1383 10.0992 8.6735
GM 4.7001 4.7022 4.6266
L/S 3.8061 3.8118 3.4474
MF 1.4062 1.1577 1.0893
MS 10.9068 10.8845 10.3487

Total Allocation 85.3654 85.0334 77.5439
Table 4.2. Percentage of optimal portfolio allocation for the No-Jumps model (second

column), the Jumps-in-Price model (third column), and the Co-Jumps model (fourth
column). The maturity of the investment is 1 year, the rate of time preferences is
β = 6%, the risk aversion parameter is γ = 3, the elasticity of intertemporal substitution
of consumption is ψ = 0.8, the jump intensity is equal to λ = 0.0120 for models with
jumps, and 0 otherwise. The remaining parameters are given in Table 4.1.

jumps, the investment guarantees 7% more of the wealth allocated in the stock. Our findings
confirm that price and volatility jumps can overshadow the skewness effect. Furthermore,
the impact of EIS on the optimal portfolio weights is negligible. At the same time, the risk
aversion parameter strongly affects the results. For example, if we quadruple γ (moving
from γ = 5 to γ = 20), the optimal allocation is reduced by more than 75% of the previous
value. The reduction proportion remains almost the same even when only price jumps
are considered or if no jumps are assumed. We carry on a similar analysis for optimal
consumption. More precisely, we evaluate

C(0)
W (0) = eE[c(0)−x(0)] × 100 ,

i.e., we consider the (exponentiated) optimal mean log consumption-wealth ratio for several
values of EIS and risk-aversion parameter. The results are shown in Table 4.4, for a relative
risk-aversion coefficient ranging in [0.75, 10], and an elasticity of intertemporal substitution
spanning between 1/0.75 and 1/3.

When the elasticity of intertemporal substitution ψ is small, investors are unwilling to
substitute consumption in time. Instead, they prefer investing in portfolios with a higher
consumption-wealth ratio. A bigger EIS corresponds to a lower value of the consumption-
wealth ratio. We first focus on the last column of Table 4.4, namely, we comment on results
for investors who are extremely reluctant to intertemporally substitute consumption. These
investors wish to keep their expected consumption growth rate constant, regardless of the
current investment opportunity set, by consuming the average return of their portfolios
with a precautionary-savings adjustment for risk. Then, we study another borderline case,
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Co-Jumps Model Optimal Allocation weight (%)
E.I.S. (ψ)

R.R.A (γ) 1/2 1/3 1/5 1/10 1/20 1/40
2 120.1778 120.5374 120.9167 121.2331 121.4216 121.5315
3 78.0377 78.4475 78.8628 79.2447 79.4717 79.5963
5 45.7806 46.1425 46.5233 46.8650 47.0663 47.1516
10 22.5196 22.7411 22.9836 23.1979 23.3192 23.3766
20 11.1586 11.2853 11.4210 11.5400 11.6092 11.6447
40 5.5588 5.6236 5.6931 5.7572 5.7924 5.8104

Jumps in Price Model Optimal Allocation weight (%)
E.I.S. (ψ)

R.R.A (γ) 1/2 1/3 1/5 1/10 1/20 1/40
2 127.9925 128.0254 128.0622 128.0924 128.1119 128.1215
3 85.0789 85.1217 85.1622 85.2003 85.2246 85.2364
5 50.9311 50.9680 51.0055 51.0402 51.0620 51.0724
10 25.4236 25.4478 25.4716 25.4963 25.5092 25.5161
20 12.7015 12.7151 12.7292 12.7427 12.7500 12.7534
40 6.3479 6.3554 6.3630 6.3698 6.3735 6.3760

No-Jumps Model Optimal Allocation weight (%)
E.I.S. (ψ)

R.R.A (γ) 1/2 1/3 1/5 1/10 1/20 1/40
2 128.3049 128.3287 128.3538 128.3768 128.3898 128.3967
3 85.3936 85.4191 85.4463 85.4716 85.4858 85.4934
5 51.1689 51.1900 51.2129 51.2341 51.2461 51.2525
10 25.5596 25.5728 25.5871 25.6005 12.8006 12.8028
20 12.7737 12.7810 12.7890 12.7964 12.7500 12.7534
40 6.3853 6.3892 6.3973 6.3698 6.3995 6.4007

Table 4.3. Percentage of Optimal Portfolio weights, for total funds, evaluated at t = 0
for Co-Jumps Model, Jumps-in-Price Model and No-Jumps Model, for different risk-
aversion coefficients and elasticities of intertemporal substitution of consumption. The
rate of time preferences β is set equal to 6% annually, the risk-free rate is set to r = 0%.
The remaining parameters are given in Table 4.1.

and we focus on extreme risk-averse parameters (last row in each panel of Table 4.4). In
this case, investors are more likely to choose safer portfolios, thus achieving smaller returns.
The polar opposite is represented by risk-tolerant investors, who are encouraged to allocate
a more significant part of their wealth into risky assets so that an extreme risk-return profile
will characterize the corresponding portfolios. This is why the consumption-wealth ratio is
higher when investors are less risk-averse. Furthermore, we examine investors more willing
to substitute consumption in time and assume ψ > 1. This implies that we concentrate
on the first column in Table 4.4, so that, assuming β > 0, market players would rather
face higher savings but lower consumption, instead of those who are reluctant to substitute
consumption. In such a situation, an investor with low-risk aversion γ will result in a
portfolio with higher expected returns: the higher EIS, the lower the consumption-wealth
ratio. The reasoning above can be summarized by focusing on the percentage variation of
the optimal consumption wealth ratio: if we halve EIS, e.g. going from 1/(1.25) to 1/(2.5),
the optimal consumption experiences an increase by 78% if the investor is very risk-loving
(γ = 0.75). Such an increment reduces to 76% if the investor’s risk aversion is high enough
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Co-Jumps Model Consumption-Wealth Ratio (%)
E.I.S. (ψ)

R.R.A (γ) 1/0.75 1/1.25 1/1.4 1/2 1/2.5 1/3
0.75 1.7669 12.6430 17.5656 39.9612 58.4263 76.8304
1.25 1.9554 12.0471 16.3623 36.4625 54.5553 72.0171
1.4 1.9841 11.9380 16.2277 35.9236 53.5491 71.3246
2 2.0584 11.7116 15.7729 34.6257 52.0020 68.9755
3 2.1128 11.5195 15.3992 33.6265 50.1415 67.1444
10 2.1870 11.2862 14.9703 31.9578 47.4859 63.3784

Jumps in Price Model Consumption-Wealth Ratio (%)
E.I.S. (ψ)

R.R.A (γ) 1/0.75 1/1.25 1/1.4 1/2 1/2.5 1/3
0.75 1.7677 16.0520 23.1559 57.7313 88.0512 116.6679
1.25 2.1074 14.7027 20.3604 47.1304 71.1238 95.0293
1.4 2.1643 14.4651 19.8900 45.6892 68.4882 91.0613
2 2.3133 13.8875 18.8697 42.2475 62.9560 83.7390
3 2.4343 13.5094 18.1111 39.4521 58.8529 78.2802
10 2.6166 12.9568 17.0442 36.3073 52.7644 70.0088

No-Jumps Model Consumption-Wealth Ratio (%)
E.I.S. (ψ)

R.R.A (γ) 1/0.75 1/1.25 1/1.4 1/2 1/2.5 1/3
0.75 1.2039 16.0147 24.5951 73.9475 124.5295 177.9226
1.25 1.5425 13.8906 20.1538 52.9806 85.4590 118.6873
1.4 1.6036 13.5660 19.4807 49.8798 80.1968 111.7709
2 1.7697 12.8252 17.9599 43.7385 68.3943 94.3549
3 1.9081 12.2476 16.8093 39.2259 60.3549 82.5620
10 2.1201 11.4995 15.3557 33.5010 50.2659 67.5364

Table 4.4. Percentage of consumption-wealth ratio for each models (Co-Jumps Model,
Only Jumps in Price and No-Jumps Model) for different risk aversion coefficient and
elasticities of intertemporal substitution of consumption. The rate of time preferences β
is set equal to 6% annually, the risk-free rate is set to r = 0%. The remaining parameters
are given in Table 4.1.

(γ = 10). Finally, by comparing the Co-Jumps, Jumps in price, and No Jumps models,
we detect that the presence of jumps affects the optimal consumption when ψ < 1. The
effect is even more intense the smaller the EIS value. By comparing the mid and bottom
panels in Table 4.4, we find that jumps in price reduce the optimal consumption, regardless
of the risk aversion level, because of the greater risk investors are exposed to. However,
the impact of jumps in volatility (or precision) is significant, as stressed by the comparison
between the top and mid panel in Table 4.4. Therefore, we can state that jumps in volatility
further reduce optimal consumption in a very significant way. When ψ > 1, we notice a
different behaviour: investors exhibit more significant savings and negligible consumption.
Moreover, if jumps in price are included, the average portfolio return reduces since investors
consider a smaller portion of the risky asset. This implies that investors choose portfolios
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Figure 4.1. Percentage of relative loss in wealth as a function of the risk aversion parameter
with ψ = 0.8. The maturity investment is 1 year, the rate of time preferences is β = 6%,
the risk-free rate is set to r = 0%. The remaining parameters are given in Table 4.1.

with low expected returns, so a higher ψ corresponds to a higher consumption-wealth ratio.

To assess the effect of jumps in volatility, we resort to the Wealth Equivalent Loss (WEL),
i.e. an economic metric that measures the possible loss suffered by an investor who assumes
only jumps in price (or the absence of jumps) as a condition for determining the investment
strategy. The WEL is defined as

WEL = 1 − W̃ (t) ,

where W̃ is obtained by equating the value function V (t, y, W̃ ) = exp{−H(Tr(F (t)Y (t)) +
G(t))} W̃ (t)1−γ

1−γ associated with the strategy involving co-jumps and the value function
V̂ (t, y, 1) = exp{−H(Tr(F̂ (t)Y (t)) + Ĝ(t))} 1

1−γ for the sub-optimal strategy, where H =
1−γ
1−ψ . More precisely,

W̃ (t) =
[

exp{−H(F̂ (t)Y (t) + Ĝ(t))}
exp{−H(F (t)Y (t) +G(t))}

] 1
1−γ

=
[
exp{(F̂ (t) − F (t))Y (t) + (Ĝ(t) −G(t))}

]− 1
1−ψ

,

(4.141)

where F (t), G(t) (resp., F̂ (t), Ĝ(t)) are the solutions to the ODEs provided in Proposition
4.1.1, suitably modified according to the presence (resp., the absence) of the jumps in
volatility. Figure 4.1 shows the loss in wealth that an investor might suffer when she does
not believe in jumps in volatility, as a function of the risk-aversion parameter γ and the
elasticity of intertemporal substitution of consumption ψ. In particular, the figure shows
that not including volatility jumps in the model would result in non-trivial losses in terms
of wealth. For example, with a risk aversion parameter γ = 3, the investor would suffer
a monetary loss of about 5%. This result reinforces the point that volatility jumps play a
crucial role in determining the optimal behaviour of an investor in hedge funds portfolios.
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Figure 4.2. Optimal portfolio allocation (left chart) and consumption (right chart) as
functions of time horizon, for several values of the risk-aversion parameter γ. The EIS
parameter is fix to ψ = 0.8. The rate of time preferences β is set equal to 6% annually,
the constant risk-free rate is equal to r = 0%. The remaining parameters are given in
Table 4.1.

4.4.2 Numerical example: the univariate case:incomplete market
setting

To highlight the impact of jumps on the optimal allocation, in this section, we provide some
analyses when a single fund (CA) is considered. The CA index displays a positive mean
(6.89%) and low standard deviation (6.25%), making the fund attractive. However, it has
negative skewness (−2.73) and high kurtosis (21.58), transforming the fund into a risky
investment vehicle.
Our first analysis shows optimal portfolio allocation and consumption-wealth ratio, evalu-
ated at t = 0, as functions of the investment time horizon, for different risk-aversion levels.
The results are presented in Figure 4.2. As expected, the optimal allocation decreases over
time due to the negative intertemporal hedging demand, see e.g. Liu and Pan [2003] and
Branger et al. [2008]. Considering the parameters obtained through the calibration pro-
cedure and assuming γ > 1, the function F results to be negative, see Remark 4.1.1 for
further details. Furthermore, as the maturity becomes larger, both the intertemporal and
jump hedging demands rise (in absolute value) to compensate for the additional risk by
increasing the investment time horizon. Consequently, the value to be subtracted from the
myopic component is more significant as the maturity is pushed back in time, leading to a
reduction of the overall optimal allocation. Concerning the optimal consumption, we note
a shrinkage of the latter when the maturity becomes larger, assuming a fixed elasticity of
intertemporal substitution of consumption equal to ψ = 0.8. This is not surprising, since an
EIS smaller than one conveys that the agent is unwilling to base today’s decision on events
distant in time.
To further clarify to what extent jumps may affect the optimal policies, we study the
optimal portfolio weights and consumption-wealth ratio as functions of the risk aversion
parameter γ, for various price-jump sizes J, and keeping the precision-jump size fixed. The
results are shown in Figure 4.3 (top charts). We note that when the price-jump size reduces
(in absolute value), the investor tends to take a more sizeable position in the risky asset,
especially when the investor’s risk attitude goes to one, for a fixed value of EIS (ψ = 0.8).
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Figure 4.3. Optimal portfolio allocation (left charts) and consumption (right charts) as
functions of γ (top) and ψ (bottom), for different price-jump sizes. In top charts the
EIS is fixed to ψ = 0.8, for the bottom ones the risk-aversion parameter is fixed to
γ = 3. The rate of time preferences β is set equal to 6% annually, the constant risk-free
rate is r = 0%.The remaining parameters are given in Table 4.1.

From an economic point of view, this means that assuming a model with less exposure to
the jump risk event leads to considering a considerable position in the risky asset.
The optimal consumption is affected by changes in the price-jump amplitude, albeit to a
lesser degree. By choosing again ψ = 0.8 and increasing (in absolute value) the price-
jump size, the optimal consumption-wealth ratio reduces as a consequence of the lower
expected portfolio returns. We further stress that the optimal consumption decreases as
the investor’s risk aversion increases, as she will choose safer portfolios with a less expected
portfolio return.
A similar study can be accomplished by analysing optimal allocation and consumption-
wealth ratio as functions of EIS for different price-jump amplitudes, as shown in Figure
4.3 (bottom charts). The numerical results confirm that the optimal allocation is not re-
markably affected by EIS variations if we keep the risk-aversion parameter fixed. Moreover,
in this case, the optimal allocation significantly increases if we consider a price-jump size
equal to J = −1%. Looking at the bottom-right chart of Figure 4.3, we note that for an
investor extremely reluctant to substitute consumption over time, a greater price-jump size
(in absolute value) results in smaller consumption. As the investor becomes more willing
to substitute consumption over time, the impact of jumps in price becomes negligible since
these investors have more significant savings and lower consumption.
To investigate the effect of jumps in precision on optimal policies, we study the latter as
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Figure 4.4. Optimal portfolio allocation (left chart) and Optimal consumption-wealth
ratio (right chart) as a function of precision-jump size, for different price-jump sizes.
The risk-aversion parameter is γ = 3, and the elasticity of intertemporal substitution
is set equal to ψ = 0.8. The rate of time preferences β is set equal to 6% annually, the
constant risk-free rate is r = 0%. The remaining parameters are given in Table 4.1.

functions of the precision-jump magnitudes, assuming different price-jump sizes. We refer
to Figure 4.4 for the corresponding results. We observe that introducing jumps in volatility
produces a further effect for optimal weights: a more remarkable volatility jump translates
into a smaller jump in precision, causing a reduction in the optimal portfolio allocation.
However, such a curtailment has little impact and depends on the value of the price-jump
size. Concerning the optimal consumption (right chart in Figure 4.4), as expected, we
witness a reduction for wider price-jump magnitudes (in absolute value): as the amplitude
of the jump in precision rises (in absolute value), the consumption-wealth ratio decreases
as well due to the reduction of the expected portfolio return.

Finally, we investigate the role played by the jump-frequency over the optimal portfolio
weights, see Table 4.5. We assume that freq = 1/(λ × 12), i.e., we consider the jump
frequency expressed in years and intended as the reciprocal of the jump intensity, adjusted
by considering that the parameters are in the form of monthly estimates. More precisely,
optimal portfolio weights are obtained by considering four jump intensities, namely λ =
{0.007, 0.0033, 0.0016, 0.0008}. Such a set corresponds to a jump frequency of 11.94, 25, 50
and 100 years on average, respectively. Our findings move along three directions. First,
we recover that the optimal portfolio allocation is significantly affected by jumps in price.
We further note that infrequent jumps mainly influence the risky allocation. Moreover,
we confirm that jumps in precision have little impact on optimal policy, regardless of the
jump frequency. More precisely, the impact of the precision-jump size is less relevant but
not negligible, especially when considering variations in the jump intensity. The investor
tends to take a more prominent position in optimal allocation when the jump size is small:
the smaller the jump intensity, the higher the portfolio allocation. Third, we observe that
frequent and large jumps in price impact optimal allocation more than rare jumps of the
same magnitude. Assuming that a jump occurs every 12 years, the allocation decreases by
approximately 6.5% if the price jump increases by 5 percentage points, namely, we move
from J = −20% to J = −15%. For rare jumps (e.g., one jump every 100 years), the variation
of the optimal allocation is by 0.6%. The proportions remain almost unchanged as the jump
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Optimal allocation weights
Risk Aversion (γ) Precision-Jump size (ξ) Jump intensity (λ) Price-Jump Size (J)

J = −25% J = −20% J = −15%
3 -0.20 0.007 6.8173 7.2914 7.7669

0.0033 8.0734 8.2985 8.5241
0.0016 8.6541 8.7638 8.8735
0.0008 8.9171 8.9743 9.0315

3 -0.50 0.007 6.7651 7.2435 7.7259
0.0033 8.0384 8.2689 8.5006
0.0016 8.6345 8.7476 8.8611
0.0008 8.9062 8.9654 9.0248

5 -0.20 0.007 4.0804 4.3643 4.6493
0.0033 4.8330 4.9681 5.1034
0.0016 5.1815 5.2473 5.3132
0.0008 5.3394 5.3737 5.4081

5 -0.50 0.007 4.0429 4.3299 4.6197
0.0033 4.8078 4.9467 5.0865
0.0016 5.1673 5.2357 5.3042
0.0008 5.3315 5.3673 5.4032

10 -0.20 0.007 2.0364 2.1782 2.3206
0.0033 2.4124 2.4799 2.5476
0.0016 2.5867 2.6196 2.6525
0.0008 2.6656 2.6828 2.7000

10 -0.50 0.007 2.0154 2.1589 2.3040
0.0033 2.3982 2.4679 2.5380
0.0016 2.5787 2.6130 2.6475
0.0008 2.6612 2.6792 2.6973

20 -0.20 0.007 1.0173 1.0881 1.1593
0.0033 1.2052 1.2389 1.2728
0.0016 1.2923 1.3088 1.3253
0.0008 1.3318 1.3404 1.3490

20 -0.50 0.007 1.0062 1.0779 1.1505
0.0033 1.1977 1.2326 1.2677
0.0016 1.2881 1.3053 1.3226
0.0008 1.3295 1.3385 1.3476

Table 4.5. Percentage optimal portfolio allocation for different values of jump-intensity,
price-jump size, risk-aversion parameter, and precision-jumps size. The EIS is fix equal
to ψ = 0.8. The rate of time preferences β is set equal to 6% annually, and the constant
risk-free rate is r = 0%. The remaining parameters are given in Table 4.1.

amplitudes in precision and/or the risk aversion parameter vary.

We conclude our study with a sensitivity analysis for WEL w.r.t. the parameters char-
acterising the preferences involved, namely the EIS and the risk-aversion parameters. We
consider a span for the risk aversion coefficient γ in [1.1, 10]. The results are illustrated
in Figure 4.5. First, we observe that excluding jumps from the model always results in a
potential loss for investors, regardless of their risk attitudes and consumption tendencies.
Our qualitative analysis also shows that as the elasticity of substitution of consumption in-
creases and the investor’s risk aversion coefficient decreases, the loss suffered by the investor
increases. Therefore, the aggressiveness of an investor who believes in the sub-optimal strat-
egy (No-Jumps model) is rewarded through a maximum loss. As the investor becomes less
aggressive, the potential loss she may incur decreases until a plateau is reached. When the
investor’s propensity to consume increases (ψ ≥ 0.5), we see a WEL trend similar to the
previous one: the very aggressive investor reaches a maximum loss, which is more significant
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Figure 4.5. Percentage of relative loss in wealth for the sub-optimal strategy without jumps
as a function of the risk aversion parameter with different values for the elasticity of
intertemporal substitution of consumption (EIS). The maturity investment is one year,
the rate of time preferences is β = 6% and the risk-free rate is set to r = 0%. The
remaining parameters are given in Table 4.1.

as the EIS grows.
q1

4.4.3 Numerical example: how do the numerical results change if
we complete the market?

This section analyses the impact of derivative inclusion and the assumption of a complete
market setting on optimal policy and consumption. We consider the parameterization given
by the table (3.1).
We complete the market with two non-redundant derivatives, so we include two European
options, a 3-month 5% -OTM call, and a 3-month 5% -ITM call. The first analysis, from
Figure (4.6), concerns the optimal weights and consumption as a function of the risk aversion
parameter. The results of the univariate case are confirmed: as risk aversion increases,
the allocation in the risky asset decreases, as do the allocations in derivatives (albeit in
absolute value) and optimal consumption. The allocations in the optimal weights depend
on the derivatives chosen. Still, the impact of the risk aversion coefficient on the optimal
allocation is the same even if we make different choices in terms of the derivatives chosen.
In Figure (4.7), we analyze the wealth loss that the investor suffers when not considering
co-jumps or jumps at all in a complete market setting. Then we again resort the Wealth
Equivalent loss, as defined in the subsection (4.4.1) in the multivariate case by the equation
(4.141), which is an economic metric that shows us the loss suffered by the agent when
considering as an optimal strategy the one in which co-jumps are included in the market
and as a sub-optimal strategy the one in which the investor believes in a market without
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jumps (either price and volatility or only price). From the figure (4.7), we can see that
the loss of wealth is huge when jumps are not included in the market, especially for very
risk-averse agents.
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Figure 4.6. Optimal weights and consumption wealth ratio as a function of risk aversion
parameter. The maturity investment is one year, the rate of time preferences is β = 6%
and the risk-free rate is set to r = 0%. The remaining parameters are given in Table
4.1.

4.5 The accuracy of the approximate solution

To understand whether the solutions proposed in Section 4.1 are accurate, we assess the
reliability of the approximation assumptions. We recall that we are assuming two types
of linearization procedures: one for the jump component and one for the logarithmic con-
sumption wealth ratio.

4.5.1 Reliability of the jump-component linearization

To compare true and approximate solutions, we consider a simpler form of the model, where
we consider only a single risky asset and by assuming that the precision y(t) is constant
over time. More precisely, the dynamics (2.12) simplifies to the well-known Merton’s Jump-
Diffusion model 

dS(t)
S(t) = αdt+

√
y(0)−1dB(t) + JdN(t)

dy(t) = 0
. (4.142)
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Figure 4.7. Percentage of relative loss in wealth for the sub-optimal strategy without
jumps as a function of the risk aversion parameter with several values for the elasticity
of intertemporal substitution of consumption (EIS). The maturity investment is one
year, the rate of time preferences is β = 6%, and the risk-free rate is set to r = 0%. The
remaining parameters are given in Table 4.1.

Assume first ψ = 1. Under such assumptions, we write the investor’s indirect utility function
as

V (t,W ) = W (t)1−γ

1 − γ
exp{F (t)} , (4.143)

for any t ∈ [0, T ].

If we do not linearize the jump component, the first order condition for the true optimal
allocation weights is

0 = (α− r) − γπ(t)
y(0) + λ(1 + π(t)J)−γJ , (4.144)

while the function F appearing in (4.143) is the solution to the following ODE

Ḟt = −β(1 − γ) log(β) + βF (t) − r(1 − γ) − πt(α− r)(1 − γ) + β(1 − γ)

+ 1
2γ(1 − γ)π(t)2

y0
− λ

[
(1 + Jπ(t))1−γ − 1

]
. (4.145)

Both Eq. (4.144) and (4.145) can be easily solved by using ad-hoc numerical procedures.

Analogously, when we linearize the jump component, the first order condition for the ap-
proximate optimal allocation weights is

0 = (α− r) − γπ(t)
y(0) + λJ , (4.146)
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J = −10%
γ π̃(t)(%) π(t)(%) RWEL(%)
2 13.93 13.92 -0.0190
3 9.28 9.28 -0.0127
4 6.96 6.96 -0.0095
5 5.57 5.57 -0.0076
6 4.64 4.64 -0.0063
7 3.98 3.97 -0.0054
8 3.48 3.48 -0.0047
9 3.09 3.09 -0.0042
10 2.79 2.78 -0.0038

J = −15%
γ π̃(t)(%) π(t)(%) RWEL(%)
2 13.92 13.91 -0.0287
3 9.28 9.27 -0.0191
4 6.96 6.95 -0.0143
5 5.57 5.56 -0.0114
6 4.64 4.63 -0.0095
7 3.98 3.97 -0.0082
8 3.48 3.47 -0.0071
9 3.09 3.09 -0.0063
10 2.78 2.78 -0.0057

J = −25%
γ π̃(t)(%) π(t)(%) RWEL(%)
2 13.90 13.90 -0.0482
3 9.27 9.26 -0.0321
4 6.95 6.95 -0.0241
5 5.56 5.56 -0.0192
6 4.63 4.63 -0.0160
7 3.97 3.97 -0.0137
8 3.48 3.47 -0.0120
9 3.09 3.08 -0.0107
10 2.78 2.78 -0.0096

Table 4.6. Optimal approximate and true allocation weights and associated RWEL (ex-
pressed in percentage) for several risk aversions parameter γ and price-jump sizes. The
time preference rate β is set at 6% per year, the risk-free rate is set at r = 0%.

providing a closed-form expression for the optimal weights, while the function F appearing
in (4.143) is the solution to the following ODE

Ḟt = −β(1 − γ) log(β) + βF (t) − r(1 − γ) − 1
2

(α− r)2(1 − γ)
γ

y(0) + β(1 − γ)

− λ2J2(1 − γ)
2γ y(0) − Jλ(1 − γ)(α− r)

γ
y(0) . (4.147)

By indicating with V and π (resp., Ṽ and π̃) the value function and the optimal weight
for the true model (resp., the approximate model), we can evaluate the Relative WEL
(RWEL), i.e. the percentage of initial wealth that can be sacrificed by an investor using
the optimal strategy, in order to have the same indirect utility using the approximate
one, see Ascheberg et al. [2016] for further details. The RWEL is obtained by equating
V (t,W (1 −RWEL);π) = Ṽ (t,W ; π̃), hence, for t ∈ [0, T ], we get

RWEL = 1 − 1
1 − γ

exp{F̃ (t) − F (t)} . (4.148)

We execute a sanity check by comparing the true solution with the approximate one in
terms of RWEL.
The results are depicted in Table 4.5.1, for several risk aversion parameter values and price-
jump amplitudes. We note that the approximate optimal strategy overestimates the true
one, providing a potential loss. However, such a loss is minimal, varying between 0.0038%
(when γ = 10 and J = −10%) to 0.0482% (when γ = 2 and J = −25%).
Now assume ψ ̸= 1. The investor’s indirect utility function is

V (t,W ) = W (t)1−γ

1 − γ
exp{−HF (t)} , (4.149)

for any t ∈ [0, T ]. As for the true strategy, the first order condition for the optimal allocation
weights is given in (4.144), while the function F appearing in (4.149) is the solution to the
following ODE

Ḟt = h1F (t) − h1ψ log β + βψ − h0 + r(1 − ψ) + π(t)(α− r)(1 − ψ)

− 1
2γ(1 − ψ)π(t)2

y0
+ λ

H

[
(1 + Jπ(t))1−γ − 1

]
. (4.150)
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J = −10%
γ ψ = 0.2 ψ = 0.5 ψ = 1.5
3 -0.0000741 -0.0000784 -0.0000867
5 -0.0000446 -0.0000469 -0.0000519
7 -0.00000318 -0.0000335 -0.0000371
10 -0.0000229 -0.0000234 -0.0000259

J = −15%
γ ψ = 0.2 ψ = 0.5 ψ = 1.5
3 -0.0001676 -0.0001773 -0.0001962
5 -0.0001008 -0.00010620 -0.0001175
7 -0.0000719 -0.0000758 -0.0000838
10 -0.0000503 -0.0000530 -0.0000586

J = −25%
γ ψ = 0.2 ψ = 0.5 ψ = 1.5
3 -0.0004705 -0.0004978 -0.0005508
5 -0.0002827 -0.0002977 -0.0003294
7 -0.0002016 -0.0002123 -0.0002349
10 -0.000141 -0.0001485 -0.0001643

Table 4.7. RWEL (expressed in percentage) for several values of risk aversions parameter
γ, elasticity of intertemporal substitution of consumption ψ and price-jump sizes. The
time preference rate β is set at 6% per year, the risk-free rate is r = 0%.

As for the approximate strategy, the first order condition for the optimal allocation weights
is given in (4.146) and the function F appearing in (4.149) is the solution to the following
ODE

Ḟt = h1F (t) − h1ψ log β + βψ − h0 + r(1 − ψ) + πt(α− r)(1 − ψ)

− 1
2γ(1 − ψ)π(t)2

y0
+ λ(1 − ψ)Jπ(t) .

The RWEL for t ∈ [0, T ] is

RWEL = 1 − 1
1 − γ

exp{−H[F̃ (t) − F (t)]} . (4.151)

We compare true and approximate solutions in terms of RWEL. The results are depicted
in Table 4.7, for several values of risk aversion parameter γ, elasticity of intertemporal
substitution of consumption ψ, and price-jump amplitudes. In this case, the potential loss
is always lesser than 0.02%. As expected, the loss reduces for higher values of ψ and γ,

while heightens for larger price-jump magnitudes.

4.5.2 The accuracy of the consumption-wealth linearization

We recall that the consumption-wealth ratio is approximated using an appropriate log-
linear expansion around the unconditional mean c− w := E

[
C(t)
W (t)

]
. The reliability of such

an approximation moves along the lines of Chacko and Viceira [2005] and can be measured
by calculating the unconditional standard deviation of the optimal log consumption-wealth
ratio, given by

| Ft |
√
V ar(y(t)) =| F (t) |

√
σ2

2k

(
θ + ξλ

k

)
.

Figure 4.8 shows that the optimal consumption-wealth ratio exhibits high volatility only
for investors with small values for γ and ψ. For example, when ψ = 0.2, the standard
deviation is about 1.5%, while, for ψ = 0.9, it is about 0.16%, when γ = 2. Our results are
corroborated by the discussion in Campbell and Koo [1997], where the authors explain that
the approximation error can be considered bearable when the standard deviation of the log
consumption-wealth ratio is smaller than 5%.
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Chapter 5

Robust optimal consumption
and portfolio choice in complete
markets with co-jumps

This chapter attempts to provide a unifying approach for portfolio choice problems that
simultaneously captures all the features discussed hitherto, i.e. (i) the agent’s risk aversion
and uncertainty about the market model, (ii) the intention to maximize profits and minimize
losses, accounting for the investor’s preference for either consumption or savings over time,
(iii) the occurrence of sudden events that generate discontinuities in stock and volatility
trends, and (iv) the access to the derivatives market.
We study a robust, dynamic, continuous-time optimal consumption and portfolio alloca-
tion problem, assuming investors have recursive preferences, as in Chapter (4.4), and may
access both stock and derivative markets. Besides, we consider investors to be both risk
and ambiguity-averse, focusing on uncertainty about all the risk factors that may affect
the market. We allow for different levels of ambiguity aversion against diffusive and jump
risks and treat the model uncertainty problem as a robust control problem along the lines
of Anderson et al. [2003]. Therefore, we assume there exists both a reference model and a
family of alternative models, statistically indistinguishable from each other, and we choose
to weigh the distance between an alternative model and the reference one by assigning a
penalty factor. Thus, our objective is to be able to select the best proportion of wealth to
be invested and consumption to be produced in such a way as to maximize the investor’s
utility in the worst-case scenario. In such a complete market setting, we obtain analytical
solutions to the optimal investment problem, depending on suitable deterministic functions
that are quickly evaluated via numerical procedures. Our optimal strategies are exact for
investors with unitary intertemporal elasticity of substitution), and approximate otherwise.
Our results show that optimal exposures are driven by the corresponding ambiguity aver-
sion parameters. As ambiguity risk aversion increases, the corresponding optimal exposures
decrease due to the deterioration of the investors’ opportunity set. Optimal consumption
is also affected by both diffusive and jump ambiguity parameters: in particular, for more
consumption-oriented investors, the consumption-wealth ratio decreases as a function of the



82
5. Robust optimal consumption and portfolio choice in complete markets with

co-jumps

ambiguity-aversion parameters due to deteriorating expectations about investment oppor-
tunities due to the negative income effect. A thorough sensitivity analysis concerning the
main model parameters corroborates the theoretical results. Furthermore, to quantify the
impact of model uncertainty on optimal wealth and consumption policies, we measure the
potential loss of an investor who decides to adopt a sub-optimal (unambiguous) investment
strategy. The numerical results, obtained in terms of Wealth Equivalent Loss (WEL), show
that ignoring ambiguity might cause considerable losses that augment in case of higher
ambiguity-aversion levels. The Chapter is organized as follows. Section 5.1 contains the
technical specifications for the market model and we build the optimal investment and con-
sumption problem for an ambiguity-averse investor with recursive preferences and derive
the optimal solutions for the investor’s utility maximization problem. In Section 5.2, we
provide numerical examples on real data, to quantify the impact of co-jumps, ambiguity,
and derivatives on investment choices. Section 5.3 estimates the degree of reliability of the
approximations in a context where we consider uncertainty about the model.

5.1 The dynamic optimal allocation problem and the
optimal policy

In this chapter all the stochastic processes involved in our successive analyses will be con-
sidered w.r.t. a filtered probability space (Ω,F ,F,Q) , being F := {F(t), t ∈ [0, T ]} the
natural filtration verifying the standard requirements and Q the risk-neutral measure equiv-
alent to the real-world measure P.
We consider a frictionless, continuous-time financial market consisting of a riskless asset
M = {M(t)}t∈ [0,T ] and a stock S = {S(t)}t∈ [0,T ]. The model and dynamics are defined
in the (2.1) section. Specifically, the dynamics of the risk-free asset is given by Equation
(2.1) while the dynamics of the risky asset is that of the equation (2.10). The market
thus described is incomplete: we include N = 2 contingent claims with underlying S and
maturity T whose price, dynamics, and non-redundancy condition are given in the section
(2.3).
To determine the investor’s optimal policies, we must resort to the real-world probability
measure P. Let us then consider the dynamics provided by the equation (2.11) in section
(2.1) for the risky asset.
Eq. (2.11) is referred to as the reference model, i.e., the best representation of data avail-
able to the investor, see e.g. Wei et al. [2023]. On the other hand, the investor might
be ambiguous about the probability distribution for the reference model; thus, it could
be useful to look at plausible alternatives. If the investor is not sure about the reference
model, she could choose among a family of models, that are difficult to distinguish from the
reference one, Wei et al. [2023]. We incorporate ambiguity into our model and treat it as
an additional source of uncertainty, along the lines of Anderson et al. [2003] and Hansen
et al. [2006]. Thus, we must introduce a set P = {Pϵ : ϵ ∈ E} of prior probability mea-
sures reflecting the investors’ subjective beliefs, see e.g. Wei et al. [2023], where E is the
set of admissible Markovian drift contaminations, see e.g. Faria and Correia-da Silva [2016].
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We further consider two Pϵ-Wiener processes B̃ = {B̃(t)}t∈ [0,T ] and Z̃ = {Z̃(t)}t∈ [0,T ],

related to the corresponding P-Wiener process in the reference model through

dB̃(t) = dB(t) + ϵS(t)dt, t ∈ [0, T ] , (5.1)

dZ̃(t) = dZ(t) + ϵy(t)dt, t ∈ [0, T ] . (5.2)

The same reasoning applies to the Pϵ-Poisson process Ñ ϵ =
{
Ñ ϵ(t)

}
t∈ [0,T ] , such that

dÑ ϵ(t) = dN(t) − λPϵN (t)dt = dÑ(t) + λP
(
1 − ϵN (t)

)
dt , (5.3)

being λPϵN (t)dt the compensator of the Poisson process. By exploiting (5.1), (5.2) and
(5.3), we are able to write the Pϵ-dynamics for the alternative model as follows

dS(t)
S(t)− =

(
r + η − ϵS(t)

√
y(t)−1

)
dt+

√
y(t)−1dB̃(t) + JdÑ(t)ϵ + J

(
λPϵN (t) − λQ

)
dt

dy(t) = k(θ − y(t))dt− σ
√
y(t)ρϵS(t)dt− σ

√
y(t)

√
1 − ρ2ϵy(t)dt

+σ
√
y(t)

(
ρdB̃(t) +

√
1 − ρ2dZ̃(t)

)
+ ξ(y(t))dÑ ϵ(t)

.

(5.4)
Using Ito’s Lemma, the Pϵ-dynamics of the i-th derivative security O(i)(t), i = 1, 2, are

dO(i)(t)
O(i)(t)

=
[
r +

(
gis
Oit
S(t) + σρ

giy
Oit
y(t)

)
η −

(
gis
Oit
S(t) + σρ

giy
Oit
y(t)

)
ϵS(t)

√
y(t)−1

+σ
√

1 − ρ2 g
(i)
y

O(i)(t)
βy(t) − σ

√
1 − ρ2

giy
Oit

√
y(t)ϵy(t)

]
dt

+
[

g
(i)
s

O(i)(t)
S(t) + σρ

g
(i)
y

O(i)(t)
y(t)

]√
y(t)−1dB̃(t) + σ

√
1 − ρ2 g

(i)
y

O(i)(t)
√
y(t)dZ̃(t)

+ ∆g(i)

O(i)(t)
[
dÑ ϵ(t) + (λPϵN (t) − λQ)dt

]
, t ∈ [0, T ]. (5.5)

Let W = {W (t)}t∈ [0,T ] and C = {C(t)}t∈ [0,T ] be the wealth and the consumption process,
respectively. For any t ∈ [0, T ], we denote by ϵ(t), ϕ(t), π(i)(t) the proportion of wealth
invested in the riskless asset, in the risky asset, and in the non-redundant i-th derivative,
i = 1, 2, respectively, such that

ϵ(t) + ϕ(t) +
2∑
i=1

π(i)(t) = 1.
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Thanks to Eqs. (2.1), (5.4) and (5.5), the dynamics of the wealth process are

dW (t)
W (t) =ϵ(t)dM(t)

M(t) + ϕ(t)dS(t)
S(t) +

2∑
i=1

π(i)(t)dO(t)(i)

O(t)(i) − C(t)
W (t)dt

=rdt− C(t)
W (t)dt+ ηdt

[
ϕ(t) +

2∑
i=1

π(i)(t)
(

g
(i)
s

O(i)(t)
S(t) + σρ

g
(i)
y

O(i)(t)
y(t)

)]

−
√
y(t)−1ϵS(t)dt

[
ϕ(t) +

2∑
i=1

π(i)(t)
(

g
(i)
s

O(i)(t)
S(t) + σρ

g
(i)
y

O(i)(t)
y(t)

)]

+ σ
√

1 − ρ2
2∑
i=1

π(i)(t) g
(i)
y

O(i)(t)
νy(t)dt

− σ
√

1 − ρ2
2∑
i=1

π(i)(t) g
(i)
y

O(i)(t)
√
y(t)ϵy(t)dt

+
√
y(t)−1dB̃(t)

[
ϕ(t) +

2∑
i=1

π(i)(t)
(

g
(i)
s

O(i)(t)
S(t) + σρ

g
(i)
y

O(i)(t)
y(t)

)]

+ σ
√

1 − ρ2
2∑
i=1

π(i)(t) g
(i)
y

O(i)(t)
√
y(t)dZ̃(t)

+ J
[
dÑ ϵ(t) + (λPϵN (t) − λQ)dt

](
ϕ(t) +

2∑
i=1

π(i)(t) ∆g(i)

O(t)(i)

)
. (5.6)

By setting the risk exposures to the risk factors B̃, Z̃, and Ñ as

θB(t) := ϕ(t) +
2∑
i=1

π(i)(t)
(
S(t) g

(i)
s

O(t)(i) + σρ
g

(i)
y

O(t)(i) y(t)
)
, (5.7a)

θZ(t) := σ
√

1 − ρ2
2∑
i=1

π(i)(t) g
(i)
y

O(t)(i) y(t) , (5.7b)

θN (t) := ϕ(t) +
2∑
i=1

π(i)(t) ∆g(i)

O(t)(i) , (5.7c)

the dynamics of wealth simplifies as

dW (t)
W (t) =

[
r − C(t)

W (t) + θB(t)(η −
√
y(t)−1ϵS(t)) + θZ(t)(ν −

√
y(t)−1ϵy(t)) + JθN (t)

(
λP ϵN (t) − λQ

) ]
dt+ θB(t)

√
y(t)−1dB̃(t) + θZ(t)

√
y(t)−1dZ̃(t) + JθN (t)

dÑ ϵ(t), t ∈ [0, T ] . (5.8)

We need to characterize the optimization problem. Hence, we denote by U(t, w, y) the set
of all the admissible strategies for the initial data (t, w, y) ∈ [0, T ] ×R+ ×R+, and consider
the set u =

{
α(t), ϕ(t), π(1)(t), π(2)(t), c(t)

}
t∈ [0,T ] . We say that u ∈ U if
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1. u is F(t)-progressively measurable,

2. the following constraint holds true

E

{∫ T

0
(W (t))2

[(
θB(t)

)2
y(t)−1 +

(
θZ(t)

)2
y(t)−1 + J2 (θN (t)

)2]
dt

}
< ∞ ,

3. the SDE (5.8) has a unique strong solution for the initial data (t, w, y) ∈ [0, T ] ×
R+ × R+.

In general, the investment problem to be solved, for an investor with a recursive utility
function à la Duffie-Epstein, see e.g. Duffie and Epstein [1992], is the problem given by
equation (4.3). Hence, we remember with the equation (2.27) the normalized aggregator of
current consumption and continuation utility to describe to describe investors’ preferences.
As in Schroder and Skiadas [1999] and Wei et al. [2023], the necessary conditions to the
existence of a solution to (4.3), are

γ − 1
ψ

1 − 1
ψ

< 1, and 1
ψ
> max

(
0,
γ − 1

ψ

γ − 1

)
.

Consequently, we may face two alternative circumstances, namely, γ > 1 and ψ < 1, or
γ < 1 and ψ > 1. In line with the literature, starting with the seminal paper by Maenhout
[2004] and continuing up to the most recent contributions, see e.g. Wei et al. [2023], in the
present paper we will concentrate on the most plausible and financially significant case, i.e.
the case with γ > 1.

However, in the presence of ambiguity, the investor would like to determine the optimal
investment policy and consumption-wealth ratio that maximize the expected utility under
the worst-case scenario. Therefore, we have to introduce two penalty terms, say Ψ(t,W, y)
and ΨN (t,W, y), representing the investor’s ambiguity aversion to diffusion risk and jump
risk, respectively, to point out the distance between the reference model and the alternative
one, see e.g. Maenhout [2004] and Wei et al. [2023]. Hence, Eq. (4.3) can be generalized
into the following robust investment problem, for any t ∈ [0, T ],

V (t,W, y) = sup
u∈ U

inf
ϵ∈ E

Eϵt
[∫ ∞

0

(
f(C, V ) + e−β(s−t) (ϵS(t))2 + (ϵy(t))2

2Ψ(t,W, y)

+e−β(s−t) (ϵN (t) ln ϵN (t) − ϵN (t) + 1)λQ

ΨN (t,W, y)

)
ds

]
, (5.9)

subject to the budget constraint (5.8). The second and third terms of (5.9) are the so-
called relative entropies arising from diffusion and jump risks, respectively. According to
Maenhout [2004], we assume that the investor’s ambiguity aversion to diffusion and jump
risks are state-dependent, meaning that the scaling factors depend on the value function.
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In particular, we set

Ψ(t,W, y) = Γ
(1 − γ)V (t,W, y) > 0, (5.10)

ΨN (t,W, y) = ΓN
(1 − γ)V (t,W, y) > 0, (5.11)

where Γ and ΓN are non-negative constants, representing the ambiguity-aversion parame-
ters.
The value function V (t,W, y) satisfies the robust HJB equation, for any t ∈ [0, T ],

sup
u∈ U

inf
ϵ∈ E

Eϵ
[
f(C, V ) + AϵV (t,W, y) + (ϵS(t))2 + (ϵy(t))2

2Ψ(t,W, y) + (ϵN (t) ln ϵN (t) − ϵN (t) + 1)λ
ΨN (t,W, y)

]
= 0 ,

(5.12)

where

AϵV (t,W, y) = Vt + VwW (t)
(
r − C(t)

W (t) + ηθB(t) − θB(t)ϵS(t)
√
y(t)−1 + θZ(t)ν

−θZ(t)ϵy(t)
√
y(t)−1 − θN (t)λQJ

)
+ Vy

[
kQ(θQ − y(t)) − σρϵS(t)

√
y(t) −

√
1 − ρ2σ

√
y(t)ϵy(t)

]
+ 1

2Vyyσ
2y(t)

+ 1
2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1 + VwyW (t)σ

[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
+ λP∆V ϵN (t) , (5.13)

where we indicate by Vt, VW , Vy the first-order partial derivatives, by VWW , Vyy, VWy

the second-order partial derivatives, and by ∆V = V
(
t, (1 + JθN (t))W (t), y(t) + ξ(y(t))

)
-

V (t,W (t−), y(t−)) the jump-variation of the value function V, respectively.
We are ready to prove the following

Proposition 5.1.1. Consider the robust investment problem (5.9) and the associated HJB
equation (5.12), and assume the normalized aggregator of current consumption and contin-
uation utility (2.27). Then, for any t ∈ [0, T ], the value function is

V (t,W, y) = exp{−H(F (t)y(t) +G(t))}W (t)1−γ

1 − γ
, (5.14)

where H = 1−γ
1−ψ , while F (t) and G(t) are deterministic functions satisfying the following

system of ODEs

Ḟ (t) = h1F (t) + Fk + η2

2(γ+Γ) (1 − ψ) − ηF (t)σρ
γ+Γ (1 − γ − Γ) + ν2

2(γ+Γ) (1 − ψ)

−νF (t)σ
√

1−ρ2

γ+Γ (1 − γ − Γ) + F (t)2H2σ2(1−γ−Γ)
2(1−γ)

Ġ(t) = βψ − h0 − h1(ψ log(β) +G(t)) + r(1 − ψ) − θN (t)JλQ(1 − ψ) − F (t)Kθ

+λP(1−ψ)
ΓN

[
1 − exp

{
ΓNe−HF (t)ξ(y(t))[(1+θN (t)J)1−γ−1]

1−γ

}] ,

(5.15)
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with h1 := exp{c− w} and h0 := h1 − h1 log(h1). The optimal consumption-wealth ratio is

C(t)
W (t) = βψ exp{−(F (t)y(t) +G(t))} , (5.16)

the optimal risk exposures to diffusive and volatility risk factors are

θB̃,∗(t) =
[

η

γ + Γ − σρ(1 − γ − Γ)F (t)
(1 − ψ)(γ + Γ)

]
y(t) , (5.17)

θZ̃,∗(t) =
[

ν

γ + Γ − σ
√

1 − ρ2(1 − γ − Γ)F (t)
(1 − ψ)(γ + Γ)

]
y(t) , (5.18)

and the risk exposure to jump risk solves the non-linear equation

JθÑ,∗(t) + 1 =
[
λQ

λP
eHF (t)ξ(y(t)) exp

{
ΓNe−HF (t)ξ(y(t)) [(1 + θN (t)J)1−γ − 1

]
1 − γ

}]− 1
γ

.

(5.19)

Moreover, the optimal distortion measures are

ϵs,∗(t) =
(

η

γ + Γ − ρσF (t)
(1 − ψ)(γ + Γ)

)
Γ
√
y(t) , (5.20)

ϵy,∗(t) =
(

ν

γ + Γ − σ
√

1 − ρ2F (t)
(1 − ψ)(γ + Γ)

)
Γ
√
y(t) , (5.21)

ϵN,∗(t) = exp

ΓN

[
1 − (1 + JθÑ,∗(t))1−γ

]
1 − γ

e−HF (t)×(y(t))i

 . (5.22)

Proof. To determine the optimal allocation and consumption policies we start from Eq.
(5.12) associated with the investment problem. We first solve the infimization part by
applying the first-order condition w.r.t. the distortion measures, namely

ϵS(t)
Ψ −θB(t)

√
y(t)−1W (t)Vw − Vyσρ

√
y(t) = 0

ϵy(t)
Ψ −θZ(t)

√
y(t)−1W (t)Vw − Vyσ

√
1 − ρ2

√
y(t) = 0

λ∆V +
(ln ϵN (t)+ 1

ϵN (t)
ϵN (t)−1)λ

ΨN = 0

, (5.23)

and we obtain 
ϵS(t)∗ =

√
y(t)Ψ

(
VwW (t)θB(t) 1

y(t) + Vyσρ
)

ϵy(t)∗ =
√
y(t)Ψ

(
VwW (t)θZ(t) 1

y(t) + Vyσ
√

1 − ρ2
)

ϵN (t)∗ = exp{−ΨN∆V }

. (5.24)
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Remember the HJB equation

sup
W (t),C(t)

{
f(C, V ) + Vt + VwW (t)

(
r − C(t)

W (t) + ηθB(t) − θB(t)ϵS(t)
√
y(t)−1 + θZ(t)ν

− θZ(t)ϵy(t)
√
y(t)−1 − θN (t)JλQ

)
+ Vy

[
kQ(θQ − y(t)) − σρϵS(t)

√
y(t) −

√
1 − ρ2σ

√
y(t)ϵy(t)

]
+ 1

2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1 + 1
2Vyyσ

2y(t) + VwyW (t)σ
[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
+

+ λP∆V ϵN (t) (ϵS(t))2 + (ϵy(t))2

2Ψ(t,W, y) + (ϵN (t) ln ϵN (t) − ϵN (t) + 1)λP

ΨN (t,W, y)

}
= 0 (5.25)
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We replace (5.24) in the HJB equation and with some algebra we have

sup
W (t),C(t)

{
f(C, V ) + Vt + VwW (t)

(
r − C(t)

W (t) + ηθB(t) + θZ(t)ν−

θN (t)JλQ
)

+ +Vy
[
kQ(θQ − y(t))

]
+ 1

2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1+

+ 1
2Vyyσ

2y(t) + VwyW (t)σ
[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
+ λP∆V ϵN (t) − ϵS(t)

(√
y(t)−1

θB(t)VwW (t) +
√
y(t)σρVy

)
− ϵy(t)

(√
y(t)−1θZ(t)VwW (t) +

√
y(t)σ

√
1 − ρ2Vy

)
+

(ϵS(t))2

2Ψ + (ϵy(t))2

2Ψ(t,W, y) + (ϵN (t) ln ϵN (t) − ϵN (t) + 1)λP

ΨN (t,W, y)

}
= 0;

sup
W (t),C(t)

{
f(C, V ) + Vt + VwW (t)

(
r − C(t)

W (t) + ηθB(t) + θZ(t)ν−

θN (t)JλQ
)

+ Vy
[
kQ(θQ − y(t))

]
+ 1

2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1 + 1
2Vyy

σ2y(t) + VwyW (t)σ
[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
+ λP∆V exp{−ΨN∆V } −

√
y(t)Ψ(

VWW (t)θ
B(t)
y(t) + Vyσρ

)√
y(t)

(
VWW (t)θ

B(t)
y(t) + Vyσρ

)
−
√
y(t)Ψ

(
VWW (t)θ

Z(t)
y(t) + Vy

σ
√

1 − ρ2

)√
y(t)

(
VWW (t)θ

Z(t)
y(t) + Vyσ

√
1 − ρ2

)
+ 1

2Ψ

(√
y(t)Ψ

(
VWW (t)θ

B(t)
y(t) +

Vyσρ

))2

+ 1
2Ψ

(√
y(t)Ψ

(
VWW (t)θ

Z(t)
y(t) + Vyσ

√
1 − ρ2

))2

+

(exp{−ΨN∆V } ln exp{−ΨN∆V } − exp{−ΨN∆V })λP

ΨN

}
= 0 (5.26)

sup
W (t),C(t)

{
f(C, V ) + Vt + VwW (t)

(
r − C(t)

W (t) + ηθB(t) + θZ(t)ν − θN (t)JλQ
)

+ Vy
[
kQ(θQ − y(t))

]
+ 1

2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1

+ 1
2Vyyσ

2y(t) + VwyW (t)σ
[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
− 1

2Ψy(t)
(
VWW (t)θ

B(t)
y(t) + Vyσρ

)2

− 1
2Ψy(t)

(
VWW (t)θ

Z(t)
y(t) + Vyσ

√
1 − ρ2

)2

+ λP

ΨN
(1 − exp{−ΨN∆V })

}
= 0 .

(5.27)
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We rearrange the first term in (5.27) so that

f(C, V ) = Vt
ψ

ψ − 1β(1 − γ)

( C(t)
((1 − γ)V )

1
1−γ

)1− 1
ψ

− 1

 =

= −VtHβψ

[
C(t)1− 1

ψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ ) − 1

]
=

= V Hβψ − V
Hβψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ )C

ψ−1
ψ . (5.28)

By applying the first-order condition w.r.t. the consumption, we have

VtHβψ

((1 − γ)V )(
1

1−γ )(ψ−1
ψ )

ψ − 1
ψ

C(t)
1
ψ + VwW (t)

W (t) = 0 , (5.29)

so that the optimal consumption is

C(t)− 1
ψ = VW

ψ

ψ − 1

(
(1 − γ)V

ψ−1
(1−γ)ψ

)
−HβψV

. (5.30)

By applying the first-order condition w.r.t. the portfolio exposures, we have

ηVWW (t) + 1
2VWWW (t)22θB(t)y(t)−1 + VWyW (t)σρ

−y(t)Ψ
(
VWW (t) θ

B(t)
y(t) + Vyσρ

)
VWW (t) 1

y(t) = 0

νVWW (t) + 1
2VWWW (t)22θZ(t)y(t)−1 + VWyW (t)σ

√
1 − ρ2

−2y(t)Ψ
(
VWW (t) θ

Z(t)
y(t) + Vyσ

√
1 − ρ2

)
VWW (t) 1

y(t) = 0

VWW (t)λQJ + λP

ΨN (exp{−ΨN∆V })(−)ΨN
∂∆V
∂θN (t) = 0

. (5.31)

Setting H := 1−γ
1−ψ , we guess

V (t,W, y) = exp{−H(F (t)y(t) +G(t))}W (t)1−γ

1 − γ
, t ∈ [0, T ] . (5.32)
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The partial derivatives of the value function are

Vt = −H(Ḟty(t) + Ġt)V , (5.33)

VW = exp {−H(F (t)y(t) +G(t))}W (t)−γ = V

W (t) (1 − γ) , (5.34)

Vy = −HF (t)V (5.35)

VWW = −γ exp {−H(F (t)y(t) +G(t))}W (t)−γ−1 = −γV (1 − γ)W−2 , (5.36)

Vyy = H2F (t)2V , (5.37)

VWy = −HF (t) exp {−H(F (t)y(t) +G(t))}W (t)−γ = −HV F (t)
W (t) (1 − γ) . (5.38)

∆V = exp{−H(F (t)(y + ξ) +G(t))}W
1−γ(1 + θN (t)J)1−γ

1 − γ

− exp{−H(F (t)y(t) +G(t))}W
1−γ

1 − γ
= V

[
e−HF (t)ξ (1 + θN (t)J

)1−γ − 1
]
. (5.39)

From (5.31) we recover the optimal risk exposures (5.17), (5.18) and (5.19). We replace the
partial derivatives in (5.30) and (5.31) and we get

C(t)
W (t) = βψ exp{−(F (t)y(t) +G(t))} ,

θB(t)∗ =
[

η

γ + Γ −
σρ(1 − γ − Γ)F (t)

1−ψ

(γ + Γ)

]
y(t) ,

θZ(t)∗ =
[

ν

γ + Γ −
σ
√

1 − ρ2(1 − γ − Γ)F (t)
1−ψ

(γ + Γ)

]
y(t) ,

θN (t)∗ =

[
λQ

λP e
HF (t)ξ(y(t)) exp

{
ΓNe−HF (t)ξ(y(t))[(1+θN (t)J)1−γ−1]

1−γ

}]− 1
γ

− 1

J
.

To solve the supremization part, we replace the optimal risk exposures, the partial deriva-
tives of the value function, and the explicit expression of the penalty terms in (5.24).
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Concerning the diffusive distortion measure, we have

ϵS(t)∗ =
√
y(t) Γ

(1 − γ)V

[
V (1 − γ)
y(t) y(t)

(
η

γ + Γ −
σρ(1 − γ − Γ)F (t)

1−ψ

(γ + Γ)

)
−HF (t)V σρ

]

=
√
y(t)Γ

(
η

γ + Γ − F (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − ψ)

)
− Γ

√
y(t)F (t)σρH

(1 − γ)

=
η(1 − γ)√y

t
Γ − ρσ(1 − γ − Γ) F

1−ψ (1 − γ)
√
y(t)Γ − (γ + Γ)FσρHΓ

√
y(t)

(1 − γ)(γ + Γ)

=
√
y(t)Γ [η(1 − γ) − ρσHF (1 − γ − Γ) − FσρH(γ + Γ)]

(1 − γ)(γ + Γ)

=
√
y(t)Γ [η(1 − γ) − ρσHF + ρσHFγ + ρσHFΓ − FσρHγ − FσρHΓ]

(1 − γ)(γ + Γ)

=

√
y(t) Γ

(
η − ρσ F

1−ψ

)
(γ + Γ) .

Using the same algebra, we obtain the remaining optimal distortion measures, namely

ϵy(t)∗ =
Γ
√
y(t)

(
ν − σ

√
1 − ρ2 F (t)

1−ψ

)
(γ + Γ) ,

ϵN (t)∗ = exp
{

ΓNe−HFξ(y(t)) [1 − (1 + θNJ)1−γ]
(1 − γ)

}
.

Finally, we replace the partial derivatives, the optimal policies, and the optimal distortion



5.1 The dynamic optimal allocation problem and the optimal policy 93

measures in the HJB equation

f(C, V ) −H(Ḟty + Ġt) + V

W (t) (1 − γ)W (t)
[
r − C(t)

W (t) +
(

η

γ + Γ −
σρ(1 − γ − Γ)F (t)

1−ψ

γ + Γ

)
ηy(t)

+
(

ν

γ + Γ −
σ
√

1 − ρ2(1 − γ − Γ)F (t)
1−ψ

γ + Γ

)
νy(t) − θN (t)JλQ

]
−HF (t)V KQ(θQ − y(t)) − γ

1
2

V (1 − γ)W (t)−2W (t)2

[(
η

γ + Γ −
σρ(1 − γ − Γ)F (t)

1−ψ

γ + Γ

)2

y(t)2 +
(

ν

γ + Γ −
σ
√

1 − ρ2(1 − γ − Γ)F (t)
1−ψ

γ + Γ

)2

y(t)2

]
1
y(t) + 1

2H
2F 2V σ2y(t) −W (t)HV F (t)

W (t) (1 − γ)σ
[
ρ

(
η

γ + Γ −
σρ(1 − γ − Γ)F (t)

1−ψ

γ + Γ

)
y(t) +

√
1 − ρ2

(
ν

γ + Γ −
σ
√

1 − ρ2(1 − γ − Γ)F (t)
1−ψ

γ + Γ

)
y(t)

]
− 1

2y(t) Γ
(1 − γ)V

[
V

W (t) (1 − γ)W (t)
y(t) y(t)

(
η

γ + Γ−

σρ(1 − γ − Γ)F (t)
1−ψ

γ + Γ

)
−HF (t)V σρ

]2

− 1
2

Γ
(1 − γ)Vt

[
V

W (t) (1 − γ)W (t)
y(t) y(t)

(
ν

γ + Γ−

σ
√

1 − ρ2(1 − γ − Γ)F (t)
1−ψ

γ + Γ

)
−HF (t)V σ

√
1 − ρ2

]2

+ (1 − γ)V λP

ΓN

[
1 − exp

{
ΓN

(1 − γ)V V[
e−HF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]}]
= 0.

At this point we can divide the previous expression by V and with some algebraic manip-
ulation, we obtain

f(C(t), Vt)
Vt

− C(t)
W (t) (1 − γ) −HḞty(t) −HĠt + r(1 − γ) − (1 − γ)θN (t)JλQ −HF (t)kθQ

+HF (t)kQy(t) + η2

2(γ + Γ)(1 − γ)y(t) − HηF (t)σρ
(γ + Γ) y(t)(1 − γ − Γ) + ν2

2(γ + Γ)

(1 − γ)y(t) − HνF (t)σ
√

1 − ρ2

(γ + Γ) y(t)(1 − γ − Γ) + 1
2
H2F (t)2σ2

(1 − γ) (1 − γ − Γ)y(t)+

(1 − γ)λP

ΓN

[
1 − exp

{
ΓN

(1 − γ)

[
e−HF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]}]
= 0.

(5.40)

We replace the guess (5.32) in the normalized aggregator, as well as the optimal consumption-
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wealth ratio (5.30), so that the first two terms of (5.40) can be rewritten as

f(C(t), Vt)
Vt

− C(t)
W (t) (1 − γ) =

= Hβψ − Hβψ(
(1 − γ) exp{−H(F (t)y(t) +G(t))W 1−γ

1−γ }
) ψ−1

(1−γ)ψ

(
W (t)βψ exp{−(F (t)y(t) +G(t))}

)ψ−1
ψ

− W (t)βψ exp{−(F (t)y(t) +G(t))}
W (t) (1 − γ)

= Hβψ − Hβψ

(exp{−H(F (t)y(t) +G(t))}W (t)1−γ)
ψ−1

(1−γ)ψ
W (t)

ψ−1
ψ βψ−1 exp{−(Fy(t) +G(t))}

ψ−1
ψ

− βψ exp{−(F (t)y(t) +G(t))}(1 − γ)

= Hβψ − Hβψ

exp{ 1−γ
1−ψ

1−ψ
(1−γ)ψ (F (t)y(t) +G(t))}W (t)1−γ ψ−1

(1−γ)ψ
W (t)

ψ−1
ψ βψ−1 exp{−(F (t) +G(t))}

ψ−1
ψ

− βψ exp{−(F (t) +G(t))}(1 − γ)

= Hβψ −Hβψψ exp
{

− 1
ψ

(F (t)y(t) +G(t))
}

exp
{

− ψ − 1
ψ

(F (t)y(t) +G(t))
}

− βψ exp{−(F (t)

y(t) +G(t))}(1 − γ)

= Hβψ −Hβψψ exp
{(

− 1
ψ

+ 1
ψ

− 1
)

(Fy(t) +G(t))
}

− βψ exp{−(F (t)y(t) +G(t))}(1 − γ)

= Hβψ −Hβψψ exp{−(F (t)y(t) +G(t)} − βψ exp{−(Fyy(t) +G(t))}(1 − γ)

= Hβψ −H exp{−(F (t)y(t) +G(t))}
(
βψψ + (1 − γ)

H
βψ
)

= Hβψ −H exp{−(F (t)y(t) +G(t))}
(
βψψ + βψ − βψψ

)
= Hβψ −Hβψ exp{−(F (t) +G(t))} . (5.41)

Recalling the consumption-wealth ratio formula and using the envelope condition as in
Chacko and Viceira [2005], we have

βψ exp{−(F (t) +G(t))} = C(t)
W (t) = exp{log (C(t)) − log (W (t))} = exp{C(t) −W (t)} ,

(5.42)

so that

C(t) −W (t) = ψ log (β) − F (t)y(t) −G(t) . (5.43)

The first-order Taylor expansion of exp{C(t) −W (t)} around its unconditional mean c− w

ensures that

f(C(t), Vt)
Vt

− C(t)
W (t) (1 − γ) ≈ Hβψ −H [h0 + h1(C(t) −W (t))] , (5.44)

where h1 := exp{c− w} and h0 := h1 − h1 log(h1). We replace (5.44) in (5.40) and obtain
the system of ODEs
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

−Ḟt + F (t)kQ + h1F (t) + η2

2(γ+Γ) (1 − ψ) − ηF (t)σρ
(γ+Γ) (1 − γ − Γ) + ν2

2(γ+Γ) (1 − ψ)
νF (t)σ

√
1−ρ2

(γ+Γ) (1 − γ − Γ) + 1
2
HF (t)2σ2

(1−γ) (1 − γ − Γ) = 0

βψ − h0 − h1ψ log(β) − h1G(t) − Ġt + r(1 − ψ) − θN (t)JλQ(1 − ψ) − F (t)kQθQ

+ (1−ψ)λP

ΓN

[
1 − exp

{
ΓN

(1−γ
[
e−HF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]}]
= 0

.

(5.45)

Prop. 5.1.1 provides some interesting results, which are worth commenting on. We first note
that the log consumption-wealth ratio is affine w.r.t. the instantaneous precision. More pre-
cisely, an increase in volatility implies a deterioration in investment opportunities, creating a
negative income effect and a positive substitution effect. Moreover, such a ratio depends on
both the risk aversion level and the model ambiguity degree, through the terms constituting
the exponential component. We also observe that the consumption-wealth ratio is explicitly
related to the elasticity of intertemporal substitution of consumption (EIS), indicated by ψ.
An investor with ψ < 1 will have an income effect that dominates the substitution effect,
hence she will consume less wealth as volatility increases, consistent with the findings in
Chacko and Viceira [2005]. Being β the time preference, the consumption-wealth ratio is
always positive, whatever the value of the intertemporal substitution parameter. Moreover,
the ratio will be greater the lower the elasticity of intertemporal substitution of consumption
(ψ < 1), as the investor prefers to consume today rather than save for future consumption.
In Eqs. (5.17) and (5.18) we provide the optimal exposures to diffusive and volatility risks.
In line with the literature, such exposures consist of two terms, namely, a myopic and an
intertemporal hedging component. The former depends on the diffusive risk premia and
is inversely proportional to the exogenous parameters characterizing the investment (i.e.
risk aversion and ambiguity). The latter relies on the continuous-part model parameters,
apart from the long-run mean. Remarkably, the risk exposures depend on the value of
instantaneous volatility, through an inverse proportionality relationship. Such a condition
confirms the results in Chacko and Viceira [2005] within a jump-free stochastic volatility
framework, as well as the findings provided in Oliva and Renò [2018] in an SVCJ model
with power utilities. To conclude, we argue that the optimal exposures turn out to be
truly dynamic, persuading agents to reduce and adjust their investment in case of turbulent
market scenarios. The value of the jump-risk exposure is obtained via numerical techniques.
By inspecting (5.19) we find that a positive exposure to jump risk occurs when we assume
a negative jumps in price (i.e., when we assume J < 1). Such a condition depends on the
choice of the jump risk premia, that is, we assume λQ > λP, as in Liu et al. [2003]. Such a
similar behavior is exhibited by the optimal distortion measures, provided in (5.20) - (5.22).
More precisely, the penalty terms associated with the diffusive components consist of two
terms, playing the same role as the myopic and the intertemporal hedging components in
the exposures, respectively. This is in line with well-established literature results, see e.g.
Wei et al. [2023] and references therein. Interestingly, the model proposed in the present
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work shows the presence of a propagation factor inversely proportional to instantaneous
volatility: such a feature represents the novelty of our proposal compared with the extant
affine volatility literature: the inverse proportionality of optimal weights w.r.t. volatility
entails that a larger variability in turbulent markets follows a reduction in the optimal
allocation. At the same time, also the ambiguity risk premia are inversely proportional
to volatility. Hence, in case of market crashes, a reduction of the optimal allocation also
diminishes the distance between the reference model and the alternative ones, being the
latter statistically close to the reference model. It is possible to obtain an analytical solution
to the investment problem (5.9) in the special case with ψ = 1. Here, the aggregator f(C, V )
assumes the simplified form of equation (2.28). We are able to prove the following

Proposition 5.1.2. Consider the robust investment problem (5.9) and the associated HJB
equation (5.12), and assume the normalized aggregator of current consumption and contin-
uation utility (2.28). Then, for t ∈ [0, T ], the value function is

V (t,W, y) = exp{F̄ (t)y(t) + Ḡ(t)}W (t)1−γ

1 − γ
, (5.46)

where F̄ (t) and Ḡ(t) are deterministic functions satisfying the following system of ODEs

˙̄Ft = βF̄ (t) −
(

(1−γ−Γ)
(γ+Γ)

)
F̄ (t)σ

(
ρη + ν

√
1 − ρ2

)
+ 1

2
(1−γ−Γ)

(γ+Γ) σ2F̄ 2(τ)

− 1
2

(1−γ)
(γ+Γ) (η2 + ν2) ,

˙̄Gt = −β(1 − γ) log(β) + βḠ(t) − r(1 − γ) + β(1 − γ) + θN (t)J(1 − γ) − λP

ΓN (1 − γ)

× exp
{
eF̄ (t)ξ(y(t))ΓN (1−(1+θN (t)J)1−γ)

1−γ

}
.

(5.47)

The optimal consumption-wealth ratio is

C(t)
W (t) = β , (5.48)

the optimal risk exposures to diffusive and volatility risk factors are

θB̃,∗(t) =
(

η

γ + Γ + F̄ (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − γ)

)
y(t) , (5.49)

θZ̃,∗(t) =
(

ν

γ + Γ + F̄ (t)σ
√

1 − ρ2(1 − γ − Γ)
(γ + Γ)(1 − γ)

)
y(t) , (5.50)

and the risk exposure to jump risk solves the non-linear equation

JθÑ,∗(t) + 1 =

λQ
λP
e−F̄ (t)ξ(y(t)) exp

ΓNeF̄ (t)ξ(y(t))
[
(1 + JθÑ,∗(t))1−γ − 1

]
1 − γ


− 1

γ

.

(5.51)
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Moreover, the optimal distortion measures are

ϵs,∗(t) =
(

η

γ + Γ − ρσF̄ (t)
(γ + Γ)(1 − γ)

)
Γ
√
y(t) , (5.52)

ϵy,∗(t) =
(

ν

γ + Γ − σ
√

1 − ρ2F̄ (t)
(γ + Γ)(1 − γ)

)
Γ
√
y(t) , (5.53)

ϵN,∗(t) = exp
{

ΓN

[
1 − (1 + JθÑ,∗(t))1−γ

]
1 − γ

eF̄ (t)ξ

}
. (5.54)

Proof. To determine the optimal policies we can start from the (5.12) equation associated
to the investment problem, and guess

V (t,W, y) = exp{F̄ (t)y(t) + Ḡ(t)}W
1−γ
t

1 − γ
. (5.55)

We evaluate the partial derivative of the value function appearing in HJB equation

∂V

∂t
= ( ˙̄Ftyt + ˙̄Gt)V , (5.56)

∂V

∂W
= exp {(F (t)y(t) +G(t))}W−γ

t = V

Wt
(1 − γ) , (5.57)

∂V

∂y
= F (t)V (5.58)

∂2V

∂W 2 = −γ exp {(F (t)y(t) +G(t))}W (t)−γ−1 = −γV (1 − γ)W−2 , (5.59)

∂2V

∂y2 = F (t)2V , (5.60)

∂2V

∂W∂y
= F (t) exp {(F (t)y(t) +G(t))}W (t)−γ = V F (t)

W (t) (1 − γ) . (5.61)

∆V = exp{(F (t)(y(t) + ξ) +G(t))}W (t)1−γ(1 + θN (t)J)1−γ

1 − γ

− exp{(F (t)y(t) +G(t))}W (t)1−γ

1 − γ
= exp{(F (t)y(t) +G(t))}W (t)1−γ

1 − γ[
eF (t)ξ(1 + θN (t)J)1−γ − 1

]
= V

[
eF (t)ξ (1 + θN (t)J

)1−γ − 1
]
. (5.62)

We first solve the infimization part by applying the first-order condition w.r.t. the distortion
measures, namely

ϵs(t)
Ψ − θB(t)

√
y(t)−1W (t)Vw − Vyσρ

√
y(t) = 0 (5.63)

ϵy(t)
Ψ − θZ(t)

√
y(t)−1W (t)Vw − Vyσ

√
1 − ρ2√

yt = 0 (5.64)

λP∆V +
(ln ϵN (t) + 1

ϵN (t)ϵ
N (t) − 1)λP

ΨN
= 0, (5.65)
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and so we obtain

ϵs(t) =
√
y(t)Ψ

(
VwW (t)θB(t) 1

y(t) + Vyσρ

)
ϵy(t) =

√
y(t)Ψ

(
VwW (t)θZ(t) 1

y(t) + Vyσ
√

1 − ρ2
)

(5.66)

ϵN (t) = exp{−ΨN∆V }.

Remember the HJB equation

sup
W (t),C(t)

{
f(C, V ) + Vt + VwW (t)

(
r − C(t)

W (t) + ηθB(t) − θB(t)ϵ(t)s
√
y(t)−1 + θZ(t)ν−

θZ(t)ϵ(t)y
√
y(t)−1 − θN (t)JλQ

)
+ Vy

[
kQ(θQ − y(t)) − σρϵ(t)s

√
y(t) −

√
1 − ρ2σ

√
y(t)ϵ(t)y

]
+

1
2VWWW (t)2 ((θ(t)B)2 + (θ(t)Z)2) y(t)−1 + 1

2Vyyσ
2y(t) + VwyW (t)σ

[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
+

λP∆V ϵ(t)N + (ϵ(t)s)2 + (ϵ(t)y)2

2Ψ(W, y) + (ϵ(t)N ln ϵ(t)N − ϵ(t)N + 1)λP

ΨN (W, y)

}
= 0, (5.67)
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we replace (5.66) in (5.25) and so we obtain

sup
W (t),C(t)

{
f(C, V ) + V (t) + VwW (t)

(
r − C(t)

W (t) + ηθB(t) + θZ(t)ν − θN (t)JλQ
)

+

+ Vy
[
kQ(θQ − y(t))

]
+ 1

2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1 + 1
2Vyyσ

2y(t) + VwyW (t)σ
[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
+ λP∆V ϵ(t)N − ϵ(t)s

(√
y(t)−1θB(t)VwW (t) +

√
y(t)σρVy

)
− ϵ(t)y

(√
y(t)−1θZ(t)VwW (t)

+
√
y(t)σ

√
1 − ρ2Vy

)
+ (ϵ(t)s)2

2Ψ + (ϵ(t)y)2

2Ψ(W, y) + (ϵ(t)N ln ϵ(t)N − ϵ(t)N + 1)λP

ΨN (W, y)

}
= 0

sup
W (t),C(t)

{
f(C, V ) + Vt + VwW (t)

(
r − C(t)

W (t) + ηθB(t) + θZ(t)ν − θN (t)JλQ
)

+

+ Vy
[
kQ(θQ − y(t))

]
+ 1

2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1 + 1
2Vyyσ

2y(t) + VwyW (t)σ[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
+ λP∆V exp{−ΨN∆V } −

√
y(t)Ψ

(
VWW (t)θ(t)

B

y(t) + Vyσρ

)√
y(t)(

VWW (t)θ
B(t)
y(t) + Vyσρ

)
−
√
y(t)Ψ

(
VWW (t)θ

Z(t)
y(t) + Vyσ

√
1 − ρ2

)√
y(t)

(
VWW (t)θ

Z(t)
y(t) +

Vyσ
√

1 − ρ2

)
+ 1

2Ψ

(√
y(t)Ψ

(
VWW (t)θ

B(t)
y(t) + Vyσρ

))2

+ 1
2Ψ

(√
y(t)Ψ

(
VWW (t)θ

Z(t)
y(t) +

Vyσ
√

1 − ρ2

))2

+ (exp{−ΨN∆V } ln exp{−ΨN∆V } − exp{−ΨN∆V })λP

ΨN

}
= 0 (5.68)

F := sup
W (t),C(t)

{
f(C, V ) + Vt + VwW (t)

(
r − C(t)

W (t) + ηθB(t) + θZ(t)ν − θN (t)JλQ
)

+

+ Vy
[
kQ(θQ − y(t))

]
+ 1

2VWWW (t)2 ((θB(t))2 + (θZ(t))2) y(t)−1+

+ 1
2Vyyσ

2y(t) + VwyW (t)σ
[
θB(t)ρ+

√
1 − ρ2θZ(t)

]
− 1

2Ψy(t)
(
VWW (t)θ

B(t)
y(t) + Vyσρ

)2

− 1
2Ψy(t)

(
VWW (t)θ

Z(t)
y(t) + Vyσ

√
1 − ρ2

)2

+ λP

ΨN
(1 − exp{−ΨN∆V })

}
= 0. (5.69)
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We replace all the derivatives (5.56) – (5.62) in the first order condition and we obtain

C(t)
W (t) = β

θB(t) =
[

η

γ + Γ + F̄ (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − γ)

]
y(t)

θZ(t) =
[

ν

γ + Γ + F̄ (t)σ
√

1 − ρ2(1 − γ − Γ)
(γ + Γ)(1 − γ)

]
y(t) (5.70)

θN (t) =

[
λQ

λP e
−F̄ (t)ξ(y(t)) exp

{
ΓNeF̄ (t)ξ(y(t))[(1+θN (t)J)1−γ−1]

1−γ

}]− 1
γ

− 1

J
,

Then we substitute value function, all the derivatives (5.56) – (5.62) and optimal exposures
(5.70), remembering that ψ(W, y) = Γ

(1−γ)V (W,y) > 0, ψN (W, y) = ΓN
(1−γ)V (W,y) > 0, we get

ϵ(t)s =
√
y(t)ψ

(
VWW (t)θB(t) 1

y(t) + Vyσρ

)
=
√
y(t) Γ

(1 − γ)V

(
V

W (t) (1 − γ)W (t)θ
B(t)
y(t) + F (t)V σρ

)
=

=
√
y(t) Γ

(1 − γ)V

[
V (1 − γ)
y(t) y(t)

(
η

γ + Γ + σρ(1 − γ − Γ)F (t)
(γ + Γ)(1 − γ)

)
+ F (t)V σρ

]
=

√
y(t)Γ

(
η

γ + Γ + F (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − ψ)

)
+ Γ

√
y(t)F (t)σρ

(1 − γ) =

η(1 − γ)
√
y(t)Γ + ρσ(1 − γ − Γ)F (t)

√
y(t)Γ + (γ + Γ)FσρΓ

√
y(t)

(1 − γ)(γ + Γ) =√
y(t)Γ [η(1 − γ) + ρσF (t)(1 − γ − Γ) + F (t)σρ(γ + Γ)]

(1 − γ)(γ + Γ) =√
y(t)Γ [η(1 − γ) + ρσF (t) − ρσF (t)γ − ρσF (t)Γ + (t)Fσργ + F (t)σρΓ]

(1 − γ)(γ + Γ) =√
y(t)Γ (η(1 − γ) + ρσF (t))

(γ + Γ)(1 − ρ) .

ϵ(t)y =
√
y(t)ψ

(
VWW (t)θZ(t) 1

y(t) + Vyσ
√

1 − ρ2
)

=
√
y(t) Γ

(1 − γ)V

(
V

W (t) (1 − γ)W (t)

θZ(t)
y(t) + F (t)V σ

√
1 − ρ2

)
=
√
y(t)Γ

(
ν

γ + Γ + σ
√

1 − ρ2(1 − γ − Γ)F (t)
(γ + Γ)(1 − γ)

)
+

Γ
√
y(t)F (t)σ

√
1 − ρ2

(1 − γ) =
Γ
√
y(t)

(
ν(1 − γ) + σF (t)

√
1 − ρ2

)
(1 − γ)(γ + Γ)
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ϵ(t)N = exp
(

−ΓNV
[
eFξ(y(t))(1 + θN (t)J)1−γ − 1

]
(1 − γ)V

)
=

= exp
(

−ΓN
[
eF (t)ξ(y(t))(1 + θN (t)J)1−γ − 1

]
(1 − γ)

)
=

= exp
(

ΓNeF (t)ξ(y(t)) [1 − (1 + θN (t)J)1−γ]
(1 − γ)

)
.

Finally we replace all the derivatives (5.56) – (5.62), the optimal policy, the optimal con-
sumption and the normalized aggregator (2.28) in (5.69), so that we obtain

β(1 − γ)V log(βW (t)) − βV log((1 − γ)V )) + ˙̄FtV y(t) + ˙̄GtV + rV (1 − γ) + ηV (1 − γ)y(t)(
η

γ + Γ + F̄ (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − γ)

)
+ νV (1 − γ)y(t)

(
ν

γ + Γ + F̄ (t)(t)σ
√

1 − ρ2(1 − γ − Γ)
(γ + Γ)(1 − γ)

)

− θNt Jλ
QV (1 − γ) − βV (1 − γ) − 1

2γV (1 − γ)W (t)−2W (t)2 1
y(t)

[
y(t)2

(
η

γ + Γ + F̄ (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − γ)

)2

+

y(t)2

(
ν

γ + Γ + F̄ (t)σ
√

1 − ρ2(1 − γ − Γ)
(γ + Γ)(1 − γ)

)2 ]
+ 1

2 F̄ (t)2Vty(t) + V F̄σ(1 − γ)
[
y(t)ρ

(
η

γ + Γ + F̄ (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − γ)

)√
1 − ρ2y(t)

(
ν

γ + Γ + F̄ (t)σ
√

1 − ρ2(1 − γ − Γ)
(γ + Γ)(1 − γ)

)]

− 1
2

Γy(t)
(1 − γ)V

[
V (1 − γ) 1

y(t)

(
η

γ + Γ + F̄ (t)σρ(1 − γ − Γ)
(γ + Γ)(1 − γ)

)
+ F̄ V σρ

]2

− 1
2

Γy(t)
(1 − γ)V[

V (1 − γ) 1
y(t)

(
ν

γ + Γ + F̄ (t)σ
√

1 − ρ2(1 − γ − Γ)
(γ + Γ)(1 − γ)

)
+ F̄ (t)V σ

√
1 − ρ2

]2

+ λP(1 − γ)V
ΓN[

1 − exp
(

− ΓN
(1 − γ)V V e

F̄ (t)ξ(y(t))[(1 + θNt J)1−γ − 1]
)]

. (5.71)

Proceeding dividing by V , and adjusting the terms by simple algebraic manipulation we
obtain(

˙̄Ft − βF̄ (t) +
(

(1 − γ − Γ)
(γ + Γ)

)
F̄ (t)σ

(
ρη + ν

√
1 − ρ2

)
− 1

2
(1 − γ − Γ)

(γ + Γ) F̄ (t)2σ2

+ 1
2

(1 − γ)
(γ + Γ)(η2 + ν2)

)
y(t) + ˙̄Gt + β(1 − γ) log(β) − βḠ(t) + r(1 − γ) − β(1 − γ)

− θNt J(1 − γ) − λP

ΓN
(1 − γ) exp

{
eF̄ (t)ξ(y(t))ΓN (1 + (1 + θNt J)1−γ)

1 − γ

}
.

From Proposition 5.1.2 we learn that when ψ = 1 the structure of optimal exposures and
optimal distortion measures are the same as the general case. Hence, we can reiterate the
same comments as before. The unique difference relates to the optimal consumption-wealth
ratio, which results to be constant and equal to the rate of time preferences β, and does
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not depend on the level of volatility, nor on the ambiguity aversion parameters. Thus, we
argue that investors consume a fixed level of wealth at each time t ∈ [0, T ].
Finally, we focus on the optimal allocation policies.

Corollary 5.1.3. Consider the investment problem (5.1.1) and the associated HJB equation
(5.12). Assume further that there exist non-redundant derivatives traded at time t ≤ T.

The optimal portfolio weights related to the risky asset and the derivative securities in t ≤ T

are

ϕ∗(t) = θB̃,∗(t) −
2∑
i=1

π(i),∗(t)
(
S(t) g

(i)
s

O(t)(i) + σρ
g

(i)
y

O(t)(i) y(t)
)
, (5.72a)

π(1),∗(t) = 1
D(t)

{(
−θB̃,∗(t) + ρθZ̃,∗(t)√

1 − ρ2

)
g

(2)
y

O(t)(2)

+
[
θÑ,∗(t) g

(2)
y

O(t)(2) −

(
∆g(2)

O(t)(2) − S(t) g
(2)
s

O(t)(2)

)
θZ̃,∗(t)

σ
√

1 − ρ2y(t)

]}
, (5.72b)

π(1),∗(t) = 1
D(t)

{[(
∆g(1)

J O(t)(1) − S(t) g
(1)
s

O(t)(1)

)
θZ̃,∗(t)

σ
√

1 − ρ2y(t)
− θÑ,∗(t) g

(1)
y

O(t)(1)

]

−

(
−θB̃,∗(t) + ρθZ̃,∗(t)√

1 − ρ2

)
g

(1)
y

O(t)(1)

}
, (5.72c)

where θB̃,∗(t), θZ̃,∗(t), and θÑ,∗(t) are given in (5.7), and represent the optimal portfolio
exposures on the risk factors B̃, Z̃, Ñ , respectively.

5.2 Numerical experiments

In this Section, we would like to measure the effect of the model uncertainty both for optimal
policies and consumption. Hence, we first calibrate our model on real data, considering the
closing price of European options with the SPX index as underlying. See the calibration
procedure provided by Section 3.3 of this thesis. The estimates are provided in Table 5.1.

Stock Precision
Parameter Value Parameter Value

λQ 0.4922 θ 205.0658
ρ 0.6207 k 1.7184
J -0.1997 ξ -0.1462

σ 10.4945
Table 5.1. Parameters estimate for stock and precision processes.

For the preferences parameters, we set β = 0.06, γ = 3, and ψ = 0.7 for the baseline case,
letting such parameters vary when studying the sensitivity of our solutions. Moreover, we
fix the risk premia as η = 6%, ν = −7%, λP = 0.2. The risk-free interest rate is set r = 0%.
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The market is complete with two non-redundant derivatives, namely, we consider a 3-month
5%-OTM European call and a 3-month 5%-ITM European call. It is worth stressing that
such a choice is arbitrary and might have an impact on the functional form of the optimal
weights. In this chapter we will thoroughly discuss the role of derivatives in optimal policies
in Section 5.2.3.

5.2.1 Optimal policies and ambiguity

We study the sensitivity of the optimal policies to the ambiguity parameters. Our findings
are displayed in Figure 5.1.
First, we analyze the optimal risk exposures to the diffusive, volatility, and jump risks, as
a function of the ambiguity aversion parameter to diffusive and jump risks. Apparently,
we expect that the exposures are decreasing (in absolute value) in the respective ambiguity
parameters since the investor is more pessimistic about the investment opportunities. Such
an economic intuition is confirmed by the results depicted in the top charts of Figure 5.1.
The top-left panel shows that the diffusion risk exposures to B and Z are decreasing in
absolute terms, as the uncertainty against the (diffusive) model misspecification increases.
As expected, the jump risk exposure is unaffected by variations of Γ. The pattern is reversed
in the top-right panel, where the exposure to jump risk is decreasing w.r.t. the ambiguity
aversion to jump risk (ΓN ), but the optimal exposures to diffusive and volatility risks are
insensitive to variations of ΓN .Our findings suggest that the optimal exposures are primarily
driven by the corresponding ambiguity aversion parameters.
Then, we investigate the impact of uncertainty on the investors’ optimal consumption policy,
under different levels of the elasticity of the intertemporal substitution of consumption
parameter (EIS), as a function of ambiguity aversion parameters. The corresponding results
are displayed in the middle charts of Figure 5.1. Heuristically, we could envision that an
enhancement of the elasticity of intertemporal substitution of consumption would induce
the investor to save wealth today while awaiting favorable investment periods. To confirm
such an economic intuition, we first notice that, for ψ < 1, the investor’s consumption
dwindles as the ambiguity aversion to diffusive risk increases. Such behavior might be
ascribed to the deterioration of expectations regarding investment opportunities: under
the robust model, the investor becomes more pessimistic about investment opportunities.
In general, the pessimistic outlook against investment opportunities within the alternative
model generates a negative income fallout, as the investor expects both a worsening of
future wealth and a positive intertemporal substitution effect. For investors with ψ < 1,
the income effect dominates the substitution one, and consequently, produces a reduction
in the investor’s consumption when the ambiguity aversion parameter becomes larger. We
may provide similar comments, also when the independent variable is ΓN . The results are
shown in the right panel of Figure 5.1. In this case, the magnitude of consumption reduction
is smaller w.r.t. the ambiguity aversion parameter to jump risk.
The impact of ambiguity on the optimal distortion measures is reported in the bottom charts
of Figure 5.1. More precisely, we show the distortion measures as functions of the ambiguity
parameter to diffusive risk (bottom-left panel) and jump risk (bottom-right panel). We
recall that the distortion measures represent the ambiguity risk premia, evaluating the
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Figure 5.1. Optimal policies as a function of ambiguity aversion parameters to diffusive
risk (left charts, setting ΓN = 1) and jump risk (right charts, setting Γ = 1). The top,
middle, and bottom graphs refer to the optimal exposures, the optimal consumption-
wealth ratio, and the optimal distortion measures, respectively. The baseline scenario
considers the EIS parameter fixed to ψ = 0.7, while the risk-aversion parameter is set
to γ = 3. The rate of time preferences is β = 6% annually, the constant risk-free rate is
equal to r = 0%. The remaining parameters are provided in Table 5.1.

distance between the reference model and the alternative ones. The chart shows that a
greater ambiguity aversion parameter to diffusive risk leads to an increase in the distortion
measures to diffusive risks since the investor is less confident in the reference model, and
the worst-case scenario can greatly deviate from the benchmark. As expected, the jump
risk distortion measure is unaffected by changes in the ambiguity aversion parameter of
diffusive risks. The bottom-right chart exhibits a different behavior: the distortion measure
to diffusive risk is insensitive to changes in the ambiguity parameter to jump risk, but an
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increase in the ambiguity parameter related to the jump intensity misspecification leads to
a reduction in the distortion measure to jump risk. The reason for such a result relies on
the fact that the exposure to jump risk reduces since the reference model greatly deviates
from the alternative one.
Finally, we examine the loss of wealth suffered by the investor who ignores model uncer-
tainty. To quantify such a loss, we consider the Wealth Equivalent Loss (WEL). To obtain
such an indicator, we consider that the investor pursuing the optimal strategy has an un-
known wealth equal to W̃ and a value function given by

V (t, y, W̃ ) = exp{−H(F (t)y(t) +G(t))}W̃ (t)1−γ

1 − γ
, t ∈ [0, T ] , (5.73)

where H = 1−γ
1−ψ and the functions F and G are solutions to the system of ODEs given in

(5.15). At the same time, we consider the sub-optimal strategy with wealth equal to one,
such that the value function is

V̂ (t, y, 1) = exp{−H(F̂ (t)y(t) + Ĝ(t))} 1
1 − γ

, (5.74)

being F̂ (t), Ĝ(t) the solutions to the ODEs provided in (5.15) by setting Γ = 0 and ΓN = 0
in the optimal policies and consumption. We have

W̃ (t) =
[

exp{−H(F̂ (t)y(t) + Ĝ(t))}
exp{−H(Tr(F (t)y(t)) +G(t))}

] 1
1−γ

. (5.75)

Finally, we define
WEL = 1 − W̃ (t), t ∈ [0, T ] ,

and we get

WEL = 1 − exp
{

1
1 − ψ

[
(F̂ (t) − F (t))y(t) + (Ĝ(t) −G(t))

]}
. (5.76)

We report the numerical analysis in Figure 5.2. Our findings prove that ignoring ambi-
guity against both diffusion and jump risks induces considerable losses, and such a loss is
increasing in the ambiguity aversion parameters.

5.2.2 Optimal policies and co-jumps

We would like to measure the impact of co-jumps on optimal policies, for different ambiguity-
aversion levels. To reach such a goal, we exploit again the WEL metrics. The results are
shown in Figure 5.3.
We notice that ignoring uncertainty for diffusive risk results in a slightly more significant
loss than ignoring uncertainty for jump risk. Differently from the extant literature, see
e.g. Wei et al. [2023], we recover that missing ambiguity to jump risk no longer has a
negligible effect on the loss of investor wealth, due to the inclusion of jumps in volatility
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Figure 5.2. Wealth Equivalent Loss as a function of ambiguity aversion parameters to
diffusive risk (left chart, for fixed ΓN = 1) and jump risk (right chart, for fixed Γ =
1).The EIS parameter is ψ = 0.7 and the risk-aversion parameter is set to γ = 3. The
rate of time preferences is β = 6% annually, and the constant risk-free rate is r = 0%.
The remaining parameters are provided in Table 5.1.
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Figure 5.3. Wealth Equivalent Loss for ambiguity parameters equal to Γ = 0,ΓN =
0,Γ = 1,ΓN = 1,Γ = 2,ΓN = 2,Γ = 5,ΓN = 5 and volatility jump size equal to
ξ = 5%, ξ = 14.62%, ξ = 50% respectively. The loss is calculated by considering the
optimal strategy with volatility jumps w.r.t the sub-optimal strategy without jumps in
volatility (i.e., ξ = 0). The EIS parameter is fixed to ψ = 0.7 and the risk-aversion
parameter is set to γ = 3. The rate of time preferences β is set equal to 6% annually,
the constant risk-free rate is equal to r = 0%. The remaining parameters are provided
in Table 5.1.

in the model. The addition of jumps in volatility implies that the loss is sensitive to jump
intensity misspecification. In Figure 5.3 we depict the potential loss the investor might
suffer when ignoring the presence of jumps in the state variable, for three different values of
the precision-jump amplitude, for several ambiguity-aversion levels. As expected, numerical
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tests reveal that the potential loss suffered by investors decreases as they deviate from the
reference model. The reason why such a potential loss is all the higher the lower the value
of the ambiguity aversion parameters may be sought in the connection between ambiguity
and risk aversion: a robust investor is, by construction, also relatively heavily risk-averse,
as emphasized in Maenhout [2004]. Moreover, the loss is more pronounced the more marked
the impact of the jump (in absolute value) in the state variable. The difference in terms of
loss is attenuated when ambiguity aversion becomes more prominent.

5.2.3 Optimal policies and derivatives

We investigate the impact of derivatives on optimal robust policies. In Table 5.2 we report
the percentage of optimal wealth invested in the market components, by assuming differ-
ent figures for non-redundant derivatives. In particular, we consider four combinations of
European options, with different maturities and moneyness.

Γ = ΓN = 1 Γ = ΓN = 2 Γ = ΓN = 5

PTF of derivatives ϕ(%) π(1)(%) π(2)(%) ϕ(%) π(1)(%) π(2)(%) ϕ(%) π(1)(%) π(2)(%)

3-month 5%-OTM + 3-month 5%- ITM European Call Options 95.62 20.93 -48.20 76.89 17.03 -39.48 49.09 10.93 -25.64
3-month 10%-OTM + 3-month 10%- ITM European Call Options 84.92 5.23 -2.799 68.27 4.25 -24.62 43.65 2.72 -16.25

3-month 10%-OTM European Call + 3-month 5%- OTM European Put Options 99.38 4.62 16.17 80.22 3.75 13.36 51.54 2.40 8.82
3-month 10%-OTM European Call + 3-month 10%- OTM European Put Options 95.28 5.09 25.13 76.83 4.14 20.77 49.30 2.65 13.71

Table 5.2. Optimal allocation with several choices for non-redundant derivatives. The
ambiguity parameters to diffusive and jump risk are set equal to Γ = ΓN = 1, Γ =
ΓN = 2, and Γ = ΓN = 5, respectively. The EIS parameter is fixed to ψ = 0.7 and the
risk-aversion parameter is set to γ = 3. The rate of time preferences β is set equal to
6% annually, the constant risk-free rate is equal to r = 0%. The remaining parameters
are provided in Table 5.1

We notice that the allocation in both stock and derivatives decreases for higher ambiguity-
aversion levels, as a consequence of the investors’ deteriorating investment opportunities.
Moreover, for greater values of ITM or OTM call options, the allocation in both stock and
derivatives reduces, because of the higher riskiness and the lower liquidity of such options.
Hence, we argue that even considering different portfolio compositions or different OTM
call/put combinations, the effect of ambiguity on the optimal portfolio remains the same.
To substantiate such an intuition, we perform further analysis, to prove that the choice
of derivatives does not affect the value function in our model. For the sake of simplicity,
inspired by Zeng et al. [2018], we investigate the special case where no jumps occur, i.e. we
set J = 0, ξ = 0, λP = 0, and λQ = 0.
Within such a particular framework, only one non-redundant derivative is needed. By
exploiting Corollary 3.1.1 we find out the following functional form of the optimal strategy:

ϕ(t) = θB(t) − θZ(t)S(t)
y(t)σ

√
1 − ρ2

gs
gy

− θZ(t)ρ√
1 − ρ2

, (5.77)

π(t) = − θZ(t)
σ
√

1 − ρ2

O(t)
gv

y(t) (5.78)

being gy = − gv
(y(t))2 . From (5.78), we deduce that the proportion of wealth invested in the

derivative is inversely proportional to gv
O(t) , that measures the volatility exposure for each
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unit of currency invested in the derivative, as pointed out in Liu and Pan [2003]. Therefore,
we conclude that the greater the exposure to volatility, the lower (in absolute value) the
share of wealth to be invested in the derivative.

Moreover, we notice that (5.77) and (5.78) depend on the derivatives via the terms gs
gy

and
O(t)
gy

. By assuming the parameterization provided in Table 5.1, we obtain that the allocation

in the risky stock, ϕ(t), is increasing w.r.t. the ratio gs
gy
, since − θZ(t)S(t)

y(t)σ
√

1−ρ2
> 0, while the

allocation in the derivative, π(t), is decreasing w.r.t. the ratio O(t)
gy

, since θZ(t)
y(t)σ

√
1−ρ2

< 0.
Table 5.3 exhibits the numerical experiments we carried out for three different types of
derivatives, namely a European call option, a European put option, and a straddle option.

− θZ(t)S(t)
y(t)σ

√
1−ρ2

gs

gy
θB(t) θZ(t) ϕ(t) θZ(t)(t)

y(t)σ
√

1−ρ2
O(t)
gy

π(t)

5%-OTM Call Option 0.2115 −2.1215 1.0001 −1.8701 2.0318 −0.0021 −4.1780 0.0088
5%- OTM Put Option 0.2115 12.6938 1.0001 -1.8701 0.0847 -0.0021 -78.3613 0.1470

Straddle Option 0.2115 5.3402 1.0001 -1.8701 0.0879 -0.0021 -41.5404 0.0879

Table 5.3. Comparison of optimal allocation for the three types of derivatives considered.
The ambiguity-aversion parameters are Γ = ΓN = 2. The EIS parameter is fixed to
ψ = 0.7 and the risk-aversion parameter is set to γ = 3. The rate of time preferences
β is set equal to 6% annually, the constant risk-free rate is equal to r = 0%. The
remaining parameters are provided in Table 5.1

The substantial difference among the derivatives lies in the values reached by the ratio
gs/gy, representing the sensitivity of the delta to changes in the vega. Such a ratio assumes
a negative (resp., positive) value for the call option ( resp., for the put option and the
straddle). Contrariwise, the ratio O(t)

gy
shows a negative sign for all the derivatives involved

in our analysis. However, it is worth highlighting that there exists a difference in the
magnitude of such a ratio when the put option provides the highest value.

Now, we study the optimal allocation policies dynamically in a general setting, where co-
jumps are allowed. Figure 5.4 describes the simulated path for the optimal weights over the
time horizon of two years. We consider two non-redundant derivatives, namely we have a
3-month 5%-OTM call option (DER1) and a 3-month 5%-ITM call option (DER2).

To better clarify the behavior of the risky assets over time, we consider three different
scenarios, namely the worst case (5th quantile), the median case (50th quantile), and the
best case (95th quantile). We observe that the risky asset (top chart) shows an optimal
allocation with a downward trend over time. Besides, the middle graph reveals an almost
unchanged allocation for the first derivative, whereby the investor takes a long position
over the entire examined time frame. Conversely, the investment in the second derivative
entails a short position at every time point. However, such a short position shrinks with time
elapsing. In general, we would like to point out that the investment policy is first aggressive,
in that at the beginning the investor allocates a larger amount of wealth into the risky asset
and derivatives, regardless of the financial position. As the investment horizon widens, the
strategy the investor deploys becomes more conservative.
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Figure 5.4. Median and extreme scenarios for optimal weights as a function of time (ex-
pressed in years). The top, middle, and bottom graphs refer to stock, the first derivative,
and the second derivative, respectively. The dotted line in each chart represents the
50th quantile (median), while the area of each graph is bounded by the 5th and the
95th quantiles. The ambiguity aversion parameters are set equal to Γ = 2 and ΓN = 2.
The EIS parameter is fixed to ψ = 0.7 and the risk-aversion parameter is set to γ = 3.
The rate of time preferences β is set equal to 6% annually, the constant risk-free rate is
equal to r = 0%. The remaining parameters are provided in Table 5.1.

5.3 The accuracy of log-linearization of consumption-
wealth ratio around the unconditional mean

The optimal strategies proposed in Section 5.1 provide approximate solutions when ψ ̸= 1.
In such a case, the solution is based on a log-linearization procedure for the consumption
process, around the unconditional mean, as in Section (4.5). Hence, it is worth investigating
the reliability of such an approximation in terms of the unconditional standard deviation
of optimal log consumption-wealth ratio, in a context of model uncertainty,

ς̂ =| F (t) |
√
var(y(t)) =| F (t) |

√
σ2

2k

(
θ + ξλ

k

)
, (5.79)

where kQ, θQ, and σ > 0 represent the speed of reversion, the long-term mean level, and
the volatility of precision, respectively.
Table 5.3 shows that the percentage unconditional standard deviation (ς̂(%)) is very low in
most cases. The lowest values, close to zero, are obtained for large values of γ, but ψ ≃ 1. A
quick comparison among the three panels composing Table 5.3 reveals that the unconditional
standard deviation decreases significantly when the ambiguity aversion parameters become
larger, consistently with Maenhout [2004], where the author argues that ambiguity induces
a kind of increase in investor risk aversion without changing the EIS.



110
5. Robust optimal consumption and portfolio choice in complete markets with

co-jumps

The aforementioned results suggest that the log-linearization of the consumption-wealth
ratio around the unconditional mean works well in this context.

Panel A: Γ = ΓN = 0
ψ = 1 ψ = 0.8 ψ = 0.5 ψ = 0.2 ψ = 0.1

γ = 2 0 1.80 4.25 6.71 7.53
γ = 5 0 0 2.22 3.14 3.46
γ = 8 0 0 0 2.41 2.57

Panel B: Γ = ΓN = 2
ψ = 1 ψ = 0.8 ψ = 0.5 ψ = 0.2 ψ = 0.1

γ = 2 0 0.97 2.20 3.45 3.87
γ = 5 0 0 1.64 2.29 2.51
γ = 8 0 0 0 1.96 2.09

Panel C: Γ = ΓN = 5
ψ = 1 ψ = 0.8 ψ = 0.5 ψ = 0.2 ψ = 0.1

γ = 2 0 0.57 1.28 2.00 2.24
γ = 5 0 0 1.17 1.62 1.78
γ = 8 0 0 0 1.53 1.63

,

Table 5.4. Unconditional standard deviation (ς̂ , expressed in percentage) of optimal log
consumption-wealth ratio for several values of elasticity of intertemporal substitution
of consumption and risk aversion parameter. Panel A represents values in the absence
of uncertainty in the model (i.e. Γ = 0,ΓN = 0), Panel B and Panel C have gradually
increasing values for ambiguity aversion parameters.
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Chapter 6

Conclusion

In this thesis work we studied a dynamic optimal portfolio allocation problem in a non-
affine jump-diffusion model in several market settings, where the investor can access not
only a bond and equity but also derivatives written on such equity, and we assumed the
underlying price is subject to simultaneous jumps in price and volatility. We modelled the
instantaneous precision, the reciprocal of the volatility, as a familiar square-root diffusion
process and solved the problem in a closed form. By analysing the risk exposures and opti-
mal portfolio allocations, we showed that the optimal allocation depends on the stochastic
determinants of the jump process. As a consequence of the non-affine framework, we as-
sumed the optimal allocation is strongly affected by the precision process, in contrast to the
existing literature and consistent with what occurs empirically in the markets. Our findings
suggest that investors must rebalance their portfolio after a market crash, reviewing their
optimal strategy and decreasing the allocation of risky assets. Moreover, we experienced a
significant portfolio improvement in wealth for the investor when she has access to traded
derivatives. Finally, we demonstrated a substantial reduction of wealth when investors do
not include jumps in their model while supporting the opportunity to include jumps when
the wealth dynamics are based on an inverse-square root diffusion model. Moreover, for the
first time in the literature, we extend the model by considering both market characteristics
(presence of co-jumps in process dynamics, possibility of completing the market by trad-
ing an adequate number of derivatives) and investor characteristics, i.e., risk aversion and
ambiguity regarding the selected probability measure, by considering a utility that disentan-
gles investor risk aversion from the elasticity of intertemporal substitution of consumption.
Investors wary about ambiguity incur substantial losses during the allocation phase. The
choice of considering co-jumps in the dynamics reveals that, even in the presence of model
uncertainty, exposures to model risk factors decrease in more turbulent markets, implying
smaller investments in risky securities, as well as a portfolio rebalancing after a market
shock. Then, the type of derivative used to complete the market has no significant impact
on allocation and consumption.
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