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We consider dynamic portfolio selection under ambiguity in the classical multi-period binomial market model.
Ambiguity is incorporated in the real-world probability measure through an epsilon-contamination, that gives
rise to a completely monotone capacity conveying a pessimistic investor’s ambiguous beliefs. The dynamic
portfolio selection problem is formulated as a Choquet expected utility maximization problem on the final
wealth. Then, the optimal final wealth is proved to be a function of the final stock price: this allows a dimension

reduction of the problem, switching from an exponential to a linear size with respect to the number of periods.
Finally, an explicit characterization of the optimal final wealth is given in the case of a constant relative risk
aversion utility function and the interaction between the ambiguity and the relative risk aversion parameters

is investigated.

1. Introduction

Classical financial market models (see, e.g., Cerny, 2009; Munk,
2013; Pliska, 1997) deal with uncertainty by referring to a single proba-
bility measure P, that encodes the beliefs of market agents, assumed to
share the same probabilistic opinions. The probability measure P has
a fundamental role since it is used for computing the expected util-
ity functional, that represents agents’ preferences on random payoffs.
Nevertheless, the presence of unobserved variables, partial information,
or misspecified variables often makes it no longer possible to handle
uncertainty through a single probability measure P. A typical example
is the celebrated experiment in Ellsberg (1961), where an urn with
partially specified composition is considered, that induces a class of
compatible probability measures.

Decision problems where uncertainty is summarized by a class P
of probability measures are customarily referred to as decisions under
ambiguity (see, e.g., Etner et al., 2012 and Gilboa & Marinacci, 2013).
More generally, ambiguity can be modeled either through a class of
probability measures P or through a non-additive uncertainty measure
v (see, e.g., Gilboa, 2009). The two approaches are generally not equiv-
alent, but in case v is (at least) 2-monotone (Grabisch, 2016; Walley,
1991) the two approaches reduce to Choquet expected utility (Gilboa
& Schmeidler, 1989; Schmeidler, 1986).

Switching to a set of probabilities P in place of the single prob-
ability measure P allows to address situations where a single market
agent is not completely convinced of the hypotheses behind P, like
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independence or association among some variables, thus he/she aims to
test their robustness. A distinguished model is the epsilon-contamination
of a reference probability measure P, which is the class Pp, of all
probability measures of the type P’ = (1 — ¢)P + ¢P”, where P” is
any probability measure on the same space, and ¢ € [0,1) is a fixed
ambiguity parameter. The epsilon-contamination class, also referred
to as linear-vacuous mixture model, gives rise to the lower envelope
vp = min Pp ., which is a completely monotone capacity (see Sections
2.9.2 and 3.3.5 in Walley (1991) or Section 5.1 in Montes et al., 2020).
We also notice that vp is a particular nearly-linear model, according
to Pelessoni et al. (2021). Furthermore, since the Choquet integral
with respect to vp . turns out to be the lower expectation with respect
to probability measures in Pp ., this class permits to model investors’
preferences consistent with the Choquet expected utility theory. In
particular, the classical expected utility theory is recovered when € = 0.

In recent years a growing interest has been addressed towards
ambiguity in behavioral finance and portfolio selection (see, e.g., Anan-
tanasuwong et al., 2019), with the aim of proposing more robust and
more realistic models. In this paper, we refer to the classical multi-
period binomial model (Cern}’f, 2009; Pliska, 1997), which considers
a market formed by a non-dividend-paying stock and a risk-free bond,
whose prices evolve over a discrete set of times, with a finite horizon T'.
We formalize a dynamic portfolio selection problem under ambiguity,
referring to an epsilon-contamination of the probability measure P

E-mail addresses: davide.petturiti@unipg.it (D. Petturiti), barbara.vantaggi@uniromal.it (B. Vantaggi).

https://doi.org/10.1016/j.ejor.2023.11.011
Received 7 December 2022; Accepted 4 November 2023
Available online 9 November 2023

0377-2217/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/eor
http://www.elsevier.com/locate/eor
mailto:davide.petturiti@unipg.it
mailto:barbara.vantaggi@uniroma1.it
https://doi.org/10.1016/j.ejor.2023.11.011
https://doi.org/10.1016/j.ejor.2023.11.011
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2023.11.011&domain=pdf
http://creativecommons.org/licenses/by/4.0/

D. Petturiti and B. Vantaggi

related to a multi-period binomial market model, and to a strictly
increasing and strictly concave utility function. Since the probability P
in the multi-period binomial market model is completely determined by
a parameter p, the epsilon-contaminated binomial model is parameterized
by p and the ambiguity parameter ¢, and is denoted by P,..

The completeness of the market allows to formulate the dynamic
portfolio selection in terms of the final wealth V5, reachable with a
fixed initial amount ;. Due to the no-arbitrage condition, discounted
wealth processes can be represented as martingales with respect to an
“artificial” risk-neutral probability measure Q (see, e.g., Cern}’/, 20009;
Pliska, 1997). On the other hand, the agent’s subjective probability
measure P is usually dubbed as real-world probability measure in math-
ematical finance literature (see, e.g., Chapter 4 in Munk, 2013), to
distinguish it from Q.

A systematically pessimistic attitude towards ambiguity is taken for
the market agent which is assumed to be risk averse and ambiguity
averse. The problem amounts to finding a final wealth maximizing the
corresponding Choquet expected utility functional. As shown in Gilboa
(2009) (see also Grabisch, 2016), an agent which is a Choquet expected
utility maximizer is actually an expected utility maximinimizer, with
respect to the epsilon-contamination class.

In the one-period case, a portfolio selection problem under ambi-
guity via maximinimization has been faced in Pflug and Pohl (2018),
Pflug and Wozabal (2007). In the quoted papers, the authors take a
ball of probability measures around a reference probability measure
P (on R™) with respect to the Wasserstein distance of order 1 (see,
e.g., Villani, 2009), and constrain the feasible portfolios by avoiding
short sales and respecting some risk measurement constraints. Thus,
besides the modeling of ambiguity, their problem is rather different
from ours as we consider a discrete multi-period setting and allow for
short sales. Nevertheless, a similarity of our proposal with the quoted
one can be singled out since the class of probability measures P, we
consider can be viewed as a ball around P generated by a suitable
pseudo-distance (Montes et al., 2020).

A deeper similarity of our portfolio selection problem can be found
with the problem formulated in Appendix C of Jin and Yu Zhou (2008),
that requires to maximize a Choquet expected utility over the set of
final wealth. The quoted problem differs from ours for working in a
continuous-time setting and with a non-atomic probability measure P,
which is distorted by applying a differentiable automorphism of the
unit interval, generally resulting only in a capacity. Such approach for
dealing with ambiguity is not comparable with our setting, in general,
and the true goal of the quoted reference is to face portfolio selection
when agent’s preferences agree with the cumulative prospect theory
of Tversky and Kahneman (1992). This is the same setting of papers
by Bi et al. (2018), Harris and Mazibas (2022).

It turns out that introducing ambiguity via the epsilon-contamination
class allows to achieve manageable algorithms to solve the problem.
Indeed, as highlighted in Jin and Yu Zhou (2008), maximizing the
Choquet expected utility over the final wealth is a computationally hard
problem, that cannot be reduced to dynamic programming, in general.

Assuming uniformly distributed stock returns, some preliminary
results concerning the problem faced in this paper appear in Antonini
et al. (2020), where a characterization relying on the resolution of an
optimization problem of dimension 27 is provided. Therefore, results
appearing in Antonini et al. (2020) cannot be used in practice for a
large number of periods T.

In this paper, we prove that our Choquet expected utility maxi-
mization problem admits a unique optimal final wealth V*, that can
be expressed as a suitable function of the stock value at the maturity
Sr, ie, VI = o(Sp). The problem reduces to a family of linearly
constrained concave problems with 7+1 unknowns, which is equivalent
to a single non-linearly constrained problem with a linear objective,
over T + 2 unknowns.

To the best of our knowledge, this is the first time the epsilon-
contamination model is used for dynamic portfolio selection. Moreover,
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the dimension reduction we obtain essentially relies on the properties
of P,., due to the simple structure of its extreme points and their
connection with the Choquet integral (see Sections 3 and 4).

Focusing on a constant relative risk aversion (CRRA) utility function
with relative risk aversion parameter y > 0, we further provide a
characterization of the optimal solution V' and introduce an algorithm
that finds the exact optimal solution by solving T + 1 combinatorial
optimization problems. Finally, in the CRRA case, we study the impact
of the contamination parameter ¢ on the optimal portfolio, showing
the presence of a threshold ¢* above which the optimal self-financing
strategy reduces to O for all times: this highlights that with such values
of ¢ the ambiguity in the model is so high to make the risk-free portfolio
the most suitable choice. In particular, we investigate the effect of
the risk aversion parameter y on ¢* showing the existence of two
thresholds Y with Y <7, delimiting different interactions between
ambiguity and risk aversion, that result in different optimal portfolio
choice behaviors.

The paper is structured as follows. Section 2 contains preliminaries
on the dynamic portfolio selection problem in the classical binomial
market model. Section 3 introduces the epsilon-contaminated binomial
market model and formulates dynamic portfolio selection as a Choquet
expected utility maximization problem. The same section shows that
the optimal final wealth is a function of the stock price at time T.
Section 4 uses the latter property to equivalently reformulate the initial
problem either in terms of a family of T+1 linearly constrained concave
problems on T + 1 unknowns or as a unique non-linearly constrained
problem on T + 2 unknowns with a linear objective. Then, an explicit
characterization of the optimal final wealth is given in the case of
a CRRA utility function with parameter y > 0. Finally, Section 5
analyzes the interaction between the ambiguity parameter ¢ and the
risk aversion parameter y, while Section 6 draws our conclusions and
future perspectives. Proofs are collected in Appendix.

2. Dynamic portfolio selection in the binomial market model

The paper refers to the classical multi-period binomial market
model (see, e.g., Cerny, 2009; Pliska, 1997). Such model considers a
perfect (competitive and frictionless) market under no-arbitrage, where
two basic securities are traded: a non-dividend-paying stock and a
risk-free bond.

For a finite horizon T € N, we denote by S, and B, the prices of the
stock and the bond, respectively, at time ¢ € {0,...,T}. The stochastic
process {S, ..., Sy} and the deterministic process { B, ..., By} are such
that Sy =s>0, By=1, and for r = 1, ..., T, the returns are

-

Si-1

where u > d > 0 are the “up” and “down” stock price coefficients, r is
the risk-free interest rate over each period, satisfying u > (1+r) > d, and
p € (0,1) is the probability of an “up” movement for the stock price.
Thus, for t = 1, ..., T, we have that

S, = Soﬁ S
n=1

n
Sn—]
assuring that both price processes are strictly positive, in compliance
with the limited liability assumption for securities (see, e.g., Munk,
2013). Notice that the trajectories of {S,..., Sy} can be represented
graphically on a recombining binomial tree.

All the processes are defined on the filtered probability space
(2,F {F}mo....1- P), Where Q {1,...,2T}, 7 = 22 with 29 the
power set of @, and F, is the algebra generated by random variables
(Sg, ..., S}, fort =0,...,T, with Fy = {#, 2} and F; = F. As usual EP
denotes the expected value with respect to P.

Assuming that the returns ﬂ, .31 are i.d. random variables,
the probability P is completely s[ingled out by the parameter p, and the
process {Sy, ..., Sy} is a multiplicative binomial process since

with probability p
with probability 1 — p

u,

d
d. an

B (L+r)
= r),
Bt—]

and B, =(1+7r),

B

_okgmkoy _ Bk ek
P(S, = u*d s)—k!(t_k)!p(l P,



D. Petturiti and B. Vantaggi

where S, ranges in S, = {¢¥d"*s : k=0,...,t}.
Let ¥, € R be an initial wealth. A self-financing strategy {6, ...,0;_;}
is an adapted process such that ¢, is the (random) number of shares
of stock to buy (if positive) or short-sell (if negative) at time 7 up to
time ¢ + 1 (Cerny, 2009), that determines an adapted wealth process
{Vy,....Vy}, where, fort =0,...,T -1,
Sit1
< - 1+ r)> .

t

Ve =(1+r)V,+9,S,( m

In turn, ¥, — 6,S; is the amount of money invested in the bond from
time ¢ up to time 7 + 1.

This market model is said to be complete, i.e., there is a unique
risk-neutral probability measure Q on F, equivalent to P, such that the
discounted wealth process of any self-financing strategy is a martingale
under Q:

Vi _go [
(+ry
for t+ = 0,...,T, where E?[-J EQ[.|F,] and E(? = EQ. Complete-
ness implies that every payoff ¥ € R® depending only on the
stock price history can be replicated by a dynamic self-financing strat-
egy {6y,....0r_,} and its unique no-arbitrage price at time r = 0 is
determined by Eq. (2), since
_ EQ[V;]
T+
Notice that the process {.S,...,.Sy} is still a multiplicative binomial
process under Q, completely characterized by the parameter
_(d+n-d
q= Ta—d
Both P and Q can be explicitly defined by identifying every state
i € Q with the path of the stock price evolution corresponding to the
T-digit binary expansion of number i — 1, in which ones are interpreted
as “up” movements and zeros as “down” movements. Denoting by «(i)
the number of “up” movements and by T — (i) the number of “down”
movements, it holds that (we avoid braces to simplify writing)

Vr

A+nT @

3)

0

€ (0,1). (©)]

P()=p D1 -p"D and Q)= ¢""(1 - g)" 0, 5)

showing that both P and Q are strictly positive on F \ {#}.

We point out that Q is an “artificial” probability measure implied
by the no-arbitrage condition, whose unique purpose is to represent a
wealth process as in Eq. (2).

In the classical binomial market model, the probability measure
P is assumed to encode the beliefs of an investor and is commonly
estimated from historical data. In this paper we suppose that our
investor has ambiguous beliefs, meaning that, rather than having a
single probability P, he/she actually considers a closed (in the product
topology) class of probabilities P, as highlighted in the introduction.

3. Modeling ambiguity through the epsilon-contamination model

We deal with the binomial market model by introducing ambiguity
to get an epsilon-contaminated binomial market model. Given the real-
world probability P defined on F as in Section 2 (which is completely
singled out by p) and € € (0, 1), the corresponding epsilon-contamination
model (see, e.g., Huber, 1981) is the class of probability measures on 7
defined as

P

e = {P' = (1—)P+¢P"” : P is a probability measure on F},

whose lower envelope v, = min P, . is defined on 7 as
1 —-e)P(A),
v, (A) = { (1 P(A)

It turns out that v, . is a completely monotone capacity (see Section
5.1 in Montes et al., 2020), i.e., it satisfies:

if A+ Q,

if A= Q. 6)
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@ v, .(#=0and v, (2)=1;

(@ vpe (Uy E)) 2 Zgsrcr, . O, (Nigy E), for every n > 2
and for every E|,...,E, € F.

n

Notice that, the case ¢ = 0 corresponds to absence of ambiguity, since
P,. = {P} and v, = P. Therefore, to cover also this possibility we take
e €[0,1).

For every permutation ¢ of 2, we define a probability measure
P° on F, whose value on the singletons (we avoid braces to simplify
writing) is

P?(c(D) = v, (E]) = v, (E7 ), @
where E? = {c(i),...,6(2")}, for all i € 2, and EL .= @. In what

follows X denotes the set of all permutations of Q.

It turns out (see, e.g., Chapter 3 in Grabisch, 2016) that probabilities
P°’s are the extreme points of Ppes that is ext Ppe) ={P? : c € X}
This holds since P, coincides with the core induced by i.e., with
the set of probability measures on 7 dominating v,,..

As follows by Section 3.6.3 in Walley (1991) (see also Section 5.1
in Montes et al., 2020), only the first element of a permutation matters,
in the sense that if two permutations ¢,6’ € X are such that o(1) =
¢'(1), then P° = ) Therefore, we can focus on a minimal subset
X' ={oy,...,05r}, where o,(1) = h for all h € Q, to recover ext (Ppe):
a subset X’ can be obtained choosing, for every i € £, a permutation
o, having A in its first position. Indeed, for every permutation ¢ of £
it holds that

Vp,e!

(1 -¢e)P(c(i)) + ¢,
(1 = e)P(c(i)),

In what follows, we denote R, = (0,+c0). We consider a utility
function U : R, — R satisfying the following requirements:

ifi=1,
otherwise.

P?(a(i)) = { (8

(A) U is continuously differentiable, strictly increasing, strictly con-
cave, lim,_ o+ U'(x) = +o0 and U'(R,,) =R,,.

By (A) the derivative U’ is continuous and strictly decreasing, thus it
is invertible with inverse function (U’)~!.

A typical example is a constant relative risk aversion (CRRA) utility
function defined, for y > 0, as

U, (x) = {

The parameter y expresses the relative risk aversion of the utility func-
tion U, and the higher y the more risk-averse is the investor (see,
e.g., Section 5.6.1 in Munk, 2013).

For every random variable V-

x!=r
-y’
In x,

y#1,
y=1,

for x > 0.

)]

€ R;? ,» we can define the functional

CEUy, [Vy] = ?f U(Vp)dv,. (10)

where the integral on the right side is a Choquet integral. In particular,
since U is strictly increasing, for all V; € ]Rf ,» if o is a permutation of
Q such that V;((1)) < ... < V4((27)) then the functional CEUy . can

be expressed (see Chapter 4 in Grabisch, 2016) as follows

2T

CEUy . [Vr] = Y P7 (U (Vy(k)).
k=1

1)

Notice that the functional CEUy ,. represents the agent’s prefer-
ences on the set of final wealth R?,. Therefore, maximizing CEUy .
we are choosing the final wealth that is more preferred under ambigu-

ity.

Proposition 1.  The functional CEUy, ,, is concave, that is, for all
Vr, V) € R?, and dll « € [0, 1], it holds

CEUy , [aVy + (1 - V1= aCEUy , [Vr]+ (1 - a)CEUU’p,e[VJ.].
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By the main theorem in Schmeidler (1986), we also have that

. /
CEUy, [Vy] = p”élg; EY (Ul 12)
therefore, CEUy, , . is a lower expected utility (Walley, 1991) and maxi-
mizing it we are actually applying a maximin criterion of choice (Trof-
faes, 2007).

Given an initial wealth ¥, > 0, our aim is to select a self-financing

strategy {6y, ...,0p_;} resulting in a final wealth ¥;- € R%,, solving

magx CEUU’W[VT]. (13)
T-1

Taking into account (3), which is due to the completeness of the
market, the above problem can be rewritten maximizing over the final
wealth random variables V;’s that can be reached with the fixed initial

wealth ¥

maximize CEUy ,.[V7] subject to:
{ EQV;1-(1+nTV, =0,

Ve €RY,.
Notice that problem (13) seeks a stochastic process {6, ...,0;_;},
which is a self-financing strategy, while problem (14) looks for a
random variable V., which is a final wealth.

By Proposition 1, the objective function in (14) is a concave function
on R¥ , subject to a linear constraint, therefore every local maxi-
mum is a global maximum and, further, the set of global maxima is
convex (Boyd & Vandenberghe, 2004).

14

Theorem 1. The following statements hold:

(i) there exists an optimal solution VT* of problem (14) and such
optimal solution is unique;
(i) if VT* is the optimal solution of problem (14), then there exists a

function ¢ : Sy — R, such that Vi = (Sr).

Q
eRy,

Notice that the optimal solution VT* of problem (14) corresponds
to a unique self-financing strategy {93, ,9;_|} by (1), which is the
optimal solution of problem (13), and vice versa.

Remark 1. Theorem 1 has a deep computational impact, since it
implies that V' can be simply regarded as a function defined on Sy,
being it constant on {S; = sy}, for all s; € Sp. As a byproduct,
the optimal wealth process {V,...,V;’} turns out to be a Markov
process under Q and can be represented on a recombining binomial
tree. Therefore, despite ambiguity, the final optimal wealth V" can be
regarded as the payoff of a European derivative on the stock.

4. Dimension reduction of the problem

Let V! be the optimal final wealth (solution of problem (14)), which
can be seen as a European derivative on the stock by Theorem 1,
ie., VT* = @(Sy). Taking into account (8), problem (14) can be
reformulated by referring to 7 + 1 unknowns and 7' + 1 permutations.
To do so, let © = {1,...,T + 1} and index the range S, = {s’T i€ B}
of Sy in such a way that s} < s2 < - < sT*'. Then P, Q and v, can be
restricted to the algebra generated by the random variable S which is
isomorphic to 2°.

From now on, we use the symbols lA’, 6 and Qp,f to denote the
restrictions on the algebra generated by S, the latter identified with
29, Random variables X € R® which are constant on the atoms of the
algebra generated by Sy are seen as elements of R® writing X to stress
this fact, while we denote by IT the set of permutations of . For every
i € O it holds that

P()=P(Sy =s,) and QG)=Q(Sy = sh), 15)
while other values on 2¢ are found by additivity.
Let P, be the epsilon-contamination class of P and V,, = minP,,

where the minimum is pointwise over 2€. Since ¥, is a completely
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monotone capacity, we still have that the set of extreme points of i\)p,e
is

ext(P,0) = (P : me ), (16)

and, as an immediate consequence of Eq. (8), we derive that

N (1 -ePa@)+e, ifi=1,

P” = ~ 17
(= (@) { (1 - e)P(x(i)), otherwise. a7

In turn, this allows us to conclude that also in this reduced case
ext (73,,,6,) can be recovered by a minimal subset of permutations 1’
{my,...,7r,1}, where 7, (1) = h for all h € O.

Problem (14) is shown to be equivalent both to a family of linearly
constrained concave problems on T + 1 unknowns and to a single
problem with T + 1 non-linear constraints and an extra scalar variable.

Theorem 2. For V' € RY

4. the following statements are equivalent:

o vy solves problem (14);
@ii) ?T* attains max.;, ¢ s EF" [U (I7T” Y], where ?T” " is an optimal solution
of the problem

T+1

> f’”h(k)U(VT(k))] subject to:

maximize
k=1

T+1
> QUOVr(k) = (1+n"Vy =0, a8
k=1
Vr(p(1) = Vp(my() <0, foralli € @\ {1},
Vr eRO,.
(iii) 17; solves the problem
maximize ¢ subject to:
T+1
> P OU(Vr (k) 2 e, forh=1,....T+1,
k=1 19)

T+1

> QUOVr(k) = (1+n"Vy =0,
k=1

Ve R, .

Problem (18) maximizes the expected utility with respect to IA’”h, by
fixing a permutation z; of O, such that z,(1) = h. In particular, the
first and the third constraints assure that all the considered V;’s are
a feasible final wealth, given the initial wealth V},, while the second
constraint restricts to those V;’s whose minimum value is reached at
7(1) = h. In turn, this guarantees that the Choquet expected utility
with respect to v, of such Vs coincides with the expected utility
computed with respect to P, Thus, varying z;, € II' and taking the
maximum, we are actually maximizing the Choquet expected utility.

On the other hand, problem (19) relies on the fact that ext (73,,&\)
reduces to {P™ : h=1,...,T + 1} and the Choquet expected utility
of any I7T with respect to V, . coincides with the minimum of expected
utilities with respect to the P7’s. Thus, the second and third constraints
assure that all the considered V;’s are a feasible final wealth, given
the initial wealth V},, while maximizing the lower bound in the first
constraint we are actually maximizing the Choquet expected utility.

4.1. The particular case of a CRRA utility function

The aim of this section is to show that when the utility function
is of CRRA type we can provide an explicit expression of the optimal
solution of problem (14), based on the dimension reduction proved in
Theorem 2. In view of the dimension reduction of the problem, below
we provide a characterization of the optimal solution viewing it as an
element of R?, .
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Qi) _ Qu()
Pr(a(i))  Pr(a(1)
Q1) _ Quk)
Prz(l)  Pr(a(k)

Let = be a permutation of ® and I CO\ {1}. If [ #§, foralli e I,
consider the constants
¥ P (a(i
-
Zreruq1y P (k)

+ Zienyn (o) (

) (Zicaomm Pen)

)]

where summations over an empty set are intended to be 0.
The above constants are used to define the following weights:

(20)

a+rT"y,

~

Qr(k) + 13, (k) (Zfez Af”)
- Ziel l(i}(k)A?J ))
@1

T+1
k=1

Q™ (5 (

where 1;;, is the indicator function of the singleton {i}, while, for all
iel, set

APl = artrt, (22)

and /1;”1 =0, for all i € ©\ (I U {1}). Notice that, if I = §J, then the two

inner summations involving I in the definition of A7 I are set to 0: in
this case, only ,lf” will be non-null.

Theorem 3. Let U, be a CRRA utility function with y > 0. For p € (0,1)
and T > 1, a random variable I7T S Rf . can be mapped to the optimal
solution Vi € Rf ', of problem (14) if and only if there is a permutation
7 of © and a subset I C © \ {1} inducing the weights A7 ‘D5 such that the
following conditions hold:

@ A”.'” >0, foraliel;

(i) Vp(x()) = U))"! (f’”(;lz m (Quranap” + £iZ 47" ) and
Pr(etin = W (

1 (6(75(1'))/1’1’*’ - ,1;’”)), foralli € ©\{1};
(iii) V(1)) < Pp(x(), for all i € ©\ (1 U {1});

P (a(i))

and there is no other permutation =’ of © and no other subset I' C
O\ {1} determining the weights A" ’s and the random variable 2= ]Rf "
satisfying (i)-(iii) such that CEUUYN[VT’] > CEUUVN[VT].

In case of a CRRA utility function U,, Theorem 3 allows to find the
analytic expression of the optimal solution of problem (14), reducing
it to T + 1 combinatorial optimization problems with 7 + 1 unknowns,
each corresponding to a permutation 7, of @ such that z,(1) = A, for all
h € 6. The procedure derived by Theorem 3 is reported in Algorithm
1: for each of the permutations z,...,zy,; of O, one needs to find a
subset I C ©\ {1} satisfying conditions (i)-(iii). Therefore, in the worst
case we need to perform (T + 1)27 controls of conditions (i)—(iii). This
procedure, though resulting in an exact solution, is computationally
hard and is applicable for small values of T only. Solving the equivalent
problem (19) through a non-linear global solver, though only returning
an approximate solution in general, turns out to be more efficient and
allows to deal with large values of T'.

The following example shows an application of Algorithm 1, where
we calibrate the model on the non-dividend-paying stock META and a
US T-bill maturing in one month.

Example 1. We identify r = 0 with the date 2023-06-30 and consider
the daily closing price evolution of META stock in the first 6 months of
year 2023, whose graph is displayed in Fig. 1. Data are taken from
Yahoo! Finance and accessed in Python through the yfinance
library.
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Algorithm 1 Combinatorial solution of (14) for a CRRA utility function

> input: p,u,d,r,V,, Sy, T,€,y, parameters
> output: V., optimal solution of (14)

Compute probability distributions P and Q on 6 as in (15)

Fix permutations r,, ..., 7y, of © such that z,(1)=h
CEU' := -c0

{best . _

phet :=0

forh=1,....,T+1do
Compute probability distribution P on O as in (17)
for 7 CO\ {1} do
Compute Af’“[ as in (20), foralli e I
Compute A7 1T asin (21)
Compute /1?’“’ asin (22), forallie I

Al =0, forallie @\ ({1} ul)
Compute V; as in (ii) of Theorem 3
if I7T € Rf . and (D) and (iii) of Theorem 3 are satisfied then
CEU™® := B [U, ()]
if CEU™" > CEU"* then

CEUY' := CEU"™"
vhest .=,
end if
end if
end for
end for

Map V)*" in V* € R, constant on {{Sy = s..}, i € 0}
return V;

META stock price time series

225

N
o
=3

Stock price

175

150

2023-01 2023-02 2023-03 2023-04

Date

2023-05 2023-06 2023-07

Fig. 1. META stock price time series (daily closing prices) from 2023-01-03 to
2023-06-30.

We refer to a trading year composed by 250 days, so, daily periods
have length Ar = - years. At the date 2023-06-30, the META stock
price is .S, = 286.98 dollars and we further consider a US T-bill maturing
in 1 month, such that r = (1.0508)%' — 1 per period.

Parameters u, d, and p can be estimated from the META stock price
time series, under the assumption that daily log-returns are i.i.d. and
normal (see, e.g., Chapters 13 and 15 in Hull, 2018). Given the avail-
able 124 price observations {my, ..., m,;} of META stock, we compute

the corresponding log-returns {¢,...,¢ 3}, where 7, = In mm” , for
1

n=1,...,123. Next, set u = V4 and d = eV, where ¢ = \/ZS_OGW
and aﬁay is the sample variance of {¢,, ..., ¢ ,3}. Finally, p is estimated
as the relative frequency of positive values in the set of log-returns
{¢,....¢123}. The estimation procedure results in u 1.0292, d
0.9717, and p = 0.5528, so, by Eq. (4) we get g = 0.4963.

Next, at date 2023-06-30 corresponding to time ¢ = 0, we suppose
to invest an initial wealth ¥, = 1000 dollars in the META stock and in




D. Petturiti and B. Vantaggi

Table 1
Optimal final wealth V' as a function ¢(S7).
Sr d°286.98 ud*286.98 uw?d3286.98 uw3d?286.98 u*d286.98 u>286.98
vy 877.09 877.09 928.76 1040.45 1165.57 1305.73
Vo ' vy vy v, V5"
I 1 1 1 ! |
I ] T 1 T 1
1305.73
1234.88
1167.88 1165.57
1104.51 1102.32
1047.66 1042.51 1040.45
1000 < 992,08 983.99
953.44 942.78 928.76
915.74 902.56
889.46 877.09
876.92
877.09
6" 0, 6, 05" 0, 05"
I 1 1 ! 1 1
I T T T T 1
X
7.57
7.37 X
7.18 7.16
6.62 6.97 X
571 < 6.05 677
4.76 5.08 X
3.42 3.32
1.69 X
0
X
Fig. 2. Recombining binomial tree representations of the processes {Vj,...,V;"} and
(9;,....0: ).
Table 2
MAE(VT",VT") as a function of T, for T € {5, 10, 15,20}.
T 5 10 15 20
MAE(V;, [29] 0.0108 0.1049 0.3040 137.5346

the US T-bill. We take a CRRA utility function with parameter y = 2,
a contamination parameter ¢ = 0.02, and consider a trading week by
taking T 5 periods. The choice of both parameters y and ¢ is a
crucial part and a preliminary tuning procedure should be executed.
In this example, y = 2 singles out a quite risk averse agent, while
e = 0.02 indicates that the agent is rather convinced of the reference
P, to which a 1 — ¢ = 0.98 weight is assigned. Section 5 carries out
a sensitivity analysis and investigates the interaction between agent’s
risk and ambiguity attitudes when performing the optimal portfolio
selection.

Applying Algorithm 1 we obtain that the optimal final wealth is
Vi, whose values are reported in Table 1, seen as a function ¢(Sy),
according to Theorem 3.

Using the martingale property with respect to Q of the wealth

) EQ[v]
process {Vo*’“"Vs*}’ that is V* = — for t = 0,...,4, we can

Gl
recover the optimal self-financing stratlggry {65 ..., 6} through Eq. (1).
In agreement with Theorem 1, the optimal wealth process {V, ...,V "}
can be represented on a recombining binomial tree and the same holds
for the optimal self-financing strategy {6, ..., 0}, as shown in Fig. 2.
We point out that, though Algorithm 1 provides an exact solution,
its execution time grows exponentially with 7. On the other hand,
by statement (iii) of Theorem 2, a much faster approach is to solve
the non-linear problem (19) by relying on a global non-linear solver,
like bonmin (Bonmin, 2023). The resulting optimal final wealth I7T*
obtained with the bonmin solver will be an approximation of the true
optimal V!. Table 2 shows the mean absolute error MAE(V*, V), for
T € {5,10, 15,20}, highlighting an increasing trend with respect to T'.
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CEU behavior (p=0.5, Vo=10,u=2,d=0.5,r=0.05, y=2)
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e B e B T B
wonwnwnn

NHE G WN e

o
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S oo

Normalized optimal CEU
o
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0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 3. Normalized optimal value of CEUUV‘N, seen as a function of ¢ € [0, 1).

5. The impact of the ambiguity parameter on the optimal portfolio

The aim of this section is to investigate the impact of ¢ on the
composition of the optimal portfolio. Here, we restrict to a CRRA utility
function U,: the aim is to analyze the interaction between parameters
e and y to highlight the mutual influence between ambiguity and risk
aversion in the context of dynamic portfolio selection.

We first prove that, whenever p = ¢ = 1324 then the optimization
problem (14) becomes trivial and the result is independent of ¢ and y.
Proposition 2. Ifp =g = %, then the optimal solution of (14) is
Vi =(1+n"V, and the optimal value is CEUy, , [V;'] = U, ((1 + 1 Vy).

Remark 2. In the limit case p = ¢ = , the optimal portfolio
does not depend on ¢ nor on y and always reduces to a strategy in
which 67 = 0, fort = 0,...,T - 1, i.e,, we have only risk-free bond
investments in all the periods. From a financial point of view, this
means that, if the real-world probability p coincides with the risk-
neutral probability g, the agent always chooses a completely risk-free
investment, independently of his/her ambiguity and risk attitudes.

(14r)—d
u—d

Now, we consider the case in which p # g = %. For fixed
Vo, u, d, r, and p, the optimal value of CEUUN’G seen as a function
of ¢ is non-increasing with maximum value at ¢ = 0 and minimum
value U, ((1 + rTV,), which is the optimal value we get when the
optimal solution is V' = (1 + rTV,. Since the range of CEUUYW
depends on T, we normalize it so as to range in [0, 1]. For every 7T, the
normalized value 1 corresponds to the optimal value we get for ¢ = 0,
that is without ambiguity, while the normalized value 0 corresponds to
U, (1 +1)TVp).

Fig. 3 shows the normalized optimal value of CEUy, ., seen as a
function of e € [0, 1), for fixed p = 3, Vo =10, u=2,d = =, r = 0.05
and a CRRA utility function with y = 2.

Fig. 3 highlights the existence of a value ¢* = ¢*(y,T,p,u,d,r,V)
above which the optimal self-financing strategy reduces to 0 for all
times. In a sense, we may think at ¢* as a threshold above which the
ambiguity incorporated in the real-world probability P through the
epsilon-contamination is so high to make the risk-free portfolio the
most suitable choice. A numerical approximation of ¢* can be achieved
by applying a suitable bisection algorithm. The following toy example
has the purpose of showing that ¢* is a true threshold after which
the CEUy ). functional is stuck on its minimum value, and is not an
asymptotic value.

Example 2. TakeT:l,p:%,VO:IO,M:Z,dzi,r:O.OS

and a CRRA utility function with y = 2. This implies that g = % The



D. Petturiti and B. Vantaggi

£" (Vp=10,y=1,u=1.1,d=1/u, r=0.05)

£" (Vp=10,y=1,u=1.5,d=1/u, r=0.05)
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€ (Vo=10,y=1,u=19,d=1/u,r=0.05)

(a)u=1.1

(b)) u=1.5

(c)u=1.9

Fig. 4. Threshold ¢* seen as a function of p and T, for fixed ¥, =10, y =1, and r = 0.05.

normalized optimal value of CEUy, , seen as function of e € [0,1) is
the blue line in Fig. 3. By applying a bisection algorithm we derive that
e* € [0.27,0.28], so, for every 0.28 < ¢ < 1 the optimal solution turns
out to be the constant Vi=010+n¥,=105.

To see this, let ¢ = 0.28 = L and consider the reduced index
set © = {1,2} related to Algorithm 1, for which there are only two

permutations: z; = (1,2) and =, = (2,1) with Pm = (%;_g) and
p=(16 9
Pm = (25, 55 ) over 0.

For =z, the only subset of © \ {1} satisfying (D-(iii) is I = {2} with:
Vi) =105, 1@ = 105, CEUy , [V 1= -157

For 7z, the only subset of @ \ {1} satisfying (D-(iii) is I = {2} with:
V(1) =105, V2(2) = 105, CEUy , [V?] = - 15=.

Therefore, taking e 0.28 the optimal reduced solution is the
constant 1710‘28 = 10.5, and the corresponding optimal solution in
R%, is still the constant V>?® = 10.5. Now, referring to the proof of
Proposition 2, it is immediate to conclude that the optimal solution is
Vi =105, for all 028 <e < 1.

Fig. 4 shows the interpolated ¢* surface seen as a function of p
and T, where p ranges in [0.05,0.95] with a 0.05 step and T ranges in
{1,...,10}. The surface is computed for fixed y = 1, ¥, = 10, r = 0.05,
and varying « in {1.1,1.5,1.9}, where d = i In all the graphs, the steep
valley in blue is obtained for choices of p close to g = %. Indeed,
in the particular case p = ¢ = %
agreement with Proposition 2.

The graphs in Fig. 4 show that, for a fixed p, ¢* is non-decreasing
with respect to T, in particular, for values of p not close to g = %,
then ¢* tends to get close to 1 fast, yet for a time horizon T > 5.

From a financial point of view, this behavior can be interpreted by
saying that a risk averse and ambiguity averse investor has a threshold
¢* after which he/she switches to a completely risk-free portfolio. Such
a threshold becomes higher and higher with the time horizon 7. In a
sense, if we have more time to adjust our portfolio, then ambiguity
aversion becomes less compelling in the portfolio composition.

On the other hand, if we have a probability p close to g, then the
initial value of ¢* is lower and its growth is much slower. In this case,
having a real-world probability p close to the risk-neutral probability
q makes the agent very sensitive to ambiguity: low deviations from P
(i.e., a value of e greater than ¢*) makes the agent favor the completely
risk-free alternative. At the same time, agent’s sensitivity to ambiguity
in this case requires a much larger time horizon to mitigate the effect
of his/her ambiguity aversion.

We consider the evolution of ¢* seen as a function of the time
horizon T in the case p is close to ¢. Taking V;, = 10, r = 0.05, u = 2 and
d= %, we have that g = % Fig. 5 depicts the evolution of ¢* for p = g+6
with § € {0.01,0.02,0.03} and T ranging in {5,...,50} with a 5 step.
Results are obtained by solving (19) through the bonmin solver and
then applying a bisection algorithm to estimate ¢*. The graph shows
that, for y = 2, for increasing § we have an increasing initial value

we get ¢* = 0 constantly, in
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£ (Vo=10,u=2,d=0.5r=0.05y=2)
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Fig. 5. Threshold ¢* seen as a function of T, for fixed V;, = 10, y = 2, r = 0.05 and
p=q=+6 with § € {0.01,0.02,0.03}.

at T = 5 and an higher growth with a resulting higher final value at
T = 50.

Notice that, for fixed values of u and d, the interest rate r determines
the value of ¢ as in Eq. (4): in turn, r has a direct effect on ¢*, since
the closeness of p to ¢ affects ¢*. For V, =10, y = l,u=2,d = %, and
T =5, Fig. 6 shows the interpolated surface of ¢* seen as a function
of p and r together with its contour lines, where p ranges in [0.05, 0.95]
with a 0.05 step and r ranges in [0,0.2] with a 0.02 step. The graph
highlights that ¢* is 0 on the line p = ¢ = %, in agreement with
Proposition 2.

We finally investigate the impact of the risk aversion parameter y
on the ambiguity threshold ¢*. For that we plot ¢* as a function of
y ranging in [0.25,4] with a 0.25 step, for fixed ¥, = 100, r = 0.05,
u=2,d=05,and p = 0.8. Fig. 7 shows that, for values of y lower
than a threshold y;‘ = yf(e, T,p,u,d,r,V,), the ambiguity threshold ¢* is
positive and constant, while, for higher y, there is a rapid transition of
e* towards 0. The same figure shows that the higher the time horizon T,
the higher is the threshold ¢* for the same value of y. It is also possible
to notice that for y higher than a threshold y; = y; (e,T,p,u,d,r,Vy) the
ambiguity threshold ¢* collapses to 0. This facts suggest the following
interpretation:

+ when y is lower than y}, the ambiguity threshold e* to switch to a
completely risk-free investment is not influenced by risk aversion:
only ambiguity aversion plays a role;

when y ranges between ry and 5 there is an interaction between
risk aversion and ambiguity aversion that materializes with an
€* decreasing with respect to y: increasing y we switch to a
completely risk-free investment for lower values of ¢;
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£*(Vo=10,y=1,u=2,d=1/u, T=5)
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Contour lines of ¢ * interpolated surface
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Fig. 6. Threshold ¢* seen as a function of p and r, for fixed ¥, =10, y =1, u=2,d = 5, and T =5.
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Fig. 7. Threshold ¢* seen as a function of y, for fixed V;, = 100, r =0.05, u =2, d = 0.5,
and p=0..

when y is higher than yJ, the ambiguity threshold e* to switch to
a completely risk-free investment turns to 0: in this case the risk-
aversion of the investor is so high to make any level of ambiguity
not tolerable.

6. Conclusions and future works

This paper introduces the epsilon-contaminated binomial model and
investigates dynamic portfolio selection in this market. Under usual
regularity conditions on the utility function and referring to the lower
envelope of the epsilon-contamination class, the problem is formulated
as a Choquet expected utility maximization on the final wealth. With
this choice the investor is assumed to be both risk averse and ambiguity
averse.

The particular structure of the epsilon-contamination class allows
us to prove that the optimal final wealth is a function of the stock
final price. In turn, this last fact permits a reduction of the problem
dimension as the optimal value process can be represented on a re-
combining binomial tree. Under a CRRA utility function, a complete
characterization of the optimal solution is provided and this is used to
analyze the interaction between ambiguity aversion and risk aversion.

The sensitivity analysis highlights an effect of ambiguity on optimal
dynamic portfolio selection. The initial investment conditions of an
agent in our market model are expressed by the level of relative
risk aversion y, the time horizon 7, the stock evolution parameters
p,u,d, the risk-neutral interest rate r, and the initial wealth Vj,. Such
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investment conditions single out an ambiguity threshold ¢*, which
expresses the maximum tolerance to ambiguity for the agent. Such a
threshold is shown to be sensitive to y and we actually find out a region
comprised between two values 7, with 1< where there is a
great interaction between ambiguity aversion and risk aversion, since
we switch from a fixed ambiguity sensitivity to complete ambiguity
intolerance. Such analysis sheds new light on the interplay between the
two distinguished attitudes of ambiguity aversion and risk aversion. In
particular, as long as p # ¢, y <2, and T > 5, the ambiguity parameter
€ can assume even values close to 1, without switching to a completely
risk-free optimal portfolio. So, the agent is more tolerant concerning
ambiguity when he/she is not very risk-averse and has enough time to
carry out his/her investment.

As is well-known (see, e.g., Chapter 6 in Cern}'/, 2009), under a
suitable choice of parameters, the multi-period binomial market model
converges in distribution to the Black-Scholes market model, that
is based on the geometric Brownian motion. Therefore, our epsilon-
contaminated binomial market model provides a discrete-time ap-
proximation of an epsilon-contaminated Black-Scholes market model.
Hence, the analysis of the impact of ¢ in the dynamic portfolio selection
can be envisaged also in the continuous-time setting, and it will be the
aim of future research.
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Appendix. Proofs

Proof of Proposition 1. The proof goes along the line of the proof
of Proposition 1 in Antonini et al. (2020) by replacing a CRRA utility
function U,, where y > 0 and y # 1, with a general utility U satisfying
A. O

Proof of Theorem 1. Statement (i). By (11) the computation of
CEUy , [Vr] depends on a permutation ¢ such that the values of V7
are increasingly ordered, therefore problem (14) can be decomposed
in a family of optimization problems, each indexed by a permutation
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cEX
maximize | Z3L, P7(k)U(Vy (k)| subject to:
2T
2, QUVr(k) = (140 =0, A

k=1
Vr(o(i— D) = Vp(e@) <0,
Vi €RE,.

forallie Q\ {1},

We first show that every problem (A.1) has an optimal solution and
such optimal solution is unique. The subset V* of R? satisfying the
equality and inequality constraints in (A.1) is closed, and V° n Rf L F
g, since Vi = (1 + 7V, € V° nR%,. Proceeding as in the proof
of Theorem 2.12 in Pascucci and Runggaldier (2009), we have that
problem (A.1) has an optimal solution V7, and such optimal solution
is unique since the objective function in (A.1) is strictly concave (Boyd
& Vandenberghe, 2004), as U is strictly concave. In turn, problem (14)
has an optimal solution V' obtained by selecting V7 for a permutation
o where the objective function is maximum. Suppose there are two
permutations ¢, ¢’ attaining the maximum and such that V7 # Vj‘f/.
Since the set of optimal solutions of (14) is convex, this implies that,
forall @ € [0, 1], V = aV,f +(1-a)V¢ is an optimal solution of (14). So,
since the number of permutations of € is finite, we can find an «* such
that V7‘1’* solves (A.1) for a permutation ¢” but V7‘Z‘* + V"", reaching
a contradiction. This implies that problem (14) has a unique optimal
solution.

Statement (ii). Let V; be the optimal solution of problem (14),
which exists and is unique by statement (i). To show the existence of
@ it is sufficient to show that V7 is constant on the elements of the
partition {{S; =s7} : sy € Sr}.

Suppose without loss of generality that there exists s; = u"d”"s €
Sr such that for distinct i, j € {S; = sy} we have that VT*(i) < Vi)
Notice that it cannot be » = 0 nor h = T, since in those cases
{Sr = sy} reduces to a singleton. Let ¢ be a permutation of £ such
that Vile() < ... < VT"‘(G(ZT)), therefore, we have that CEUy , [V}]=

2 PUUOU (k).

Define a new random variable VI € Rer by setting
Vi), for k & {i, j},
=9 o v
TT+ T2 for k € {i,j}.

By Eq. (5), since «(i) = x(j) = h, we have that P(i) = P(j) = p"(1-p)T~"
and Q(i) = Q(j) = ¢"(1 — ¢)T~", thus it holds that

B +n" = 3 QVytk) +¢" (=" V() + V70
kefi.j}
VEi) Vi
= X QR +q" (- "2 [_T;’) N TZ(D]
ke{inj}
2T
= Y QU (k.
k=1

that is Virisa feasible solution of (14).
If o(1) # i, then P°(i) = P°(j) = (1 — e)p"(1 — p)T~", so

CEUU.p,e[V;] =
= 2 PUU) + (1= el =p" ™" [V )+ U070
KEML))
UWEG) UG
=X P"(k)U(V;f(k))+(1—e)p"(l—p)T—"z[ r@ | U T(J))]
ke{inj} 2 2
V(i V(i
< 2 P (U (V5 (k) + (1 — e)p(1 = p)" "2 [U < T + T(-/)>]
KELS) 2 2
= CEUy , . [V;7],

where the last equality follows by Eq. (8) and the fact that o(1) & {i,j}.
This implies that V' is a feasible solution different from V' with a
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value of CEUy, , . which is greater than or equal to that of V%, but since
the optimal solution is unique we get a contradiction.

If o(1) = i, we have that P°(i) = (1—e)p"(1-p)""+¢ and P°(j) =
(1—e)p"(1 — p)"=". Let I be the element of 2 such that V;**(/) takes its
minimum value. Notice that VEW) < VD < @ + @ Hence, we
have that U(V;:(1)) < U(V;**(1)) from which we get that

CEUy, [V;] = k{z }P“(k)U(VT*(k))
E{i.j
+[A=ep"1 = p" " + UV ()
+1 = ep" - pT UG
= Y PUOUWFK) + UV (@)
kélij}
+(1 = ep"1 - p" T UWE0)) + UTEG))]
= Y PPUROUWF(K) + eU(V} (D)
keli.j}
UV UWwv:(
+(1—e)p1-p'"2 ( ZT(I)) X g(m]
< Y PURUW(R) + UV ()
k&li.j}
v v
+(1-ep'1-pT"2 U< T2(1)+ T;”)]
< Z P’ (kU (V;: (k) + eU V(1))
k&li.j}
v v
+(1—ep'-pT"2 U( T2(1)+ T;”)]

= CEUy , [V;™].

Thus, also in this case we get that V;** is a feasible solution different
from V' with a value of CEU, ,, which is greater than or equal
to that of VI, but since the optimal solution is unique we get a
contradiction. []

Proof of Theorem 2. (i) < (ii). By Theorem 1 and the fact that
ext(P,.) is determined by 11’ = {x,...,7p}, for all V; € RZ,
constant on the atoms of the algebra generated by .Sy, it holds that

- ; Bh 17D
CEUU,[J,E[VT] - h=1I,r.1.1_g"+l E [U(VT)]a

where the expectations in the minimum are computed over ©. Analo-
gously to the proof of Theorem 1, for every permutation z,, problem
(18) has a unique optimal solution I7T”h. Then, the optimal solution
vy for (14) can be found by selecting a I7T”" for a permutation z,
(possibly not unique) where the objective function is maximum and
then mapping it to a function V' in ]Rf . which is constant on the atoms
of the algebra generated by .S;. This shows that problem (14) can be
solved by solving T + 1 problems (18). Thus, we easily get that (i) is
equivalent to (ii).

(i) <> (iii). In the light of previous equivalence, varying V; € R®,
and maximizing ¢ such that EP™ [UWp)l 2c, forh=1,....,T+1, we
get a solution that maximizes CEUy, , . as well, and this allows to get
equivalence between (i) and (iii)). []

Proof of Theorem 3. The proof is an adaptation of the proof of
Theorem 1 in Antonini et al. (2020) based on the dimension reduction
proved in Theorem 2. Let z# be a permutation of ©. We first show that
I7T € R?, is the optimal solution of the corresponding problem (18) if
and only if there is a subset I C ©\{1} inducing weights 17 s satisfying
(D-(iii).

Since reordering the elements of © according to a permutation z
does not change the objective and the equality constraint in (18), below
we assume that elements of I7T are ordered by z. Therefore, denote by

T+1

FWp) = Y P x(k)U, (Vp(x(k))).

k=1
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T+1
gWp) = Y Q) Vr(x(k) = (1 + 1)V =0,
k=1

the objective function and the equality constraint in (18), which are,
respectively, (strictly) concave and linear. We also have that all inequal-
ity constraints in (18) are linear, therefore, the Karush-Kuhn-Tucker
(KKT) conditions are necessary and sufficient in this case (Boyd &
Vandenberghe, 2004). Define the Lagrangian function

T+1
LWVp, dgs v dra) = FVp) = Ag(Vp) = Y, i (Vp(a(1) = Ve (a(k)),
k=2

for which it holds

oL T+1
- = P”(ﬂ(l))U;(VT(if(l))) = 4Q=(1)) — 2 Aks
WV (z(1)) =
oL _ P (DU (Vy (i) = 4, Qa(0) + 4, foralli € ©\ {1}.
oVr(z(i))

Imposing the KKT conditions, we look for I7T [S Rf > A € R, and
Ay, ..., Apyy = 0 such that W"(L(k)) =0, foral k € @ gVy) = 0,

(7

Vr(x(1)) < Vp(z(i)) and 4,V (x(1)) - Vy(x(i)) = 0, for all i € © \ {1}.
L

By ——— =0, for all k € O, we derive
oV (x(k))
1 R T+1
Vi(z(1)) = (U,’)_1 <A— <11Q(7f(1)) + Z lk>>,
P7(z(1)) k=2

Vr(x(i) = U <ﬁ (1@ - /1,.>>, forall i€ ©\{1}.
7 (7 (i

Moreover, by the complementary slackness conditions /1,~(I7T(7r(1)) -
177(7r(i))) =0, foralli € ©\ {1}, there must exist I C © \ {1} such that
4, =0, forall i € ©\(IU{1}), while, for all i € I, V(r(1)) = Vy(z(i)) = 0.

The case I = @ is trivial, thus suppose I # {J. For every i € I,
equation Vy(z(1)) — V(z(i)) = 0 holds if and only if

( )M(_J bl >A,
Pr(z(l)) - Pr(x(i)

1
=LY 4=0
P7(z(1)) ken\(i)

Choose an enumeration of I U {1} = {i,iy,...,i,} with i; = 1. Then
the above equations give rise to the homogeneous linear system Ax = 0,
whose unknown is the column vector x = [4; 4;, - Ain]T € R" and
whose coefficient matrix is A = [q|B] € R®~D%" with

Q) _ Qi) )]T

[(f’"(n(m ii"(”(iz))) ( ) (

C+D,
where C,D € R#~Dx=D) " C is a constant matrix with all entries equal

o} f’”(l(l)) and D is the diagonal matrix whose diagonal contains the
v

elements

~ ~

Q1) Qi)
Pr(z(1)) Pr(x(i)

Q) _ Qi)
Pr(x(l))  Pr(a(iy)

Q) _ Qi)
Pr(z(1)  Pr(a(i,)

q
B

1
Pr(a(iy)” " P (al,) . . .
other rows and applying the Laplace expansion to the resulting matrix

along the first row we get that
/ [P ).
j=1

and since det B # 0, we have that rank B = — | and the system admits
non-trivial solutions, depending on one real parameter that we identify
with 4,. Now, apply Cramer’s rule to the reduceg system By = —4,q
with unknown the column vector y = [/1[ , A € R,

For j =2,...,n, denote by B;_, the matrix obtained by substituting
the (j — 1)-th column of B with the vector —A,q. Applying the Laplace
expansion along the (j — 1)-th column of B;_; and noticing that all
minors can be transformed (by swapping rows and keeping track of
sign changes) in the sum of a constant matrix and a diagonal matrix

. Subtracting the first row of B from all

detB =det(C+D) = )’ P (n(i)))
j=1
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(possibly with a zero on the diagonal), we have

PkeUUI\(; f’”(n(k))
detB;_| = ( ) €(TU{IN\(i;}

Mecuropipi,) Prek)
.y ( Q) _ g(n(k»)
ke |\ P (1) Pr(z(k) ) T,y

detB;_;
delBA

Substituting in g(V;-) = 0 the expressions of I7T(7r(k)), for all k € O,
and A, for all i € @\ {1}, we get for 4, the expression of /1;”1, thus

A~

Q(x(1)
Pr(x(1))

Qi)
Pr(a(i}))

1
(k) PP ()

therefore, 4, = = A;["[ A
J

A; coincides with lf" . Hence, I7T € R?, is the optimal solution for the
problem (18) if and only if there exists I C © \ {1} inducing weights
A1 satisfying (i)—(ii).

For every h € O, let x;, be a permutation of © such that r,(1) = h
and denote by I7T”” the optimal solution of problem (18) for z,. By
the definition of the Choquet integral (Grabisch, 2016), problem (18)
is equivalent to maximizing CEUUN,E over optimal solutions of the
family of problems (18), indexed by all permutations of ©. In turn,
since, for every permutations r,z’ of © such that z(1) = #/(1), it
holds P* = P, such maximization can be reduced to maximizing
CEUy ,, . over optimal solutions of the family of problems (18), indexed
by permutations 7, ..., 7, of ©. This finally proves the theorem. [

Proof of Proposition 2. For fixed Uy, p,u, dy r and T, we show that
the optimal value of CEUy, , . is non-increasing with respect to ¢, seen

as a function of ¢ € [0, 1). Therefore, let 0 < ¢ < ¢’ < 1 and let V¢, V;’
be the optimal solutions of (14) obtained for e,¢’, respectively. Since
P., C Py by (12) we have that CEUUV,M[VTS] > CEUUWM/[VTS] and

el,ps
CEUUV/N[VTE'] 2 CEUy . [V;/]. Moreover, since V. attains the maxi-
mum of CEUy, ., then we have that CEUUN,G[VTS] > CEUUy,M[V;/],
so we obtain that CEUy, ,,.[Vf]> CEUy ,[Vf 1. In turn, this implies
that the maximum optimal value of CEUy ;. isreached ate =0, i.e., in
absence of ambiguity.

In the case € = 0, if p = ¢, by Theorem 3 we obtain that the optimal
solution is V.0 = (1 + )T, for which we have CEUUV,I,’O[V;?] =U,((1+
rTV,). Now, since the optimal value of CEUy, , . is non-increasing with
respect to ¢, for every ¢ € (0,1) we get that CEUUy’p,e[VTS] < U+
rTV,). Moreover, since V; = (1 + "V, € R?, and CEUy , V7] =
U, ((1+r)TV;) we get that the optimal solution must be V5 = (1+r)7V,
for all € € (0, 1). Finally, this implies that the optimal value of CEUUWM
is constantly equal to U, ((1 + M) for all e € [0,1). [
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