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Abstract

In this work we consider several semilinear damped wave equations with “subcritical” nonlinearities,
focusing on studying lifespan estimates for energy solutions. Our main concern is on equations with scale-
invariant damping and mass. By imposing different assumptions on the initial data, we prove lifespan
estimates from above, distinguishing between “wave-like” and “heat-like” behaviours. Furthermore, we
conjecture logarithmic improvements for the estimates on the “transition surfaces” separating the two be-
haviours. As a direct consequence, we reorganize the blow-up results and lifespan estimates for the massless
case, and we obtain in particular improved lifespan estimates for the one dimensional case, compared to the
known results.

We also study semilinear wave equations with scattering damping and negative mass term, finding that if
the decay rate of the mass term equals to 2, the lifespan estimate coincides with the one in a special case of
scale-invariant damped equation.

The main tool employed in the proof is a Kato’s type lemma, established by iteration argument.
© 2020 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The aim of the present work is to study blow-up phenomena and lifespan estimates for solu-
tions of Cauchy problem with small data for several semilinear damped wave models. Indeed,
we mainly concern about semilinear wave equations with the scale-invariant damping, mass and
power-nonlinearity

1231 129 .
u; + u=ul?, inR"x(,T7),
1+1¢ ! (1+l‘)2 Jul ( ) (1.1)

ulx,0)=c¢cf(x), us(x,0)=¢eg(x), xeR"

Ugy — Au+

where w1, 2 €R, p>1,ne N, T >0 and ¢ > 0 is a “small” parameter. In particular, we are
interested in exploring a competition between so-called “heat-like” and “wave-like” behaviour
of the solutions, which concerns not only critical exponents, but also lifespan estimates, in a way
that we will clarify later.

Let us firstly denote energy and weak solutions of our problem (1.1).

Definition 1. We say that u is an energy solution of (1.1) over [0, T) if
ueC(0,T), H'(RM) N C'([0, T), L*(R™) N C((0, T), L, .(R™))

satisfies u(x, 0) = ef (x) in H'(R"), u;(x,0) = eg(x) in L>(R") and
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/u,(x,t)¢(x,t)dx—/ag(x)¢(x,0)dx
]Rn Rn
t

+/ds/{—u,(x,s)¢,(x,s)+Vu(x,s)~V¢(x,s)}dx

0 R~

t
+/ds/ Hi
1+s
0 R~
t

=/ds/ (e, $)|Pd(x, $)dx
0 R~

(1.2)

t
ut(x,s)¢(x,s)dx+/ds/ a izs)2u(x,s)¢(x,s)dx
0 R~

for ¢ € [0, T') and any test function ¢ € C3°(R" x [0, T)).
Employing the integration by parts in the above equality and letting t — T, we reach to the
definition of the weak solution of (1.1), that is

0
/ u(x,s) {q),,(x,s) —Ap(x,s) — o <llj_lsqb(x,s)> + a i2s)2¢(X,S)} dxds
R x[0,T)

—¢ f 1 £ (x, 0) + g0 (x, 0) — £(X)bi (x, O)} dx

R~

+ / lu(x, s)|PP(x, s)dxds.

R x[0,T)

We recall that the critical exponent pri; of (1.1) is the smallest exponent p.,;; > 1 such
that, if p > p¢rir, there exists a unique global energy solution to the problem, whereas if 1 <
P < perir the solution blows up in finite time. In the latter case, one is also interested in finding
estimates for the lifespan T, which is the maximal existence time of the solution, depending on
the parameter ¢.

Our principal model is the one in (1.1), for which we obtain Theorem 2 and Theorem 4, ac-
cording to the different conditions imposed on the initial data. As straightforward consequences,
we also obtain Theorem 1 and Theorem 3 for the massless case, i.e. the model with o, = 0. The
lifespan estimate in dimension n = 1 in this case is improved, comparing to the known results.
Moreover, we continue the study of semilinear wave equations with scattering damping, negative
mass term and power nonlinearity, introduced by the authors in [20,21].

The paper is organized in this way: in the rest of the Introduction, we compare the classical
models for the heat and wave equations with power-nonlinearity in order to introduce the “heat-
like” and “wave-like” terminology; in Section 2 we sketch the background of the problems under
consideration and we exhibit our main results, which will be proved in Section 4, exploiting, as
main tool, a Kato’s type lemma in integral form presented in Section 3.
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1.1. Heat vs. wave
Let us consider the toy-models of the heat and wave equations:
uy — Au = |u|?, Uy — Au=|ul?,
u(x,0) =¢f(x), (u,u)(x,0) =&(f, g)(x).

Nowadays the study of these two equations is almost classic: the well-known results include the
lifespan estimates and the critical exponents, which are the so-called Fujita exponent pr(n) and
the Strauss exponent pg(n), corresponding to the heat and the wave equation respectively. For
the purpose of this work, let us define these two exponents for all v € R:

2 /1,2 —
1+—- ifv>0, L At el ifv>1,
pr(v) = v ps(v) = 2(v—1)
+o00 ifv <0, + 00 ifv<l.

We remark that

l<p<pr(v)=yr(p,v):=2—-v(p—-1)>0,
1<p<psv) = ys(p,v):=2+@+Dp—@—1p*>>0.

In particular, if v > 0, pr(v) is the solution of the linear equation yr(p, v) = 0, whereas if v > 1,
ps(v) is the positive solution of the quadratic equation ys(p, v) = 0. Although the expression
ys(p,v) is well-known in the literature, the introduction of yr(p, v) is justifyed from the fact
that yr plays for the heat equation the same role that ys plays for the wave equation, as it emerges
from the lifespan estimates.

Suppose for simplicity that f, g are non-negative, non-vanishing, compactly supported func-
tions (for different conditions on the initial data, we can have different lifespan estimates, see
Subsection 2.4). We have that the blow-up results are the ones collected in the following table.

Heat Wave

Critical exponent p..i;  pr(n) ps(n)
~ g=(p=D/yF(p.n=1)
ifn=1lorn=2,1<p<2

2=V /yp(py "~ aE)
for 1 < p < perit ifn=p=2, szazlog(l-i-a):l
~ g—2p(p—D/ys(p.n)

Subcritical lifespan 7T

ifn=2,2<p<psn)orn=>3

~exp(Ce~P(P—D)
(the lower bound is open for n > 9 in general)

Critical lifespan Tg

~exp(Ce—(P=1D
for p = peri o )

Here and in the following, we use the notation F < G (respectively F 2 G) if there exists
a constant C > 0 independent of ¢ such that F < CG (respectively F > CG), and the notation
F~GifF<Gand F 2 G.

For a more detailed story of these results, we refer to the book [6], the doctoral thesis [49],
the introductions of [13,40—42] and the references therein.
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For the comparison between the heat and wave equations, let us introduce an informal but
evocative notation to describe the behaviour of the critical exponent and of the lifespan estimates
in our models. We will call the critical exponent heat-like if it is related to the Fujita exponent,
i.e. perir = pr(v) for some v € R, whereas we will call it wave-like if it is related to the Strauss
exponent, i.e. p.ri;y = ps(v) for some v € R.

Similarly, we will say that the lifespan estimate is heat-like if it is related in some way to the
one of the heat equation, i.e. to the exponent 2(p — 1)/yr(p, v) in the subcritical case and to
exp(e P~ D) in the critical one, whereas we will say it wave-like if related to the one of the wave
equation, i.e. to the exponent 2p(p — 1)/ys(p, v) in the subcritical case and to exp(s‘p(l’_l))
in the critical one. However, we also define a mixed-type behaviour when the lifespan estimate
is related to 2p(p — 1)/yr(p, v) in the subcritical case (as we will see in Theorem 3 & 4), to
remark that the lifespan is longer than the heat-like one, due to the additional p in the exponent.

2. Problems and main results

As stated in the Introduction, this section is devoted to presenting the models under considera-
tion and to stating our results. More precisely, we start to consider the damped wave equation by
adding the damping term /(1 +1)Pu; to the wave equation, focusing then on the scale-invariant
case, i.e. setting § = 1. Afterwards, we add also the mass term /(1 + t)zu. In Subsection 2.4,
we observe that a special condition on the initial data can significantly change the blow-up re-
sults. Finally, in Subsection 2.5 we consider a special wave model with scattering damping and
negative mass term, the study of which can be essentially reduced to that of the previous models.

2.1. Damped wave equation

Let us proceed by adding the damping term /(1 + £)Pu, to the wave equation, with i > 0
and B € R, hence we consider the Cauchy problem

1 .
——u; = ul?, inR" x(0,T),
(1+0p™" 2.1)

u(x,0)=scf(x), u;(x,0)=seg(x), xeR".

Uy — Au +

According to the works by Wirth [51-53], in the study of the associated homogeneous problem

[ 0_
d+np =" 2.2)
u(x,00= f(x), ud(x,0)=g),

0 0
u, —Au- +

we can classify the damping term depending on the different values of g into four cases. When
B < 1, the damping term is said to be overdamping and the solution does not decay to zero when
t — oo. If —1 < B < 1, the solution behaves like that of the heat equation and we say that the
damping term is effective. Hence, the term u!, in (2.2) has no influence on the behaviour of the
solution and the L? — L9 decay estimates of the solution are almost the same as those of the
heat equation. In contrast, when 8 > 1, it is known that the solution behaves like that of the wave
equation, which means that the damping term in (2.2) has no influence on the behaviour of the
solution. In fact, in this case the solution scatters to that of the free wave equation when t — oo,
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and thus we say that we have scattering. Finally, when 8 = 1, the equation in (2.2) is invariant
under the scaling

L?)(x, t) = uo(ax,a(l +1—-1), o3>0,

and hence we say that the damping term is scale-invariant. In this case the behaviour of the
solution of (2.2) has been observed to be determined by the value of . We summarize all the
classifications of the damping term in (2.2) in the next table.

Range of 8 Classification
B e (=00, —1) overdamping
Bel-1,1) effective
B=1 scale-invariant
Be(l,00) scattering

Let us return to problem (2.1), which inherits the above terminology and has very different
behaviours from case to case. Indeed, in the overdamping case the solution exists globally for
any p > 1. In the effective case, the problem is heat-like, both in the critical exponent and in
the lifespan estimates, while in the scattering case the problem seems to be wave-like. Finally,
the scale-invariant case has an intermediate behaviour, and a competition between heat-like and
wave-like arises. Before moving to the last case, let us collect in the following two tables some
global existence and blow-up results for B # 1, at the best of our knowledge.

Global-in-time existence for B # 1

Authors Range of Dimensionn  Exponent p
Tkeda, Wakasugi [12] B<-—1 n>1 p>1

. n=1,2 p>prn)

akas 5 —
Wakasugi [50] B 1 n>3 prn) < p < nnTQ
Todorova, Yordanov [43] B=0 n=12 p>pr
n>3 PF(M) <p=<y5

D~Al.3b1cc0, Lucente, Reissig [4] l<p<1 n=1.2 p>ppn)
Nishihara [31] B0 n>3 () <p< n+2
Lin, Nishihara, Zhai [27] = PEUV =P = =
Liu, Wang [30] B>1 n=34 p > ps(n)

Blow-up in finite time for 8 # 1

Authors Range of Exponent p Lifespan T

Fujiwara, Ikeda, Wakasugi [7] l<p<prpm  ~exp(Ce 2P=D/yF(p.n))

. =—1
Ikeda, Inui [8] p p=prn) ~ expexp(Cg_(P_l))
Li, Zhou [26], Zhang [55]
Todorova, Yordanov [43]
Kirane, Qafsaoui [18] 5=0 l<p<ppm ~e2=D/yr(p.n)

Ikeda, Ogawa [9], Lai, Zhou [25]
Tkeda, Wakasugi [11], Nishihara [31]
Fujiwara, Ikeda, Wakasugi [7]

p=prn) ~exp(C£*(1’*1))
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(continued)

Blow-up in finite time for 8 # 1

Authors Range of B Exponent p Lifespan Tg
Fujiwara, Ikeda, Wakasugi [7] 2o 1)
Ikeda, Inui [8] —-1<B<1 l<p<prn) ~g UFBYF(pm
Ikeda, Ogawa [9] B#0 p=prn) ~ exp(Ce=(P=D)

Ikeda, Wakasugi [11]

Lai, Takamura [22]
‘Wakasa, Yordanov [47]

l<p<psn) <e2P=D/rstp.n)

1
p> p=rps) Sexp(Ce~PP—h)

2.2. Scale-invariant damped wave equation

We consider now (2.1) for 8 = 1, hence we consider the Cauchy problem

=P, inR"x (©,1),
141t (2.3)
ux,0)=ef(x), u(x,0)=eg(x), xeR".

Uy — Au+

The scale-invariant problem has been studied intensively in the last years. This great interest
is motivated by the fact that, differently from the damped wave equation with 8 # 1, in the
scale-invariant case the results depend also on the damping coefficient u, for determining both
the critical exponent and the lifespan estimate. Hence, the situation is a bit more complicated,
since the scale-invariant case shows results intermediate between the ones for the effective (—1 <
B < 1) and non-effective (8 > 1) damping cases, and then it seems to be a threshold between a
heat-like and a wave-like behaviour.

In the following two tables we collect, at the best of our knowledge, results concerning the
existence and the blow-up for the scale-invariant damping.

Blow-up in finite time for 8 =1

Authors Dim. n Coefficient Exponent p Lifespan T¢
Wakasugi -1 w>1 l<p<prn <e=(P=D/yF(p.n)
[48,49] "= O<pu<l l<p<l+;2 < e~ (p=D/yp(pntp=1)
D’Abbicco,

e I

Reissig [5] - P=Ps

Wakasa [46]

Kato, nel _ l<p<pr) ~ = (P=D/vr(p,1)
Takamura, - n= p:pF(l) NeXp(Ca‘_(l’_l))
Wakasa [17]

Imai,

Kato, n—2 9 l<p<pr) =ps?) ~ = (P=D/vr(p,2)
Takamura, B "= p=pr2)=ps) ~exp(Ce~1/2)
Wakasa [14]

(continued on next page)
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Blow-up in finite time for § =1
Authors Dim. n Coefficient Exponent p Lifespan T¢
Kato, he3 > 1<p<ps@) ~ g—2p(p=1/ys(p.5)
Sakuraba [16] "~ m= p=ps(5) ~ exp(Ce—P(P=D)
Lai, 5
Takamura, n>2 0<pu< "2(;_’7_;)2 pr() <p<psin+2u) <e 2r(pP=D/rs(p.nt2u)
Wakasa [23]
< e=2P(p=D/ys(p.nti)—8
n=1, % p< ‘3—‘
if n=1,0<u<%,pz%
5 n>2,p>psn+2+u)
n+n+2 _2p=b
Isl;el;ij"ima[m] nzl OS“% n+2 pr(n) < p =< psn+p) SeTw ?
J (n#0ifn=1) ifn=1.0<p<3p<2
5 87178
ifn>2,p<psin+2+u)
<exp(Ce—PP—D)
if p=psn+p).
Tu, Lin W2 u>0 l<p<psin+w) 5872p(p71)/)/s(p,n+u)
[44,45] - O<M<"ﬂ?2 p=psn+u) <exp(Ce PP—1)
Global-in-time existence for p =1
Authors Dimension n Coefficient ©  Exponent p
n=1 n=3 p>pr(D)
D’ Abbicco [2] n=2 w>3 p>pr@2)
n>3 w=n+2 pr(m) <p =<t
D’Abbicco, Lucente, Reissig [5] _ _
Kato, Sakuraba [16], Lai [19] =23 n=2 p>ps(n+2)
e n>5 _ . ntl }
D’ Abbicco, Lucente [3] (0dd dim., rad. symm.) n=2 ps(n+2) < p<min {2, =
Palmieri [35] n >4 (even dim.) n=2 ps(n+2)<p<pr)

Observe that the special case u = 2 was widely studied, starting from D’ Abbicco, Lucente

and Reissig [5]. The reason is that, if we exploit the Liouville transform

vix, 1) =14+ )" u(x, 1)

in problem (2.3), it turns out to be

m2—p)

lvl?

Vit — Av+

A0z’

(1 4 ryrp=0/2’

inR" x (0, T),

v(x,0) =¢f(x), v(x,0)=¢ {%f(x) +g(x)} , xeR"

For u = 2 the damping term disappears, making the analysis more manageable and related to the
undamped wave equation. From the works [3,5,10,35,48] it is now clear that the critical exponent
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for u =21s perir = max{pr(n), ps(n+2)}, with the lifespan estimates stated in low dimensions
n <3 by the works [14,16,17,46].

When p 5 2, it was observed that for small u the problem is wave-like in the critical ex-
ponent and in the lifespan estimates, whereas it is heat-like for larger . However, the exact
threshold was still unclear. We conjecture, in accordance with Remarks 1.2 and 1.4 in [10], that
the threshold value should be

o n?+n+2
= n ::77
M = My N2

and that the critical exponent is

psn+p) if0=<p <y,

] 24
pr(n) if > .

Perit = pu() :=max{pr(n — [u —1]), ps(n + W)} = {

Here and in the following, [x]+ = #

tively.

The blow-up part of this conjecture has already been proved, combining [48] and [10]. In our
next theorem, which is a straightforward corollary of Theorem 2, we reconfirm the blow-up range
and we give cleaner estimates for the lifespan in the subcritical case, obtaining improvements
mainly in the 1-dimensional case (see Remark 2.2). We refer to Fig. 1 for a graphic representation
of the results below.

indicates the positive and negative part functions respec-

Theorem 1. Let n > 0 and 1 < p < p,(n), with p,(n) defined in (2.4). Assume that f €
H'(R"), g € LXR") and

fih>=0, h#£0, whereh:=[p—1]+f+g.
Suppose that u is an energy solution of (2.3) on [0, T') that satisfies
suppu C {(x,1) e R" x [0,00): |x| <t + R}

with some R > 1.
Then, there exists a constant €1 = €1(f, g, 1, p, R) > 0 such that the blow-up time T, of
problem (2.3), for 0 < ¢ < &1, has to satisfy:

e if0<pu <y, then

g~ P=D/yr(p,n—=lp—=1]-) fl<p< ——M—,
< n—lp—1|
&
~ 2
g2P(p=1/ys(p.ntp) if ———— < p<pun);
n—|p—1|

o if L > iy, then

T. < e=(P=D/vr(pm) _ o=12/(p=D=n]""
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Moreover, if w =n=1and 1 < p <2 the estimate for T, is improved by

T S do(e)
where ¢po = ¢o(¢) is the solution of

2 __

ed " In(l+ o) = 1.

Remark 2.1. Note that, if » > 3 and 0 < u <n — 1, we can write the lifespan estimates in
Theorem 1 explicitly as

if0<u<n-—1lor
g 2P(p=D/ys(pnti)
ifn—1<pu< uy and
n

P— <p < pun),

T, <

~

g~ P=D/yvr(p.n) ifn—l<pu<psandl <p< ———.
n—pupu+1

Remark 2.2. Comparing the lifespan estimates in Theorem 1 with the known results summarized
in the above table “Blow-up in finite time for 8 = 17, we remark that the heat-like estimates for
n > 1 were already proved by Wakasugi [49], whereas the wave-like ones for n > 2 by Tu and
Lin [44]. The wave-like estimates for n = 1 were almost obtained by Ikeda and Sobajima [10]
for pr(n) < p < ps(n + w), with a loss in the exponent given by a constant § > 0.

Hence our improvements are given by the wave-like estimates if n = 1 and by the logarithmic
gain T, < ¢o(e) if n=p =1and 1 < p < 2. Moreover, about the wave-like estimates for n > 2,
in [44] the initial data are supposed to be non-negative, whereas our conditions on the initial data
are less restrictive.

Anyway, our approach is different and based on an iteration argument rather than on a test
function method.

Remark 2.3. We conjecture that the lifespan estimates in Theorem 1 are indeed optimal, except
on the “transition curve” (in the (p, w)-plane) from the wave-like to the heat-like zone, given by

2

=——— for0<pu=<psand1 < p=<p,n).
n—|u—1|

p
On this curve, the identity

2pyr(p,n—[pu—1]-)=ys(p,n+pn)

holds true and here we expect a logarithmic gain, as already obtained for the case p =2, u =
n =1 in the previous theorem, and for the case n = p = 2, u = 0 for the wave equation (see
Subsection 1.1). As we see from [14,16,17,46] the conjecture holds true if © =2 and n < 3.

Remark 2.4. In this work we do not treat the critical case, but, to conclude our prospectus, it is
natural to conjecture that
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M = %
1
0
1 2 pp(l) =3 p
(a) Case n =1.
i
fae =2
1 p=ps(2+p)
0
L pp(2)=2 ps(2) p
(b) Case n = 2.
w
P
n—1
p=ps(n+p)
0
1 pr(n) ps(n) p

(c) Case n > 3.

Fig. 1. In this figure we collect the results from Theorem 1. If (p, ) is in the blue area, we have that Ty <
e=2P(p=D/ys(p.n+1) and hence the lifespan estimate is wave-like. Otherwise, if (p,u) is in the red area, then
T, < e~ (P=D/yr(pn—lu—11-) gnd the lifespan estimate is heat-like. In the case n = 1, the dash-dotted line given by
u=1, 1< p <2 highlights the improvement Tz S ¢ ().
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exp (Ce™PP™0) i 0= < prand p = p(n) = ps(n + ),
T, ~
exp (CS’(”’”) if w > py and p = pu(n) = pr(n),

for some constant C > 0. We refer to [10,45] for the wave-like lifespan estimate from above in
the critical case and to [14,16,17,46] for the proof of the conjecture if u =2 andn =1, 3.

However, we expect a different behaviour if u = 4 and p = p,, (n), that is when the tran-
sition curve from Remark 2.3 intersects the blow-up curve. This expectation is motivated from
[14], where the authors prove for n = u = wy = pr(2) = ps(4) = 2 that T, ~ exp(Cs‘l/z),
which is neither a wave-like critical lifespan, nor a heat-like one.

2.3. Wave equation with scale-invariant damping and mass

Finally, we return to our main problem (1.1). The scale-invariant damped and massive wave
equation was studied by A. Palmieri as object of his doctoral dissertation [33], under the super-
vision of M. Reissig. However, as far as we know, the research of the lifespan estimates in case
of blow-up is still underdeveloped.

A key value for the study of this problem is

8 =581, pm2) == (1 — D? —4ua,

which, roughly speaking, quantifies the interaction between the damping and the mass term.
Indeed, if § > 0, the damping term is predominant and we observe again a competition between
the wave-like and heat-like behaviours. In particular, the critical exponent seems to be wave-
like for small positive values of §, while it is heat-like for large ones. If on the contrary § < 0,
the mass term has more influence and the equation becomes of Klein-Gordon type. To see this,
we apply again the Liouville transform v(x,?) := (1 + t)’“/2u(x, t) to problem (1.1), which
therefore becomes

-84 [P
(+02 "~ U+nme=Dr2

v, 0) =ef(x), vi(x,0)=¢ {%f(x) +g(x)} . xeR".

inR"” x (0, T),

Uiy — Av +
2.5)

In the following, we will consider only the case § > 0.
Let us start by collecting some known results. From [32,34,37], we know that for p1, s >0
and 8 > (n + 1) the critical exponent for problem (1.1) is the shifted Fujita exponent

Ml—l—«/§>.

Pcrit = PF (I’l + 2

On the contrary, from [35,36], in the special case § = 1 and under radial symmetric assumptions
for n > 3, Palmieri proved that the critical exponent is

Pcrit = PS (n+u1).
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The case 6 = 1 is clearly analogous to the case pu = 2 for the scale-invariant damped wave equa-
tion without mass: under this assumption we see from (2.5) that the equation can be transformed
into a wave equation without damping and mass and with a suitable nonlinearity. In [38], Palmieri
and Reissig proved, by using the Kato’s lemma and Yagdjian integral transform, a blow-up re-
sult for § € (0, 1], and showed a competition between the shifted Fujita and Strauss exponents.
Indeed, they obtained the blow-up result for

_1_¢§
1<p§maX{pF (n+mf>,ps(n+m)}

except for the critical case p = ps(n + 1) in dimension n = 1. Finally, Palmieri and Tu in [39],
under suitable sign assumption on the initial data and for w1, (2, § non-negative, established a
blow-up result for 1 < p < pg(n + 1) and furthermore the following lifespan estimates:

g 2P=D/ys(ntiD) if | < p < ps(n + @),

T. < 1 . 2
exp(Ce~PP~—h) if p=ps(n+pu;)and p > .
n —\/g

They used an iteration argument based on the technique of double multiplier for the subcritical
case and a version of test function method developed by Ikeda and Sobajima [10] for the critical
case. Of course, we refer to the works by Palmieri and to his doctoral thesis for a more detailed
background. We also mention the recent work [15] by Inui and Mizutani for results on the scat-
tering and asymptotic order for the wave equation with scale-invariant damping and mass terms
and energy critical nonlinearity.

We present now our main result, concerning the blow-up of (1.1) for @y, 2 € R and § >0
and the upper bound for the lifespan estimates. Firstly, let us introduce the value

1
—(—l—v+\/v2+10v—7) ifv>1,

d.(v) = 2 (2.6)
0 ifv<l,
and set for simplicity

dy:=d(n+ 1) €10,2). 2.7

Observe that, if n + 1 > 1, then

— 1= \/3
Vé=n—d, <= ys(p.n+upn)=2yr <p,n+mf> =0

2.8)

Ml—l—x/g) 2
2

& ps(n+ 1) = pr <n+

The following result holds.
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Theorem 2. Let 11, u2 € R, § > 0and 1 < p < py, s(n), with

—1 =46
Puy.s(n) == max {pF <n + %) . ps(n +m>} . 2.9)

Assume that f € H'(R"), g € L*(R") and

w1 —14++/8
—f+¢g

f,h>0, h#0, where h:= > (2.10)
Suppose that u is an energy solution of (1.1) on [0, T) that satisfies
suppu C {(x,1) e R" x [0,00): |x| <t + R} 2.11)

with some R > 1.
Then, there exists a constant 2 = &2(f, g, L1, L2, 1, p, R) > 0 such that the blow-up time T;
of problem (1.1), for 0 < & < &2, has to satisfy:
° if«/gfn—Z, then

T, < 8*2P(P*1)/VS(P»'!+M|);

o ifn—2<+8<n—d.n+u), then

o) ifl<p=<

2
n—+/s

5 <P <pu.sn),

T. <

g 2p(p=1)/ys(p.ntp1) if 2

n—

where ¢ = ¢ () is the solution of

YF (1Ln+(u| 717\/@/2)
e T In(l+¢) 0 =1;

° if\/gzn —d.(n+ ), then

T. S ¢(e).

If in particular § > 0, then

-1
b (e) = e~ P=V/7EP+Gu—1-V8)/2) _ 8*[2/@*1)*"*(#1*143)/2] )

Here and in the following, the sign function is defined as sgnx = %

0if x =0.

if x # 0, whereas sgnx =
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Remark 2.5. We can write the exponent in (2.9) explicitly as

ps(n+ 1) ifn4u; >1,vV8 <n—d,

—1—-4/5
pF<n+m7) ifnd+ur>1l,n—de<vVé<2n+pu;—1,

le,S(n) == 2

iftn4+pu>1,vV8>2n+u —1

too orifn4+pu; <1.

Remark 2.6. Note that, setting the mass coefficient u, = 0 and the damping coefficient | =
w >0, then /8 = | — 1| and

Ve<n—din+p) <0< pu< .

It is straightforward to check that, by imposing o = 0, the results in Theorem 2 coincide with
those in Theorem 1.

Remark 2.7. Analogously as in Remark 2.3, we conjecture that p,, s(n) defined in (2.9) is
indeed the critical exponent and that the lifespan estimates presented in Theorem 2 are optimal,
except on the “transition surface” (in the (p, t1, 6)-space) defined by

2
p_n_ﬁ

on which we expect a logarithmic gain.

The exponent p = - _2 7 already emerged in Palmieri and Tu [39], but as a technical condition.

forn—2<\/§<n—d*(n+m)and1<p§p,“,5(n), (2.12)

We underline that this exponent comes out to be the solution of the equation

w1 —1—+/8

> >=J/S(p,n+,u1)

2pyr (p,n +

whenn —2 < /8 <n—dy(n+ ).

Remark 2.8. Similarly as in Remark 2.4, we expect that, if p = p,,, s(n), then

exp(Ce_p(p_l)) iftn+p >1and Vs <n—d,,
T, ~
exp (cﬂl’*‘)) ifn 4y > landn —dy </8 <2n+ 1 — 1,

for some constant C > 0. See [39] for the proof of the wave-like upper bound of the lifespan
estimate in the critical case. Moreover, if v/ =n — d, (n + 1) and p = p,, 5(n), we expect a
different lifespan estimate, as in the massless case.
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2.4. Different lifespans for different initial conditions

In Theorems 1 & 2 we impose the condition on the initial data

. 1+«/—er 40,

One could ask if this is only a technical condition, but it turns out that this is not the case: if we
impose i = 0, the lifespan estimates change drastically. This phenomenon was recently taken in
consideration also in the works by Imai, Kato, Takamura and Wakasa [13,14,17].

Let us return to the wave equation

uy — Au=|ul?, inR"x,T),
u(x,0)=ef(x), wu/(x,0)=eg(x), xeR"

Since w1 = up =0, in this case the condition 7 = 0 is equivalent to g = 0. Indeed, under the

assumption
/ g(x)dx =0

R?

collecting the results from the works [13,24,28,29,40,41,56-58], we have that, for n > 1, the
following lifespan estimates hold:

e=2P(=D/ys(p.n) 451 < p < ps(n),
T, ~

exp (Ce™P70) if p= ps(n),

excluding the critical case p = ps(n) for n > 9 and without radial symmetry assumptions. We
refer to the Introduction by Imai, Kato, Takamura and Wakasa [13] for a detailed background
on these results. What is interesting is the fact that now we observe always a wave-like lifespan.
This is in contrast with the estimates presented in Subsection 1.1, where, under the assumption

/g(x)dx > 0,

Rn

we have heat-like lifespans in low dimensions, more preciselyifn =1 orifn =2and 1 < p <2,
with a logarithmic gain if n = p =2.

Let us consider now the Cauchy problem for the scale-invariant damped wave equation (2.1)
with u =2, that is

2
1_}_tu,:|u|p, inR" x (0, T),
u(x,0)=cf(x), u;(x,0)=sg(x), xeR".
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Since n1 =2 and py = 0, the condition # =0 is equivalent to f + g = 0. In low dimensions
n =1 and n = 2, Kato, Takamura and Wakasa [17] and Imai, Kato, Takamura and Wakasa [14]
proved that, if the initial data satisfy

/{f(X) +8(x)}dx =0,

R~»
then the lifespan estimates in 1-dimensional case are

e 2P(=D/rs(p.3) i1 < p <2,
b(e) if p=2,

g~ PP=D/YEP D if0 < p < pr(1),
exp(Cefp(pil)) 1fp = pF(l) = 3,

where b = b(¢) satisfies the equation e2b log(1 + b) =1, and in 2-dimensional case are

gD e L < p < pp(l) = ps(@) =2,
T ~
© | expce™23) if p=pr2) =ps@ =2.

These estimates are greatly different from the ones presented in Subsection 2.2, which hold under
the assumption

f {F () + g(x)}dx 0.
Rn

In dimension n = 1, we have no more a heat-like behaviour, but a wave-like one appears for
p < 2, whereas for p > 2 we have a mixed-like behaviour, according to the notation introduced
in Subsection 1.1. Indeed, in the latter case, even if the lifespan is related to the heat-like one, an
additional p appears. In dimension n = 2, we have no more a heat-like behaviour, but a wave-
like one. The strange exponent in the critical lifespan can be explained by the same phenomenon
underlined in Remark 2.4.

We are ready to exhibit our results, which give upper lifespan estimate in the subcritical case
when i = 0. It is easy to see that our estimates coincide with the ones just showed above in the
respective cases. Going on with the exposition followed until now, we will present firstly the
particular massless case, then the more general one with also the mass term. For simplicity, we
will consider only non-negative damping coefficients.

Let us introduce the exponent

n—+8+2 |
+——— ifn+pu; #1,

Ps=pe(n+p1,n — Vo) = n+u—1 (2.13)
+ 00, ifn+pu =1,

and note that, for p > 1 and n + 1 # 1,
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M) ) (2.14)

p=p*¢:yﬂnn+un=2w<nn+ 3

The following results hold. See Fig. 2 for a graphic representation of the claim in Theorem 3.

Theorem 3. Let > 0 and 1 < p < p,(n), with p,(n) as in Theorem 1. Assume that f €
H'(R"), g € L2(R") and

=0, f#£0, [u—1]4f+g=0.

Suppose that u is an energy solution of (2.3) on [0, T) that satisfies (2.11) for some R > 1.
Then there exists a constant €3 = €3(f, g, U, p, R) > 0 such that the blow-up time T of prob-
lem (2.3), for 0 < & < €3, has to satisfy:

o if 0 < < iy, then

T, < g~ 2p(p=D/rs(p.nt).

e if uy < <n+3, then
g7 2P Dlys(pnti) ey < p < p,,

T, < oole), if p=px,
E—P(P—l)/VF([?Jl)7 if ps < p < pu(n),

where oy = o¢(€) is the solution of

Z—n
eloy In(l1+o09)=1

and

n—pu+3
P +n+/L—1
e ifu>n+3, then

T, < g P=D/vep.n)

Moreover, ifn=1,0 < u < 2 and

2

l<p< ——Mm,
P -

then the estimate for the blow-up time T is improved by

T, < e~ (P=D/vr(p.1+pn—111)
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Hx =
p=ps(1+ )

— ol

(a) Case n=1.

n+3

P

P =ps(n+pu)

1 pr(n) ps(n) b
(b) Case n > 2.

Fig. 2. Here we collect the results from Theorem 3. If (p, n) is in the blue area, Tz < 72P(p=D/vs(P:n+1) hence the
lifespan estimate is wave-like. If (p, i) is in the purple area, T, < e~ P(P—D/YF(P1) and the lifespan estimate is of
mixed-type. The dash-dotted line given by p = p«(n, 1) highlights the improvement T < oq(e). In the case n = 1, if
(p, ) is in the red area, Tp < e~ (P=D/yr(p.1+1—11-) and the lifespan estimate is heat-like.

Theorem 4. Let 11 >0, up e R, § > 0and 1 < p < py, s(n), with p,, s(n) defined in (2.9). As-
sume that f € H'(R™), g € L>(R") and f >0, f #0, h =0, with h defined in (2.10). Suppose
that u is an energy solution of (1.1) on [0, T) that satisfies (2.11) with some R > 1.

Then, there exists a constant €4 = e4(f, g, L1, L2, P, R) > 0 such that the blow-up time T, of
problem (1.1), for 0 < & < &4, has to satisfy:
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if /8 <n—dy(n+ 1), then

T, < g=2p(p=D/rs(p:ntn).

ifn —dy(n+ ) <8 <n+2, then

g 2P=D/ys(pnti) - iry < p < p,

T: ,S 0« (€), if p= ps
o(e), if px < p < pu s,

where o = o (¢) and o, = 0. (¢) are the solutions respectively of

YE (Pt —1-v8)/2)

if«/EZn—i—Z, then

elo = In(1 4 0)' %8 =1,
YEPnt(u—1-v3)/2)
ePo, P! In(1 + 0,)> 728 = 1;
T: So(e).

Moreover, ifn=1,0<4 <1 and

with

2- 3
1+27‘/—, if/8<0,
1+ u1++/8
l<p<ru.d)={142—2"0 _ 2 /-0 2.15)
e T+ +6 140 V7% '
2
, if V8 >0,
148 4

— ._ pr 1o
929(M1).—1+7—5\/M1+16€(—1,1), (2.16)

then the estimate for the blow-up time T, is improved by

7 < o~ =D (p.0u+14V92)

& ~o

Remark 2.9. In the 1-dimensional case of Theorem 4, one can check that r, < p;, s(1) holds
always, except when @1 =3 and § = 0, since in this case ry = p3,0(1) = ps(4) = 2. About the
relation between p, and r,, we have that, for 0 <§ < 1, if £ § 0 then p, ; Fse.
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Remark 2.10. We conjecture that the estimates in the previous two theorems are indeed optimal,
except in dimension n = 1 for Theorem 3 on the transition curve defined by

2

=——— forO0<u<2,
T+ — 1] =H=

p
and for Theorem 4 on the transition surface
p=r«(u1,6) for0<s<I.
Moreover, in the critical case we expect, due to the wave-like and mixed-type behaviours,
T, ~exp(Ce™ PP~ D),
except for Vi=n-— dy(n+ 1) and p = py,, 5(n), where the lifespan should be different.

Remark 2.11. The conditions (2.10) on the initial data in Theorem | & 2 can be replaced by the
less strong conditions

/f(X) >0, /f(X)¢1 (x) =0, fh(X) >0, /h(X)¢1 (x) >0,
Rn

R~» R~7 R~2

where the positive function ¢ (x) is defined later in (4.9).
Something similar can be done for the initial conditions of Theorem 3 & 4, requiring

/f(X) >0, /f(X)¢1 (x) >0, [h(X) =0, /h(X)¢1 (x)=0.
R~?

R~ R~ Rn

It will be clear from the proof of our theorems that these weaker hypothesis are sufficient.
2.5. Wave equation with scattering damping and negative mass

In the end, in this subsection we want to continue the study of a problem examined by the
authors in [20,21]. In these two works, we considered the Cauchy problem for the wave equation
with scattering damping and negative mass term, thus

Wy — Aw + lw|?, inR" x (0,T),

V1 W, + 1% w—
A+0f " At T 2.17)
w(x,0)=¢f(x), w(x,0)=¢g(x), xeR",

where vi >0,y <0, € Rand 8 > 1.

In Subsection 2.2 we already observed that, if the damping is of scattering type, the solution
of the homogeneous damped wave equation “scatters” to the one of the wave equation. For the
equation with power non-linearity, according to the results by Lai and Takamura [22] and Wakasa
and Yordanov [47], the solution again seems to be wave-like both in the critical exponent and in
the lifespan estimate.
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In [20], the authors took in consideration (2.17) with @ > 1 and observed a double scat-
tering phenomenon, in the sense that both the damping and the mass terms seem to be not
effective. Hence, the solution behaves like that of the wave equation with power non-linearity
uy — Au = |u|P. More precisely, supposing for simplicity that f, g are non-negative, non-
vanishing, compactly supported functions, we established the blow-up for 1 < p < ps(n) and
the upper bound for the lifespan estimates:

e~ P=D/yrpn=D ity —Jorn=2,1<p<2,
T, < {a(e) ifn=p=2,
e 2PP=D/ystpm)  if =2 2 < p < psn) orifn=>3,
where a = a(e) satisfies £2a? log(1 + a) = 1, although in the case n = p = 2 more technical
conditions were required.

In [21], the authors studied the case o < 1, discovering a new behaviour in the lifespan esti-
mate. Indeed, we proved blow-up for every p > 1 and the upper lifespan estimate

T. S¢(Ce),
where ¢ = ¢ (€) is the larger solution of the equation

YF(p.n—(1+a)/4)

Eé— (p—1) exp (K{FTO[) = 1, Wlth K =

2/v2] ( V| )
exp )
l—« 21— B)

As observed in Remark 2.1 of [21], a less sharp but more clear estimate for the lifespan in the
case o < 1 is

T. < [log (1/)] 7.

Hence, the negative mass term with o > 1 seems to have no influence on the behaviour of the
solution; on the contrary, if @ < 1 the negative mass term becomes extremely relevant, implying
the blow-up for all p > 1 and a lifespan estimate which is much shorter, compared to the ones
introduced previously.

We now come to the case o = 1. This is particular and was not deepened in our previous
works. Indeed in Subsection 4.5, after introducing a multiplier to absorb the damping term, we
will show that we can get blow-up results and lifespan estimates for this problem by reducing
ourself to calculations similar to the ones we will perform to prove the results in the previous
subsections. Roughly speaking, we will find out that (2.17) with @ = 1 has the same behaviour
as that of (1.1) with ;1 = 0 and pp = vye"t/(1=A),

Therefore, in the following we will consider the Cauchy problem

Wy — lwl?, inR" x (0,T),

Aw+ 2w —2 =
YT O T a 2T
w(-x90):8f(x)s wt(xso):8g(x)a xean

(2.18)

where vi >0, v, <0Oand 8 > 1.
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Definition 2. We say that u is an energy solution of (2.18) over [0, T') if

weC(0,T), H'®RM)ncl(o, T), LA R™) N CO, T), L? (R™))

loc
satisfies w(x,0) = ef (x) in HYRM), w,(x,0) = eg(x)in L%(R") and

t

/wt(x,t)(p(x,t)dx+/ds/{—wt(x,s)¢,(x,s)+Vw(x,s)~V¢(x,s)}dx
R~ 0 R~
t t

+/ds/U_];—ls)f}wt(x,s)¢(x,s)dx+/ds/(l_:izs)zw(x,s)zﬁ(x,s)dx (2.19)
0 Rr 0 Rn
t

:/eg(x)tb(x,O)dx—l—/ds/|w(x,s)|1’¢(x,s)dx
R 0 Re

with any test function ¢ € Cg°(R" x [0, T')) for ¢ € [0, T').
We have the following result. See Fig. 3 for a graphic representation of them.

Theorem 5. Fix vi >0, v» <0, 8 > 1. Define

1
Si=1—due”/U=P o1 d,(n):= 5 (—1 —n++Vn?+10n —7) c[0.2)

andlet 1 < p < ps(n), with

1 )
pa(n>=max{pF (n - +f> . ps (n)]

2
ps (n) ifn>2,+/8 <n—d.n),
1 )
= pp<n— +2\/_> l'fn22,n—d*(n)<\/§<2n—l,
+ 00 ifn:lorifnZZ,«/gZZn—l.

Assume that f € H'(R"), g € L*>(R") are non-negative and not both vanishing. Suppose that w
is an energy solution of (2.18) on [0, T) that, for some R > 1, satisfies

suppw C {(x,7) e R" x [0,00): |x| <t + R}.

Then, there exists a constant e5 = e5(f, g, B, v1, v2,n, p, R) > 0 such that the blow-up time
T. of problem (2.18), for 0 < ¢ < ¢s, has to satisfy:

11597



N.-A. Lai, N.M. Schiavone and H. Takamura Journal of Differential Equations 269 (2020) 11575-11620

. if«/gfn—Z, then
T, < g~ 2P(=D/rsp.m).

o ifn—2<+/8 <n—dy(n), then

2
n—s

5 < p < ps(n);

g~ (P=D/yE(pan=(+V/2) e o p <

T <

~

8—2P(P—1)/VS(PJI)’ if
n—

o if /8 >n—d.(n), then

-1
T, < e~ (P=D/vr(pn—(1+V5)/2) _ 8—[2/<P—1>—"+<1+ﬁ>/2] )

Remark 2.12. As a direct consequence of Remark 2.7 & 2.8, we expect that ps(n) is the criti-
cal exponent and that the lifespan estimates presented in Theorem 5 are optimal, except on the
transition curve (in the (p, §)-plane) defined by

2

forn—2<+8<n—d,n)and1 < p < n,
— A1) p = ps(n)

p:

on which we presume a logarithmic gain can appear.
Moreover, we expect that, if p = ps(n), then

exp (Cefp(pfl)) ifn>2,v8<n—d.n),
T, ~
exp (08—0’—1)) ifn>2n—dn) <v8<2n—1,

for some constant C > 0. If /8§ =n — d, (n) and p = ps(n), we presume a lifespan estimate of
different kind.

3. Kato’s type lemma

The principal ingredient we will employ in the demonstration of our theorems is the following
Kato’s type lemma. Although this tool is well known and used in the literature, here we will
reformulate it in such a way, in the following sections, we can directly apply it to obtain not
only the condition to find the possible critical exponent, but also the upper bound of the lifespan
estimate. We will prove it using the so called iteration argument.
Lemma 1. Let p > 1, a, b € R satisfy

y:=2[(p—Da—-b+2]>0.

Assume that F € C([0, T)) satisfies, fort > T,
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Vi

2 —d.(2)
0

(b) Case n = 2.
Ve
2n—1
n—d.(n)
n—2
0

1 ps(n) p
(c) Case n > 3.
Fig. 3. Here we collect the results from Theorem 5. If (p, \/8) is in the blue area, T < £=2P(p=D/vs(P.1) hence the

lifespan estimate is wave-like. Otherwise, if (p, /8) is in the red area, T < e~ (P=D/vr(p n=(14+/8)/2) and the lifespan
is heat-like. Note that this figure represents also the results of Theorem 2 for the case | =0, up < 1/4.
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F(t) > EAt* [In(1 + )¢, (3.1
t s
mnzB[w/}*ﬂnmn (3.2)
To To

where ¢, Ty > 0and E, A, B > 0. Suppose that there exists T > To which solves
~ Y ~ qc
ET-0 [In(1+1)] =1. (3.3)
Then, we have that
T <CT

for some positive constant C independent of E.
Proof. Let T be as in the statement of the lemma and start with the ansatz

F)=Dj[In(1+D)]7t7bi¢ -1 fort>T, j=1,2,3,... (3.4)

where Dj,aj,bj, c; are positive constants to be determined later. Due to hypothesis (3.1), note
that (3.4) is true for j = 1 with

Dy =FEA, a =laly, bi=la]l-, c1=c, 3.5)

where [x]+ := (]x]| £ x)/2. Plugging (3.4) into (3.2), we get

t s
FU)zlﬁ?{/ds/ih(k+Tﬂpqr4hpWO~—TVWdr
T T
DB
> J
~ (paj +[b]- +2)?

[In(1 + 7)]7 ¢=Pbi~tble (p - TyPaitPI-42 for ¢ > T,

and then we can define the sequences {D;} e, {a)}jen, {b)}jen, {cj}jen by

m%
~ (paj +[bl- +2)%

Dji ajqy1=paj+[bl-+2, bjy1=pbj+I[bly, cjq1=pc,

to establish (3.4) with j replaced by j + 1. It follows from the previous relations and (3.5) that
for j > 1

’

aj :pj71 ([a]++ [b]_+2> _ [b]—+2
p—1 p—1

i [b] [b] -
b]:p] 1([a]_+p_+1>—p_+1, Cjzp] 1C.
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In particular, we obtain that

[b]- +2

P ) = Djy1 > ap_szf, (3.6)

pa;+[bl-+2=aj4 < p’ <[a]+ +

where C := B/{[lal+ + ([P]1-+2)/(p — 1)}2 > (. From (3.6) and D1 = EA, by an inductive
argument we infer, for j > 2, that

D; >exp ipj_l [ln(EA) — Sj]} ,
where
Jj—1

2klnp —InC
k=1

Since Y pooxk =1/(1 —x) and 332, kx* =x/(1 — x)* when |x| < 1, we obtain

Seoi= lim S; =In{CP/(=p) p2p/(0=p)

J— oo

Moreover, there exists jo > 2 such that the sequence S is increasing for j > jo. Hence we obtain
that

Dj = (EAe™%)r""!

for j sufficiently large. Let us turning back to (3.4) and let C > 1 be a constant to be determined
later. Supposing ¢ > CT, so that in particular t — 7 > (1 — 1/C)¢, and considering (3.3), we have
j—1

[b]_+2 [bl4 [b]_+2

5] ~ ~ ~ P
Fit)=tri(—T) T {EAeSw [In(1 + T)] =01 ¢ — Tt }
[b]—+2 pi!

1 [al++=5= ~ e y
EAe %> (1 - E) [In(1 + D] 170

(3.7)

[Bl_+2 y

with J := Ae™ 5> (1 — l/C)[a]++ p=T" C2(=D . Since y > 0, we can choose C > 1 big enough,
such that J > 1. Letting j — +o0in (3.7), we get F(t) — +o00. Then, T < CT as claimed. O

Remark 3.1. We can observe that the previous lemma is still true if in (3.2) an arbitrary number
of integrals appear, more precisely if we replace (3.2) with

t 1 k-1
F(1) ZB/dtl/dtzn- / 17" F(t)Pdy. fort > Tp,
To To To
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and y with y, :=2[(p — 1)a — b + k], where k > 1 is an integer.
4. Proof for theorems

We now come to the demonstration for Theorems 2 & 4. In the next two subsections, we will
prove some key inequalities which will be employed in the machinery of the Kato’s type lemma.
Applying the latter, we will find a couple of results, which will be compared in Subsection 4.4 to
find the claimed ones. The proof of Theorems | & 3 are clearly omitted, since they are corollaries
of Theorems 2 & 4 respectively, just setting the mass equal to zero. In the end, we will sketch the
proof for Theorem 5 in Subsection 4.5.

4.1. Key estimates

Let us define the functional

Fo(t) :=/u(x,t)dx.
]Rn

Choosing the test function ¢ = ¢ (x, s) in (1.2) to satisfy
¢=1in{(x,s) eR" x [0,7]: |x| <s + R}, 4.1

we get

/u,(x,t)dx—fu,(x,O)dx

R~ R~

t
Mlsu[(x,s)dx—l—//(l izs)zu(x,s)dx

0 R~ 0 R»
1
=/ds/|u(x,s)| dx,
0 R~
which yields, by taking derivative with respect to ¢,
Fj(t) + —— F,(t) + Fo(t /uxtpdx 42
0 1+ o) (1+)20() |u(x, 1)l (4.2)
Setting
—1—-4/6
hi=1+v6>0, Ki:u, §:= (1 — 1)? — 4y,

2

we obtain that (4.2) is equivalent to
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d d
T {(1 +0' [ +I)KF0(I)]} = +z>K“/ lu(x, )P dx.
R~
Integrating twice the above equality over [0, 7], we get
Fo(t)=L(1)+ M), (4.3)

where

1
L(t) := Fo(O)(1 +1)7* + [k Fo(0) + Fy(O)1(1 +1)~" /(1 +5)7*ds,
0

t s
M(t) ;:(1+t)—"/(1+s)—kds/(1+r)K“dr/|u(x,r)|f’dx30.
0 0

Rn

Define the functional

F@) =1+ Fy@)

and observe that Fy and F imply the same blow-up results, so we will study the latter functional.
Since

f f(x)dx >0, Hy:= f h(x)dx >0,
R" ]Rn

and they are not both equal to zero, we want to prove that there exists a time 7y > 0, independent
of ¢, such that, for > T, the following estimates hold:

t s
F) 2 / ds / p AN =D E (P ar, (4.4)
To To
F(t)>e !t =0 4.5)
oA 4 1) if Hy > 0,

N G T BTy T 1)§ +n+1>0,
Fo)>e? 1 m> (1 4r)  ifi— (n+p — 1)§+n+1=0, (4.6)
1! =58 (1 4 1) ifK—(n+u1—l)§+n+1<O.

Thanks to the Holder inequality and using the compact support of the solution (2.11), we have

/ luCx,0)[Pdx 27" P Fy(0)|P = (1 4 1) " @ D=CF0P £ ()P 4.7)
]Rn
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for r 2 1. Considering L and recalling the definition (2.10) of Hyp we obtain

(14 1) [Fo(0) + e HyIn(1 + 1)] if§ =0,
LO=1(1+0*

v [eHo—i—[\/S_Fo(O)—sHo](l—i—t)_*/g] i8> 0.

So, from the condition on the initial data we get, for 7 2> 1 sufficiently large, that

fe=V3 if Hy =0,
L(t)Z et if Hy> 0,8 >0, (4.8)
t™ In(141) if Hy>0,8=0,

and in particular the positiveness of L for large time. Neglecting L from (4.3), inserting (4.7) and
recalling that A > 0, we get (4.4). Instead, inserting (4.8) in (4.3) and neglecting M, we reach
4.5).

Finally, we will prove (4.6) in the next section.

4.2. Weighted functional

Let us introduce

Fi(t) :=/u(x,t)1ﬁ1(x,l)dx,

R~

where 11 is the test function presented by Yordanov and Zhang in [54],

/e“"dSw forn > 2,

Yi(x, 1) :=e "1 (x), b1(x) == oimi 4.9
e +e ¥ forn=1,
which satisfies the following inequality (equation (2.5) in [54]):
nli——r
/ e Tdx < (14 0Pl (4.10)

Ix|<t+R

We want to establish the lower bound for Fj. From the definition of energy solution (1.2), we
have that
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% / u(x,)p(x,t)dx

R~

—/u,(x,t)qb,(x,t)dx—/u(x,t)Aqb(x,t)dx

Rn ]Rn
Hi H2
+/ 1+tu,(x,t)¢(x,t)dx+/ (l_l_t)zu(x,t)qb(x,t)dx
Rn Rn
= /|u(x,t)|”¢(x,t)dx.
Rn

Integrating the above inequality over [0, ], and in particular using integration by parts on the
second term in the first line and on the first term in the second line, we get

/ut(x,t)q)(x,t)dx—E/g(x)q)(x,O)dx

Rn Rn
—/u(x,t)d:,(x,t)dx+£/f(x)¢,(x,0)dx
Rn Rn

t t

+/ds/u(x,s)¢>n(x,s)dx—/ds/u(x,s)Ad)(x,s)dx

0 R~ 0 R~
+/ 1“1 u(x,z)¢(x,t)dx—em/f(x)qb(x,O)dx
AR e @.11)

t t
+/ds/u(x,s)(1 ils)zqﬁ(x,S)dx—/ds/u(x,s)l'lj_ls(pt(x,s)dx

0 R~ 0 R~

t
+'/.ds/(1i72s)2u(x,s)¢(x,s)dx
0 R~

t
= /ds/lu(x,s)lprb(x,s)dx.
0 R~

Setting

¢(x, 1) =Y1(x,1) =€ '$p1(x) onsuppu,

then we have

¢ =—¢, ¢y =A¢d onsuppu.
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Hence we obtain from (4.11)

t

73] 231 M1+ 2
F/(t)+2F (t) + —F (¢
HOES 1()+1+t 1()+/{1+S+(1+s)2

0

} Fi(s)ds

t

—e / (A4 1) () + (1)) (¥)dx +/ds/ (. )7 (x, s)dx.

0

from which, after a derivation,

2
1+;+(1+z)2

Fl”(t)—i-(Z—i-T) Fi(t )+< )Fl(t)=/|u(x,t)|P¢>(x,t)dx (4.12)

R~

Let us define the multiplier

pni—l
m(t):=e'(14+1)"2 >0.

Then, multiplying equation (4.12) by m(¢), using for convenience the change of variables z :=
1 + ¢ and denoting

B(z) :==m(t)F1 (1), (4.13)
we obtain that I3 satisfies the nonlinear modified Bessel’s equation
d’B dB 8
2 2
—_— — () — - B()=N 4.14
“uz (2)+z i (2) <z + 4> (2) (2) (4.14)

with initial data

dB
B(1)=£/f(x)¢1(x)dx, d—z<1>=af {’“

R~

}d:] (x)dx, (4.15)

and where
N(z) := sz (z — 1)/ lu(x,z — D|Pp(x,z— 1)dx > 0.
Rn

Now we want to estimate 5.
Homogeneous problem. Let us firstly consider the homogeneous Cauchy problem

2L BO( )+Zﬁ@ (

é
—> Bo(z) =0, z=>1,

dB
Bo(1) = B(1), —°<1) = —(1)
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. . ) + o
The fundamental solutions are the modified Bessel’s functions B 5 /2(1) =1 5 /2(1) and

f/z(z) = Kf/z(z) Then we have

Bo(z) —ec+B +ec_B,

where, thanks to equations (9.6.15) and (9.6.26) from Chapter 9 in [1], it holds

dB 1)
co=cte" {_"(1)_[30(1)} BT () +e  BoDBT, s (1)

=B, (1) f h@g10dx + [ FVEBT; () + BT, 5 (1] / FO$1(x)dx
iBgF(l)/h(x)qsl(x)dx+BT(1)/f(x)¢1(x)dx if§ =0,

iB?/Z(l)/h(x)f/’)l(x)dx+B¥1+f/2(1)/f(x)¢1(x)dx if8>0.
R~

Due to the assumptions on the initial data and recalling that B;f (z), B, (z) > 0 when v > —1 and
z > 0, we can observe that ¢4 > 0 (see also Remark 2.11). Exploiting the asymptotic expansions
for the modified Bessel’s functions (equations (9.7.1) and (9.7.2) from Chapter 9 in [1]), we have
that

Bo(z) =¢ |:C+\/;7Z +C_\/ge_z} (1+0(/z2)).

Then, there exist two constants C > 0 and zg > 1, both independent of ¢, such that

By(z) = Cez~'/%e*  for z > zo. (4.16)

Inhomogeneous problem. Let us consider now the Cauchy problem

2
24 Bz @) +z2 d—N(z) ( %) Byv@=N@, zz1,
_4By . _
By (1) = iz (H)=0.
Exploiting the method of variation of parameters, we have that
Br(o) = B ,(0) / £B7; ,ONEE — B () / £B7, ENEE.
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Recalling that N (z) > 0 and using the fact that B\J;g 1 (z) is increasing and B:/g 2(z) is decreasing
respect to the argument for z > 0 (due to relations (9.6.26) from Chapter 9 in [1]), we get that

By() >0 forz>1. 4.17)

Since the solution B to the Cauchy problem (4.14)-(4.15) is the sum of By and By and from
estimates (4.16) and (4.17), we get

B(z) = Bo(z) + By (z) = ez~ 2% for z > zo.
So, recalling the definition (4.13) of B and changing again the variables, we reach
Fi(t) > e(1+1)""/2 forr>1. (4.18)
By Holder’s inequality and using estimates (4.10) and (4.18), we obtain

I-p

f|u(x,r>|f’dxz /Wl(x,tw’/“’*” |Fi(t)|P

R~ n

>eP(1+ £y~ tm=DE =l g >1,
plugging which into (4.3) and recalling that L(¢) is positive for ¢ great enough, give us

t Ky
Fo(t) > eP(1 +z)—'</(1 —l—s)_)‘ds/(l Il forr >y,
T T

for a suitable 77 > 0 independent of ¢, where we define
_ . p
q=q(p).:/<—(n+/u—l)§+n+l. (4.19)
We obtain, for large time ¢ 2 1, that:

o ifg > —+/$, then

td ifg >0,
Fo(t) 2 et ™ 1 In(1+1) ifg=0,
1 ifg <0;
o if g = —+/5, then
if § >0,

Fo(t) 2 ePt™
(1 +1) ifs=0;
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e ifg < —«/5, then

1 if 6 >0,

Fo(t) 2 617"
In(14+1¢) ifd=0.

Summing all up, we deduce the relations in (4.6).
4.3. Application of Kato’s type lemma

Now we will proceed applying the Kato’s type lemma, as presented in Section 3, twice to
two different couples of inequalities, and subsequently we will infer which result is optimal. The

calculations of this subsection are all elementary (and quite tedious), so we will only sketch them.
Apply Lemma 1 to the inequalities (4.4) and (4.5), with

E=c¢,
1 if Hy=0,
= . b=n+r+1)(p-—1),
A if Hy > 0.
0 if Hy=0,
CcC =
1 —sgné if Hy>0,
pr(n+k++/8) if Hy=0,
l<p<pc:=
pr(n+«) if Hy > 0,

2yvr(p,n+« ++/8) if Hy=0,
2yr(p,n+«) if Hy > 0.

We chose p € (1, p.) since this is equivalent to y > 0 for p > 1. Then, for every p € (1, pc), we
have T, < T =T (g), with

204
I

ePTPT [In(1+ D)) =1. (4.20)

Apply Lemma 1 to the inequalities (4.4) and (4.6), with
E =¢?,

B r+qg ifg >0,
a =

A if g <0,

0 ifg >0,

b=(n+k+1)(p—1),

c={2—-sgnd ifg=0,
1 —sgné ifg <O,
ys(p,n+up1) ifg>0,

1<p<p,, Y=
‘ {2yp(p,n+x) ifg <0,
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where ¢ is the one in (4.19) and p, € (1, 4o0] is defined as the exponent such that y > 0 for
1 < p <p. (we will explicitly define this exponent later). Then, for every p € (1, p.), we have
T, < S = S(¢), with

v

PS5 [In(1+ 3] = 1. (4.21)

In both cases, ~since (4.4),(4.6) and (4.5) are true for t > Ty with some time Ty, and since we need
torequire T, S > Ty to apply the Kato’s type lemma, we need to impose also that ¢ is sufficiently
small. From these computations, we deduce the blow-up for 1 < p < py := max{p,, p.} and the
upper bound of the lifespan estimate 7, < min{7', S}. We will go further in the analysis to clarify
these values.

Before moving forward, in order to understand the definition of S we need to write down more
explicitly the definitions of ¢, p,. and ¥, since they depend on ¢ and therefore on the exponent
p. Firstly, recall the definition (2.13) of p, = px(n + 1, n — V/8) and that, by (2.14), for p > 1
and p1 +n # 1, it holds

P=ps = q(p) =0 ys(p,n+u1) =2yr(p,n+«).

We will consider several cases, due to the generality of the constants involved, but what lies
beneath is the elementary comparison between the parabola yg (line in the case ;1 +n = 1) and
the line 2y . Also, since we want to be in the hypothesis of Kato’s type lemma, our interest is
directed to ¥ > 0, and so we explicate its definition only for the range 1 < p < ..

Case 1: n + u1 > 1. Recalling the definition (2.6)—(2.7) of dy :=d(n + (1) and the relation
(2.8), we have that the following hold true:

0<de <2,

2
\/§=n—d*<:>p*=ps(n+/L1)=pF(n+K)=d—~

*

Taking also in account that

V8 <n—di(n+ 1) <= pe = psn + p1),
«/§<n+2{:)p*>1,

we have:

° if«/gfn—d*,then

Pe=psn+p1),
Yy=ys(p,n+puy), forl<p<p,
c=0;
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o ifn—d, <+8 <n+2,then

Pe=pr(n+x),

_ Nys(p,n+p1), forl<p<ps,
V= _
2yr(p,n+k), forp,<p<Dp,,

0, for 1 < p < ps,
c=12-—sgné, forp=p,,
1 —sgnd, forp.<p<p.

e if /8§ >n+2, then

Pe=pr(n+k),
Y =2yr(p,n+«) forl<p<p,,
¢c=1—sgns.

Case 2: n + 1 = 1. Taking in account that
q >0 VE<n+2
we have:

o if v/§ <n+2, then

Pe=psn+ ) = ps(l) =+o0,
Y=vys(p,n+u)=ys(p,1)=2+2p, forl<p<p,,
c=0;

e if /8§ =n +2, then

Pe=psn+ 1) =prn+k)=-+o0,
Yy=ys(p,n+pu)=2yr(p,n+x)=2+2p, forl<p<p,,
¢c=2—sgné;

e if /8 > n+2, then
P.=pr(n+«k)=pr ((n — \/3)/2) = 400,

YV =2yr(p,n+x)=2yF (p, (n —x/S)/z), for 1 < p <P,
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Case 3: n 4+ 1 < 1. Taking in account that

p*>l<=>«/3>n+2,
q > 0= p> ps,
we have:

e if /8§ <n+2,then

Pe=ps(n+ pu) =+o0,
Y=vys(p,n+upu) forl<p<p,
c=0;
o if /8§ >n+2, then

ﬁc :PS(” +Ml) = 400,
2yr(p,n+k), forl<p<p,,

<

ys(p,n+u1), for p, <p<p,
1 —sgné, forl < p < ps,
c=1{2-—sgné, forp=p,
0, for p. < p <DP..

Now that the definitions of p., p. and T, S are clear, we can go further.
4.4. Proof for Theorem 2 and Theorem 4

As we said, from our computations we found the blow-up for 1 < p < py = max{p,, p.} and
the upper bound of the lifespan estimates T, < mln{T S }. Observing that T(s) S () > o0 for
& — 0 and comparing the relations (4.20) and (4.21), we get that T S if py2y.lf py =7y,
the exponent of the logarithm comes into play, indeed TS = Sif pc Zc. Now we need to consider
two cases according to the fact that Hy = f]R" h(x)dx is positive or null

Case Hy > 0. We can easily infer that py = p,, s(n) defined in (2.9). We establish the upper
bound for the lifespan 7 without making distinctions according to the value of n 4+ w1. Taking
in account that, for p > 1,

p>1, if V8 > n,
2pyr(p,n+k) >ys(p,n+p) 2 _
l<p< , 1fn—2<«/§<n,
n—\/g
d 8 dn+ l=pr(n+«) 2
n—dy < <nandn 1> n+kx)< ,
* 128 PF n_\/g

«/gfn—d*and1<p<pk=>q>0,
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we have:

. if\/gfn—Zandl<p<pk,thenpy<7and50§<f;
° ifn—2<«/§<n—d*and
-ifl<p< f,thenpy>yandsoT<S

—-ifp= f,thenpy Y and pc >, sothat T < §;

‘lfn,ﬁ<P<Pk,thenpy<y,sothatS<T,

° if\/gzn—d*andifl<p<pk,thenpy>750thatf<§.

Case Hy = 0. From now on we will impose the additional hypothesis that @; > 0 (which can
be relaxed ton + 1 > 1).

Obviously, pr(n + « + Vo) < pr(n+ k), hence again py = p,, s(n) defined in (2.9). Con-
sider that, for p > 1,

2—+/8
pyp(p,n+fc+x/§)>yF(p,n+/c)<=>\/§<Zand1<p<1+
Ntk s
2
2pyp(p,n+fc+x/§)>y5(p,n+,u1)<:>n=1andx/§<1and1<p<m.
+

If n > 2, taking into account that

2—4/8
n—dy< 8<n+2:>1+—f<p*,
n+k+s

we can prove that py <y for 1 < p < pg, and so S<T.
Suppose now that n = 1. Recall the definition (2.16) of 6 and note that it satisfies sgn6 =
sgn{u1 — 3}, and moreover that the following relations hold:

245
ur>0=1—-diy<land 1 + ——— < ps(1 + u1),
n4i++/8

O<pui<3<—1-d,>0,
O<ur <3=|1—-d. >89,

S 1),

2—5 2

< ps« and

_— —_— << .
n+x+/8 148 P

Recall also the definition (2.15) of r, =7, (11, §) and Remark 2.9. Hence, we get that:

0 </8<3=—1+

o if /5=0,u; =3andif 1 < p < py, then py >7andsof<§;
° if\/§:0and,u17é3,0rif0<\/§<1,wehave:

- ifl<p<r*,thenpy>7and307~"<§;

- ifp:r*,thenpy=7andpc§5,sothat§§ T;
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- ifry < p < pg, then py <7,sothat§'<f; -
e if /8> 1landif | < p < py,then py <P sothat § <T.

At the end, recalling the definitions of y, ¥, ¢ and ¢ in the various cases and summing all up,
we conclude the proof for Theorem 2 and Theorem 4.

4.5. Proof for Theorem 5

We will only sketch the demonstration, since it is a variation of the previous one. Let us
introduce the functional

Go(t) = / w(x, t)dx
]Rn
and, as in [20,21], the bounded multiplier

¢! +t)‘ﬂ)

m(t) ;= exp <v1 =5

Choosing the test function ¢ = ¢ (x, s) in (2.19) to satisfy (4.1), deriving respect to the time and
multiplying by m, we get that

)
(141)2

[m()Go(1)] + m(t)Go(t)=fn(t)/Iw(x,t)lpdx,

R”7

and hence

t
Go(t) = GO(0)+m(0)G()(0)/m*1(s)ds
0

1 N

- / m~(s)ds / m) s Golrdr 422)
0 0

1 S

+fm_l(s)dsfm(r)dr/|w(x,r)|pdx.

0 0 R7

It is simple to see, by comparison argument, that Gy is positive. Indeed, by the hypothesis on
initial data, we know that Go(0) = [, f(x)dx and G{,(0) = [ g(x)dx are non-negative and
not both zero. If G¢(0) > 0, by continuity Gy is positive for small time. If Go(0) = 0 and G’ (0) >
0, then Gy is increasing and again positive for small time ¢ > 0. If we suppose that there exists
a time #op > 0 such that Go(#p) = 0, calculating (4.22) in ¢t = #( we get a contradiction, since the
left-hand term would be zero and the right-hand term would be strictly positive. Then, G¢ is
positive for any time 7 > 0. Define now the functional G as the solution of the integral equation
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Go(t) = lGO(O) + LGO(O)z —m(O)/ds/ Go(r)dr

1+
(4.23)

N

—i—m(O)/ds/dr/Iw(x r|Pdx.

0 R”

Since m(0) < m(t) < 1 for any ¢ > 0 and v < 0, we have that

[Go(r) — Go(r)ldr,

t N
Q)
Go(t) = Go(t) = 5 Go<0>+’"—Go<0>t—m<0> f ds / (1fr>2
0 0

and, again by comparison argument, we infer that Go > Gy. From (4.23) we get that G satisfies

m(0)v

G0+ oy

6(r>=m(0)/|w(x,r>|"dx,

which has the same structure of (4.2) with 1 =0 and puy = m(0)v,. Setting

Ai=148, ki=—=1/2, G@):=1+)Go@),

similarly as in Subsection 4.1 we obtain

Go(t) = Go0)(1 + 1)~ + [kGo(0) + Gy (0)](1 + 1)~ /(1 +5)*ds

t ) (4.24)
+(1+t)*“f(1+s)**dsf(1+r)mdr/|w(x,r)|1’dx
0 0 n
and then
t s
G(1) > / ds / r K EDP=D G )P gy, (4.25)
To To
G(1) > et”. (4.26)

Now, to get the counterpart of (4.6), define the functional
Gi(1) 1=/w(x,t)1/f1(x,t)dx,
Rn

with v defined in (4.9). After taking a derivative respect to the time in the definition of energy
solution (2.19) and multiplying both of its sides with m(¢), we have that
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% m(t)/wt(x,t)d)(x,t)dx
Rn

+m(t)/{ we (x, D@ (x, 1) —w(x, 1) Ag(x, 1)} dx
()/ 0 w(x D (x, t)dx+m(t)f|w(x OIP¢(x, )dx.

By integration on [0, ¢] we get

m(t)/wt(x,t)¢(x,t)dx—m(O)e/g(x)q‘)(x,O)dx

Rn R~

— () / w(x, s (x. Ndx + m(O)e / £ (x, 0)dx
Rn
t

+/ds/m(s)(1+ )ﬂw(x s)p:(x, $)dx

0 R
t

t
+/ds/m(s)w(x,s)abn(x,s)dx—fds/m(s)w(x,s)Aq’)(x,s)

0 R~
t
—fds/m(s)iw(x )¢ (x,s)dx
(1 + )2 ’ ’
0 R~
t
+/ds/m(s)|w(x,s)|p¢>(x,s)dx.

Setting ¢ (x, 1) = Y1 (x, ) = e '¢1(x) on supp w and recalling the bounds on the multiplier m (),
we obtain

G (1) +2G1(t) = m(0)G|(0) +2m(0)G1(0)

V)

t
vy
+’"(O)/{(l I +s>2}G‘(s)ds
0

t
—}—m(O)/ds/lw(x,s)lpdx.

0 R~
Integrating the above inequality over [0, 7] after a multiplication by ¢*, we get
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-2t

G1(1) = G1(0)e™ +m(0){G(0) + 2G1(0)}]%

t s
2t [ s Vi oW
+m(0)e fe ds_/{(l+r)/3 (1+r)2}G1(r)dr
0 0
t s
+m(0)e_2[fe2sds/dr/|w(x,r)|p¢(x,r)dx,
0 0 R~

from which, thanks again to a comparison argument, we infer that G is non-negative, and so,
neglecting the last two terms in the above inequality, it is easy to reach

Gi(t)2¢e forr>1.

Hence, we have also

/|w(x,;)|l’dxzsﬂ(1+r)—<"—1>%+"—1 fort > 1,
]Rn

and so, taking into account (4.24), it holds

13 s
Go(r) > eP(1 +z)‘“/(1 +s)—kds/(1 + )Y g fort > Ty,

Ty Ty
for some 77 > 0, where
14++/8 p
g=q(p):=— —m-Dz+n+1.
2 2
Finally, we obtain the inequality analogous to (4.0), i.e.
T if g >0,
Gt)ZeP It In(1+1) ifg=0, (4.27)
t* ifg <O.

Thanks to (4.25), (4.26) and (4.27) and applying the Kato’s type lemma as in Subsection 4.3, we
can conclude the proof of Theorem 5.

Acknowledgment
The first author is supported by Natural Science Foundation of Zhejiang Province
(LY18A010008) and National Natural Science Foundation of China (11771194). The second

author is a member of the Gruppo Nazionale per 1’ Analisi Matematica, la Probabilita e le loro

11617



N.-A. Lai, N.M. Schiavone and H. Takamura Journal of Differential Equations 269 (2020) 11575-11620

Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). The third au-
thor is partially supported by the Grant-in-Aid for Scientific Research (B) (No. 18H01132), Japan
Society for the Promotion of Science.

References

[1] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical
Table, National Bureau of Standards Applied Mathematics Series, vol. 55, US Department of Commerce, 1965.

[2] M. D’ Abbicco, The threshold of effective damping for semilinear wave equations, Math. Methods Appl. Sci. 38 (6)
(2015) 1032-1045.

[3] M. D’Abbicco, S. Lucente, NLWE with a special scale invariant damping in odd space dimension, in: Discrete
Contin. Dyn. Syst., Dynamical Systems, Differential Equations and Applications, 10th AIMS Conference. Suppl.,
2015, pp. 312-319.

[4] M. D’ Abbicco, S. Lucente, M. Reissig, Semi-linear wave equations with effective damping, Chin. Ann. Math., Ser.
B 34 (3) (2013) 345-380.

[5] M. D’Abbicco, S. Lucente, M. Reissig, A shift in the Strauss exponent for semilinear wave equations with a not
effective damping, J. Differ. Equ. 259 (10) (2015) 5040-5073.

[6] M.R. Ebert, M. Reissig, Methods for Partial Differential Equations, Qualitative Properties of Solutions, Phase Space
Analysis, Semilinear Models, 2018.

[7] K. Fujiwara, M. Ikeda, Y. Wakasugi, Estimates of lifespan and blow-up rates for the wave equation with a time-
dependent damping and a power-type nonlinearity, Funkc. Ekvacioj 62 (2) (2019) 157-189.

[8] M. Ikeda, T. Inui, The sharp estimate of the lifespan for semilinear wave equation with time-dependent damping,
Differ. Integral Equ. 32 (1/2) (2019) 1-36.

[9] M. Ikeda, T. Ogawa, Lifespan of solutions to the damped wave equation with a critical nonlinearity, J. Differ. Equ.
261 (3) (2016) 1880-1903.

[10] M. Ikeda, M. Sobajima, Life-span of solutions to semilinear wave equation with time-dependent critical damping
for specially localized initial data, Math. Ann. 372 (3—4) (2018) 1017-1040.

[11] M. Ikeda, Y. Wakasugi, A note on the lifespan of solutions to the semilinear damped wave equation, Proceedings of
the American Mathematical Society 143 (1) (2015) 163-171.

[12] M. Ikeda, Y. Wakasugi, Global well-posedness for the semilinear wave equation with time dependent damping in
the overdamping case, Proceedings of the American Mathematical Society 148 (1) (2020) 157-172.

[13] T. Imai, M. Kato, H. Takamura, K. Wakasa, The Sharp Lower Bound of the Lifespan of Solutions to Semilinear
Wave Equations with Low Powers in Two Space Dimensions, Asymptotic Analysis for Nonlinear Dispersive and
Wave Equations, vol. 81, Mathematical Society of Japan, 2019, pp. 31-53.

[14] T. Imai, M. Kato, H. Takamura, K. Wakasa, The lifespan of solutions of semilinear wave equations with the scale-
invariant damping in two space dimensions, J. Differ. Equ. 269 (10) (2020) 8387-8424.

[15] T. Inui, H. Mizutani, Scattering and asymptotic order for the wave equations with the scale-invariant damping and
mass, arXiv preprint arXiv:2004.03832, 2020.

[16] M. Kato, M. Sakuraba, Global existence and blow-up for semilinear damped wave equations in three space dimen-
sions, Nonlinear Anal. 182 (2019) 209-225.

[17] M. Kato, H. Takamura, K. Wakasa, The lifespan of solutions of semilinear wave equations with the scale-invariant
damping in one space dimension, Differ. Integral Equ. 32 (11/12) (2019) 659-678.

[18] M. Kirane, M. Qafsaoui, Fujita’s exponent for a semilinear wave equation with linear damping, Adv. Nonlinear
Stud. 2 (1) (2002) 41-49.

[19] N.A. Lai, Weighted L% — L2 estimate for wave equation and its applications, arXiv preprint arXiv:1807.05109,
2018, To appear on Advanced Studies in Pure Mathematics.

[20] N.A. Lai, N.M. Schiavone, H. Takamura, Wave-like blow-up for semilinear wave equations with scattering damping
and negative mass term, in: New Tools for Nonlinear PDEs and Application, Birkhéuser, Cham, 2019, pp. 217-240.

[21] N.A. Lai, N.M. Schiavone, H. Takamura, Short time blow-up by negative mass term for semilinear wave equations
with small data and scattering damping, arXiv preprint arXiv:1905.08100, 2019, To appear on Advanced Studies in
Pure Mathematics.

[22] N.A. Lai, H. Takamura, Blow-up for semilinear damped wave equations with subcritical exponent in the scattering
case, Nonlinear Anal. 168 (2018) 222-237.

[23] N.A. Lai, H. Takamura, K. Wakasa, Blow-up for semilinear wave equations with the scale invariant damping and
super-Fujita exponent, J. Differ. Equ. 263 (9) (2017) 5377-5394.

11618


http://refhub.elsevier.com/S0022-0396(20)30464-2/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib478E8F0B98B6E69B5CCC5F6FE93DA824s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib478E8F0B98B6E69B5CCC5F6FE93DA824s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib8CD526C41ACA375D2EE87D627425C03Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib8CD526C41ACA375D2EE87D627425C03Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib8CD526C41ACA375D2EE87D627425C03Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibA47AAA6CF4E6BFB7FFA935A0A93B8477s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibA47AAA6CF4E6BFB7FFA935A0A93B8477s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib46D4A300050DADD03A300C1FA9D3F83Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib46D4A300050DADD03A300C1FA9D3F83Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib1BD3A0484883CA6DEAADA8395A8F6E85s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib1BD3A0484883CA6DEAADA8395A8F6E85s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBA94CEC5ED2DDB2F13195B84D71CB34Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBA94CEC5ED2DDB2F13195B84D71CB34Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBF848455172303C4083C521919A8AD25s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBF848455172303C4083C521919A8AD25s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibAB20AA7EF3ADD78A42C5E9F49EEBCAD7s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibAB20AA7EF3ADD78A42C5E9F49EEBCAD7s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibB9F20B2030E1D991C62549DDEBB59FEFs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibB9F20B2030E1D991C62549DDEBB59FEFs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF8C91EEB3A05581DB5D5B6A21A732AD1s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF8C91EEB3A05581DB5D5B6A21A732AD1s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF88B52F80BE4B9F5DDB4CA5CB6862E01s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF88B52F80BE4B9F5DDB4CA5CB6862E01s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibDDC4CDF8F7F77B8E8E87A842CDD42A64s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibDDC4CDF8F7F77B8E8E87A842CDD42A64s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibDDC4CDF8F7F77B8E8E87A842CDD42A64s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2F28F3418F4F59951F61BF75D03CE27Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2F28F3418F4F59951F61BF75D03CE27Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib43FC4599DDDEF071F493043B21F05B13s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib43FC4599DDDEF071F493043B21F05B13s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibA37A0D041998215D2331131D49052242s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibA37A0D041998215D2331131D49052242s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib15AFDCE962BF1C637525E873354A5FA8s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib15AFDCE962BF1C637525E873354A5FA8s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibDD9BFB897894A8191290C21100FE5CF0s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibDD9BFB897894A8191290C21100FE5CF0s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib53931A583CCD27E055A3BDB1688342E2s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib53931A583CCD27E055A3BDB1688342E2s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2A0B974F34F89F01B2F16A73F0D48F15s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2A0B974F34F89F01B2F16A73F0D48F15s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib3194A31ED5690A81D93A0614B118043Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib3194A31ED5690A81D93A0614B118043Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib3194A31ED5690A81D93A0614B118043Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib4E5F73DF684D6A57F7480AE795B21F92s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib4E5F73DF684D6A57F7480AE795B21F92s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib16AA6CE2A38A5302ACC75F22E2F7DE5Bs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib16AA6CE2A38A5302ACC75F22E2F7DE5Bs1

N.-A. Lai, N.M. Schiavone and H. Takamura Journal of Differential Equations 269 (2020) 11575-11620

[24] N.A. Lai, Y. Zhou, An elementary proof of Strauss conjecture, J. Funct. Anal. 267 (5) (2014) 1364-1381.

[25] N.A. Lai, Y. Zhou, The sharp lifespan estimate for semilinear damped wave equation with Fujita critical power in
higher dimensions, J. Math. Pures Appl. 123 (2019) 229-243.

[26] T. Li, Y. Zhou, Breakdown of solutions to Cu + u; = \u|1+°‘, Discrete Contin. Dyn. Syst., Ser. A 1 (4) (1995) 503.

[27] J. Lin, K. Nishihara, J. Zhai, Critical exponent for the semilinear wave equation with time-dependent damping,
Discrete Contin. Dyn. Syst. 32 (12) (2012) 4307-4320.

[28] H. Lindblad, Blow-up for solutions of [l = |u|” with small initial data, Commun. Partial Differ. Equ. 15 (6) (1990)
757-821.

[29] H. Lindblad, C.D. Sogge, Long-time existence for small amplitude semilinear wave equations, Am. J. Math. 118 (5)
(1996) 1047-1135.

[30] M.Y. Liu, C.B. Wang, Global existence for semilinear damped wave equations in relation with the Strauss conjec-
ture, Discrete Contin. Dyn. Syst. 40 (2) (2020) 709-724.

[31] K. Nishihara, Asymptotic behavior of solutions to the semilinear wave equation with time-dependent damping,
Tokyo J. Math. 34 (2) (2011) 327-343.

[32] W. Nunes do Nascimento, A. Palmieri, M. Reissig, Semi-linear wave models with power non-linearity and scale-
invariant time-dependent mass and dissipation, Math. Nachr. 290 (11-12) (2017) 1779-1805.

[33] A. Palmieri, Global in Time Existence and Blow-up Results for a Semilinear Wave Equation with Scale-Invariant
Damping and Mass, Doctoral Dissertation, Technische Universitit Bergakademie Freiberg, 2018.

[34] A. Palmieri, Global existence of solutions for semi-linear wave equation with scale-invariant damping and mass in
exponentially weighted spaces, J. Math. Anal. Appl. 461 (2) (2018) 1215-1240.

[35] A. Palmieri, A global existence result for a semilinear scale-invariant wave equation in even dimension, Math.
Methods Appl. Sci. 42 (8) (2019) 2680-2706.

[36] A. Palmieri, Global existence results for a semilinear wave equation with scale-invariant damping and mass in odd
space dimension, in: New Tools for Nonlinear PDEs and Application, Birkhiiser, Cham, 2019, pp. 305-369.

[37] A. Palmieri, M. Reissig, Semi-linear wave models with power non-linearity and scale-invariant time-dependent
mass and dissipation, II, Math. Nachr. 291 (11-12) (2018) 1859-1892.

[38] A. Palmieri, M. Reissig, A competition between Fujita and Strauss type exponents for blow-up of semi-linear wave
equations with scale-invariant damping and mass, J. Differ. Equ. 266 (2-3) (2019) 1176-1220.

[39] A. Palmieri, Z. Tu, Lifespan of semilinear wave equation with scale invariant dissipation and mass and sub-Strauss
power nonlinearity, J. Math. Anal. Appl. 470 (1) (2019) 447-469.

[40] H. Takamura, Improved Kato’s lemma on ordinary differential inequality and its application to semilinear wave
equations, Nonlinear Anal. 125 (2015) 227-240.

[41] H. Takamura, K. Wakasa, The sharp upper bound of the lifespan of solutions to critical semilinear wave equations
in high dimensions, J. Differ. Equ. 251 (4-5) (2011) 1157-1171.

[42] H. Takamura, K. Wakasa, Almost global solutions of semilinear wave equations with the critical exponent in high
dimensions, Nonlinear Anal., Theory Methods Appl. 109 (2014) 187-229.

[43] G. Todorova, B.T. Yordanov, Critical exponent for a nonlinear wave equation with damping, J. Differ. Equ. 174 (2)
(2001) 464-489.

[44] Z. Tu, J. Lin, A note on the blowup of scale invariant damping wave equation with sub-Strauss exponent, arXiv
preprint arXiv:1709.00866, 2017.

[45] Z. Tu, J. Lin, Life-span of semilinear wave equations with scale-invariant damping: critical Strauss exponent case,
Differ. Integral Equ. 32 (5/6) (2019) 249-264.

[46] K. Wakasa, The lifespan of solutions to semilinear damped wave equations in one space dimension, Commun. Pure
Appl. Anal. 15 (4) (2016).

[47] K. Wakasa, B.T. Yordanov, On the nonexistence of global solutions for critical semilinear wave equations with
damping in the scattering case, Nonlinear Anal. 180 (2019) 67-74.

[48] Y. Wakasugi, Critical exponent for the semilinear wave equation with scale invariant damping, in: Fourier Analysis,
Birkhduser, Cham, 2014, pp. 375-390.

[49] Y. Wakasugi, On the diftusive structure for the damped wave equation with variable coefficients (Doctoral disserta-
tion, Doctoral thesis, Osaka University, 2014.

[50] Y. Wakasugi, Scaling variables and asymptotic profiles for the semilinear damped wave equation with variable
coefficients, J. Math. Anal. Appl. 447 (1) (2017) 452-487.

[51] J. Wirth, Solution representations for a wave equation with weak dissipation, Math. Models Methods Appl. Sci.
27 (1) (2004) 101-124.

[52] J. Wirth, Wave equations with time-dependent dissipation I. Non-effective dissipation, J. Differ. Equ. 222 (2) (2006)
487-514.

11619


http://refhub.elsevier.com/S0022-0396(20)30464-2/bib0FF713EA4277D383DC8DAA3075F90056s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib12680ACE5F79D7046660C7328B970FC0s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib12680ACE5F79D7046660C7328B970FC0s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib8AEF396297677DBAFE64D80BCE2996F1s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib095A7B6CF68F9BEAF30281089BF5061Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib095A7B6CF68F9BEAF30281089BF5061Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib3AA66255676C456EE610227C1225FF94s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib3AA66255676C456EE610227C1225FF94s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib40190B5D81363587226FEE708852F6F8s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib40190B5D81363587226FEE708852F6F8s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibC556331DE98FF0977430DADE00C6C714s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibC556331DE98FF0977430DADE00C6C714s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibFD56990FC5F93F11C122FFB45DAFBA57s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibFD56990FC5F93F11C122FFB45DAFBA57s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib11E190144E3F82B358A562A15BA25AA6s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib11E190144E3F82B358A562A15BA25AA6s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF670579DE462F3061F475CF4D5B91600s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF670579DE462F3061F475CF4D5B91600s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib63F86CDC79A07DBF3775C78DB2463A26s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib63F86CDC79A07DBF3775C78DB2463A26s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibCD14A500FF1D9FF598D1DF39D15CAA2As1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibCD14A500FF1D9FF598D1DF39D15CAA2As1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF5A9FB679CDC5B568A674FE45198321As1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibF5A9FB679CDC5B568A674FE45198321As1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibEF1FD8A49710C39F76C230E799C1E782s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibEF1FD8A49710C39F76C230E799C1E782s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib37DAD3CA8420791C3E593F3028C3D040s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib37DAD3CA8420791C3E593F3028C3D040s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib5A5198608F558CAB25EA0138293FA798s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib5A5198608F558CAB25EA0138293FA798s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibB6520B04BBAB202252B01BF3B0C9F6A0s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibB6520B04BBAB202252B01BF3B0C9F6A0s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib1AC5655A24BC8038512AA0B975157986s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib1AC5655A24BC8038512AA0B975157986s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib74DA3433724E04F38E4A833F42D18D5Cs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib74DA3433724E04F38E4A833F42D18D5Cs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib3EFB9A71D09D2E34819039EB73F03912s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib3EFB9A71D09D2E34819039EB73F03912s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib00E76CD228D79A3F01B565DD8D2F8BB9s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib00E76CD228D79A3F01B565DD8D2F8BB9s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2638FC5BCFC9FCE516B3A6A1CA55159Es1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2638FC5BCFC9FCE516B3A6A1CA55159Es1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibEEC8C4C8F9360B30EA6B6C515B138536s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibEEC8C4C8F9360B30EA6B6C515B138536s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBF2E1EEDBAC5DCD0923FA82F7FBEFA1Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBF2E1EEDBAC5DCD0923FA82F7FBEFA1Ds1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibD47864E8A20BE5CF66173EE97D964C52s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibD47864E8A20BE5CF66173EE97D964C52s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2132BF5F45AC68A8A1E422C985FB65C2s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2132BF5F45AC68A8A1E422C985FB65C2s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib284AE2A66C3B168F4DAF8C2D283752BBs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib284AE2A66C3B168F4DAF8C2D283752BBs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibE8F82CA987489F8F0E509DAE805A537Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibE8F82CA987489F8F0E509DAE805A537Fs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib951536321E5C283646AA6597D7E6BF42s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib951536321E5C283646AA6597D7E6BF42s1

N.-A. Lai, N.M. Schiavone and H. Takamura Journal of Differential Equations 269 (2020) 11575-11620

[53] J. Wirth, Wave equations with time-dependent dissipation II. Effective dissipation, J. Differ. Equ. 232 (1) (2007)
74-103.

[54] B.T. Yordanov, Q.S. Zhang, Finite time blow up for critical wave equations in high dimensions, J. Funct. Anal.
231 (2) (2006) 361-374.

[55] Q.S. Zhang, A blow-up result for a nonlinear wave equation with damping: the critical case, C. R. Acad. Sci., Sér.
1 Math. 333 (2) (2001) 109-114.

[56] Y. Zhou, Life span of classical solutions to u;; — uxx = |u|1+°‘, Chin. Ann. Math., Ser. B 13 (2) (1992) 230-243.

[57] Y. Zhou, Blow up of classical solutions to [u = |u|1+°‘ in three space dimensions, J. Partial Differ. Equ. 5 (1992)
21-32.

[58] Y. Zhou, Life span of classical solutions to Cu = |u|” in two space dimensions, Chin. Ann. Math., Ser. B 14 (2)
(1993) 225-236.

11620


http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2B9924897119AEF47348CB59078C1433s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib2B9924897119AEF47348CB59078C1433s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib4785C4D15C8FE024C5B48D42E3B4CBCFs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib4785C4D15C8FE024C5B48D42E3B4CBCFs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibAB90DBA53A008B93CBF2FF9C00EDF9ECs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibAB90DBA53A008B93CBF2FF9C00EDF9ECs1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib5CA4C32301734FCFA0E5A2FB9ABBA25As1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib55D45E00CB884CF783C4AD30E0B0F34Es1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bib55D45E00CB884CF783C4AD30E0B0F34Es1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBB1B86151699C08DCCA9490655E4E499s1
http://refhub.elsevier.com/S0022-0396(20)30464-2/bibBB1B86151699C08DCCA9490655E4E499s1

	Heat-like and wave-like lifespan estimates for solutions of semilinear damped wave equations via a Kato’s type lemma
	1 Introduction
	1.1 Heat vs. wave

	2 Problems and main results
	2.1 Damped wave equation
	2.2 Scale-invariant damped wave equation
	2.3 Wave equation with scale-invariant damping and mass
	2.4 Different lifespans for different initial conditions
	2.5 Wave equation with scattering damping and negative mass

	3 Kato’s type lemma
	4 Proof for theorems
	4.1 Key estimates
	4.2 Weighted functional
	4.3 Application of Kato’s type lemma
	4.4 Proof for Theorem 2 and Theorem 4
	4.5 Proof for Theorem 5

	Acknowledgment
	References


