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1. Introduction

The Hasse-Weil-Serre bound prescribes that

|#X(Fq) − q − 1| ≤ g⌊2√q⌋ (1.1)

for every finite field Fq and every smooth, projective, absolutely irreducible algebraic 
curve X over Fq of genus g. We provide explicit equations for two smooth projective 
curves over Q, of genus 7 and 12 respectively, which have good reduction at 11 and 
the largest possible number of points over the finite field with 115 elements: they have 
exactly 166666 and 170676 points over F115 , respectively, achieving the Hasse-Weil-Serre 
bound.

The interest in explicit examples of curves with a number of points close to the Hasse
Weil-Serre bound is also motivated by their application to coding theory (see for example 
[45, Section 8.4]). The website [27] is devoted to collecting, for every choice of the genus 
g ≤ 50 and q = pk with p < 20 a prime and k ≤ 5, the current bounds about how large 
#X(Fq) can be. Among the most recent efforts to populate this database, we mention 
[10], [29], [31].

Certain families of modular curves have already been used in [18] to produce many 
examples that improve the previously known lower bounds. The maximal curve of genus 
12 over F115 described in Section 4 was found among those examples, even though explicit 
equations were not given.

In this work we extend the reach of the methods in [18] to a larger family of modular 
curves, finding new records and several examples of maximal curves, among which the 
new maximal curve of genus 7 over F115 .

This instance and the one with genus 12 are particularly surprising, because they 
arise over an odd extension of a field with a prime number of elements. Indeed, modular 
curves are generally known to have many points over even extensions because of the 
presence of rational points associated to supersingular elliptic curves, which do not all 
show over an odd extension. We compute explicit equations for the two maximal curves 
by studying the behavior of the automorphisms on the modular forms involved.

In our study, we consider modular curves of Borel-Cartan type and their quotients by 
all subgroups made of Atkin-Lehner involutions or analogous involutions in the Cartan 
case. We refer to all these automorphisms as Atkin-Lehner type involutions. Curves in this 
family have already been the subject of a lot of recent studies because of their relation to 
open questions in the arithmetic of elliptic curves, see for example [4], [5], [16], [17], [20], 
[23], [24], [25], [33], [38]. Quotients, in particular, can result in better instances from the 
point of view of the number of points with respect to the genus, as observed for example 
in [15]. Concerning the explicit computation of modular forms and explicit equations for 
modular curves, we mention the recent works [1], [7], [8], [19], [36], [40], [47] as well as 
the more classical [26] and [44].
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The paper is organized as follows. In Section 2 we recall the definition of modular 
curves of Borel-Cartan type, and we give an isogeny result of Chen type for the full family 
of those curves and their quotients by automorphisms of Atkin-Lehner type, generalizing 
[14], [13], [17], [18] and [43]. In Section 3 we recall how to compute the number of points 
over finite fields, using the new isogeny result, and we list all the improved lower bounds. 
In Section 4 we compute equations for the two new maximal curves of genus 7 and 12. In 
Section 5, we comment on all the maximal curves in the family in the range of our search. 
The results of our computations are summarized in the appendices: in Appendix B we 
report all the best results we found for each pair (genus, finite field), while in Appendix C
we list all the maximal curves of genus larger than 1, in the range of our search.

As an extra, for X a curve with a subgroup G ∼ = (Z/2Z)r of the automorphism group, 
we give in Appendix A some general results on the Jacobians of the quotient curves X/W , 
with W a subgroup of G. From this, we deduce formulas that relate the genera and the 
number of points over finite fields of quotients of X by different subgroups of G. These 
results can be relevant in the context of modular curves and their quotients, which in 
various cases have automorphism group isomorphic to (Z/2Z)r (see [3], [6], [11] and [17]).

2. Modular curves of Borel-Cartan type and their quotients

The curves we study are quotients of modular curves. Modular curves are smooth pro
jective (algebraic) curves over Q that parametrize elliptic curves with a torsion structure 
and whose complex points are somewhat easy to describe by quotienting the complex 
upper half-plane. We refer to [22], [21] or to the small summary in the first section of 
[17], for more details.

Given n0, nns ∈ Z>0 coprime and n = n0nns, let

X(n0, nns) = XH ,

be the modular curve associated to

H = B0(n0) × Cns(nns) inside GL2(Z/nZ) = GL2(Z/n0Z) × GL2(Z/nnsZ),

where B0 is a choice of a Borel subgroup and Cns is a choice of a non-split Cartan 
subgroup. By the general theory of modular curves, XH has good reduction over all 
primes p ∤ n (see [21] for example). We say that these modular curves are of Borel
Cartan (mixed) type, see [18] for more details. The curves X(n0, nns) also appeared in 
[33] with the notation X ε⃗

ns(nns, n0), where ε⃗ is a vector of non-square elements of Z/pZ
for each prime p dividing nns.

For every exact divisor k of n = n0nns (i.e., a divisor k such that k and nk are coprime), 
the curve X(n0, nns) has an involution Wk which we call Atkin-Lehner type involution, 
defined as follows:
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• For k dividing n0, we define Wk as a lift of the classical Atkin-Lehner involution on 
X0 as follows: we represent a non-cuspidal point on X(n0, nns) as an elliptic curve 
E together with cyclic subgroups Ck of E[k] and Cn0/k of E[n0/k] (they form the 
cyclic subgroup C = Ck ⊕ Cn0/k of E[n0] = E[k] ⊕ E[n0/k]) and together with an 
isomorphism ϕ : (Z/nnsZ)2 ∼ = E[nns] (up to Cns(nns)). Then we define

Wk(E,Ck, Cn0/k, ϕ) = (E/Ck, E[k]/Ck, π(Cn0/k), π ◦ ϕ)

where π is the projection E → E/Ck.
• For k a prime power dividing nns, we recall that under the Chinese Remainder 

Theorem we have Cns(nns) = Cns(k)×Cns(nns/k), and analogously for the normalizer 
C+

ns(nns). Moreover, since k is a prime power, C+
ns(k)/Cns(k) has two elements. Then 

we take the non-trivial element wk ∈ C+
ns(k)/Cns(k) < C+

ns(nns)/Cns(nns) and we 
define

Wk(E,Cn0 , ϕ) = (E,Cn0 , ϕ ◦ wk),

for all non-cuspidal points (E,Cn0 , ϕ) on X(n0, nns). Moreover, in this case the 
quotient curve XH/⟨Wk⟩ is still of the form XH′ for a suitable subgroup H ′ of 
GL2(Z/nZ) containing H.

• For a general k we extend the definition multiplicatively: each exact divisor k is 
uniquely the product of an exact divisor k0 | n0 and of pairwise coprime prime 
powers qi | nns and we define Wk = Wk0 ◦Wq1 ◦ · · · ◦Wqr which does not depend on 
the order.

The above Atkin-Lehner type involutions have, indeed, order 2. They are defined over Q
(this follows from the definition of XH as coarse moduli space) and generate a subgroup 
of Aut(X(n0, nns)) isomorphic to (Z/2Z)r where r is the number of primes dividing 
n0nns. One can consider the quotients

X(n0, nns)/⟨Wk1 , . . . ,Wkt
⟩

with k1, . . . , kt dividing exactly n. In the following theorem we compute an isogeny 
decomposition of the Jacobian of these curves, generalizing [18, Theorem 3.8].

Theorem 2.2. Given a curve Y = X(n0, nns), let W be the group of its Atkin-Lehner 
type involutions. For each subgroup K < W the Jacobian of the corresponding quotient 
satisfies the following isogeny relation over Q

Jac(Y/K) ∼
∏︁

f A
mf

f ,

where f ranges among the newforms of weight 2 and level d0d
2
ns for divisors d0|n0 and 

dns|nns and for each given f the multiplicity mf is
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mf :=
∑︂

χ∈K⊥

⎛⎝ ∏︂
pe||nns

(︁ 1
2 + 1

2εf,peχ(Wpe)
)︁
·
∏︂

pe||n0

(︂
v+1
2 + εf,peχ(Wpe)1+(−1)v

4 

)︂⎞⎠ ,

with K⊥ being the set of characters of W that are trivial on K, the indexes pe varying 
among all prime powers dividing exactly n0 or nns, and εf,pe being the eigenvalue of Wpe

applied to f , and v := valp(n0/d0).

Proof. Let A be the Jacobian of Y . Then W acts on A and the Jacobian of Y/K is the 
connected component of 0 in the fixed locus of K in A, which we denote AK . By [18, 
Theorem 3.8] A is isogenous to a product 

∏︁
f A

nf

f with the same newforms f appearing 
in the statement and nf suitably defined. Since the Af ’s are all simple and non-isogenous 
over Q, the action of W on A acts separately on each Anf

f . In particular the Jacobian 
of Y/K is isogenous over Q to the product of the fixed loci (Anf

f )K . Since the Af ’s 
are simple, each (Anf

f )K is isogenous to a power Amf

f . We are left to compute the 
multiplicities mf .

Each subvariety Anf

f is a module for the anemic Hecke algebra T (i.e., the algebra 
of Hecke operators whose indices are coprime with the level) of Af and the action of T
commutes with W . In particular the space of 1-forms on

V := H0(Af ,Ω1)nf

is a module both for T and for W , and the multiplicity mf is simply the rank, as T
module, of the fixed locus V K . Since the irreducible representations of W are characters, 
then V has a T -basis f1, . . . , fnf

with respect to which W acts diagonally (such fi can 
be found explicitly extending [2, Equations (5.1) and (5.2)]): for each i, the group W
acts on T ·fi through a certain character χ : W → {±1}. For each character χ we denote 
dχ the number of fi’s such that W acts on T · fi with the character χ. Then we have

mf = rankTV K =
∑︂

χ∈K⊥

dχ. (2.3)

Therefore, to prove our theorem it is enough to prove

dχ = d′χ, with d′χ :=
∏︂

pe||nns

(︁ 1
2 + 1

2εf,peχ(Wpe)
)︁
·
∏︂

pe||n0

(︂
v+1
2 + εf,peχ(Wpe)1+(−1)v

4 

)︂
.

(2.4)
We prove it with [18] and some linear algebra.

Let Q be the set of Atkin-Lehner type involutions Wpe for pe||n0nns: then Q generates 
W and

W ∼ = (Z/2Z)Q ∼ = (Z/2Z)#Q.

Hence the characters of W are in bijection with S := {±1}#Q since each character of W
is determined by its value on each involution Wpe . In particular the vectors d := (dχ)χ
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and d′ := (d′χ)χ live in the vector space RS ∼ = R2#Q . Now for each subset Z ⊂ Q consider 
Z̃ ∈ RS the vector only containing 0’s or 1’s as follows: for s ∈ S we have Z̃s = 1 if 
and only if s satisfies s(q) = 1 for each q in Z. Then, by induction on #Q, the set 
{Z̃ : Z ⊂ Q} is a basis for RS. Hence, denoting by ⟨·, ·⟩ the standard scalar product on 
RS , determining the vector d is equivalent to determining ⟨d, Z̃⟩ for each subset Z ⊂ Q. 
In particular to prove Equation (2.4) it is enough to prove ⟨d, Z̃⟩ = ⟨d′, Z̃⟩ for each Z. 
By definition of Z̃ we have

⟨d, Z̃⟩ =
∑︂

χ(Wq)=1
∀q∈Z

dχ =
∑︂

⟨Wq:q∈Z⟩⊥
dχ

which, by Equation (2.3), is the multiplicity of Af in Y/⟨Wq : q ∈ Z⟩. This multiplicity 
is computed in [18, Theorem 3.8] and it is exactly equal to ⟨d′, Z̃⟩. □
3. Computing the number of points

The curve X = X(n0, nns)/⟨Wk1 , . . . ,Wkt
⟩ is defined over Q and has smooth reduction 

for all primes p ∤ n0nns, in fact the full level curve X(n) has good reduction by [21, 
Theorem IV.6.7], while [34, Corollary 4.10] or [46, Théorème 2.2] or [41, Lemma 5.1] 
take care of the quotient by H and by ⟨Wk1 , . . . ,Wkt

⟩.
Theorem 2.2 allows one to compute its number of points over a finite extension of 

Fp, starting from the knowledge of the newforms appearing in the decomposition of 
Theorem 2.2. In more detail, for q a power of p, one can compute #X(Fq) applying [18, 
Algorithm 4.5], after substituting mf with the multiplicities in Theorem 2.2.

Although we refer to [18] for the algorithm, we show the procedure in a couple of 
examples.

Example 3.5. Consider the curve X = X(6, 7)/⟨W6,W7⟩. We follow the notation of 
Theorem 2.2. Listing the possible positive divisors d0 of 6 and dns of 7 we have d0d

2
ns ∈

{1, 2, 3, 6, 49, 98, 147, 294}. Since there are no cusp forms of weight 2 and level 14 or less 
than 10, we only consider d0d

2
ns ∈ {49, 98, 147, 294} corresponding to 15 Galois conjugacy 

classes of forms. The set K⊥ only contains (1, 1, 1) and (−1,−1, 1), where (k1, k2, k3)
corresponds to the values of the associated character on (W2,W3,W7). Since χ(W7) = 1
for all χ ∈ K⊥, then we have mf = 0 for each form f having negative eigenvalue with 
respect to W7 (i.e., having εf,7 = −1). Thus 6 Galois conjugacy classes of forms remain 
to be considered. For every f of level 294, we have εf,2χ(W2) = εf,3χ(W3) = −1, hence 
again mf = 0. Thus only 4 Galois conjugacy classes of forms {f1, f2, f3, f4} need to be 
considered, one of level 98 and three of level 147, and each has mf = 1. The associated 
abelian varieties Af have dimension 2 except one which has dimension 1, so the genus is 
7. An alternative method to compute the genus is shown in Example A.8, in Appendix A.

For all forms fi and their Galois conjugates (seven forms in total) the Hecke eigenval
ues a11(f) are equal to −2. Hence the Frobenius Frob11 acting on X has two eigenvalues 
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α1, α2, each of multiplicity 7, which are the roots of the polynomial x2 − a11(f)x+ 11 =
x2 + 2x + 11. We deduce that the number of points of X over F11 is

#X(F11) = 11 + 1 −
7 ∑︂

i=1 
(α1 + α2) = 12 + 14 = 26.

Similarly the number of points over F115 is

#X(F115) = 115 + 1 −
7 ∑︂

i=1 
(α5

1 + α5
2) = 161052 + 5614 = 166666.

This is our maximal curve of genus 7, further studied in Section 4.

Example 3.6. We consider another quotient X(6, 7), namely X = X(6, 7)/⟨W3,W7⟩. We 
follow the notation of Example 3.5. Again we only consider the 15 Galois conjugacy 
classes of level d0d

2
ns ∈ {49, 98, 147, 294} but now K⊥ = {(1, 1, 1), (−1, 1, 1)}. Since 

χ(W3) = χ(W7) = 1 for all χ ∈ K⊥, then we have mf = 0 for each form f having 
negative eigenvalue with respect to W3 and W7 (i.e., having εf,3 = −1 or εf,7 = −1). 
Thus 3 Galois conjugacy classes of forms are left to consider: f1, f2, f3, of level 98, 147
and 294, respectively. Among these mf1 = mf3 = 1 and mf2 = 2. The associated abelian 
varieties Af have dimension 2 except the last one which has dimension 1, so the genus 
is 7.

For the forms f1 and f2 and their Galois conjugates (six forms in total) the Hecke 
eigenvalues a11(f) are equal to −2 but, for the last form, a11(f) = 5. Hence the Frobenius 
Frob11 acting on X has the same eigenvalues α1 and α2 of Example 3.5 with multiplicity 
6 and two new eigenvalues β1 and β2, which are the roots of the polynomial x2−a11(f)x+
11 = x2 − 5x + 11. We deduce that the number of points of X over F11 is

#X(F11) = 11 + 1 − β1 − β2 −
6 ∑︂

i=1 
(α1 + α2) = 12 − 5 + 12 = 19.

Similarly the number of points over F115 is

#X(F115) = 115 + 1 − β5
1 − β5

2 −
6 ∑︂

i=1 
(α5

1 + α5
2) = 161052 + 725 + 4812 = 166589.

This curve already belongs to the family studied in [18] and the small computation above 
gives the same result contained there.

We implemented the algorithm described in [18] (and sketched in the examples) for 
curves of type X(n0, nns)/⟨Wk1 , . . . ,Wkt

⟩, and applied it to all such curves with n =
n0n

2
ns ≤ 10000. Following [27], we also restricted our analysis to genus g ≤ 50 and field 

Fpk with k ≤ 5 and odd characteristic p ≤ 19, respectively k ≤ 7 for p = 2.
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Table 3.1
Improved bounds for #X(Fq) among curves of genus g, here obtained with X of the form 
X(n0, nns)/⟨Wk1 , . . . ,Wkt

⟩ with n0n
2
ns ≤ 10000 and g ≤ 50.

g q n0, nns k1, . . . , kt #X(Fq) g q n0, nns k1, . . . , kt #X(Fq)
7 115 6, 7 6, 7 166666 35 172 208, 3 16, 39 1152 
10 175 208, 1 208 1436834 36 52 1271, 1 1271 238 
10 192 319, 2 58, 319 703 36 172 208, 3 208, 39 1182 
13 135 378, 1 54, 7 385275 38 22 29, 7 203 65 
14 72 110, 3 3, 55 196 38 52 593, 2 1186 232 
17 112 480, 1 5, 96 416 39 22 897, 1 299 68 
19 22 545, 1 545 40 39 172 104, 3 39 1284 
22 32 1102, 1 2, 551 82 40 52 814, 1 407 272 
24 112 306, 1 34 530 40 192 1020, 1 17, 15 1440 
27 52 574, 1 287 204 41 52 861, 1 287 260 
28 52 23, 7 161 202 42 32 1001, 2 13, 154 134 
29 52 1342, 1 2, 671 205 43 52 1343, 1 1343 276 
30 52 1007, 1 1007 216 44 22 1169, 1 1169 70 
32 52 1246, 1 2, 623 214 45 52 696, 1 87 280 
33 52 924, 1 12, 308 226 47 22 51, 7 3, 119 75 
34 32 638, 1 319 114 48 52 2014, 1 2, 1007 306 
34 192 506, 1 253 1300 49 22 1023, 1 341 82 

We got the eigenvalues of the Hecke operators on the relevant modular forms from 
[35]: the database contains the q-expansions of all the newforms of level at most 10000.

We found 36 curves that, according to [27], achieve a new (nice) record in terms of 
largest known number of points over Fq given the genus g. Following [27], a new record is 
considered nice only when it is at least q + 1 + Mg(Fq)−q−1√

2 , where Mg(Fq) is the current 
(theoretical) upper bound for the number of points on a curve of genus g over Fq (in 
particular Mq(Fq) is less than or equal to the Hasse-Weil-Serre bound). We list these 36
record curves in Table 3.1.

4. Explicit equations for two new maximal curves

Among the curves we analyzed, we found two curves that are the first known curves, 
for their genera, to reach the Hasse-Serre-Weil upper bound over F115 . The two curves are 
X(6, 7)/⟨W6,W7⟩ and X(156, 1)/⟨W13⟩: the first curve was unknown, to our knowledge, 
the second one already appeared in [18], but we have not computed explicit equations 
nor have we underlined the maximality. We give (singular) planar equations for both 
curves and we also give smooth equations for the first one, the one with lowest genus, 
using the canonical embedding.

4.1. Canonical model of 𝑿(6,7)/⟨𝑾 6,𝑾 7⟩

The following equations describe a canonical model of X(6, 7)/⟨W6,W7⟩ in P 6 over 
Q, which has genus 7, it is smooth over Z[ 1 

42 ] and reaches Serre’s bound, as computed 
in Table 3.1.

10x2
1 + 22x2x5 − 18x2x6 + 5x2x7 − 9x2

3 − 14x3x4 − x3x5 − 4x3x6 + 7x3x7 − 4x2
4+
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− 13x4x5 + 11x4x6 − 16x4x7 + 2x2
5 − 17x5x6 − 7x5x7 + 10x2

6 + x6x7 − x2
7 = 0,

− 4x2
1 + 28x1x2 − 56x2x5 + 49x2x6 + 17x2

3 + 23x3x4 + 21x3x5 − 6x3x7 − 8x2
4+

− 2x4x5 − 2x4x6 − x4x7 − 16x2
5 + 56x5x6 + 3x5x7 − 23x2

6 + 13x6x7 − 7x2
7 = 0,

− 6x2
1− 13x1x2+ x1x3+ 9x2x5− 9x2x6− 4x2x7− x2

3− 9x3x5+ 3x3x6− 3x3x7+ 7x2
4+

+ 10x4x5 − 7x4x6 + 13x4x7 + 6x2
5 − 13x5x6 + 4x5x7 + 3x2

6 − 7x6x7 + 4x2
7 = 0,

− 6x2
1 − 21x1x2 + x1x4 + 15x2x5 − 18x2x6 − 9x2x7 − 3x2

3 − 2x3x4 − 14x3x5 + 4x3x6+

− 2x3x7 + 10x2
4 + 16x4x5 − 10x4x6 + 15x4x7 + 12x2

5 − 24x5x6 + 5x5x7 + 5x2
6

− 13x6x7 + 6x2
7 = 0,

− 3x2
1 − 8x1x2 + x1x5 + 11x2x5 − 8x2x6 − x2x7 − 2x2

3 − 2x3x4 − 6x3x5 + 2x3x6+

− x3x7 + 4x2
4 + 4x4x5 − 3x4x6 + 8x4x7 + 3x2

5 − 11x5x6 + x5x7 + 4x2
6 − 3x6x7

+ 3x2
7 = 0,

− 8x2
1 − 2x1x2 + x1x6 − 13x2x5 + 12x2x6 − 2x2x7 + 6x2

3 + 10x3x4 + 3x3x6 − 5x3x7+

+ 4x2
4 + 9x4x5 − 8x4x6 + 13x4x7 − 2x2

5 + 11x5x6 + 5x5x7 − 6x2
6 + x2

7 = 0,

− 6x2
1 − 13x1x2 + x1x7 + 9x2x5 − 9x2x6 − 4x2x7 − x2

3 − 9x3x5 + 3x3x6 − 3x3x7 + 7x2
4+

+ 12x4x5 − 8x4x6 + 13x4x7 + 6x2
5 − 13x5x6 + 4x5x7 + 3x2

6 − 7x6x7 + 4x2
7 = 0,

− 4x2
1 − 7x1x2 + x2

2 + 4x2x5 − 3x2x6 − x2x7 + x3x4 − 5x3x5 + 2x3x6 − 2x3x7 + 4x2
4+

+ 7x4x5 − 5x4x6 + 8x4x7 + 2x2
5 − 5x5x6 + 3x5x7 + x2

6 − 3x6x7 + 2x2
7 = 0,

x2x3 − 6x2x5 + 3x2x6 − x2x7 + x2
3 + 2x3x4 + x3x5 + 2x4x5 − x4x6 − 2x4x7+

+ 4x5x6 + x5x7 − 2x2
6 − x6x7 − x2

7 = 0,

− 4x2
1 − 21x1x2 + x2x4 + 26x2x5 − 23x2x6 − 3x2x7 − 6x2

3 − 7x3x4 − 15x3x5 + 3x3x6+

− x3x7 + 9x2
4 + 11x4x5 − 6x4x6 + 13x4x7 + 10x2

5 − 29x5x6 + 3x5x7 + 10x2
6 − 10x6x7

+ 6x2
7 = 0.

In [37, file Equations_curve_X(6,7)_mod_w6,w7.txt] we have written the above equa
tions in Magma language (see 12), which we computed using the Magma script 
Computation_of_equations.txt in the same repository.

In the remainder of this subsection we describe how we computed the equations above 
and prove the correctness of the computation.

Let X = X(6, 7)/⟨W6,W7⟩ be our maximal curve. To compute a canonical model 
it is enough to compute a basis of Ω1(X), since the methods of [36] allow us to find 
quadrics defining the image of a canonical embedding. We have X = Y/⟨W6⟩, where Y =
X(6, 7)/⟨W7⟩, and the idea is to compute Ω1(X) as the subspace of Ω1(Y ) which is W6
invariant. Since Y is of the form XH , the algorithm by David Zywina in [47] (see also [48, 
files GL2GroupTheory.m and ModularCurves.m]) computes a basis of S2(ΓH) = Ω1(Y ). 
In our algorithm we numerically compute a candidate S for Ω1(X), then we compute the 
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candidate equations (the ones above). Finally we prove, by geometric arguments, that 
the equations we found must be equations for X.

For the computation of S we use that W6 acts on the upper half-plane by the matrix 
m6 =

(︁ 6 −1
6 0

)︁
. Given a basis b1, . . . , b16 of S2(ΓH) = Ω1(Y ) we computed the values

br(τs), (br|2m6)(τs)

with precision 10−10 for τs = s 
10g + i

√︂
1
6 − s2

100g2 , with s = −15, . . . , 15 (see [39, Sec
tion 2.1, Equation 2.1.5] for the definition of f |2m for m ∈ GL+

2 (R)). By solving a 
linear system we computed br|2m6 as a linear combination of the bi’s with approximated 
coefficient, denote it (br|2m6)∼. We know that Ω1(X) = Ω1(Y )W6 is generated by the 
forms br + br|2m6 and we define S, our numerical candidate for Ω1(X), as the span of 
br + (br|2m6)∼; in the computation such forms br + (br|2m6)∼ turned out to be linearly 
dependent and we extracted a basis s1, . . . , s7. The values for τ are carefully chosen to 
have Im(τ) as close as possible to Im(W6τ) and the coefficients of the linear combinations 
are rationals with small denominators (we look for denominators less than 40) up to a 
precision of 10−10 (using 5800 Fourier coefficients of the forms br).

A first clue for S being Ω1(X) is that S has dimension 7. Using the method in 
[36] to compute canonical embeddings, we computed by [37, file Computation_of_ 
equations.txt] quadratic relations which hold for a basis of forms s1, . . . , s7 of S. Such 
quadratic relations are the equations above, which define a smooth curve over Q of genus 
7 whose reduction modulo 11 is smooth and has the expected number of points over F115 , 
which is the number of points of X computed independently in Section 3, giving further 
clues.

To turn clues into a proof, we notice that the differential forms s1, . . . , s7 ∈ Ω1(Y )
define a map Y --￫ X ⊂ P 6, which is defined over Q and has degree 2 by Riemann
Hurwitz Formula (indeed s1, . . . , s7, despite being chosen with an approximation process, 
were chosen in Ω1(Y ), and the equations above are quadratic relations that are exactly 
satisfied by the si’s). Hence X is a quotient by an automorphism u of Y defined over 
Q. The automorphisms of a curve of genus at least 2 are determined by their action on 
the Jacobian. Hence, it is enough to prove that u = W6 in the Jacobian of Y . Applying 
Theorem 2.2, we compute that the Jacobian JY of Y satisfies

JY ∼
6 ∏︂

i=1
Ami

hi

for certain distinct newforms h1, . . . , h6 with multiplicities mi ∈ {1, 2}. Each Ahi
is 

simple and non-isomorphic to the other factors. By [32, Theorem 6], the ring of endo
morphisms of JY defined over Q, up to isogeny, is

End0
Q(JY ) = EndQ(JY ) ⊗Q ∼ = 

6 ∏︂
i=1

End0
Q(Ahi

)mi⊗mi ∼ = 
6 ∏︂

i=1
Kmi×mi

hi
, (4.7)
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where Khi
is the field of coefficients of hi and in this concrete case is either Q or a real 

quadratic extension of Q. Using (4.7), we can write the action of u on JY as a collection 
of matrices Mu,i ∈ Kmi×mi

hi
; analogously we have matrices MW2,i and MW3,i for the 

action of W2 and W3.
We now prove that u commutes with W2 or, equivalently, that for each i the matrices 

Mu,i and MW2,i commute. Since u and W2 are involutions, the matrices Mu,i and MW2,i

have order at most 2, hence each matrix is either a multiple of the identity or a 2×2 matrix 
with eigenvalues λ1 = 1, λ2 = −1. Suppose by contradiction that for some i the matrices 
Mu,i and MW2,i do not commute. Then neither of them is a multiple of the identity, hence 
both of them have eigenvalues 1 and −1. In particular det(Mu,i) = det(MW2,i) = −1
and det(Mu,iMW2,i) = 1. Now notice that the matrix Ni := Mu,iMW2,i is a matrix of 
finite order, since, using (4.7), it describes the action of the automorphism uW2 on a 
factor of the Jacobian of Y and the group Aut(Y ) is finite. Moreover, the order of Ni is 
in {1, 2, 3, 4, 5, 6, 8, 10, 12}: indeed since Ni is a 2 × 2 matrix with entries in a quadratic 
extension of Q, its eigenvalues have degree over Q dividing 4; the only roots of unity 
with degree dividing 4 are the ones whose order is in that list. If Ni has order 1, then 
Mu,i and MW2,i are inverse to each other, hence they commute. If Ni has order 2, using 
that det(Ni) = 1, we deduce that Ni = Mu,iMW2,i = − Id, again implying that Mu,i and 
MW2,i commute. In the other cases we deduce that uW2 has order a multiple of 3, 4, or 
5, contradicting the computations in [37, file Order_3_4_5_automorphisms_test.txt] 
that prove, using the test in [30], that Y has no automorphism of order 3, 4, or 5.

Analogously u commutes with W6, i.e., with the whole ⟨W2,W6⟩. Hence the ele
ments of ⟨W2,W6⟩ descend to automorphisms of X defined over Q. If u were not 
in ⟨W2,W6⟩, then all the elements of ⟨W2,W6⟩ would descend to distinct automor
phisms of X defined over Q, contradicting the Magma computations given by [37, file 
Check_non-modular_automorphisms_mod_5.txt], which show that #Aut(XF5) ≤ 2, 
hence #Aut(XQ) ≤ 2 (indeed the composition Aut(XQ) → Aut(XF5) → End(JF5) is 
equal to Aut(XQ) → End(JQ) → End(JF5) which is injective). Hence u lies in the group 
⟨W2,W6⟩. Furthermore, by looking at the genus of Y/⟨W2⟩ we exclude the case u = W2
and by looking at the number of points of the quotient curves Y/⟨W3⟩ and Y/⟨W6⟩ over 
some finite field (computed in Examples 3.5 and 3.6), we see that u must be equal to 
W6, i.e., that the above equations actually describe the curve X = Y/⟨W6⟩.

4.2. A planar singular model for 𝑿(6,7)/⟨𝑾 6,𝑾 7⟩

We can obtain a (singular) planar model of X(6, 7)/⟨W6,W7⟩ by projecting the canon
ical model onto a plane. In practice, we did it by a linear change of variables and 
eliminating all variables except the first three. Here is a planar equation for our curve, 
after dehomogenizing and reducing modulo 11:

(9x−x2)y9+(4x3+4x2+2−1)y8+(7x4−x3+4x2+3)y7+(5x4+8x3+x2+2x+1)y6

+(8x6+3x5+x4+9x3+3x+5)y5
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+(9x7+7x6+2x5+x4+9x3+4x+6)y4+(8x8+6x7+8x5−x4+6x3+8x2+7x+3)y3

+(3x8+8x6+3x5+5x4+2x3−x2

+x+1)y2+(2x10+9x9+9x8+5x7+6x6+7x5+6x4+5x2+6x)y+7x11+5x10+2x9−x8+6x7

−x6+7x5+4x3 = 0.

As it can be computed using the dedicated Magma command, the above equation defines 
a curve whose normalization of the projective closure, which we denote ˜︁X, has genus 7. 
It is not so hard to (re)prove, with the help of Magma, that ˜︁X has 166666 points over 
F115 : the closure in P 2

F115
of the above planar model has 166665 rational points of which 

three are singular: (0 : 0 : 1), (0 : 1 : 0) and (9 : 7 : 1); the normalization ˜︁X contains 4
rational points lying over these 3 singularities since all of them are nodal, the first two 
are split while the third is not.

The above equation can be found at [37, file Equations_curve_X(6,7)_mod_w6, 
w7.txt] in Magma readable format.

4.3. Equations for 𝑿(156,1)/⟨𝑾 13⟩

In the family of curves we considered, there is another maximal curve, of genus 12, 
namely X(156, 1)/⟨W13⟩, which has 170676 points over F115 . We also computed equations 
for its canonical embedding which can be found in Magma readable format at [37, file 
Equations_curve_X0(156)_mod_w13.txt].

This curve is actually the same as X0(156)/⟨W13⟩, thus to compute equations we used 
classical methods such as those in [26] and [36]:

• We computed the q-expansion of a basis of eigenforms {f1, . . . , fg} of Ω1(X0(156))
up to qm, with m = 180.

• Using Magma’s exact computation of the Atkin-Lehner eigenvalues, we computed 
a basis g1, . . . , g12 of the space of invariants Ω1(X0(156))W13 = Ω1(X) (again we 
computed the q-expansion of these forms up to q180).

• We looked for quadratic polynomials Fj such that Fj(g1, . . . , g12) = O(q180): since 
Fj(g1, . . . , g12) is a section of the sheaf (Ω1

X)⊗2 which has degree 4g − 4 = 44, then 
Fj(g1, . . . , g12) must be exactly 0, otherwise it would have more than 44 zeroes, which 
is absurd (see also [9, Section 2.1, Lemma 2.2, p. 1329]).

• After collecting enough Fj ’s we realized that they cut a curve C ⊂ P 11 of genus 12
and that this curve C is isomorphic to X: indeed the image of the canonical map 
X → P 11 given by the sections gi is contained in C and, by Riemann-Hurwitz, the 
induced map X → C is an isomorphism.

A planar singular model for the curve, when reduced modulo 11, is given by the 
following equation:
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x19 (6+2y) + x18 (︁−1+5y+5y2)︁ + x17 (︁8−y+7y2+y3)︁ + x16 (︁−y2+4y3+y4)︁ + 
x15 (︁3y+2y2+y5)︁ + x14 (︁4+6y+2y2+9y4−y5+5y6)︁ + 
x13 (︁2+y+8y2+2y3+y4+3y5+y6+3y7)︁ + x12(︁8+4y+9y2+4y3+2y4+5y5+y6+
9y7−y8)︁ + x11 (︁9−y+3y2−y3+3y4+y5+6y6+8y7+9y8+4y9)︁ + x10(︁6−y+6y2−y3+
6y5+5y6−y7+6y8+6y9+4y10)︁ + x9(︁9+4y+8y2+y3−y4+8y5+9y6+4y7+8y8+6y10)︁ + 
x8(︁2+3y+9y2+2y3+4y4+6y5+2y6+4y7+9y8+4y9+6y10+7y11+4y12)︁ + x7(︁5+8y+
6y2+8y3+6y4−y5+8y6+y7+4y8+8y9+2y10+y11+7y13)︁ + x6(︁1+9y+3y2+4y3+3y4+
y5+6y6+4y7+7y8+7y9+4y10+2y11+4y12+2y13+5y14)︁ + x5(︁4+7y+5y2+9y3−y4+
2y5+2y6+3y7+3y8+y9+5y10+8y12+9y13+3y14+2y15)︁ + x4(︁4−y+3y2+5y3+2y4+
6y5+7y7+y8+5y12+5y14+7y15+9y16)︁+x3(︁9−y+9y2+6y3+6y4−y6+2y7+7y8+8y9+
4y10+y11+7y12+7y13+y14+y15+3y16+3y17)︁ + x2(︁4+9y2+y3+6y4−y5+5y6+
5y7−y8+y9−y10+2y11+3y13+2y15+9y16+9y17+8y18)︁ + x

(︁
3+7y−y2+3y3+4y4+

9y5−y6+8y7+3y8+3y9+y10+8y11+4y12+5y13+3y16+9y17+3y18+6y19)︁ + 5+y+6y2+
6y3+9y4+2y6−y7+2y8+3y9+7y10+7y11+3y12+3y13+6y14+9y15+3y16+2y17+3y19+
y20 = 0.

It has been obtained from the canonical model by projection onto a plane, i.e., in 
practice by a linear change of variable plus variable elimination plus dehomogeniza
tion. The previous equation in Magma readable format can be found at [37, file 
Equations_curve_X0(156)_mod_w13.txt].

5. Other maximal quotient modular curves

Besides the two curves analyzed in Section 4, inside the set of curves studied in 
Section 3 we found several other examples of maximal curves. We did not compute 
explicit equations for all these examples, since, as tracked by [27], a maximal curve for 
that genus and field is already known. We collected these instances for genus larger than 
1, and we computed the eigenvalues of Frobenius and the real Weil polynomial. The data 
is shown in Appendix C.

For some pairs (genus, finite field), we find many modular curves that are maximal 
and, in some cases, they have different real Weil polynomial. In particular this shows 
the existence of non-isomorphic maximal curves. This problem has also been studied by 
Rigato: in [42] she proved that for q = 2 and g ≤ 5 the maximal curves are all isomorphic 
over F2 and she shows the existence of non-isomorphic maximal curves of genus 6 and 
7. We also point out that all the maximal curves of genus 4 over F27 are isomorphic by 
the uniqueness remark made by Everett Howe in [27] (see [28] for a static version). In 
particular all curves in the corresponding line of Table C.12 are isomorphic over F27 .

We now make more explicit a case of genus 4 where we observe more than one iso
morphism class of maximal curves, and one case of genus 6 where explicit equations can 
be given.
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Example 5.8. In genus 4 over the field F22 we observe at least four isomorphism classes 
of maximal curves, among the curves we analyzed (see Table 3.1). The following three 
curves have different real Weil polynomial (as in Table C.12):

X(1, 11) = Xns(11) :

⎧⎪⎪⎨⎪⎪⎩
x2 + xy + xz + xw + y2 + yz + yw + z2 + zw = 0
x2z + x2w + xz2 + xw2 + y3 + yzw + yw2 + z3 + zw2

+w3 = 0,

X(81, 1) = X0(81) :
{︄
xw + y2 = 0
x3 + y3 + z3 + z2w + zw2 = 0,

X(251, 1)/⟨W251⟩ = X+
0 (251) :

{︄
x2 + xy + yz + yw + zw = 0
x2z + xz2 + y2w + yw2 = 0.

The equations of Xns(11) can be found in [35], while equations (over Q) for the other 
curves were computed with the code [37, file Equations_other_maximal_curves.txt]. 
Although we only found three distinct real Weil polynomials, the isomorphism classes 
are at least 4, in fact one can check with Magma that

X(177, 1)/⟨W59⟩ = X0(177)/⟨W59⟩ :
{︄
x2 + xy + y2 + yz + z2 + zw = 0
x2z + xz2 + xzw + y2w + yzw + yw2 + z2w = 0

is not isomorphic to X0(81) over F22 even if they have the same real Weil polynomial.

Example 5.9. In genus 6 and over the field F22 , we find only one curve. Since there are 
no explicit equations on website [27], we display below some equations for the curve we 
found, computed with the code in [37, file Equations_other_maximal_curves.txt].

X(299, 1)/⟨W299⟩ = X+
0 (299) :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x2
1 + x2

2 + x2x4 + x2x6 + x3x4 + x5x6 = 0
x1x2 + x2

2 + x2x3 + x2x6 + x2
3 + x3x5 + x2

4 + x5x6 = 0
x1x3 + x2x6 + x5x6 = 0
x1x4 + x2x3 + x3x5 + x3x6 + x2

4 = 0
x1x5 + x2x3 + x2

3 + x3x6 + x4x6 + x5x6 = 0
x1x6 + x2x5 + x3x4 + x3x5 + x3x6 = 0.
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Appendix A. Jacobians of quotient curves

The Atkin-Lehner automorphisms on a curve X0(n) and, slightly more in general, 
the automorphisms that we consider for a curve X(n0, nns), form a group isomorphic to 
(Z/2Z)r. In the general setting where X is a smooth projective curve over a field with an 
action of (Z/2Z)r, this appendix gives some elementary results regarding the Jacobians 
of the quotient curves X/W for W a subgroup of (Z/2Z)r.

In this setting, all the possible curves X/W form a lattice, for example when r = 3
we get the following, where {b1, b2, b3} is a basis of (Z/2Z)3.

𝑿

𝑿
⟨𝒃1⟩

X
⟨b1+b2⟩

X
⟨b1+b3⟩

𝑿
⟨𝒃2⟩

X
⟨b1+b2+b3⟩

X
⟨b2+b3⟩

𝑿
⟨𝒃3⟩

𝑿
⟨𝒃1,𝒃2⟩

X
⟨b1+b3,b2⟩

X
⟨b2+b3,b1⟩

𝑿
⟨𝒃1,𝒃3⟩

X
⟨b1+b2,b3⟩

X
⟨b2+b3,b1+b2⟩

𝑿
⟨𝒃2,𝒃3⟩

𝑿
⟨𝒃1,𝒃2,𝒃3⟩

Given W a subgroup of (Z/2Z)r, we denote

JW := Jac(X/W ). (A.1)

In Theorem A.5 we prove that a few Jacobians JWi
(in the above diagram they correspond 

to the bold curves) determine all the other JW . In the case r = 2 we have the following 
statement.

X

X/⟨σ⟩ X/⟨τ⟩ X/⟨σ + τ⟩

X/⟨σ, τ⟩
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Lemma A.2. Let X be a smooth projective curve which is acted upon by the group 
(Z/2Z)2, generated by elements σ and τ . Denote by J the Jacobian of X and let JW be 
as in (A.1). Then, there is an isogeny

J × J2
⟨σ,τ⟩ ∼ J⟨σ⟩ × J⟨τ⟩ × J⟨σ+τ⟩.

Proof. Given two signs ϵσ, ϵτ ∈ {+,−}, denote by Jϵσ ϵτ the connected component of 
the identity of the subgroup scheme ker(σ∗− ϵσ Id)∩ker(τ∗− ϵτ Id) in J . In other words, 
Jϵσ ϵτ is the maximal abelian subvariety of J where σ acts as ϵσ Id and τ acts as ϵτ Id. 
The inclusions Jϵσ ϵτ ⊂ J induce an isogeny

J ∼ J++ × J+− × J−+ × J−− . (A.3)

Finally recall that the Jacobian of X/W is isogenous, by pullback of divisors, to the 
connected component of the identity of the W -invariant part of J . Hence our statement 
follows from Equation (A.3) together with the identities

J⟨σ,τ⟩ ∼ J++, J⟨σ⟩ ∼ J++ × J+−, J⟨τ⟩ ∼ J++× J−+, J⟨σ+τ⟩ ∼ J+−× J−+.

□
The following lemma generalizes Lemma A.2. Given a subset I of (Z/2Z)r, we denote 

by JI = J⟨I⟩ the Jacobian of X/⟨I⟩, with ⟨I⟩ the subgroup generated by I. Moreover, 
the statement of the lemma contains a product 

∏︁
Aei

i of abelian varieties Ai with pos
sibly negative exponents ei: we interpret this product as a formal object living in the 
Grothendieck group of the category of abelian varieties up to isogeny; a posteriori, the 
lemma itself implies that the product below is a real abelian variety, i.e., after decompos
ing every factor in irreducible abelian varieties, every irreducible factor appearing with 
negative exponents cancels out.

Lemma A.4. Let X be a smooth projective curve with an action of (Z/2Z)r and let 
{b1, . . . , br} be a basis of (Z/2Z)r. For all subsets K ⊂ (Z/2Z)r and all non-negative 
integers s ≤ r, we have the following isogeny:

JK∪{b1+···+bs} ∼ J
1+(−1)s

2 
K ×

s ∏︂
j=1

(︄ ∏︂
I⊆{b1,...,bs}

#I=j

JI∪K

)︄(−1)j+s·2j−1

.

Proof. To simplify formulas, we use the additive notation for the product of abelian 
varieties. The proof is by induction: the case s = 0 is immediate, so we assume that 
the equality holds for s − 1. By Lemma A.2 applied to the curve X/⟨K⟩, with σ =
b1 + · · · + bs−1 and τ = bs, we have

J{b1+···+bs}∪K ∼ JK + 2J{b1+···+bs−1,bs}∪K − J{b1+···+bs−1}∪K − J{bs}∪K .
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By inductive hypothesis on the second and the third summand, we obtain

J{b1+···+bs}∪K ∼ JK + 2

⎛⎜⎜⎝1−(−1)s
2 J{bs}∪K + (−1)s

s−1 ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs−1}
#I=j

JI∪K∪{bs}

⎞⎟⎟⎠+

−

⎛⎜⎜⎝1−(−1)s
2 JK + (−1)s

s−1 ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs−1}
#I=j

JI∪K

⎞⎟⎟⎠− J{bs}∪K

∼ 1+(−1)s
2 JK + (−1)s+1

s−1 ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs−1}
#I=j

JI∪K

+ (−1)s+1
s−1 ∑︂
j=1 

(−2)j
∑︂

I⊆{b1,...,bs−1}
#I=j

JI∪K∪{bs} + (−1)s+1J{bs}∪K

∼ 1+(−1)s
2 JK + (−1)s+1

s−1 ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs}
#I=j and bs / ∈I

JI∪K

+ (−1)s+1
s ∑︂

j=2 
(−2)j

∑︂
I⊆{b1,...,bs−1}

#I=j−1

JI∪K∪{bs} + (−1)s+1J{bs}∪K

∼ 1+(−1)s
2 JK + (−1)s+1

s ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs}
#I=j and bs / ∈I

JI∪K + (−1)s+1
s ∑︂

j=1 
(−2)j−1

∑︂
I⊆{b1,...,bs}

#I=j and bs∈I

JI∪K

∼ 1+(−1)s
2 JK + (−1)s+1

s ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs}
#I=j

JI∪K . □

Theorem A.5. Let X be a smooth projective curve with an action of (Z/2Z)r and let B
be a basis of (Z/2Z)r. For all subgroups W of (Z/2Z)r, the Jacobian JW is isogenous to 
an integer combination of the Jacobians J⟨S⟩, with S varying among the subsets of B.

Proof. Choose a set I of generators for W and apply Lemma A.4 repeatedly to each 
element of I, which can be written as sum of elements of B. □

The above results imply analogous ``numerical'' corollaries. The next corollary, about 
genera, can also be proven directly, controlling the ramification of the quotient maps and 
applying Riemann-Hurwitz Formula.
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Corollary A.6. Let X be a smooth projective curve with an action by (Z/2Z)r and let 
B = {b1, . . . , br} be a basis of (Z/2Z)r. For I a subset of (Z/2Z)r, we denote by gI the 
genus of X/⟨I⟩.

For all subsets K of (Z/2Z)r and all non-negative integers s ≤ r, we have

g{b1+···+bs}∪K = 1+(−1)s
2 gK + (−1)s+1

s ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs}
#I=j

gI∪K .

Moreover, for each subset I of (Z/2Z)r, the genus gI can be written as an integral linear 
combination of the genera gS with S varying among all the subsets of B.

Proof. It follows by Lemma A.4 and Theorem A.5 recalling that the genus of a curve is 
the dimension of the Jacobian as an abelian variety. □
Corollary A.7. Let X be a smooth projective curve over a finite field Fq, with an action 
of (Z/2Z)r and let B = {b1, . . . , br} be a basis of (Z/2Z)r.

For all subsets K of (Z/2Z)r and all non-negative integer s ≤ r, we have:

#(X/⟨{b1 + · · · + bs}∪K⟩)(Fq)

= 1+(−1)s
2 #(X/⟨K⟩)(Fq) + (−1)s+1

s ∑︂
j=1 

(−2)j−1
∑︂

I⊆{b1,...,bs}
#I=j

#(X/⟨I∪K⟩)(Fq).

Moreover, given I a subset of (Z/2Z)r, then #(X/⟨I⟩)(Fq) can be written as integral 
linear combination of #(X/⟨S⟩)(Fq) with S varying among all the subsets of B.

Proof. It follows by Lemma A.4 and Theorem A.5 observing that if an abelian variety J is 
isogenous to J1×J2, then the trace of Frobenius satisfies tr(Frob) = tr(Frob1)+tr(Frob2), 
where, for a prime power q, we denote by Frob, Frob1 and Frob2 the q-th Frobenius on 
J , J1 and J2 respectively. □
Example A.8. Suppose that X is (a quotient of) a curve X(n0, nns) and let {q1, . . . , qs}
be a set of coprime prime powers dividing exactly the level n0nns of X. If we denote by 
g(·) the genus, we have

g(X/⟨Wq1···qs⟩) = 1−(−1)s+1

2 g(X) + (−1)s+1
s ∑︂

j=1 
(−2)j−1

∑︂
I⊆{Wq1 ,...,Wqs}

#I=j

g(X/⟨I⟩).

Using this formula we compute once again the genus of the record curve X/⟨W6⟩, with 
X = X(6, 7)/⟨W7⟩. From the algorithm in [18] we get: g(X) = 16, g(X/⟨W2⟩) = 6, 
g(X/⟨W3⟩) = 7 and g(X/⟨W2,W3⟩) = 2. The above formula gives
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g(X/⟨W6⟩) = g(X) − g(X/⟨W2⟩) − g(X/⟨W3⟩) + 2g(X/⟨W2,W3⟩) = 16 − 6 − 7 + 4 = 7,

in accordance with Example 3.5 and Section 4. 

Appendix B. Tables for the number of points

In the following tables (B.2, B.3, B.4, B.5, B.6, B.7, B.8, B.9, B.10) we list the quotient 
curves X(n0, nns)/⟨Wd1 , . . . ,Wdk

⟩ achieving the largest number of points over each pair 
(genus, finite field). All items improving the actual best known bounds in [27] are in 
bold.

We explain the notation of the tables which was used to save space. Let 

n0nns =
∏︂
i 
pvii =

∏︂
i 
qi

be the prime factorization of n0nns, with p1 < p2 < . . . and qi = pvii . Then each 
exact divisor dh is uniquely the product of certain qj ’s and, in the tables, we denote 
X(n0, nns)/⟨Wd1 , . . . ,Wdk

⟩ as 

(n0, nns) {i1,1, . . . , i1,m1 ; . . . . . . . . . ; ik,1, . . . , ik,mk
}

where for each h = 1, . . . , k, 

dh =
mh∏︂
j=1

qih,j
.

As an example the entry ``(945, 1){2; 1, 3}, 49'', in the table below corresponding to row 
g = 27 and column F22 , means that the quotient of X(945, 1) by ⟨W5,W189⟩ has 49 
points over F22 , where d1 = 5 = p2 and d2 = 189 = p3

1p3 since, in this case, p1 = 3, 
p2 = 5 and p3 = 7.

Another example is the entry ``(418, 3){2; 1, 3; 3, 4}, 4261'', in Table B.5, row g = 41
and column F55 , that means that the quotient of X(418, 3) by ⟨W3,W22,W209⟩ has 4261 
points over F55 , where d1 = 3 = p2 and d2 = 22 = p1p3 and d3 = 209 = p3p4 since, in 
this case, p1 = 2, p2 = 3, p3 = 11 and p4 = 19.

Table B.2
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 2k, k = 1, 2, 3 and 
n0n

2
ns ≤ 104.

g F2 F22 F23

1 (11, 1){}, 5 (1, 11){1}, 9 (1, 7){}, 14
2 (67, 1){1}, 6 (23, 1){}, 10 (35, 1){2}, 16
3 (97, 1){1}, 7 (17, 5){1; 2}, 14 (3, 7){1, 2}, 16
4 (47, 3){1; 2}, 7 (1, 11){}, 15 (119, 1){2}, 16
5 (145, 1){1, 2}, 8 (209, 1){1, 2}, 17 (3, 7){2}, 17
6 (223, 1){1}, 9 (299, 1){1, 2}, 20 (9, 7){1; 2}, 17
7 (187, 1){1, 2}, 10 (189, 1){1, 2}, 21 (35, 3){1, 2, 3}, 16

(continued on next page)
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Table B.2 (continued)

g F2 F22 F23

8 (427, 1){1; 2}, 10 (545, 1){1; 2}, 22 (175, 1){2}, 25
9 (273, 1){2; 3}, 10 (341, 1){1, 2}, 25 (3, 7){}, 26
10 (307, 1){1}, 10 (13, 15){1; 3; 2}, 27 (343, 1){1}, 17
11 (253, 1){1, 2}, 11 (285, 1){2, 3}, 26 (35, 3){3}, 24
12 (219, 1){2}, 11 (15, 7){1; 2, 3}, 29 (9, 7){1, 2}, 17
13 (399, 1){2; 3}, 12 (135, 1){}, 30 (621, 1){1; 2}, 22
14 (115, 3){2; 1, 3}, 10 (155, 3){2; 1, 3}, 32 (115, 3){2; 1, 3}, 16
15 (433, 1){1}, 13 (879, 1){1; 2}, 33 (9, 7){1}, 26
16 (291, 1){2}, 13 (569, 1){1}, 34 (561, 1){1; 2, 3}, 18
17 (309, 1){2}, 12 (5, 11){1, 2}, 36 (39, 5){1; 2, 3}, 21
18 (427, 1){1, 2}, 13 (897, 1){1; 2, 3}, 36 (1155, 1){4; 1, 3; 2, 3}, 18
19 (493, 1){1, 2}, 14 (545,1){1, 2},40 (13, 7){1, 2}, 22
20 (805, 1){2; 1, 3}, 13 (861, 1){3; 1, 2}, 38 (805, 1){2; 1, 3}, 19
21 (517, 1){1, 2}, 13 (689, 1){1, 2}, 44 (245, 1){}, 28
22 (577, 1){1}, 16 (121,3){1, 2},43 (175, 3){3; 1, 2}, 25
23 (345, 1){2, 3}, 14 (483, 1){2, 3}, 44 (219, 1){}, 18
24 (643, 1){1}, 16 (1469, 1){1; 2}, 44 (765, 1){2; 1, 3}, 21
25 (795, 1){1; 2, 3}, 15 (13, 15){2; 1, 3}, 48 (175, 3){2; 3}, 24
26 (203, 3){1; 2, 3}, 15 (259, 3){1; 2, 3}, 49 (1029, 1){1; 2}, 21
27 (733, 1){1}, 16 (945, 1){2; 1, 3}, 49 (1191, 1){1; 2}, 21
28 (787, 1){1}, 15 (941, 1){1}, 52 (175, 3){1; 3}, 25
29 (697, 1){1, 2}, 16 (1091,1){1}, 55 (95, 3){2}, 26
30 (1263, 1){1; 2}, 16 (319, 3){1; 2, 3}, 53 (1035, 1){2; 1, 3}, 23
31 (517, 3){1; 3; 2}, 14 (1, 57){1; 2}, 54 (621, 1){2}, 32
32 (57, 5){2; 3}, 16 (245, 3){2; 1, 3}, 55 (235, 3){2; 1, 3}, 26
33 (817, 1){1, 2}, 19 (349, 3){1; 2}, 56 (665, 1){1, 2, 3}, 22
34 (943, 1){1, 2}, 18 (1109, 1){1}, 60 (943, 1){1, 2}, 21
35 (561, 1){2, 3}, 20 (1139, 1){1, 2}, 61 (7, 15){3}, 22
36 (1065, 1){1, 3; 2, 3}, 16 (305, 3){1; 3}, 59 (245, 3){1; 2, 3}, 23
37 (669, 1){2}, 18 (675, 1){2}, 63 (15, 7){2}, 26
38 (1479, 1){1; 2, 3}, 17 (29, 7){1,2}, 65 (997, 1){1}, 21
39 (913, 1){1, 2}, 17 (897,1){2, 3},68 (665, 1){2, 3}, 26
40 (353, 3){1; 2}, 20 (1559, 1){1}, 66 (353, 3){1; 2}, 23
41 (1281, 1){2; 3}, 20 (1391, 1){1, 2}, 65 (715, 1){2}, 28
42 (1123, 1){1}, 21 (1361, 1){1}, 73 (1123, 1){1}, 24
43 (973, 1){1, 2}, 19 (1635, 1){1; 2, 3}, 68 (13, 7){}, 26
44 (1147, 1){1, 2}, 21 (1169,1){1, 2},70 (1731, 1){1; 2}, 23
45 (1207, 1){1, 2}, 20 (451, 3){1; 2, 3}, 74 (31, 7){1, 2}, 24
46 (2257, 1){1; 2}, 18 (1349, 1){1, 2}, 76 (1863, 1){1; 2}, 25
47 (377, 3){1; 2, 3}, 18 (51, 7){1;2, 3}, 75 (1155, 1){1, 4; 2, 4}, 26
48 (1237, 1){1}, 21 (1679, 1){1, 2}, 76 (1237, 1){1}, 27
49 (1683, 1){1; 2, 3}, 20 (1023,1){2, 3},82 (735, 1){1, 2}, 28
50 (1929, 1){1; 2}, 21 (2067, 1){2; 3}, 78 (1929, 1){1; 2}, 24

Table B.3
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 2k, k = 4, 5, 6, 7 and n0n
2
ns ≤ 104.

g F24 F25 F26 F27

1 (3, 5){1}, 25 (11, 3){1; 2}, 44 (1, 11){1}, 81 (11, 1){}, 145
2 (1, 9){}, 31 (13, 3){2}, 51 (3, 7){1; 2}, 91 (23, 1){}, 172
3 (43, 1){}, 33 (11, 3){2}, 63 (105, 1){1; 2}, 103 (33, 1){}, 174
4 (69, 1){1}, 32 (61, 1){}, 53 (1, 15){1}, 119 (29, 3){1, 2}, 215
5 (555, 1){1; 3; 2}, 33 (13, 3){}, 62 (35, 3){1, 3; 2, 3}, 129 (213, 1){2}, 198
6 (111, 1){2}, 45 (297, 1){1; 2}, 66 (117, 1){2}, 143 (153, 1){2}, 199
7 (135, 1){1}, 39 (423, 1){1; 2}, 56 (1, 15){}, 110 (69, 1){}, 228
8 (37, 3){2}, 43 (155, 1){1}, 64 (5, 9){1}, 113 (273, 1){1; 2}, 201
9 (171, 1){2}, 62 (195, 1){1, 3}, 64 (255, 1){2; 3}, 153 (483, 1){1, 3; 2, 3}, 285
10 (127, 1){}, 40 (65, 3){1, 3; 2, 3}, 67 (175, 3){1; 3; 2}, 126 (483, 1){1; 2, 3}, 215
11 (43, 3){1}, 43 (247, 1){2}, 65 (35, 3){1, 3}, 136 (207, 1){1}, 228
12 (513, 1){1; 2}, 56 (47, 3){2}, 59 (85, 3){1, 3; 2, 3}, 143 (321, 1){2}, 269
13 (9, 5){}, 60 (265, 1){2}, 76 (195, 1){3}, 142 (1105, 1){1; 3; 2}, 211
14 (15, 7){3; 1, 2}, 51 (297, 1){2}, 93 (3, 11){2}, 135 (645, 1){2; 3}, 231
15 (555, 1){2; 3}, 61 (79, 3){2}, 72 (279, 1){2}, 170 (483, 1){1; 2}, 229
16 (23, 5){2}, 50 (445, 1){2}, 73 (9, 7){2}, 237 (375, 1){2}, 268
17 (65, 3){1}, 52 (427, 1){2}, 67 (309, 1){2}, 170 (273, 1){2}, 232
18 (333, 1){2}, 83 (423, 1){2}, 97 (365, 1){2}, 153 (145, 3){1; 3}, 283
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Table B.3 (continued)
g F24 F25 F26 F27

19 (627, 1){1; 3}, 55 (65, 3){2, 3}, 84 (351, 1){2}, 207 (285, 1){3}, 284
20 (777, 1){1; 3}, 65 (437, 1){2}, 64 (1, 33){2}, 151 (861, 1){1, 3; 2, 3}, 227
21 (39, 5){1; 3}, 65 (209, 3){2; 1, 3}, 65 (441, 1){2}, 188 (963, 1){1; 2}, 258
22 (741, 1){1; 3}, 67 (1365, 1){3; 2, 4; 1, 2}, 67 (511, 1){2}, 162 (1255, 1){1; 2}, 232
23 (209, 3){3; 1, 2}, 62 (435, 1){3}, 84 (385, 1){1}, 152 (483, 1){2, 3}, 312
24 (185, 3){3; 1, 2}, 67 (5, 21){3; 1, 2}, 77 (1339, 1){1; 2}, 138 (527, 1){2}, 240
25 (85, 3){3}, 72 (95, 3){3}, 80 (539, 1){2}, 220 (855, 1){1; 3}, 284
26 (69, 5){1; 2, 3}, 64 (1365, 1){2; 1; 4}, 72 (765, 1){2; 3}, 199 (545, 1){1}, 229
27 (91, 3){1}, 80 (247, 3){3; 1, 2}, 77 (707, 1){2}, 157 (107, 3){2}, 271
28 (513, 1){2}, 108 (1325, 1){1; 2}, 91 (175, 3){1; 3}, 167 (639, 1){2}, 387
29 (1295, 1){3; 1, 2}, 80 (465, 1){1, 2}, 66 (1085, 1){1; 3}, 164 (435, 1){1, 3}, 262
30 (2553, 1){1; 3; 2}, 63 (209, 3){1; 2}, 86 (77, 5){3; 1, 2}, 155 (203, 3){1; 3}, 241
31 (975, 1){1; 3}, 73 (247, 3){2; 3}, 80 (9, 7){}, 186 (483, 1){2}, 232
32 (1505, 1){2; 1, 3}, 71 (7, 11){1}, 107 (579, 1){2}, 161 (1311, 1){1, 3; 2, 3}, 221
33 (363, 1){}, 72 (19, 7){1}, 65 (603, 1){2}, 182 (43, 5){2}, 311
34 (2145, 1){2; 3; 1, 4}, 77 (253, 3){1; 2}, 77 (737, 1){2}, 170 (685, 1){2}, 205
35 (15, 7){1, 2}, 94 (585, 1){2, 3}, 124 (775, 1){2}, 270 (955, 1){2}, 310
36 (1547, 1){1; 2, 3}, 71 (1305, 1){3; 1, 2}, 87 (157, 3){2}, 171 (749, 1){2}, 297
37 (555, 1){3}, 98 (7, 15){2}, 82 (23, 7){2}, 196 (145, 3){1, 3}, 310
38 (301, 3){1; 2, 3}, 79 (847, 1){1}, 69 (2145, 1){4; 1, 3; 2, 3}, 163 (1435, 1){2; 3}, 286
39 (627, 1){3}, 92 (143, 3){3}, 80 (585, 1){3}, 242 (1449, 1){1; 2, 3}, 288
40 (391, 3){2; 1, 3}, 72 (1305, 1){2; 3}, 67 (1, 45){1}, 197 (1305, 1){1, 3; 2, 3}, 231
41 (375, 1){}, 78 (53, 5){2}, 112 (715, 1){3}, 174 (861, 1){2, 3}, 312
42 (2103, 1){1; 2}, 80 (1495, 1){1; 3}, 63 (1505, 1){2; 3}, 174 (319, 3){1; 3}, 284
43 (39, 5){1, 3}, 96 (1365, 1){1, 4; 2, 3, 4}, 84 (1155, 1){2; 1, 3}, 170 (39, 5){2}, 308
44 (1169, 1){1, 2}, 78 (1653, 1){3; 1, 2}, 68 (1111, 1){2}, 168 (2415, 1){1; 2, 3; 3, 4}, 234
45 (741, 1){3}, 100 (693, 1){3}, 124 (1545, 1){2; 3}, 202 (925, 1){2}, 302
46 (4403, 1){1; 3; 2}, 82 (47, 9){1; 2}, 94 (9, 11){2}, 259 (341, 3){1, 3; 2, 3}, 289
47 (1073, 1){2}, 92 (891, 1){2}, 93 (211, 3){2}, 216 (963, 1){2}, 465
48 (1887, 1){2; 3}, 96 (803, 3){1; 3; 2}, 57 (965, 1){2}, 201 (1177, 1){2}, 285
49 (777, 1){3}, 120 (1079, 1){2}, 77 (1545, 1){3; 1, 2}, 225 (1255, 1){2}, 380
50 (2639, 1){1; 2, 3}, 92 (1885, 1){1; 2}, 73 (93, 5){1; 3}, 206 (355, 3){2; 3}, 287

Table B.4
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 3k, k = 1, 2, 3, 4, 5 and n0n
2
ns ≤ 104.

g F3 F32 F33 F34 F35

1 (23, 2){1, 2}, 7 (1, 7){}, 16 (1, 10){2}, 38 (1, 10){2}, 96 (1, 11){1}, 275
2 (28, 1){}, 8 (2, 5){}, 20 (11, 4){2}, 44 (23, 1){}, 116 (7, 5){1, 2}, 306
3 (52, 1){2}, 10 (64, 1){}, 28 (29, 2){2}, 46 (25, 2){}, 124 (4, 5){2}, 304
4 (74, 1){2}, 11 (14, 5){1; 2, 3}, 30 (41, 2){2}, 44 (80, 1){2}, 138 (85, 1){2}, 346
5 (106, 1){2}, 12 (2, 7){}, 32 (110, 1){3}, 52 (46, 1){}, 132 (14, 5){2; 3}, 366
6 (170, 1){2; 3}, 13 (398, 1){1; 2}, 37 (8, 5){1}, 56 (95, 2){2, 3}, 142 (121, 1){}, 364
7 (266, 1){1; 2, 3}, 13 (238, 1){2, 3}, 40 (62, 1){}, 54 (122, 1){1}, 137 (380, 1){2; 3}, 366
8 (127, 2){1, 2}, 12 (91, 2){3}, 42 (23, 4){2}, 44 (101, 1){}, 152 (205, 2){3; 1, 2}, 396
9 (148, 1){2}, 16 (128, 1){}, 48 (7, 8){2}, 52 (160, 1){2}, 176 (85, 2){3}, 464
10 (277, 1){1}, 16 (220, 1){2, 3}, 54 (170, 1){1, 3}, 52 (260, 1){2; 3}, 180 (191, 2){2}, 383
11 (170, 1){2, 3}, 16 (439, 1){1}, 53 (104, 1){}, 56 (115, 1){}, 164 (14, 5){2, 3}, 366
12 (410, 1){1; 2, 3}, 16 (28, 5){2; 3}, 58 (119, 2){1, 2}, 54 (37, 4){2}, 166 (28, 5){2; 3}, 484
13 (212, 1){2}, 18 (632, 1){1; 2}, 56 (220, 1){3}, 72 (224, 1){1}, 168 (632, 1){1; 2}, 448
14 (554, 1){1; 2}, 18 (734, 1){1; 2}, 59 (124, 1){}, 56 (122, 1){}, 160 (595, 2){3; 2, 4; 1, 2}, 370
15 (413, 1){1, 2}, 18 (1055, 1){1; 2}, 63 (238, 1){1, 3}, 52 (35, 4){3}, 198 (5, 14){1, 3}, 404
16 (506, 1){1, 3; 2, 3}, 18 (398, 1){2}, 70 (368, 1){2}, 52 (272, 1){2}, 210 (305, 2){2; 3}, 414
17 (634, 1){1; 2}, 19 (782, 1){1; 2, 3}, 72 (440, 1){1; 3}, 64 (665, 2){2; 4; 1, 3}, 174 (14, 5){2}, 448
18 (266, 1){2, 3}, 22 (878, 1){1; 2}, 73 (175, 2){2}, 52 (296, 1){2}, 170 (574, 1){1; 3}, 374
19 (746, 1){1; 2}, 21 (476, 1){2, 3}, 78 (11, 10){2}, 60 (185, 2){2}, 196 (221, 2){1, 2}, 402
20 (778, 1){1; 2}, 19 (622, 1){2}, 80 (493, 2){3; 1, 2}, 56 (520, 1){2; 3}, 198 (425, 1){2}, 526
21 (533, 1){1, 2}, 20 (256, 1){}, 80 (253, 2){1, 2}, 56 (125, 2){}, 208 (805, 1){1; 3}, 446
22 (308, 1){2, 3}, 24 (1102, 1){1; 2, 3}, 82 (247, 2){3}, 64 (215, 2){1, 3}, 194 (560, 1){2; 3}, 484
23 (613, 1){1}, 22 (542, 1){2}, 92 (208, 1){}, 56 (385, 2){2; 3}, 214 (680, 1){3; 1, 2}, 450
24 (653, 1){1}, 23 (496, 1){2}, 82 (11, 16){1; 2}, 54 (385, 2){4; 3}, 228 (680, 1){1; 3}, 464
25 (340, 1){2, 3}, 24 (440, 1){2, 3}, 96 (245, 2){3}, 56 (31, 5){2}, 222 (340, 1){3}, 552
26 (424, 1){2}, 24 (28, 5){2, 3}, 98 (10, 7){1, 2}, 68 (812, 1){3; 1, 2}, 188 (28, 5){2, 3}, 482
27 (436, 1){2}, 22 (604, 1){2}, 100 (232, 1){}, 56 (329, 2){3}, 198 (329, 2){3}, 472
28 (410, 1){2, 3}, 24 (871, 1){1, 2}, 104 (287, 2){3}, 62 (1, 70){3; 1, 2}, 218 (850, 1){3; 1, 2}, 508
29 (757, 1){1}, 25 (56, 5){2; 3}, 104 (323, 2){3}, 62 (77, 4){1, 2}, 204 (632, 1){2}, 604
30 (1114, 1){1; 2}, 25 (1375, 1){1; 2}, 99 (496, 1){1}, 56 (1, 35){2}, 248 (1144, 1){1, 3; 2, 3}, 508
31 (1265, 1){1; 2, 3}, 23 (1, 46){1, 2}, 103 (341, 2){2}, 60 (1309, 2){1, 3; 2, 4; 3, 4}, 222 (305, 2){3}, 522
32 (986, 1){2; 3}, 25 (1039, 1){1}, 112 (880, 1){3; 1, 2}, 68 (946, 1){1; 2}, 215 (1264, 1){1; 2}, 490
33 (554, 1){2}, 31 (103, 5){1; 2}, 111 (440, 1){3}, 80 (544, 1){2}, 256 (43, 5){2}, 524
34 (506, 1){2, 3}, 28 (638, 1){2, 3}, 114 (490, 1){1, 2}, 72 (335, 2){3}, 246 (47, 5){2}, 440
35 (989, 1){1, 2}, 24 (958, 1){2}, 122 (595, 1){1}, 72 (775, 1){2}, 242 (28, 5){2}, 608
36 (1178, 1){1; 2, 3}, 26 (796, 1){2}, 130 (371, 2){3}, 72 (592, 1){2}, 274 (752, 1){2}, 444
37 (634, 1){2}, 28 (956, 1){2}, 123 (413, 2){3}, 62 (185, 4){1; 2}, 222 (580, 1){1, 3}, 446
38 (532, 1){2, 3}, 32 (1231, 1){1}, 131 (1007, 2){3; 1, 2}, 59 (1505, 2){3; 2, 4; 1, 2}, 245 (1106, 1){2; 3}, 362
39 (628, 1){2}, 28 (782, 1){2, 3}, 140 (23, 10){2}, 66 (665, 2){2; 4}, 268 (652, 1){2}, 454
40 (1514, 1){1; 2}, 29 (878, 1){2}, 142 (550, 1){1}, 54 (34, 5){3}, 260 (550, 1){1, 3}, 548
41 (1037, 1){1, 2}, 28 (1564, 1){1, 3; 2, 3}, 132 (1003, 2){3; 1, 2}, 57 (640, 1){2}, 240 (290, 1){}, 488
42 (109, 5){1; 2}, 27 (1001, 2){4; 1, 2, 3}, 134 (451, 2){3}, 64 (25, 7){2}, 260 (1495, 1){1; 3}, 436
43 (1117, 1){1}, 32 (700, 1){2, 3}, 144 (1190, 1){2, 3; 1, 4}, 56 (385, 4){1; 3; 2}, 252 (425, 2){3}, 624
44 (746, 1){2}, 35 (1966, 1){1; 2}, 136 (358, 1){}, 54 (469, 2){3}, 270 (247, 4){1; 2}, 466
45 (616, 1){2, 3}, 32 (1399, 1){1}, 145 (493, 2){3}, 68 (322, 1){}, 264 (1120, 1){2; 3}, 604
46 (1642, 1){1; 2}, 27 (2455, 1){1; 2}, 139 (752, 1){1}, 54 (74, 5){1; 3}, 284 (1580, 1){3; 1, 2}, 448
47 (1576, 1){1; 2}, 30 (1886, 1){1; 2, 3}, 146 (1190, 1){1, 4; 2, 3, 4}, 68 (385, 2){3}, 296 (805, 2){2; 4}, 462
48 (1213, 1){1}, 33 (1102, 1){2, 3}, 154 (1189, 2){2; 1, 3}, 54 (385, 4){1; 3; 4}, 259 (805, 2){2; 3, 4}, 412
49 (788, 1){2}, 36 (1244, 1){2}, 159 (29, 10){2}, 72 (485, 2){3}, 284 (790, 1){3}, 584
50 (2285, 1){1; 2}, 28 (2126, 1){1; 2}, 154 (551, 2){2}, 74 (2992, 1){1; 3; 2}, 258 (826, 1){3}, 514

Table B.5
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 5k, k = 1, 2, 3, 4, 5 and n0n
2
ns ≤ 104.

g F5 F52 F53 F54 F55

1 (7, 4){1; 2}, 10 (1, 6){2}, 36 (1, 8){}, 148 (1, 11){1}, 675 (13, 4){1; 2}, 3227
2 (11, 6){3; 1, 2}, 12 (1, 12){2}, 46 (14, 3){1; 3}, 170 (57, 1){1, 2}, 724 (17, 6){3; 1, 2}, 3328
3 (76, 1){2}, 15 (19, 12){1; 3; 2}, 56 (14, 3){3}, 192 (29, 2){2}, 738 (13, 4){1}, 3404
4 (86, 1){2}, 17 (16, 3){2}, 66 (132, 1){1, 3; 2, 3}, 188 (67, 2){1, 2}, 774 (62, 3){1; 2, 3}, 3530

(continued on next page)
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Table B.5 (continued)
g F5 F52 F53 F54 F55

5 (21, 4){1; 3}, 16 (209, 2){3; 1, 2}, 71 (186, 1){1, 3; 2, 3}, 184 (133, 1){1, 2}, 823 (209, 2){3; 1, 2}, 3631
6 (163, 1){1}, 19 (84, 1){1, 3}, 74 (112, 1){1}, 178 (117, 1){2}, 902 (84, 1){3}, 3612
7 (44, 3){2; 3}, 21 (16, 3){}, 84 (28, 3){3}, 240 (232, 1){1; 2}, 854 (231, 1){1; 3}, 3644
8 (403, 1){1; 2}, 21 (174, 1){2, 3}, 90 (264, 1){1; 2, 3}, 188 (234, 1){3; 1, 2}, 885 (77, 2){1, 3}, 3690
9 (172, 1){2}, 24 (321, 2){2; 1, 3}, 94 (93, 1){}, 200 (19, 3){}, 898 (87, 1){}, 3768
10 (182, 1){2, 3}, 24 (286, 1){2, 3}, 108 (132, 1){2, 3}, 246 (164, 1){2}, 942 (334, 1){2}, 4092
11 (201, 1){2}, 24 (413, 2){2; 1, 3}, 109 (186, 1){1, 3}, 232 (201, 2){1, 3; 2, 3}, 924 (299, 1){2}, 3912
12 (203, 3){1; 3; 2}, 23 (208, 1){2}, 122 (11, 12){1; 3}, 204 (133, 2){2, 3}, 984 (231, 2){3; 1, 4}, 3804
13 (278, 1){2}, 26 (572, 1){2; 3}, 126 (129, 1){}, 200 (117, 2){3}, 936 (174, 1){1, 2}, 3768
14 (193, 2){1, 2}, 24 (564, 1){3; 1, 2}, 126 (186, 1){2, 3}, 206 (38, 3){2}, 1000 (231, 2){2; 1, 4}, 3962
15 (268, 1){2}, 30 (719, 1){1}, 127 (39, 4){1, 2}, 220 (67, 6){1, 3; 2, 3}, 952 (231, 1){3}, 4044
16 (403, 1){1, 2}, 28 (647, 1){1}, 136 (258, 1){1, 3}, 222 (8, 7){2}, 974 (204, 1){2}, 3852
17 (88, 3){2; 3}, 28 (196, 1){}, 142 (56, 3){3}, 288 (171, 1){}, 1060 (46, 3){3}, 4186
18 (499, 1){1}, 31 (271, 3){1; 2}, 146 (112, 3){3; 1, 2}, 226 (234, 1){3}, 1082 (598, 1){1; 3}, 3858
19 (326, 1){2}, 33 (252, 1){1, 3}, 156 (28, 3){}, 240 (492, 1){3; 1, 2}, 1034 (693, 1){3; 1, 2}, 4170
20 (547, 1){1}, 33 (526, 1){2}, 164 (203, 2){1, 3}, 190 (87, 4){2; 3}, 1096 (362, 1){2}, 3972
21 (258, 1){3}, 34 (154, 1){}, 152 (264, 1){2, 3}, 272 (116, 3){1, 3; 2, 3}, 1030 (693, 2){3; 2, 4; 1, 2}, 4170
22 (422, 1){2}, 38 (189, 2){1, 3}, 174 (188, 1){}, 246 (201, 2){1, 3}, 1062 (1242, 1){1; 3; 2}, 4048
23 (364, 1){2, 3}, 36 (887, 1){1}, 180 (17, 8){2}, 244 (386, 1){2}, 1096 (306, 1){2}, 3928
24 (1122, 1){1, 3; 2, 4; 3, 4}, 31 (206, 3){2; 3}, 188 (1989, 1){1; 3; 2}, 204 (399, 2){3, 4; 1, 2, 3}, 1030 (77, 6){1, 2; 1, 3, 4}, 3970
25 (684, 1){2; 3}, 30 (572, 1){2, 3}, 204 (11, 9){2}, 210 (589, 2){1, 3; 2, 3}, 1065 (668, 1){2}, 4332
26 (739, 1){1}, 38 (1294, 1){1; 2}, 188 (744, 1){1, 3; 2, 3}, 222 (458, 1){2}, 1114 (681, 2){2; 1, 3}, 3936
27 (489, 1){2}, 36 (574, 1){2, 3}, 204 (774, 1){2; 1, 3}, 204 (546, 1){2, 4; 2, 3}, 1088 (414, 1){3}, 4186
28 (787, 1){1}, 35 (23, 7){1, 2}, 202 (287, 2){3}, 218 (464, 1){2}, 1218 (209, 6){3; 2, 4; 1, 2}, 4220
29 (1094, 1){1; 2}, 37 (1342, 1){1; 2, 3}, 205 (186, 1){}, 248 (696, 1){1; 3}, 1288 (261, 2){3}, 4202
30 (556, 1){2}, 39 (1007, 1){1, 2}, 216 (372, 1){2, 3}, 234 (323, 2){2}, 1032 (339, 2){1, 3}, 4106
31 (518, 1){2, 3}, 40 (564, 1){3}, 228 (297, 2){1, 3}, 232 (231, 2){4}, 1268 (231, 2){1, 4}, 4484
32 (1227, 1){1; 2}, 35 (1246, 1){1; 2, 3}, 214 (97, 4){2}, 208 (579, 1){2}, 1150 (39, 8){1; 2, 3}, 3976
33 (402, 1){3}, 42 (924, 1){1, 2; 1, 3, 4}, 226 (154, 3){1; 3}, 218 (603, 2){1, 3; 2, 3}, 1240 (184, 3){1; 3}, 4242
34 (614, 1){2}, 41 (1223, 1){1}, 241 (12, 7){1, 2}, 242 (16, 7){2}, 1260 (92, 3){3}, 4686
35 (1304, 1){1; 2}, 39 (958, 1){2}, 242 (133, 6){1, 4; 2, 4}, 244 (234, 1){}, 1204 (598, 1){3}, 4604
36 (214, 3){2; 3}, 45 (1271, 1){1, 2}, 238 (954, 1){2; 3}, 218 (592, 1){2}, 1202 (1557, 1){1; 2}, 4110
37 (662, 1){2}, 46 (316, 3){2; 3}, 243 (133, 6){1, 3; 1, 4}, 266 (468, 1){3}, 1296 (302, 1){}, 4284
38 (1334, 1){1; 2, 3}, 40 (593, 2){1, 2}, 232 (663, 2){1, 3; 1, 4}, 254 (687, 1){2}, 1268 (789, 2){1, 3; 2, 3}, 4232
39 (652, 1){2}, 48 (1774, 1){1; 2}, 260 (112, 3){3}, 336 (87, 4){3}, 1328 (522, 1){2, 3}, 4134
40 (541, 2){1, 2}, 40 (814, 1){2, 3}, 272 (609, 2){1, 3; 2, 3}, 252 (492, 1){3}, 1326 (609, 2){4; 2, 3}, 4122
41 (1003, 1){1, 2}, 46 (861, 1){2, 3}, 260 (56, 3){}, 288 (1547, 1){1; 2}, 1168 (418, 3){2; 1, 3; 3, 4}, 4261
42 (516, 1){3}, 48 (1006, 1){2}, 296 (663, 2){4; 3}, 274 (1158, 1){2; 3}, 1182 (418, 3){1; 3; 4}, 4128
43 (758, 1){2}, 50 (1343, 1){1, 2}, 276 (528, 1){2, 3}, 324 (232, 3){1, 3; 2, 3}, 1400 (778, 1){2}, 4650
44 (431, 3){1; 2}, 37 (1487, 1){1}, 289 (1232, 1){2; 3}, 254 (469, 2){1, 3}, 1298 (924, 1){2; 1, 4}, 4406
45 (197, 6){2; 1, 3}, 40 (696, 1){2, 3}, 280 (501, 2){3}, 266 (1158, 1){3; 1, 2}, 1288 (693, 2){1, 4; 2, 3, 4}, 4808
46 (1099, 1){1, 2}, 46 (1052, 1){2}, 306 (924, 1){2, 4; 2, 3}, 294 (9, 11){2}, 1438 (7, 13){1}, 4514
47 (1766, 1){1; 2}, 43 (1149, 1){2}, 298 (891, 1){2}, 282 (77, 6){2, 4}, 1196 (963, 1){2}, 4414
48 (844, 1){2}, 57 (2014, 1){1; 2, 3}, 306 (497, 2){1, 3}, 254 (772, 1){2}, 1466 (903, 2){1, 3; 2, 3, 4}, 4246
49 (748, 1){2, 3}, 48 (1244, 1){2}, 315 (612, 1){3}, 294 (589, 2){1, 3}, 1250 (1242, 1){1; 3}, 4718
50 (1688, 1){1; 2}, 46 (1198, 1){2}, 306 (2, 39){1, 3; 2, 3}, 232 (134, 3){2}, 1168 (786, 1){3}, 4324

Table B.6
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 7k, k = 1, 2, 3, 4, 5 and n0n
2
ns ≤ 104.

g F7 F72 F73 F74 F75

1 (1, 15){1; 2}, 13 (1, 8){}, 64 (31, 2){2}, 380 (1, 6){2}, 2496 (1, 10){2}, 17050
2 (1, 15){1, 2}, 16 (1, 16){1}, 78 (1, 9){}, 412 (1, 12){2}, 2590 (8, 5){1; 2}, 17292
3 (13, 6){1, 2, 3}, 18 (9, 4){1}, 92 (33, 2){3}, 446 (29, 2){2}, 2684 (4, 5){2}, 17534
4 (137, 1){1}, 21 (54, 1){}, 102 (165, 1){2; 3}, 440 (16, 3){2}, 2778 (22, 3){1; 3}, 17770
5 (2, 15){2; 3}, 24 (52, 1){}, 112 (88, 1){2}, 440 (29, 2){}, 2808 (11, 3){}, 18012
6 (73, 3){1; 2}, 26 (156, 1){2, 3}, 122 (33, 4){2; 3}, 480 (102, 1){3}, 2774 (190, 1){2, 3}, 17830
7 (257, 1){1}, 26 (1, 16){}, 148 (20, 3){2}, 474 (87, 2){1, 2, 3}, 2954 (8, 5){2}, 18496
8 (136, 1){2}, 24 (431, 1){1}, 138 (2, 9){}, 508 (304, 1){1; 2}, 2831 (110, 1){2}, 18496
9 (97, 3){1; 2}, 29 (151, 3){1; 2}, 167 (114, 1){3}, 528 (152, 1){2}, 2904 (99, 1){}, 18968
10 (2, 15){2, 3}, 28 (27, 4){1}, 153 (176, 1){2}, 536 (19, 6){2}, 2976 (209, 1){1}, 18143
11 (353, 1){1}, 33 (382, 1){2}, 176 (165, 2){4; 3}, 556 (117, 1){}, 3052 (34, 3){2}, 18724
12 (226, 1){2}, 36 (718, 1){1; 2}, 171 (342, 1){3; 1, 2}, 548 (250, 1){2}, 2893 (12, 5){2, 3}, 18242
13 (4, 15){2; 3}, 36 (599, 1){1}, 184 (31, 6){3}, 504 (232, 1){1, 2}, 3112 (198, 1){1, 2, 3}, 18496
14 (73, 3){1, 2}, 34 (110, 3){2; 3, 4}, 196 (330, 1){4; 3}, 510 (83, 2){}, 3002 (59, 4){2}, 18520
15 (274, 1){2}, 40 (478, 1){2}, 214 (40, 3){2}, 584 (268, 1){2}, 3104 (110, 1){}, 19216
16 (204, 1){3}, 36 (380, 1){2, 3}, 222 (398, 1){2}, 526 (204, 1){3}, 3090 (44, 3){3}, 18732
17 (706, 1){1; 2}, 35 (46, 5){2; 3}, 216 (1, 60){1; 3}, 532 (335, 1){2}, 3228 (185, 1){}, 18804
18 (785, 1){1; 2}, 33 (179, 4){1; 2}, 224 (228, 1){3}, 584 (304, 1){2}, 3118 (110, 3){4; 2, 3}, 18974
20 (97, 3){1, 2}, 40 (46, 5){1, 3; 2, 3}, 246 (528, 1){3; 1, 2}, 530 (362, 1){2}, 3201 (935, 1){1; 2, 3}, 18902
21 (193, 3){1; 2}, 41 (426, 1){3}, 252 (264, 1){3}, 632 (282, 1){1, 2, 3}, 3096 (207, 1){}, 19568
22 (317, 2){1, 2}, 38 (139, 6){2; 1, 3}, 255 (188, 1){}, 594 (356, 1){2}, 3174 (754, 1){3; 1, 2}, 19126
23 (617, 1){1}, 45 (911, 1){1}, 264 (990, 1){1; 3; 4}, 566 (282, 1){1, 3}, 3348 (429, 2){2; 3, 4}, 18884
24 (146, 3){2; 3}, 44 (206, 3){2; 3}, 272 (71, 4){2}, 540 (670, 1){3; 1, 2}, 3290 (808, 1){1; 2}, 19211
25 (4, 15){2, 3}, 42 (717, 1){2}, 284 (27, 5){2}, 660 (117, 2){}, 3408 (404, 1){2}, 19362
26 (466, 1){2}, 48 (718, 1){2}, 312 (374, 1){2}, 566 (885, 2){3; 2, 4; 1, 2}, 3237 (370, 1){1}, 19586
27 (8, 15){2; 3}, 48 (69, 5){2; 3}, 288 (342, 1){3}, 824 (232, 1){}, 3340 (8, 15){2; 3}, 19488
28 (452, 1){2}, 54 (764, 1){2}, 330 (513, 1){2}, 558 (464, 1){2}, 3498 (479, 2){2}, 19743
29 (737, 1){1, 2}, 48 (16, 5){}, 304 (40, 3){}, 592 (885, 2){4; 1, 3; 2, 3}, 3461 (198, 1){}, 19936
30 (822, 1){3; 1, 2}, 43 (319, 3){1; 2, 3}, 320 (1320, 1){3; 4; 1, 2}, 610 (804, 1){3; 1, 2}, 3386 (465, 2){1, 3; 1, 4}, 18782
31 (946, 1){1, 3; 2, 3}, 48 (1146, 1){3; 1, 2}, 330 (660, 1){4; 3}, 696 (80, 3){2}, 3396 (297, 1){}, 20352
32 (386, 3){1; 3; 2}, 47 (1079, 1){1, 2}, 332 (495, 2){3; 1, 4}, 606 (31, 12){2; 3}, 3496 (374, 3){1; 2; 3, 4}, 19718
33 (194, 3){2; 3}, 56 (862, 1){2}, 370 (43, 5){2}, 662 (804, 1){2; 3}, 3578 (440, 1){2}, 20168
34 (548, 1){2}, 60 (220, 3){2; 3, 4}, 366 (176, 3){1, 3; 2, 3}, 612 (335, 2){3}, 3622 (494, 1){3}, 19650
35 (771, 1){2}, 52 (645, 2){4; 1, 3}, 366 (248, 3){1, 3; 2, 3}, 568 (234, 1){}, 3412 (377, 2){3}, 19382
36 (977, 1){1}, 56 (302, 3){2; 3}, 392 (327, 2){1, 3}, 716 (2145, 1){2; 1; 4}, 3352 (302, 3){2; 3}, 19580
37 (1097, 1){1}, 54 (316, 3){2; 3}, 408 (9, 20){1; 3}, 784 (333, 2){1, 3}, 3408 (528, 1){1, 3}, 19864
38 (534, 1){3}, 48 (440, 3){2; 1, 3; 3, 4}, 370 (978, 1){2; 3}, 578 (555, 2){3; 1, 2}, 3318 (663, 2){2; 3, 4}, 19568
39 (2033, 1){1; 2}, 51 (46, 5){2, 3}, 404 (1056, 1){3; 1, 2}, 728 (155, 6){2; 4}, 3590 (663, 2){3, 4; 1, 2, 3}, 20412
40 (706, 1){2}, 64 (92, 5){2; 3}, 402 (845, 2){1, 3; 2, 3}, 588 (351, 2){1, 3}, 3792 (2064, 1){1; 3; 2}, 19478
41 (1193, 1){1}, 60 (1077, 1){2}, 412 (19, 9){2}, 600 (31, 8){1}, 3474 (663, 2){2, 4; 2, 3}, 20048
42 (1426, 1){2; 3}, 54 (701, 2){1, 2}, 400 (610, 1){3}, 544 (2136, 1){1; 3; 2}, 3446 (22, 15){1; 3; 4}, 19234
43 (1217, 1){1}, 57 (387, 2){3}, 444 (528, 1){3}, 872 (1068, 1){2; 3}, 3612 (580, 1){3}, 20766
44 (1426, 1){1, 3; 2, 3}, 56 (761, 2){1, 2}, 408 (1443, 1){1, 3; 2, 3}, 526 (1160, 1){2; 3}, 3598 (1654, 1){1; 2}, 19418
45 (802, 1){2}, 56 (451, 3){1; 2, 3}, 422 (1056, 1){2; 3}, 760 (724, 1){2}, 3992 (76, 5){2; 3}, 20462
46 (1474, 1){1; 2, 3}, 56 (1052, 1){2}, 450 (752, 1){1}, 594 (831, 1){2}, 3964 (1140, 1){2; 3, 4}, 19872
47 (754, 1){2, 3}, 68 (600, 1){1, 2}, 436 (1980, 1){3; 4; 1, 2}, 592 (1128, 1){1, 3; 2, 3}, 3588 (927, 2){1, 3; 2, 3}, 19816
48 (317, 4){1; 2}, 62 (1102, 1){2, 3}, 466 (990, 1){2, 4; 2, 3}, 746 (577, 2){2}, 3474 (754, 1){3}, 20284
49 (2, 39){2; 3}, 48 (852, 1){3}, 480 (545, 2){1, 3}, 662 (1139, 1){2}, 3470 (36, 5){3}, 20880
50 (146, 3){2, 3}, 60 (1198, 1){2}, 506 (1485, 1){2; 3}, 622 (670, 1){3}, 4084 (808, 1){2}, 21084
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Table B.7
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 11k, k = 1, 2, 3, 4, 5 and n0n
2
ns ≤ 104.

g F11 F112 F113 F114 F115

1 (10, 3){2; 3}, 18 (1, 6){2}, 144 (19, 1){}, 1404 (19, 2){2}, 14875 (5, 12){1; 3; 2}, 161854
2 (91, 2){2; 1, 3}, 22 (1, 12){2}, 166 (48, 1){2}, 1468 (161, 1){1; 2}, 15118 (2, 7){2}, 162656
3 (109, 1){1}, 25 (5, 6){2}, 188 (105, 2){4; 1, 3}, 1516 (27, 4){1; 2}, 15287 (52, 1){2}, 163458
4 (74, 1){2}, 27 (1, 15){1}, 210 (86, 1){2}, 1600 (111, 2){2; 1, 3}, 15520 (39, 2){3}, 164260
5 (181, 1){1}, 32 (1, 30){2; 3}, 232 (13, 6){1, 3}, 1516 (378, 1){1; 3; 2}, 15699 (3, 7){2}, 165062
6 (122, 1){2}, 32 (103, 3){1; 2}, 239 (1, 21){2}, 1622 (84, 1){3}, 15590 (78, 1){3}, 165864
7 (229, 1){1}, 37 (1, 24){2}, 276 (65, 2){1, 3}, 1590 (37, 6){2; 1, 3}, 15690 (6, 7){3; 1, 2}, 166666
8 (362, 1){1; 2}, 35 (240, 1){2; 3}, 266 (76, 1){}, 1740 (266, 1){2; 3}, 15673 (234, 1){2; 3}, 165864
9 (58, 3){2; 3}, 36 (1, 30){2}, 320 (172, 1){2}, 1812 (126, 1){3}, 16496 (312, 1){2; 3}, 167544
10 (458, 1){1; 2}, 38 (108, 1){}, 306 (546, 1){3; 2, 4; 1, 2}, 1618 (27, 4){1}, 16308 (312, 1){1; 3}, 168744
11 (349, 1){1}, 43 (112, 1){}, 316 (141, 2){1, 3}, 1740 (192, 1){1}, 16012 (78, 1){}, 166888
12 (218, 1){2}, 44 (156, 1){3}, 338 (159, 2){1, 3}, 1828 (61, 6){1, 3; 2, 3}, 16156 (156, 1){3}, 170676
13 (37, 5){1; 2}, 40 (25, 6){2}, 408 (546, 1){2; 4; 3}, 1642 (378, 1){2; 3}, 17241 (6, 7){1, 2, 3}, 167620
14 (26, 5){2; 3}, 44 (910, 1){3; 2, 4; 1, 2}, 347 (87, 4){1, 3; 2, 3}, 1652 (562, 1){1; 2}, 16181 (95, 4){3; 1, 2}, 167234
15 (244, 1){2}, 48 (153, 1){}, 380 (273, 1){1}, 1724 (378, 1){1; 3}, 16800 (24, 7){1; 3; 2}, 166581
16 (41, 12){1; 3; 2}, 47 (9, 7){2}, 414 (70, 3){2, 4; 2, 3}, 1838 (333, 2){3; 1, 2}, 16126 (6, 7){3}, 172432
17 (698, 1){1; 2}, 47 (480, 1){3; 1, 2}, 416 (152, 1){}, 1880 (246, 1){2, 3}, 16820 (936, 1){1; 3; 2}, 168592
18 (58, 3){2, 3}, 48 (234, 1){3}, 422 (228, 1){2, 3}, 1740 (532, 1){2; 3}, 16751 (294, 1){1, 2, 3}, 167696
19 (794, 1){1; 2}, 47 (64, 3){2}, 540 (602, 1){3; 1, 2}, 1758 (252, 1){3}, 17244 (468, 1){2; 3}, 170676
20 (362, 1){2}, 61 (622, 1){2}, 438 (115, 4){1, 3; 2, 3}, 1806 (104, 3){1, 3; 2, 3}, 16426 (294, 1){1, 2}, 167848
21 (59, 6){1, 2, 3}, 44 (256, 1){}, 464 (344, 1){2}, 1896 (45, 4){1}, 17048 (294, 1){3}, 172508
22 (116, 3){2; 3}, 54 (400, 1){2}, 462 (195, 4){3; 2, 4; 1, 2}, 1850 (840, 1){2; 4; 1, 3}, 16818 (267, 4){1; 3; 2}, 167708
23 (661, 1){1}, 62 (21, 5){1, 3}, 472 (1365, 2){2; 4; 3, 5; 1, 5}, 1824 (741, 2){4; 1, 3; 2, 3}, 16682 (156, 1){}, 172572
24 (1189, 1){1; 2}, 54 (306, 1){1, 3}, 530 (2, 21){3}, 1800 (507, 2){2; 1, 3}, 16858 (18, 7){2; 3}, 172432
25 (565, 1){1, 2}, 54 (416, 1){2}, 544 (380, 1){3}, 1824 (673, 1){1}, 16916 (312, 1){3}, 180048
26 (458, 1){2}, 69 (624, 1){1; 3}, 502 (969, 1){2; 3}, 1808 (82, 3){1, 2, 3}, 16506 (624, 1){1; 3}, 170676
27 (436, 1){2}, 66 (342, 1){3}, 584 (190, 1){}, 1800 (2490, 1){1; 2; 3; 4}, 16742 (1143, 1){1; 2}, 168884
28 (269, 3){1; 2}, 64 (764, 1){2}, 546 (172, 3){2; 3}, 1812 (756, 1){3; 1, 2}, 18060 (762, 1){1; 3}, 168264
29 (26, 5){2, 3}, 68 (1295, 2){3; 4; 1, 2}, 535 (630, 1){2, 4; 2, 3}, 1838 (630, 1){4; 2, 3}, 17694 (203, 3){2; 3}, 171650
30 (366, 1){3}, 64 (115, 6){1, 3; 2, 4}, 558 (1260, 1){1, 3; 2, 4; 3, 4}, 1742 (1512, 1){1; 3; 2}, 17203 (762, 1){3; 1, 2}, 169876
31 (202, 3){1; 2, 3}, 60 (125, 6){2; 1, 3}, 576 (35, 8){1; 3}, 1864 (378, 1){3}, 19164 (6, 7){}, 174416
32 (78, 5){3; 4; 1, 2}, 56 (670, 1){2, 3}, 582 (140, 3){3, 4; 1, 2, 3}, 1892 (135, 4){1; 3}, 16766 (24, 7){1; 3}, 172546
33 (52, 5){2; 3}, 66 (525, 1){1, 3}, 624 (70, 3){3, 4}, 1916 (280, 3){1; 3; 4}, 17420 (882, 1){2; 3}, 172508
34 (901, 1){1, 2}, 72 (12, 7){3}, 624 (140, 3){2, 4; 2, 3}, 2196 (135, 4){1; 2}, 17466 (12, 7){3}, 180450
35 (31, 8){1, 2}, 62 (115, 6){1, 3; 1, 4}, 620 (228, 1){}, 2028 (421, 2){2}, 17478 (598, 1){3}, 170088
36 (444, 1){3}, 60 (2080, 1){1; 3; 2}, 658 (273, 4){2; 1, 3; 3, 4}, 1770 (208, 3){1, 3; 2, 3}, 17354 (584, 1){2}, 172324
37 (1021, 1){1}, 77 (468, 1){3}, 720 (456, 1){2}, 2072 (492, 1){2, 3}, 17910 (24, 7){2; 3}, 174120
38 (687, 1){2}, 70 (1560, 1){3; 4; 1, 2}, 650 (646, 1){2, 3}, 1998 (259, 3){1; 3}, 17752 (582, 1){1, 3}, 171872
39 (1130, 1){1, 3; 2, 3}, 69 (520, 1){3}, 708 (183, 2){}, 1972 (1064, 1){2; 3}, 17788 (936, 1){2; 3}, 180048
40 (698, 1){2}, 84 (1040, 1){2; 3}, 714 (1292, 1){1, 3; 2, 3}, 1986 (665, 2){2; 3, 4}, 17640 (1316, 1){2; 3}, 172542
41 (602, 1){2, 3}, 80 (128, 3){2}, 880 (516, 1){2}, 1938 (504, 1){3}, 18544 (294, 1){}, 174568
42 (1086, 1){3; 1, 2}, 69 (1545, 2){2; 3; 1, 4}, 692 (423, 2){1, 3}, 2172 (1, 90){1, 3; 2, 3}, 17578 (582, 1){2, 3}, 172000
43 (116, 3){2, 3}, 72 (400, 1){}, 732 (1032, 1){2; 3}, 2068 (27, 8){1}, 18330 (14, 15){4; 2, 3}, 170984
44 (74, 5){2; 3}, 78 (1966, 1){1; 2}, 697 (712, 1){2}, 1852 (181, 3){1}, 17758 (582, 1){1, 2, 3}, 171080
45 (724, 1){2}, 90 (18, 5){}, 800 (1615, 1){1, 3; 2, 3}, 1966 (840, 1){4; 2, 3}, 17984 (588, 1){3}, 179250
46 (921, 2){2; 1, 3}, 64 (1278, 1){1; 3}, 742 (1365, 2){2; 3, 4, 5; 1, 5}, 2104 (1134, 1){3; 1, 2}, 18708 (475, 2){2, 3}, 171508
47 (1189, 1){1, 2}, 80 (1248, 1){1; 3}, 804 (477, 2){1, 3}, 2164 (1890, 1){2; 4; 3}, 18179 (1545, 2){1, 3; 1, 2; 1, 4}, 174090
48 (794, 1){2}, 75 (1102, 1){2, 3}, 830 (1510, 1){1, 3; 2, 3}, 2048 (1134, 1){1; 3}, 18816 (267, 4){1; 3}, 173222
49 (250, 3){2; 3}, 73 (1244, 1){2}, 840 (1365, 2){2, 4, 5; 1, 3, 5; 2, 3}, 2092 (1890, 1){2; 4; 1, 3}, 18261 (312, 1){}, 180336
50 (842, 1){2}, 85 (36, 7){3; 1, 2}, 836 (1365, 2){3; 2, 4, 5; 1, 2, 5}, 1898 (842, 1){2}, 17711 (531, 2){1, 3}, 174084

Table B.8
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 13k, k = 1, 2, 3, 4, 5 and n0n
2
ns ≤ 104.

g F13 F132 F133 F134 F135

1 (1, 21){1; 2}, 21 (1, 7){}, 196 (2, 5){2}, 2290 (1, 15){1; 2}, 28899 (1, 10){2}, 372496
2 (1, 30){2; 1, 3}, 26 (2, 7){2}, 222 (22, 1){}, 2382 (17, 6){3; 1, 2}, 29236 (11, 6){3; 1, 2}, 373698
3 (43, 3){1; 2}, 29 (2, 9){1, 2}, 245 (5, 6){2}, 2408 (43, 3){1; 2}, 29573 (9, 4){1}, 374900
4 (214, 1){1; 2}, 31 (133, 1){2}, 270 (5, 12){1, 3; 2, 3}, 2500 (86, 1){2}, 29840 (126, 1){3; 1, 2}, 376094
5 (11, 5){1, 2}, 34 (266, 1){3; 1, 2}, 295 (56, 3){2; 3}, 2548 (69, 2){1, 3}, 30078 (96, 1){2}, 377296
6 (67, 3){1; 2}, 41 (97, 2){1, 2}, 310 (220, 1){2; 1, 3}, 2508 (203, 1){1, 2}, 29944 (11, 6){1, 2}, 376094
7 (43, 3){1, 2}, 37 (4, 9){1, 2}, 339 (5, 8){2}, 2600 (50, 3){2; 3}, 30426 (15, 4){1}, 377304
8 (137, 2){1, 2}, 36 (2, 9){}, 364 (110, 1){1}, 2670 (132, 1){1, 2, 3}, 30082 (5, 14){1, 3; 2, 3}, 376752
9 (214, 1){2}, 46 (45, 2){}, 368 (209, 2){1, 3; 2, 3}, 2610 (172, 1){2}, 30719 (96, 1){}, 382096
10 (347, 1){1}, 45 (37, 6){2; 3}, 390 (399, 2){3; 2, 4; 1, 2}, 2576 (210, 1){2; 3}, 31012 (189, 1){2}, 382887
11 (323, 1){1, 2}, 50 (55, 6){1, 3; 2, 3, 4}, 396 (5, 12){2, 3}, 2600 (231, 1){2, 3}, 30376 (99, 2){1, 2}, 379692
12 (86, 3){2; 3}, 50 (23, 6){2}, 422 (319, 1){2}, 2646 (71, 2){}, 31162 (395, 1){1, 2}, 378790
13 (67, 3){1, 2}, 52 (9, 8){1}, 456 (220, 1){1, 3}, 2862 (410, 1){1; 3}, 30826 (378, 1){3; 1, 2}, 385275
14 (443, 1){1}, 56 (133, 3){1; 3}, 442 (220, 1){1, 2, 3}, 2700 (1410, 1){1; 2; 3; 4}, 30560 (7, 30){4; 1, 3; 2, 3}, 379942
15 (358, 1){2}, 50 (244, 1){2}, 482 (110, 1){}, 2984 (16, 5){1}, 30980 (378, 1){1; 3}, 384496
16 (332, 1){2}, 54 (291, 1){2}, 488 (112, 3){2; 3}, 2910 (69, 4){2; 3}, 31380 (297, 1){1}, 380118
17 (310, 1){2, 3}, 56 (21, 8){1; 2}, 500 (474, 1){3; 1, 2}, 2892 (387, 1){1, 2}, 31376 (552, 1){2; 3}, 381044
18 (646, 1){2; 3}, 57 (271, 3){1; 2}, 524 (474, 1){1; 3}, 3030 (71, 3){1}, 31154 (118, 3){2; 1, 3}, 382460
19 (134, 3){1; 2, 3}, 58 (4, 9){}, 582 (320, 1){2}, 2984 (132, 1){}, 31548 (252, 1){3}, 384492
20 (642, 1){3; 1, 2}, 57 (1140, 1){1, 3; 2, 4; 3, 4}, 546 (58, 3){2}, 2614 (213, 2){1, 2, 3}, 31262 (79, 3){1}, 383320
21 (134, 3){2; 3}, 71 (22, 7){1, 3; 2, 3}, 558 (56, 3){2}, 2936 (344, 1){2}, 31580 (45, 4){1}, 386432
22 (428, 1){2}, 69 (300, 1){3}, 594 (112, 3){1; 2}, 2922 (420, 1){2; 3}, 32754 (1155, 1){2; 4; 3}, 384556
23 (406, 1){2, 3}, 70 (714, 1){4; 3}, 594 (158, 3){3; 1, 2}, 2898 (31, 10){3; 1, 2}, 31608 (282, 1){1, 3}, 382804
24 (683, 1){1}, 70 (732, 1){2; 3}, 626 (146, 3){2; 3}, 2762 (71, 4){2}, 31694 (714, 1){2, 4; 2, 3}, 382120
25 (44, 5){2; 3}, 60 (180, 1){}, 672 (158, 3){1; 3}, 2810 (203, 3){2; 1, 3}, 31694 (1295, 1){2; 1, 3}, 384408
26 (86, 3){2, 3}, 68 (755, 2){3; 1, 2}, 634 (505, 2){2; 3}, 2824 (1254, 1){1; 3; 2, 4}, 32249 (424, 1){2}, 382246
27 (803, 1){1, 2}, 64 (115, 6){2; 1, 3, 4}, 644 (113, 3){1}, 2942 (142, 3){1; 2}, 32030 (187, 3){1; 2}, 382800
28 (172, 3){2; 3}, 75 (1151, 1){1}, 670 (4, 21){2; 3}, 2898 (172, 3){2; 3}, 32979 (756, 1){3; 1, 2}, 387315
29 (33, 5){2, 3}, 60 (578, 1){1}, 682 (15, 8){3}, 3368 (16, 5){}, 32776 (323, 2){3}, 384860
30 (344, 3){1; 3; 2}, 64 (488, 1){2}, 730 (804, 1){3; 1, 2}, 2934 (344, 3){1; 3; 2}, 32088 (158, 3){1; 2}, 385836
31 (609, 1){2, 3}, 68 (567, 1){2}, 744 (220, 1){}, 3372 (69, 4){3}, 32168 (378, 1){3}, 398892
32 (498, 1){3}, 72 (291, 2){1, 3}, 750 (1320, 1){1; 3; 2, 4}, 2892 (1290, 1){4; 1, 3; 2, 3}, 32277 (470, 1){2, 3}, 385320
33 (253, 6){2; 3; 1, 4}, 66 (1319, 1){1}, 744 (804, 1){2; 3}, 3308 (1410, 1){3; 4; 1, 2}, 32599 (288, 1){}, 391712
34 (1030, 1){2; 3}, 67 (450, 1){3}, 798 (660, 1){3; 2, 4}, 3342 (284, 1){}, 33606 (297, 2){1, 2}, 385938
35 (947, 1){1}, 82 (532, 1){3}, 796 (133, 6){1, 4; 2, 4}, 3122 (568, 1){1}, 32916 (518, 1){2}, 388916
36 (694, 1){2}, 86 (302, 3){2; 3}, 758 (948, 1){3; 1, 2}, 3086 (71, 6){1, 2}, 32562 (418, 3){2; 4; 1, 3}, 386492
37 (1366, 1){1; 2}, 76 (220, 3){1, 3; 2, 3, 4}, 800 (196, 3){2; 3}, 3204 (1, 54){2}, 32331 (1155, 1){2; 1, 3, 4}, 386510
38 (646, 1){2, 3}, 94 (912, 1){2; 3}, 854 (133, 6){1, 2; 1, 3, 4}, 2918 (609, 2){4; 3}, 32838 (316, 1){}, 388882
39 (930, 1){2, 4; 2, 3}, 66 (510, 1){2, 3, 4}, 820 (474, 1){3}, 3736 (609, 1){3}, 32324 (158, 3){2, 3}, 386888
40 (620, 1){2, 3}, 84 (1020, 1){3; 2, 4}, 852 (627, 2){1, 3; 1, 4}, 3226 (1060, 1){2; 3}, 32952 (15, 14){1, 3; 1, 4}, 389258
41 (1187, 1){1}, 83 (1630, 1){1, 3; 2, 3}, 858 (640, 1){2}, 3368 (616, 1){2}, 33344 (480, 1){2}, 386912
42 (1163, 1){1}, 81 (1455, 1){3; 1, 2}, 868 (1245, 2){3; 2, 4; 1, 2}, 2974 (516, 1){3}, 32882 (1155, 2){1, 2; 4, 5; 3, 5}, 385670
43 (1283, 1){1}, 84 (27, 8){1}, 933 (112, 3){2}, 3660 (420, 1){3}, 33252 (289, 2){}, 391428
44 (134, 3){2, 3}, 94 (94, 5){1, 3; 2, 3}, 884 (1160, 1){2; 3}, 2970 (207, 4){3; 1, 2}, 32632 (118, 3){2}, 388810
45 (1367, 1){1}, 74 (315, 2){1, 4}, 992 (5, 24){2, 3}, 3220 (840, 1){2; 3}, 33280 (282, 1){}, 392568

(continued on next page)
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Table B.8 (continued)
g F13 F132 F133 F134 F135

46 (268, 3){2; 3}, 102 (2590, 1){1; 4; 2, 3}, 902 (1206, 1){3; 1, 2}, 3063 (924, 1){4; 3}, 32718 (2323, 1){1; 2}, 388185
47 (536, 3){1; 3; 2}, 79 (987, 2){4; 1, 3}, 940 (1081, 2){1, 3; 2, 3}, 3132 (1155, 2){1, 4; 2, 3, 4; 5}, 33686 (1155, 1){2; 3, 4}, 392646
48 (886, 1){2}, 110 (873, 1){2}, 1058 (705, 2){3; 2, 4}, 2970 (1155, 2){3; 2, 4; 1, 2, 5}, 33204 (776, 1){2}, 385894
49 (44, 5){2, 3}, 90 (225, 2){}, 1040 (158, 3){3}, 3472 (1242, 1){1, 3; 2, 3}, 33030 (594, 1){1, 3}, 389172
50 (66, 5){2, 4; 2, 3}, 76 (1290, 1){3, 4; 1, 2, 3}, 984 (292, 3){3; 1, 2}, 2830 (284, 3){2; 1, 3}, 32706 (181, 4){1, 2}, 388226

Table B.9
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 17k, k = 1, 2, 3, 4, 5 and n0n
2
ns ≤ 104.

g F17 F172 F173 F174 F175

1 (190, 1){1; 3; 2}, 25 (1, 6){2}, 324 (7, 6){3; 1, 2}, 5054 (1, 10){2}, 84096 (1, 14){1, 2}, 1422141
2 (5, 4){2}, 30 (1, 12){2}, 358 (87, 1){2}, 5166 (3, 10){2; 3}, 84670 (13, 4){1, 2}, 1424424
3 (127, 1){1}, 36 (71, 2){2}, 392 (4, 5){2}, 5256 (20, 3){1, 3; 2, 3}, 85244 (33, 1){}, 1426584
4 (80, 1){2}, 42 (16, 3){2}, 426 (70, 1){2}, 5350 (60, 1){3}, 85818 (159, 2){1, 3; 2, 3}, 1429140
5 (23, 6){3; 1, 2}, 38 (7, 12){2; 1, 3}, 448 (155, 1){2}, 5390 (20, 3){1, 2}, 85496 (52, 1){}, 1430904
6 (46, 3){2; 3}, 46 (22, 3){1, 2, 3}, 470 (47, 4){1; 2}, 5372 (24, 5){1; 3; 2}, 86345 (104, 1){2}, 1432818
7 (135, 2){3; 1, 2}, 43 (16, 3){}, 516 (55, 3){1; 3}, 5572 (365, 1){1; 2}, 86577 (215, 2){1, 3; 2, 3}, 1432388
8 (206, 1){2}, 50 (225, 1){1, 2}, 534 (99, 2){1, 3}, 5526 (206, 1){2}, 86662 (286, 1){3; 1, 2}, 1435502
9 (160, 1){2}, 48 (99, 1){}, 560 (93, 2){2}, 5602 (120, 1){3}, 86896 (82, 1){}, 1438108
10 (31, 5){1; 2}, 53 (108, 1){}, 630 (93, 2){2, 3}, 5498 (264, 1){1; 3}, 88046 (208, 1){1, 2}, 1436834
11 (254, 1){2}, 62 (49, 3){1}, 592 (190, 1){3}, 5620 (112, 1){}, 87148 (104, 1){}, 1438748
12 (184, 3){1; 3; 2}, 56 (1, 28){2}, 630 (169, 2){2}, 5616 (231, 2){3; 1, 4}, 86954 (208, 1){2}, 1445778
13 (92, 3){2; 3}, 66 (144, 1){}, 696 (495, 1){1; 3}, 5668 (74, 3){1, 3; 2, 3}, 87310 (13, 8){1, 2}, 1439158
14 (193, 2){1, 2}, 56 (13, 12){2; 3}, 676 (297, 1){2}, 5664 (365, 2){2; 1, 3}, 87288 (143, 2){3}, 1437974
15 (105, 2){4}, 52 (16, 7){1; 2}, 703 (155, 1){}, 5632 (88, 3){1, 3; 2, 3}, 87972 (80, 3){1; 3}, 1445778
16 (463, 1){1}, 64 (208, 3){1; 3; 2}, 762 (70, 3){2; 3}, 5782 (333, 1){1, 2}, 87602 (645, 2){1, 3; 2, 4; 3, 4}, 1439512
17 (487, 1){1}, 72 (104, 3){1; 2, 3}, 754 (55, 3){3}, 6100 (222, 1){2}, 88710 (286, 1){1, 2, 3}, 1444260
18 (412, 1){2}, 75 (271, 3){1; 2}, 746 (314, 1){2}, 5861 (412, 1){2}, 88715 (328, 1){1, 2}, 1449322
19 (607, 1){1}, 66 (225, 1){}, 836 (229, 2){2}, 5708 (240, 1){3}, 89052 (164, 1){}, 1449636
20 (142, 3){2; 3}, 60 (104, 3){2; 3}, 862 (61, 4){2}, 5794 (475, 2){2; 1, 3}, 89350 (858, 1){4; 1, 3; 2, 3}, 1442726
21 (446, 1){2}, 72 (45, 4){1}, 824 (110, 3){4; 1, 2, 3}, 6104 (759, 2){2; 3; 1, 4}, 88774 (270, 1){3}, 1446644
22 (23, 9){1; 2}, 70 (860, 1){2; 3}, 864 (110, 3){4; 3}, 5846 (453, 2){3; 1, 2}, 89354 (188, 1){}, 1442166
23 (583, 1){1, 2}, 80 (1102, 1){1, 3; 2, 3}, 842 (465, 1){2, 3}, 6016 (208, 1){}, 88324 (208, 1){}, 1454436
24 (508, 1){2}, 93 (109, 3){2}, 880 (898, 1){1; 2}, 5851 (429, 2){4; 1, 2, 3}, 88786 (485, 1){2}, 1441184
25 (92, 3){2, 3}, 84 (49, 6){2}, 990 (205, 6){4; 1, 3; 2, 3}, 5948 (730, 1){2; 3}, 90199 (416, 1){2}, 1458896
26 (399, 2){2, 3; 1, 2, 4}, 70 (343, 2){2}, 884 (507, 2){2; 3}, 6080 (515, 1){2}, 89642 (1203, 1){1; 2}, 1444846
27 (263, 3){1; 2}, 72 (370, 1){3}, 970 (141, 4){1; 3}, 6246 (448, 1){1}, 89420 (429, 1){3}, 1454252
28 (494, 1){2, 3}, 94 (130, 3){3; 2, 4}, 956 (681, 1){2}, 5880 (429, 2){4; 2, 3}, 88602 (188, 3){2; 3}, 1446690
29 (184, 3){2; 3}, 88 (198, 1){}, 1000 (495, 1){3}, 6292 (259, 3){2; 1, 3}, 88558 (720, 1){1; 3}, 1449606
30 (823, 1){1}, 95 (962, 1){1; 3}, 967 (372, 1){2, 3}, 6126 (549, 1){2}, 92918 (1015, 1){2; 3}, 1448331
31 (368, 3){1; 3; 2}, 70 (1820, 1){2; 4; 3}, 1038 (164, 3){2; 3}, 6018 (19, 10){1, 3}, 90728 (80, 3){3}, 1461144
32 (1166, 1){1; 2, 3}, 83 (32, 7){1; 2}, 1054 (205, 6){2; 4; 3}, 6220 (444, 1){1, 2, 3}, 90182 (656, 1){1, 2}, 1455706
33 (62, 5){2; 3}, 82 (25, 8){1}, 1038 (88, 3){3}, 6240 (1554, 1){1; 2; 3, 4}, 89329 (42, 5){4; 1, 3}, 1452724
34 (254, 3){1; 2, 3}, 76 (16, 7){2}, 1260 (140, 3){2; 3}, 6102 (1030, 1){2; 3}, 92738 (206, 3){1; 3}, 1446024
35 (1166, 1){2; 3}, 87 (208, 3){1; 2, 3}, 1152 (55, 6){1, 4}, 6488 (247, 3){1; 3}, 92680 (208, 3){1; 2, 3}, 1456994
36 (590, 1){2, 3}, 92 (208, 3){1, 3; 2, 3}, 1182 (403, 2){2}, 6010 (444, 1){1, 3}, 88950 (208, 3){1, 3; 2, 3}, 1457620
37 (734, 1){2}, 94 (324, 1){}, 1224 (320, 1){}, 6552 (1030, 1){3; 1, 2}, 91540 (858, 1){4; 1, 2, 3}, 1459186
38 (889, 2){2; 1, 3}, 72 (416, 3){1; 3; 2}, 1224 (77, 10){2; 4; 3}, 6394 (532, 1){2}, 91222 (572, 1){1, 3}, 1453414
39 (526, 3){1; 3; 2}, 79 (104, 3){2, 3}, 1284 (628, 1){2}, 6738 (711, 1){2}, 93212 (328, 1){}, 1469476
40 (7, 13){1, 2}, 78 (208, 3){2; 3}, 1434 (15, 14){1, 4; 2, 4}, 5998 (22, 15){1; 2, 3; 3, 4}, 90084 (572, 1){3}, 1463658
41 (1087, 1){1}, 104 (1848, 1){2; 4; 3}, 1200 (143, 3){2}, 6332 (504, 1){3}, 92080 (858, 1){4; 1, 3}, 1461312
42 (1646, 1){1; 2}, 101 (516, 1){3}, 1250 (41, 12){2; 3}, 6350 (1860, 1){2; 4; 1, 3}, 90206 (346, 1){}, 1458362
43 (23, 9){1, 2}, 90 (648, 1){2}, 1308 (990, 1){4; 1, 2, 3}, 6384 (1068, 1){2; 3}, 92988 (2030, 1){1; 3; 4}, 1454311
44 (568, 3){1; 3; 2}, 80 (61, 12){2; 1, 3}, 1306 (1860, 1){2; 1, 3; 3, 4}, 5924 (534, 1){2}, 89410 (1705, 2){1, 3; 2, 4; 3, 4}, 1460002
45 (892, 1){2}, 105 (18, 5){}, 1392 (990, 1){4; 1, 3}, 6376 (475, 2){1, 3}, 95564 (5, 24){1, 3}, 1465300
46 (14, 11){2; 3}, 82 (417, 2){3}, 1266 (594, 1){3}, 6378 (411, 2){3}, 92478 (540, 1){3}, 1457166
47 (133, 4){1, 2, 3}, 90 (4991, 1){1; 3; 2}, 1312 (1485, 1){3; 1, 2}, 6416 (759, 2){3; 1, 4}, 92752 (832, 1){1, 2}, 1473644
48 (1327, 1){1}, 110 (795, 2){3, 4; 1, 2, 3}, 1344 (235, 4){1; 3}, 6272 (763, 3){1; 3; 2}, 90002 (1705, 1){1; 3}, 1453916
49 (1303, 1){1}, 119 (5, 42){2; 1, 4}, 1398 (220, 3){4; 1, 2}, 6482 (1550, 1){2; 3}, 91704 (416, 1){}, 1476512
50 (23, 15){1; 2, 3}, 92 (1290, 1){4; 3}, 1396 (531, 2){1, 3}, 6702 (1460, 1){3; 1, 2}, 92540 (659, 2){2}, 1447175

Table B.10
Table for max{|X(n0, nns)/⟨Wd1 , . . . ,Wdt

⟩(Fq)|} with q = 19k, k = 1, 2, 3, 4, 5 and n0n
2
ns ≤ 104.

g F19 F192 F193 F194 F195

1 (1, 24){1; 2}, 28 (1, 7){}, 400 (1, 12){1}, 7024 (11, 3){1; 2}, 131040 (23, 2){1, 2}, 2478982
2 (130, 1){1, 3; 2, 3}, 34 (22, 1){}, 438 (30, 1){2}, 7188 (5, 7){1; 2}, 131758 (191, 1){1}, 2482286
3 (149, 1){1}, 38 (33, 1){}, 476 (9, 4){1}, 7352 (23, 4){1; 2}, 132476 (46, 1){1}, 2484746
4 (305, 1){1; 2}, 39 (66, 1){1, 2}, 514 (143, 2){1, 3; 2, 3}, 7333 (130, 1){2; 3}, 133194 (262, 1){1; 2}, 2487889
5 (33, 4){1, 3; 2, 3}, 44 (55, 1){}, 536 (9, 4){}, 7352 (55, 6){3; 4; 1, 2}, 133048 (46, 1){}, 2490510
6 (221, 1){1, 2}, 48 (73, 3){1; 2}, 560 (58, 1){}, 7420 (104, 1){2}, 133478 (103, 3){1; 2}, 2490728
7 (298, 1){1; 2}, 47 (215, 2){1, 3; 2, 3}, 600 (135, 1){1}, 7464 (65, 2){1, 2}, 134460 (11, 10){3; 1, 2}, 2492010
8 (179, 2){1, 2}, 47 (2, 9){}, 616 (315, 1){2; 3}, 7534 (260, 1){2; 1, 3}, 134026 (183, 2){2; 1, 3}, 2492026
9 (85, 3){1; 2, 3}, 50 (128, 1){}, 688 (21, 4){1}, 7676 (130, 1){2}, 134816 (11, 10){2; 3}, 2494874
10 (195, 2){4; 1, 3}, 52 (319, 2){1, 3; 2, 3}, 703 (189, 1){2}, 7848 (260, 1){2; 3}, 135582 (92, 1){}, 2499156
11 (389, 1){1}, 64 (117, 1){}, 724 (13, 12){1; 2}, 7612 (13, 10){2; 3}, 134932 (34, 3){2}, 2501908
12 (442, 1){1, 3; 2, 3}, 64 (3, 14){3}, 750 (28, 5){2; 3}, 7646 (130, 3){1; 4; 2, 3}, 136218 (51, 4){1; 2}, 2500509
13 (212, 1){2}, 60 (335, 2){2; 3}, 743 (9, 8){1}, 7900 (24, 5){1; 3}, 135354 (275, 2){2; 3}, 2502798
14 (509, 1){1}, 65 (438, 1){1; 3}, 790 (354, 1){1; 2}, 7987 (130, 3){2; 4; 3}, 138038 (336, 1){2; 3}, 2496276
15 (298, 1){2}, 73 (147, 2){3}, 816 (378, 1){1; 3}, 7676 (279, 1){2}, 136520 (153, 1){}, 2503472
16 (53, 5){1; 2}, 62 (73, 3){2}, 870 (525, 1){1; 2}, 7682 (780, 1){2; 4; 3}, 137010 (103, 3){1, 2}, 2504656
17 (71, 4){1, 2}, 62 (1, 60){1, 3; 2, 3}, 856 (130, 1){}, 7836 (106, 3){1, 3; 2, 3}, 135986 (246, 1){2, 3}, 2504038
18 (447, 1){2}, 70 (118, 3){2; 1, 3}, 869 (9, 14){1, 3; 2, 3}, 7740 (390, 1){4; 3}, 137262 (112, 3){3; 1, 2}, 2495544
19 (357, 2){2, 3; 1, 2, 4}, 66 (1, 60){1; 2}, 900 (210, 1){1, 2}, 8004 (260, 1){2}, 138036 (286, 1){3}, 2504088
20 (606, 1){3; 1, 2}, 72 (622, 1){2}, 898 (21, 8){1; 3}, 8004 (520, 1){2; 3}, 137706 (136, 3){2; 1, 3}, 2507788
21 (229, 3){1; 2}, 74 (294, 1){1}, 990 (315, 1){3}, 8408 (134, 3){2; 3}, 136514 (184, 1){}, 2510840
22 (394, 1){2}, 71 (146, 3){3; 1, 2}, 954 (700, 1){1, 3; 2, 3}, 8086 (300, 1){3}, 138078 (275, 2){1, 2, 3}, 2512012
23 (10, 7){2, 3}, 72 (3, 14){}, 988 (117, 4){1; 2, 3}, 8252 (18, 5){3}, 137176 (34, 3){}, 2516432
24 (401, 2){1, 2}, 74 (219, 2){1, 3}, 1050 (444, 1){2, 3}, 8240 (23, 12){1; 2}, 136514 (206, 3){1; 2, 3}, 2517472
25 (404, 1){2}, 72 (1518, 1){1; 2; 3, 4}, 1054 (13, 12){1}, 8312 (416, 1){2}, 140432 (68, 3){2}, 2521824
26 (442, 1){2, 3}, 92 (146, 3){1; 3}, 1042 (28, 5){2, 3}, 8548 (546, 1){2; 4}, 137452 (136, 3){2; 3}, 2511764
27 (821, 1){1}, 88 (976, 1){1; 2}, 1116 (117, 4){1; 3}, 8156 (935, 1){2; 3}, 138692 (275, 2){3}, 2515812
28 (348, 1){3}, 84 (1518, 1){2; 4; 3}, 1095 (236, 1){}, 8190 (130, 3){4; 2, 3}, 142106 (275, 2){2}, 2514876
29 (106, 5){1; 3; 2}, 82 (198, 1){}, 1216 (63, 4){1}, 8656 (130, 3){2; 4}, 142264 (1537, 1){1; 2}, 2518632
30 (894, 1){3; 1, 2}, 84 (488, 1){2}, 1202 (745, 2){1, 3; 2, 3}, 7784 (260, 3){4; 1, 3; 2, 3}, 142262 (549, 2){1, 3; 2, 3}, 2511548
31 (884, 1){2; 3}, 78 (9, 7){}, 1260 (945, 1){2; 3}, 8862 (260, 3){2; 4; 3}, 141924 (153, 4){1; 2, 3}, 2512864
32 (869, 1){1, 2}, 98 (770, 1){2; 3}, 1236 (28, 5){3}, 8140 (685, 2){2; 1, 3}, 135856 (492, 1){1, 3}, 2510936
33 (663, 1){2, 3}, 94 (73, 6){1, 3}, 1256 (390, 1){2, 3, 4}, 8200 (24, 5){3}, 139664 (309, 1){}, 2516440
34 (807, 1){2}, 82 (506, 1){2, 3}, 1300 (28, 5){1, 3}, 8072 (450, 1){3}, 139794 (1196, 1){2; 1, 3}, 2511098
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Table B.10 (continued)
g F19 F192 F193 F194 F195

35 (170, 3){2; 3, 4}, 94 (98, 3){1, 2}, 1256 (645, 2){1, 3; 1, 4}, 8422 (22, 9){2; 1, 3}, 139489 (63, 10){3; 2, 4; 1, 2}, 2513220
36 (218, 3){2; 3}, 92 (657, 1){2}, 1490 (681, 2){2; 3}, 8025 (906, 1){2; 3}, 141771 (553, 3){1; 3; 2}, 2508416
37 (596, 1){2}, 108 (9, 14){3}, 1452 (626, 1){2}, 8692 (1560, 1){2; 4; 3}, 141368 (1100, 1){2; 3}, 2524158
38 (1061, 1){1}, 112 (391, 3){3; 1, 2}, 1356 (525, 2){1, 3; 1, 4}, 8040 (1560, 1){3; 4; 1, 2}, 140806 (644, 1){1, 2, 3}, 2511048
39 (301, 3){2; 1, 3}, 78 (930, 1){2, 4; 2, 3}, 1332 (21, 8){1}, 8444 (520, 1){2}, 141252 (246, 1){}, 2525140
40 (37, 15){1; 3; 2}, 90 (1020, 1){4; 2, 3}, 1440 (15, 14){2; 1, 4}, 8360 (780, 1){4; 3}, 143874 (572, 1){3}, 2522796
41 (611, 2){1, 2, 3}, 86 (441, 1){}, 1480 (315, 1){}, 8752 (45, 8){1; 2, 3}, 139504 (927, 1){1, 2}, 2530204
42 (1229, 1){1}, 103 (381, 2){1, 3}, 1410 (451, 2){3}, 8152 (25, 7){2}, 139658 (2406, 1){1; 3; 2}, 2514753
43 (778, 1){2}, 125 (420, 1){3}, 1428 (700, 1){2, 3}, 9036 (778, 1){2}, 141021 (580, 1){2, 3}, 2521938
44 (2501, 1){1; 2}, 97 (94, 5){1, 3; 2, 3}, 1528 (1274, 1){1; 3}, 8486 (1599, 2){3; 4; 1, 2}, 141049 (966, 1){1, 2; 1, 3, 4}, 2515774
45 (421, 3){1; 2}, 116 (719, 2){2}, 1458 (1400, 1){1; 2, 3}, 8168 (558, 1){3}, 141752 (322, 1){}, 2531308
46 (1642, 1){1; 2}, 101 (8, 11){2}, 1542 (14, 11){2; 3}, 8832 (924, 1){4; 3}, 140142 (1680, 1){2; 4; 3}, 2521700
47 (229, 3){1, 2}, 96 (14, 9){3}, 1528 (21, 20){1; 2, 3; 3, 4}, 8770 (930, 1){4; 1}, 140160 (306, 1){}, 2545480
48 (1490, 1){3; 1, 2}, 96 (398, 3){2; 3}, 1640 (1890, 1){2; 1; 4}, 8006 (2538, 1){1; 3; 2}, 138845 (578, 3){1; 3; 2}, 2517253
49 (788, 1){2}, 102 (441, 2){3}, 1668 (350, 1){}, 8636 (36, 5){3}, 145608 (68, 3){}, 2543304
50 (922, 1){2}, 113 (1314, 1){3; 1, 2}, 1750 (21, 20){2; 1; 4}, 8572 (2992, 1){1; 3; 2}, 140498 (606, 1){1, 3}, 2522604

Appendix C. Tables for the maximal curves

In the following tables (C.11, C.12, C.13), we list the quotient curves X(n0, nns)/⟨Wd1 , 
. . . ,Wdk

⟩ with genus g ≥ 2 achieving the maximal number of points for a certain pair 
(genus, field), as discussed in Section 5. The curves are grouped by their real Weil 
polynomial hW (t) that is displayed as well. The notation for the curves is the same as 
in the tables of Appendix B. The two new maximal curves of Section 4 are in bold.
Table C.11
Maximal curves over Fq of genus g = 2.

g q hW (x) Curves

2 2 x2 + 3x + 1 (67, 1){1}, (73, 1){1}, (93, 1){1}, (103, 1){1}, (115, 1){1}, (133, 1){1}

2 22 x2 + 5x + 9 (23, 1){}, (29, 3){1; 2}, (31, 1){}, (31, 3){1, 2}, (69, 1){1, 2}, (87, 1){2}, (107, 1){1}, (125, 1){1}, (161, 1){1; 2},
(167, 1){1}, (177, 1){1; 2}, (191, 1){1}, (205, 1){1; 2}, (213, 1){1; 2}, (221, 1){1; 2}, (287, 1){1; 2}, (299, 1){1; 2}

2 27 x2 + 43x + 713 (23, 1){}, (29, 3){1; 2}, (31, 3){1, 2}, (69, 1){1, 2}, (107, 1){1}, (125, 1){1}, (161, 1){1; 2}, (167, 1){1}, 
(177, 1){1; 2}, (191, 1){1}, (205, 1){1; 2}, (213, 1){1; 2}, (221, 1){1; 2}, (287, 1){1; 2}

2 3 x2 + 4x + 2 (85, 1){1; 2}, (85, 2){1; 2; 3}, (170, 1){1; 2; 3}
x2 + 4x + 3 (37, 2){1, 2}, (53, 2){1, 2}, (58, 1){2}, (77, 1){1, 2}, (77, 2){1; 2, 3}, (77, 2){2; 1, 3}, (106, 1){1; 2}, (116, 1){1; 2}
x2 + 4x + 4 (28, 1){}, (40, 1){2}, (43, 2){1, 2}, (65, 2){2; 1, 3}, (122, 1){1; 2}

2 32 x2 + 10x + 37 (2, 5){}, (4, 5){1, 2}, (4, 5){1}, (7, 5){1, 2}, (7, 10){1; 2, 3}, (11, 2){}, (11, 4){2}, (13, 4){1, 2}, (14, 5){1; 2; 3},
(22, 1){}, (29, 4){1; 2}, (35, 2){1, 2} (44, 1){1}, (50, 1){}, (89, 2){1, 2}, (100, 1){1}, (103, 1){1}, (103, 2){1; 2},
(110, 1){1, 3; 2, 3}, (115, 1){1; 2}, (115, 2){1; 2; 3}, (121, 1){1}, (121, 2){1; 2}, (142, 1){2}, (143, 1){1, 2},
(143, 2){1; 2, 3}, (158, 1){1; 2}, (161, 1){1; 2}, (161, 2){1; 2; 3}, (166, 1){1; 2}, (184, 1){1; 2}, (190, 1){2; 3},
(191, 1){1}, (191, 2){1; 2}, (205, 1){1; 2}, (205, 2){1; 2; 3}, (206, 1){1; 2}, (230, 1){1; 2; 3}, (284, 1){1; 2},
(286, 1){1; 2; 3}, (380, 1){1; 2; 3}

2 35 x2 + 62x + 1441 (7, 5){1, 2}, (7, 10){1; 2, 3}, (13, 4){1, 2}, (14, 5){1; 2; 3}, (22, 1){}, (44, 1){1}, (89, 2){1, 2}, (103, 1){1},
(103, 2){1; 2}, (110, 1){1, 3; 2, 3}, (115, 1){1; 2}, (115, 2){1; 2; 3}, (121, 1){1}, (121, 2){1; 2}, (143, 1){1, 2},
(143, 2){1; 2, 3}, (158, 1){1; 2}, (161, 1){1; 2}, (161, 2){1; 2; 3}, (166, 1){1; 2}, (190, 1){2; 3}, (191, 1){1},
(191, 2){1; 2}, (205, 1){1; 2}, (205, 2){1; 2; 3}, (206, 1){1; 2}, (230, 1){1; 2; 3}, (286, 1){1; 2; 3}, (380, 1){1; 2; 3}

2 5 x2 + 6x + 8 (11, 6){3; 1, 2}, (21, 4){2; 1, 3}, (22, 3){1; 2, 3}, (37, 2){1, 2}, (102, 1){1; 2, 3}, (129, 1){1; 2}, (129, 2){1; 2; 3}
x2 + 6x + 9 (57, 2){2; 1, 3}, (61, 2){1, 2}, (67, 1){1}, (67, 2){1; 2}, (88, 1){1; 2}, (91, 1){1, 2}, (91, 2){1; 2, 3}, (134, 1){1; 2}

2 52 x2 + 20x + 140 (1, 12){2}, (2, 7){1}, (7, 6){2, 3}, (8, 3){2}, (13, 3){1}, (13, 6){1; 2}, (27, 2){2}, (28, 1){}, (28, 3){1, 3; 2, 3},
(47, 2){2}, (51, 4){1; 2; 3}, (98, 1){1, 2}

2 53 x2 + 44x + 724 (14, 3){1; 3}

2 7 x2 + 8x + 15 (1, 15){1, 2}, (1, 30){1; 2, 3}, (57, 2){3; 1, 2}
x2 + 8x + 16 (8, 3){2}

2 72 x2 + 28x + 280 (1, 16){1}, (30, 1){2}, (48, 1){2}, (48, 1){1}, (60, 1){1; 2}

2 112 x2 + 44x + 704 (1, 12){2}, (1, 30){2; 1, 3}, (5, 4){2}, (5, 6){2; 3}, (7, 4){2}, (8, 3){2}, (15, 2){3}, (21, 4){3; 1, 2}, (25, 2){2},
(27, 2){2}, (28, 1){}, (40, 1){2}, (60, 1){3; 1, 2}, (102, 1){1; 2, 3}, (119, 2){1, 3; 2, 3}, (167, 1){1}, (167, 2){1; 2}

2 115 x2 + 1604x + 965284 (2, 7){2}, (3, 7){1; 2}, (3, 14){1; 2; 3}, (4, 7){1; 2}, (6, 7){1; 2; 3}, (31, 3){1, 2}, (31, 6){1; 2, 3}, (39, 1){2}, (39, 2){1; 3},
(78, 1){1; 3}, (101, 2){1, 2}, (104, 1){1; 2}, (117, 1){1; 2}, (117, 2){1; 2; 3}, (147, 1){1; 2}, (147, 2){1; 2; 3}

2 13 x2 + 12x + 35 (1, 30){2; 1, 3}
x2 + 12x + 36 (107, 1){1}, (107, 2){1; 2}

2 132 x2 + 52x + 988 (2, 7){2}, (4, 7){1; 2}, (23, 3){1; 2}, (23, 6){1; 2; 3}, (46, 3){1; 2; 3}

2 172 x2 + 12x + 36 (1, 12){2}, (1, 30){2; 1, 3}, (7, 6){2, 3}, (8, 3){2}, (27, 2){2}, (54, 1){1}, (161, 1){1; 2}, (161, 2){1; 2; 3},
(191, 1){1}, (191, 2){1; 2}

2 192 x2 + 76x + 2128 (22, 1){}, (29, 3){1; 2}, (29, 4){1; 2}, (29, 6){1; 2; 3}, (33, 1){1}, (33, 2){1; 2}, (44, 1){1}, (66, 1){1; 2},
(66, 1){1, 3; 2, 3}, (66, 1){2; 1, 3}, (121, 1){1}, (121, 2){1; 2}

Table C.12
Maximal curves over Fq of genus 3 ≤ g ≤ 4.

g q hW (x) Curves

3 2 x3 + 4x2 + 3x − 1 (97, 1){1}

3 22d x3 + 9x2 + 33x + 63 (17, 5){1; 2}, (45, 1){}, (55, 3){2; 1, 3}, (61, 3){1; 2}, (63, 1){2}, (79, 3){1; 2}, (105, 1){2, 3},
(195, 1){1; 2, 3}, (249, 1){1; 2}

3 3 x3 + 6x2 + 9x (52, 1){2}

3 32 x3 + 18x2 + 126x + 432 (64, 1){}, (91, 2){3}, (124, 1){2}, (238, 1){1, 3; 2, 3}

3 52 x3 + 30x2 + 360x + 2200 (19, 12){1; 2; 3}

3 53 x3 + 66x2 + 1812x + 26488 (14, 3){3}, (28, 3){1; 3}

3 72 x3 + 42x2 + 714x + 6272 (9, 4){1}, (45, 1){}, (45, 2){1}, (48, 1){}, (62, 3){2; 3}, (64, 1){}, (96, 1){1, 2}, (124, 3){1; 2; 3}

3 112 x3 + 66x2 + 1782x + 25168 (5, 6){2}, (5, 6){2, 3}, (15, 4){3; 1, 2}, (25, 2){}, (45, 2){2; 3}, (56, 1){1}, (64, 1){},
(69, 2){2; 3}, (105, 4){1; 2; 3; 4}, (120, 1){3; 1, 2}

(continued on next page)
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Table C.12 (continued)
g q hW (x) Curves

3 115 x3 + 2406x2 + 2412732x + 1290774088 (52, 1){2}, (78, 1){3; 1, 2}, (156, 1){2; 3}, (312, 1){1; 2; 3}

3 172 x3 + 102x2 + 4284x + 94792 (71, 2){2}

3 192 x3 + 114x2 + 5358x + 132848 (33, 1){}, (33, 2){1}, (55, 1){1}, (55, 2){1; 2}, (64, 1){}, (66, 1){1, 2, 3}, (110, 1){2; 1, 3}

4 22 x4 + 10x3 + 41x2 + 96x + 172 (1, 11){}, (1, 21){1, 2}, (25, 3){2}, (135, 1){1, 2}, (225, 1){1; 2}, (231, 1){2; 1, 3}, (285, 1){1; 2, 3}
x4 + 10x3 + 41x2 + 100x + 188 (7, 15){1; 2; 3}, (81, 1){}, (177, 1){2}, (261, 1){1; 2}
x4 + 10x3 + 43x2 + 110x + 205 (29, 3){1, 2}, (161, 1){1, 2}, (251, 1){1}, (321, 1){1; 2}, (341, 1){1; 2}, (483, 1){1; 2; 3}

4 27 x4 + 86x3 + 3275x2 + 72154x + 1007077 (29, 3){1, 2}, (161, 1){1, 2}, (251, 1){1}, (321, 1){1; 2}, (341, 1){1; 2}, (483, 1){1; 2; 3}

4 32 x4 + 20x3 + 174x2 + 860x + 2713 (14, 5){1; 2, 3}, (44, 1){}, (110, 1){2, 3}, (115, 2){3; 1, 2}, (161, 2){3; 1, 2},
(220, 1){1; 2, 3}, (286, 1){1; 2, 3}

4 52 x4 + 40x3 + 680x2 + 6400x + 36800 (16, 3){2}, (27, 2){}, (28, 3){2, 3}, (98, 1){1}, (188, 1){2}

4 72 x4 + 52x3 + 1176x2 + 15176x + 123872 (60, 1){2}, (120, 1){2; 1, 3}
x4 + 52x3 + 1182x2 + 15340x + 125497 (54, 1){}, (108, 1){1}

4 112 x4 + 88x3 + 3344x2 + 71632x + 950576 (1, 15){1}, (1, 30){1; 2}, (15, 4){2; 3}, (16, 3){2}, (25, 3){1}, (25, 6){1; 2}, (25, 6){2; 1, 3},
(27, 2){}, (32, 3){1; 2}, (60, 1){3}, (80, 1){2}

4 115 x4 + 3208x3 + 4503384x2+
+3613247392x + 1812300626896

(39, 2){3}

4 172 x4 + 136x3 + 8024x2 + 268192x + 5571920 (16, 3){2}, (27, 2){}, (31, 6){2; 3}, (54, 1){}, (108, 1){2}, (108, 1){1, 2}, (108, 1){1}

4 192 x4 + 152x3 + 10032x2 + 375440x + 8739088 (66, 1){1, 2}

Table C.13
Maximal curves over Fq of genus g ≥ 5.

g q hW (x) Curves

5 22 x5 + 12x4 + 62x3 + 192x2 + 436x + 864 (209, 1){1, 2}, (645, 1){1; 2; 3}

5 112 x5 + 110x4 + 5390x3 + 154880x2 + 2895530x + 37097632 (1, 30){2; 3}, (120, 1){1; 3}

5 115 x5 + 4010x4 + 7237240x3 + 7741577680x2 + 5435351766080x + 2617242553904032 (3, 7){2}, (3, 14){1; 3}, (156, 1){3; 1, 2}

6 22 x6 + 15x5 + 102x4 + 425x3 + 1254x2 + 2925x + 6021 (299, 1){1, 2}

6 115 x6 + 4812x5 + 10614300x4 + 14191614560x3+
+12809583966480x2 + 8223105443361792x + 3849697906629612544

(78, 1){3}, (104, 1){2}, (156, 1){1; 3}

7 2 x7 + 7x6 + 14x5 − 2x4 − 30x3 − 16x2 + 12x + 8 (187, 1){1, 2}

7 22 x7 + 16x6 + 116x5 + 520x4 + 1685x3 + 4424x2 + 10310x + 22880 (189, 1){1, 2}, (455, 1){1; 2, 3}

7 72 x7 + 98x6 + 4410x5 + 120736x4 + 2248022x3 + 30194976x2 + 303918580x + 2367501248 (1, 16){}

7 112 x7 + 154x6 + 10934x5 + 474320x4 + 14051730x3 + 301274512x2 + 4843013868x + 59903475808 (1, 24){2}, (25, 6){2; 3}, (64, 3){1; 2}

7 115 x7 + 5614x6 + 14634564x5 + 23479207640x4 + 25900587487040x3+
+20781817917390432x2 + 12507502676802272608x + 5736056081814890238208

(6, 7){3; 1, 2}

9 112 x9 + 198x8 + 18414x7 + 1068672x6 + 43379226x5 + 1308681792x4+
+30454499196x3 + 560623333248x2 + 8321568916914x + 101330949451072

(1, 30){2}, (32, 3){2}

10 22 x10 + 22x9 + 227x8 + 1488x7 + 7099x6 + 26790x5 + 84949x4+
+237900x3 + 614564x2 + 1518856x + 3689816

(13, 15){1; 2; 3}

x10 + 22x9 + 227x8 + 1476x7 + 6907x6 + 25398x5 + 78709x4+
+217680x3 + 561476x2 + 1395072x + 3415000

(225, 1){2}

10 32 x10 + 44x9 + 924x8 + 12336x7 + 117822x6 + 860472x5 + 5028348x4+
+24382968x3 + 101458377x2 + 374775308x + 1272392128

(220, 1){2, 3}

10 172 x10 + 340x9 + 54740x8 + 5548800x7 + 397201600x6 + 21349618368x5+
+894614065600x4 + 29960920387200x3 + 816165461399840x2

+ + 18327354677661760x + 343126733171222720

(108, 1){}

12 115 x12 + 9624x11 + 44383944x10 + 130535252320x9 + 274862630948400x8+
+440993755828543104x7 + 560170020610594432896x6 + 577840514161469228879616x5+
+492617240971238592986103360x4 + 351365791059712247073125157750x3+
+211472505871262576194557806678120x2 + 108000279404968696858606142571834266x+
+46952382003014183461596141477941970132

(156, 1){3}

13 112 x13 + 286x12 + 39182x11 + 3422848x10 + 214132490x9 + 10215137504x8+
+386406235644x7 + 11901007829568x6 + 304192864120002x5 + 6546901285290080x4+
+120036129906428164x3 + 1893927675352782784x2 + 25962335404137817828x+
+312310047332950820032

(25, 6){2}

19 112 x19 + 418x18 + 84854x17 + 11145552x16 + 1064837026x15 + 78868905456x14+
+4713619036588x13 + 233624987892384x12 + 9795244689058202x11+
+352657670048703536x10 + 11031136579467494292x9 + 302625311123193214816x8+
+7338131279130078069588x7 + 158317948152609796199264x6+
+3056722777699641740353752x5 + 53095079109227126428981568x4+
+833873235186826014803382474x3 + 11900141855044287421899255472x2+
+155111515626413902614636636040x + 1856794761749706495782311526412

(64, 3){2}
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