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Abstract
Quasi-formal employment refers to a situation in which a formal employer and a 
formal employee agree to declare only part of the wage and the rest being paid in 
cash to avoid tax liabilities. This phenomenon is detrimental to government budgets 
and to worker protection. It is therefore crucial to understand its extent and its driv-
ers. The Eurobarometer survey no. 498 provides the information to achieve these 
objectives. However, several issues in the data need to be addressed with credible 
solutions in order to rely upon the inferences drawn. These issues are primarily con-
cerned with the reliability of the data, which is compromised due to the phenom-
enon of social desirability bias. This can be defined as the tendency of respondents 
to provide false information when answering sensitive questions relating to socially 
stigmatized behaviors, such as tax evasion. In this work, we present a unified frame-
work for modeling such survey data that overcomes the problems raised by social 
desirability bias and accommodates the structure of the variables of interest. In par-
ticular, we propose a two-part beta regression model where the part one models the 
participation in quasi-formal employment, whereas the part two models the share 
of annual gross income earned under the table. We allow the dependent variables 
of both parts of the model to be mismeasured to handle social desirability bias and 
generalize the part two using a beta regression framework that is suitable for the 
limited dependent variable representing the incidence of wage paid in cash. The per-
formance of the estimators is evaluated through a Monte Carlo simulation study and 
compared with those achieved through a standard procedure that ignores the issues 
arising from social desirability bias. An application to the Eurobarometer survey no. 
498 on quasi-formal employment is provided.
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1  Introduction

There is a driving force in global marketplace that has a huge economic impact 
and has begun to receive the attention it deserves from researchers and policy-
makers in the last five decades or so. It is the shadow economy (SE), that is, all 
those economic activities that are hidden to the government eyes either because 
they are illegal or to prevent taxation/regulations. Given the importance of the 
subject, there has been an ongoing debate about the causes, nature, and evolution 
of such hidden economic activities.

When concealment concerns the labor force, we speak of undeclared work. 
This is defined at the European Union (EU) level as “any paid activities that are 
lawful as regards their nature, but not declared to public authorities, taking into 
account differences in the regulatory systems of the Member States" (Europ​ean 
Labor​ Autho​rity).

Undeclared work has been the subject of an active stream of literature devoted 
mainly to the identification of its drivers (Castells et  al. 1989; Feld and Frey 
2007; Maloney 2004; Williams and Schneider 2013), the assessment of its magni-
tude (Arezzo et al. 2023; Franic et al. 2023; Williams et al. 2017) and the critical 
evaluation of its theoretical economic framework (Williams et  al. 2015; Williams 
and Horodnic 2015; Williams 2009). It has not escaped these observant eyes that 
undeclared work has different nuances and manifests itself in different ways. This 
work explores one of the more recently described types of noncompliance, which 
is denoted in the research literature as ‘under-declared’ or ‘quasi-formal employ-
ment’. These two terms indicate a form of employment in which an employer con-
ceals from the public authorities the actual remuneration of his legally registered 
employee by declaring only a part of it (OECD 2008; Williams and Padmore 2013). 
The worker therefore receives two different payments for the same job, with part of 
the agreed wage paid officially (i.e. the declared wage) and the rest paid ‘under the 
table’. This latter part of the remuneration, commonly referred to as the ‘envelope 
wage’, is not declared and therefore not taxed. It is estimated that in 2013 more than 
11 million people in the EU have been employed on a quasi-formal basis (Williams 
2013), which clearly shows that this practice has already become a constituent part 
of labor markets around Europe.

This illegitimate practice shows that individuals can be involved in both for-
mal and informal spheres in parallel, not only by having more than one job, but 
also within the same job (Williams and Padmore 2013). The detection of under-
declared jobs is a formidable challenge for the authorities because they highly 
resemble their formal counterparts (OECD 2008). An enterprise with workers on 
a quasi-formal basis may appear to be in compliance with its tax and social secu-
rity obligations, but this is not the true picture. As there is no written record of 
any agreement between the two parties, it is extremely difficult for inspectors to 
identify potential offenders and to prove that the worker being inspected is receiv-
ing additional cash payments (Meriküll and Staehr 2010).

For a statistician, studying the phenomenon of quasi-formal employment using 
survey data is a challenging task, as it requires the resolution of several issues 
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in order to produce credible inferences. Nevertheless, the provision of a solu-
tion appears to be of paramount importance, given that sample surveys (in this 
instance, we are specifically referring to the special Eurobarometer surveys) are 
the only tool currently available for studying and understanding the phenomenon 
of quasi-formal employment. Prior to embarking on this investigation, it is essen-
tial to define precisely the aspects of quasi-formal work that will be the focus of 
our attention, and consequently, of the inferences. The first of these is the extent 
of the involvement in this particular form of work, and consequently, we are inter-
ested in the estimation of the proportion of population engaged in such activi-
ties. The second area of interest is the incidence of wages paid out of envelopes. 
Along with that, we also want to properly evaluate the determinants of quasi-for-
mal employment. All these tasks would be straightforward if the sample surveys 
available for this purpose did not suffer from certain problems that we outline.

The first issue to be faced is data reliability. In fact, due to the sensitive nature 
of the subject, the respondents have a high probability of concealing their irregu-
lar status and the extent of their involvement and will therefore be inclined to lie. 
In statistical terms, this means that the variable of interest is measured with error, 
with negative consequences for the validity of the inferential process. In the socio-
economic literature, the tendency to hide behaviors that are socially not accepted is 
called social desirability bias.

The second issue pertains to the low frequency with which respondents indicate 
that they are engaged in quasi-formal employment. This low frequency is the com-
bined effect of respondents providing an untruthful answer with the intention of con-
cealing deviant behavior and the reality that, in general, deviant behavior is a minor-
ity phenomenon within the economy. In statistical terms, data of this nature are 
described as ‘zero-inflated’ due to the high frequency of observations at the value 
of zero.

The third problem concerns the variable that measures the incidence of wages 
paid under the table which, by construction, is bounded in the (0, 1) interval. For 
this type of variable, the linear regression model is not appropriate. In fact, when 
the dependent variable is bounded, the linear regression model may produce fitted 
values outside such interval. A possible solution is to transform it so that it assumes 
values on the real line and then model the mean of the transformed response as a 
linear predictor based on a set of exogenous variables. Unfortunately, this approach 
has drawbacks: the model parameters lack interpretations in terms of the original 
response, and, since the measures of incidences typically display asymmetry, infer-
ence based on the normality assumption can be misleading. A popular solution is 
provided by the beta regression model (Ferrari and Cribari-Neto 2004) and succes-
sive generalizations as the one introduced in Ospina and Ferrari (2012) and suitable 
to handle data that includes one of the boundary values of the proportions (i.e. 0 or 
1).

We propose a model that can handle all three issues simultaneously. To elaborate 
further, the inflation of zeros is addressed through a two-part model. Part one of the 
model determines whether the variable of interest is zero or positive, whereas part 
two explains the level of the variable, given that it is positive. We generalize the 
part two using a beta regression framework that is suitable for the limited dependent 
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variable representing the incidence of wage paid in cash. Finally, we allow the 
dependent variables of both parts of the model to be mismeasured to handle social 
desirability bias. To the best of our knowledge, no model in the literature can simul-
taneously address the above mentioned issues, thus contributing to the ongoing 
debate on the estimation of quasi-formal employment.

The paper proceeds as follows. Section  2 describes the Eurobarometer survey 
data that constitutes our motivating case study; in Sect. 3, we first review the stand-
ard two-part model and then illustrate the proposed extensions; Sect. 4 reports the 
finite sample performances of the estimates obtained from the proposed model and 
the standard one; in Sect. 5, we show and discuss the results on the case study. Sec-
tion 6 reports final remarks.

2 � Data and motivating case study

The adopted framework is informed by our empirical case study. Therefore, we dis-
cuss the data before turning to some modeling details.

We used the special Eurobarometer survey no. 498 conducted in 2019 in order 
to analyze the prevalence and distribution of envelope wage payments in the 27 
EU Member States (see Table 1 for a description of the variables considered in this 
work). The survey is based on 27,565 face-to-face interviews conducted in all 27 
States to individuals aged at least 15 years. As envelope wage is a phenomenon that 
only concerns the employed population, the sample on which the analysis was based 
is downsized to the 11,613 occupied individuals.

The survey reports the answers to questions such as: “Sometimes employers pre-
fer to pay all or part of the regular salary, or remuneration for extra work or overtime 
hours, cash in hand and without declaring it to tax or social security authorities. Did 

Table 1   Definition and descriptive statistics of the Eurobarometer no. 498 survey variables

Sample size equal to 11,613 individuals

Definition Mean/mode Acronym

Received envelope wage (Yes/No) 98.5% (No)
1
Y

Percentage of envelope wage on yearly income 30%
2
Y

Area of residence of the interviewed East (44%) Region
Respondent age 44 Age
Dummy for female Female (54%) Gender
Occupation of the respondent Manual worker (46%) Occupation
Size of the firm where the respondent works 1–99 (66%) Firm size
Individual perception of detection risk Fairly small (41%) Detection risk
Individual evaluation of sanctions if caught Normal tax plus a fine (64%) Sanctions
Individual assessment of compliant behavior 8.465 (in a range 0–10) Tax morale
Age on leaving full-time education 16–19 years (49%) Formal education
Difficulty in paying bills No financial problems (69%) Financial difficulties
Respondent cooperation during the interview Excellent (63%) Resp. cooperation
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your employer pay you all or part of your income in the last 12 months in this way?" 
(Received envelope wage, in Table  1); “Approximately what percentage of your 
gross yearly income in your main job did you get this way?" (Percentage of envelope 
wage on yearly income, in Table 1). Obviously, the latter question was administered 
only to respondents who admitted involvement in quasi-formal work. The survey 
also includes questions about some demographic (area of residence, age, and educa-
tion) and socioeconomic (occupation, firm size, and a proxy of income, namely, the 
difficulty in paying bills) characteristics. The survey also provides information on 
individual perceptions of the risk of detection, individual assessments of expected 
sanctions in the event of detection, and individual assessments of specific non-com-
pliant behaviors (the corresponding information is summarized in the tax morale 
variable, Torgler (2007)). Lower levels of the latter variable, i.e. the tax morale, 
indicate lower propensity of complying with tax obligations.

From Table 1, we can see first of all that the percentage of respondents who admit 
to receiving part of their salary in cash is very low (less than 2%). This gives us 
the cue to make some points. The first and most obvious is that our data have an 
inflation of zeros. The second is that it is possible that some of these zeros are, in 
fact, ones. In other words, it is possible for someone to deny being in quasi-formal 
employment (0), when in fact they are (1). This introduces the possibility that social 
desirability bias is at play, which would result in the binary variable used to measure 
whether respondents are in quasi-formal employment being measured with error. In 
accordance with the relevant literature (Neuhaus 1999; Hausman et  al. 1998), we 
will say that the binary variable is misclassified. If this is the case, inference about 
involvement in quasi-formal work would be biased if we did not take potential mis-
classification into proper account.

Among the respondents who acknowledge receiving part of their salary in 
cash and off-the-book, on average this represents around 30% of their annual 
income. Although this figure is quite high, we cannot rule out the possibility of 
under-reporting.

Given the nature of the phenomenon under study and the social stigma associated 
with it, it can be assumed that none of the respondents to the survey will claim to be 
engaged in quasi-formal work if they are not, nor will they overstate the incidence 
of wages resulting from it. This implies that the direction in which the measurement 
error due to social desirability bias acts on the variables of interest is one-sided. 
Possible over-reporting would only be observed when respondents under-evaluated 
the formal part of income and thus overstated the share of wages paid in cash. This 
circumstance, however, would be quite rare, and the corresponding error would be 
entirely random in nature and not dependent on social desirability bias.

A symptom of measurement error in the variables of interest is also suggested 
by the cooperation perceived by the interviewer and reported in the “Respondent 
cooperation" variable (qualitative with four possible response categories: Bad, Aver-
age, Fair, Excellent). Although cooperation was rated as good in most cases, not all 
respondents were fully cooperative and about 7% of respondents showed poor coop-
eration. Among them, nearly no one admitted to be in quasi-formal employment. As 
the reluctance to cooperate could be a signal that something is being hidden, such 
variable could be used as a proxy for respondent reliability.
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3 � The proposed model

In this section, we first illustrate the standard two-part model and the modification that 
consists of including a beta regression in the part two (Subsection 3.1). We then illus-
trate the proposed model, modified to take into account the possibility that the depend-
ent variable of the first and/or second part may be affected by measurement errors 
(Subsection 3.2).

3.1 � The standard two‑part beta regression model

In the setting of interest, a standard two-part beta model has the following form:

where 1Y  is a binary variable and 2Y  is a continuous variable that takes positive 
values in the unit interval when 1Y = 1 , otherwise 2Y = 0 ; � ∈ (0, 1) is the loca-
tion parameter of the beta distribution and corresponds to the expected value of the 
response variable 2Y  ; � ∈ (0,+∞) can be interpreted as a precision parameter such 
that, for fixed � , the larger the value of � , the smaller the variance of 2Y  . For the 
generic i − th observation, the probability �i , the expected value �i as well as the 
precision �i can be explained through some covariates in a regression setting.

Several specifications and different link functions may be used for � , � and � (see 
Ferrari and Cribari-Neto (2004); Simas et al. (2010)). We consider the probit, the 
logit and the log link functions, respectively:

where Φ(⋅) is the standard normal cdf; g
1
(⋅), g

2
(⋅) ∶ (0, 1) → R and 

g
3
(⋅) ∶ (0,∞) → R are strictly monotonic and twice differentiable link functions; Z, 

X and U are sets of covariates (possibly partially or even completely overlapping); � , 
� and � are parameter vectors.

The resulting two-part beta regression model can be summarized as follows:

(1)Part one: 1Y = 1 with probability �

(2)Part two: 2Y ∼ Beta(��;(1 − �)�)

(3)g1(�i) = Φ−1(�i) = Z
�
i
�,

(4)g2(�i) = log

(
�i

1 − �i

)
= X

�
i
�,

(5)g3(�i) = log(�i) = U
�
i
�,

(6)Part one: P(1Yi = 1|Zi) = P(1Yi = 1|Zi) = �i = Φ(Z�
i
�)

(7)Part two: E(2Yi|1Yi = 1,Xi) = �i =
exp

(
X
�
i
�
)

1 + exp
(
X
�
i
�
) , �i = exp

(
U

�
i
�
)
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The corresponding likelihood function is given by Cragg (1971):

where � are parameters that govern the part one, whereas � and � govern the part 
two. More precisely, L1(�) is the likelihood of a standard probit regression model. 
L2(�,�) refers to the beta regression model for the limited continuous variable 2Y .

3.2 � A two‑part beta regression model with measurement error on the dependent 
variables

As anticipated in Sect.  2, given the data structure of the motivating example, we 
expect that the dependent variables entering in part one (6) and part two (7) of the 
model are mismeasured because some respondents deliberately provided false infor-
mation. Furthermore, we expect that measurement errors are one-sided.

More precisely, when a measurement error occurs in part one (6), we would 
observe a 0, but the true value of 1Y  is 1. In this case, we say that 1Y  is misclassi-
fied (Meyer and Mittag 2017; Hausman et al. 1998; Neuhaus 1999). When the error 
occurs in part two (7), the observed value of 2Y  is lower than the true one, that is, 
respondents under-report the share of wages paid off-the-books.

In the literature, it is well known that the occurrence of misclassification in the 
part one of the model implies inconsistent parameter estimates (Hausman 2001; 
Neuhaus 1999; Meyer and Mittag 2017). There are several applied works that han-
dle such issue (Beesley and Mukherjee 2022; Gerlach and Stamey 2007; Savoca 
2011; Arezzo and Guagnano 2019; Arezzo et al. 2023, 2024).

On the contrary, to the best of our knowledge, there are no contributions to assess 
the consequences of measurement error in the beta regression (part two of the 
model). Despite this deficiency, the consequences on parameter estimates could be 
rather severe, as we will show in the simulation study (Sect. 4).

We propose an extension of the two-part beta regression model that accounts for 
mismeasured dependent variables in both parts of the model.

Let us introduce some notation. For a generic variable Y, let YO be the observ-
able error-prone variable and YT the corresponding not observable true variable. The 
misclassification model, which specifies the behavior of 1YO given the true unob-
served value 1YT =1 y

T , is characterized by the probability:

and the misclassification occurs when 1yO ≠1 y
T (Hausman et al. 1998).

As previously stated, when respondents are queried about their involvement in 
deviant behavior, they are likely to conceal it due to social desirability bias (i.e. 
1y

O = 0 when in fact 1yT = 1 ) and there is no reason to believe that a positive answer 

(8)
L(�,�,�) =

[∏
1Yi=0

(1 − �i) ⋅
∏
1Yi=1

�i

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
L1(�)

⋅

[∏
1Yi=1

f (2Yi|1Yi = 1,Xi,Ui)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
L2(�,�)

(9)P(1Y
O =1 y

O|1YT =1 y
T ),
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could be given improperly. For this reason, we assume that only one type of misclas-
sification occurs (Arezzo et al. 2024):

Referring to the regression setting in (6), it follows that:

A more general specification considers differential misclassification probabilities �i 
that depend on covariates (Meyer and Mittag, 2017; Chatterjee et al., 2024). Such 
specification requires the definition of non-overlapping subsets with a sufficient 
number of observed  1s.

We also allow a measurement error ei on the second part, which may depend on 
individual characteristics. Again, inspired by our case study, we restrict ourselves 
to considering unidirectional errors, so that the reported proportion is always not 
greater than the true one. In other words, we assume ei ∈ (0, 1) , which represents the 
under-reporting rate of 2YT

i
 . Its complementary part to 1 represents the rate of the 

reported proportion: 2YO
i
=2 Y

T
i
⋅ (1 − ei) . We specify this rate coherently with the 

expected value in (7), i.e. considering a logit link function. Then we set:

where Wi is the matrix containing variables useful to capture the individual response 
reliability and � is the vector of parameters.

The conditional expected value of 2YO
i

 then becomes:

since, conditional on Xi and Wi , 2YO
i

 and 1 − ei are independent.
In order to define the likelihood function conditional to the observed 2yOi  , we con-

sider the following mixture p.d.f.:

with weights �ji defined as:

and conditional densities dj(⋅) as:

(10)P(1Y
O = 0|1YT = 1) = � and P(1Y

O = 1|1YT = 0) = 0.

(11)P(1Y
O
i
= 1|Zi) = (1 − �)P(1Y

T
i
= 1|Zi) = (1 − �)�i = (1 − �)Φ

(
Z
�
i
�
)
.

(12)1 − ei =
exp

(
W

�
i
�
)

1 + exp
(
W

�
i
�
) ,

(13)

E(2Y
O
i
|Xi,Wi) = �∗

i
= E(2Y

T
i
|Xi) ⋅

(
1 − E(ei|Wi)

)

=
exp

(
X
�
i
�
)

1 + exp
(
X
�
i
�
) ⋅

exp
(
W

�
i
�
)

1 + exp
(
W

�
i
�
) ,

(14)f
(
2Y

O
i

)
=

4∑
j=1

�ji ⋅ dj
(
2Y

O
i

)
,

(15)

�1i = P(1Y
O
i
= 0,1 Y

T
i
= 0) = (1 − �i), �2i = P(1Y

O
i
= 1,1 Y

T
i
= 1) = (1 − �)�i,

�3i = P(1Y
O
i
= 1,1 Y

T
i
= 0) = 0, �4i = P(1Y

O
i
= 0,1 Y

T
i
= 1) = � ⋅ �i,
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In particular, the densities d1
(
2Y

O
i

)
 and d4

(
2Y

O
i

)
 collapse to a unit mass function, 

whereas d3
(
2Y

O
i

)
 is irrelevant because the corresponding weight �3i is null. The den-

sity d2
(
2Y

O
i

)
 is therefore the main contribution of the mixture in explaining 2YO

i
 . 

We specify it as Beta
(
�∗
i
�i;(1 − �∗

i
)�i

)
 , with �∗

i
 defined in equation (13) to han-

dle the under-reporting and �i defined in equation (7). The corresponding weights 
tend to zero as � goes to 1. The contribution of the i − th unit to the likelihood then 
becomes:

Parameter estimates are then obtained by maximizing the likelihood function.

3.3 � Prevalence estimate

The prevalence of workers in quasi-formal employment should be evaluated as the 
average of �i defined in equation (6). Because of misclassification the relationship 
between the probability that 1YO = 1 and the probability that 1YT = 1 must be taken 
into account. This relationship is specified in equation (11). Therefore, the estimated 
prevalence can be calculated as the average of such estimated individual probabili-
ties, that is:

3.4 � Algorithmic details

Maximum likelihood estimation for both part one and part two of the model was 
carried out using R (R Core Team 2025, version 4.4.1). In particular, the optimiza-
tion was performed via the optim function of the R package stats using the BFGS 

(16)

d1
(
2Y

O
i

)
= f

(
2Y

O
i
|1YO

i
= 0,1 Y

T
i
= 0

)
=

{
1 if 2Y

O
i
= 0

0 otherwise

d2
(
2Y

O
i

)
= f

(
2Y

O
i
|1YO

i
= 1,1 Y

T
i
= 1,Xi

)

d3
(
2Y

O
i

)
= f

(
2Y

O
i
|1YO

i
= 1,1 Y

T
i
= 0

)

d4
(
2Y

O
i

)
= f

(
2Y

O
i
|1YO

i
= 01Y

T
i
= 1

)
=

{
1 if 2Y

O
i
= 0

0 otherwise

(17)

Li(�, �,�, �,�) =
�
(1 − �i) + � ⋅ �i

�(1−1y
O
i
)
⋅

⋅

⎧⎪⎪⎪⎨⎪⎪⎪⎩

(1 − �) ⋅ �i ⋅
Γ(�i)

Γ(�∗
i
�i)Γ((1 − �∗

i
)�i)

⋅ (2y
O
i
)�

∗
i
�i−1(1 −2 y

O
i
)(1−�

∗
i
)�i−1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Beta(�∗

i
�i;(1−�

∗
i
)�i)

⎫⎪⎪⎪⎬⎪⎪⎪⎭

1y
O
i

(18)𝜋̂ =
1

n

∑
𝜋̂i =

1

n

∑
Φ(Z�

i
�̂)
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method. For the standard beta regression model, we used the functionalities imple-
mented in the R package betareg Cribari-Neto and Zeileis (2010). R code that 
implements the proposed method is available on a GitHub repository (https://​github.​
com/​domvi​t81/​2part​beta).

4 � Simulation study

We present the finite sample performances of the proposed model and compare them 
with the standard two-part beta regression model without measurement error (naive, 
hereinafter), via Monte Carlo simulations.

We assumed the following generating model for the error-free dependent 
variables:

In accordance with our case study, the independent variables used in part one (19) 
and part two (20) of the model are the same. In particular, the covariates were gener-
ated as follows: X1 is normal with zero mean and unit variance, X2 is Bernoulli with 
p = 1∕3 , X3 is log-normal with zero mean and unit variance.

The regression coefficients of the part one (19) were set to �1 = +1 , �2 = +0.5 
and �3 = −0.5 . Since the proportion of 1yT = 1 is governed by the intercept, we 
assigned to �0 the values −1.4 that, for this setting, corresponds approximately to 
10% of true ones. The observable variable, YO , is generated by setting to 0 a propor-
tion � of cases with 1yT = 1 . We set � ∈ {0;0.05;0.4;0.8} , corresponding to scenar-
ios with zero, low, moderate and high rates of misclassification. In particular, when 
� = 0 , the percentage of the observed and true ones is the same, whereas the first 
reduces up to 2% when � = +0.8.

The coefficients for the location parameter of the part two (20) were set to 
�0 = −0.7 , �1 = +0.6 , �2 = +0.8 and �3 = +0.4 , whereas those for the pre-
cision parameter (21) were set to �0 = +3.5 , �1 = +0.3 , �2 = +0.5 and 
�3 = −0.3 . To contaminate the dependent variable of part two with under-
reporting, we used equations (12) and (13). In particular, we generate 
W ∼ 1 +Mult3(p1 = 0.05;p2 = 0.35, p3 = 0.60) to mimic a proxy variable repre-
sentative of the individual response reliability (e.g. the Respondent cooperation var-
iable of our motivating example). The value of � governs the under-reported propor-
tion of the continuous part. Scenarios with negligible, low, moderate and high rates 
of under-reporting were then generated by setting � ∈ {3;1.25;0.7;0.35} , respec-
tively. In particular, these values correspond approximately to <0.01%, 5%, 15% and 
30% of under-reporting, respectively.

(19)P
(
1Y

T = 1|X1,X2,X3

)
= Φ

(
�0 + �1X1 + �2X2 + �3X3

)
,

(20)� =
exp(�0 + �1X1 + �2X2 + �3X3)

1 + exp(�0 + �1X1 + �2X2 + �3X3)
,

(21)� = exp(�0 + �1X1 + �2X2 + �3X3),
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In summary, by combining � ∈ {0;0.05;0.4;0.8} and � ∈ {3;1.25;0.7;0.35} , we 
simulated 16 scenarios having different combination of misclassification and under-
reporting rates. Each simulated scenario was run 200 times with samples of size 
n = 10, 000.

The performance of the proposed approach was assessed in terms of (relative) 
bias, coverage rate and width of the 95% confidence intervals. We compared the pre-
vious metrics with those obtained by the naive model.

Figures  1 and 2 report the distribution of � and � parameter estimates, respec-
tively, achieved by the proposed approach in different scenarios. In Fig.  1 only 4 
scenarios, characterized by no, low, moderate and high misclassification rates ( � ) 
were reported, as the choice of � does not affect the part one of the model. For � , 
instead, 16 scenarios combining different rates of misclassification ( � ) and under-
reporting ( � ) were considered. As � increases, in fact, the data available for the part 
two of the model decreases. On average, estimates of � and � parameters were in 
strict agreement with the true values, irrespective of the severity of misclassification 
and/or under-reporting rates simulated in each scenario. The overestimation of � in 
the scenario without misclassification (panel a of Fig. 1, � = 0 ), is indeed negligible, 
since most of the simulations yielded values lower than 0.03.

With regard to the regression parameter estimates, the proposed approach per-
formed better than the naive. Due to space limitations, figures and tables of the main 
paper are focused on � and � parameters, whereas those for � are available in the 
supplementary material (SM). A better performance in terms of relative bias was 
obtained for both set of parameters, in the part one (Fig. 3) and part two (Figs. 4 and 
S1 of the SM) of the model, irrespective of misclassification and/or under-reporting 
rates considered in this paper. Conversely, the naive model produced biased esti-
mates whose magnitude increases as the amount of misclassification and/or under-
reporting grows. We can also observe a larger variability of the parameter estimates 
in scenarios contaminated with high misclassification and/or under-reporting, 
more pronounced for the proposed than the naive approach. This is a natural con-
sequence of the introduction of more uncertainty due to the additional unknown � 
and � parameters. The goodness of the proposed approach, respect to the naive one, 
in terms of reliability of the inferences obtained, can be deduced from the cover-
age rates of the regression coefficients (Tables 2, 4 and S1 of the SM). In fact, the 
coverage rate for the naive model rapidly deteriorates as the misclassification and 
under-reporting rates increase, whereas the proposed model always maintains good 

Fig. 1   Boxplot of � estimates via the proposed approach over 200 simulation runs in scenarios with zero 
( � = 0 , panel a), low ( � = 0.05 , panel b), moderate ( � = 0.5 , panel c) and high ( � = 0.8 , panel d) mis-
classification rate affecting the response variable. Horizontal dashed blue lines indicate the true value of 
each scenario
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Fig. 2   Boxplot of � estimates via the proposed approach over 200 simulation runs in different scenarios. 
Panels a-d (top): scenarios with no misclassification ( � = 0 ) and increasing level of under-reporting (a) 
� = 3 ; (b) � = 1.25 ; (c) � = 0.7 ; (d) � = 0.35 . Panels e-h: scenarios with low misclassification ( � = 0.05 ) 
and increasing level of under-reporting (e) � = 3 ; (f) � = 1.25 ; (g) � = 0.7 ; (h) � = 0.35 . Panels i-l: 
scenarios with moderate misclassification ( � = 0.4 ) and increasing level of under-reporting (i) � = 3 ; 
(j) � = 1.25 ; (k) � = 0.7 ; (l) � = 0.35 . Panels m-p: scenarios with high misclassification ( � = 0.8 ) and 
increasing level of under-reporting (m) � = 3 ; (n) � = 1.25 ; (o) � = 0.5 ; (p) � = 0.35 . Horizontal dashed 
blue lines indicate the true value of each scenario

Fig. 3   Relative bias (%) of the parameters of the part one of the model estimated by standard probit 
regression (naive, gray box plots) and the proposed approach (white box plots) over 200 simulation runs 
in scenarios with zero ( � = 0 , panel a), low ( � = 0.05 , panel b), moderate ( � = 0.4 , panel c) and high 
( � = 0.8 , panel d) misclassification rate
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coverage rates for all the regression parameters in all scenarios considered. The only 
exception refers to the coverage rate of parameters of part two in scenarios contami-
nated by a high rate of under-reporting ( � = 0.35 , i.e. 30% of average under-report-
ing), where it reduces to around 80%.

Compared with the naive, the good coverage rate observed for the proposed 
approach is partly due to less unbiased estimates of the parameters, partly due to a 
wider 95% confidence interval (Tables 3, 5 and S2 of the SM). Overall, we expected 
that the higher the rate of misclassification and/or under-reporting, the wider the 
95% confidence interval, as standard errors are inversely proportional to the number 

Fig. 4   Relative bias (%) of the location parameters of the part two of the model estimated by standard 
beta regression (naive, gray box plots) and the proposed approach (white box plots) over 200 simulation 
runs in different scenarios. Panels a-d: scenarios with no misclassification ( � = 0 ) and increasing level 
of under-reporting (a) � = 3 ; (b) � = 1.25 ; (c) � = 0.7; (d) � = 0.35 . Panels e-h: scenarios with low mis-
classification ( � = 0.05 ) and increasing level of under-reporting (e) � = 3 ; (f) � = 1.25 ; (g) � = 0.7 ; (h) 
� = 0.35 . Panels i-l: scenarios with moderate misclassification ( � = 0.4 ) and increasing level of under-
reporting (i) � = 3 ; (j) � = 1.25 ; (k) � = 0.7 ; (l) � = 0.35 . Panels m-p: scenarios with high misclassifica-
tion ( � = 0.8 ) and increasing level of under-reporting (m) � = 3 ; (n) � = 1.25 ; (o) � = 0.7 ; (p) � = 0.35
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of ones generated in the part one. Such an increase resulted more pronounced for the 
proposed than the naive approach, the latter resulting insensitive to the increase of 
under-reporting rate for a given rate of misclassification. In fact, if on the one hand 
the increase in the misclassification rate reduces the amount of available data in the 
part two, on the other, the increase in uncertainty due to higher under-reporting rates 
is only taken into account by the proposed approach.

5 � Real data application

5.1 � Model estimation

In the following, we apply the proposed two-part beta regression model with meas-
urement error (Sect. 3.2), to the dataset described in Sect. 2. On the one hand, we 
aim to quantify the misclassification and/or under-reporting rates that contaminate 
the data, and on the other hand, to obtain more accurate estimates of model regres-
sion parameters.

The dependent binary variable of the part one of the model ( 1YO ) is the Received 
envelope wage, whereas the dependent variable of the part two ( 2YO ) is the Per-
centage of envelope wage on yearly income, re-scaled in (0,1) interval. With the 
exception of Respondent cooperation (abbreviated as RC), all other variables listed 

Table 2   Coverage rate (%) for the parameters of the part one of the model estimated by standard probit 
regression (naive) and the proposed approach by scenario

1. MC: misclassification

Naive Proposed

Scenario1 �
0

�
1

�
2

�
3

�
0

�
1

�
2

�
3

No MC ( � = 0) 94.5 95.5 96.0 95.5 96.0 94.5 95.5 94.5
Low MC ( � = 0.05) 92.5 83.0 91.0 92.0 97.0 96.0 95.0 96.0
Moderate MC ( � = 0.4) 0.0 0.0 49.5 12.0 94.5 95.5 94.5 96.5
High MC ( � = 0.8) 0.0 0.0 16.0 2.5 98.5 95.0 94.5 96.5

Table 3   Width of the 95% confidence interval for the parameters of the part one of the model estimated 
by standard probit regression (naive) and the proposed approach by scenario

1. MC: misclassification

Naive Proposed

Scenario1 �
0

�
1

�
2

�
3

�
0

�
1

�
2

�
3

No MC ( � = 0) 0.16 0.11 0.17 0.11 0.18 0.15 0.18 0.12
Low MC ( � = 0.05) 0.16 0.11 0.17 0.11 0.21 0.18 0.19 0.13
Moderate MC ( � = 0.4) 0.18 0.12 0.19 0.13 0.37 0.29 0.27 0.19
High MC ( � = 0.8) 0.26 0.15 0.26 0.18 0.76 0.58 0.51 0.37
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in Table 1 were used as covariates for both parts of the model. They were selected in 
agreement with the most influential literature on envelope wages (Franic 2017; Wil-
liams and Padmore 2013; Williams and Horodnic 2017).

Respondent cooperation is only used in part two as a possible determinant of the 
under-reporting of the share of envelope wage on annual income. The underlying 
idea is that more cooperative respondents are less likely to lie and thus to under-
declare the proportion of envelope wage. Among respondents who admit to receiv-
ing part of their salary in cash and off the books, we have aggregated the bad and 
average categories because of their low occurrence.

Before proceeding with model estimation, we evaluated the specification of the 
precision parameter � in the part two by performing a likelihood ratio (LR) test, 
which compares a standard beta regression model with constant precision to one 
with varying precision. The LR test led to the rejection of the null (p-value << 
0.001). Based on this evidence, we opted for a beta regression model with unit-
specific precision. In the following, model specification for the precision parameter 
includes only statistically significant covariates.

The estimates of the regression model parameters that explain the participa-
tion in quasi-formal employment (part one of the model) are reported in Table 6. 
The first thing to notice is that the signs of the coefficients estimated with the 
naive and the proposed model are the same. However, a substantial difference in 
magnitude is observed, with estimates of the proposed model larger than those of 

Table 4   Coverage rate (%) for the location parameters of the part two of the model estimated by standard 
beta regression (naive) and the proposed approach by scenario

1. MC: misclassification. No: � = 0 ; Low: � = 0.05 ; Moderate: � = 0.4 ; High: � = 0.8

2. UR: under-reporting. No: � = 3 ; Low: � = 1.25 ; Moderate: � = 0.7 ; High: � = 0.35

Scenario Naive Proposed

MC1 UR2 �
0

�
1

�
2

�
3

�
0

�
1

�
2

�
3

No No 93.0 91.0 93.5 95.0 92.5 93.5 94.0 96.5
Low 90.0 1.0 4.0 22.5 95.5 91.5 97.0 97.0
Moderate 5.0 0.0 0.0 0.0 94.5 93.5 96.0 92.5
High 0.0 0.0 0.0 0.0 95.0 96.0 96.5 94.5

Low No 94.5 92.5 91.0 95.5 94.5 96.0 94.5 96.5
Low 87.0 2.0 3.0 35.0 95.5 96.0 98.0 95.5
Moderate 5.5 0.0 0.0 0.0 96.0 92.0 94.5 95.0
High 0.0 0.0 0.0 0.0 96.5 97.5 95.5 95.0

Moderate No 95.5 94.5 93.5 92.0 95.0 95.5 95.0 90.5
Low 92.0 8.5 18.5 44.0 95.5 93.0 94.5 95.5
Moderate 17.5 0.0 0.0 0.0 94.5 95.5 94.0 96.5
High 0.0 0.0 0.0 0.0 94.0 96.5 95.5 96.0

High No 94.5 92.0 94.5 91.0 94.5 93.0 95.5 93.5
Low 93.0 49.5 57.5 76.5 93.5 95.0 92.5 95.5
Moderate 56.0 1.0 3.5 23.5 97.0 92.5 94.0 92.5
High 1.0 0.0 0.0 1.0 85.5 77.0 77.5 79.5
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the naive approach. This confirms the so called attenuation effect (or bias toward 
zero) that affects the regression estimates when the binary dependent variable is 
misclassified (Neuhaus 1999).

Moving to the interpretation of the results, there is evidence that women are 
significantly less likely to receive envelope wages than men, and that the preva-
lence of envelope wage payments decreases significantly with age. There is also 
evidence that envelope wages are a practice much more common in the eastern 
countries of the EU. Occupation appears to have a weakly significant influence 
on the propensity to receive envelope wages. In fact, the manual workers are 
more exposed to quasi-formal employment than managers. Furthermore, there is 
evidence that firm size is a significant determinant of this practice. In fact, the 
envelope wages are more common in small and medium firms (employees 1–99) 
than in big enterprises. The financial difficulties are another important driver: 
those who have difficulties most of the time are significantly exposed to the risk 
of quasi-formal employment. Formal education does not have a significant asso-
ciation with the propensity of receiving envelope wages. Neither the expected 
sanctions nor the detection risk have a significant effect on the practice of enve-
lope wages. On the contrary, in line with previous findings in the literature on 
tax morale (Torgler 2007; Arezzo et  al. 2023), it results a central driver in tax 
compliance: individuals with higher tax morale are less involved in quasi-formal 
employment.

Table 5   Width of the 95% confidence interval for the location parameters of the part two of the model 
estimated by standard beta regression (naive) and the proposed approach by scenario

1. MC: misclassification. No: � = 0 ; Low: � = 0.05 ; Moderate: � = 0.4 ; High: � = 0.8

2. UR: under-reporting. No: � = 3 ; Low: � = 1.25 ; Moderate: � = 0.7 ; High: � = 0.35

Scenario Naive Proposed

MC1 UR2 �
0

�
1

�
2

�
3

�
0

�
1

�
2

�
3

No No 0.10 0.05 0.08 0.08 0.10 0.05 0.08 0.08
Low 0.10 0.06 0.08 0.08 0.11 0.07 0.10 0.09
Moderate 0.10 0.06 0.09 0.08 0.12 0.12 0.16 0.13
High 0.10 0.05 0.08 0.07 0.15 0.14 0.19 0.15

Low No 0.10 0.05 0.08 0.08 0.10 0.05 0.08 0.08
Low 0.11 0.06 0.09 0.08 0.11 0.07 0.10 0.09
Moderate 0.11 0.06 0.09 0.08 0.13 0.12 0.16 0.13
High 0.10 0.05 0.08 0.07 0.15 0.14 0.19 0.16

Moderate No 0.13 0.07 0.10 0.10 0.13 0.07 0.10 0.10
Low 0.13 0.07 0.11 0.10 0.14 0.09 0.12 0.12
Moderate 0.13 0.07 0.11 0.10 0.16 0.15 0.21 0.17
High 0.13 0.07 0.10 0.09 0.19 0.18 0.24 0.20

High No 0.22 0.11 0.17 0.17 0.22 0.12 0.18 0.17
Low 0.23 0.12 0.19 0.18 0.24 0.15 0.21 0.20
Moderate 0.23 0.12 0.19 0.17 0.28 0.26 0.35 0.29
High 0.22 0.11 0.18 0.15 0.34 0.29 0.40 0.32
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The estimate of � = Pr(1Y
O = 0|1YT = 1) = 0.89 provides a clear and strong indi-

cation of the need to use models that explicitly allow for the presence of measure-
ment error in the dependent binary variable. This means that, among those who are 
truly involved in quasi-formal employment, almost 90% of them lie. The estimate of 
the prevalence of workers truly involved in quasi-formal employment, calculated via 
equation (18), is 15.7%, approximately ten times higher than the observed sample 
prevalence (1.5%).

Table 6   Coefficient estimates, log-likelihood and Akaike information criterion (AIC) of part one of the 
model resulting from a standard probit regression (naive) and the proposed approach

Data source: Eurobarometer survey no. 498

Naive Proposed

Estimate Std. Err Pr( z|) Estimate Std. Err. Pr( z|)

� coeff.

Intercept −1.144 0.262 0.000 +1.100 0.830 0.185
Region (ref: North West)
−East +0.321 0.075 0.000 +0.631 0.176 0.000
−South +0.237 0.095 0.012 +0.338 0.174 0.052
Age −0.012 0.002 0.000 −0.022 0.006 0.000
Gender (ref: Male)
−Female −0.274 0.059 0.000 −0.479 0.128 0.000
Occupation (ref: Manager)
−Other white collars +0.071 0.092 0.441 +0.149 0.168 0.374
−Manual worker +0.228 0.088 0.010 +0.458 0.178 0.010
Firm size (ref: 100 employees or more)
−1–99 employees +0.527 0.085 0.000 +0.991 0.218 0.000
Detection risk (ref: Very high)
−Fairly high +0.014 0.117 0.906 +0.008 0.211 0.971
−Fairly small +0.169 0.116 0.146 +0.321 0.214 0.133
−Very small +0.318 0.128 0.013 +0.503 0.239 0.035
Sanctions (ref: normal tax or contributions due)
−Fine +0.027 0.064 0.671 +0.128 0.139 0.355
−Prison +0.029 0.135 0.827 +0.153 0.265 0.564
Tax morale −0.115 0.013 0.000 −0.254 0.063 0.000
Formal education (ref: 15 years and under)
−From 16 to 19 years −0.041 0.130 0.750 +0.032 0.256 0.899
−20 years or more +0.119 0.136 0.379 +0.354 0.278 0.204
Financial difficulties (ref: Most of the time)
−Sometimes −0.259 0.100 0.010 −0.593 0.264 0.025
−Never −0.381 0.098 0.000 −0.828 0.282 0.003
� 0.887 0.052 0.000
logLik −1019 −1015
AIC +2075 +2069
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Also for the part two, the signs of the coefficients are the same in the naive and 
in the proposed model (Table 7). Only few estimates are significant, probably due 
to the small number of respondents reporting the percentage of informal earnings. 
The only significant variables explaining the share of income derived from envelope 
wages are the firm size ( p < 0.01 ), the formal education ( p < 0.01 ) and only par-
tially the region of residence and the financial difficulties ( p < 0.05 ). In particular, 
other things being equal, the incidence of envelope wages on total annual income is 
higher in Eastern European countries than in the North-Western countries. There is 
strong evidence that the share of income from quasi-formal work is higher for work-
ers employed in small and medium enterprises and for those with lower education.

Precision is significantly influenced by region, education, and financial difficul-
ties. In particular, the variability is higher in southern regions, for people with lower 
levels of education and for those who never or occasionally experience financial 
difficulties.

The estimate of � is equal to 𝛾̂ = 0.808 and is statistically significant. This indi-
cates that there is under-reporting in the incidence of income paid under the table. 
By plugging 𝛾̂ into equation (12), we obtained the individual reported proportion. 
The average under-reporting for the subpopulation of those involved in under-
declared work is estimated to be 12.45%, and it is calculated as a sample mean in the 
following way: 1

n∗

∑n∗

i=1

�
1 −

�
exp(RCi 𝛾̂)

1+exp(RCi 𝛾̂)

��
 , where n∗ is the number of individuals 

who have acknowledged receipt of envelope wages. It is also possible to compute 
the average under-reporting conditional on each value of the respondent coopera-
tion. Such estimates are represented in Fig. 5. Consistently with our expectation, the 
more reluctant the respondent is to cooperate, the higher is the under-reporting. 
Through this analysis, we estimate that the average under-reporting goes from a 
minimum of about 8% to a maximum of 31%.

In light of the results presented above, the proposed model facilitates a more 
comprehensive understanding of the envelope wage phenomenon. It corroborates 
existing findings in the literature, and introduces novel insights. We will begin by 
examining the results that have already been discussed in the existing literature.

Firstly, those who perceive a very low risk of detection are more likely to engage 
in under-declared employment. Secondly, the evidence indicates that the sanctions 
imposed have no significant effect on the probability of receiving envelope wages. 
Thirdly, what seems to matter very much is tax morale. These two results taken 
together have very important policy implications. In fact, this strategy has previ-
ously demonstrated efficacy, yet some scholars have identified potential concerns, 
as evidenced by the findings of Williams et  al. (2015)  and Williams and Horod-
nic (2020). These findings align with our own results and call for the necessity of 
adapting the toolkit of enforcement authorities over time in order to more effectively 
address the issue of under-declared employment. It is essential to supplement direct 
policy measures (i.e. deterrents) with indirect policy measures aimed at enhancing 
tax morale in order to foster greater voluntary compliance.

With regard to the entirely novel findings, these pertain to part two of the 
model. To the best of our knowledge, no previous studies have modeled the pro-
portion of wages paid in cash or provided an estimate of the under-reporting of 
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Table 7   Coefficient estimates, log-likelihood and Akaike information criterion (AIC) of part two of the 
model resulting from a standard beta regression (naive) and the proposed approach

Naive Proposed

Estimate Std. Err Pr( z|) Estimate Std. Err. Pr( z|)

� coeff. of the location �
Intercept −0.725 0.455 0.111 −0.332 0.559 0.553
Region (ref: North West)
−East +0.211 0.118 0.074 +0.257 0.124 0.038
−South −0.021 0.163 0.898 +0.074 0.181 0.684
Age −0.004 0.004 0.317 −0.005 0.004 0.239
Gender (ref: Male)
−Female −0.074 0.101 0.463 −0.077 0.109 0.478
Occupation (ref: Manager)
−Other white collar −0.076 0.171 0.656 −0.166 0.193 0.389
−Manual worker +0.238 0.156 0.127 +0.191 0.173 0.270
Firm size (ref: 100 employees or more)
−1–99 employees +0.530 0.176 0.003 +0.576 0.186 0.002
Detection risk (ref: Very high)
−Fairly high −0.366 0.254 0.150 −0.422 0.271 0.119
−Fairly small −0.144 0.254 0.572 −0.173 0.270 0.521
−Very small +0.165 0.267 0.537 +0.149 0.280 0.595
Sanctions (ref: normal tax or contributions due)
−Fine +0.052 0.109 0.631 +0.082 0.115 0.476
−Prison +0.035 0.233 0.880 +0.078 0.242 0.746
Tax morale −0.008 0.024 0.725 −0.022 0.025 0.377
Formal education (ref: 15 years and under)
−from 16 to 19 years −1.009 0.254 0.000 −1.074 0.303 0.000
−20 years or more −0.632 0.271 0.020 −0.691 0.319 0.030
Financial difficulties (ref: Most of the time)
−Sometimes +0.272 0.128 0.034 +0.265 0.133 0.047
−Never +0.247 0.123 0.044 +0.219 0.130 0.091
� coeff. of the precision �
Intercept +3.630 0.569 0.000 +3.549 0.594 0.000
Region (ref: North West)
−East −0.532 0.288 0.064 −0.532 +0.308 0.084
−South −1.149 0.351 0.001 −1.050 +0.395 0.008
Formal education (ref: 15 years and under)
−from 16 to 19 years +1.122 0.447 0.012 +1.309 0.483 0.007
−20 years or more +0.566 0.460 0.218 +0.678 0.491 0.167
Financial difficulties (ref: Most of the time)
−Sometimes −1.883 0.350 0.000 −1.951 0.412 0.000
−Never −1.802 0.360 0.000 −1.852 0.443 0.000
�∗ +0.808 0.420 0.000
logLik +115 +119
AIC −161 −164
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this proportion. Our contribution therefore is twofold: first, to facilitate the under-
standing of the role played by determinants, and second, to propose a method to 
quantify the under-reporting rate of respondents.

Regarding the possible determinants, the first thing to note is that the only sig-
nificant variables in part two are firm size and formal education. Employees in 
small firms tend to have a higher incidence of off-the-books income. This find-
ing is consistent with a large body of economic literature (La Porta and Shleifer 
2008; La Porta and Shleifer 2014; Ulyssea 2018) showing that small and less 
competitive firms need to reduce costs to stay in the market, and one way to do 
this is to reduce labor costs by not paying all the taxes due. These firms tend to 
employ low-skilled workers. This is because they can exert more pressure. Our 
results are consistent with this, as low-skilled workers tend to have medium/low 
levels of education. A completely new result concerns the non significance of the 
tax morale in the second part of the model. This means that tax morale does not 
play a role in the determination of 2Y  , but only in 1Y  . In other words, tax morale 
comes into play when the employee has to make the decision to take part of his 
or her salary in cash, but once the decision has been made, tax morale loses its 
power.

Table 7   (continued)
∗ For the estimate of � the null hypothesis is H

0
 : � ≥ 3 (i.e. negligible under-reporting)

Data source: Eurobarometer survey no. 498

Fig. 5   Estimated under-reporting by respondent cooperation
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5.2 � Model evaluation

To give strength to the results obtained in the case study, we run several analyses to 
validate the model specification and assess its performance. The details are reported 
in the following.

Identifiability analysis

Assessing whether the model parameters are uniquely and reliably estimated 
from the available data is a crucial step in parameter estimation, particularly in cases 
of complex models and noisy data.

To this end, we performed a parameter identifiability analysis using an approach 
based on likelihood profiling (Raue et al. 2009). Initially established in the conven-
tional statistical literature as a tool for eliminating nuisance parameters and con-
structing approximate confidence intervals with asymptotic guarantees and good 
performance in small samples, profile likelihood is an established concept to assess 
parameter identifiability in nonlinear regression in various research fields (see Simp-
son and Maclaren (2023) for applications in mechanistic models and Kreutz (2018) 
for applications in biological systems).

In short, for a set of data y and a parameter vector � , the profile log-likelihood 
(PLL) for the j − th parameter of interest is defined as

i.e. the log-likelihood (LL) is evaluated as a function of the parameter of interest �j 
for fixed p-values, while all other parameters �k≠j are re-optimized.

The corresponding 95% confidence interval (CI) for the parameter �j is given by:

The shape of the profile log-likelihood with respect to the CI is used to judge param-
eter identifiability. In particular, three scenarios can be distinguished. i) If the profile 
log-likelihood exhibits a unique maximum and a finite CI, then the �j parameter of 
interest is identifiable. ii) If the profile log-likelihood has a unique maximum, but a 
CI that is only bounded on one direction, e.g. exhibits a plateau above the threshold, 
the parameter is termed practically non-identifiable. Finally, iii) a flat profile log-
likelihood indicates non-unique parameter estimates, because changing the values of 
�j has no impact on the log-likelihood and can be entirely compensated by refitting 
the other parameters. Such flat directions in the parameter space indicate redundant 
parametrization and correspond to a structural non-identifiability.

Figure 6 shows the profile log-likelihood of the � (panel a) and � (panel b) param-
eters. As shown, the profile log-likelihood of both parameters exhibits a unique max-
imum and a finite CI. This finding indicates that both parameters are identifiable. In 
particular, according to the profile log-likelihood, the 95% CI for � ranges from 0.70 
to 0.92, while for � spans from 0.2 (UR rate equal to 37%, on average) to 2 (UR rate 
equal to 1.5%, on average). This implies great uncertainty about � that, as for the sig-
nificance of � parameters, may depend on the small number of respondents reporting 

(22)PLLj(p) = max
�∈{�|�j=p}

LL(y|�)

(23)CIPLLj(p) =
{
p | PLLj(p) ≥ max

�
LL(y|�) − �2

0.95,1

2

}
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the percentage of informal earnings. Regarding the parameters � , � and � , no identi-
fiability problem was encountered (see Figs. S2, S3 and S4 of the SM).

Assessing the validity of the basic assumptions

Estimating measurement error models without side information requires strong 
assumptions, some of which are known to lead to substantial bias when violated. 
The key assumptions of the proposed approach mainly concern i) the probability of 
misclassification in part one, which is assumed to be constant, and ii) the parametric 
functional form to separate the models of behavior from reporting.

In our specification, we assume the constancy of � among individuals or groups 
of individuals. This assumption would need to be verified due to the negative con-
sequences of its violation on the bias of the estimates. As highlighted in Meyer and 
Mittag (2017); Copas (1988); Chatterjee et al. (2024); Ekholm and Palmgren (1982), 
the maximum likelihood estimate of � parameters based on a misclassified depend-
ent variable is consistent under not too strict conditions, one of which requires sym-
metric and not linear distribution function. However, its performance can be very 
poor because of the confounding of the � parameters with the misclassification error. 
In fact, nonlinear cdf, such as the normal and the logistic assumed in the probit and 
logit models, respectively, are almost linear except near the boundaries of the (0,1) 
interval. In such a case, the � estimates could be highly unreliable.

To overcome this problem, Meyer and Mittag (2017) and Chatterjee et al. (2024) 
recommend differential misclassification probabilities estimated by partitioning 
the sample space into several non-overlapping subsets, each representing a distinct 
group. However, this approach was not feasible for the case study at hand, due to the 
low number of  1s that fall into some groups. Moreover, an internal validation sub-
sample (i.e. a set of data unaffected by misclassification) as a remedy for the identifi-
ability problem is not available for the special Eurobarometer survey no. 498.

For all the reasons mentioned above, we opted for a non-differential misclassifi-
cation probability. We are aware of the inherent limitations, but we believe that the 
estimates are quite reliable. We are confident in this, as they are supported by the 
results of the empirical identifiability analysis, which was based on the profile likeli-
hood and carried out in the previous section.

Referring to the functional form used to separate the models of behavior from 
reporting, it was tailored around the case study. In particular, both parts of the 

Fig. 6   Profile log-likelihood for � (panel a) and � (panel b) parameters estimated on the Eurobarometer 
survey data. Horizontal red line indicates the 95% confidence interval
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proposed model were allowed for one-sided errors motivated by social desirabil-
ity bias. As a consequence, part one assumes that P(1YO = 1|1YT = 0) = 0 , thus 
excluding the possibility that people with true regular status ( 1YT = 0 ) declare them-
selves irregular ( 1YO = 1 ). The part two, instead, only takes into account the pos-
sibility of under-reporting the share of their salary paid in cash, thus excluding the 
over-reporting scenario. Although supported by the literature on social desirability 
bias and shadow work (Krumpal, 2013; Williams and Horodnic, 2020; Williams 
and Horodnic, 2017), we also performed ad hoc statistical analyses to validate these 
assumptions.

In particular, for part one, we adopted the general specification that also includes 
an additional parameter representative of false positive rate and then checked for 
the null H0 ∶ P(1Y

O = 1|1YT = 0) = 0 . For part two, the generalization was not as 
flexible, as the functional form of the model only allows under-reporting (of interest 
for our case study) or over-reporting, but not both simultaneously. To overcome the 
problem and test the validity of the adopted functional form, we first re-specified the 
model by admitting over-reporting, and then checked for the absence of this kind of 
mis-reporting. Performing the testing procedures described above (see Section 3 of 
the SM for more details), we found empirical evidence to support both assumptions 
made.

Model performance

Evaluating the performance when data are affected by systematic errors is 
challenging.

Focusing on part one, standard performance metrics (such as accuracy, precision, 
recall, F1 score) cannot be calculated correctly, because they rely on the knowledge 
of the true yi . In our case study, however, assuming that misclassification can only 
be one-sided (i.e. 1 can be classified as 0, but 0 cannot be classified as 1), we can 
consider only 1 s as reliable, whereas the remaining observed 0 s are not. For this 
reason, we construct a specific accuracy metric, based solely on the 1 s. In particu-
lar, we calculated the proportion of  1s that are correctly predicted for varying cut-
off values (i.e. the thresholds �∗ such that 1Ŷi is set equal to 1 if 𝜋̂i ≥ 𝜋∗ ). Figure 7 
(panel a) shows the proportion of corrected predictions of 1 s in the proposed model 

Fig. 7   Model validation and residual diagnostics. Panel a: proportion of  1s correctly predicted by the 
standard probit regression (naive, solid line) and the proposed approach (dashed line) for the part one of 
the model. Panel b: standardized residuals of the proposed approach for the part two of the model. Panel 
c: normal Q-Q plot using quantile residuals of the proposed approach for the part two of the model; the 
colored area indicates the 99% confidence interval



	 M. F. Arezzo et al.

(dashed line) and in the naive model (solid line). As shown, the proportion of cases 
correctly predicted by the naive model is consistently lower than that of the pro-
posed model. Moreover, in the naive model, there is a notable decline in this metric 
as the cutoff increases, which is not observed in the proposed model. This indicates 
a clear advantage for the latter.

Regarding part two, model assessment is largely based on residual diagnos-
tics (Cribari-Neto and Zeileis 2010; Ospina and Ferrari 2012). However, since the 
observed dependent variable is mismeasured, model residuals become less informa-
tive than usual, as they are unable to capture the true performance of the model. 
Nevertheless, we checked for the lack of pattern and the normality of model residu-
als. As shown in Figs. 7, panels b and c, both assumptions seem to be fulfilled.

Finally, we have included some measures to enable a comparative assessment of 
the naive and the proposed model. In order to facilitate a comparison between the 
two models, we proceeded to estimate the relative amount of information lost by 
each model using the Akaike Information Criterion (AIC) and performed a likeli-
hood ratio (LR) test for comparing the goodness of fit of the two competing models 
(see Tables 6 and 7). Both models are essentially similar in terms of AIC, although 
the proposed model has a slight advantage with respect to the naive, either in part 
one and part two. A slight advantage is also suggested by the LR test, which pro-
vides evidence for a better goodness of fit of the proposed approach in both part 
one and two of the model (p-values < 0.01 ). The above results indicate that the true 
added value of the proposed model comes from the significant insights provided by 
� and � parameters, which allow a more accurate analysis and interpretation of the 
results.

6 � Conclusions

Quasi-formal employment is a practice that occurs when formal employers appoint a 
formal employee and they agree in a formal written contract an official reported sal-
ary and at the same time reach an additional unwritten verbal agreement that an extra 
unreported salary will be paid in cash. In addition to being illegal, this practice has 
a negative impact on public finances and worker protection. In fact, at any moment 
employers can withdraw payment of the envelope wage to force the employee to vol-
untarily leave without the need for formal redundancy proceedings, or they can also 
threaten to cease or reduce the cash payment to force employees to undertake tasks 
beyond their formal contract.

It is very difficult to study quasi-formal employment because of the lack of data. 
An important exception is the special Eurobarometer survey n. 498, which contains 
several questions that allow for in-depth analysis.

In this paper, we developed a unique framework for modeling survey data on quasi-
formal work possibly contaminated with misclassification and/or under-reporting 
rates. To this end, we proposed an extension of the two-part beta regression model that 
accounts for mismeasurement errors of the dependent variable in both parts. One of 
the main advantages of the proposed model is the reduction of bias in the estimates 
that occurs even when the error is small. In fact, as highlighted in the Monte Carlo 
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simulation study, it is crucial to account for this type of measurement error to prevent 
severe biases in model parameter estimates.

Another advantage of our proposal is the provision of estimates for both the mis-
classification probability, affecting the binary dependent variable of part one, and the 
under-reporting of the limited continuous dependent variable of part two. In particular, 
by applying the proposed methodology to the Eurobarometer survey no. 498, we found 
that: i) the prevalence of workers truly involved in quasi-formal employment is almost 
16% rather than a modest 1.5% observed in the sample; ii) the average under-reporting 
of the percentage of envelope wage on yearly income is about 13% at European scale.

Our analysis also has some limitations, mainly related to the assumption of constant 
misclassification probability in the first part, and to the inherent uncertainty of model 
parameters in the second part due to the small number of respondents reporting the per-
centage of informal payments.

Despite these limitations, which will be addressed in future work, to the best of our 
knowledge, this is the first paper that attempts to explain the incidence of wages paid 
off the books in a regression setting and to measure its extent.

Although we developed the model for quasi-formal employment, its application is 
wider and includes the modeling of deviant behaviors in several economic contexts like 
tax evasion, undeclared work, drug consumption, bribery, frauds and so on, provided 
that the one-sided error assumption holds. In such cases, the phenomena of interest are 
presumably all measured with error, due to their sensitive and private nature. This work 
thus contributes to solving the problem of social desirability bias, i.e. the existence of 
false answers given by respondents who want to hide socially stigmatized non-compli-
ant behavior. For the above reasons, we believe that our work will contribute in filling 
an important gap in the applied statistical and economic literature.
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1 Additional simulation results

Fig. S1 Relative bias (%) for the coefficients of the precision parameter of the part two of the model
estimated by standard beta regression (naive, grey box plots) and the proposed approach (white box
plots) over 200 simulation runs in different scenarios. Panels a-d: scenarios with no misclassification
(α = 0) and increasing level of under-reporting (a) γ = 3; (b) γ = 1.25; (c) γ = 0.7; γ = 0.35. Panels
e-h: scenarios with low misclassification (α = 0.05) and increasing level of under-reporting (e) γ = 3;
(f) γ = 1.25; (g) γ = 0.7; (h) γ = 0.35. Panels i-l: scenarios with moderate misclassification (α = 0.4)
and increasing level of under-reporting (i) γ = 3; (j) γ = 1.25; (k) γ = 0.7; (l) γ = 0.35. Panels m-p:
scenarios with high misclassification (α = 0.8) and increasing level of under-reporting (m) γ = 3; (n)
γ = 1.25; (o) γ = 0.7; (p) γ = 0.35.
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Table S1 Coverage rate (%) for the coefficients of the precision parameter of the
part two of the model estimated by standard beta regression (naive) and the
proposed approach by scenario.

Scenario Naive Proposed
MC1 UR2 θ0 θ1 θ2 θ3 θ0 θ1 θ2 θ3

No

No 93.5 96.0 94.5 95.0 94.5 94.5 94.0 96.0
Low 92.5 37.0 38.0 95.0 93.0 90.5 95.5 94.5
Moderate 92.5 15.5 23.0 97.0 94.0 93.5 96.0 93.5
High 92.0 61.0 65.0 95.0 95.0 95.0 93.5 95.5

Low

No 96.0 95.0 96.5 90.0 96.5 95.5 96.5 92.5
Low 95.0 33.0 43.0 94.5 96.0 94.5 95.0 95.0
Moderate 88.0 21.5 27.0 92.5 97.0 95.5 95.0 94.5
High 92.0 60.5 66.0 95.0 93.5 94.0 92.0 96.5

Moderate

No 94.0 92.0 93.5 95.0 97.0 93.5 93.5 95.0
Low 93.0 54.0 58.0 90.0 95.0 94.0 96.0 94.0
Moderate 97.0 41.5 43.0 95.5 98.5 97.5 97.5 95.0
High 92.0 72.5 81.5 92.5 94.5 92.5 94.5 94.0

High

No 93.5 93.0 95.0 91.5 94.5 93.0 94.5 95.0
Low 91.0 81.5 78.5 92.0 96.5 95.5 95.5 93.0
Moderate 93.0 79.0 79.0 92.0 94.0 90.5 94.5 92.5
High 91.5 86.5 90.0 88.5 95.5 95.5 93.5 93.0

1. MC: misclassification. No: α = 0; Low: α = 0.05; Moderate: α = 0.4; High: α = 0.8.
2. UR: under-reporting. No: γ = 3; Low: γ = 1.25; Moderate: γ = 0.7; High: γ = 0.35.

Table S2 Width of the 95% confidence interval for the coefficients of the precision
parameter of the part two of the model estimated by standard beta regression
(naive) and the proposed approach by scenario.

Scenario Naive Proposed
MC1 UR2 θ0 θ1 θ2 θ3 θ0 θ1 θ2 θ3

No

No 0.39 0.22 0.34 0.26 0.39 0.22 0.35 0.27
Low 0.39 0.22 0.34 0.26 0.39 0.22 0.35 0.26
Moderate 0.39 0.22 0.34 0.26 0.40 0.22 0.35 0.27
High 0.39 0.22 0.34 0.26 0.39 0.22 0.35 0.26

Low

No 0.40 0.23 0.35 0.27 0.40 0.23 0.36 0.27
Low 0.40 0.23 0.35 0.27 0.40 0.23 0.36 0.27
Moderate 0.40 0.23 0.35 0.27 0.40 0.23 0.35 0.27
High 0.40 0.23 0.35 0.27 0.40 0.23 0.36 0.27

Moderate

No 0.50 0.29 0.44 0.34 0.51 0.29 0.45 0.35
Low 0.50 0.28 0.44 0.34 0.51 0.29 0.45 0.35
Moderate 0.50 0.29 0.45 0.34 0.51 0.29 0.45 0.35
High 0.50 0.29 0.44 0.34 0.51 0.29 0.45 0.34

High

No 0.89 0.51 0.78 0.60 0.92 0.53 0.80 0.64
Low 0.88 0.50 0.78 0.59 0.92 0.53 0.80 0.63
Moderate 0.88 0.50 0.77 0.60 0.91 0.52 0.79 0.63
High 0.88 0.50 0.77 0.60 0.92 0.52 0.80 0.63

1. MC: misclassification. No: α = 0; Low: α = 0.05; Moderate: α = 0.4; High: α = 0.8.
2. UR: under-reporting. No: γ = 3; Low: γ = 1.25; Moderate: γ = 0.7; High: γ = 0.35.
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2 Profile log-likelihood for the regression parameters
of the case study

Fig. S2 Profile log-likelihood for the parameters of the part one of the model estimated on the
Eurobarometer survey no. 498 data. Dashed horizontal red line indicates the 95% confidence interval.
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Fig. S3 Profile log-likelihood for the coefficients of the location parameter of the part two of the
model estimated on the Eurobarometer survey no. 498 data. Dashed horizontal red line indicates the
95% confidence interval.
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Fig. S4 Profile log-likelihood for the coefficients of the precision parameter of the part two of the
model estimated on the Eurobarometer survey no. 498 data. Dashed horizontal red line indicates the
95% confidence interval.
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3 Assessing the validity of the basic assumptions for
the case study

The first assumption to be validated is the presence of only one type of misclassification
in the the first part of the model, i.e. the absence of false positives.
To this end, we need to consider the following more general specification:

P (1Y
O
i = 1|Zi) = α0 + (1− α0 − α1)P (1Y

T
i = 1|Zi) = α0 + (1− α0 − α1)Φ (Z ′

iβ) ,

including two misclassification probabilities, α1 = P (1Y
O = 0|1Y T = 1) and α0 =

P (1Y
O = 1|1Y T = 0), and then test the null H0 : α0 = 0.

Unfortunately, in our case study the subsample with 1yi = 1 is too small and α0 and
α1 parameters are not jointly identifiable.
For this reason, we adopted the following alternative strategy for testing the null: we
first fixed the value of α1 and then conditionally estimated α0. We considered a rich
set of possible values for α1, spanning in (0,1). The estimates obtained conditionally
on these alternative values of α1, are plotted in Figure S5, together with their 95%
confidence bands. It can be seen that all the conditional estimates are very close to
zero, which is always included into the confidence bands. The null H0 : α0 = 0 is
therefore confirmed.

Fig. S5 Estimates of the misclassificaton probability α0 = P (1Y O = 1|1Y T = 0) conditional on
alternative fixed values of α1 = P (1Y O = 0|1Y T = 1) in part one of the model, based on the
Eurobarometer survey no. 498 data. Dashed lines indicate the 95% confidence bands.
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The second assumption to be validated is the absence of over-reporting in part two
of the model, i.e. the absence of possible values 2y

O
i > 2y

T
i .

To this purpose, we specified an alternative model that allows for over-reporting.
In particular, for the conditional expected value of 2Y

O
i , instead of defining it as

E(2Y
O
i |Xi,Wi) = E(2Y

T
i |Xi) · (1− E(ei|Wi)), as in eq. (13) of the main paper, we

put:

E(2Y
O
i |Xi,Wi) = µ∗

i =
E(2Y

T
i |Xi)

(1− E(ei|Wi))

=
exp (X ′

iθ)

1 + exp (X ′
iθ)

· 1 + exp (W ′
iγ)

exp (W ′
iγ)

Consequently, over-reporting will be present only if γ parameter is sufficiently small,
or equivalently, if (1− E(ei|Wi)) < 1.

By estimating the above model, we found that the sample mean of
exp(W ′

i γ̂)
1+exp(W ′

i γ̂)
is not

significantly less than 1, even at very low significance levels (the standard error for
this sample mean was obtained by the Delta method). We can therefore conclude that
the assumption of no over-reporting can be considered valid for our case study.
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