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1. Introduction

The Hasse-Weil-Serre bound prescribes that

[#X(Fq) —q— 1] <g[2/q] (1.1)

for every finite field F;, and every smooth, projective, absolutely irreducible algebraic
curve X over I, of genus g. We provide explicit equations for two smooth projective
curves over QQ, of genus 7 and 12 respectively, which have good reduction at 11 and
the largest possible number of points over the finite field with 11° elements: they have
exactly 166666 and 170676 points over Fy1s, respectively, achieving the Hasse-Weil-Serre
bound.

The interest in explicit examples of curves with a number of points close to the Hasse-
Weil-Serre bound is also motivated by their application to coding theory (see for example
[45, Section 8.4]). The website [27] is devoted to collecting, for every choice of the genus
g <50 and ¢ = p* with p < 20 a prime and k < 5, the current bounds about how large
#X(F,;) can be. Among the most recent efforts to populate this database, we mention
[10], [29], [31].

Certain families of modular curves have already been used in [18] to produce many
examples that improve the previously known lower bounds. The maximal curve of genus
12 over 115 described in Section 4 was found among those examples, even though explicit
equations were not given.

In this work we extend the reach of the methods in [18] to a larger family of modular
curves, finding new records and several examples of maximal curves, among which the
new maximal curve of genus 7 over Fq;s.

This instance and the one with genus 12 are particularly surprising, because they
arise over an odd extension of a field with a prime number of elements. Indeed, modular
curves are generally known to have many points over even extensions because of the
presence of rational points associated to supersingular elliptic curves, which do not all
show over an odd extension. We compute explicit equations for the two maximal curves
by studying the behavior of the automorphisms on the modular forms involved.

In our study, we consider modular curves of Borel-Cartan type and their quotients by
all subgroups made of Atkin-Lehner involutions or analogous involutions in the Cartan
case. We refer to all these automorphisms as Atkin-Lehner type involutions. Curves in this
family have already been the subject of a lot of recent studies because of their relation to
open questions in the arithmetic of elliptic curves, see for example [4], [5], [16], [17], [20],
[23], [24], [25], [33], [38]. Quotients, in particular, can result in better instances from the
point of view of the number of points with respect to the genus, as observed for example
in [15]. Concerning the explicit computation of modular forms and explicit equations for
modular curves, we mention the recent works [1], [7], [8], [19], [36], [40], [47] as well as
the more classical [26] and [44].
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The paper is organized as follows. In Section 2 we recall the definition of modular
curves of Borel-Cartan type, and we give an isogeny result of Chen type for the full family
of those curves and their quotients by automorphisms of Atkin-Lehner type, generalizing
[14], [13], [17], [18] and [43]. In Section 3 we recall how to compute the number of points
over finite fields, using the new isogeny result, and we list all the improved lower bounds.
In Section 4 we compute equations for the two new maximal curves of genus 7 and 12. In
Section 5, we comment on all the maximal curves in the family in the range of our search.
The results of our computations are summarized in the appendices: in Appendix B we
report all the best results we found for each pair (genus, finite field), while in Appendix C
we list all the maximal curves of genus larger than 1, in the range of our search.

As an extra, for X a curve with a subgroup G & (Z/2Z)" of the automorphism group,
we give in Appendix A some general results on the Jacobians of the quotient curves X/W |
with W a subgroup of G. From this, we deduce formulas that relate the genera and the
number of points over finite fields of quotients of X by different subgroups of G. These
results can be relevant in the context of modular curves and their quotients, which in
various cases have automorphism group isomorphic to (Z/2Z)" (see [3], [6], [11] and [17]).

2. Modular curves of Borel-Cartan type and their quotients

The curves we study are quotients of modular curves. Modular curves are smooth pro-
jective (algebraic) curves over Q that parametrize elliptic curves with a torsion structure
and whose complex points are somewhat easy to describe by quotienting the complex
upper half-plane. We refer to [22], [21] or to the small summary in the first section of
[17], for more details.

Given ng, nys € Z~o coprime and n = ngnys, let

X(?’LO, nns) = XH7
be the modular curve associated to
H = By(ng) x Cps(ngs) inside  GLo(Z/nZ) = GLa(Z/noZ) x GLa(Z /nnsZ),

where By is a choice of a Borel subgroup and C)5 is a choice of a non-split Cartan
subgroup. By the general theory of modular curves, Xy has good reduction over all
primes p 1 n (see [21] for example). We say that these modular curves are of Borel-
Cartan (mized) type, see [18] for more details. The curves X (ng,nys) also appeared in
[33] with the notation X2, (nps,ng), where £ is a vector of non-square elements of Z /pZ
for each prime p dividing nys.

For every exact divisor & of n = ngnys (i.e., a divisor k such that & and % are coprime),
the curve X (ng, nns) has an involution Wy, which we call Atkin-Lehner type involution,
defined as follows:
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e For k dividing ng, we define Wy, as a lift of the classical Atkin-Lehner involution on
Xy as follows: we represent a non-cuspidal point on X (ng, nys) as an elliptic curve
E together with cyclic subgroups Cj, of E[k] and C,,/ of E[ng/k| (they form the
cyclic subgroup C = C ® C,, /i, of E[ng] = E[k] ® E[no/k]) and together with an
isomorphism ¢: (Z /nnsZ)? = E[ngs) (up to Cus(nys)). Then we define

Wk(Evckvcno/kvas) = (E/Ck7E[k]/Ck77T(Cn0/k)a7r o ¢)

where 7 is the projection E — E/Cj.

e For k a prime power dividing n,s, we recall that under the Chinese Remainder
Theorem we have Cps(nns) = Chs(k) X Cps(nns/k), and analogously for the normalizer
Cil.(nys). Moreover, since k is a prime power, C;i(k)/Chs(k) has two elements. Then
we take the non-trivial element wy € Cf(k)/Cns(k) < Cfi(nns)/Chs(nns) and we
define

Wi(E,Chy, @) = (E,Cpy, ¢ 0 wg),

for all non-cuspidal points (E,Cy,,®) on X(ng,nys). Moreover, in this case the
quotient curve Xpg/(Wy) is still of the form Xg  for a suitable subgroup H' of
GL2(Z/nZ) containing H.

e For a general k we extend the definition multiplicatively: each exact divisor k is
uniquely the product of an exact divisor ky | ng and of pairwise coprime prime
powers ¢; | nns and we define Wy, = Wy, o Wy, o--- o W, which does not depend on
the order.

The above Atkin-Lehner type involutions have, indeed, order 2. They are defined over Q
(this follows from the definition of X g as coarse moduli space) and generate a subgroup
of Aut(X(ng,nns)) isomorphic to (Z/2Z)" where r is the number of primes dividing
noNns. One can consider the quotients

X(noanns)/<Wk1a ) Wkt>

with kq,...,k; dividing exactly n. In the following theorem we compute an isogeny
decomposition of the Jacobian of these curves, generalizing [18, Theorem 3.8].

Theorem 2.2. Given a curve Y = X(ng,nns), let W be the group of its Atkin-Lehner
type involutions. For each subgroup K < W the Jacobian of the corresponding quotient
satisfies the following isogeny relation over Q

Jac(Y/K) ~ []; A?Lf,

where f ranges among the newforms of weight 2 and level dod2, for divisors do|ng and
dns|nns and for each given f the multiplicity my is
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mpi= > | I G+3ermexWe)) - [1 (%ilJrSf,peX(Wpe)w) 7

xX€K+L \p®||nns pe||no

with K+ being the set of characters of W that are trivial on K, the indexes p® varying
among all prime powers dividing exactly ng or Ny, and 5 pe being the eigenvalue of Wpe
applied to f, and v := val,(ng/dp).

Proof. Let A be the Jacobian of Y. Then W acts on A and the Jacobian of Y/K is the
connected component of 0 in the fixed locus of K in A, which we denote AX. By [18,
Theorem 3.8] A is isogenous to a product ], A?f with the same newforms f appearing
in the statement and n suitably defined. Since the Ay’s are all simple and non-isogenous
over QQ, the action of W on A acts separately on each A;f . In particular the Jacobian
of Y/K is isogenous over Q to the product of the fixed loci (A;ﬁf)K. Since the Ay’s
are simple, each (A?f YK is isogenous to a power A;nf . We are left to compute the
multiplicities m.

Each subvariety A}Lf is a module for the anemic Hecke algebra T (i.e., the algebra
of Hecke operators whose indices are coprime with the level) of A; and the action of T
commutes with W. In particular the space of 1-forms on

V= HO(A;, Q')

is a module both for T and for W, and the multiplicity m is simply the rank, as T-
module, of the fixed locus VX Since the irreducible representations of W are characters,
then V has a T-basis f1,..., f,, with respect to which W acts diagonally (such f; can
be found explicitly extending [2, Equations (5.1) and (5.2)]): for each 4, the group W
acts on T - f; through a certain character xy: W — {£1}. For each character x we denote
d,, the number of f;’s such that W acts on T - f; with the character x. Then we have

my = rankp VE = Z dy. (2.3)
XEK*

Therefore, to prove our theorem it is enough to prove

. v 1+(—1)"
dy=di with d = T] (5 +3epprxWp)) - T (555 + oWy HGH0).
P°||nns p°||no

(2.4)
We prove it with [18] and some linear algebra.
Let @ be the set of Atkin-Lehner type involutions Wpe for p®||ngnns: then @ generates
W and

W = (Z/22)° = (2.)27)%<.

Hence the characters of W are in bijection with S := {41}#% since each character of W
is determined by its value on each involution W,.. In particular the vectors d := (dy )y
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and d' := (d} ) live in the vector space RS & R Now for each subset Z C @ consider
Z € R® the vector only containing 0’s or 1’s as follows: for s € S we have Z, = 1 if
and only if s satisfies s(¢) = 1 for each ¢ in Z. Then, by induction on #@, the set
{Z : Z C Q} is a basis for R®. Hence, denoting by (-,-) the standard scalar product on
R, determining the vector d is equivalent to determining (d, Z) for each subset Z C Q.
In particular to prove Equation (2.4) it is enough to prove (d, Z) = (d', Z) for each Z.
By definition of Z we have

(d2)y= > dy= > dy

xX(Wy)=1 (Wq:qeZ)+
VqeZ
which, by Equation (2.3), is the multiplicity of Ay in Y/(W, : ¢ € Z). This multiplicity
is computed in [18, Theorem 3.8] and it is exactly equal to (d’, Z). O

3. Computing the number of points

The curve X = X (ng, nns)/ Wiy, - - ., Wi, ) is defined over Q and has smooth reduction
for all primes p { ngnys, in fact the full level curve X (n) has good reduction by [21,
Theorem IV.6.7], while [34, Corollary 4.10] or [46, Théoréeme 2.2] or [41, Lemma 5.1]
take care of the quotient by H and by (Wy,,..., W,).

Theorem 2.2 allows one to compute its number of points over a finite extension of
F,, starting from the knowledge of the newforms appearing in the decomposition of
Theorem 2.2. In more detail, for g a power of p, one can compute #X (F,) applying [18,
Algorithm 4.5], after substituting m; with the multiplicities in Theorem 2.2.

Although we refer to [18] for the algorithm, we show the procedure in a couple of
examples.

Example 3.5. Consider the curve X = X(6,7)/(Ws, W7). We follow the notation of
Theorem 2.2. Listing the possible positive divisors dy of 6 and d,s of 7 we have dyd?, €
{1,2,3,6,49,98,147,294}. Since there are no cusp forms of weight 2 and level 14 or less
than 10, we only consider dod?, € {49, 98,147,294} corresponding to 15 Galois conjugacy
classes of forms. The set K+ only contains (1,1,1) and (—1,—1,1), where (kq, k2, k3)
corresponds to the values of the associated character on (Wa, W3, Wr). Since x(W7) =1
for all x € K+, then we have m; = 0 for each form f having negative eigenvalue with
respect to W7 (i.e., having €77 = —1). Thus 6 Galois conjugacy classes of forms remain
to be considered. For every f of level 294, we have €7 ox(W2) = €5,3x(W3) = —1, hence
again m; = 0. Thus only 4 Galois conjugacy classes of forms { f1, f2, f3, f4} need to be
considered, one of level 98 and three of level 147, and each has m; = 1. The associated
abelian varieties A¢ have dimension 2 except one which has dimension 1, so the genus is
7. An alternative method to compute the genus is shown in Example A.8, in Appendix A.

For all forms f; and their Galois conjugates (seven forms in total) the Hecke eigenval-
ues aq1(f) are equal to —2. Hence the Frobenius Frob; acting on X has two eigenvalues
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a1, ag, each of multiplicity 7, which are the roots of the polynomial 2% — ay1(f)x + 11 =
22 4 22 + 11. We deduce that the number of points of X over F;; is

7
#X(Fp) =114+1— Z(al +ay) =12+ 14 = 26.
i=1

Similarly the number of points over [Fq5 is

7
#X(Fi15) = 11° + 1= ) (af + 03) = 161052 + 5614 = 166666.

i=1

This is our maximal curve of genus 7, further studied in Section 4.

Example 3.6. We consider another quotient X (6,7), namely X = X (6,7)/(Ws, Wr). We
follow the notation of Example 3.5. Again we only consider the 15 Galois conjugacy
classes of level dod2, € {49,98,147,294} but now K+ = {(1,1,1),(-1,1,1)}. Since
x(W3) = x(W7) = 1 for all x € K+, then we have m; = 0 for each form f having
negative eigenvalue with respect to W3 and W7 (i.e., having e¢3 = —1 or e57 = —1).
Thus 3 Galois conjugacy classes of forms are left to consider: fi, fo, fs, of level 98, 147
and 294, respectively. Among these my, = my, =1 and my, = 2. The associated abelian
varieties Ay have dimension 2 except the last one which has dimension 1, so the genus
is 7.

For the forms f; and fo and their Galois conjugates (six forms in total) the Hecke
eigenvalues a11(f) are equal to —2 but, for the last form, aq1(f) = 5. Hence the Frobenius
Froby; acting on X has the same eigenvalues oy and as of Example 3.5 with multiplicity
6 and two new eigenvalues 31 and 33, which are the roots of the polynomial 22 —ay; (f)z+
11 = 22 — 52 + 11. We deduce that the number of points of X over Fy; is

6
#X(]FH):11+1—51—52—Z(a1+a2):12—5+12:19.

i=1
Similarly the number of points over [Fq5 is

6
#X(Fip5) =117 +1— 57 — 85 = > (af + af) = 161052 + 725 + 4812 = 166589.
i=1

This curve already belongs to the family studied in [18] and the small computation above
gives the same result contained there.

We implemented the algorithm described in [18] (and sketched in the examples) for
curves of type X (ng, nns)/(Wg,,-.., Wg,), and applied it to all such curves with n =
nonZ, < 10000. Following [27], we also restricted our analysis to genus g < 50 and field
F,r with & <5 and odd characteristic p < 19, respectively k < 7 for p = 2.
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Table 3.1

Improved bounds for #X(F;) among curves of genus g, here obtained with X of the form

X (no, nns)/(Wgy, - .., Wy,) with nonis < 10000 and g < 50.
g9 q no,nns k1, ke #XE) g ¢ no, Mas ki,..., ke #X(Fq)
7 11° 6,7 6,7 166666 35 17°  208,3 16, 39 1152
10 17°  208,1 208 1436834 36 52 1271,1 1271 238
10 192  319,2 58,319 703 36 17 208,3 208, 39 1182
13 13°  378,1 54,7 385275 38 22 29,7 203 65
14 72 110, 3 3,55 196 38 52 593, 2 1186 232
17 112 480,1 5,96 416 39 2 897,1 299 68
19 22 545, 1 545 40 39 177 104,3 39 1284
22 32 1102,1 2,551 82 40 52 814,1 407 272
24 112 306,1 34 530 40 192 1020,1 17,15 1440
27 52 574,1 287 204 41 52 861, 1 287 260
28 52 23,7 161 202 42 3?2 1001,2 13,154 134
29 52 1342,1 2,671 205 43 52 1343,1 1343 276
30 52 1007,1 1007 216 44 22 1169,1 1169 70
32 52 1246,1 2,623 214 45 52 696, 1 87 280
33 52 924, 1 12, 308 226 a7 22 51,7 3,119 75
34 32 638, 1 319 114 48 52 2014,1  2,1007 306
34 19%  506,1 253 1300 49 22 1023,1 341 82

We got the eigenvalues of the Hecke operators on the relevant modular forms from
[35]: the database contains the g-expansions of all the newforms of level at most 10000.

We found 36 curves that, according to [27], achieve a new (nice) record in terms of
largest known number of points over F, given the genus g. Following [27], a new record is
considered nice only when it is at least ¢+ 1+ %, where My(FF,) is the current
(theoretical) upper bound for the number of points on a curve of genus g over F, (in
particular M, (F,) is less than or equal to the Hasse-Weil-Serre bound). We list these 36
record curves in Table 3.1.

4. Explicit equations for two new maximal curves

Among the curves we analyzed, we found two curves that are the first known curves,
for their genera, to reach the Hasse-Serre-Weil upper bound over 5. The two curves are
X(6,7)/(Ws, Wr) and X (156,1)/(Wi3): the first curve was unknown, to our knowledge,
the second one already appeared in [18], but we have not computed explicit equations
nor have we underlined the maximality. We give (singular) planar equations for both
curves and we also give smooth equations for the first one, the one with lowest genus,
using the canonical embedding.

4.1. Canonical model of X (6,7)/(W¢,W+)
The following equations describe a canonical model of X (6,7)/(Ws, W7) in P¢ over
Q, which has genus 7, it is smooth over Z[ﬁ] and reaches Serre’s bound, as computed

in Table 3.1.

1033% + 22x9x5 — 18x9x¢ + DxoT7 — 9x§ — 1dx3xy — 3205 — 4306 + TX3T7 — 4@%—1—
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— 132425 + 1lxy26 — 162427 + 23:? — 1Tx506 — Txs527 + 10m§ + xgx7 — :c? =0,
— 4.%'% + 282129 — Bb6xoxs + 492026 + 17m§ + 23x324 + 212305 — 62377 — 81‘3—"—

— 20425 — 20426 — TaX7 — 16m§ + 56x5x6 + 35207 — 233:% + 13xgz7 — 7:6? =0,
— 61‘% —13x1x9+ 2123+ 92205 —x206 — 4227 —x§ —9x3x5+3x306—3T377 +7xi+

+ 10z425 — Txax6 + 132427 + 6:v§ — 13x5x6 + 4527 + 395% — Txgxrr + 41}? =0,

— fo — 21lx129 + 2124 + 152005 — 182926 — Y227 — 3x§ — 2324 — 142375 + 4306+

— 2x3x7 + 101}2 + 162425 — 102426 + 1524207 + 1296% — 24x5x6 + D57 + 533%

— 132627 + 622 = 0,

— 3x§ — 8x129 + w125 + 11x0T5 — X906 — X277 — 21}% — 2x3x4 — 61375 + 20376+

— T3x7 + 43@21 + dxyx5 — w426 + 847 + 31’% — 1lxsxe + 5207 + 4m§ — 3xgx7

+ 322 =0,

— 836% — 22129 + x1206 — 132075 + 120906 — 2009027 + 6x§ + 102324 4+ 30306 — DT3T7+

+ 4:15?1 + x5 — 8xgx6 + 132427 — 2.%'? + 1lxs2x6 + 507 — 6:6% + x% =0,

— 636% —13x122 + 127 + 92275 — 9206 — dT2TT7 — a:% — 92325 + 3r3x6 — 3T3T7 + 733?1—1—

+ 12x425 — 8xyxg + 13x427 + 6:v§ — 13x5x6 + 4527 + 3.%’2 — Txexrr + 4:17? =0,

— 4.%‘% — Txix9 + a:% + 4xoxs — 3ToTe — ToX7 + T3xg — DX3X5 + 2x3T6 — 2T3T7 + 4.%'3—}—

+ Txaxs — draxe + 8427 + 235% — bxsxe + 3T507 + 33(25 — 3xgx7 + 295? =0,

Toxy — 6Toxs + x0T — ToT7 + :v% + 22304 + X325 + 22475 — T4Tg — 2047+

+ dxsx6 + THTT — 2:5% — Tel7 — x% =0,

— 430% — 21lx1x9 + X224 + 262075 — 23T926 — 3T2X7T — 6x§ — Trsxry — 152375 + 3376+

— x3x7 + 9:5?1 + 1lxgxs — 64206 + 132427 + 1030? — 292526 + 3T577 + 10.13(25 — 10xgx7

+ 622 = 0.

In [37, file Equations_curve_X(6,7)_mod_w6,w7.txt] we have written the above equa-
tions in Magma language (see 12), which we computed using the Magma script
Computation_of_equations.txt in the same repository.

In the remainder of this subsection we describe how we computed the equations above
and prove the correctness of the computation.

Let X = X(6,7)/(Ws, W7) be our maximal curve. To compute a canonical model
it is enough to compute a basis of Q!(X), since the methods of [36] allow us to find
quadrics defining the image of a canonical embedding. We have X =Y /(Ws), where Y =
X(6,7)/(Wz), and the idea is to compute Q' (X) as the subspace of Q'(Y) which is Ws-
invariant. Since Y is of the form Xy, the algorithm by David Zywina in [47] (see also [48,

files GL2GroupTheory.m and ModularCurves.m]) computes a basis of Sa(T'y) = QL(Y).
In our algorithm we numerically compute a candidate S for Q!(X), then we compute the
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candidate equations (the ones above). Finally we prove, by geometric arguments, that
the equations we found must be equations for X.
For the computation of S we use that Wy acts on the upper half-plane by the matrix

me = (2 _01). Given a basis by, ..., big of S2(T'g) = Q1 (Y) we computed the values

br(7s),  (br|ame)(7s)

with precision 10719 for 7, = ﬁ + i,/% — %, with s = —15,...,15 (see [39, Sec-
tion 2.1, Equation 2.1.5] for the definition of f|om for m € GLJ (R)). By solving a
linear system we computed b, |amg as a linear combination of the b;’s with approximated
coefficient, denote it (b, |2me)~. We know that Q}(X) = Q1(Y)"We is generated by the
forms b, + b.|amg and we define S, our numerical candidate for Q!(X), as the span of
b + (br|2me)™; in the computation such forms b, + (b,.|ame)™ turned out to be linearly
dependent and we extracted a basis si,...,s7. The values for 7 are carefully chosen to
have Im(7) as close as possible to Im(WgsT) and the coefficients of the linear combinations
are rationals with small denominators (we look for denominators less than 40) up to a
precision of 10719 (using 5800 Fourier coefficients of the forms b,.).

A first clue for S being Q'(X) is that S has dimension 7. Using the method in
[36] to compute canonical embeddings, we computed by [37, file Computation_of_
equations.txt| quadratic relations which hold for a basis of forms sy, ..., s7 of S. Such
quadratic relations are the equations above, which define a smooth curve over Q of genus
7 whose reduction modulo 11 is smooth and has the expected number of points over Fq1s,
which is the number of points of X computed independently in Section 3, giving further
clues.

To turn clues into a proof, we notice that the differential forms si,...,s7 € QYY)
define a map Y --» X C PPS, which is defined over Q and has degree 2 by Riemann-
Hurwitz Formula (indeed s1, ..., sy, despite being chosen with an approximation process,
were chosen in Q'(Y), and the equations above are quadratic relations that are exactly
satisfied by the s;’s). Hence X is a quotient by an automorphism u of Y defined over
Q. The automorphisms of a curve of genus at least 2 are determined by their action on
the Jacobian. Hence, it is enough to prove that u = Wy in the Jacobian of Y. Applying
Theorem 2.2, we compute that the Jacobian Jy of Y satisfies

6

m;

Sy ~ H Ah:‘,
=1

for certain distinct newforms hq, ..., he with multiplicities m; € {1,2}. Each A, is
simple and non-isomorphic to the other factors. By [32, Theorem 6], the ring of endo-
morphisms of Jy defined over Q, up to isogeny, is

6 6
Endg(Jy) = Ende(Jy) ® Q = [[ Endg(An,)™®™ = [[ K™, (4.7)

i=1 i=1
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where K, is the field of coefficients of h; and in this concrete case is either Q or a real
quadratic extension of Q. Using (4.7), we can write the action of u on Jy as a collection
of matrices M, ; € K;::ixmi; analogously we have matrices My, ; and My, ; for the
action of W5 and Wj.

We now prove that u commutes with W5 or, equivalently, that for each ¢ the matrices
M, ; and My, ; commute. Since u and W, are involutions, the matrices M, ; and My, ;
have order at most 2, hence each matrix is either a multiple of the identity or a 2x2 matrix
with eigenvalues A\; = 1, Ay = —1. Suppose by contradiction that for some i the matrices
M, ; and Myy, ; do not commute. Then neither of them is a multiple of the identity, hence
both of them have eigenvalues 1 and —1. In particular det(M, ;) = det(Mw, ;) = —1
and det(M,, ;Mw, ;) = 1. Now notice that the matrix N; := M, ; My, ; is a matrix of
finite order, since, using (4.7), it describes the action of the automorphism uWs on a
factor of the Jacobian of Y and the group Aut(Y") is finite. Moreover, the order of N; is
in {1,2,3,4,5,6,8,10,12}: indeed since N; is a 2 x 2 matrix with entries in a quadratic
extension of Q, its eigenvalues have degree over Q dividing 4; the only roots of unity
with degree dividing 4 are the ones whose order is in that list. If IV; has order 1, then
M, ; and My, ; are inverse to each other, hence they commute. If N; has order 2, using
that det(N;) = 1, we deduce that N; = M, ; M, ; = —Id, again implying that M, ; and
Myy, ; commute. In the other cases we deduce that uW, has order a multiple of 3, 4, or
5, contradicting the computations in [37, file Order_3_4_5_automorphisms_test.txt]
that prove, using the test in [30], that Y has no automorphism of order 3, 4, or 5.

Analogously u commutes with Wg, i.e., with the whole (W5, Ws). Hence the ele-
ments of (Wy, Ws) descend to automorphisms of X defined over Q. If u were not
in (Wa, Ws), then all the elements of (W5, Ws) would descend to distinct automor-
phisms of X defined over Q, contradicting the Magma computations given by [37, file
Check_non-modular_automorphisms_mod_5.txt|, which show that #Aut(Xp,) < 2,
hence #Aut(Xg) < 2 (indeed the composition Aut(Xg) — Aut(Xp,) — End(Jy,) is
equal to Aut(Xg) — End(Jg) — End(Jp,) which is injective). Hence w lies in the group
(Wa, Wg). Furthermore, by looking at the genus of Y/(W5) we exclude the case u = Wh
and by looking at the number of points of the quotient curves Y/(Ws) and Y/(Ws) over
some finite field (computed in Examples 3.5 and 3.6), we see that v must be equal to
W, i.e., that the above equations actually describe the curve X = Y/(Ws).

4.2. A planar singular model for X (6,7)/(We,Wr)

We can obtain a (singular) planar model of X (6, 7)/(Ws, W7) by projecting the canon-
ical model onto a plane. In practice, we did it by a linear change of variables and
eliminating all variables except the first three. Here is a planar equation for our curve,
after dehomogenizing and reducing modulo 11:

(9z—2%)y® + (4P 442?42 1)y + (T2 —23 +42%+-3)y "+ (5ot +823 + 22 +-22+1)y0
+(82° 432" +2*+92° +32+5)y°
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+(927+ 7254225 42 4923 +424+-6)y* + (82 +627 +-82° — 2 +-623 + 822 +Tx+3)y?
+ (328 +825+32° + 521 +22° — 2

+24+1)y? + (2210492 + 928 4+-527 +62° + 725 +62* + 522 +62)y+ T2 + 5210 +22° — 254627
— 204725 423 = 0.

As it can be computed using the dedicated Magma command, the above equation defines
a curve whose normalization of the projective closure, which we denote X , has genus 7.
It is not so hard to (re)prove, with the help of Magma, that X has 166666 points over
Fy15: the closure in IP’E%MS of the above planar model has 166665 rational points of which

three are singular: (0:0: 1), (0:1:0) and (9 : 7 : 1); the normalization X contains 4
rational points lying over these 3 singularities since all of them are nodal, the first two
are split while the third is not.

The above equation can be found at [37, file Equations_curve_X(6,7) _mod_w6,
w7 .txt] in Magma readable format.

4.8. Equations for X (156,1) /(W 13)

In the family of curves we considered, there is another maximal curve, of genus 12,
namely X (156, 1)/(Wi3), which has 170676 points over F;;5. We also computed equations
for its canonical embedding which can be found in Magma readable format at [37, file
Equations_curve_X0(156) _mod_w13.txt].

This curve is actually the same as Xo(156)/(Wi3), thus to compute equations we used
classical methods such as those in [26] and [36]:

« We computed the g-expansion of a basis of eigenforms {f1,..., fg} of Q'(X((156))
up to ¢, with m = 180.

o Using Magma’s exact computation of the Atkin-Lehner eigenvalues, we computed
a basis g1,...,g12 of the space of invariants Q!(X(156))"V2 = Q}(X) (again we
computed the g-expansion of these forms up to ¢8°).

o We looked for quadratic polynomials F; such that Fj(gi,...,g12) = O(¢*®"): since
Fi(g1,...,912) is a section of the sheaf (2% )®? which has degree 4g — 4 = 44, then
F;(g1,--.,g912) must be exactly 0, otherwise it would have more than 44 zeroes, which
is absurd (see also [9, Section 2.1, Lemma 2.2, p. 1329)]).

o After collecting enough Fj’s we realized that they cut a curve C C P! of genus 12
and that this curve C is isomorphic to X: indeed the image of the canonical map
X — P! given by the sections g; is contained in C' and, by Riemann-Hurwitz, the
induced map X — C' is an isomorphism.

A planar singular model for the curve, when reduced modulo 11, is given by the
following equation:
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o' (6+2y) + 28 (—1+5y+5y%) + 27 (8—y+7y*+y%) + 20 (—yP+4y+yt) +

' (3y+2y°+y°) + z'* (4+6y+2y>+9y* —y°+5¢°) +

2" (24y+8y*+2y° +y  +3y°+y°+3y ") + 22 (8+4y+9y°+4yP +2y  +5y°+y 0+

9y —y®) + 2" (9—y+3y> —y>+3y" +y°+6y°+8y +9y° +4y”) + ' (6—y+6y°—y*+
6y5+5y6—y7+6y8+6y9+4y10) + 2 (9+4y+8y2+y3—y4+8y5+9y6+4y7+8y8+6y10) +
2% (243y+9y° +2y° +4y* +6y°+2y +4y +9y°+4y +6y 0+ Ty +4y'?) + 27 (5+8y+
6y>+8y>+6y* —y° +8yS+y +4y® +8y +2y 0 +y  +7y"3) + 28 (14+9y+3y* +4y° +3y* +
YO +6y°+4y -+ 7y + Ty +4y 0 2yt + Ay 22y 5y M) + 28 (44 Ty +5y 4+ 9yP —yt+
20°+2y%+3y"+3y°+4° +5y 'O +8y 2 +9y " +-3y  +2¢"°) + 2t (4—y+3y>+5y +2y  +
6y5+7y7+y8+5y12+5y14+7y15+9y16)+:1:3 (97y+9y2+6y3+6y4—y6+2y7+7y8+8y9+
Ay" 04yt 7y Ty By oy 13y 043y ) + 2 (4+9yP P +6yt — P 50+
5y"—y+y? —y' 0+ 2y 3y + 2y +9y 0+ 9y T +8y '8 + z(3+Ty—y?+3y° +4yt+

9y° —y°+8y"+3y° +3y  +y O +8y  +4y 2 +5y "3 +3y 6 + 9y +3y 18 +6y) + 5+y+6y2+
6y3+9y4+2y6_y7+2y8+3y9+7y10+7y11_|_3y12_|_3y13_|_6y14_|_9y15+3y16+2y17+3y19+
y?0 = 0.

It has been obtained from the canonical model by projection onto a plane, i.e., in
practice by a linear change of variable plus variable elimination plus dehomogeniza-
tion. The previous equation in Magma readable format can be found at [37, file
Equations_curve_X0(156) _mod_w13.txt].

5. Other maximal quotient modular curves

Besides the two curves analyzed in Section 4, inside the set of curves studied in
Section 3 we found several other examples of maximal curves. We did not compute
explicit equations for all these examples, since, as tracked by [27], a maximal curve for
that genus and field is already known. We collected these instances for genus larger than
1, and we computed the eigenvalues of Frobenius and the real Weil polynomial. The data
is shown in Appendix C.

For some pairs (genus, finite field), we find many modular curves that are maximal
and, in some cases, they have different real Weil polynomial. In particular this shows
the existence of non-isomorphic maximal curves. This problem has also been studied by
Rigato: in [42] she proved that for ¢ = 2 and g < 5 the maximal curves are all isomorphic
over [y and she shows the existence of non-isomorphic maximal curves of genus 6 and
7. We also point out that all the maximal curves of genus 4 over Fy7 are isomorphic by
the uniqueness remark made by Everett Howe in [27] (see [28] for a static version). In
particular all curves in the corresponding line of Table C.12 are isomorphic over Fa7.

We now make more explicit a case of genus 4 where we observe more than one iso-
morphism class of maximal curves, and one case of genus 6 where explicit equations can
be given.
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Example 5.8. In genus 4 over the field Fo2 we observe at least four isomorphism classes
of maximal curves, among the curves we analyzed (see Table 3.1). The following three
curves have different real Weil polynomial (as in Table C.12):

x2+xy+xz+xw+y2+yz+yw+22+zw:0
X(1,11) = Xps(11) = € 222 + 22w + 222 + zw? + 9> + yzw + yw? + 22 + zw?
+w? =0,

rw+y? =0

X(81,1)=X0(81):{ 5 5 5 ) )
z® +y° + 2° 4+ 22w+ zw® =0,

224y +yz+yw+zw=0

X(251,1)/(Was1) = X7 (251) :
( )/< 251> 0( ) {x22+xz2+y2w+yw2zo.

The equations of X,4(11) can be found in [35], while equations (over Q) for the other
curves were computed with the code [37, file Equations_other_maximal_curves.txt].
Although we only found three distinct real Weil polynomials, the isomorphism classes
are at least 4, in fact one can check with Magma that

P tay+y?+yz+2i+aw=0
X(177,1)/<W59>=X0<177)/<W59>:{ 2 2 2 2422
7z + 22"+ 2w+ ytw + yzw +yw + 22w =0

is not isomorphic to X (81) over Fa2 even if they have the same real Weil polynomial.

Example 5.9. In genus 6 and over the field Fy2, we find only one curve. Since there are
no explicit equations on website [27], we display below some equations for the curve we
found, computed with the code in [37, file Equations_other_maximal_curves.txt].

x% + x% + Xox4 + X9k + T34 + T5065 = 0

129 + x% + Zox3 + To2Te + x% + Tr3T5 + x?l + x50 =0
123 + T2k + T5Xg = 0

X(299,1)/(Wagg) = X (299) : ,
T1T4 + T2x3 + T3T5 + T3¢ + 15 =0

xr1x5 + Toxg + x% + r316 + x406 + 506 = 0

T126 + Toxs + x324 + 375 + w376 = 0.
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Appendix A. Jacobians of quotient curves

The Atkin-Lehner automorphisms on a curve Xg(n) and, slightly more in general,
the automorphisms that we consider for a curve X (ng, nys), form a group isomorphic to
(Z/2Z)". In the general setting where X is a smooth projective curve over a field with an
action of (Z/2Z)", this appendix gives some elementary results regarding the Jacobians
of the quotient curves X/W for W a subgroup of (Z/2Z)".

In this setting, all the possible curves X/W form a lattice, for example when r = 3
we get the following, where {b1, ba, b3} is a basis of (Z/2Z)3.

(b1,b2,b3)

Given W a subgroup of (Z/2Z)", we denote

Jw = Jac(X/W). (A1)

In Theorem A.5 we prove that a few Jacobians Jy, (in the above diagram they correspond
to the bold curves) determine all the other Jy . In the case r = 2 we have the following
statement.

X/(a) X/{r) X/{o+7)

X/(o,T)
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Lemma A.2. Let X be a smooth projective curve which is acted upon by the group
(Z.)27)?%, generated by elements o and 7. Denote by J the Jacobian of X and let Jy be
as in (A.1). Then, there is an isogeny

J % J<2077> ~ Jioy X Jiry X Jioiry-

Proof. Given two signs €,,e, € {+,—}, denote by J ¢ the connected component of
the identity of the subgroup scheme ker(c* — e, Id) Nker(7* — e, Id) in J. In other words,
J¢ ¢ is the maximal abelian subvariety of J where o acts as €, Id and 7 acts as €, Id.
The inclusions J¢ = C J induce an isogeny

J~ It gt x gt x g (A.3)

Finally recall that the Jacobian of X/W is isogenous, by pullback of divisors, to the
connected component of the identity of the W-invariant part of J. Hence our statement
follows from Equation (A.3) together with the identities

Jiory ~ ARS Jioy ~ JTt x gt Jiry ~ JttxJ=t, Jioqry ~ JtoxJT.

O

The following lemma generalizes Lemma A.2. Given a subset I of (Z/2Z)", we denote
by Jr = Jiyy the Jacobian of X/(I), with (I) the subgroup generated by I. Moreover,
the statement of the lemma contains a product [[ A" of abelian varieties A; with pos-
sibly negative exponents e;: we interpret this product as a formal object living in the
Grothendieck group of the category of abelian varieties up to isogeny; a posteriori, the
lemma itself implies that the product below is a real abelian variety, i.e., after decompos-
ing every factor in irreducible abelian varieties, every irreducible factor appearing with
negative exponents cancels out.

Lemma A.4. Let X be a smooth projective curve with an action of (Z/2Z)" and let
{b1,...,b.} be a basis of (Z/27Z)". For all subsets K C (Z/2Z)" and all non-negative
integers s < r, we have the following isogeny:

EREICR (-1t
Trugr ey ~ T 2 <[] ( 11 JluK> :
G=1 \IC{by,....b}
Ty

Proof. To simplify formulas, we use the additive notation for the product of abelian
varieties. The proof is by induction: the case s = 0 is immediate, so we assume that
the equality holds for s — 1. By Lemma A.2 applied to the curve X/(K), with 0 =
b1 +---+bs_1 and T = bs, we have

Jior ot 3ok ~ Ik + 200 4, 1 by UK — byt JUK — (b UK
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By inductive hypothesis on the second and the third summand, we obtain

s—1
Jior+4b3u ~ JK +2 1= )J{b yuk + (= SZ -1 Z Jroku.y | +
j=1 1g{b1 ..... b1}
#I1=j
s—1
#JK-F(—USZ:(—QV_1 Z Jiuk | = Jppayuk
J=1 IC{b1,....bs—1}
#I1=j
R RUEIED S D
IC{bl, bs—1}
#1=)
s—1
1)S+12(* j Z JIuKu{bs}+(*1)s+1J{bs}uK
Jj=1  IC{b1,....,bs—1}
#I= ]
) s—1 .
~ B e ()Y (=2 YT Tk
j=1 IC{by,....bs}
#I=7 and bs &I
SHZ Y Yo Jrokupes + (FD) g0k
= Ic{bl 571}
#I—] 1
P g S S e S S g
I1C{b1,...,b5} IC{b1,...;bs }
#I=j and bl #I=j and bseI
B+ () Y 0(-2) o e
7=1 IC{bl, bs}
#I=

Theorem A.5. Let X be a smooth projective curve with an action of (Z/2Z)" and let B
be a basis of (Z/2Z)". For all subgroups W of (Z/27)", the Jacobian Jw is isogenous to
an integer combination of the Jacobians Jgy, with S varying among the subsets of B.

Proof. Choose a set I of generators for W and apply Lemma A.4 repeatedly to each
element of I, which can be written as sum of elements of B. O

The above results imply analogous “numerical” corollaries. The next corollary, about
genera, can also be proven directly, controlling the ramification of the quotient maps and
applying Riemann-Hurwitz Formula.



18 V. Dose et al. / Finite Fields and Their Applications 113 (2026) 102831

Corollary A.6. Let X be a smooth projective curve with an action by (Z/27)" and let
B ={by,...,b.} be a basis of (Z/27)". For I a subset of (Z/2Z)", we denote by gr the
genus of X/(I).

For all subsets K of (Z/2Z)" and all non-negative integers s < r, we have

I ttpur = S5 gi + (1) (=2)7 7 Y gk
j=1 IC{by,....bs}
#I=j

J

Moreover, for each subset I of (Z/27)", the genus gr can be written as an integral linear
combination of the genera gs with S varying among all the subsets of B.

Proof. It follows by Lemma A.4 and Theorem A.5 recalling that the genus of a curve is
the dimension of the Jacobian as an abelian variety. O

Corollary A.7. Let X be a smooth projective curve over a finite field F,, with an action
of (Z/2Z)" and let B ={by,...,b.} be a basis of (Z/27)".
For all subsets K of (Z/2Z)" and all non-negative integer s < r, we have:

#(X/({b1 + -+ + b JUK))(Fy)

=B (X)) (Fy) + (1)) (=2) 71 Y #(X/(TUK)) (F,).
j=1 IC{br,.sbs}
#I1=j
Moreover, given I a subset of (Z/2Z)", then #(X/(I))(Fq) can be written as integral
linear combination of #(X/(S))(F,) with S varying among all the subsets of B.

Proof. It follows by Lemma A.4 and Theorem A.5 observing that if an abelian variety J is
isogenous to Ji X Ja, then the trace of Frobenius satisfies tr(Frob) = tr(Frob; )+tr(Frobs),
where, for a prime power ¢, we denote by Frob, Frob; and Frob, the ¢-th Frobenius on
J, J1 and Jy respectively. O

Example A.8. Suppose that X is (a quotient of) a curve X (ng, nns) and let {q1,...,qs}
be a set of coprime prime powers dividing exactly the level ngnys of X. If we denote by
g(+) the genus, we have

90X/ (Wayog)) = HG2(X) + (C)™ D277 D g(X/ (1)),

Using this formula we compute once again the genus of the record curve X/(Ws), with
X = X(6,7)/(W7). From the algorithm in [18] we get: g(X) = 16, g(X/(W2)) = 6,
g(X/(W3)) =7 and g(X/(W2, W3)) = 2. The above formula gives
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9(X/(We)) = g(X) — g(X/(Wa)) — g(X/(W3)) +29(X/(Wa, W3)) =16 -6 - T+ 4 =7,
in accordance with Example 3.5 and Section 4.
Appendix B. Tables for the number of points

In the following tables (B.2, B.3, B.4, B.5, B.6, B.7, B.8, B.9, B.10) we list the quotient
curves X (no, nns)/{(Wa,, ..., Wq, ) achieving the largest number of points over each pair
(genus, finite field). All items improving the actual best known bounds in [27] are in
bold.

We explain the notation of the tables which was used to save space. Let

noNps = Hp? = qu
% i

be the prime factorization of ngnns, with p1 < p2 < ... and ¢; = p;*. Then each
exact divisor dj, is uniquely the product of certain ¢;’s and, in the tables, we denote
X(ng,nns)/(Way,...,Wg,) as

(no,nns) {il,la---ail,m1§ ......... ;ik,1a~-~aik,mk}

where for each h =1,...,k,

As an example the entry “(945,1){2;1,3},49”, in the table below corresponding to row
g = 27 and column Fy2, means that the quotient of X (945,1) by (W5, Wigg) has 49
points over Fy2, where d; = 5 = py and dy = 189 = pjps since, in this case, p; = 3,
p2 =5 and p3 =1T7.

Another example is the entry “(418,3){2;1,3;3,4},4261”, in Table B.5, row g = 41
and column F5s, that means that the quotient of X (418, 3) by (W5, Waa, Wagg) has 4261
points over Fgs, where dy = 3 = ps and do = 22 = pyp3 and d3z = 209 = p3p,4 since, in
this case, p1 =2, po =3, p3 = 11 and py = 19.

Table B.2
Table for max{|X (n0, nns)/(Wa,, .., Wa,)(Fg)|} with ¢ = 2%, k = 1,2,3 and
non?, < 10

g ]F2 ]F22 Fz:s

1 (11, 1){}, 5 (1,11){1},9 (1, 7){},14

2 (67,1){1},6 (23,1){},10 (35,1){2},16

3 (97, 1){1}, 7 (17,5){1;2}, 14 (3,7){1,2},16

4 (47,3){1;2},7 (1,11){},15 (119,1){2}, 16

5 (145,1){1,2},8 (209,1){1,2},17 (3,7){2},17

6 (223,1){1},9 (299, 1){1, 2}, 20 (9,7){1;2}, 17

7 (187,1){1,2},10 (189,1){1, 2}, 21 (35,3){1,2,3},16

(continued on mext page)
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Table B.2 (continued)
g Fo Fye Fos
8  (427,1){1;2},10 (545, 1){1; 2}, 22 (175,1){2},25
9 (273,1){2;3},10 (341,1){1, 2}, 25 (3,7){},26
10 (307,1){1},10 (13,15){1;3;2},27  (343,1){1},17
11 (253,1){1,2},11 (285,1){2, 3}, 26 (35,3){3}, 24
12 (219,1){2}, 11 (15,7){1;2,3},29 (9, 7){1,2},17
13 (399,1){2;3},12 (135, 1){}, 30 (621,1){1;2}, 22
14 (115,3){2:1,3},10 (155,3){2;1,3},32  (115,3){2;1,3},16
15 (433,1){1},13 (879,1){1; 2}, 33 (9, 7){1}, 26
16 (291,1){2},13 (569, 1){1}, 34 (561,1){1;2,3},18
17 (309,1){2},12 (5,11){1, 2}, 36 (39,5){1;2, 3}, 21
18 (427,1){1,2},13 (897,1){1;2, 3}, 36 (1155,1){4;1, 3;2, 3}, 18
19 (493,1){1,2},14 (545,1){1, 2}, 40 (13,7){1, 2}, 22
20 (805,1){2;1,3},13 (861,1){3;1, 2}, 38 (805,1){2;1,3},19
21 (517,1){1,2},13 (689,1){1,2},44 (245,1){}, 28
22 (577,1){1},16 (121,3){1,2},43 (175,3){3; 1,2}, 25
23 (345,1){2,3}, 14 (483,1){2, 3}, 44 (219,1){},18
24 (643,1){1},16 (1469, 1){1; 2}, 44 (765,1){2; 1, 3}, 21
25 (795,1){1;2,3},15 (13,15){2;1, 3}, 48 (175,3){2; 3}, 24
26 (203,3){1;2,3},15 (259,3){1;2,3},49  (1029,1){1;2},21
27 (733,1){1},16 (945,1){2;1,3},49  (1191,1){1;2},21
28 (787,1){1},15 (941,1){1}, 52 (175,3){1;3}, 25
29 (697,1){1,2},16 (1091,1){1}, 55 (95,3){2}, 26
30 (1263,1){1;2},16 (319,3){1;2,3},53  (1035,1){2:1,3},23
31 (517,3){1;3;2},14 (1,57){1;2}, 54 (621,1){2}, 32
32 (57,5){2;3},16 (245,3){2:1,3},55  (235,3){2; 1,3}, 26
33 (817,1){1,2},19 (349,3){1; 2}, 56 (665,1){1,2,3}, 22
34 (943,1){1,2},18 (1109, 1){1},60 (943,1){1, 2}, 21
35 (561,1){2,3},20 (1139,1){1, 2}, 61 (7,15){3}, 22
36 (1065,1){1,3;2,3},16  (305,3){1;3}, 59 (245,3){1;2, 3}, 23
37 (669,1){2},18 (675,1){2},63 (15, 7){2}, 26
38 (1479,1){1;2,3},17 (29,7){1,2},65 (997,1){1}, 21
39 (913,1){1,2},17 (897,1){2,3},68 (665,1){2, 3}, 26
40 (353,3){1;2},20 (1559, 1){1}, 66 (353,3){1;2},23
41 (1281,1){2;3},20 (1391,1){1,2},65 (715,1){2}, 28
42 (1123,1){1},21 (1361,1){1},73 (1123,1){1}, 24
43 (973,1){1,2},19 (1635,1){1;2,3},68 (13, 7){}, 26
44 (1147,1){1,2},21 (1169,1){1,2},70  (1731,1){1;2}, 23
45 (1207,1){1,2},20 (451,3){1;2,3},74  (31,7){1,2},24
46 (2257,1){1;2}, 18 (1349, 1){1, 2}, 76 (1863,1){1; 2}, 25
47 (377,3){1;2,3},18 (51,7){1:2,3},75 (1155, 1){1,4;2,4}, 26
48 (1237,1){1},21 (1679, 1){1,2},76 (1237, 1){1},27
49 (1683,1){1;2,3},20 (1023,1){2,3},82  (735,1){1,2}, 28
50 (1929,1){1;2},21 (2067, 1){2; 3}, 78 (1929,1){1; 2}, 24
Table B.3
Table for max{|X (no, nns)/{(Wa,, - - ., Wa,)(Fg)|} with ¢ = 2F, k = 4,5,6,7 and non?, < 10
g Fas Fays Fas Fyr
1 (3,5){1}, 25 (11,3){1;2}, 44 (1,11){1}, 81 (11,1){}, 145
2 (1,9){},31 (13,3){2},51 (3, 7){1;2},91 (23,1){}, 172
3 (43,1){}, 33 (11,3){2}, 63 (105,1){1; 2}, 103 (33,1){},174
4 (69,1){1}, 32 (61,1){},53 (1,15){1}, 119 (29, 3){1, 2}, 215
5 (555,1){1;3;2}, 33 (13,3){}, 62 (35,3){1, 3; 2, 3}, 129 (213,1){2}, 198
6 (111, 1){2}, 45 (297, 1){1; 2}, 66 (117,1){2}, 143 (153, 1){2}, 199
7 (135,1){1}, 39 (423, 1){1: 2}, 56 (1,15){}, 110 (69, 1){}, 228
8 (37,3){2}, 43 (155, 1){1}, 64 (5.9){1}, 113 (273,1){1; 2}, 201
9 (171,1){2},62 (195,1){1,3},64 (255,1){2;3},153 (483,1){1,3;2,3},285
10 (127,1){}, 40 (65,3){1,3;2, 3}, 67 (175, 3){1; 3; 2}, 126 (483,1){1; 2,3}, 215
11 (43,3){1}, 43 (247,1){2}, 65 (35,3){1, 3}, 136 (207, 1){1}, 228
12 (513,1){1; 2}, 56 (47,3){2}, 59 (85,3){1,3;2,3}, 143 (321, 1){2}, 269
13 (9,5){}, 60 (265,1){2}, 76 (195, 1){3}, 142 (1105, 1){1; 3; 2}, 211
14 (15,7){3; 1, 2}, 51 (297, 1){2}, 93 (3,11){2}, 135 (645,1){2; 3}, 231
15 (555, 1){2; 3}, 61 (79,3){2}, 72 (279, 1){2}, 170 (483, 1){1; 2}, 229
16 (23, 5){2}, 50 (445,1){2},73 (9, 7){2}, 237 (375, 1){2}, 268
17 (65,3){1}, 52 (427,1){2},67 (309, 1){2},170 (273,1){2},232
18 (333,1){2}, 83 (423,1){2},97 (365,1){2}, 153 (145, 3){1; 3}, 283
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Table B.3 (continued)
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g Fas Fas Fae Far
19 (627,1){1;3},55 (65,3){2,3}, 84 (351, 1){2}, 207 (285,1){3}, 284
20 (777,1){1;3},65 (437,1){2}, 64 (1,33){2},151 (861,1){1, 3;2, 3}, 227
21 (39,5){1;3},65 (209, 3){2;1,3},65 (441,1){2},188 (963,1){1;2}, 258
22 (741,1){1;3},67 (1365,1){3;2,4;1,2},67  (511,1){2},162 (1255, 1){1; 2}, 232
23 (209,3){3;1,2},62 (435,1){3},8 (385,1){1}, 152 (483,1){2,3}, 312
24 (185,3){3;1,2},67 (5,21){3;1,2},77 (1339,1){1;2},138 (527,1){2}, 240
25  (85,3){3},72 (95,3){3}, 80 (539,1){2}, 220 (855,1){1; 3}, 284
26 (69,5){1;2,3},64 (1365, 1){2; 1;4}, 72 (765,1){2; 3}, 199 (545,1){1}, 229
27 (91,3){1},80 (247,3){3;1, 2}, 77 (707,1){2}, 157 (107, 3){2}, 271
28  (513,1){2},108 (1325,1){1;2},91 (175,3){1; 3}, 167 (639, 1){2}, 387
29 (1295,1){3;1,2},80 (465,1){1, 2}, 66 (1085,1){1;3}, 164 (435,1){1, 3}, 262
30 (2553,1){1;3;2},63 (209,3){1;2},86 (77,5){3;1,2},155 (203, 3){1;3}, 241
31 (975,1){1;3},73 (247, 3){2; 3}, 80 (9, 7){}, 186 (483,1){2}, 232
32 (1505,1){2;1,3},71 (7,11){1}, 107 (579,1){2}, 161 (1311, 1){1, 3; 2, 3}, 221
33 (363,1){}, 72 19, 7){1}, 65 (603,1){2}, 182 (43,5){21, 311
34 (2145,1){2;3;1,4},77  (253,3){1;2},77 (737,1){2},170 (685,1){2}, 205
35  (15,7){1,2},94 (585,1){2,3},124 (775,1){2}, 270 (955, 1){2}, 310
36 (1547,1){1;2,3},71 (1305,1){3;1, 2}, 87 (157,3){2}, 171 (749,1){2}, 297
37 (555,1){3}, 98 (7,15){2}, 82 (23,7){2}, 196 (145, 3){1, 3}, 310
38  (301,3){1;2,3},79 (847,1){1},69 (2145,1){4;1,3;2,3},163 (1435, 1){2; 3}, 286
39 (627,1){3},92 (143, 3){3}, 80 (585, 1){3}, 242 (1449,1){1; 2, 3}, 288
40 (391,3){2;1,3},72 (1305,1){2;3},67 (1,45){1},197 (1305, 1){1, 3;2,3}, 231
41 (375,1){}, 78 (53,5){2}, 112 (715,1){3}, 174 (861,1){2, 3}, 312
42 (2103,1){1;2},80 (1495, 1){1; 3}, 63 (1505, 1){2; 3}, 174 (319,3){1; 3}, 284
43 (39,5){1,3},96 (1365,1){1,4;2,3,4},84  (1155,1){2;1,3},170 (39,5){2}, 308
44 (1169,1){1,2},78 (1653,1){3;1,2}, 68 (1111,1){2}, 168 (2415,1){1;2,3;3,4},234
45  (741,1){3}, 100 (693,1){3}, 124 (1545,1){2; 3}, 202 (925, 1){2}, 302
46 (4403,1){1;3;2},82 (47,9){1;2},94 (9,11){2}, 259 (341, 3){1, 3; 2, 3}, 289
47 (1073,1){2},92 (891,1){2},93 (211, 3){2}, 216 (963, 1){2}, 465
48  (1887,1){2;3},96 (803, 3){1;3;2},57 (965,1){2}, 201 (1177,1){2}, 285
49 (777,1){3},120 (1079, 1){2}, 77 (1545,1){3; 1, 2}, 225 (1255, 1){2}, 380
50  (2639,1){1;2,3},92 (1885, 1){1;2}, 73 (93,5){1; 3}, 206 (355, 3){2; 3}, 287
Table B.4
Table for max{|X (no, nns)/{(Wa,, - - ., Wa,)(F)|} with ¢ = 3%, k = 1,2,3,4,5 and non?, < 10%.
g Fy Fy. Fas Fa: Fas
1(23,2){1,2},7 1.7)H, 6 (1,10){2}, 38 1,10){2}, 96 (1,11){1}, 275
2 528 1) } 8 2,5){}, 20 (11, 4){2}, 44 23,1 ;,116 §7,5§$1,2},306
3 (52,1) 10 64,1)1}, 28 20]2){2}) 46 25,29}, 124 4;5){2}, 304
4 (T ; 11 14.5%%1 2,3}, 30 541,2 2}, 44 80, 1){2}, 138 (85,1)§2},346
5 (106, 1 ; 2}, 12 2,71}, 32 E11o,1>{3},52 46, 1 132 §14,5) 2;3}, 366
6 (170,1){2i3},13 398, 1){1; 2}, 37 8,5){1%,56 95, 2){2, 3}, 142 121,1){}, 364
7 (266,1){1:2,3},13 238, 1Y{2,3}, 40 (62,1§£ \54 122,1){1}, 1 (380, 19{2; 3}, 366
8 g127,2; 1,2},12 1,2) 42 (23, 4){2}, 44 101, 1){}, 152 §205’2) 3;1,2},396
9 148,1){2}, 16 128, 1 ,48 (7,8){2}, 52 160, 1){2}, 176 85,2){3}, 464
10 (277, 1) 1;.16 220, 19{2. 3}, 54 (170, 1){1, 3}, 52 260, 1){2; 3}, 180 191, 2){2}, 383
11 (170, 19{2, 3}, 16 4391 .53 104 1){}’ 56 115, 1){}, 164 14,5)12, 8}, 366
12 410,1% 1 2,}3},16 28, 5) 2}3},53 5119,2§ %,2},54 37,4){2;,166 §28453§2;3;,484
13 (212, 19{2}, 18 632,1){1;2},56 (220, 19{3}, 72 224,1){1}, 168 (632, 1){1; 2}, 4
14 (554, 1) 1;2%,18 734, 1){1; 2], 59 (124,191}, 56 122,1;%%.160 (595,2)%3;2,4;1 2}, 370
15 (413,1){1,2},18 1055, 1){1; 2}, 63 5238,1 1.3},52 35,4){3}, 198 §5,14){1,3},404
16 (506, 1){1.3:2, 3}, 18 398,1;%2},70 368, 19{2}, 52 272,1){2}, 210 305, 2){2; 3}, 414
17 (634,1){1;2}, 782, 19{1; 2,3}, 72 (440,19{1; 3}, 64 665,2){2:4;1, 3}, 174 (14, 5){2}, 448
18 5266’1§ 2.3 ,22 878,1){1; 2}, 73 175, 2 2%,52 206, 1 2;,170 574,1; 1;33,374
19 (746, 1){1;2}, 21 476, 1){2, 3}, 78 11, 10){2}, 60 185, 2){2}, 196 221, 2){1, 2}, 402
20 (778,1){1:2}, 19 622, 1){2}, 80 (493,2){3;1, 2}, 56 520,1){2;3}, 198 (425, 19{2}, 526
21 5533,1; 1,2} 20 56, 1){}, 80 53,2% 1,2},56 125,2){}, 208 gsos@g 1;3;,446
22 (308,1){2, 3}, 24 1102, 1) 1; 2 3},82 (247,2){3}, 64 215,2){1, 3}, 194 560, 1){2; 3}, 484
23 (613,1){1}, 22 542, 1 208,191}, 56 385,2){2!3}, 214 680, 19{3; 1, 2}, 450
24 653,1; 1},23 496, 1) 135 §11,1e§ %:5},54 385, 2 4;3§,228 Essn,1§ 1;3},4}1640
25 5340,1) 2,3}, 24 440,1){2, 3}, 96 (245, 2){3}, 56 31,5){2}, 222 §340,1 3}, 552
26 (424, 1) 21,24 28,5){2, 3}, 98 E1o,7)( .2}, 68 812,1;?’3;1,2},188 28,5){2, 3}, 482
27 (436,1){2}, 22 604,1){2}, 100 232,1)(},56 320, 2){3}, 198 (320, 2){3}, 472
B gmiiae naihe B i
29 57, s 56,5){2;3}, , s s 22}, s s
50 (11141 £1;2},25 1375, 1){1; 2}, 99 (496, 1){1}, 56 1,35){2}, 248 (1144, 1){1, 3; 2, 3}, 508
31 (1265,1){1;2,3},23 (1,46){L,2}, 103 (341, 2912}, 60 1300, 2){1, 3; 2, 4; 3, 4}, 222 Esos,z){s},sz
32 (986, 1){2;3},25 1039, 1){1}, 112 (880,1){3;1, 2}, 68 946, 1){1; 2}, 215 1264, 1){1; 2}, 490
33 (554,1){2},31 103,5){1; 2}, 111 (440, 19{3}, 80 544,1){2}, 256 (43,5){2}, 524
34 (506, 1) 2.3&,28 638,1){2,3},114 (490, 19{1, 2}, 72 335,2){3}, 246 (47, 5)§2§,440
35 Ei’??gl% {17351 26 (706, 191311130 52??'é§ s{i7s Toa1 §§'§$i (755711733 aa
B iy B ) B B B O B 3 B 3
37 (634,1){2},28 956, 1){2}, 123 (413, 2){3}, 62 185, 4){1; 2}, 2 (580,1){1,3).446
38 532,1;{2,3},32 1231,1){1}, 131 51007,2 {3/1,2},59 1505, 2){3; 2, 4 1 ,2}, 245 §1106,1){2;3},362
39 (628, 1){2}, 28 782, 1){2, 3}, 140 23,10)%2%,66 665, 2){2; 4}, 652, 1){2}, 454
10 (1514,1)§1;2 , 29 878, 1){2 2 (550, 1){1}, 54 34, 5){3}, 260 (550, 19{1, 3}, 548
41 g1037,1) 1,2}, 28 1564, 1){1,3;2,3},132 (1003, 2){3/1, 2}, 57 640, 1){2}, 240 §290,1) }, 488
42 (109, 5){1; 2}, 27 1001, 2){4;1,2,3},134 (451, 2){3}, 64 25, 7){2}, 260 1495,1){1; 3}, 436
43 (1117, 1){1}, 32 700, 1){2, 3}, 144 1190, 1){2, 3; 1,4}, 56 385,4){1:3; 2}, 252 (425,2)%3},524
44 74@,1)?2}:35, 1966,1){1;2}, 186 (358, 1){}, 54 469, 2){3}, 270 g247,4) 1,2}, 466
45 (616, 1){2,3},3 1399, 1){1}, 145 493, 2 3;,68 322, 1){}, 264 1120@)%2;5},604
46 (1642, 1) 1;2;,27 2455, 1){1; 2}, 139 (752, 1){1}, 54 74,5){1; 3}, 284 (1580, 1){3! 1, 2}, 448
47 (1576, 1){1;2}, 30 1886, 1){1; 2, 3}, 146 (1190,1%1,4;2,3.4},68 385,2){3}, 296 (805, 2)12; 4} 462
48 g1213,1) 13,35 1102; 19{2; 3}, 154 1189, 29{2i 1, 3}, 54 385, {1;3;4}, 259 gsos 2; 2:3,4}, 412
49 (788,1){2},3 1244, 19{2}, 159 29,10%%2%,72 85, 2){3}, 284 790, 1 3;.584
50 (2285, 1){1,2} 28 2126, 1){1;2}, 154 551,2){2}, 74 2092, 1){1; 3; 2}, 258 (826, 1) 514
Table B.5
Table for max{|X (no, nns)/{Wa,, ..., Wa,)(Fy)|} with ¢ = 5%, k = 1,2,3,4,5 and non2, < 10%.
Fs 5 Fs s Fss
(7,4){1;2}, 10 (1,6){2},36 (1,8){}, 148 (1,11){1}, 675 (13,4){1; 2}, 3227

[NETCRY PN

(11,6){3;1,2},12
(76,1){2}, 15
(86,1){2}, 17

(1,12){2}, 46
(19, 12){1; 3; 2}, 56
(16, 3){2}, 66

(14, 3){1;3},170
(14, 3){3}, 192
(132,1){1, 3;2, 3}, 188

(57,1){1,2}, 724
(29, 2){2}, 738
(67,2){1,2}, 774

(17,6){3; 1, 2}, 3328

(13,4){1}, 3404

(62, 3){1;2, 3}, 3530
(continued on nest page)
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Table B.5 (continued)

g Fs Fy2 Fse i Fys
5 (21,4){1; 3}, 16 (209,2){3;1,2},71 (186, 1){1, 3;2, 3}, 184 (133,1){1, 2}, 823 (209,2){3; 1, 2}, 3631
6 (163, 1){1}, 19 (84,1){1,3},74 (112,1){1}, 178 (117, 1){2}, 902 (84,1){3}, 3612
7 (44, 3){2; 3}, 21 (16,3){}, 84 (28,3){3}, 240 (232, 1){1; 2}, 854 (231, 1){1; 3}, 3644
8 (403, 1){1;2}, 21 (174, 1){2, 3}, 90 (264,1){1;2, 3}, 188 (234, 1){3;1,2}, 885 (77.2){1, 3
9 (172, 1){2}, 24 (321,2){2;1,3},94 (93, 1){}, 200 (19,3){}, 898 (87, 1)1}, 3768
10 (182,1){2,3},24 (286, 1){2, 3}, 108 (132,1){2, 3}, 246 (164, 1){2}, 942 (334,1){2}, 4092
11 (201, 1){2}, 24 (413,2){2;1, 3}, 109 (186, 1){1, 3}, 232 (201, 2){1, 3; 2, 3}, 924 (299, 1){2} 3912
12 (203, 3){1; 3; 2}, 23 (208, 1){2}, 122 (11,12){1; 3}, 204 (133, 2){2, 3}, 984 3
13 (278, 1){2}, 26 (572,1){2;3},126 (129, 1){}, 200 (117, 2){3}, 936
14 (193,2){1,2},24 (564, 1){3; 1,2}, 126 (186, 1){2, 3}, 206 (38, 3){2}, 1000
15 (268,1){2}, 30 (719, 1){1}, 127 (39,4){1, 2}, 220 (67,6){1,3;2,3}, 952 N
16 (403, 1){1,2},28 (647, 1){1}, 136 (258, 1){1, 3}, 222 (8,7){2},974 (204, 1){2}, 3852
17 (88, 3){2; 3}, 28 (196, 1){}, 142 (56, 3){3}, 288 (171, 1){}, 1060 (46, 3){3}, 4186
18 (499, 1){1}, 31 (271, 3){1; 2}, 146 (112, 3){3 1 2} 226 (234, 1){3}, 1082 (598, 1){1; 3}, 3858
19 (326, 1){2},33 (252, 1){1, 3}, 156 (28,3){}, (492, 1){3; 1, 2}, 1034 (693,1){3; 1, 2}, 4170
20 (547, 1){1}, 33 (526, 1){2}, 164 (203, 2){1, 3} 190 (87,4){2: 3}, 1096 (362, 1){2}, 3972
21 (258, 1){3},34 (154, 1){}, 152 (264, 1){2, 3}, 272 (116, 3){1, 3; 2, 3}, 1030 (693,2){3;2,4;1,2},4170
22 (422, 1){2}, 38 (189,2){1,3}, 174 (188,1){}, 246 (201, 2){1, 3}, 1062 (1242, 1){1; 3; 2}, 4048
23 (364,1){2,3},36 (887,1){1}, 180 (17, 8){2}, 244 (386, 1){2}, 1096 (306, 1){2}, 3928
24 (1122, 1){1, 3;2, 4; 3,4}, 31 (206, 3){2:3},188 (1989, 1){1; 3; 2}, 204 (399,2){3,4;1, 2,3}, 1030 (77,6){1,2; 1, 3, 4}, 3970
25 (684, 1){2; 3}, 30 (572,1){2, 3}, 204 (11, 9){2}, 210 (589, 2){1, 3; 2, 3}, 1065 (668, 1){2}, 4332
26 (739, 1){1}, 38 (1294, 1){1; 2}, 188 (744, 1){1, 3; 2, 3}, 222 (458, 1){2}, 1114 (681,2){2;1, 3}, 3936
27 (489, 1){2}, 36 (574,1){2, 3}, 204 (774,1){2; 1, 3}, 204 (546, 1){2, 4; 2, 3}, 1088 (414,1){3},4186
28 (787, 1){1}, 35 (23, 7){1, 2}, 202 (287,2){3}, 218 (464, 1){2}, 1218 (209, 6){3:2,4:1, 2}, 4220
29 (1094, 1){1; 2}, 37 (1342,1){1;2, 3}, 205 (186, 1){}, 248 (696, 1){1; 3}, 1288 (261, 2){3}, 4202
30 (556, 1){2}, 39 (1007, 1){1, 2}, 216 (372,1){2, 3}, 234 (323, 2){2}, 1032 (339,2){1, 3}, 4106
31 (518,1){2, 3}, 40 (564,1){3}, 228 (297, 2){1, 3}, 232 (231, 2){4}, 1268 (231,2){1,4}, 4484
32 (1227,1){1; 2}, 35 (1246,1){1;2,3},214 (97,4){2}, 208 (579, 1){2}, 1150 (39, 8){1;2, 3}, 3976
33 (402, 1){3}, 42 (924,1){1,2;1, 3,4}, 226 (154, 3){1; 3}, 218 (603, 2){1, 3; 2, 3}, 1240 (184, 3){1; 3}, 4242
34 (614, 1){2}, 41 (1223,1){1}, 241 (12, 7){1, 2}, 242 (16, 7){2}, 1260 (92, 3){3}, 4686
35 (1304, 1){1; 2}, 39 (958, 1){2}, 242 (133,6){1,4;2,4}, 244 (234, 1){}, 1204 (598, 1){3}, 4604
36 (214, 3){2; 3}, 45 (1271,1){1, 2}, 238 (954, 1){2; 3}, 218 (592, 1){2}, 1202 (1557,1){1; 2}, 4110
37 (662, 1){2}, 46 (316, 3){2; 3}, 243 (133,6){1,3;1, 4}, 266 (468, 1){3}, 1296 (302, 1){}, 4284
38 (1334, 1){1; 2, 3}, 40 (593, 2){1, 2}, 232 (663,2){1,3;1,4}, 254 (687, 1){2}, 1268 (789, 2){1, 3; 2, 3}, 4232
39 (652, 1){2}, 48 (1774,1){1; 2}, 260 (112, 3){3}, 336 (87,4){3}, 1328 (522,1){2,3},4134
40 (541,2){1, 2}, 40 (814,1){2,3},272 (609,2){1,3; 2, 3}, 252 (492, 1){3}, 1326 (609, 2){4; 2,3}, 4122
41 (1003, 1){1, 2}, 46 (861,1){2, 3}, 260 (56,3){}, 288 (1547, 1){1; 2}, 1168 ;3
42 (516, 1){3}, 48 (1006, 1){2}, 296 (663, 2){4; 3}, 274 (1158, 1){2; 3}, 1182 (418, 3){1;3: 4}, 4128
43 (758, 1){2}, 50 (1843,1){1, 2}, 276 (528,1){2, 3}, 324 (232, 3){1, 3; 2, 3}, 1400 (778, 1){2}, 4650
44 (431, 3){1; 2}, 37 (1487,1){1}, 289 (1232, 1){2; 3}, 254 (469, 2){1, 3}, 1298 (924,1){2; 1,4}, 4406
45 (197,6){2; 1, 3}, 40 (696,1){2, 3}, 280 (501, 2){3}, 266 (1158, 1){3; 1, 2}, 1288 (693,2){1,4;2,3,4}, 4808
46 (1099, 1){1, 2}, 46 (1052, 1){2}, 306 (924, 1){2, 4; 2, 3}, 294 (9,11){2}, 1438 (7,13){1}, 4514
a7 (1766, 1){1; 2}, 43 (1149, 1){2}, 298 (891, 1){2}, 282 (77,6){2,4},1196 (963, 1){2}, 4414
48 (844, 1){2},57 (2014, 1){1; 2, 3}, 306 (497, 2){1, 3}, 254 (772, 1){2}, 1466 (903,2){1,3;2,3,4}, 4246
49 (748,1){2,3},48 (1244, 1){2}, 315 (612, 1){3}, 294 (589, 2){1, 3}, 1250 (1242, 1){1; 3}, 4718
50 (1688, 1){1; 2}, 46 (1198, 1){2}, 306 (2,39){1, 3; 2, 3}, 232 (134, 3){2}, 1168 (786, 1){3}, 4324
Table B.6
Table for max{|X (no, 7ns)/{Wa,s ..., Wa,}(Fg)|} with ¢ = 7%, k = 1,2,3,4,5 and non?_, < 10*.
g F, Fre Fopa Fou jo
1 (1,15){1;2}, 13 (1,8){},64 (31,2){2}, 380 (1,6){2}, 2496 (1, 10){2}, 17050
2 (1,15){1,2},16 (1,16){1},78 (1,9){}, 412 (1, 12){2}, 2590 (8,5){1;2}, 17292
3 (13,6){1,2,3},18 (9,4){1},92 (33,2){3}, 446 (29, 2){2}, 2684 (4,5){2}, 17534
4 (137,1){1},21 (54,1){}, 102 (165, 1){2; 3}, 440 (16, 3){2}, 2778 (22,3){1;3},17770
5 (2,15){2; 3}, 24 (52,1){}, 112 (88,1){2}, 440 (29,2){}, 2808 (11, 3){}, 18012
6 (73, 3){1; 2}, 26 (156, 1){2, 3}, 122 (33,4){2; 3}, 480 (102, 1){3}, 2774 (190, 1){2, 3}, 17830
7 (257,1){1},26 (1,16){}, 148 (20, 3){2}, 474 (87,2){1, 2,3}, 2954 (8,5){2}, 18496
8 (136, 1){2}, 24 (431,1){1}, 138 (2,9{}, 508 (304, 1){1; 2}, 2831 (110, 1){2}, 18496
9 (97,3){1; 2}, 29 (151,3){1;2}, 167 (114, 1){3}, 528 (152, 1){2}, 2904 (99,1){}, 18968
10 (2,15){2, 3}, 28 (27,4){1}, 153 (176, 1){2}, 536 (19, 6){2}, 2976 (209, 1){1}, 18143
11 (353,1){1},33 (382,1){2},176 (165, 2){4; 3}, 556 (117, 1){}, 3052 (34,3){2}, 18724
12 (226, 1){2}, 36 (718,1){1;2},171 (342,1){3;1, 2}, 548 (250, 1){2}, 2893 (12,5){2, 3}, 18242
13 (4,15){2; 3}, 36 (599,1){1},184 (31,6){3},504 (232, 1){1, 2}, 3112 (198, 1){1, 2, 3}, 18496
14 (73,3){1,2},34 ;3,4}, 196 (330, 1){4; 3}, 510 (83,2){}, 3002 (59, 4){2}, 18520
15 (274, 1){2}, 40 214 (40, 3){2}, 584 (268, 1){2},3104 (110, 1){}, 19216
16 (204, 1){3}, 36 }, 222 (398, 1){2}, 526 (204, 1){3}, 3090 (44,3){3}, 18732
17 (706, 1){1;2}, 35 (16,5){2; 3}, 216 (1,60){1; 3}, 532 (335, 1){2}, 3228 (185, 1){}, 18804
18 (785, 1){1;2},33 (179, 4){1; (228, 1){3}, 584 (304, 1){2}, 3118 (110, 3){4; 2, 3}, 18974
20 (97,3){1, 2}, 40 (46,5){1,3; 2, 3} 246 (528,1){3; 1, 2}, 530 (362, 1){2}, 3201 (935, 1){1; 2, 3}, 18902
21 (193, 3){1; 2}, 41 (426, 1){3}, 252 (264, 1){3}, 632 (282,1){1, 2, 3}, 3096 (207, 1){}, 19568
22 (317,2){1, 2},38 (139,6){2;1, 3}, 255 (188, 1){}. 594 (356, 1){2}, 3174 (754, 1){3;1, 2}, 19126
23 (617, 1){1}, 45 (911, 1){1}, 264 (990, 1){1; 3; 4}, 566 (282, 1){1, : (429, 2){2; 3,4}, 18884
24 (146, 3){2; 3}, 44 (206, 3){2; 3}, 272 (71,4){2}, 540 (670, 1){31 1, 2}, 3290 (808, 1){1; 2}, 19211
25 (4,15){2, 3}, 42 (717, 1){2}, 284 (27,5){2}, 660 (117, 2){}, 3408 (404, 1){2}, 19362
26 (466, 1){2}, 48 (718, 1){2}, 312 (374, 1){2}, 566 (885,2){3; 2,4;1, 2}, 3237 (370, 1){1}, 19586
27 (8,15){2; 3}, 48 (69, 5){2; 3}, 288 (342, 1){3},824 (232, 1){}, 3340 (8,15){2; 3}, 19488
28 (452, 1){2}, 54 (764, 1){2}, 330 (513, 1){2}, 558 (464, 1){2}, 3498 (479, 2){2}, 19743
29 (737,1){1,2},48 (16,5){}, 304 (40, 3){}, 592 (885,2){4;1, 3; 2,3}, 3461 (198, 1){}, 19936
30 (822,1){3;1,2},43 (319, 3){1; 2, 3}, 320 (1320, 1){3; 4; 1, 2}, 610 (804, 1){3;1, 2}, 3386 (465,2){1,3; 1,4}, 18782
31 (946, 1){1,3;2, 3}, 48 (1146, 1){3; 1, 2}, 330 (660, 1){4; 3}, 696 (80, 3){2}, 3396 (297, 1){}, 20352
32 (386, 3){1; 3; 2}, 47 (1079, 1){1, 2}, 332 (495, 2){3;1, 4}, 606 (31,12){2; 3}, 3496 (374,3){1;2;3,4},19718
33 (194, 3){2; 3}, 56 (862, 1){2}, 370 (43,5){2}, 662 (804, 1){2; 3}, 3578 (440, 1){2}, 20168
34 (548, 1){2}, 60 (220, 3){2; 3,4}, 366 (176, 3){1, 3; 2,3}, 612 (335, 2){3}, 3622 (494, 1){3}, 19650
35 (771, 1){2}, 52 (645,2){4; 1, 3}, 366 (248, 3){1, 3; 2, 3}, 568 (234, 1){}, 3412 (377,2){3}, 19382
36 (977, 1){1}, 56 (302, 3){2; 3}, 392 (327,2){1,3}, 716 (2145,1){2; 1; 4}, 3352 (302, 3){2; 3}, 19580
37 (1097, 1){1}, 54 (316, 3){2; 3}, 408 (9,20){1;3}, 784 (333,2){1, 3}, 3408 (528, 1){1, 3}, 19864
38 (534, 1){3}, 48 (440,3){2; 1, 3; 3,4}, 370 (978, 1){2; 3}, 578 (555,2){3; 1, 2}, 3318 (663, 2){2; 3,4}, 19568
39 (2033, 1){1; 2}, 51 (46, 5){2, 3}, 404 (1056, 1){3; 1, 2}, 728 (155, 6){2; 4}, 3590 (663,2){3,4;1,2,3},20412
40 (706, 1){2}, 64 (92, 5){2; 3}, 402 (845,2){1,3;2, 3}, 588 (351,2){1, 3}, 3792 (2064, 1){1; 3; 2}, 19478
41 (1193,1){1}, 60 (1077, 1){2}, 412 (19,9){2}, 600 (31,8){1}, 3474 (663,2){2,4;2, 3}, 20048
42 (1426, 1){2; 3}, 54 (701,2){1, 2}, 400 (610, 1){3}, 544 (2136, 1){1; 3; 2}, 3446 (22,15){1;3;4}, 19234
43 (1217,1){1}, 57 (387,2){3},444 (528, 1){3}, 872 (1068, 1){2; 3}, 3612 (580, 1){3}, 20766
44 (1426, 1){1, 3; 2, 3}, 56 (761, 2){1, 2}, 408 (1443,1){1, 3; 2, 3}, 526 (1160, 1){2; 3}, 3598 (1654, 1){1; 2}, 19418
45 (802, 1){2}, 56 (451, 3){1;2, 3}, 422 (1056, 1){2; 3}, 760 (724, 1){2}, 3992 (76,5){2; 3}, 20462
46 (1474, 1){1; 2, 3}, 56 (1052, 1){2}, 450 (752, 1){1}, 594 (831, 1){2}, 3964 (1140, 1){2; 3, 4}, 19872
a7 (754,1){2, 3}, 68 (600, 1){1, 2}, 436 (1980, 1){3;4; 1, 2}, 592 (1128,1){1, 3; 2, 3}, 3588 (927,2){1,3;2, 3}, 19816
48 (317,4){1; 2}, 62 (1102, 1){2, 3}, 466 (990, 1){2, 4; 2, 3}, 746 (577,2){2}, 3474 (754, 1){3}, 20284
19 (2,39){2;3},48 (852, 1){3}, 480 (545, 2){1, 3}, 662 (1139, 1){2}, 3470 (36,5){3}, 20880
50 (146, 3){2, 3}, 60 (1198, 1){2}, 506 (1485, 1){2; 3}, 622 (670, 1){3}, 4084 (808, 1){2}, 21084
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Table B.7

Table for max{|X (nog, 7ns)/{(Wa,, - -

L Wa Y (F) |} with ¢ = 11%, k = 1,2,3,4,5 and non?

23

L < 10%

1y

Fyy2

Fiys

s

Fiy

9
1 (10,3){2;3},18
2 (91,2){2;1,3},22
3 (109, 1){1},25

4 (74,1){2},27

5 (181,1){1},32

6 (122,1){2},32

7 (229,1){1},37

8 (362,1){1;2},35
9 (58,3){2;3},36

(1,6){2}, 144
(1,12){2}, 166
(5,6){2}, 188
(1,15){1}, 210
(1,30){2; 3}, 232
(103, 3){1; 2}, 239
(1,24){2}, 276
(240, 1){2; 3}, 266
(1,30){2}, 320

(19,1){}, 1404
(48,1){2}, 1468
(105, 2){4; 1, 3}, 1516
(86, 1){2}, 1600
(13,6){1, 3}, 1516
(1,21){2}, 1622
(65,2){1, 3}, 1590
(76, 1){}, 1740
(172,1){2}, 1812

(19, 2){2}, 14875
(161, 1){1;2},15118
(27, 4){1; 2}, 15287
(111, 2){2; 1, 3}, 15520
(378, 1){1; 3; 2}, 15699
(84,1){3}, 15590
(37,6){2; 1, 3}, 15690
(266, 1){2; 3}, 15673
(126, 1){3}, 16496

(5,12){1;3; 2}, 161854
(2,7){2}, 162656

(52, 1){2}, 163458

(39, 2){3}, 164260
(3,7){2}, 165062
(78,1){3}, 165864
(6,7){3;1,2}, 166666
(234,1){2; 3}, 165864
(312,1){2;3}, 167544

10 (458,1){1;2}, 38 (108,1){}, 306 (546,1){3;2,4;1,2},1618 (27,4){1}, 16308 (8312,1){1;3},168744
11 (349, 1){1},43 (112,1){}, 316 (141, 2){1, 3}, 1740 (192, 1){1}, 16012 (78,1){}, 166888
12 (218, 1){2},44 (156, 1){3}, 338 (159,2){1, 3}, 1828 (61,6){1, 3;2, 3}, 16156 (156, 1){3}, 170676
13 (37,5){1;2},40 (25,6){2}, 408 (546, 1){2; 4; 3}, 1642 (378, 1){2; 3}, 17241 (6,7){1, 2,3}, 167620
14 (26,5){2;3},44 (910,1){3;2,4;1,2},347 (87,4){1,3;2,3},1652 (562,1){1;2}, 16181 (95,4){3;1,2},167234
15 (244, 1){2},48 (153, 1){}, 380 (273,1){1},1724 (378, 1){1;3}, 16800 (24, 7){1: 3; 2}, 166581
16 (41,12){1;3;2},47 (9,7){2},414 (70, 3){2, 4; 2, 3}, 1838 (333,2){3;1, 2}, 16126 (6,7){3}, 172432
17 (698,1){1;2}, 47 (480,1){3;1,2},416 (152, 1){}, 1880 (246, 1){2, 3}, 16820 (936, 1){1; 3; 2}, 168592
18 (58,3){2,3},48 (234, 1){3}, 422 (228, 1){2, 3}, 1740 (532, 1){2; 3}, 16751 (294, 1){1, 2, 3}, 167696
19 (794,1){1;2},47 (64, 3){2}, 540 (602,1){3;1,2},1758 (252,1){3},17244 (468, 1){2; 3}, 170676
20 (362,1){2},61 (622, 1){2}, 438 (115,4){1, 3; 2, 3}, 1806 (104,3){1,3;2,3},16426 (294, 1){1, 2}, 167848
21 (59,6){1,2,3},44 (256, 1){}, 464 (344, 1){2}, 1896 (45,4){1}, 17048 (294, 1){3}, 172508
22 (116,3){2;3}, 54 (400, 1){2}, 462 (195,4){3; 2, 4;1, 2}, 1850 (840, 1){2;4;1, 3}, 16818 :3;2}, 167708
23 (661, 1){1},62 (21,5){1,3}, 472 (1365,2){2;4; 3, 5: 1, 5}, 1824 (741, 2){4;1,3; 2,3}, 16682 72572
24 (1189,1){1;2}, 54 (306, 1){1, 3}, 530 (2,21){3}, 1800 (507,2){2; 1, 3}, 16858 , 172432
25 (565,1){1,2},54 (416, 1){2}, 544 (380, 1){3}, 1824 (673,1){1}, 16916 (312, 1){3},180048
26 (458,1){2}, 69 (624, 1){1; 3}, 502 (969, 1){2; 3}, 1808 (82,3){1, 2,3}, 16506 (624, 1){1; 3}, 170676
27 (436, 1){2}, 66 (342,1){3},584 (190, 1){}, 1800 (2490, 1){1;2; 3;4}, 16742 (1143, 1){1; 2}, 168884
28 (269,3){1;2},64 (764, 1){2}, 546 (172, 3){2; 3}, 1812 (756, 1){3; 1, 2}, 18060 (762,1){1; 3}, 168264
29 (26,5){2, 3} 68 (1295,2){3;4;1,2},535 (630, 1){2,4;2, 3}, 1838 (630, 1){4; 2,3}, 17694 (203, 3){2; 3}, 171650
30 (115,6){1, 3;2, 4}, 558 (1260, 1){1, 3; 2, 4; 3,4}, 1742 (1512, 1){1; 3; 2}, 17203 (762,1){3; 1, 2}, 169876
31 3} 60 (125,6){2;1,3},576 (35,8){1;3}, 1864 (378,1){3}, 19164 (6,7){}, 174416
32 (78,5){3; 4 1, 2}, 56 (670, 1){2, 3}, 582 (140,3){3,4;1, 2, 3}, 1892 (135,4){1; 3}, 16766 (24, 7){1; 3}, 172546
33 (52,5){2;3}, 66 (525,1){1, 3}, 624 (70, 3){3, 4}, 1916 (280, 3){1; 3;4}, 17420 (882, 1){2; 3}, 172508
34 (901, 1){1,2},72 (12,7){3}, 624 (140, 3){2, 4; 2, 3}, 2196 (135,4){1; 2}, 17466 (12,7){3}, 180450
35 (31,8){1,2},62 (115, 6){1, 3; 1,4}, 620 (228, 1){}, 2028 (421, 2){2}, 17478 (598, 1){3}, 170088
36 (444, 1){3}, 60 (2080, 1){1; 3; 2}, 658 (273,4){2; 1, 3; 3, 4}, 1770 (208,3){1,3;2,3},17354 (584, 1){2}, 172324
37 (1021,1){1},77 (468, 1){3}, 720 (456, 1){2}, 2072 (492, 1){2, 3}, 17910 (24, 7){2; 3}, 174120
38 (687,1){2},70 (1560, 1){3;4; 1,2},650 (646, 1){2, 3}, 1998 (259, 3){1; 3}, 17752 (582,1){1, 3}, 171872
39 (1130,1){1,3;2,3},69 (520,1){3}, 708 (183,2){}, 1972 (1064, 1){2; 3}, 17788 (936, 1){2; 3}, 180048
40 (698, 1){2},84 (1040, 1){2; 3}, 714 (1292, 1){1, 3; 2, 3}, 1986 (665, 2){2; 3,4}, 17640 (1316, 1){2; 3}, 172542
41 (602, 1){2,3},80 (128, 3){2}, 880 (516, 1){2}, 1938 (504, 1){3}, 18544 (294, 1){}, 174568
42 (1086, 1){3; 1, 2}, 69 (1545,2){2;3;1,4},692 (423, 2){1, 3}, 2172 (1,90){1,3;2,3},17578 (582, 1){2, 3}, 172000
43 (116,3){2,3},72 (400, 1){}, 732 (1032, 1){2; 3}, 2068 (27,8){1}, 18330 (14, 15){4; 2, 3}, 170984
44 (74,5){2;3},78 (1966, 1){1; 2}, 697 (712, 1){2}, 1852 (181, 3){1}, 17758 (582, 1){1, 2, 3}, 171080
45 (724, 1){2},90 (18, 5){}, 800 (1615,1){1, 3;2, 3}, 1966 (840, 1){4;2,3}, 17984 (588, 1){3}, 179250
46 (921,2){2;1,3},64 (1278, 1){1; 3}, 742 (1365,2){2;3,4,5; 1,5}, 2104 (1134,1){3; 1, 2}, 18708 (475,2){2, 3}, 171508
47 (1189,1){1, 2}, 80 (1248, 1){1; 3}, 804 (477,2){1, 3}, 2164 (1890, 1){2; 4; 3}, 18179 (1545, 2){1,3;1,2; 1, 4}, 174090
48 (794,1){2}.75 (1102, 1){2, 3}, 830 (1510, 1){1, 3; 2, 3}, 2048 (1134, 1){1; 3}, 18816 (267, 4){1; 3}, 173222
49 (250,3){2;3},73 (1244, 1){2}, 840 (1365,2){2,4,5;1,3,5;2,3},2092 (1890, 1){2;4;1,3},18261  (312,1){}, 180336
50 (842,1){2},85 (36, 7){3; 1,2}, 836 (1365,2){3;2,4,5;1,2,5}, 1898 (842, 1){2}, 17711 (531,2){1, 3}, 174084

Table B.8

Table for max{|X (no, nns)/(Wa,, -, Wa,}(Fg)|} with ¢ = 13%, k = 1,2,3,4,5 and non2, < 10%.

Fis Fig Figs Fis Figs
(1,21){1;2}, 21 (1,7){}, 196 (2,5){2}, 2290 (1,15){1; 2}, 28899 (1,10){2}, 372496

9

1

2 (1,30){2;1,3},26
3 (43,3){1;2},29
4 (214,1){1;2},31
5 (11,5){1,2},34
6 (67,3){1;2},41
7 (43,3){1,2},37
8 (137,2){1, 2}, 36
9 (214,1){2}, 46

10 (347,1){1}, 45

11 (323,1){1,2},50
12 (86,3){2;3},50

13 (67,3){1,2},52

14 (443,1){1},56

15 (358,1){2}, 50

16 (332,1){2},54

17 (310,1){2,3},56
18 (646, 1){2;3},57
19 (134,3){1;2,3}, 58
20 (642,1){3;1,2},57
21 (134,3){2;3}, 71
22 (428,1){2}, 69

23 (406, 1){2, 3}, 70
24 (683,1){1},70

25 (44, 5){2;3}, 60

26 (86,3){2,3},68

27 (803,1){1,2},64
28 (172,3){2:;3},75
29 (33,5){2, 3}, 60

30 (344,3){1;3;2}, 64
31 (609,1){2,3},68
32 (498,1){3},72

33 (253,6){2;3;1,4}, 66
34 (1030, 1){2;3},67
35 (947, 1){1},82

36 (694,1){2},86

37 (1366, 1){1; 2}, 7

38 (646,1){2,3}, 94
39 (930,1){2,4;2,3},66
40  (620,1){2,3}, 84
41 (1187,1){1}, 83

42 (1163,1){1}, 81

43 (1283,1){1}, 84

44 (134,3){2,3},94
45  (1367,1){1}, 74

(2, 7){2}, 222
(2,9){1,2},245

(133, 1){2}, 270

(266, 1){3; 1, 2}, 295
(97,2){1, 2}, 310
(4,9){1, 2}, 339
(2,9){}, 364
(45,2){}, 368
(37,6){2; 3}, 390
(55,6){1,3;2,3,4}, 396
(23,6){2}, 422
(9,8){1}, 456

(183, 8){1;3},442
(244, 1){2}, 482

(291, 1){2}, 488
(21,8){1;2}, 500

(271, 3){1; 2}, 524
(4,9){},582

(1140, 1){1, 3; 2, 4; 3, 4},
(22,7){1,3;2,3},558
(300,1){3},594
(714,1){4;3},594
(732, 1){2; 3}, 626
(180,1){},672
(755,2){3; 1, 2}, 634
(115,6){2;1, 3,4}, 644
(1151, 1){1}, 670

(578, 1){1}, 682
(488,1){2}, 730
(567,1){2}, 744

(291, 2){1, 3}, 750
(1319, 1){1}, 744
(450,1){3}, 798

(532, 1){3}, 796

(302, 3){2; 3}, 758
(220, 3){1,
(912, 1){2; 3},
(510, 1){2, 3,4}, 820
(1020, 1){3; 2,4}, 852
(1630, 1){1, 3; 2, 3}, 858
(1455, 1){3; 1, 2}, 868
(27,8){1},933
(94,5){1,3;2,3},884
(315, 2){1, 4}, 992

(22, 1){}, 2382
(5,6){2}, 2408
(5,12){1, 3; 2, 3}, 2500
(56, 3){2; 3}, 2548
(220, 1){2; 1, 3}, 2508
(5,8){2}, 2600

(110, 1){1}, 2670

(209, 2){1, 3; 2, 3}, 2610
(399,2){3;2,4;1, 2}, 2576
(5,12){2, 3}, 2600
(319, 1){2}, 2646

(220, 1){1, 3}, 2862
(220, 1){1, 2, 3}, 2700
(110, 1){}, 2984

(112, 3){2; 3}, 2910
(474,1){3; 1, 2}, 2892
(474,1){1; 3}, 3030
(320, 1){2}, 2984
(58,3){2}, 2614

(56, 3){2}, 2936

(112, 3){1; 2}, 2922
(158,3){3; 1, 2}, 2898
(146, 3){2: 3}, 2762
(158, 3){1; 3}, 2810
(505, 2){2; 3}, 2824
(113,3){1}, 2942
(4,21){2;3}, 2898

(15, 8){3}, 3368

(804, 1){3; 1,2}, 2934
(220, 1){}, 3372

(1320, 1){1;3; 2,4}, 2892
(804, 1){2; 3}, 3308
(660, 1){3;2,4}, 3342
(133,6){1,4;2,4}, 3122
(948,1){3; 1,2}, 3086
(196, 3){2; 3}, 3204
(133,6){1,2;1, 3,4}, 2918
(474,1){3}, 3736
(627,2){1,3;1, 4}, 3226
(640, 1){2}, 3368
(1245,2){3; 2, 4; 1, 2}, 2974
(112, 3){2}, 3660

(1160, 1){2; 3}, 2970
(5,24){2, 3}, 3220

546

(17,6){3; 1, 2}, 29236
(43, 3){1; 2}, 29573
(86, 1){2}, 29840
(69,2){1, 3}, 30078
(203, 1){1, 2}, 29944
(50, 3){2; 3}, 30426
(132, 1){1, 2, 3}, 30082
(172, 1){2}, 30719
(210, 1){2;3}, 31012
(231, 1){2, 3}, 30376
(71,2){}, 31162

(410, 1){1; 3}, 30826
(1410, 1){1; 2; 3; 4}, 30560
(16, 5){1}, 30980

(69, 4){2; 3}, 31380
(387,1){1, 2}, 31376
(71,3){1}, 31154
(132, 1){}, 31548
(213,2){1, 2, 3}, 31262
(344, 1){2}, 31580
(420, 1){2; 3}, 32754
(31,10){3; 1,2}, 31608
(71, 4){2}, 31694
(203, 3){2; 1, 3}, 31694
(1254, 1){1; 3; 2, 4}, 32249
(142, 3){1; 2}, 32030
(172, 3){2; 3}, 32979
(16, 5){}, 32776

(344, 3){1; 3; 2}, 32088
(69,4){3}, 32168
(1290, 1){4: 1, 3; 2, 3}, 32277
(1410, 1){3; 4; 1, 2}, 32599
(284, 1){}, 33606
(568, 1){1}, 32916
(71, 6){1, 2}, 32562
(1, 54){2}, 32331
(609, 2){4; 3}, 32838
(609, 1){3}, 32324
(1060, 1){2; 3}, 32952
(616, 1){2}, 33344
(516, 1){3}, 32882
(420, 1){3}, 33252
(207, 4){3;1, 2}, 32632
(840, 1){2; 3}, 33280

(11,6){3;1, 2}, 373698
(9,4){1}, 374900
(126, 1){3; 1, 2}, 376094
(96, 1){2}, 377296
(11,6){1, 2}, 376094
(15,4){1}, 377304
(5,14){1, 3; 2, 3}, 376752
(96,1){}, 382096
(189,1){2}, 382887
(99,2){1, 2}, 379692
(395, 1){1, 2}, 378790
(378,1){3; 1,2}, 385275
(7,30){4; 1, 3; 2, 3}, 379942
(378,1){1;3}, 384496
(297, 1){1}, 380118
(552, 1){2; 3}, 381044
(118, 3){2; 1, 3}, 382460
(252, 1){3}, 384492
(79,3){1}, 383320
(45,4){1}, 386432
(1155, 1){2; 4; 3}, 384556
(282,1){1, 3}, 382804
(714, 1){2,4; 2, 3}, 382120
(1295,1){2; 1, 3}, 384408
(424, 1){2}, 382246
(187, 3){1; 2}, 382800
(756, 1){3; 1, 2}, 387315
(323, 2){3}, 384860
(158, 3){1; 2}, 385836
(378,1){3}, 398892
(470, 1){2, 3}, 385320
(288, 1){}, 391712
(297, 2){1, 2}, 385938
(518, 1){2}, 388916
(418, 3){2; 3}, 386492
(1155, 1){2; 1, 3, 4}, 386510
(316, 1){}, 388882
(158,3){2, 3}, 386888
(15,14){1,3;1,4}, 389258
(480, 1){2}, 386912
(1155,2){1,2;4,5; 3,5}, 385670
(289, 2){}, 391428
(118, 3){2}, 388810
(282, 1){}, 392568
(continued on nest page)
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Table B.8 (continued)

g Fis Fi3 Fise Fige Fig
46 (268, 3){2; 3}, 102 (2590, 1){1; 4; 2, 3}, 902 (1206, 1){3; 1, 2}, 3063 (924, 1){4; 3}, 32718 (2323, 1){1; 2}, 388185
a7 (536,3){1;3;2},79 (987,2){4; 1, 3}, 940 (1081, 2){1, 3; 2, 3}, 3132 (1155,2){1,4;2,3,4;5}, 33686 (1155,1){2; 3,4}, 392646
48 (886, 1){2}, 110 (873,1){2},1058 (705, 2){3; 2, 4}, 2970 (1155,2){3;2,4; 1, 2,5}, 33204 (776, 1){2}, 385894
49 (44,5){2, 3}, 90 (225, 2){}, 1040 (158, 3){3}, 3472 (1242, 1){1, 3: 2, 3}, 33030 (594, 1){1, 3}, 389172
50 (66,5){2,4;2,3},76 (1290,1){3,4;1,2,3},984 (292, 3){3; 1, 2}, 2830 (284,3){2; 1, 3}, 32706 (181, 4){1, 2}, 388226
Table B.9
s k 2 4
Table for max{|X (no, nns)/(Wa,, ..., Wa,)(Fg)|} with ¢ = 17%, k =1,2,3,4,5 and ngn < 10°.
g Fir Fir Firs Fim Firs
1 (190,1){1;3;2},25 (1,6){2}, 324 (7,6){3; 1,2}, 5054 (1,10){2}, 84096 (1,14){1, 2}, 1422141
2 (5,4){2},30 (1,12){2}, 358 (87,1){2}, 5166 (3,10){2; 3}, 84670 (13,4){1, 2}, 1424424
3 (127,1){1},36 (71,2){2}, 392 (4,5){2}, 5256 (20,3){1,3;2,3},85244 (33,1){}, 1426584
4 (80,1){2},42 (16, 3){2}, 426 (70, 1){2}, 5350 (60,1){3}, 85818 (159,2){1, 3; 2, 3}, 1429140
5 (23,6){3;1,2},38 (7,12){2; 1, 3}, 448 (155, 1){2}, 5390 (20,3){1, 2}, 85496 (52, 1){}, 1430904
6 (46,3){2:3},46 (22,3){1, 2, 3}, 470 (47,4){1; 2}, 5372 (24, 5){1; 3; 2}, 86345 (104, 1){2}, 1432818
7 (135,2){3;1,2},43 (16,3){}, 516 (55,3){1;3}, 5572 (365, 1){1; 2}, 86577 (215,2){1,3; 2, 3}, 1432388
8  (206,1){2},50 (225, 1){1, 2}, 534 (99,2){1, 3}, 5526 (206, 1){2}, 86662 (286, 1){3; 1, 2}, 1435502
9 (160,1){2},48 (99, 1){}, 560 (93, 2){2}, 5602 (120, 1){3}, 86896 (82,1){}, 1438108
10 (31,5){1;2}, 53 (108, 1){}, 630 (93,2){2, 3}, 5498 (264, 1){1; 3}, 88046 (208,1){1, 2}, 1436834
11 (254,1){2}, 62 (49,3){1}, 592 (190, 1){3}, 5620 (112, 1){}, 87148 (104,1){}, 1438748
12 (184,3){1;3;2},56 (1, 28){2}, 630 (169,2){2}, 5616 (231, 2){3; 1,4}, 86954 (208, 1){2}, 1445778
13 (92,3){2;3}, 66 (144.1){}, 696 (495, 1){1; 3}, 5668 (74,3){1, 3; 2, 3}, 87310 (13, 8){1, 2}, 1439158
14 (193,2){1, 2}, 56 (13,12){2; 3}, 676 (297, 1){2}, 5664 (365,2){2; 1,3}, 87288 (143, 2){3}, 1437974
15 (105, 2){4}, 52 (16, 7){1; 2}, 703 (155, 1){}, 5632 (88,3){1, 3; 2,3}, 87972 (80,3){1;3},1445778
16 (463,1){1}, 64 (208, 3){1; 3; 2}, 762 (70, 3){2; 3}, 5782 (333, 1){1, 2}, 87602 (645,2){1,3;2,4;3,4}, 1439512
17 (487,1){1}, 72 (104, 3){1;2,3}, 754 (55, 3){3}, 6100 (222, 1){2}, 88710 (286, 1){1, 2, 3}, 1444260
18 (412,1){2},75 (271,3){1;2}, 746 (314, 1){2}, 5861 (412, 1){2}, 88715 (328, 1){1, 2}, 1449322
19 (607,1){1}, 66 (225, 1){}, 836 (229,2){2}, 5708 (240, 1){3}, 89052 (164, 1){}, 1449636
20 (142, 3){2;3}, 60 (104, 3){2; 3}, 862 (61, 4){2}, 5794 (475,2){2; 1, 3}, 89350 (858,1){4;1, 3; 2, 3}, 1442726
21 (446, 1){2}, 72 (45,4){1},824 (110, 3){4; 1,2, 3}, 6104 (759,2){2;3; 1,4}, 88774 (270, 1){3}, 1446644
22 (23,9){1;2},70 (860, 1){2; 3}, 864 (110, 3){4; 3}, 5846 (453,2){3; 1, 2}, 89354 (188, 1){}, 1442166
23 (583,1){1,2},80 (1102, 1){1, 3;2, 3}, 842 (465, 1){2, 3}, 6016 (208, 1){}, 88324 (208, 1){}, 1454436
24 (508,1){2},93 (109, 3){2}, 880 (898, 1){1;2}, 5851 (429,2){4;1,2, 3}, 88786 (485, 1){2}, 1441184
25 (92,3){2,3},84 (49, 6){2},990 (205,6){4;1,3;2,3},5948 (730, 1){2;3}, 90199 (416, 1){2}, 1458896
26 (399,2){2,3;1,2,4},70 (343,2){2}, 884 (507, 2){2; 3}, 6080 (515, 1){2}, 89642 (1203, 1){1; 2}, 1444846
27 (263,3){1;2},72 (370, 1){3}, 970 (141, 4){1; 3}, 6246 (448, 1){1}, 89420 (429, 1){3}, 1454252
28 (494,1){2,3},94 (130, 3){3;2, 4}, 956 (681, 1){2}, 5880 (429, 2){4; 2, 3}, 88602 (188,3){2; 3}, 1446690
29 (184, 3){2;3},88 (198,1){}, 1000 (495, 1){3}, 6292 (259, 3){2; 1, 3}, 88558 (720, 1){1; 3}, 1449606
30 (823,1){1},95 (962, 1){1; 3}, 967 (372, 1){2, 3}, 6126 (549, 1){2}, 92918 (1015, 1){2; 3}, 1448331
31 (368,3){1;3;2},70 (1820, 1){2;4; 3}, 1038 (164, 3){2; 3}, 6018 (19,10){1, 3}, 90728 (80,3){3}, 1461144
32 (1166, 1){1;2,3},83 (32, 7){1; 2}, 1054 (205, 6){2; 4; 3}, 6220 (444, 1){1, 2,3}, 90182 (656, 1){1, 2}, 1455706
33 (62,5){2;3},82 (25,8){1}, 1038 (88,3){3}, 6240 (1554, 1){1;2; 3,4}, 89329 (42,5){4;1,3}, 1452724
34 (254,3){1;2,3},76 (16, 7){2}, 1260 (140, 3){2; 3}, 6102 (1030, 1){2; 3}, 92738 (206, 3){1; 3}, 1446024
35 (1166, 1){2;3},87 (208,3){1;2,3},1152 (55,6){1,4}, 6488 (247, 3){1; 3}, 92680 (208, 3){1; 2,3}, 1456994
36 (590,1){2, 3}, 92 (208,3){1,3;2,3},1182 (403, 2){2}, 6010 (444, 1){1, 3}, 88950 (208,3){1,3;2,3}, 1457620
37 (734,1){2},94 (324, 1){}, 1224 (320, 1){}, 6552 (1030, 1){3; 1, 2}, 91540 (858,1){4;1, 2,3}, 1459186
38 (889,2){2;1,3},72 (416, 3){1;3; 2}, 1224 (77,10){2; 4; 3}, 6394 (532, 1){2}, 91222 (572, 1){1, 3}, 1453414
39 (526,3){1;3;2},79 (104, 3){2,3}, 1284 (628, 1){2}, 6738 (711, 1){2}, 93212 (328, 1){}, 1469476
40 (7,13){1,2},78 (208, 3){2; 3}, 1434 (15,14){1, 4; 2,4}, 5998 (22,15){1;2,3;3,4},90084 (572, 1){3}, 1463658
41 (1087,1){1}, 104 (1848, 1){2; 4; 3}, 1200 (143, 3){2}, 6332 (504, 1){3}, 92080 (858,1){4;1,3}, 1461312
42 (1646, 1){1;2}, 101 (516, 1){3}, 1250 (41,12){2; 3}, 6350 (1860, 1){2; 4; 1, 3}, 90206 (346, 1){}, 1458362
43 (23,9){1, 2}, 90 (648, 1){2}, 1308 (990, 1){4;1,2, 3}, 6384 (1068, 1){2; 3}, 92988 (2030, 1){1;3; 4}, 1454311
44 (568, 3){1;3;2}, 80 (61,12){2; 1, 3}, 1306 (1860, 1){2; 1, 3;3,4},5924 (534, 1){2}, 89410 (1705, 2){1, 3; 2, 4; 3, 4}, 1460002
45  (892,1){2}, 105 (18,5){}, 1392 (990, 1){4; 1, 3}, 6376 (475,2){1, 3}, 95564 (5,24){1, 3}, 1465300
46 (14, 11){2;3},82 (417, 2){3}, 1266 (594, 1){3}, 6378 (411, 2){3}, 92478 (540, 1){3}, 1457166
47 (133,4){1,2,3},90 (1485,1){3; 1, 2}, 6416 (759,2){3; 1, 4}, 92752 (832, 1){1, 2}, 1473644
48 (1327,1){1},110 (235,4){1; 3}, 6272 (763, 3){1; 3; 2}, 90002 (1705, 1){1; 3}, 1453916
49 (1303, 1){1},119 (1550, 1){2; 3}, 91704 (416, 1){}, 1476512
50 (23, 15){1;2,3},92 (1460, 1){3; 1, 2}, 92540 (659, 2){2}, 1447175
Table B.10
. k 2 4
Table for max{|X (no, nns)/(Wa,, ..., Wa,)(Fg)|} with ¢ =19, k =1,2,3,4,5 and ngn; < 10°.
9 19 Fig2 Fig0 Fig6 [Frg
1 (1,24){1;2}, 28 (1,7){}, 400 (1,12){1}, 7024 (11, 3){1;2}, 131040 (23,2){1, 2}, 2478982
2 (130, 1){1, 3; 2,3}, 34 (22,1){}, 438 (30, 1){2}, 7188 (5,7){1;2},131758 (191, 1){1}, 2482286
3 (149, 1){1}, 38 (33,1){}, 476 (9,4){1}, 7352 (23,4){1; 2}, 132476 (46, 1){1}, 2484746
4 (305, 1){1;2}, 39 (66,1){1,2},514 (143, 2){1, 3; 2, 3}, 7333 (130, 1){2; 3}, 133194 (262, 1){1; 2}, 2487889
5 (33,4){1,3;2,3},44 (55,1){}, 536 (9,4){}, 7352 (55,6){3;4; 1, 2}, 133048 (46, 1){}, 2490510
6 (221, 1){1, 2}, 48 (73, 3){1; 2}, 560 (58, 1){}, 7420 (104, 1){2}, 133478 (103, 3){1; 2}, 2490728
7 (298, 1){1;2},47 (215, 2){1, 3;2, 3}, 600 (135, 1){1}, 7464 (65,2){1, 2}, 134460 (11,10){3; 1, 2}, 2492010
8 (179, 2){1, 2}, 47 (2,9){}, 616 (315, 1){2; 3}, 7534 (260, 1){2; 1, 3}, 134026 (183,2){2; 1, 3}, 2492026
9 (85,3){1;2,3},50 (128,1){}, 688 (21,4){1}, 7676 (130, 1){2}, 134816 (11,10){2; 3}, 2494874
10 (195, 2){4;1,3},52 (319, 2){1, 3;2, 3}, 703 (189, 1){2}, 7848 (260, 1){2; 3}, 135582 (92,1){}, 2499156
11 (389, 1){1}, 64 (117, 1){}, 724 (13,12){1; 2}, 7612 (13,10){2; 3}, 134932 (34, 3){2}, 2501908
12 (442,1){1,3; 2,3}, 64 (3,14){3}, 750 (28,5){2; 3}, 7646 (130,3){1;4;2, 3}, 136218 (51, 4){1; 2}, 2500509
13 (212, 1){2}, 60 (335,2){2; 3}, 743 (9,8){1}, 7900 (24,5){1;3}, 135354 (275, 2){2; 3}, 2502798
14 (509, 1){1}, 65 (438, 1){1; 3}, 790 (354, 1){1; 2}, 7987 (130, 3){2; 4; 3}, 138038 (336, 1){2; 3}, 2496276
15 (298, 1){2},73 (147, 2){3}, 816 (378, 1){1; 3}, 7676 (279, 1){2}, 136520 (153, 1){}, 2503472
16 (53,5){1; 2}, 62 (73,3){2}, 870 (525, 1){1; 2}, 7682 (780, 1){2; 4; 3}, 137010 (103, 3){1, 2}, 2504656
17 (71,4){1, 2}, 62 (1,60){1, 3;2, 3}, 856 (130, 1){}, 7836 (106,3){1,3; 2, 3}, 135986 (246, 1){2, 3}, 2504038
18 (447, 1){2}, 70 (118, 3){2; 1, 3}, 869 (9,14){1, 3; 2, 3}, 7740 (390, 1){4; 3}, 137262 (112, 3){3; 1, 2}, 2495544
19 (357,2){2,3;1,2,4}, 66 (1,60){1; 2}, 900 (210, 1){1, 2}, 8004 (260, 1){2}, 138036 (286, 1){3}, 2504088
20 (606, 1){3; 1,2}, 72 (622, 1){2}, 898 (21, 8){1; 3}, 8004 (520, 1){2; 3}, 137706 (136,3){2; 1, 3}, 2507788
21 (229,3){1;2},74 (294,1){1}, 990 (315,1){3}, 8408 (134, 3){2; 3}, 136514 (184, 1){}, 2510840
22 (394, 1){2}, 71 (146, 3){3; 1,2}, 954 (700, 1){1, 3; 2, 3}, 8086 (300, 1){3}, 138078 (275, 2){1, 2, 3}, 2512012
23 (10, 7){2, 3}, 72 (3,14){}, 988 (117,4){1; 2, 3}, 8252 (18, 5){3}, 137176 (34,3){}, 2516432
24 (401, 2){1,2},74 (219, 2){1, 3}, 1050 (444, 1){2, 3}, 8240 (23,12){1; 2}, 136514 (206, 3){1;2, 3}, 2517472
25 (404, 1){2}, 72 (1518, 1){1;2; 3,4}, 1054 (13,12){1}, 8312 (416, 1){2}, 140432 (68, 3){2}, 2521824
26 (442, 1){2, 3}, 92 (146, 3){1; 3}, 1042 (28,5){2, 3}, 8548 (546, 1){2;4}, 137452 (136, 3){2; 3}, 2511764
27 (821,1){1}, 88 (976,1){1; 2}, 1116 (117,4){1; 3}, 8156 (935, 1){2; 3}, 138692 (275, 2){3}, 2515812
28 (348,1){3}, 84 (1518, 1){2; 4; 3}, 1095 (236, 1){}, 8190 (130, 3){4; 2, 3}, 142106 (275, 2){2}, 2514876
29 (106, 5){1; 3; 2}, 82 (198,1){}, 1216 (63,4){1}, 8656 (130, 3){2;4}, 142264 (1537, 1){1; 2}, 2518632
30 (894, 1){3;1, 2}, 84 (488,1){2}, 1202 (745,2){1,3;2,3}, 7784 (260, 3){4; 1, 3; 2, 3}, 142262 (549,2){1,3;2, 3}, 2511548
31 (884,1){2;3},78 (9, 7){}, 1260 (945, 1){2; 3}, 8862 (260, 3){2;4; 3}, 141924 (153,4){1; 2, 3}, 2512864
32 (869, 1){1,2},98 (770,1){2; 3}, 1236 (28,5){3}, 8140 (685,2){2; 1, 3}, 135856 (492, 1){1, 3}, 2510936
33 (663,1){2,3},94 (73,6){1,3},1256 (390, 1){2, 3,4}, 8200 (24,5){3}, 139664 (309, 1){}, 2516440
34 (807, 1){2}, 82 (506,1){2,3}, 1300 (28,5){1,3},8072 (450, 1){3}, 139794 (1196, 1){2;1, 3}, 2511098
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g Fio Fig2 Figo Fios Figo

35 (170,3){2; 3,4}, 94 (98, 3){1, 2}, 1256 (645,2){1,3;1,4}, 8422 (22,9){2;1, 3}, 139489 (63,10){3;2,4;1, 2}, 2513220
36 (218,3){2; 3}, 92 (657, 1){2}, 1490 (681, 2){2; 3}, 8025 (906, 1){2; 3}, 141771 (553, 3){1; 3; 2}, 2508416

37 (596, 1){2}, 108 (9,14){3}, 1452 (626,1){2}, 8692 (1560, 1){2;4; 3}, 141368 (1100, 1){2; 3}, 2524158

38 (1061, 1){1}, 112 (391,3){3; 1,2}, 1356 (525,2){1, 3;1, 4}, 8040 (1560, 1){3; 4; 1, 2}, 140806 (644, 1){1,2, 3}, 2511048

39 (301,3){2;1,3},78 (930, 1){2,4;2,3},1332 (21,8){1}, 8444 (520, 1){2}, 141252 (246, 1){}, 2525140

40 (37,15){1; 3; 2}, 90 (1020, 1){4; 2, 3}, 1440 (15,14){2; 1,4}, 8360 (780, 1){4; 3}, 143874 (572, 1){3}, 2522796

41 (611,2){1, 2,3}, 86 (441,1){}, 1480 (315, 1){}, 8752 (45,8){1;2, 3}, 139504 (927, 1){1, 2}, 2530204

42 (1229,1){1}, 103 (381,2){1, 3}, 1410 (451,2){3}, 8152 (25, 7){2}, 139658 (2406, 1){1; 3; 2}, 2514753

43 (778,1){2},125 (420, 1){3}, 1428 (700, 1){2, 3}, 9036 (778, 1){2}, 141021 (580, 1){2, 3}, 2521938

44 (2501, 1){1; 2}, 97 (94,5){1,3;2,3},1528 (1274, 1){1; 3}, 8486 (1599, 2){3;4; 1, 2}, 141049 (966, 1){1,2;1,3,4}, 2515774
45 (421, 3){1;2},116 (719, 2){2}, 1458 (1400, 1){1;2, 3}, 8168 (558,1){3},141752 (322, 1){}, 2531308

46 (1642, 1){1; 2}, 101 (8,11){2}, 1542 (14,11){2; 3}, 8832 (924, 1){4; 3}, 140142 (1680, 1){2; 4; 3}, 2521700

a7 (229,3){1, 2}, 96 (14,9){3}, 1528 (21,20){1; 2, 3; 3, 4}, 8770 (930, 1){4; 1}, 140160 (306, 1){}, 2545480

48 (1490, 1){3; 1, 2}, 96 (398, 3){2; 3}, 1640 (1890, 1){2;1; 4}, 8006 (2538, 1){1; 3; 2}, 138845 (578, 3){1; 3; 2}, 2517253

49 (788, 1){2}, 102 (441, 2){3}, 1668 (350, 1){}, 8636 (36, 5){3}, 145608 (68, 3){}, 2543304

(922, 1){2},113

(1314,1){3; 1,2}, 1750

(21,20){2; 1;4}, 8572

(2992, 1){1; 3; 2}, 140498

(606, 1){1, 3}, 2522604

Appendix C. Tables for the maximal curves

In the following tables (C.11, C.12, C.13), we list the quotient curves X (ng, nns)/{Wa, ,

..., Wy, ) with genus g > 2 achieving the maximal number of points for a certain pair

(genus, field), as discussed in Section 5. The curves are grouped by their real Weil

polynomial Ay (t) that is displayed as well. The notation for the curves is the same as
in the tables of Appendix B. The two new maximal curves of Section 4 are in bold.

Table C.11
Maximal curves over [, of genus g = 2.
9 _4q hw () Curves
2 2 12+31+1 (67, 1){1}, (73,1){1}, (93,1){1}, (103,1){1}, (115,1){1}, (133,1){1}
2 z? 5z 9 N N N 5 2 N 3 y A 3 25, ) ) 32},
Gy o R LRV T WL N 3 ‘1%52%{3‘52}” 31570 10 W ST Rl B (686 13
T z? 3ax E N )
2 e g 0 R Bn a0 A8 BuiT B 50 B, SR g0 0o om
2 3 22 +dx + 2 (85,1){1;2}, (85,2){1;2;3}, (170 1){1;2; 3}
22 4 4z + 3 (37,2){1,2}, (53,2){1,2}, (58, 1){2}, (77 1){1,2}, (77,2){1;2,3}, (77,2){2;1,3}, (106,1){1;2}, (116, 1){1;2}
2? +4x +4 (28, 1){}, (40, 1){2}, (43,2){1,2}, (65,2){2i1,3}, (122,1){1:2}
a2 2 2 5 5 5 5 5
B e GG UL GRL LT RG DetH R OB e i),
110, 1){1,3;2, 3}, (115, 1){1: 2}, (115, 2){1: 2: 3}, (121, 1)( 121, 2)11; 142,1){2}, (123, 1){1
143,2§§1;2,1}, (158, 1){1; 2}, (161, 1)§1,2), (161, 2){1 é166,1 21 §1s4 1%1 2}, (190, 1)
191, 1){1}, (191,2 {1;23, (205, 1;2 (2 2 20 1{1;2 (30 1){1;2 ,3} (284,
(286, 1){1;2; 3}, (380, 1){1;2;3}
2 3% 2% 462z + 1441 (7,5){1,2}, (7,10){1;2,3}, (13,4){1,2}, (14.5)&1 2;3}, (22,1){}, (44,1) 1) (89,2){1,2}, (103,1
§103 2% $2}, (110 l){l 3;2,3}, (115,1){1;2}, (115 1;2;3}, (121 1){1(2} (121, z)gl 2;, (143, 1) 2),
143, 2){1: 2,8}, (158, 1){1:2}, (161,1){1;2}, (161,2){1;2:3}, (166 13{1;2}, (190, 1){2 (191, 1)
(191, 2§ 1:2}, (205, 1)(1 2}, (205,2)(1,2;3;, §206 1%1 2}, (230, 1){1;2; 3}, §256 1{ 1;2:3}, (380, 1)?1 2;3}
2 5 z? 4+ 6x + 8 (11,6){3; 1,2}, (21, 4){2;1,3}, (22,3){1;2,8}, (37,2){1,2}, (102,1){1;2,3}, (129, D{1;2}, (129,2){1;2;3
x? + 6x + 9 (57,2){2; 1,5}, (61,2){1,2}, (67,1){1}, (07 2){1;2}, (88,1){1;2}, (91, 1){1 2}, (91,2){1;2,3}, (134,1){1;2}
2 5% 2?4 20z + 140 (122} (2,11}, (T.6){2,3}, (8, 9{2}, (13,3){1}, (13.6){1:2}, @7,2){2}, (28, 1{}, (28,3){1.3;2,3},
(47,2%2;, §5| 4){1;2;3}, (98,1){1, 2}
2 5° x? + 44z + 724 (14,3){1;3}
2 7 22 4 8z + 15 (1,15){1,2}, (1,30){1:2,3}, (57,2){3:1,2}
x? + 8x + 16 (8,3){2}
2 7% a® 4+ 28z + 280 (1,16){1}, (30,1){2}, (48,1){2}, (48,1){1}, (60,1){1;2}
2 2 : + 7 E 5 5, 5, 5 , , (25, .
2o AT %;712%% 8&;““1’%?.1(50} 1)({231){(26}0 i){g)iz §} (%24)1%% 2(83}3){(%}19 (21)(1,3{2) 3}( l(146)7{31){12}} ((1257 22)){{1) 2}
2 N - By - Yo )
R c: Y01 Y4 11 R CL ) RN WA L R RIS KL A YR AL LA TR €L LR DT LA (O A
2 13 2?4+ 12z +35 (1,30){2; 1,3}
22 4 12z + 36 (107, 1){1}, (107,2){1;2}
2 13°  2® + 52z + 988 (2, 7){2}, (4,7){1;2}, (23,3){1;2}, (23,6){1;2:3}, (46,3){1;2;3}
2 17 2? + 12z + 36 1,12){2}, (1,30){2:1,3}, (7,6){2,3}, (8,3){2}, (27,2){2}, (54, 1){1}, (161,1){1;2}, (161,2){1;2;3},
§191,1)(1}, (191, 2){1-2;
2 197 2?4 76z + 2128 ggiBH’%%?%E)){I(G%}U({%S 14)21 2(}121(2%{51))(1(212%}2)((313 21))(1), (33,2){1;2}, (44,1){1}, (66,1){1;:2},
Table C.12
Maximal curves over F, of genus 3 < g < 4.
9 a hw (@) Curves
2 2% + 4a® + 32 — 1 (97, {1}
3 224 «® + 922 + 33z + 63 (17,5){1; 2}, 84.,,1){), (55,3){2; 1,3}, (61,3){1;2}, (63,1){2}, (79,3){1;2}, (105,1){2,3},
(195, 1){1; 2, 249, 1){1; 2}
3 3 2% + 622 + 9 (52,1){2}
3 32 3 + 1822 + 1262 + 432 (64, 1){}, (91,2){3}, (124,1){2}, (238,1){1,3;2,3}
3 52 3 + 3022 + 360z + 2200 (19,12){1;2; 3}
3 53 % + 662 + 1812z + 26488 (14,3){3}, (28,3){1;3}
3 72 @® + 422% + Tldz + 6272 (9, 4){1}, (45, 1){}, (45,2){1}, (48, 1){}, (62,3){2;3}, (64,1){}, (96,1){1,2}, (124,3){1;2;3}
3 112 z® + 6622 + 1782x + 25168 (5,6){2}, (5,6){2,3}, (15,4){3;1,2}, (25,2){}, (45,2){2;3}, (56,1){1}, (64,1){},
(69 2){2;3}, (105, 4;(1 2;3; 4&, (120, 1){3i1, 2}

(continued on next page)
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Table C.12 (continued)

9 a hw (@) Curves
3 117 2% 4 240622 4 24127322 + 1290774088 (52, 1){2}, (78,1){3;1,2}, (156, 1){2;3}, (312,1){1;2;3}
3 172 2® + 1022% 4 4284z + 94792 (71,2){2}
3 19° 2?4 1142° 4 5358z + 132848 (33,1){}. (33,2){1}, (55,1){1}, (55,2){1:2}, (64,1){}, (66,1){1,2,3}, (110,1){2:1,3}
4 2 @' +102® + 412® + 96z + 172 (1,11){}, (1, 21)(1 2}, (25,3){2}, (135,1){1,2}, (225,1){1;2}, (231,1){2;1,3}, (285,1){1;2,3}
zt +102% + 412 + 100 + 188 (7,15){1;2;3}, (81, 1){}, (177, 1)(2} (261, 1){1;
a* + 102® + 4322 4+ 110z + 205 (29,3){1,2}, (161 1 ){1,2}, (251,1){1}, (321, 1)(1 2}, (341,1){1;2}, (483,1){1;2;3}
4 27 z* 4 862° 4 327522 + 72154z 4 1007077 (29,3){1,2}, (161,1){1,2}, (251,1){1}, (321, 1){1:2}, (341,1){1;2}, (483,1){1;2;3}
4 32 a* + 202® + 1742 + 860z + 2713 14,5){1;2,3}, (44, 1){}, (110,1){2,3}, (115,2){3;1,2}, (161,2){3;1, 2},
§220 1){1; 2,3}, (286, 13(1 2,3}
4 57 zt 4 402® 4 680z + 6400z + 36800 (16,3){2}. (27,2){}, (28,3){2,3}, (98,1){1}, (188,1){2}
4 7 at + 522% + 11762 4 15176 + 123872 (60,1){2}, (120,1){2;1,3}
z? + 522 + 11822 + 15340z + 125497 (54, 1){}, (108,1){1}
4 112 ot :® + 33442% 4 71632z 50576 0 2 15,4){2;3}, (16,3){2 25,3){1}, (25,6){1;2}, (25,6){2;1,3},
o + 882% + @2 + 71632z + 950 %2712%;? (3(; §)2§12}} (éual)% i 20(1 S g{ 3. (25,8){1}, (25,6){1;2}, (25,6){2;1,3}
4 11° 4+ 3 3 44503384 (39, 2){3}

8 mzé»
Fad1839%505% 1981855026806
4 17° 2’ +1362% + 8024x% + 268192z + 5571920 (16,3){2}, (27,2){}, (31,6){2;3}, (54,1){}, (108,1){2}, (108,1){1,2}, (108,1){1}
4 192 a' +1522% 4 100322 + 375440z + 8739088 (66, 1){1, 2}

Table C.13
Maximal curves over Fy of genus g > 5.
9 q hw () Curves
5 22 2® + 122* + 622° + 1922 4 436z + 864 (209, 1){1,2}, (645,1){1;2;3}
5 112 2® + 110z* + 5390x° + 154880z + 2895530x + 37097632 (1,30){2;3}, (120,1){1;3}
5 11° 2® 4 4010z* + 72372402° + 774157768022 + 5435351766080z + 2617242553904032 (3, 7){2}, (3,14){1;3}, (156,1){3:1,2}
6 22 % 4+ 152 + 102z" + 4252% + 125422 + 2925z + 6021 (299, 1){1, 2}
6 11° 2 + 48122° 4 10614300x* + 14191614560z° + (78,1){3}, (104,1){2}, (156,1){1;3}
+128095839664802> + 8223105443361792x + 3849697906629612544
7 2 27 + 72° + 142° — 22" — 302 — 1622 + 122 + 8 (187,1){1, 2}
7 22 27 4 162 4+ 1162° + 520z* + 16852° + 44242? + 10310z + 22880 (189, 1){1,2}, (455,1){1;2,3}
7 72 27 4+ 98z° 4 4410z° + 120736x* + 22480222 4 30194976z + 303918580z + 2367501248 (1,16){}
7 112 7 4 1542 + 109342° + 474320z + 14051730z® + 30127451222 + 4843013868z + 59903475808 (1,24){2}, (25.6){2;3}, (64,3){1;2}
7 11° a7 + 56142 4 14634564x” + 23479207640x" + 259005874870402° + (6,7){3;1,2}
+207818179173904322 + 12507502676802272608x + 5736056081814890238208
9 112 «? 4+ 198z° + 1841427 + 1068672z + 433792262° + 1308681792z + (1,30){2}, (32,3){2}
+304544991962° + 560623333248z + 8321568916914z + 101330949451072
10 22 2! 4+ 222° + 2272% + 148827 + 70992° 4 26790a° + 849492+ (13,15){1;2;3}
+2379002% + 614564z + 1518856 + 3689816
20 4 222° + 2272% + 147627 + 69072 4 25398z° 4 78709z + (225,1){2}
42176802° + 561476x% + 1395072z + 3415000
10 32 !0 + 442 + 924a% + 1233627 + 1178222° + 8604722° 4 5028348z + (220,1){2,3}
+24382968z% + 1014583772 + 374775308z + 1272392128
10 172 210 + 3402° + 54740; + 554880027 4 3072016002 + 213496183682+ (108, 1){}
89461406560 9960920387200 4 8161654613998402%
+ O 612858 3431367331

12 11° x'? 4+ 9624x'! + 443839442'° 4 1305 5 n~0+27a 62630 S 4 (156,1){3}
+440993755828543104z" +560170020610504432806: | 5778405141614692288796162° 1
+4926172409712385929861083602" 4 351365791059712247073125157750x
4211472505871262576194557806678120z° + 1080002794049686968586061425718342667+
+46952382003014183461596141477941970132

13 112 2% 4 286x1% 4 391321“ + 342284820 4 214132490z + 10215137504z + (25,6){2}
4 3864062356442" 1+ 119010078295682° + 3041928641200022° + 6546901285290080z" +
120036129906428164x° + 189392767535278278427 + 25962335404137817828z+
312310047332950820032

19 112 !9 + 4182'5 4 848542'7 4 111455522'° + 1064837026x'° + 785689004061“+ (64, 3){2}
§4715610036388217 + 23362498780288421 | 9795244689058202 11 +
+3526576700487035362 0 + 110311365794674942922° + 3026253111231932148162° +
+7338131279130078069588x7 + 158317948152609796199264a°
+80567227776996417403537522° 4 53095079109227126428081568z
+833873235186826014803382474x + 119001418550442874218992554722:° 4
+155111515626413902614636636040 + 1856794761749706495782311526412

Data availability

The research described in this article relies on publicly available data from the websites
LMFDB [35] and manypoints.org [27]. We thank the respective teams for maintaining
these valuable resources.
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