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1 Introduction

This paper addresses the problem of filtering infinite di-
mensional systems over sensor networks. We first recall
the main results of the two distinct area of filtering in-
finite dimensional systems and distributed filtering over
sensor networks as well as the motivations and the chal-
lenges underlying their integration. Distributed filtering
algorithms are an active area of research and one of the
main applications of wireless sensor networks (WSNs),
consisting of numerous sensors distributed across dif-
ferent geographical locations, each operating under low
power constraints and having limited computational ca-
pabilities (Akyildiz et al., 2002). In the context of dis-
tributed estimation for WSNs, each sensor possesses a
subset of observations that are shared among neighbor-
ing nodes to cooperatively perform large-scale sensing
tasks that cannot be accomplished by individual devices
(He et al., 2020). The large majority of these distributed
filtering algorithms trace their origins back to the sem-
inal works (Olfati-Saber, 2005, 2009) on the consensus-
based paradigm. They can be broadly classified based
on the information on which consensus is reached (He
et al., 2020): state estimate fusion (Talebi et al., 2021;
Yang et al., 2019), measurement vector fusion (Ge et al.,
2017; Kamgarpour and Tomlin, 2008; Li et al., 2018;
Wan et al., 2018; Wu et al., 2018), and information vec-
tor fusion (Battistelli and Chisci, 2014; Kamal et al.,
2013; Talebi and Werner, 2019; Wang and Ren, 2017;
Wei et al., 2018). In our previous work (Battilotti et al.,
2020) we proved that in the state estimate fusion ap-
proach at continuous time a suitable choice of the con-
sensus gain allows to approximate as much as desired
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the performance of the centralized Kalman filter, i.e. the
filter that uses in a centralized way all the sensing for-
mation, whereas for discrete-time systems this can be
accomplished by increasing the number of intermediate
consensus steps (Battilotti et al., 2021).

The availability of low-cost sensors and the diffusion of
wireless networks has contributed in recent years to the
development of applications such as weather forecast-
ing (Fisher et al., 2009), diffusion of pollutants (Ortner
et al., 2007), smart grids (Moura et al., 2013) and en-
vironmental monitoring (Silva et al., 2015) where the
state of the system to be estimated is inherently infi-
nite dimensional. The filtering problem of infinite dimen-
sional systems attracted much attention in the years fol-
lowing the introduction of the Kalman filter (Kalman,
1960; Kalman and Bucy, 1961) and found a quite early
solution in the Kalman-Bucy infinite dimensional filter
of Falb (Falb, 1967), that includes distributed param-
eter systems with bounded integral operators but it is
not applicable to the more interesting cases of partial
differential operators. Remarkably, most of the subse-
quent efforts on filtering infinite dimensional systems
that were developed in the 70’s were focused on the case
of continuous-time systems (Balakrishnan (1974); Ben-
soussan (2011); Curtain (1975b,a) and the references
therein), and only a few recent works take into consid-
eration the case of sampled-data measurements (Sall-
berg et al., 2010a,b) that is of great relevance in mod-
ern digital applications. Analogously, most recent papers
on multi-agents cooperative estimation of continuous-
time systems propose observers for specific determin-
istic partial differential equations (PDEs). Demetriou
(2010) considers general infinite dimensional determin-
istic linear systems in Hilbert space and proposes ob-
servers with a consensus term obtained by exchanging
estimates. Modal decomposition is used in Wang and
Wu (2015) to design a Hy, observer for a determinis-
tic PDE with nonlinear disturbance. The use of modal
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decomposition allows to reach consensus by exchanging
finite dimensional information among agents. In Wang
et al. (2017) a multi-agent problem on a specific deter-
ministic PDE is solved through an array of observers
that operate on spatially separated domains without a
consensus protocol. Modal decomposition is used also in
Demetriou (2022) to solve the problem of cooperative
estimation for a deterministic parabolic PDE with both
point-wise and integral measurements. The approach
in Xia and Qian (2022) considers a specific PDE with
nonlinear term, disturbances and possible loss of sensor
measurements. An adaptive cooperative observer is pro-
posed in Cai et al. (2024) for a deterministic parabolic
PDE with nonlinear uncertainties. In both Xia and Qian
(2022) and Cai et al. (2024) consensus is obtained by ex-
changing infinite dimensional estimates among agents.
In contrast to these observers, we study the case of gen-
eral discrete-time stochastic linear systems in an opti-
mal filtering setting. Our framework is similar to Khan
and Moura (2008) and Battistelli et al. (2016), where
the idea is to use a discrete-time filter on the discretized
solution of a PDE by decomposing the spatial domain
into subdomains assigned to different processing nodes
interconnected to form a network. This setting is well
suited to the case when the integral operator is the semi-
group generated by an underlying continuous-time dy-
namics and it therefore allows to filter systems with a
continuous-time dynamics represented though a partial
differential equation and sampled measurements, with-
out resorting to finite-dimensional projection or modal
decomposition. Our approach is more general because
the system is not necessarily the discretization of a PDE
and sensors do not necessarily refers to separated spatial
domains. It is worth mentioning that large-scale Kalman
filters with consensus dynamics have also been proposed
for approximating the estimate of the posterior density
of non-linear finite dimensional systems at discrete time
through a kernel mean embedding approach evolving in
an infinite dimensional reproducing Kernel Hilbert space
Guo et al. (2024).

An important problem of many of the cited consensus
estimation algorithms is represented by communication
constraints, since consensus algorithms that require to
exchange estimates like Demetriou (2010), Xia and Qian
(2022) or Cai et al. (2024) are hardly applicable, and
particularly at continuous-time, in a context where esti-
mates are infinite dimensional. To address this problem
we propose to extend to the infinite dimensional case a
new algorithm (Battilotti et al., 2024). The main advan-
tage of this method is that at run-time the nodes need
only to exchange finite dimensional information but the
accuracy of the centralized Kalman filter can be approx-
imated as much as desired by increasing the number
of consensus steps. In the actual filtering phase the ex-
change of information is the same as in the finite dimen-
sional case and the computational burden is moderate.

The outline and contributions of the paper can be sum-

marized as follows. After introducing the required nota-
tion and reviewing some preliminaries on linear stochas-
tic systems in Section 2, in Section 3 we provide a for-
mulation of the Kalman filter for discrete-time stochas-
tic systems evolving in Lo that is amenable of an effi-
cient computation. Although the theory is already well
established, we claim that our new formulation is useful
and relevant even in the centralized case for the practi-
cal implementation of filters for systems obeying partial
differential equations with discrete-time measurements.
In Section 4 we describe the version over sensor networks
of this filter based on the exchange of finite dimensional
information and analyze its properties, in particular the
convergence to the accuracy of the centralized Kalman
filter. Section 5 reports numerical results on a case study.

2 System model
2.1 Preliminaries

Notation. The norm || - || without specifications is re-
served to the Euclidean norm in R™ and to the operator
norm, [[Al| = supjg =y [|Az|. For M € R™™, tr(M)
is the trace of M, st(M) € R™" denotes the vertical
stack of M, and, for v € R™, st;-}(v) € R™*" is the
inverse operation. By col;(M;), row;(M;), diag,(M;) we
denote, respectively, the vertical, horizontal and diag-
onal composition of vectors and matrices. 1y is vector
of size N with entries 1. H" = Lo(6O;R"), n € N, is
the Hilbert space of square integrable functions from
a compact domain © C R® to R™ with respect to the
standard Lebesgue measure. H"™ is endowed with the
standard inner product [z,ylpn = [gzT(s)y(s)ds.
The inner product [.,.] will be tacitly assumed to
be in H™ if not otherwise specified. Operators on
‘H™ are in boldface. I denotes the identity in H".
We denote with WY, = Lo(%; F;H"; P) the Hilbert
space of square integrable JF-measurable functions
on a probability space (Q,F,P), with values in H".
E[z] € H" denotes the expected value of z € Wi,
Elz] = [,z(w)dP. WY, is endowed with the inner
product [3717552]1/\}5" = E[[z1,z2]yn]. The covariance

of an element of W{in is a bounded linear self-adjoint
non-negative operator H" — H", see Appendix A.

Mixing operators and matrices. Given a vector
x = col (x;) of N functions z; € H" and a vector
m € RN we denote by m " z the function in ™ defined as
(m'x)(&) = Zf\;l m;z(€). Given a matrix M € RV*N,
M = collY,(m] ), we denote by Mz the vector of N

functions in H"

Mz :=col_, (m] z). (1)



The stack col?_, (P;) of N linear operators P; : H" —
H™ is an operator H™N — H™N such that

coll¥ | (Py)z := coll¥ | (P;x;).

Consequently, given M € RN*N M colll, (P;) is the
operator H™Y — H™V such that

M colY | (Py)z =M collY, (P;x).
In particular, it is easy to check that when P; = P

M colY | (P)z = collX, (P)Mz. (2)

2.2 Linear stochastic systems in Lo

In a probability space (2, F, P) we consider the follow-
ing model of infinite dimensional stochastic discrete-time
systems with finite dimensional measurements,

Tpr1(w) = Az (w) + Fry(w), (3)
yr(w) = Cxg(w) + Gng(w), (4)

where w €  and:

e 1 € Wﬁn, i.e. x(w) € H".

oy € Wi, ie yp(w) € RY.

o ny € Wiy, i.e. ng(w) € R?, E[ngn] = 0 for k # j
and E[ngnj] = I,.

e A: H" — H" is a linear operator

(Az)(€) = / ka6, 5)2(s) ds, (5)

(C]

with kernel k4 € 'H?S" = Ly(O x ©;R™™ ™), see Ap-
pendix A.
e C: H"™ — R?is a linear operator

Cx:/eﬁc(s)x(s) ds, (6)

with ko € HP*™ = Ly(©; R7*™), see Appendix A.
o F: RP — H" is defined for all u € RP, by (Fu)(§) =
F(&)u with F € H™*P = Lg(@;R”Xi).
e G € R9*P is a matrix such that GG ' is positive defi-
nite and, V¢ € ©, F()GT = 0.

In the sequel we shall usually omit the dependence from
w for concision. Notice that both the state noise and
the measurement noise are finite dimensional white se-
quences, and the operator F' “spreads” nj on all ©. It is
easy to check that the requirement for A, C, F to have
square-integrable kernels implies that:

A and F are bounded operators and if z € WY, has
bounded covariance operator P, then Ax has bounded
covariance APA* : H™ — H"™ (see Lemma 10) with
kernel

ka(€, 8)kp(s,t)k (1, ¢)dsdt.
(7)

kapa-(& Q) =/

Ox0

e (Cis a bounded operator and if z € W,]{'—n has bounded
covariance operator P, then the covariance CPC™ of
Cz is a matrix in R9*? with bounded norm.

e The process and measurement noises are uncorrelated
(see Definition 6 in Appendix A), that is, Fng L Gny
because E[(F'ny)(Gng)*] = 0.

e The covariance Q = FF* of the process noise F'ny, €
H"™ is a bounded operator H" — H" with kernel
k(€0 = FOF(Q)T, kg € Hy™

e The measurement noise covariance R := E[Gny(Gny) "]
is positive definite.

The definition of observability and controllability for
discrete-time systems in Lo is similar to the finite di-
mensional case (see Fuhrmann (1976), and Balakrishnan
(2012), Sec 4.9-4.10).

Definition 1 Given the system
Tpt1 = Az + Buy, (8)

with v, € H™, up, € HP, and A : H" — H", B : HP —
H"™ bounded linear operators, then the pair (A, B) is said
to be controllable if for any * € H" there exists a time
T > 0 such that for any T > T there exists a sequence
{ug}_, such that xp = Z.

Definition 2 Consider system (3)—(4) with F = 0 and
G = 0. The pair (A, C) is said to be observable if there
exists a time T > 0 such that, for any output sequence,

T . .
||?/||?2([0,T]) =310 llyxll* = 0 implies zg = 0.

Notice that for an observable system, ZZ:O llyrl? =
0 = x0 = 0 holds for any 7' > T. The following charac-
terization of controllable and observable systems is de-
rived from results in the literature (see Theorem 3.2 and
3.4 in Fuhrmann (1976), Corollary 4.9.1 in Balakrishnan
(2012)).

Lemma 1 The pair (A,B), with A : H" — H" and
B : HP — H" is controllable if and only if 3T > 0 such
that for all T > T the operator C : H™ — H"™ defined by

T—1
c=>" A*BB*A**

k=0

is positive definite.



Lemma 2 The pair (A,C), with A : H™ — H" and

C : H" — RY is observable if and only if IT > 0 such
that for oll T > T the operator O : H™ — H™ defined by
T—1
0=y A"crcA*
k=0

is positive definite and in that case, for T > T

T—1
mo =071 AFCry(k)

3 The centralized Kalman filter on L, spaces
3.1 Optimal linear estimate

Definition 3 Given X € W"ftn and a subspace S of H™,
the projection of X on S, denoted I1[X|S] is the unique
vector Z € WZ such that [X — Z, W]W£ =0, VIV €

Let ex = X —II[X|S]. Since II[X|S] € S

[ex, TI[X[S]]yyz, = 0.

The optimal estimate Zj of xp € Wﬁn in the mini-
mum variance sense is the conditional expectation with
respect to the o-algebra F; generated by the output
sequence Y* = {yo,...,yx}, that is, £, = Elzg|F}].
The conditional expectation can be equivalently ex-
pressed as the projection of x; € Wﬁn on the sub-
space of the F/-measurable functions 2 — H", that is,

y
T = [xk|W}—7;] In the hypothesis that the sequences
xr and yk are jointly Gaussian, the projection of zy

onto WHn is identical to the projection on the space LY
of the affine functions of Y'* having value in WHn,

k
Li={zeWih: 2= Kyt f feH",

i=0
where K; : R? — H" are bounded linear operators
defined by (K,;y)(¢) = K;(&)y with K; € H"*7. We can
then write

Ty = H[l‘ﬂﬁ%], (9)

and the centralized Kalman filter algorithm consists in
the recursive computation of (9). When the sequences
x and yi are not Gaussian, the conditional expecta-
tion E[zy|F}] does not coincide with (9), that however
provides the best linear un-biased estimator in the min-
imum variance sense.

3.2 Structure of the centralized Kalman filter

The derivation of the Kalman filter in our setting follows
standard arguments used in the finite dimensional case
that we briefly recall. We define the space ’Hy of the

linear bounded transformations of Y* € WR,“,,

k
Y
={zeWgt: 2= My, M; € R9%9},
=0

. . FY
and the output innovation sequence vy € Wge as v§ =

Yo,
vp =k — I (yn | HY ),

and by HY the space of the linear bounded transforma-
tions of v, HY = {Mvg| M € R7*?}. Since v* 1 y;_,
because yi_1 € I1 (y;.C |7-[z71), the sub-spaces HZO and
H} | are orthogonal and H} = H] , @ HY . Con-
sequently, M} coincides with the space of the linear
bounded transformations on the output innovation se-

. F
quence {v§,...,vp} in Wy k.

Proposition 11 in Appendix states that orthogonality is

preserved under linear transformation from RY to H",

thus £ = £} | @& LY, where this time £} is the space

of the linear bounded transformations on the output in-
Y

novation sequence to W}-’;. By exploiting the property

of projection over orthogonal subspaces we obtain

b= T (o | £) =T (| £4) + 70 (e £

Now:

(1) Since Fny_1 and the elements of £, are uncor-
related,

(xy | L] ) = TM(Azg—1 + Fng_1 [ L] _))
=AN(zp—1 | L] 1) + T(Fry_1|L]_))
=AZ, 1.

(2) (x| LY") = Kyvg, where K, : R7 — H™ is the
linear operator generated by a Kj € H"*? and it
corresponds to the Kalman gain.

(3) I (yx | LY ;) =L (Cxp + Gni | L£]_,)
due to the uncorrelation between Gnj and the
elements of £} |, where CA : H" — R is the
composition of C' and A.

We thus obtain the classic recursive equation
Tp = AZp—1 + Ky (yp — (CA)Tg—1) (10)
in the unknown K : R? — H"™. We are left with the task

of deriving the time-varying matrix function K; € H"*4
of the Kalman gain operator K.

= (CA)‘ik—la



Let us define the state estzmatwn error e = X — xk S
WH"’ the prediction error e, = xk — AZp_, € WHn,

and the state innovation vy € WHn
l/}: = fk — AZEk_l = Kkul‘;, (11)
where the last equality holds by Equation (10).

Definition 4 The state innovation, output innovation,
prediction error covariance and estimation error covari-
ance are defined, respectively, as follows

P;° =E[v."]: RT = H",
P? :=E [vRv]*] € R1*?
PP =E [ePel*]  H" — H,
P, =E [ekek] HY — H".

Theorem 1 The output innovation, prediction error co-
variance and estimation error covariance evolve as

PP —AP, A" +Q, (12)
P =CP’C* + R, (13)
P}° =PP'C* = K P}, (14)
P, =(I - K,,C)P". (15)

Moreover, P is non-singular and if Pr_1 is bounded
then P} and P? are bounded. From (14) it follows that

K, =PiC*(P))". (16)

The proof is reported in Appendix B.

Corollary 1 The recursive covariance Equations (12),
(15) and (16) can be written explicitly in integral forms
with respect to the integral kernels as

krp (€0 = [ mal6isir (s ma(t. )7 dsds
+FEF(QT, (17)
Ril6) = [ g6 shc(s) ds

X (/(92(RC(S)HPE(S,t)HC(t>T 'R dsdt>1 |

(18)

~Kul) [ ren(t.0)di
) (19)

K py, (57 C) :HP: (57 C)

Proof. Equations (17) and (18) are obtained by explicitly
writing the expression of P}z given by (12) for z € H"™

and of Ky given by (16) for y € RY,

ROy =€) = [ mrp(&me(s) ds (),
(20)

with P? computed as in (B.1). Eq. (19) descends from

|
2
I
~
=
o
—~
~
~—
=
v}
=
~
w
~—
o
~~
o
w

(21)

with x € H™. O

Equations (17), (18) and (19) provide the implementa-
tion of the Kalman filter for the distributed parame-
ter system (3)-(4). At each time-step the matrix func-
tions k PP kP, and the vector function K}, are updated
through these equations that involve integrals over the
spatial domain. In order to reduce the computational
burden at run-time it is of interest to perform offline the
computation of the asymptotic value of these functions,
as discussed in the next section.

3.3 Properties of the centralized Kalman filter

Lemma 3 Let S =8*"=C*R™'C: H" — H". Then:

K.C =P,S, (22)
K, =P,C*R™ . (23)

Proof. We start by proving (23). Eq. (15) implies that
PC* = P,C" + K,CP}C". By rewriting (14) as

KkCch* + KR :PiC* =P,C" + KkCPzC*

we obtain KR = P;C™, that is, (23). Consequently,
KkCZPkC*R_chPkS. O

Lemma 4 The evolution of the estimation error covari-
ance matrix Py obeys the Riccati equation

Py, =(I — PyS)(AP;_1A" + Q)(I — P;.S)"

Proof. Eq. (24) is obtained from the first equa-
tion in (B.4) with K;C = P;S and K RK} =
PkC*RflCPk:PkSPk. O

The existence of a steady-state solution of (24) can be
established as in Hager and Horowitz (1976).



Proposition 1 If the pairs (A,C) and (A, F) are re-
spectively observable and controllable then there exists
P =limg_, o P > 0 satisfying

P=(I-PS)(APA"+Q)(I - PS)" + PSP. (25)

The following results are instrumental to deriving the
properties of the distributed Kalman filter introduced in
the next section. The proofs are reported in Appendix B.

Lemma 5 In the hypotheses of Proposition 1, let P =
limy_,oo P and A :== (I — PS)A : H™ — H". Then
the system zp+1 = Az is asymptotically stable, i.e.

Lemma 6 In the hypotheses of Proposition 1, let P =
limy_yoo P and S = C*R™1C. Then:

(1) Fora € [0,1] the system z41 = (I—aPS)zy, is simply
stable, i.e. Vzo 32 < oo: ||2]] < Z, Vk.

(2) Fora € (0,1],limy,_ o (I—aPS)* 2y = Iz € Ker(S)
where IT is a (non-orthogonal) projector, i.e. an idem-
potent operator II : H™ — Ker(S) that does not de-
pend on «,

I = lim (I —aPS)" = lim (I - PS)*.  (26)

k—o0 k—o0

(3) the adjoint II* of II is an idempotent operator IT*
H" s Ker(SP).

Lemma 7 Let the pairs (A,C) and (A, F) be ob-
servable and controllable respectively, and let II be
the projector defined in (26). Then, for any x € H",
limy,_, o || (TTA) x| 0, that is, IIA generates an
asymptotically stable dynamics.

Lemma 8 Let II be the projector defined in (26) and

S = ZN Z LCiR;'C;. Then, the following
properties hold true: (z) ST = 0; (i) S;II = 0; (1)
IIPS; =0; (iv) IIPS = 0.

The following sections will delve into the concepts, algo-
rithms, and applications of the distributed filtering over
sensor networks.

4 Kalman filter on L, spaces over sensor net-
works

In the context of sensor networks, each sensor or node is
responsible for measuring a transformation of the overall
state of the system. The objective for each node is to
reconstruct the entire state of the system based solely
on the measurements from each own individual sensor
and its neighbors. The network of sensors is modeled
by an undirected connected graph with N nodes and

Algorithm Broadcast Push-Sum
I: In all nodes set sp; = 1 and wg; = 0, except for

wWo,1 = 1.
2: At step 0 each nodes sends (sg;, wo ;) to itself.
3: At step k each node executes:
1. Let {s,, w,} be the pairs sent to ¢ in round k—1.
2. Let sk =, 8p Whi =D, W
3. Send to all neighbors and to 4 (yourself):
(8k,i/(di + 1), wyi/(di +1)).
4. if wy; # 0 then sy ;/wy, is the estimate of N
at step k.

Fig. 1. A broadcast version of the Push-Sum algorithm for
the distributed computation of N, d; = [N ®|.

Laplacian matrix L = D — A € RV*N, where D =
diagY | (d;), d; = IN®|, is the degree matrix and A is
the adjacency matrix. In this framework, the system over
a sensor network is represented by

Tpy1 = Az + Fny, (27)
y\ = Cizp, + G, (28)

We assume that some nodes ¢ € S have sensing capa-
bilities modeled by the linear bounded operators C; :
H™ — R%. The local measurement noise covariance ma-
trix R; = G;G] € R%*% is positive definite and, as
in Section 2, F(£)G] = 0 to ensure uncorrelation be-
tween measurement and process noises. Finally, the out-
put noise n,(j) and n,(g ) are also uncorrelated at each time
k. We make the following assumption on the information
available at the nodes.

Assumption 1 Each node knows the kernels of the op-
erators A, Q, C = col;es(C;) and the matriz R;. It also
knows the kernel of S = ", s CiR;'Cy « H" — H"

and the number of nodes N .

The operators A, Q, and R; concern the system to be
estimated and the local sensor. Conversely, C, S and N
are non-local information that however can be computed
once for all in finite time in a pre-processing phase. In
particular, notice that the information needed for S and
C is in essence the same because Sx € ‘H™ and

Z’%C /R ke, (s)xz(s)ds. (29)

€S

Consequently, the knowledge of all the kernel functions
ke, and of the finite dimensional matrices R; € R%*%
1 € S, allows to reconstruct both S and C. It is suffi-
cient to this end for each node to broadcast iteratively
to its neighbors the list of known pairs (k¢,, R;) and to
update it from received messages. The distributed com-
putation of IV is achieved in the pre-processing phase
by the broadcast version of the Push-Sum algorithm of
Kempe et al. (2003) reported in Fig. 1.



4.1 The algorithm

Let 33"5:‘)1671 and :%](f) be respectively the local prediction

and local estimate of x; at node i. z,(j)h represent the in-
termediate consensus estimate at node ¢ and consensus
step h. The Kalman filter on Ly spaces over sensor net-
works with v consensus steps iterates over time at each
node the following operations

(1) Local prediction:

By = Az, (30)

(2) Local correction:
(2)

Zk+1,0 :531(@21\1@ + Ki(yl(c:)-l - Ci@,(f}r”k)’ (31)

K, =NPC!R; !, (32)

where P solves (25). For concision, let K; = 0,

C, = 0 whenever i ¢ S. Thus, z,(j}rlo = :%](fl”k
when i ¢ S.
(3) Consensus iterations. Set h = 0 and iterate while
h <n~:
3.1 Compute

gl(gl—z-l,h = Czl(cl—l)-l,h (33)

and send it to the neighbors. Receive g}jjl 5 and

compute

Zl(cl-i)-l,h-&-l :Zl(cl-i)-l,h +rK Z (ﬂ/ﬁLh - 271&21@)7
JEN @)
(34)

where K = PC*R~! and  is a design parameter.
3.2 Set h + h+ 1.
(4) Set

) = e (35)
At each node the estimate is initialized as
i) = Blzo) + K(y)) — CBlw]),  (36)
where K; is defined in (32).

Remark 1 Similarly to consensus on measurement fil-
ters, the nodes in this algorithm exchange information
that belongs to the measurement space (see (33)). Al-
though the intermediate estimate z,(ﬂl is in H"™, 371(;31 be-
longs to R and is finite dimensional.

4.2 Analysis of the estimation error

(4)
. k,’y .
intermediate estimation error s,(;)h =T — z,(ﬂb. The cor-
responding global errors are ey, = colﬁvzl(a,(f),y) e HN

and ey, = coli]\il(e,&%) € H™N. Then,

Define the local estimation error &, = x; — i:,(j) and

5531,0 :(I — KZCZ)(AEI(;) + Fnk) — KiGﬂlk_H,

(37)
7)1, =Cxppr — Ce) 38
Ye+1,n Th+1 €k+1,h (38)
By using (38), Eq. (34) becomes
@ =(I - kd; KC) 2" & KC

Zk+1,h+1 ( Ka; )Z;@+17h+f€ i Tkt

~kKC Y el (39)
JEN®

El(clj-l,h-&-l = - rkd;KC) 51(621@ +kKC Z Egll,hv

JEN®
€kt1,h+1 =col; (I — kd; KC) egy1.p,
+ kA coliL ) (KC)epy1,n = Pepy1n, (40)

where the operator ¥ : H™V — H"N is defined, using
the notation introduced in (1)—(2), as

W = I;.n — kLcolY | (PS). (41)

From (37) and (40) we obtain, i =1,..., N,

Eht1y =T (Askﬁ + D col;(Fny) — G‘col,-(nkH))) ,

(42)
A = col;(D; A),
D = col;(D;),
Di=1-K;C;=1I—- NPS,,
G = colll | (K,G)).

Since the three terms in (42) are mutually uncorrelated,
the evolution of the overall error covariance matrix
P = Elex, €5 ] of ek, can be compactly represented
as

P{), =" (APJA"+ DQD" + GG ) w7°,  (43)

where Q : H™ — H"V is the covariance of collx; (Fny,).
To investigate the error dynamics when the number ~
of consensus steps increases we use the following crucial
lemma.

Lemma 9 Let x = col | (x;), z; € H", and let ¥ :

HYWN — H™Y be as in (41). Let uy := \/lﬁlN and T 1=




~ Zi\; x;. If kA < 1 for all A, € o(L), then

lim ®7z =Pz + Pax, (44)
Y—0o0
Pz :=coll¥ | (Z) = uyu] z, (45)
Poz :=colll | (Tl(z; — %)) = (In — uyu] ) coly(IT)z,
(46

where I is defined in (26) with o = kA, < 1. Moreover,

['Pl% 'p2y} =0 for all x, y € ?—["N, (47)
P, =PI, (48)
P = coll, (IT*(z; — Z)). (49)

The proof is reported in Appendix B. We can now state
the main theorem.

Theorem 2 If the pairs (A,C) and (A, F) are re-
spectively observable and controllable and kA, < 1 for
all A, € o(L), then the error covariance at each node
becomes identical to the covariance of the centralized
Kalman filter when v — oo.

Proof. Based on Lemma 9 when v — oo, the aggregate
eITOr €k41, in (42) can be written as

k1 = (Pl +'P2)A€k + v,

where v, = <?1+’P2 )(D coll L(Fnp)—G col | (ng41)).
Let M = = In —uju{ € RV*N. Then,
PyAzx = col;(TLA) M. (50)

The proof of (50) descends from (46), the property
IIPS; = 0 (see Lemma 8), and (2):

PyAzx = M col,(TI(I — NPS,)Ax;)
= M col;(ITAz;) = col;(TIA) M z.

M has a base of orthogonal normalized eigenvectors u;
withu; = ﬁlN,andwithU =rowl (w;), Ut =UT,

0 0
U'M= UT =Dy UT,
0 In-1

that is, the eigenvalue of u; is 0 and the remaining eigen-
values are 1. Consider now the change of coordinates
Nk = col (nix) = U &g, so that

Ne+1 = UT(’P1 + 'PQ)AUnk + UTVk.

From (50) we obtain

UTPyAUn, = UT coly(TTA)U Doy U T Uy,

0
= COLL' (HA)DQl’I]k = N .
col;Lo ITAn; ;

From U'P; = col(u],0,...,0) and & ; = ﬁnk,l +
<Zévz2 Ugnk7g) “we obtain UTPL AU, = col(iy,0,...,0),

:=(I — PS)An,, — fZPs A Zujnk]
i=1 .
Moreover, U " vy, = col(# 1,0, .. .,0),
N
Dk,l :\/N((I — PS)Fnk — Z PC:R;lekH),

i=1
where

E[Dr105,] = N((I - PS)Q(I — PS)" + PSP) := Q.

(51)
Thus the error system in the new coordinates can be
represented as

Mk+1,1 :(I - PS)AUk,1
N N
- \/N ZPSZA Zujnk,j
i=1 j=2

Mi+1, =TLANg 4, i=2,...,N.

+ Uk,

i

Since Lemma 7 states that ITA generates an asymptot-
ically stable dynamics, 7;; — 0 for 2 # 1. The error
dynamics is concentrated in 1, and its dynamics tends
asymptotically to

M1 = — PS)Ang1 + Ug 1.

Moreover,

1

N

ek = Unie = u1n,1 = col;Z, (\/ch,l) .

The asymptotic dynamics of ¢ ; at the generic node ¢ is
therefore

1 .
Eht1,4 = (I — PS)A&‘k’Z‘ + ﬁyk’l'
From (51), (25) and Lemma 5 it is easy to verify that,
for all (i,7) and as k — +o0, E[ey e}, ;] — P solution

of the algebraic Riccati equation (25) of the centralized
Kalman filter. O
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Fig. 2. Sketch of the distributed thermocouple and sensors.
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Fig. 3. Sample representation of the discrete-time
evolution of the heated bar with boundary condi-
tions z(¢,0) = =x(¢t,1) = 0 and initial condition
zo(§) = 0.1sin(27€), £ €0, 1].

Since in practice v < 0o, we can use (42) to state the
following sufficient condition.

Theorem 3 If the pairs (A,C) and (A, F) are re-
spectively observable and controllable and k), < 1 for
all A\, € o(L), then the error covariance at each node
is uniformly bounded when vy is such that the operator
U7 A is asymptotically stable, i.e. for all xy € H™V,
limy o0 [[(EYA)Fag|| = 0.

5 Numerical example

We illustrate an application of the consensus Kalman
Filter on L2([0,1]) to the conceptual design of a dis-
tributed thermocouple that solves the problem of esti-
mating the temperature profile of a bar of length £ = 1
from measurements of the voltage when a current flows
through it. The centralized Kalman filter (CKF), namely
the filter that employs the measurements y; of all the
sensors, is given by (10), while the distributed Kalman
consensus filter (DKF) for each sensor is given by the
algorithm in Section 4.1 (equations (30)—(35)). Specifi-
cally, given the thermocouple distributed on the spatial
domain [0, 1], we consider 5 sensors positioned in the
segments [0, 0.2), [0.2,0.4), [0.4, 0.6), [0.6,0.8),[0.8,1]. In
order to provide an explicit computation of the underly-
ing kernels, we consider the heat equation on the interval
[0, 1] with Dirichlet boundary conditions. The functions
bm (&) = V2sin(mn€), with m = 1,2, ..., constitute an
orthonormal basis for Ly([0,1]). Given z = z(t,£) we

have
2
%:‘% with (£,0) = 2(£,1) =0 ¥t (52)

The solution to (52) with the initial condition

“+o0

2(0,€) = 20(&) = Y [bm, o] b (€)

m=1

is given by
+oo
2(t,€) = D e [, wo) i (), (53)
m=1

where \,, = (mm)? (Curtain and Zwart (2012)). Thus,
by the definition of the inner product, the solution (53)
is

1 too
£(t,6) = / > ¢ n©)om(ln) dn

and by considering a sequence {t;} with discretization
step tp+1 — tr = A > 0, we can write

1 +oo

2t €) = / S BN ()b ()t ) .

Finally, by considering also an external noise Fng, we
can write the difference equation in the form of (3) as

1 +oo
(€)= / > ¢4 o €mn)e(n) i F (€

where we recognize the kernel of the underlying operator
A

“+o0
Kam) =Y e 26 ()dm(n). (54)

We consider the case in which a current source is ap-
plied to the bar of length / = 1 and sensors measure
the voltage at the endpoints of segments as in Fig. 2.
Thus, the measurement z;(t) of the sensor i-th is given
by z;(t) = Ir;(t) where I is the applied current inten-
sity, and r;(t) is the resistance of the bar that depends
on the temperature through the equation

b;
ri(t) = / B+ ax(t,) de,

where o and [ are some positive coefficients depending
on the bar, and a;, b; are the endpoints of the segment



of sensor i-th (e.g. for sensor 3, a; = 0.4, b; = 0.6). By
setting y;(t) := z;(t) — co, with ¢g = 0.213, and ¢ = IS«
we can define the new measurement equation

b;
/, cx(t, &) dE.

i

yi(t) = (55)

In practice, measurements are sampled in time and thus
it is reasonable to consider the discrete-time model as-
sociated to (55), which, with the previously defined se-
quence {t;} and discretization step A, and the addition
of an output noise term G;nyg, results into

) b; ) .
0 — / cap(€)dé + Gin) = Ciay, + Giny,

i

where we recognize the kernels x¢, of the operators Cj:

c £ € [a/ia bi)a
0 otherwise.

ke, (§) = {

We also assume nj € R? to be a Gaussian white noise
vector, F = (f(£),0) and G; = (0, g;) (such that FG] =
0). We suppose that the bar is affected by a random ther-
mal noise for £ € [0.5, 0.75]. The state and measurement
noise amplitudes are

0.2-&(&—-1), £€1]0.5,0.75]
0, otherwise
foralli e {1,...,5}.

ro-{
gi = 0.1

Moreover, the final simulations time is ¢ = 10, A; =
21072 (i.e. 501 time points), while the space is approxi-
mated with increment Ag = 1072 (i.e. 101 space points).
The measurement parameters are I = 5, a = g = 1
that yield ¢ = 5. The initial condition is set to

xo(§) = 0.1sin(27¢), €& €0, 1].

In order to obtain an efficient implementation of the
filter, we followed the steps of Corollary 1. Note that,
the gain K; of Eq. (32) can be expressed through K; :
© — R as for the operator K through the gain K :

© — R® of Eq. (18). In fact, each node compute off-line
the gain K : ®—>R5(eq( 8)) and K; : © — R by
iterating the computation of P}, Kj, and P, through
(17), (18), (19). The existence of K and K, descends
from the existence of P (Proposition 1), since system (3)
(without noise) with x4 given by (54) is asymptotically
stable. In the numerical computation we took the first
10 eigenfunctions ¢,, (e.g., m = 1,2,...,10) and we
used the following terminal condition for the numerical
solution of the iterations (17)~(18)~(19) (kpr, K, and
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Table 1
The agents’ execution time of the proposed filter grows lin-
early with v (number of consensus step iterations).

y=1|~v=3|~v=6 | y=20| v=50 | v=150
2.7s 2.9s 3.4s 5.2s 9.3s 22.9s
"{Pk)
1
N 2
2
Z (P1(&,&) — P& €)))
i,j=1
2
<10710. Z (&, 65)

1=1,7

where Pg denotes the discretized approximation of Pj.
With the specified parameters, the terminal condition is
reached after 32 iterations, requiring 10 seconds when
implemented in MATLAB® on a standard laptop. The
profile of the approximated steady-state Kalman gain
K (&) obtained through this procedure is shown in Fig.
4 (left). Moreover, we test the numerical accuracy of the
estimate of the CKF by comparing in Fig. 4 (right) the
value of kp(§, &), theoretical variance of the estimation
error at point § € [0,1], with the average mean square
error (MSE) across Ny = 100 Monte Carlo simulations,
computed as

MSE(¢) = ) — a1 (€))?,

1 o s, (i)
Ns(Nt_T)ZZ:;];_(xk (f

where Ny = /A, + 1 = 501 is the number of time sam-

ples, x,{j}(g) and ' }(5) denote the true and estimated
value at point & and time t; for the i-th simulation, and
7 = 50 has been chosen to exclude the transient. The
plot shows almost perfect agreement between the theo-
retical and actual error variance throughout the bar.

We now show the performance of the distributed Kalman
consensus filter (DKF) of Section 4.1 (equations (30)—
(35)). We set k = 3 (Equation (34)) and we show the
performance in terms of MSE across Ny = 10 Monte
Carlo runs of each node for different values of « of the
consensus step iterations. Specifically, Fig. 5 shows the
MSE of each node ¢ (MSE;) of the DKF for the values
v € {1, 3,6,20,50,150}. The figure clearly confirms that
by increasing the number v of the consensus step iter-
ations, the error covariance at each node converges to
the covariance of the centralized Kalman filter, thereby
validating the result of Theorem 2. Finally, the elapsed
time (seconds) to execute one simulation of the DKF for
the values of v is summarized in the table below.
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Fig. 4. Components K(;)(£) € R for j € {1,...,5} of the steady-state Kalman gain K(¢) € R® defined in (18) (left panel).
Agreement between theoretical and empirical MSE across 100 Monte Carlo runs (right panel).
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Fig. 5. MSE; across 10 Monte Carlo runs of each node ¢ € {1,...,5} of the DKF for the values v € {1, 3, 6, 20, 50, 150} over
the interval [0, 1]. The purple line is the covariance of the centralized Kalman filter.

6 Conclusions

The approach presented in this paper provides an al-
gorithm for the cooperative estimation of systems de-
scribed by partial differential equations that is straight-
forward to implement on digital devices. The integra-
tion of the system over a discretization interval yields a
discrete-time system that is amenable of being processed
by a distributed filter. There are several extensions al-
ready proposed in the finite-dimensional case that are
worth investigating in this context, for example to the
case of switching or randomly varying network connec-
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tions (Matei et al., 2008; Gan et al., 2024), random
packet losses (Battilotti et al., 2023a) and distributed
output feedback control Battilotti et al. (2023b).

Appendix

A Spaces and covariance operators

Let:

o HM™M = [4(O;R"*™), n € N, be the Hilbert space
of square integrable, with respect to the standard



Lebesgue measure, matrix functions from a compact
domain © C R® to R™*™. H"*™ is endowed with the
inner product [A, Blynxm = [g tr(A(s)BT (s))ds.
?Sm = L3(0 x ©;R"™™), n,m € N, be the
Hilbert space of matrix functions from a com-
pact domain ©® x ©® C R® x R® to R™*™. ”HZ’QX)m
is endowed with the inner product [A, B, nxm =

@
Joxo tr(A(s, t)BT (s,t)) dsdt.

Given a random function z € W;J_in, let us denote © =
x—E[z] the corresponding 0-mean function. For any two
elements z,w € H", we have that E[[Z, z]yn [, w]yn] is
a bilinear form over H" which is bounded. Hence, there
exists a bounded linear self-adjoint non-negative oper-
ator P : H"™ — H" such that E[[z, z]yn [T, w]yn] =
[Pz, w]yn which we shall term the covariance of x (Bal-
akrishnan, 2012).

Definition 5 The covariance of x € Wfln, denoted
El[zx*], is the bounded linear self-adjoint non-negative
operator H" — H™ such that, with & = z — Elx],
E[[z, z]yn [T, w]yn] = [Elza*]z, w]yn for any z,w € H™.
The covariance of two random functions © € Wﬁn,
y € Wim, denoted E[zy*], is the bounded linear op-
erator H™ — H"™ such that E[[Z, z]pn [y, w]ym] =
[z, E[zy*w]yn for any z € H™ and w € H™.

One can readily verify that E[zy*]* = E[yz*].

Definition 6 Given v € Wi, andy € Wi, we say
that x and y are uncorrelated and write x 1 y when
E[zy*] = 0.

It is easy to check that if x,y € Wﬁn are 0-mean, then
x 1 y if and only if [z, y]Wﬁn =0.

Lemma 10 Ifx € Wq]{: has covariance P and A : H —
‘H then Ax has covariance APA™.

Proof. Since for all z, w: E|[z, z][z, w]] = [Pz, w], then

E[[Az, z][Az, w]] =E[[z, A*Z][z, A"w]] = [PA"z, A*w]
=[APA*z,w].

Lemma 11 Ifz,y € W), M,N : H — H andz L v,
then Mz 1L Ny.

Proof. Since for all z, w: E|[z, z][y, w]] = 0, then

E[[Mz, z][Ny, w]] =E[[z, M*z][y, N w]] = 0.
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B Proofs of auxiliary results
B.1  Proof of Theorem 1

Eq. (12) follows from €} = Aej, + Fny and ex_q L ng.
Since A is bounded, APA" and P’ are bounded when-
ever Pj_; is bounded. Further, since vj = CAej_1 +
CFny_1 + Gny and the three terms are uncorrelated,

PY =E 0" = C(AP,_1A*)C* + CQC* + R

=CPC" +R. (B.1)
From (11) it follows that
P}° =Elviv)"] =E[Kuwvp'| = KipP,.  (B.2)

Further, (11) yields also v§ = Aeg_1 + Fni_1 — ey, and,
since e, L vf, ex—1 L ng and np_1 L ng,

Py = B[] = Bl(Aegy + Fry_)
(CAe—1+ CFny_1 + Gny)”]
= APA'C" + FF*C" = PLC".  (B3)

Comparing (B.2) and (B.3) we obtain (14). Finally, P?
is non-singular because is the sum of the positive definite
matrix R and the semi-positive definite matrix C PYC”",
hence we can write (16). Standard manipulations yield

e = (I* KkC)AGk_l -+ (I* KkC)FTLk_l — K .Gny.

By noticing that the three terms are pairwise uncorre-
lated and P} C* = K, P? we obtain

Py, =(I - K;,C)(AP, 1 A” +Q)(I - K;C)*
+ Kk-RK;;

(I - K;C)P!(I — K;,C)* + K RK,
(I - K,C)P} - P,C"K; + K;P{K;,
=(I - K,C)P?.

(B.4)

d

B.2  Proof of Lemma 5

The statement is*equivalent to proving that the dual
system wy 11 = A wy, is asymptotically stable. With the
Lyapunov function V(w) = [w, Pw]yn» we obtain

V(wk+1) — V(wk) :[wk, (APA* — P)wk]
= — [wi, Mpwy],
Mp :=(I — PS)Q(I — PS)* + PSP.

The self-adjoint operator Mp is the sum of two semi-
definite positive self-adjoint operators and it is positive



definite, hence V(wg41) =V (wg) < 0. In fact, it SPw =
0 we get

[w,(I — PS)Q(I — PS)* + PSP)u]
= [w, (I = SP)Qu] = [w, Qu] — [w, PSQu]
= [w, Qu] — [SPw, Qu| = [w, Qu] > 0.

Conversely, if SPw # 0, since P > 0 and S > 0,
[w, PSPuw) :[S’%Pw,S%Pw] >0,

and since (I — SP)Q(I — SP)* > 0 we conclude that
[w, Mp'lU]f,L[n > 0. 0

B.3 Proof of Lemma 6

(1) With the Lyapunov function V(2) = [z, P~ 2]3n we
obtain

AV (zk) =V (zg+1) — V(zk) = [2k, —(28 — aSPS) zg ] yn .
(B.5)

Since P=P*>0,8=8">0,SPS>0,0<a<]l,

1 1 1

28 —aSPS > S - SPS = S3(I - S?PS?)S?,
(B.6)

[N

it is sufficient to prove I — S%PS% > 0, where S%PS%
is self-adjoint and positive semi-definite. A necessary
and sufficient condition for I — S%PS% > 0 is that
||S%PS%|| < 1, because Yz

[z,(I - S2PS*)2] >0 =
2|2 > [z, S PS%a] = |P2S 7z

Consequently ||P%S% || <1.But
|S:PSE| = [|(PESE)"(P2S?)| < |P:SE|? <1,

where we have used the property that, for any bounded
M, |MM*|| = [|[M*M]||. Hence, positive definiteness of
I—S?PS? is equivalent to I SzPS? I < 1. Conversely,
from ||S%PS% || <1 it follows

[z,(I-S2PSP?)z] = ||z|? — [z, S? PS? 1]
> |z|* ST PSE ||| > 0.

The Riccati equation implies that P — PSP =
P3(I — P:SP?)P? >0, thatis, I - P:SP? >0.In
view of the above, it must be HP%SP% || < 1. However,
by setting M = P2 S?, we have P2 SP? = MM* and
S?PS? = M*M and we conclude that |S? PS?| =
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|P?SP3| <1, hence I—S?PS? > 0and AV (z) <0
that proves (i).

(2) As for the second property, it is enough to observe
that the sequence V'(z) is positive and non-increasing
and it hence has a limit for & — oo. In the limit,
AV (zr) — 0 and we show that this is possible if and
only if limg_, 1 o 2z € Ker(.S). Sufficiency descends from
(B.5). Necessity is easy to prove since AV (z) = 0 implies

2, (28 — aSPS)z] =[S?z, (2 — S PS?)S?2] = 0.

Since we proved I — S:pS: > 0 it follows that 21 —
S2PS? > 0and AV (z) = 0 only when z € Ker(S%) =
Ker(S) = Ker(PS). Finally, we prove that limg_, 2
does not depend on « € (0, 1]. Since S is self-adjoint and
has finite rank, we can represent S and PSS as

q

Sz =7 [z, 67\, (B.7)
=1
q

PSx = Z[m, PFINF pTS, (B.8)
=1

where ¢f ,1=1,...,q are orthogonal eigenfunctions of
S and ¢I’¥ = P¢? are a set of non-orthogonal functions
in H". Let V¥ = span!_,(¢F°). For any z € H", it
is always possible to represent it as * = x7 + xo with
z1 € V73 and x5 € Kerng). To this end it is sufficient to
choose 71 € span’_, (¢%) as

%

q
x1:Zbi¢fS7 T2 =T — T,
=1
b=coll_; (b)) = " coll_, [z, 7)),
((I))U :[ fv(bfs]v

where M is non-singular because P is positive definite,
and check that Sz = Sz, Sxo = 0. Hence,

(I —aPS)x =(I —aPS8S)x; + zs.

Sigce x1 € V¥ implies PSz; € V7 and (I — aPS)z; €
Ve,

(I —aPS)'z =(I —aPS) z + xa.

By using the Lyapunov function of point (i) we conclude
that lim, o (I — aPS)7z; = 0, and, consequently,

lim (I — aPS)z = .

y—00

Observing that x5 does not depend on «, we conclude
that the same holds for the operator II.

(3) We prove the last property similarly by considering
the adjoint system wgy1 = (I — SP)wy, and by noticing



that any y € H" can be written as y = y; + y2 with
y1 € span(¢?) and yo € Ker(SP) so that (I — SP)y; €
span(¢?) and (I — SP)y, = yo and therefore IT*y = yso.

B.4  Proof of Lemma 7

Lemma 6 can be proved by a Lyapunov argument with
the function V(z) = [z, Pz]y~ on the auxiliary dynamic
system 2,11 = A*II" 2. Thus, by rewriting the Riccati
equation (25) as

APA" - P=—(I-PS)Q(I-PS)" — PSP, (B.9)
by the property (i) of Lemma 8 we have II(I — PS) =
II, and thus we obtain

AV (zg) = V(zr41) — V()
= [z, TAPA'II* — P)z;]yn
= [2k, (—P + IPIT* — TIQIT") 24| 3.

To prove that the operator on the right-hand side is
negative definite, we first show that IIPIT* = PII*. In
fact, Vo € H", II"z € Ker(SP) (Lemma 6, iii), that
is, PII"z € Ker(S). Since II is a projector of Ker(S),
IIPII*x = PIT*z, that is, IIPIT* = I1P. Being IIPIT*
self-adjoint, IIPII* = IIP = PII*. Thus,

P-T1IPII" =P -1IP - PIT" + I1 PII"
— (I-TP(I-TI)" >0,

and [(—P+IIPII")z, z] < 0 with the equality that holds
only when IT*z = z. Thus,

AV (21) = — [z, (I — D) P(I — II)* 2]
— [Zk,HQH*Zk] < O,

because @ > 0 and one of the two terms is negative.
Then, ITA generates an asymptotically stable dynamics.
a

B.5  Proof of Lemma 8

i) SII = 0 follows trivially from the fact that Ilz €
Ker(S). (ii) Since Sand S; are self-adjoint and semi-
positive definite, Vo € H"

q
[STIz, My =Y [Sillz, Tayn = 0.

=1

Since the terms in the sum are non-negative, they need to
be 0 and Ilz € Ker(S;), that is, S;IIz = 0 for all z and
consequently S;II = 0. Properties (iii) and (iv) follow
from the fact that, Vz € H", IT*x € Ker(SP), that is,
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SPII"x = 0, equivalent to SPIT* = 0, IIPSP = 0. As
in the previous case,

q
[SPII*z, PI* 2]y = Y [S;PI"z, PII"z]3 = 0,
i=1
which implies, being S; = S} > 0, that S; PII*z = 0 for
all z, in turn implying S; PIT* = 0 and IIPS; =0. O

B.6  Proof of Lemma 9

Since £ = LT there is a matrix U = (uy,...,uy) and

a diagonal A = dlagkr 1(Ag) such that Lup = A\puy and
LU =UANU! . Let A\; = 0 be the null eigenvalue
of £, which is simple because the graph is connected. The
corresponding normalized eigenvector is u; = ﬁl N-

Let z = U~z = col, (z;), zi = u; x. We obtain

Wy =WUz=Uz—UAU ' colll, (kPSz;)
= U(z — AcollY | (kPSu] z;))

= Ucol (2 — kA PS%))
N

=urz1 + ZUZ(I — Iﬁ)\ZPS)ZZ
=2
N
= <u1u1T + ZW(I - /@)\iPS)uiT> x
=2

Due to the orthogonality between u; and u; for i # j,

N
U = (WJ +) " ui(I - kX PS)
=2

Bu using the limit in Lemma 6,

N
(ulul —i—ZuZHu )

=2
ululir(Zul )

and since Zl o uzu =1y — u1u1 , the last expression
is exactly (44). Due to the orthogonality between uju;
and Iy — uyu; is readily verified that [Pz, Pay] = 0
for all z, y € H™. The proof of (él is immediate by
noticing that, with M := Iy —uyu, , Mz = col;(z; — T)
and thus, if y = col;(y;),

lim 'z =
y—00

=, (Izy),

[Pay, x| = [M col;(Ily;), x| = [col;(Ily;), M ]
N
= Z [My;, (Mx),] = [y;, T (Mx),]
i=1 i=1
= [y, col; (IT* (M x);)]
= [y, coly(II")(z; — 7))] = [y, P37].
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