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Abstract.

This thesis is devoted to the study of the Random Euclidean Matching problem in the case of exponentially and
polynomially decaying densities. Such problem consists in finding the optimal matching between a sequence
of independent random variables with common probability distribution µ taking values in a domain Ω ⊆ Rd
and their reference measure. Such points are denoted by {Xi}ni=1. Here optimal refers to the cost function
determined by the power p of the Euclidean distance. More precisely, the problem is to estimate for very large
n the expectation E of the cost function determined by the p-Wasserstein distance between two measures: the
first one is the empirical measure on the points Xi and the second one is nµ. Briefly speaking, one has to match
each point Xi to a region Ωi ⊆ Ω such that µ(Ωi) = 1

n in such a way to minimize the Euclidean distance.
There are two reasons why one could be interested in studying such quantity. The first one is that it is the

semi-discrete version of a problem in which one has to match a sequence of iid points Xi to another sequence
of iid points Yj . But it creates much less technical difficulties since in our case one of the two measures is
absolutely continuous with respect to the Lebesgue measure. Furthermore, the problem is interesting in its own
right because it is related to the estimation of the averaged Wasserstein distance Wp between n points sampled
from the distribution µ (the empirical measure) and the distribution itself.

Such problem has been deeply studied in the case of variables distributed on bounded connected domains
with uniformly positive probability densities, but the results concerning the case of points distributed according
to a probability density supported in Rd were much less. There were partial results and conjectures for the
Gaussian density in the case p ≤ d and no conjectures at all for p > d. This thesis investigates that direction: we
focus on radial probability densities ρ supported in Rd with an exponential and polynomial tail. The Gaussian
density is one of these.

Our purpose is to prove asymptotic estimates for the expectation E of the cost function we described above
in the case of iid points distributed with a probability measure whose density has an exponential and polynomial
tail. The strategy of the proof is to adapt the results in the case of bounded connected domains Ω.

In the very first part, we focus on the rigorous definition of the problem and on the state of the art.
Then, we recall some basic notions and we prove the result we mostly need. In particular, since the Random

Matching problem finally turns out to be an Optimal Transport problem, in the following we focus on the
couplings between two measures, the Optimal Transport maps and the Benamou-Brenier formula, which leads
back the Wasserstein distance to a PDEs problem.

Another part is devoted to the concentration properties of binomial random variables, since, given a sequence
of iid random variables, the number of them in a fixed region is finally a binomial random variable.

Then, since one of the main difficulties in the strategy we will use is the concept of geometric decomposition of
the domain, we will need also some extra tools, which we will focus on later. Indeed the geometric decomposition
in our case is performed exploiting the symmetries of the density. In particular, to partition the space in much
smaller regions, we use the Exponential Map, that projects the tangent space to a manifold (in our case, the
sphere) on the manifold itself, and the Haar measure, i.e., the left and right-invariant measure, on the orthogonal
group. Therefore some Chapters are dedicated to this.

In the very last Chapter we prove our main result: we find a critical exponent pcric at which the rate of the
expectation of the cost function for exponentially and polynomially decaying densities changes abruptly. Such
pcric depends on the density itself and on the dimension. As we said before, the way we prove it is inspired by
the results in the case of bounded and connected domains, but, in order to adapt the proof to an unbounded
domain and to a probability density vanishing for large |x|, we need to exploit the radial symmetry of the
density. Indeed all the estimates used in the compact case fail in our setting. Our result is the following: we
determine the rate of the cost function for any p and d and, for p ≤ pcrit, we prove some more precise estimates
about the limit of the cost function divided by its rate.
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Chapter 1

Introduction.

The main topic of this thesis is the the Random Matching problem for distributions with unbounded support.
The base example is the Gaussian distribution, but we consider the general case of radial distributions that
decay exponentially and polynomially. We first define the random matching problem, then we focus both on
the case of uniform and not uniform densities on bounded and connected domains. Finally we focus on the case
of unbounded domains, and we come to the exponential and polynomial densities.

1.1 The random matching problem: the state of the art.
The random matching problem is the problem of finding the best coupling between two independent samples
of iid random variables. More precisely, the problem is stated as follows: one has two sequences of independent
random variables {Xi}ni=1 and {Yi}ni=1 with a probability distribution µ on Rd (let us denote them by variables
of type X and of type Y ), and one defines a cost function as follows. If one denotes

Sn := {permutations of {1, . . . , n}} ,

the cost function Cp,dn , with p ≥ 1, is defined as

Cp,dn := min
σ∈Sn

n∑
i=1

|Xi − Yσi |p. (1.1.0.1)

In other words, one has to match each random variable of type X with only one random variable of type Y , and
then take the sum of the power p of the distances. Of course, the previous quantity depends on the realization
of the variables X and Y , and therefore one is interested in the average of the cost function. Therefore, if E is
the expected value with respect to the law of the random variables, the quantity one investigates is

E[Cp,dn ], for n� 1.

One can reformulate the previous problem in terms of Wasserstein distance between two measures µ and ν,
which we will define rigorously in Section 2.1. Briefly speaking, such distance is the infimum of the quantities
‖x− y‖Lp(Ω×Ω,dπ) among all the possible couplings π of µ and ν.

It is possible to show (see for instance [10]) that

Cp,dn = W p
p

(
n∑
i=1

δXi ,

n∑
i=1

δYi

)
. (1.1.0.2)

Let us spend a few words about the equality in (1.1.0.2): the upper bound is immediate to prove, indeed it is
enough to notice that for any σ ∈ Sn the measure

πσ :=

n∑
i=1

δXi,Yσi ,

is a coupling of
∑n
i=1 δXi and

∑n
i=1 δYi , and then to minimize among σ ∈ Sn. The validity of the lower bound

reflects the fact that the best coupling one can find between such measures is, in fact, a one to one matching
between the points.

This problem has been studied by several authors, and we are going to focus on the state of the art starting
with the uniform case (we are going to generalize later).
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1.1.1 The uniform matching.
By this expression we mean that the problem taken into account is the case in which the points are independent
and uniformly distributed on [0, 1]d.

The scaling hypothesis. An heuristic argument in [29] explains why one would expect that, at least in the
case of iid random variables uniformly distributed on the hypercube [0, 1]d, the quantity above should have
order n1− pd , that is, for a constant C > 0 one should expect that

E[Cp,d
n,[0,1]d,dx

] ≈ n1− pd , (1.1.1.1)

where here and later ≈ means that for any n ∈ N the left hand side is bounded from above and below by the
right hand side (for some positive constants). We added to the notation of the cost the domain where the points
are distributed in (in this case [0, 1]d) and their distribution (in this case dx, the uniform measure).

The argument why one should expect the behavior in (1.1.1.1) is the following: the averaged distance between
a point of type X and the associated point of type Y should have order n−

1
d , since one has n points in a space

of measure 1 and in dimension d. Hence, taking the power p and then summing over i one gets n1− pd . In fact,
this does not happen in dimensions d = 1 and d = 2, but it holds if d ≥ 3. That is, in the case of uniform iid
random variables, the rate is the following:

E[Cp,d
n,[0,1]d,dx

] ≈ fn := n1− pd

 n
p
2 d = 1,

(log n)
p
2 d = 2,

1 d ≥ 3.

(1.1.1.2)

The case d = 1 has been deeply studied in [14] (see also [3, 4, 8]), and the scaling of the expectation of the cost
can be computed by direct inspection (the optimal matching is the monotone one in dimension 1).

We will mostly focus on dimension d ≥ 2.
As for the case d = 2, the presence of the extra logarithmic term has been proved in [3].

Figure 1.1.1.1: Optimal matching on [0, 1]2 with n = 29.

The case d ≥ 3 has been studied in [5, 16, 17].
In dimension d = 1 and d = 2 the averaged cost is much larger than expected, and this fact can be understood

as the proof that the typical distance between a point of type X and the associated point of type Y has order
n−

1
2 in dimension d = 1 (instead of n−1) and n−

1
2 (log n)

1
2 in dimension d = 2 (instead of n−

1
2 ). Briefly speaking,

this difference between the small dimensions and the higher ones is due to the variance of the number of points
in each subset of the hypercube [0, 1]d.

Let us point out that the validity of (1.1.1.2) has been proved in [25, Section 4] even in the case of iid points
on a compact Riemannian manifold such as, for instance, the d− 1-dimensional sphere.

The existence of the limit. The case p = 2 has a special role in optimal transport, hence we begin with
focusing on that.

If d = 1 the cost can be computed explicitly and on the interval one has

lim
n→∞

E[C2,1
n,[0,1],dx] =

1

6
. (1.1.1.3)

The same can be done replacing [0, 1] by T1 = R/Z and 1
6 by 1

12 (see [14]). The reason why the cost on the the
one dimensional torus is asymptotically smaller than the cost on the segment is that the segment can be closed
to get a torus, hence the distance between close points decreases.

As for the case p = d = 2, we mentioned in equation (1.1.1.2) that, if the points are independent and
uniformly distributed on [0, 1]2, then

E[C2,2
n,[0,1]2,dx] ≈ log n,

7



and later it has been conjectured in [13] that

lim
n→∞

E[C2,2
n,[0,1]2,dx]

log n
=

1

2π
, (1.1.1.4)

even if one substitutes [0, 1]2 with T2 = R2/Z2. This conjecture is based on optimal transport tools and it
has been proved but, before stating the complete result, we have to mention another problem that has been
introduced. That is, one can consider

C̃p,dn := W p
p

(
n∑
i=1

δXi , nµ

)
, (1.1.1.5)

where µ is the uniform measure on [0, 1]2. This can be done in general, that is, for any sequence of iid random
variables {Xi}∞i=1 with common distribution µ, by the law of large numbers the quantity 1

n

∑n
i=1 δXi converges

in probability to the reference measure. Hence one can substitute one of the two sums of delta functions with
n∑
i=1

δYi = n
1

n

n∑
i=1

δYi ' nµ, for n� 1.

The point of doing this is that from a technical point of view the estimate of the distance between two measures
one of whom is absolutely continuous with respect to the Lebesgue measure is easier than dealing with two
singular measures. This problem is sometimes referred as the semi-discrete matching problem, and it corresponds
to associate to each point Xi a region of [0, 1]2 (or of Ω ⊆ Rd if {Xi}∞i=1 take values in Ω), instead of another
point Yj .

The rate (in n) is exactly the same as in equation (1.1.1.2), only the constant changes. Hence, when we refer
to one or the other the estimates about the rate estimates are the same and we omit to say it.

Theorem 1.1.1 ([4, 1]). Let {Xi, Yi}∞i=1 be a sequence of iid random variables uniformly distributed on a
compact Riemannian manifold Σ with no boundary and measure 1, or on [0, 1]2. Then, if Cp,dn and C̃p,dn are the
cost functions defined respectively in (1.1.0.1) and (1.1.1.5) and m is the uniform measure on Σ, it holds

lim
n→∞

E[C2,2
n,Σ,m]

log n
=

1

2π
and lim

n→∞

E[C̃2,2
n,Σ,m]

log n
=

1

4π
. (1.1.1.6)

Concerning the previous Theorem, in [1] the authors have proved the same results as [4] with different
methods. Therefore some estimates have been improved: indeed the authors proved that∣∣∣∣E[C̃2,2

n,Σ,m]− log n

4π

∣∣∣∣ .√log n log log n,

where in the previous expression and in the following the symbol . means that the left hand side is bounded
by the right-hand side for a positive constant. Such estimate has been further improved in [21], as follows:∣∣∣∣E[C̃2,2

n,Σ,m]− log n

4π

∣∣∣∣ . log log n.

Moreover, for different exponents p ≥ 1 and dimensions d ≥ 3 there are results which exploit subadditivity
arguments and state that the limit of the expectation of the cost function in the uniform case divided by the
correct rate does exist (see [16, 9, 5, 23]), but, up to now, it is not known its value.

We shall denote by cpd and c̃
p
d the limits of the expectations of the cost divided by the correct rate respectively

for the bipartite matching and for semi-discrete one, that is

cpd := lim
n→∞

E[Cp,dn ]

fn
and c̃pd := lim

n→∞

E[C̃p,dn ]

fn
, (1.1.1.7)

with fn defined by (1.1.1.2).
Let us point out that, using this notation, thanks to (1.1.1.3), (1.1.1.4) and (1.1.1.6) one has

c21 =
1

6
, c22 =

1

2π
and c̃22 =

1

4π
.

1.1.2 The not-uniform case.
Another case has been later considered, that is the case in which the random variables are iid on Ω ⊆ Rd with a
probability distribution dµ = ρdx absolutely continuous with respect to the Lebesgue measure. We begin with
the case p = d = 2, which is the only one in which the limiting constant is explicit.
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The case p = d = 2. It has been proved that if the points of type X and Y are iid distributed in a bounded
and connected domain Ω ⊆ R2 with Lipschitz boundary and according to a probability measure dµ = ρdx, with
ρ α-Hölder and uniformly bounded from above and below by strictly positive constants, then the expectation
of the cost function is asymptotically the same as the uniform case except for a correction constant due to the
volume of the domain. That is, the following result holds.

Theorem 1.1.2 ([7, 2]). Let {Xi, Yi}∞i=1 be a sequence of iid random variables on Ω ⊆ R2 with probability
distribution dµ = ρdx, where Ω is a bounded and connected domain with Lipschitz boundary and ρ is α-Hölder
and such that 1

C ≤ ρ ≤ C, for C > 0. Then

E[C2,2
n,Ω,µ]

log n
−−−−→
n→∞

|Ω|
2π

, and
E[C̃2,2

n,Ω,µ]

log n
−−−−→
n→∞

|Ω|
4π

. (1.1.2.1)

Let us spend a few words about this result. The idea used by the authors is the following (we use the case
of bipartite matching but the idea is the same): if one decomposes Ω in a disjoint union of squares {Qj}j (in
fact, one has to use a Whitney partition), denoting by σ ∈ Sn the optimal assignment, one has

E[C2,2
n,Ω,µ] = E

[
n∑
i=1

|Xi − Yσi |2
]
'
∑
j

E

 ∑
i:Xi,Yσi∈Qj

|Xi − Yσi |2
 , (1.1.2.2)

where in the approximation one pretends that the contribution of the points matched with other points outside
the same square is negligible.

Here and later the symbol ' is used to mean that the left hand side divided by the right hand side is
asymptotic to 1 for large n.

If one chooses the squares small enough to transport the points distribution µ|Qj into the uniform one (and
this can be done if ρ is regular enough), in the right hand side of the expression above one finds the cost of the
bipartite matching of iid random variables uniformly distributed on Qj , which is a square of side Lj . Hence, if

Qj = qj + [0, Lj ]
2,

one has

|Xi − Yσi |2 = L2
j

∣∣∣∣Xi − qj
Lj

− Yσi − qj
Lj

∣∣∣∣2 = |Qj ||X̃i − Ỹσi |2, (1.1.2.3)

where the points X̃ and Ỹ are iid and (almost) uniformly distributed on [0, 1]2 if X and Y are (almost) uniformly
distributed on Qj .

The number of points of type X and Y in Qj is a random variable too (let us denote by n(Qj) the number
of points of type X in Qj) and its expectation is

E[n(Qj)] = nµ(Qj) = n

∫
Qj

dxρ(x). (1.1.2.4)

Hence, combining (1.1.2.3) and (1.1.2.4), one can approximate

E

 ∑
i:Xi,Yσi∈Qj

|Xi − Yσi |2
 ' |Qj |E [C2,2

n(Qj),[0,1]2,dx

]
' |Qj |E

[
1

2π
log(n(Qj))

]
' |Qj |

2π
log(nµ(Qj)), (1.1.2.5)

in such a way to get by (1.1.2.2)

E[C2,2
n,Ω,µ] '

∑
j

|Qj |
2π

log(nµ(Qj)) =
∑
j

|Qj |
2π

log n+
∑
j

|Qj |
2π

log(µ(Qj)) =
|Ω|
2π

log n+ C(Ω),

where C(Ω) is a constant depending on Ω and on µ. This estimate is the reason why, up to some approximations,
one should expect the behavior in (1.1.2.1).

The case d ≥ 3 and p ≥ 1. The same argument has been used to prove an analogue estimate for d ≥ 3 and
any exponent p ≥ 1, where one has the following result.

Theorem 1.1.3 ([5, 24]). Let {Xi, Yi}∞i=1 be iid random variables distributed on Ω ⊆ Rd (d ≥ 3) with probability
distribution dµ = ρdx, where Ω is a bounded and connected domain with Lipschitz boundary and ρ is α-Hölder
and such that 1

C ≤ ρ ≤ C, for C > 0. Then, for any p ≥ 1, it holds

lim sup
n→∞

E[Cp,dn,Ω,µ]

n1− pd
≤ cpd

∫
Ω

ρ1− pd and lim sup
n→∞

E[C̃p,dn,Ω,µ]

n1− pd
≤ c̃pd

∫
Ω

ρ1− pd , (1.1.2.6)

with cpd and c̃pd in (1.1.1.7).
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The argument is the same as before: as in (1.1.2.2), one gets

E[Cp,dn,Ω,µ] '
∑
j

E

 ∑
i:Xi,Yσi∈Qj

|Xi − Yσi |p
 , (1.1.2.7)

and assuming again that
Qj = qj + [0, Lj ]

d,

as in (1.1.2.3) one has

|Xi − Yσi |p = Lpj

∣∣∣∣Xi − qj
Lj

− Yσi − qj
Lj

∣∣∣∣p = |Qj |
p
d |X̃i − Ỹσi |p, (1.1.2.8)

where the points X̃ and Ỹ are iid and (almost) uniformly distributed on [0, 1]d if X and Y are (almost) uniformly
distributed on Qj (if the size of Qj is small enough). Hence, combining (1.1.2.8) with (1.1.2.7), one gets

E[Cp,dn,Ω,µ] '
∑
j

E

 ∑
i:Xi,Yσi∈Qj

|Xi − Yσi |p
 =

∑
j

|Qj |
p
dE
[
Cp,d
n(Qj),[0,1]d,dx

]
'
∑
j

|Qj |
p
dE[cpdn(Qj)

1− pd ]

' cpd
∑
j

|Qj |
p
d (nµ(Qj))

1− pd = cpdn
1− pd

∑
j

|Qj |
(
µ(Qj)

|Qj |

)1− pd
' cpdn

1− pd
∫

Ω

dxρ(x)1− pd , (1.1.2.9)

and this explains why one should expect (1.1.2.6).
Let us point out that this argument can be made rigorous for the upper bound, thanks to the property of

subadditivity of the Wasserstein distance (see (2.1.0.2)). We now explain how does it work at least in the case
of the semi-discrete matching, since the bipartite one is very similar but a little bit more technical. If {Qj}j is
the decomposition of Ω in hypercubes, by triangle inequality one gets

E[Cp,dn,Ω,µ] = E

[
W p
p

(
n∑
i=1

δXi , nµ

)]
≤ E

Wp

 n∑
i=1

δXi ,
∑
j

n(Qj)

µ(Qj)
µ1Qj

+Wp

∑
j

n(Qj)

µ(Qj)
µ1Qj , nµ

p
≤ (1 + η)E

W p
p

 n∑
i=1

δXi ,
∑
j

n(Qj)

µ(Qj)
µ1Qj

+
c

ηp−1
E

W p
p

∑
j

n(Qj)

µ(Qj)
µ1Qj , nµ

 . (1.1.2.10)

In the previous expression, η is finally to be sent to 0.
As we said before, the first summand in (1.1.2.10) has been estimated by the authors thanks to the subad-

ditivity of the Wasserstein distance, indeed both the measures involved in it can be written as the sum over j
of measures concentrated on Qj (and with the same mass on Qj , that is, n(Qj)), as follows:

E

W p
p

 n∑
i=1

δXi ,
∑
j

n(Qj)

µ(Qj)
µ1Qj

 ≤∑
j

E

W p
p

 ∑
i:Xi∈Qj

δXi ,
n(Qj)

µ(Qj)
µ1Qj

 .
Such term is usually referred to as local term and, up to choosing the squares Qj small enough, we can
approximate each term in the previous sum with the analogue quantity for uniformly distributed variables on
Qj . This produces the pre-factor

∫
Ω
ρ1− pd and the logarithmic correction in dimension d = 2. Briefly speaking,

this is the rigorous way to get (1.1.2.5) and (1.1.2.9).
The second summand in (1.1.2.10) is a little bit more difficult to estimate, and usually one has to prove that

it is much smaller than the first one. That one is the so called global term.
For the lower bound the authors have used a boundary version of the Wasserstein distance, that is, the

quantity defined in Subsection 2.1.1. The power p of such distance is superadditive, hence it works well for the
lower bound, and by using that one gets the boundary matching problem.

The boundary matching problem.

This problem has been introduced by [5, 2] to prove a lower bound similar to (1.1.2.6). The point is estimating,
for large n, the following boundary cost functions

Cbp,dn,Ω,µ := Wbpp

(
n∑
i=1

δXi ,

n∑
i=1

δYi

)
and C̃bp,dn,Ω,µ := Wbpp

(
n∑
i=1

δXi , nµ

)
, (1.1.2.11)
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where {Xi, Yi}∞i=1 are iid random variables on Ω with probability distribution dµ = ρdx with the same properties
as before. The difference from the previous cost functions is that in this case one considers the boundary
Wasserstein distance Wb (see Subsection 2.1.1) instead of the ordinary one. Roughly speaking, one can add
points on ∂Ω (not independent on X and Y ) to build the optimal matching between the random variables.

Of course, this produces two limiting constants as in (1.1.1.7), a priori different from those ones. That is, in
the case of {Xi, Yi}∞i=1 iid random variables uniformly distributed on [0, 1]d, one gets two other constants cbpd
and c̃bpd, defined as

cbpd := lim
n→∞

E[Cbp,d
n,[0,1]d,dx

]

fn
and c̃bpd := lim

n→∞

E[C̃bp,d
n,[0,1]d,dx

]

fn
(1.1.2.12)

where the existence of such limits for d ≥ 3 has been proved in [23, 2] using the superadditivity of the boundary
Wasserstein distance (see Lemma 2.1.1 in Subsection 2.1.1).

Abusing a little bit with the notation, for any p and d, hereafter we will denote

c̃bpd := lim inf
n→∞

E[Cbp,d
n,[0,1]d,dx

]

fn
and c̃pd := lim sup

n→∞

E[C̃p,d
n,[0,1]d,dx

]

fn
, (1.1.2.13)

where the only case in which it is not sure that the previous lim sup and lim inf coincide with the limit of the
respective quantities is the case d = 2, p 6= 2.

As for the not-uniform case, the following result holds.

Theorem 1.1.4 ([5, 24]). Let {Xi, Yi}∞i=1 be iid random variables on Ω ⊆ Rd(d ≥ 3) with distribution dµ = ρdx,
where Ω is a bounded and connected domain with Lipschitz boundary and ρ is an α-Hölder probability density
such that 1

C ≤ ρ ≤ C, for C > 0. Then for any p ≥ 1 the cost of the boundary matching in (1.1.2.11) verifies

lim inf
n→∞

E[Cbp,dn,Ω,µ]

n1− pd
≥ cbpd

∫
Ω

ρ1− pd and lim inf
n→∞

E[C̃bp,dn,Ω,µ]

n1− pd
≥ c̃bpd

∫
Ω

ρ1− pd , (1.1.2.14)

with cbpd and c̃bpd the constants defined in (1.1.2.12).

Notice that comparing (1.1.2.14) and (1.1.2.6), one could be able to prove that the lim sup and the lim inf
are actually limits and do coincide if

cpd = cbpd and c̃pd = c̃bpd. (1.1.2.15)

Of course, since Wb ≤W (see Subsection 2.1.1) it holds

cbpd ≤ c
p
d and c̃bpd ≤ c

p
d,

and moreover, (1.1.2.15) holds for both the constants c and c̃ ([2]) for p = d = 2, and in general for p = 2 and
any d ≥ 3 in the case of the semidiscrete matching (see [22]), that is

c̃2d = c̃bpd, ∀d ≥ 3.

The pre-factor
∫

Ω
ρ1− pd in (1.1.2.14) is obtained as in Theorems 1.1.2 and 1.1.3. The difference is that since the

boundary Wasserstein distance can be computed between measures with different masses, one does not have to
pass through the global term as in the upper bound. Indeed, by superadditivity on disjoint sets (see Lemma
2.1.1), if {Qj}j is the decomposition in disjoint hypercubes of Ω, one has

Wbpp

(
n∑
i=1

δXi , nµ

)
≥
∑
j

Wbpp

 ∑
i:Xi∈Qj

δXi , nµ1Qj

 .

Taking the expectation of such quantities, one can argue as for the local term in the upper bound.
Summarizing the results mentioned in Theorems 1.1.2, 1.1.3 and 1.1.4 one gets the following result.

Theorem 1.1.5. Let {Xi, Yi}∞i=1 be iid random variables on Ω ⊆ Rd with distribution dµ = ρdx, where Ω is
a bounded and connected domain with Lipschitz boundary and ρ is an α-Hölder probability density such that
1
C ≤ ρ ≤ C, for C > 0. Then for any p ≥ 1 and d ≥ 2 it holds

lim sup
n→∞

E[Cp,dn,Ω,µ]

n1− pd (χd≥3 + (log n)
p
2χd=2)

≤ cpd
∫

Ω

ρ1− pd , lim sup
n→∞

E[C̃p,dn,Ω,µ]

n1− pd (χd≥3 + (log n)
p
2χd=2)

≤ c̃pd
∫

Ω

ρ1− pd ,

(1.1.2.16)
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and

lim inf
n→∞

E[Cbp,dn,Ω,µ]

n1− pd (χd≥3 + (log n)
p
2χd=2)

≥ cbpd
∫

Ω

ρ1− pd , lim inf
n→∞

E[C̃bp,dn,Ω,µ]

n1− pd (χd≥3 + (log n)
p
2χd=2)

≥ c̃bpd
∫

Ω

ρ1− pd .

(1.1.2.17)

The proof of the previous result in the case p = 2, d 6= 2 in completely analogue to the proof of the result in
the other cases, but it has been rigorously stated in [11].

1.1.3 The Gaussian matching.
A natural question is what happens in the case in which the points X and Y are distributed in an unbounded
domain Ω ⊂ Rd, that is, if the scaling and/or the constant change.

A classical example is the case in which the distribution of the points in Rd is dµ = ρdx, with

ρ(x) =
e−
|x|2

2

(2π)
d
2

,

and in this case the state of the art is the following.

Theorem 1.1.6. Let {Xi, Yi}∞i=1 be a sequence of iid random variables distributed in Rd according to the
gaussian probability measure µ. Then

• in dimension d = 1 and with exponent p = 2 (see [8]) it holds

E[C̃2,1
n,R,µ] ≈ log log n,

• in dimension d = 2 and with exponent p = 2 (see [25, 32, 26]) it holds

E[C2,2
n,R2,µ] ≈ (log n)2,

• in dimension d ≥ 3 and for any 1 ≤ p < d (see [27]) it holds

E[C̃p,d
n,Rd,µ] ≈ n1− pd .

Let us spend a few words about the previous theorem. As for the dimension d = 1, the result in [8] extends
to the cost C2,1 (the bipartite case) and holds for general log-concave distributions (i.e., for distributions whose
density is the exponential of a strictly concave function).

As for the dimension d = 2, the rate (log n)2 instead of log n is due to the fact that the most of the n points
of type X and Y are contained in the disk of radius

√
2 log n, and therefore, if one pretends that in (1.1.2.1)

one can substitute Ω = B√2 logn, one gets

E[Cp,dn,R2,µ] ' |Ω|
2π

log n = (log n)2.

Of course, such an estimate is not precise since one can not approximate the gaussian density on B√2 logn with
a density bounded from below from a positive constant, as required for the validity of (1.1.2.1). Nevertheless,
that is the reason why one gets such a rate.

As for d ≥ 3, recall that in the case of bounded and connected domain, for 1 ≤ p < d by (1.1.2.6) and
(1.1.2.14) one has the estimate

E[Cp,dn,Ω,µ] ' cpdn
1− pd

∫
Ω

ρ1− pd , (1.1.3.1)

where the constant cpd depends on wherever one is considering the upper or the lower bound. However, since for
1 ≤ p < d the (1− p

d )th power of the gaussian density is integrable, if one substitutes in the previous expression
in (1.1.3.1) Ω =

√
2 log n, such a constant does not generate an extra term in the scaling rate.

Finally, let us stress that for p = d in [32] it was conjectured that

E[Cp,d
n,Rd,µ] ≈ (log n)

d
2 ,

and this complies with the estimate in (1.1.3.1) since, if one substitutes Ω =
√

2 log n in the case p = d, one
gets exactly the measure of the ball of radius

√
2 log n, which increases with n as (log n)

d
2 .
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1.2 The exponential and polynomial matching.
The purpose of this thesis is to complete the classification of the behavior of the cost function in the gaussian
case in Theorem 1.1.6, to study whenever one can get some estimates similar to (1.1.2.6) and (1.1.2.14), and to
extend those results to the case of polynomially decaying densities.

The results we are showing have been proved in [12, 11].
Here we state the main result and we explain the strategy we use to prove it. We are considering the

following class of densities:

ρ(x) = cd
e−
|x|q
q

1 + |x|γ
, with

{
γ ∈ R, q > 0,
γ > d+ 1, q = 0.

(1.2.0.1)

with cd the normalizing constant. By q = 0 we mean the case in which there is only the polynomial part (and
the exponential one disappears).

The cost function changes it behavior for large n when p reaches the following critical threshold:

pcrit :=

{
d, q > 0,

p∗ := d(γ−d)
γ , q = 0,

(1.2.0.2)

Notice that pcrit is the critical threshold for p such that the integral in (1.1.3.1) is not finite.
For fn as in (1.1.1.2), the cost function E[Cp,d

n,Rd,ρdx] (respectively E[Cbp,d
n,Rd,ρdx]) is bounded from above

(respectively from below) by the following rate (for some positive constants):

τp,dn :=


fn, 1 ≤ p < d

(log n)1+ 2
q , p = d = 2

(log n)
d
q , p = d ≥ 3

(log n)d−1−p(1− 1
q ), p > d

for q > 0, τp,dn :=


fn, 1 ≤ p < p∗

(log n)2− 2
γ n

2
γ , p = p∗, d = 2

log nn
d
γ , p = p∗, d ≥ 3

n
p

γ−d , p > p∗

for q = 0, .

(1.2.0.3)

Moreover, if p ≤ pcrit, we can estimate the limiting constants by multiplying cpd and c̃pd by the following positive
constants

ζpd :=


∫
Rd ρ

1− pd , 1 ≤ p < d,∫
B q√q

(
1− |x|

q

q

)
, p = d = 2,

|B q
√
q|, p = d ≥ 3,

for q > 0, (1.2.0.4)

ζpd :=



∫
Rd ρ

1− pd , 1 ≤ p < p∗,

(γ − 2)−1 limR→∞

∫
BR\B1

ρ
2
γ [log(R/|x|)]1−

2
γ

(logR)
2− 2

γ
, p = d = 2,

(γ − d)−1 limR→∞

∫
BR

ρ
d
γ

logR , p = p∗ ≥ 3,

for q = 0.

Therefore the results we shall prove are the following, stated separating the upper and the lower bound.

Theorem 1.2.1 ([12, 11], Upper bound). Let {Xi}∞i=1 be a sequence of iid random variables distributed in Rd
with probability distribution dµ = ρdx, with ρ in (1.2.0.1). Then, for pcrit defined in (1.2.0.2), τp,dn defined in
(1.2.0.3) and ζpd defined in (1.2.0.4), it holds

lim sup
n→∞

E[C̃p,d
n,Rd,µ]

τp,dn
≤ c̃pdζ

p
d , ∀p ∈ [1, pcrit],

E[C̃p,d
n,Rd,µ] ≤ Cτp,dn , ∀p > pcrit,

where the second inequality holds for a positive constant C > 0.

Theorem 1.2.2 ([12, 11], Lower bound). Let {Xi}∞i=1 be a sequence of iid random variables distributed in Rd
with probability distribution dµ = ρdx, with ρ in (1.2.0.1). Then, for pcrit defined in (1.2.0.2), τp,dn defined in
(1.2.0.3) and ζpd defined in (1.2.0.4), it holds

lim inf
n→∞

E[C̃bp,d
n,Rd,µ]

τp,dn
≥ c̃bpdζ

p
d , ∀p ∈ [1, pcrit],

E[C̃bp,d
n,Rd,µ] ≥ Cτp,dn , ∀p > pcrit,

where the second inequality holds for a positive constant C > 0.
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To explain the results, let us denote, for this moment, by Sn the radius

Sn =

{
q
√
q log n, q > 0,

n
1

γ−d , q = 0.
(1.2.0.5)

We begin with the case d ≥ 3: by (1.1.2.6) and (1.1.2.14), in the case of uniformly positive densities on bounded
connected domains, one has

E[C̃p,dn,Ω,µ] ' c̃pdn
1− pd

∫
Ω

ρ1− pd = c̃pdn
1− pd

∫
BSn

ρ1− pd , (1.2.0.6)

where the constant depends again on whenever one considers the lower bound or the upper bound.
The reason why one should substitute Ω = BSn , with Sn in (1.2.0.5), is explained in Section 6.1, but, briefly

speaking, the idea is that the most of the points are constrained in such ball (or disk).
However, by (1.2.0.6) it is clear that if ρ1− pd is integrable, nothing should change (and, in fact, nothing

changes), while the critical threshold p = pcrit in (1.2.0.2) corresponds to the infimum of the exponents p such
that ρ1− pd is not integrable. The idea behind the case p > pcrit is the same but it is a little bit more delicate
since, while for p ≤ pcrit there is a small degree of freedom in how to choose Sn, for p > pcrit there is not (see
Section 6.1 for more details). Hence if one uses (1.2.0.6) to estimate the cost for large n the technique does not
work for Sn in (1.2.0.5). Moreover, for p > pcrit, in the estimate there are a lot of not negligible contributions
which do not appear for p ≤ pcrit, and this is the reason why we do not get precise estimates on the constant.

1.3 Structure of the thesis.
The structure of the thesis is the following.

In Chapter 2 we recall some Optimal Transport notions and other related properties. In particular, in
Section 2.1 we define the marginals of a measure on a product space, the notion of coupling of two measures,
the Wasserstein distance (Definition 2.1.2) and its subadditivity. Then, in Subsection 2.1.1 we focus on the
boundary Wasserstein distance, which is instead superadditive (Lemma 2.1.1), and we spend some words about
the way it is related to the classical one. In Section 2.2 we then define the transport maps, the push-forward
of a measure and we recall its properties: the density of a pushforwarded measure, the push-forward of a
push-forward, the way it changes the (classical and boundary) Wasserstein distance between two measures
(Lemmas 2.2.2 and 2.2.3) and the necessary conditions to get a measure as the push-forward on another one
in an hypercube (Lemma 2.2.6). We finally focus on the Benamou-Brenier formula (Section 2.3) and on some
properties of the decomposition of measures (Section 2.4).

In Chapter 3 we recall some concentration properties of the Binomial random variables: in particular, we
need an estimate on the centered moments of binomial Random variables (Lemma 3.1.1) and the Chernoff
bound (Proposition 3.1.1).

In Chapter 4 we focus on the exponential map. Indeed, since the decomposition we use exploits the radial
symmetry of the density we are considering, to transport each subset into a cube we take advantage on the
exponential map, which projects the tangent space to a manifold on the manifold itself. The case we are
interest in is the d − 1-dimensional sphere. We start with the definitions of geodesics and geodesic distance
between points (Section 4.1), and then we focus on some properties about the first and second derivatives of
the exponential map (Section 4.2).

In Chapter 5 we recall some notions of Measure Theory: in Section 5.1 we recall the definition of the
Hausdorff measure, while in Section 5.2 we briefly recall some properties of the Haar measure on O(d), which
we need later for some technical reasons in Chapter 6.

In Chapter 6 we prove the main result following the scheme we mentioned in the Introduction. To do that,
we first focus on the exact domain we have to consider to approximate the cost as we mentioned before, that is,
a ball with a radius increasing with n, and we estimate the error in substituting the distribution ρ with another
one supported in such ball (Section 6.1). Then, in Section 6.2, we explain how the decomposition in hypercubes
is to be made both in the upper bound, where the regions are not properly hypercubes (see Subsection 6.2.1)
and where one has to estimate the global term as in (1.1.2.10), and in the lower bound (Subsection 6.2.3). Then
we focus on the local term and we approximate the cost of the matching in each subset of the decomposition
with the cost of the matching for uniformly iid random variables (see Section 6.3). Finally, we prove Theorems
1.2.1 and 1.2.2, respectively in Sections 6.5 and 6.6.
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Chapter 2

Some generalities about the Optimal
Transport.

In this Chapter we focus on some general facts about Optimal Transport.
First we define the Wasserstein distance between two measures.

2.1 The Wasserstein distance.
The most of the content of this Section is taken from [20, 5, 31, 33].

To define the Wasserstein distance, let us denote with M the set of positive measures on a fixed region
(M(Ω) is the set of positive Borel Radon measures on Ω). In particular, if one has a measure π ∈ M(Ω× Ω),
with Ω ⊆ Rd, its marginals Γ1

]π and Γ2
]π are the two measures on Ω satisfying∫

Ω

dΓ1
]π(x)f(x) =

∫
Ω×Ω

dπ(x, y)f(x), and
∫

Ω

dΓ2
]π(y)f(y) =

∫
Ω×Ω

dπ(x, y)f(y), (2.1.0.1)

for any bounded continuous function f : Ω → R. Using the marginals, we get the notion of coupling of two
measures with the same mass, as follows.

Definition 2.1.1 ([31], Problem 1.2). Let Ω ⊆ Rd be a Borel space and µ, ν ∈M(Ω) be two measures such that
µ(Ω) = ν(Ω). The set of couplings of µ and ν is

Γ(µ, ν) :=
{
π ∈M(Ω× Ω) : Γ1

]π = µ,Γ2
]π = ν

}
,

where the marginals Γ1
]π and Γ2

]π of π are defined in (2.1.0.1).

The condition of having the same mass is sufficient and necessary for the existence of a coupling, indeed by
substituting f = 1 in (2.1.0.1) one gets

π(Ω× Ω) = Γ1
]µ(Ω) = Γ2

]ν(Ω),

hence there does not exist a coupling between two measures with different masses.
On the contrary, the set of possible couplings between two measures with the same mass is for sure a non

void set, indeed one can always find the product coupling (which is the worst one for our purposes), that is,

1

µ(Ω)
µ⊗ ν ∈ Γ(µ, ν).

If the two measures coincide the most natural coupling is

dπ(x, y) = dµ(x)δ(y − x),

that is, the coupling π such that for any bounded and continuous function f : Ω× Ω→ R∫
Ω×Ω

dπ(x, y)f(x, y) =

∫
Ω

dµ(x)f(x, x).

Now we can define the Wasserstein distance between two measures with the same mass.
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Definition 2.1.2 ([31], Problem 1.2). Let Ω ⊆ Rd, and let µ and ν be two positive measures on Ω and p ≥ 1.
The Wasserstein distance of order p between µ and ν is

Wp(µ, ν) := inf

{(∫
Ω×Ω

dπ(x, y)|x− y|p
) 1
p

: π ∈ Γ(µ, ν)

}
.

It is possible to prove (see for example [31, Proposition 5.1]) that the Wasserstein distance has the three
properties of a distance (strictly positive unless the two measures coincide, symmetric and satisfying the triangle
inequality), and also that under particular conditions the infimum is achieved.

Before that, we state the following properties of the Wasserstein distance.

The subadditivity. A crucial property of the Wasserstein distance is the subadditivity. For further details,
see [33, Theorem 4.8], where it is also referred as convexity.

The property is the following: if Ω ⊆ Rd and (E, E , λ) is a measure space such that, for any z ∈ E, µz and
νz are measures on Ω with the same mass, one has

W p
p

(∫
E

dλ(z)µz,

∫
E

dλ(z)νz

)
≤
∫
E

dλ(z)W p
p (µz, νz). (2.1.0.2)

The proof of that is immediate: if, for any z ∈ E, one chooses a coupling πz of µz and νz, the measure∫
E

dλ(z)πz,

is a coupling of
∫
E
dλ(z)µz and

∫
E
dλ(z)νz, and therefore

W p
p

(∫
E

dλ(z)µz,

∫
E

dλ(z)νz

)
≤
∫
E

dλ(z)

∫
Ω×Ω

dπz(x, y)|x− y|p,

and (2.1.0.2) follows from a measurable selection of the optimal couplings πz ∈ Γ(µz, νz).
Notice that if one chooses E = N and λ is the counting measure, one gets

W p
p

( ∞∑
i=0

µi,

∞∑
i=0

νi

)
≤
∞∑
i=0

W p
p (µi, νi),

and notice also that the previous result (2.1.0.2) does not require the measures to be concentrated on disjoint
domains.

The homogeneity. The homogeneity property is the following: if µ and ν are two positive measures with
the same mass on a metric space Ω and α a positive constant, then

W p
p (αµ, αν) = αW p

p (µ, ν). (2.1.0.3)

this is a consequence of the fact that, π is a coupling of µ and ν if and only if απ is a coupling of αµ and αν.

The monotonicity. We now briefly focus on the monotonicity with respect to p: if µ and ν are two positive
measures on a metric space Ω such that µ(Ω) = ν(Ω) = 1, then, for any 1 ≤ p ≤ q ≤ ∞, it holds

Wp(µ, ν) ≤Wq(µ, ν). (2.1.0.4)

This is a consequence of the fact that, for any π coupling of µ and ν, one has π(Ω × Ω) = µ(Ω) = ν(Ω) = 1,
and therefore, by Young inequality,

Wp(µ, ν) ≤
(∫

Ω×Ω

dπ(x, y)|x− y|p
) 1
p

≤
(∫

Ω×Ω

dπ(x, y)|x− y|q
) 1
q

,

and by taking the infimum of the right-hand side with respect to π we get (2.1.0.4)
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2.1.1 The boundary Wasserstein distance.
In this subsection we focus on a variant of the Wasserstein distance, that is, the boundary Wasserstein distance,
introduced in [20] and also in [5]. The point of doing that is that while the Wasserstein distance has the
subadditivity property (2.1.0.2), which is very useful in the proof of the upper bounds one needs, the lower
bound is very similar but one needs a version of the distance satisfying a superadditivity inequality. In other
words, one defines a new set of couplings between two measures µ and ν on an open domain Ω ⊆ Rd, as follows.

Definition 2.1.3 ([20], Problem 1.1). Let Ω ⊆ Rd an open domain and let µ and ν be two positive measures
on Ω. The boundary couplings of µ and ν are the elements of

Γb(µ, ν) :=
{
π ∈M(Ω̄× Ω̄) : Γ1

]µ|Ω = µ,Γ2
]ν|Ω = ν

}
.

One can use this definition to introduce the boundary Wasserstein distance (and this is what we shall do),
but before that let us focus a moment on the previous definition.

First notice that, while µ and ν are concentrated on Ω, π is concentrated on Ω̄ × Ω̄ and its marginals
(concentrated on Ω̄) are forced to coincide with µ and ν only on Ω. This is the reason why one does not have to
ask for µ and ν to have the same mass, since the mass defect can be rearranged on the boundary. In other words,
Γb(µ, ν) is always a non void set: for instance, if µ(Ω) > ν(Ω), one can fix x̄ ∈ ∂Ω and it is straightforward to
verify that

1

µ(Ω)
µ⊗ (ν + (µ(Ω)− ν(Ω))δx̄) ∈ Γb(µ, ν).

Moreover, one can notice that if the two measures have the same mass, then

Γ(µ, ν) ⊆ Γb(µ, ν), (2.1.1.1)

since any coupling of µ and ν can be extended to a boundary coupling by not giving weight to the points of
Ω × ∂Ω, ∂Ω × Ω and ∂Ω × ∂Ω. Hence, in case the two measures have the same mass, the boundary couplings
are much more than the ordinary couplings.

Now we can focus on the definition of the boundary Wasserstein distance.

Definition 2.1.4 ([20], Problem 1.1). Let Ω ⊆ Rd an open domain and let µ and ν be two positive measures
on Ω. The boundary Wasserstein distance between µ and ν is

Wbp(µ, ν) := inf

{(∫
Ω̄×Ω̄

dπ(x, y)|x− y|p
) 1
p

: π ∈ Γb(µ, ν)

}
.

First notice that, thanks to property (2.1.1.1), one can immediately state that if µ and ν have the same
mass on a bounded domain Ω, then

Wbp(µ, ν) ≤Wp(µ, ν), (2.1.1.2)

because in this case the infimum is taken on a larger set (see [20, Remark 2.10]).

The superadditivity. Contrary to the classical Wasserstein distance, the boundary Wasserstein distance has
the following superadditivity property.

Lemma 2.1.1 ([2], equation (2.8): superadditivity of Wbpp). Let Ω ⊆ Rd be an open domain, and let {Ωk}k∈N
be a sequence of open and pairwise disjoints subsets of Ω. Then, for any couple of measures µ and ν on Ω, it
holds

Wbpp(µ, ν) ≥
∑
k∈N

Wbpp(µ|Ωk , ν|Ω).

Before proving the Lemma, let us notice that the statement does not require that

Ω =
⋃
k

Ωk,

but only that ⋃
k

Ωk ⊆ Ω.
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Proof. The proof of this fact is a little bit technical, but the idea is quite simple: given a boundary coupling
π of µ and ν, one has to find a sequence of boundary couplings {πk}k of µ|Ωk and ν|Ωk through some specific
elements of ∂(∪kΩk) ∩ x̄y, with x̄y being the segment connecting x to y. Such {πk}k∈N have to satisfy∫

Ω̄×Ω̄

dπ(x, y)|x− y|p ≥
∑
k∈N

∫
Ω̄k×Ω̄k

dπk(x, y)|x− y|p, (2.1.1.3)

in such a way to have ∫
Ω̄×Ω̄

dπ(x, y)|x− y|p ≥
∑
k∈N

Wbpp(µ|Ωk , ν|Ωk),

and the thesis will follow optimizing over π.
To do that, let us fix π ∈ Γb(µ, ν) any boundary coupling of µ and ν. We then have to decompose Ω̄ in a

disjoint union of subsets, that is

Ω̄ =
⋃
k

Ωk ∪

(
Ω̄ \

⋃
k

Ωk

)
,

from which one has ∫
Ω̄×Ω̄

dπ(x, y)|x− y|p ≥
∫
⋃
k Ωk×

⋃
j Ωj

dπ(x, y)|x− y|p (2.1.1.4)

+

∫
⋃
k Ωk×(Ω̄\

⋃
j Ωj)

dπ(x, y)|x− y|p (2.1.1.5)

+

∫
(Ω̄\

⋃
j Ωj)×

⋃
k Ωk

dπ(x, y)|x− y|p (2.1.1.6)

+

∫
(Ω̄\

⋃
k Ωk)×(Ω̄\

⋃
j Ωj)

dπ(x, y)|x− y|p, (2.1.1.7)

and we shall estimate from below the four terms in (2.1.1.4), (2.1.1.5), (2.1.1.6) and (2.1.1.7). To estimate
(2.1.1.4), for any k ∈ N we define the following function

Fk : Ωk × (Rd) \ Ωk → ∂Ωk, (x, y) 7→ (1− tk(x, y))x+ tk(x, y)y,

where tk is the first time a point exits from Ωk following the direction x→ y, that is

tk : Ωk × (Rd) \ Ωk → ∂Ωk, (x, y) 7→ inf{t ∈ [0, 1] : (1− t)x+ ty /∈ Ωk}.

Now notice that if x ∈ Ωk and y ∈ Ωj with k 6= j, we have

tk(x, y) + tj(y, x) ≤ 1,

otherwise, by definition, one would have

inf{t : (1− t)x+ ty /∈ Ωk} > sup{t : (1− t)x+ ty /∈ Ωj} ⇒ ∃t ∈ (0, 1) such that (1− t)x+ ty ∈ Ωk ∩ Ωj ,

but this can not happen since Ωk ∩ Ωj = ∅.
Hence one has

|x− y|p = |x− y|p(tk(x, y) + 1− tk(x, y)− tj(y, x) + tj(y, x))p

≥ |x− y|p(tk(x, y))p + |x− y|p(tj(y, x))p

= |x− Fk(x, y)|p + |Fj(y, x)− y|p,

and therefore

(2.1.1.4) =
∑
k∈N

∫
Ωk×Ωk

dπ(x, y)|x− y|p +
∑
k 6=j

∫
Ωk×Ωj

dπ(x, y)|x− y|p

≥
∑
k∈N

∫
Ωk×Ωk

dπ(x, y)|x− y|p

+
∑
j 6=k

∫
Ωk×Ωj

dπ(x, y)|x− Fk(x, y)|p +
∑
k 6=j

∫
Ωk×Ωj

dπ(x, y)|Fj(y, x)− y|p.
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Moreover, (2.1.1.5) and (2.1.1.6) do not need to be estimated further, except for noticing that

(2.1.1.5) =
∑
k∈N

∫
Ωk×(Ω̄\

⋃
j Ωj)

dπ(x, y)|x− y|p and (2.1.1.6) =
∑
k∈N

∫
(Ω̄\

⋃
j Ωj)×Ωk

dπ(x, y)|x− y|p,

while for (2.1.1.7) we use the trivial estimate

(2.1.1.7) ≥ 0.

Combining the previous bounds we get∫
Ω̄×Ω̄

dπ(x, y)|x− y|p ≥
∑
k∈N

∫
Ωk×Ωk

dπ(x, y)|x− y|p

+
∑
k∈N

∑
j 6=k

∫
Ωk×Ωj

dπ(x, y)|x− Fk(x, y)|p +
∑
k∈N

∑
j 6=k

∫
Ωj×Ωk

dπ(x, y)|Fk(y, x)− y|p

+
∑
k∈N

∫
Ωk×(Ω̄\

⋃
j Ωj)

dπ(x, y)|x− y|p +
∑
k∈N

∫
(Ω̄\

⋃
j Ωj)×Ωk

dπ(x, y)|x− y|p

=
∑
k∈N

∫
Ω̄k×Ω̄k

dπk(x, y)|x− y|p, (2.1.1.8)

with πk the measure implicitly defined by∫
Ω̄k×Ω̄k

dπk(x, y)f(x, y) :=

∫
Ωk×Ωk

dπ(x, y)f(x, y)

+
∑
j 6=k

∫
Ωk×Ωj

dπ(x, y)f(x, Fk(x, y)) +
∑
j 6=k

∫
Ωj×Ωk

dπ(x, y)f(Fk(y, x), y)

+

∫
Ωk×(Ω̄\

⋃
j Ωj)

dπ(x, y)f(x, y) +

∫
(Ω̄\

⋃
j Ωj)×Ωk

dπ(x, y)f(x, y).

Hence one can notice that (2.1.1.8) is exactly (2.1.1.3) up to proving that πk ∈ Γb(µ|Ωk , ν|Ωk).
Therefore, let us show that the first marginal of πk restricted to Ωk is µ (restricted to Ωk too). The analogue

property for the second marginal works the same way.
Recalling that

Fk(y, x) ∈ ∂Ωk ⇒ 1Ωk(Fk(y, x)) = 0,

and also that π ∈ Γb(µ, ν), one has∫
Ω̄k×Ω̄k

dπk(x, y)f(x)1Ωk(x) =

∫
Ωk×Ωk

dπ(x, y)f(x)1Ωk(x)

+
∑
j 6=k

∫
Ωk×Ωj

dπ(x, y)f(x)1Ωk(x) +
∑
j 6=k

∫
Ωj×Ωk

dπ(x, y)f(Fk(y, x))1Ωk(Fk(y, x))

+

∫
Ωk×(Ω̄\

⋃
j Ωj)

dπ(x, y)f(x)1Ωk(x) +

∫
(Ω̄\

⋃
j Ωj)×Ωk

dπ(x, y)f(x)1Ωk(x)

=

∫
Ωk×Ω̄

dπ(x, y)f(x) =

∫
Ω̄

dµ(x)f(x)1Ωk(x) =

∫
Ωk

dµ|Ωk(x)f(x).

Hence (2.1.1.3) is proved and therefore the proof is concluded.

2.2 The push-forward of a measure and its properties.
To start with, we define the push-forward T]µ of a measure µ via a map T . For our purposes, µ is again a
measure (not necessarily a probability measure) on Ω ⊆ Rd.

Definition 2.2.1 ([33], Definition 1.2). Let Ω,Ω′ ⊆ Rd be Borel spaces, µ a measure on Ω and T : Ω → Ω′ a
µ-measurable map. The push-forward of µ via T is the measure T]µ on Ω′ such that

T]µ(A) := µ(T−1(A)), ∀A ⊆ Ω′ Borel.
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In particular, if X : Σ → Ω is a random variable with µ as probability distribution, then T (X) : Σ → Ω′ is
a random variable with T]µ as probability distribution.

As a consequence of Definition 2.2.1, for any measurable map f : Ω′ → R such that f ◦ T ∈ L1(µ), one has∫
Ω′
dT]µ(x)f(x) =

∫
Ω

dµ(x)f(T (x)).

It is very easy to build a coupling between a measure and its push-forward via a map T , indeed the measure

π(x, y) = µ(x)δ(y − T (x)),

meaning that for any f : Ω× Ω→ R it holds∫
Ω×Ω

dπ(x, y)f(x, y) =

∫
Ω

dµ(x)f(x, T (x)),

is by definition a coupling of µ and T]µ. In other words, π = (Id, T )]µ, where of course (Id, T ) is a map from
Ω to Ω× Ω. In particular, this means that

W p
p (µ, T]µ) ≤

∫
Ω

dµ(x)|x− T (x)|p. (2.2.0.1)

Notice also that applying the map T preserves the independence of the random variables, indeed, if {Xi}i∈E is
a family of independent random variables, then also {T (Xi)}i∈E is. Indeed

P

(⋂
i∈E
{T (Xi) ∈ Ai}

)
= P

(⋂
i∈E
{Xi ∈ T−1(Ai)}

)
=
∏
i∈E

P(Xi ∈ T−1(Ai)) =
∏
i∈E

P(T (Xi) ∈ Ai).

In particular, one has the following result.

Proposition 2.2.1. Let T : Ω ⊆ Rd → Ω′ ⊆ Rd be a measurable map. Then, if {Xi}i∈E are iid random
variables on Ω with distribution µ, also {T (Xi)}i∈E are iid random variables on T (Ω) and their common
probability distribution is T]µ.

Moreover, if T : Ω → Ω′ is a diffeomorphism and µ is an absolutely continuous measure (denote by ρ its
density), then the same holds for T]µ. Indeed changing variables y = T (x) one gets∫

Ω′
dT]µ(x)f(x) =

∫
Ω

dµ(x)f(T (x)) =

∫
Ω

dxρ(x)f(T (x)) =

∫
Ω′
dyρ(T−1(y)) detDT−1(y)f(y),

that is, T]µ has density
dT]µ

dx
(x) =

dµ

dx
(T−1(x)) detDT−1(x).

In the following, we prove some properties about it: in particular, we need some informations about the push-
forward of a measure through the composition of two maps and the push-forward of an empirical measure.

Lemma 2.2.1. Let {Xi}ni=1 ⊆ Ω and T : Ω→ Ω′, S : Ω′ → Ω′′ two measurable maps. Then

(S ◦ T )]µ = S]T]µ; (2.2.0.2)

T]

(
n∑
i=1

δXi

)
=

n∑
i=1

δT (Xi). (2.2.0.3)

Proof. We start with the proof of (2.2.0.2): for any measurable function f : Ω′′ → R, we have∫
Ω′′
d(S ◦ T )]µ(x)f(x) =

∫
Ω

dµ(x)f((S ◦ T )(x)) =

∫
Ω

dµ(x)(f ◦ S)(T (x))

=

∫
Ω′
dT]µ(x)(f ◦ S)(x) =

∫
Ω′′
dS]T]µ(x)f(x),

and therefore the statement is proved.
For the proof of (2.2.0.3) is sufficient to prove that for any function f : Ω→ R∫

Ω′
dT]

(
n∑
i=1

δXi

)
(x)f(x) =

∫
Ω′
d

(
n∑
i=1

δT (Xi)

)
(x)f(x),

and this is easy to prove since∫
Ω′
dT]

(
n∑
i=1

δXi

)
(x)f(x) =

∫
Ω

d

(
n∑
i=1

δXi

)
(x)f(T (x)) =

n∑
i=1

f(T (Xi)) =

∫
Ω′
d

(
n∑
i=1

δT (Xi)

)
(x)f(x).
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Before going on, we have to mention the following result: one may ask whether the best couplings in the
definition of Wasserstein distance are induced by transport maps. In the following case, which is the case
interesting to us, they are.

Theorem 2.2.1 ([33], Theorem 10.38). Let µ and ν be two measures on Rd, with µ absolutely continuous with
respect to the Lebesgue measure. Then there exists an optimal coupling π for the Wasserstein distance Wp in
Definition 2.1.2 and it is induced by an optimal transport map T , that is

π = (Id, T )]µ.

A further information we need about the push-forward of a measure is the relation between the Wasserstein
distance of the push-forward of two measures and the Wasserstein distance of the original ones. One finds out
that is quantity is related to the Lipschitz constant of T .

Lemma 2.2.2 ([7], Lemma 1 and [2], equation (2.12)). Let µ and ν be two measures on Ω ⊆ Rd such that
µ(Ω) = ν(Ω), and let T : Ω→ Ω′ ⊆ Rd be a measurable map. Then

W p
p (T]µ, T]ν) ≤

(
sup
x,y∈Ω

|T (x)− T (y)|
|x− y|

)p
W p
p (µ, ν). (2.2.0.4)

Moreover, if T is bijective, it holds

W p
p (T]µ, T]ν) ≥

(
inf
x,y∈Ω

|T (x)− T (y)|
|x− y|

)p
W p
p (µ, ν). (2.2.0.5)

Proof. We begin with the proof of (2.2.0.4). This statement is a direct consequence of the fact that, for any
coupling π of µ and ν, one can find another coupling π̃ of T]µ and T]ν satisfying the inequality in the statement.
Such a coupling is π̃ = (T, T )]π, and for any bounded and continuous function f : Ω′ × Ω′ → R it holds∫

Ω′×Ω′
dπ̃(x, y)f(x, y) =

∫
Ω×Ω

dπ(x, y)f(T (x), T (y)).

To start with, we prove that π̃ is a coupling of T]µ and T]ν, in fact∫
Ω′×Ω′

dπ̃(x, y)f(x) =

∫
Ω×Ω

dπ(x, y)f(T (x)) =

∫
Ω

dµ(x)f(T (x)) =

∫
Ω′
dT]µ(x)f(x),

and the same holds for T]ν.
Therefore, by definition one has

W p
p (T]µ, T]ν) ≤

∫
Ω×Ω

dπ̃(x, y)|x− y|p =

∫
Ω×Ω

dπ(x, y)|T (x)− T (y)|p =

∫
Ω×Ω

dπ(x, y)
|T (x)− T (y)|p

|x− y|p
|x− y|p

≤
(

sup
x,y∈Ω

|T (x)− T (y)|
|x− y|

)p ∫
Ω×Ω

dπ(x, y)|x− y|p,

and the statement follows optimizing over π.
The proof of (2.2.0.5) is a consequence of (2.2.0.4): indeed, if one applies (2.2.0.4) substituting

µ→ T]µ, ν → T]ν, T → T−1,

one gets

W p
p

(
(T−1)]T]µ, (T

−1)]T]ν
)
≤
(

sup
x,y∈Ω

|T−1(x)− T−1(y)|
|x− y|

)p
W p
p (T]µ, T]ν). (2.2.0.6)

By (2.2.0.2) of Lemma 2.2.1 one has

(T−1)]T]µ = (T−1 ◦ T )]µ = Id]µ = µ,

and the same holds for ν. Thus (2.2.0.6) becomes

W p
p (T]µ, T]ν) ≥

(
sup
x,y∈Ω

|T−1(x)− T−1(y)|
|x− y|

)−p
W p
p (µ, ν) =

(
inf
x,y∈Ω

|T (x)− T (y)|
|x− y|

)p
W p
p (µ, ν),

thus also (2.2.0.5) is proved.
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The same properties hold for the boundary Wasserstein distance.

Lemma 2.2.3 ([2], equation (2.13)). Let µ and ν be two measures on Ω ⊆ Rd. Then, if T : Ω → Ω′ ⊆ Rd
verifies T (∂Ω) = ∂Ω′, it holds

Wbpp (T]µ, T]ν) ≤

(
sup
x,y∈Ω̄

|T (x)− T (y)|
|x− y|

)p
Wbpp(µ, ν). (2.2.0.7)

Moreover, if T is bijective, it holds

Wbpp (T]µ, T]ν) ≥
(

inf
x,y∈Ω̄

|T (x)− T (y)|
|x− y|

)p
Wbpp(µ, ν). (2.2.0.8)

Proof. The proof of this statement if completely analogue to the proof of Lemma 2.2.3, but since here we deal
with the boundary couplings of µ and ν, we have to be careful that, given π ∈ Γb(µ, ν), defining π̃ = (T, T )]π,
that is ∫

Ω′×Ω′
dπ̃(x, y)f(x, y) =

∫
Ω̄×Ω̄

dπ(x, y)f(T (x), T (y)),

one has π̃ ∈ Γb(T]µ, T]ν). To prove this, one can notice that its first marginal coincides with T]µ on Ω′ since,
for any f : Ω′ → R, by definition∫

Ω′×Ω′
dπ̃(x, y)f(x)1Ω′(x) =

∫
Ω̄×Ω̄

dπ(x, y)f(T (x))1Ω′(T (x)) =

∫
Ω̄×Ω̄

dπ(x, y)f(T (x))1Ω(x)

where in the second equality it is hidden the passage

T (∂Ω) = ∂Ω′ ⇒ 1Ω′(T (x)) = 1Ω(x).

Thus, since π ∈ Γb(µ, ν), one has∫
Ω′×Ω′

dπ̃(x, y)f(x)1Ω(x) =

∫
Ω̄×Ω̄

dπ(x, y)f(T (x))1Ω(x) =

∫
Ω

dµ(x)f(T (x)) =

∫
Ω′
dT]µ(x)f(x).

Thus the first marginal of π̃ is T]µ, and the same argument proves that the second marginal of π̃ is T]ν. Hence
π̃ ∈ Γb(T]µ, T]ν).

This is enough to prove both (2.2.0.7) and (2.2.0.8), as in the proof of Lemma 2.2.2.

As a consequence of Lemmas 2.2.2 and 2.2.3, one gets that, in the case in which the quantity

|T (x)− T (y)|
|x− y|

does not depend on x and y, that is, for example if T is the composition of a traslation and a rescaling, the two
inequalities in the Lemmas produce an equality. In other words, the following result holds.

Corollary 2.2.1. Let µ and ν be two measures on Ω ⊆ Rd such that µ(Ω) = ν(Ω) and T : Rd → Rd the affine
map

T (x) = ax+ b.

Then, it holds

W p
p (T]µ, T]ν) = |a|pW p

p (µ, ν) .

Moreover, the same result holds for Wb and without the hypothesis µ(Ω) = ν(Ω).

Proof. Since T is invertible, thanks to Lemma 2.2.2 one has(
inf
x,y∈Ω

|T (x)− T (y)|
|x− y|

)p
W p
p (µ, ν) ≤W p

p (T]µ, T]ν) ≤
(

sup
x,y∈Ω

|T (x)− T (y)|
|x− y|

)p
W p
p (µ, ν),

and using that the quantity
|T (x)− T (y)|
|x− y|

=
|ax+ b− ay − b|

|x− y|
= |a|,

does not depend on x or y, the statement follows.
In the case of the distance Wb, to conclude it is also necessary to notice that T (∂Ω) = ∂T (Ω).
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We now state a first application of the superadditivity property we proved in Proposition 2.1.1 and of the
rescaling property we proved in Corollary 2.2.1. For the following result we also need the notion of Binomial
random variable, which is studied in details later, in Chapter 3.

Lemma 2.2.4. Let {Xi}∞i=1 be a sequence of iid random variables uniformly distributed in (0, 1)d and let N be
a binomial random variable of parameters n and p independent of {Xi}∞i=1. Then, if

f(n, p) := E

[
Wbpp

(
N∑
i=1

δXi , np1(0,1)d

)]
,

for any λ > 1 it holds

f(n, p) ≥ bλc
d

λp
f
(
n,

p

λd

)
,

Proof. To prove the result, we argue as in [23]: we split (0, 1)d in bλcd hypercubes Qj of side 1
λ .

In this way, we have ⋃
j

Qj ⊆ (0, 1)d,

and the inclusion is a proper inclusion unless λ is a natural number.
Then, if

N(Qj) :=

N∑
i=1

1(Xi ∈ Qj),

is the number of points in Qj , N(Qj) is a binomial random variable of parameters n and p|Qj | = pλ−d (see
(3.0.0.2) for this). Hence, we have

f(n, p) = E

[
Wbpp

(
N∑
i=1

δXi , np1(0,1)d

)]

≥
bλcd∑
j=1

E

Wbpp

 ∑
i:Xi∈Qj

δXi , np1Qj

 by Lemma 2.1.1

=

bλcd∑
j=1

E

E
Wbpp

 ∑
i:Xi∈Qj

δXi , np|Qj |
1Qj

|Qj |

∣∣∣∣∣∣N(Qj)

 .
If now we define the map

Tj : Qj = qj +
1

λ
(0, 1)d → (0, 1)d, x 7→ λ(x− qj),

we get

f(n, p) ≥
bλcd∑
j=1

E

E
Wbpp

(T−1
j )]

 ∑
i:Xi∈Qj

δTj(Xi)

 , np|Qj |(T−1
j )](1(0,1)d)

∣∣∣∣∣∣N(Qj)


=

bλcd∑
j=1

λ−pE

E
Wbpp

 ∑
i:Xi∈Qj

δTj(Xi), np|Qj |1(0,1)d

∣∣∣∣∣∣N(Qj)

 by Corollary 2.2.1

=

bλcd∑
j=1

λ−pE

E
Wbpp

N(Qj)∑
i=1

δZi , np|Qj |1(0,1)d

∣∣∣∣∣∣N(Qj)

 ,
where {Zi}∞i=1 are iid uniformly distributed on (0, 1)d independent of {Xi}∞i=1. In the last passage we used that
{Tj(Xi)}i:Xi∈Qj conditioned to N(Qj) are uniformly distributed in (0, 1)d as well as {Zi}

N(Qj)
i=1 .

Hence, we have

f(n, p) ≥ λ−pbλcdf
(
n,

p

λd

)
,

and the statement is proved.
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We also need a result concerning some sufficient conditions under which an absolutely continuous measure on
an hypercube is the push-forward of the uniform measure through a Lipschitz map T whose Lipschitz constant
is very close to 1.

Before proving that, we focus on a very useful property of positive and C1 regular functions.

Lemma 2.2.5. Let Ω ⊆ Rd be a convex domain. There exists a constant C > 0 depending on Ω such that for

any positive function ρ : Ω
C1

−−→ (0,+∞) it holds

sup
x,y∈Ω

∣∣∣∣ρ(x)

ρ(y)
− 1

∣∣∣∣ ≤ exp

{
C sup
z∈Ω

|∇ρ(z)|
ρ(z)

}
− 1. (2.2.0.9)

In particular, fixed M > 0, there exists a positive constant C(M,Ω) depending on Ω and M such that, for any
ρ with the same hypothesis as before and such that |∇ρ(z)|ρ(z) ≤M , it holds

sup
x,y∈Ω

∣∣∣∣ρ(x)

ρ(y)
− 1

∣∣∣∣ ≤ C(M,Ω) sup
z∈Ω

|∇ρ(z)|
ρ(z)

. (2.2.0.10)

Proof. The proof of (2.2.0.9) is immediate: there exists a point ξ = tx+ (1− t)y (for a certain t ∈ [0, 1]) such
that ∣∣∣∣ρ(x)

ρ(y)
− 1

∣∣∣∣ = |exp {log ρ(x)− log ρ(y)} − 1|

=

∣∣∣∣exp

{
∇ρ(ξ)

ρ(ξ)
· (x− y)

}
− 1

∣∣∣∣
≤ exp

{∣∣∣∣∇ρ(ξ)

ρ(ξ)
· (x− y)

∣∣∣∣}− 1

≤ exp

{
diam(Ω) sup

z∈Ω

|∇ρ(z)|
ρ(z)

}
− 1,

where diam(Ω) is the diameter of Ω.
(2.2.0.10) is a consequence of (2.2.0.9) if one considers that ec−1 is asymptotic to c for small values of c.

We can now state the result we mentioned before Lemma 2.2.5.

Lemma 2.2.6 ([31], Section 2.3). Let d ≥ 1 and M > 0. There exists a constant C depending on d and on M

such that for any hypercube Q = q+[0, L]d and ρ : Q
C1

−−→ [0,+∞) such that ρ > 0 a.s. and supz∈Q
|∇ρ(z)|
ρ(z) ≤M ,

there exists a map T : Q→ Q such that

ρ = T]

(
1Q

|Q|

)
and sup

x,y∈Q

∣∣∣∣ |T (x)− T (y)|
|x− y|

− 1

∣∣∣∣ ≤ CL sup
z∈Q

|∇ρ(z)|
ρ(z)

.

Before proving this fact, let us mention that such a map is also referred as "Knothe map", and its peculiarity
is the way it is constructed, that is, modifying one direction at a time.

Let us also notice that if the density ρ in the previous Lemma is uniformly bounded from below by a positive
constant c > 0, then one gets

sup
x,y∈Q

∣∣∣∣ |T (x)− T (y)|
|x− y|

− 1

∣∣∣∣ ≤ CL

c
sup
z∈Q
|∇ρ(z)|.

In general, for an α-Hölder density uniformly bounded from below by a positive constant c, Lemma 2.2.5 holds
with T satisfying

sup
x,y∈Q

∣∣∣∣ |T (x)− T (y)|
|x− y|

− 1

∣∣∣∣ ≤ CLα

c
Cα, (2.2.0.11)

where Cα is the Hölder constant (see [2, Proposition 2.4] for further details on this).

Proof. We prove this through a map T which modifies one direction at a time, and we can assume that q = 0
and L = 1, as follows.
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Step 0: we can assume Q = [0, 1]d. To prove this, let us define the map

T̂ : Q = q + [0, L]d → [0, 1]d, T̂ (x) =
x− q
L

.

Such a map is invertible, hence (T̂−1)] = (T̂])
−1, and satisfies

T̂]ρ(x) = ρ (q + Lx)Ld,

from which we have

sup
x∈[0,1]d

|∇T̂]ρ(x)|
T̂]ρ(x)

= L sup
x∈[0,1]d

|∇ρ(q + Lx)|
ρ(q + Lx)

= L sup
z∈Q

|∇ρ(z)|
ρ(z)

. (2.2.0.12)

Hence, if such a map T exists for T̂]ρ, by (2.2.0.2) of Lemma 2.2.1 we have

T̂]ρ = T]
(
1[0,1]d

)
= T]T̂]

(
1Q

|Q|

)
⇒ ρ = (T̂])

−1T]T̂]

(
1Q

|Q|

)
= (T̂−1 ◦ T ◦ T̂ )]

(
1Q

|Q|

)
,

and for any x, y ∈ Q∣∣∣∣∣ |T̂−1 ◦ T ◦ T̂ (x)− T̂−1 ◦ T ◦ T̂ (y)|
|x− y|

− 1

∣∣∣∣∣ =

∣∣∣∣∣
∣∣T (x−qL )

− T
(
y−q
L

)∣∣∣∣x−q
L −

y−q
L

∣∣ − 1

∣∣∣∣∣
≤ C sup

x∈[0,1]d

|∇T̂]ρ(x)|
T̂]ρ(x)

= CL sup
z∈Q

|∇ρ(z)|
ρ(z)

,

where in the last passage we have used (2.2.0.12).
Hence, T̂−1 ◦ T ◦ T̂ works for ρ as T works for T̂]ρ, and for this reason we can assume Q = [0, 1]d.
To prove the thesis, we first denote

ρ(k)(x) :=

∫ 1

0

dy1 · · ·
∫ 1

0

dyk
ρ(y1, . . . , yk, xk+1, . . . , xd)

ρ([0, 1]d)
, k = 0, 1, . . . , d, x ∈ (0, 1)d,

and it is straightforward to see that

ρ(0) =
ρ1[0,1]d

ρ([0, 1]d)
and ρ(d) = 1[0,1]d .

Thus, we look for a map T (k) such that

(T (k))]ρ
(k) = ρ(k−1), (2.2.0.13)

so that by induction

(T (1) ◦ · · · ◦ T (d))]
(
1[0,1]d

)
= (T (1) ◦ · · · ◦ T (d))]ρ

(d) = ρ(0) =
ρ1[0,1]d

ρ([0, 1]d)
.

Therefore a suitable candidate for the map T we are looking for is

T := T (1) ◦ · · · ◦ T (d),

and then we claim that, up to choosing each T (k) in a suitable way, we get

T (∂[0, 1]d) = ∂[0, 1]d and sup
x,y∈[0,1]d

∣∣∣∣ |T (x)− T (y)|
|x− y|

− 1

∣∣∣∣ ≤ C sup
x∈[0,1]d

|∇ρ(x)|
ρ(x)

. (2.2.0.14)

To find T satisfying (2.2.0.14), we claim that it is sufficient to find {T (k)}dk=1 as in (2.2.0.13) satisfying

T (k)(∂[0, 1]d) = ∂[0, 1]d ∀k = 1, . . . , d and sup
z∈[0,1]d

∥∥∥D((T (k))−1)(z)− Id
∥∥∥ ≤ C sup

x∈[0,1]d

|∇ρ(x)|
ρ(x)

. (2.2.0.15)

Of course the first statement in (2.2.0.15) implies the first statement in (2.2.0.14).
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It is not completely trivial to see that the second part of (2.2.0.15) implies the second part of (2.2.0.14). To
prove this, we begin with noticing that

sup
x,y∈[0,1]d

∣∣∣∣ |T (x)− T (y)|
|x− y|

− 1

∣∣∣∣ ≤ sup
z∈[0,1]d

‖DT (z)− Id‖

= sup
z∈[0,1]d

∥∥∥∥∥
d∑
k=1

D(T (1) ◦ · · · ◦ T (k))(z)−D(T (1) ◦ · · · ◦ T (k−1))(z)

∥∥∥∥∥
≤

d∑
k=1

k∏
j=1

sup
z∈[0,1]d

∥∥∥DT (j)(z)
∥∥∥ sup
z∈[0,1]d

∥∥∥D((T (k))−1)(z)− Id
∥∥∥ , (2.2.0.16)

Thus we have to estimate both supz∈[0,1]d

∥∥D((T (k))−1)(z)− Id
∥∥ and supz∈[0,1]d

∥∥DT (k)(z)
∥∥, which is a little

bit more than (2.2.0.15). We begin with the estimate of the first one of these two quantities. Notice that if one
proves that for any k = 1, . . . , d

max

{
sup

z∈[0,1]d

∥∥∥D(T (k))(z)− Id
∥∥∥ , sup

z∈[0,1]d

∥∥∥D((T (k))−1)(z)− Id
∥∥∥} ≤ C sup

x∈[0,1]d

|∇ρ(x)|
ρ(x)

, (2.2.0.17)

one can conclude since

sup
z∈[0,1]d

∥∥∥D(T (k))(z)
∥∥∥ ≤ 1 + sup

z∈[0,1]d

∥∥∥D(T (k))(z)− Id
∥∥∥ ≤ 1 + C sup

x∈[0,1]d

|∇ρ(x)|
ρ(x)

,

and one can combine this estimate with (2.2.0.16).
Thus we only have to prove (2.2.0.17).

Step 1: prove that, for a constant C depending on d and on M , it holds

sup
z∈[0,1]d

∥∥∥D((T (k))−1)(z)− Id
∥∥∥ ≤ C sup

x∈[0,1]d

|∇ρ(x)|
ρ(x)

.

We claim that (2.2.0.15) holds for a certain choice of the map T (k).
Such map T (k) verifying (2.2.0.13) exists in the form

T (k)(x) = (x1, . . . , xk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd),

because none of ρ(k) and ρ(k−1) depends on x1, . . . , xk−1 (therefore they can be left fixed), and moreover∫ 1

0

dxkρ
(k)(x) =

∫ 1

0

dxkρ
(k−1)(x).

First we prove that for a suitable choice of the map S one gets

T (k)(x) = x ∀x ∈ ∂Q, (2.2.0.18)

which implies the first statement in (2.2.0.15).
To do that, notice that (2.2.0.13) can also be written as∫ 1

0

dy1 · · ·
∫ 1

0

dyk−1ρ(y1, . . . , yk−1, xk, . . . , xd) =

∫ 1

0

dy1 · · ·
∫ 1

0

dykρ(y1, . . . , yk, xk+1 . . . , xd)|(S−1
xk+1,...,xd

)′(xk)|,

and therefore, by imposing the condition S′xk+1,...,xd
(xk) > 0, one finds out that Sxk+1,...,xd(xk) verifies

S−1
xk+1,...,xd

(xk) =

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ xk
0
dykρ(y1, . . . , yk, xk+1, . . . , xd)∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

, (2.2.0.19)

and therefore

S−1
xk+1,...,xd

(0) = 0, S−1
xk+1,...,xd

(1) = 1, S−1
xk+1,...,xd

(xk) ∈ (0, 1)∀xk ∈ (0, 1) that is, (2.2.0.18).

To prove that such Sxk+1,...,xd works well enough to satisfy the second condition in (2.2.0.15), notice that

D((T (k))−1)(x) = (Ai,j)
d
i,j=1, with Ai,j =


δi,j i 6= k, j = 1, . . . , d,
0 i = k, j = 1, . . . , k − 1,
∂jS

−1
xk,...,xd

i = k, j = k, . . . , d,
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and therefore

∥∥∥D((T (k))−1)(x)− Id
∥∥∥ ≤

√√√√(∂kS−1
xk,...,xd − 1

)2
+

d∑
j=k+1

(
∂jS

−1
xk,...,xd

)2
, (2.2.0.20)

and to estimate this quantity we look back to (2.2.0.19). We begin with ∂k: by (2.2.0.19), first notice that

|∂kS−1
xk+1,...,xd

(xk)− 1|

=

∣∣∣∣∣
∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1ρ(y1, . . . , yk−1, xk, . . . , xd)∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

− 1

∣∣∣∣∣
≤
∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ 1

0
dyk|ρ(y1, . . . , yk−1, xk, . . . , xd)− ρ(y1, . . . , yk, xk+1, . . . , xd)|∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

≤ C sup
z∈[0,1]d

|∇ρ(z)|
ρ(z)

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ 1

0
dykρ(y1, . . . , yk, xk+1, . . . , xd)∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

with C by (2.2.0.10) of Lemma 2.2.5

= C sup
z∈[0,1]d

|∇ρ(z)|
ρ(z)

. (2.2.0.21)

Moreover, for j ≥ k + 1, looking back to (2.2.0.19) again, we have

∣∣∣∂jS−1
xk+1,...,xd

(xk)
∣∣∣ ≤ ∣∣∣∣∣

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ xk
0
dyk∂jρ(y1, . . . , yk, xk+1, . . . , xd)∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

∣∣∣∣∣
+

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ xk
0
dykρ(y1, . . . , yk, xk+1, . . . , xd)

·
∣∣∣∫ 1

0
dz1· · ·

∫ 1

0
dzk∂jρ(z1, . . . , zk, xk+1, . . . , xd)

∣∣∣(∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

)2

≤ 2

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ 1

0
dyk |∂jρ(y1, . . . , yk, xk+1, . . . , xd)|∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

≤ 2 sup
x∈[0,1]d

|∂jρ(x)|
ρ(x)

≤ 2 sup
x∈[0,1]d

|∇ρ(x)|
ρ(x)

. (2.2.0.22)

Combining (2.2.0.21) and (2.2.0.22) with (2.2.0.20), we get

sup
z∈[0,1]d

∥∥∥D((T (k))−1)(z)− Id
∥∥∥ ≤ C√d− k + 1 sup

x∈[0,1]d

|∇ρ(x)|
ρ(x)

,

which concludes the first step.

Step 2: prove that

sup
z∈[0,1]d

∥∥∥DT (k)(z)− Id
∥∥∥ ≤ C sup

z∈[0,1]d

|∇ρ(z)|
ρ(z)

.

The estimate of this quantity is very similar to the previous one. Indeed, equation (2.2.0.19) can also be read
as

xk =

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ Sxk+1,...,xd
(xk)

0 dykρ(y1, . . . , yk, xk+1, . . . , xd)∫ 1

0
dz1· · ·

∫ 1

0
dzkρ(z1, . . . , zk, xk+1, . . . , xd)

, (2.2.0.23)

and since
∂(T (k))i
∂xj

=

 δij i 6= k,
0 i = k, j = 1, . . . , k − 1,
∂jSxk+1,...,xd(xk) i = k, j = k, . . . , d,

we have

∥∥∥DT (k)(x)− Id
∥∥∥ ≤

√√√√(∂kSxk+1,...,xd(xk)− 1
)2

+

d∑
j=k+1

(
∂jSxk+1,...,xd(xk)

)2
, (2.2.0.24)
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and we can estimate this quantity using (2.2.0.23) as follows.
Differentiating both the sides of (2.2.0.23) with respect to xk we get∣∣∂kSxk+1,...,xd(xk)− 1

∣∣
=

∣∣∣∣∣
∫ 1

0
dz1· · ·

∫ 1

0
dzk−1

∫ 1

0
dzk[ρ(z1, . . . , zk, xk+1, . . . , xd)− ρ(z1, . . . , zk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)]∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1ρ(y1, . . . , yk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

∣∣∣∣∣
≤
∫ 1

0
dz1· · ·

∫ 1

0
dzk−1

∫ 1

0
dzk|ρ(z1, . . . , zk, xk+1, . . . , xd)− ρ(z1, . . . , zk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)|∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1ρ(y1, . . . , yk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

≤ C sup
z∈[0,1]d

|∇ρ(z)|
ρ(z)

∫ 1

0
dz1· · ·

∫ 1

0
dzk−1

∫ 1

0
dzkρ(z1, . . . , zk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1ρ(y1, . . . , yk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

= C sup
z∈[0,1]d

|∇ρ(z)|
ρ(z)

, (2.2.0.25)

where in the second inequality we used (2.2.0.10) of Lemma 2.2.5.
Moreover, differentiating with respect to xj with j ≥ k + 1 one has

|∂jSxk+1,...,xd(xk)|

=

∣∣∣∣∣∣−
∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ Sxk+1,...,xd
(xk)

0 dyk∂jρ(y1, . . . , yk, xk+1, . . . , xd)∫ 1

0
dz1 · · ·

∫ 1

0
dzk−1ρ(z1, . . . , zk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

+

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ Sxk+1,...,xd
(xk)

0 dykρ(y1, . . . , yk, xk+1, . . . , xd)∫ 1

0
dz1 · · ·

∫ 1

0
dzk−1ρ(z1, . . . , zk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

∫ 1

0
du1· · ·

∫ 1

0
duk∂jρ(u1, . . . , uk, xk+1, . . . , xd)∫ 1

0
dw1· · ·

∫ 1

0
dwkρ(w1, . . . , wk, xk+1, . . . , xd)

∣∣∣∣∣∣
≤

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ 1

0
dyk|∂jρ(y1, . . . , yk, xk+1, . . . , xd)|∫ 1

0
dz1 · · ·

∫ 1

0
dzk−1ρ(z1, . . . , zk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

(2.2.0.26)

+

∫ 1

0
dy1 · · ·

∫ 1

0
dyk−1

∫ 1

0
dykρ(y1, . . . , yk, xk+1, . . . , xd)∫ 1

0
dz1 · · ·

∫ 1

0
dzk−1ρ(z1, . . . , zk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

∫ 1

0
du1· · ·

∫ 1

0
duk|∂jρ(u1, . . . , uk, xk+1, . . . , xd)|∫ 1

0
dw1· · ·

∫ 1

0
dwkρ(w1, . . . , wk, xk+1, . . . , xd)

.

(2.2.0.27)

Now in the term in the integral in the numerator of (2.2.0.26) can be estimated as follows:

|∂jρ(y1, . . . , yk, xk+1, . . . , xd)| ≤ sup
v∈[0,1]d

|∂jρ(v)|
ρ(v)

ρ(y1, . . . , yk, xk+1, . . . , xd)

≤ sup
v∈[0,1]d

|∇ρ(v)|
ρ(v)

sup
u,w∈[0,1]d

ρ(u)

ρ(w)
ρ(y1, . . . , yk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

≤ sup
v∈[0,1]d

|∇ρ(v)|
ρ(v)

(
1 + C sup

v∈[0,1]d

|∇ρ(v)|
ρ(v)

)
ρ(y1, . . . , yk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

(2.2.0.28)

where the last inequality follows from (2.2.0.10) of Lemma 2.2.5.
Using again (2.2.0.10) of Lemma 2.2.5, the term inside the first integral in the numerator of (2.2.0.27) can

be estimated as

ρ(y1, . . . , yk, xk+1, . . . , xd) ≤ sup
u,w∈[0,1]d

ρ(u)

ρ(w)
ρ(y1, . . . , yk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd)

≤

(
1 + C sup

v∈[0,1]d

|∇ρ(v)|
ρ(v)

)
ρ(y1, . . . , yk−1, Sxk+1,...,xd(xk), xk+1, . . . , xd), (2.2.0.29)

while the second one as

|∂jρ(u1, . . . , uk, xk+1, . . . , xd)| ≤ sup
v∈[0,1]d

|∂jρ(v)|
ρ(v)

ρ(u1, . . . , uk, xk+1, . . . , xd)

≤ sup
v∈[0,1]d

|∇ρ(v)|
ρ(v)

ρ(u1, . . . , uk, xk+1, . . . , xd). (2.2.0.30)

Inserting (2.2.0.28) inside (2.2.0.26) and then (2.2.0.29) and (2.2.0.30) into (2.2.0.27), one gets

|∂jSxk+1,...,xd(xk)| ≤ 2 sup
v∈[0,1]d

|∇ρ(v)|
ρ(v)

(
1 + C sup

v∈[0,1]d

|∇ρ(v)|
ρ(v)

)
. (2.2.0.31)
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Combining (2.2.0.25) and (2.2.0.31) with (2.2.0.24) one finds out that∥∥∥DT (k)(x)
∥∥∥ ≤ C√d− k + 1 sup

z∈Q

|∇ρ(z)|
ρ(z)

.

and therefore the proof of Step 2 is concluded. Hence, the proof of the Lemma is concluded too.

We now prove another result concerning the boundary Wasserstein distance between measures with different
masses concentrated on [0, 1]d.

Lemma 2.2.7 ([11], Lemma 2.5). For any 0 ≤ A ≤ B positive constants and p ≥ 1, it holds

Wbpp
(
A1(0,1)d , B1(0,1)d

)
≤ (B −A)p

Bp−1
.

Proof. The proof is quite simple, indeed we can find a one dimensional transport plan between the measures.
We first define the one-dimensional map

T : [0, 1]→ [0, 1], T (x) :=

{
B
Ax, x ∈

[
0, AB

)
,

1, x ∈
[
A
B , 1

]
,

(2.2.0.32)

and then, using T , we define

S : [0, 1]d 7→ [0, 1]d, S(x) := (T (x1), x2, . . . , xd). (2.2.0.33)

We first claim that the measure
π := (S, Id)]B1[0,1]d ,

is a boundary coupling of A1(0,1)d and B1(0,1)d . Indeed the second marginal of π restricted to (0, 1)d is B1(0,1)d

by definition. Moreover, since∫
[0,1]d×[0,1]d

dπ(x, y)f(x) = B

∫
[0,1]d

dyf(S(y)) by Definition 2.2.1 of push-forward

= B

∫ 1

0

dy1

∫
[0,1]d−1

dŷf(T (y1), ŷ) by definition of S

= B

∫ A
B

0

dy1

∫
[0,1]d−1

dŷf

(
B

A
y1, ŷ

)
+B

∫ 1

A
B

dy1

∫
[0,1]d−1

dŷf(1, ŷ) by definition of T

= A

∫
[0,1]d

dyf(y) + (B −A)

∫
[0,1]d−1

dŷf(1, ŷ),

the first marginal of π restricted to (0, 1)d is A1(0,1)d .
Hence we have

Wbpp
(
A1(0,1)d , B1(0,1)d

)
≤
∫

[0,1]d×[0,1]d
dπ(x, y)|x− y|p

= B

∫
[0,1]d

dy|S(y)− y|p

= B

∫ 1

0

dy1|T (y1)− y1|p

= B

∫ A
B

0

dy1

∣∣∣∣BAy1 − y1

∣∣∣∣p +B

∫ 1

A
B

dy1 |1− y1|p

=
(B −A)p

Bp−1

∫ 1

0

dzzp =
1

p+ 1

(B −A)p

Bp−1
.

where in the last but one equality we have changed variables y1 = A
B z in the first integral and 1−y1 =

(
1− A

B

)
z

in the second one. Hence the proof is concluded.

2.3 The Benamou-Brenier formula.
The Benamou-Brenier formulation of the Wasserstein distance between two measures allows to write an optimal
transport problem in terms of a PDE’s problem. To introduce that, we need the notion of continuity equation
for measures.
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The continuity equation.

It is well known that for a regular enough

v : [0,+∞)× Ω(⊆ Rd)→ Ω,

tangent to ∂Ω, denoting vt(x) = v(t, x), the unique solution to the problem{
∂tµt(x) + div(µt(x)vt(x)) = 0,
µ0(x) = µ(x),

x ∈ Ω, t ≥ 0, (2.3.0.1)

with µ : Ω→ R, is given by (see [31, Section 4.1.2])

µt = (ϕt)]µ, (2.3.0.2)

where ϕt solves {
∂tϕt(x) = vt(ϕt(x)),
ϕ0(x) = x.

(2.3.0.3)

Indeed, if ϕt is a solution to (2.3.0.3), using that

∂tϕt(x) = vt(ϕt(x)),
d

dt
det(Dϕt(x)) = (divvt)(ϕt(x)) det(Dϕt(x)),

we have
d

dt
(ϕ−1
t )]µt(x) =

d

dt
[µt(ϕt(x)) det(Dϕt(x))]

= [∂tµt(ϕt(x)) +∇µt(ϕt(x)) · ∂tϕt(x)] det(Dϕt(x)) + µt(ϕt(x))
d

dt
det(Dϕt(x))

= [∂tµt(ϕt(x)) +∇µt(ϕt(x)) · vt(ϕt(x)) + µt(ϕt(x))(divvt)(ϕt(x))] det(Dϕt(x))

= [∂tµt + div(µtvt)](ϕt(x)) det(Dϕt(x)),

hence equation (2.3.0.1) is satisfied if and only if the time derivative above is zero and therefore

(ϕ−1
t )]µt ≡ (ϕ−1

0 )]µ0 = µ,

that is, (2.3.0.2).
Now we can go back to the Benamou-Brenier formulation of the transport problem.

Theorem 2.3.1 ([6], Benamou-Brenier formula). Let µ and ν be two positive measures on Ω ⊆ Rd. Then, one
has

W p
p (µ, ν) = inf


∫ 1

0

dt

∫
Ω

dµt(x)|vt(x)|p :
∂tµt + div(µtvt) = 0,
vt · n̂ = 0 on ∂Ω,
µ0 = µ, µ1 = ν

 .

We are not going to prove this equality, but actually we only need the upper bound, which is quite immediate
to check. For further details see also [31, Section 6.1].

If the couple (µt, vt) is admissible for the infimum in the Theorem above and ϕt is the solution to (2.3.0.3)
for such vt, one has

ν = µt=1 = (ϕt=1)]µt=0 = (ϕt=1)]µ,

and therefore

W p
p (µ, ν) = W p

p (µ, (ϕ1)]µ) ≤
∫

Ω

dµ(x)|x− ϕ1(x)|p by (2.2.0.1)

=

∫
Ω

dµ(x)|ϕ0(x)− ϕ1(x)|p =

∫
Ω

dµ(x)

∣∣∣∣∫ 1

0

dt∂tϕt(x)

∣∣∣∣p
=

∫
Ω

dµ(x)

∣∣∣∣∫ 1

0

dtvt(ϕt(x))

∣∣∣∣p ≤ ∫
Ω

dµ(x)

∫ 1

0

dt|vt(ϕt(x))|p by convexity of the function | · |p

=

∫ 1

0

dt

∫
Ω

dµ(x)|vt(ϕt(x))|p =

∫ 1

0

dt

∫
Ω

d(ϕt)]µ(x)|vt(x)|p by Definition 2.2.1 of push-forward

=

∫ 1

0

dt

∫
Ω

dµt(x)|vt(x)|p.

As a consequence of Benamou-Brenier formula, one gets the following estimate, which is no more symmetric in
µ and ν.
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Proposition 2.3.1 ([1], Corollary 4.4 and [33], Chapter 1). Let Ω ⊆ Rd be an open and bounded set, and let µ
and ν be two densities on Ω such that µ(Ω) = ν(Ω). Then, if f : R→ R is the solution to{

∆f = µ− ν on Ω,
∇ · f = 0 on ∂Ω,

it holds
W p
p (µ, ν) ≤ cp

∫
Ω

dx
|∇f(x)|p

µ(x)p−1
,

for a constant cp > 0.

Proof. If instead for looking for vt as in the original statement of the Benamou-Brenier formula, one looks for
ft such that ∇ft = µtvt, one gets  ∂tµt + ∆ft = 0,

∇ft · n̂ = 0 on ∂Ω,
µ0 = µ, µ1 = ν.

(2.3.0.4)

and

W p
p (µ, ν) ≤

∫ 1

0

dt

∫
Ω

dx
|∇ft(x)|p

µt(x)p−1
. (2.3.0.5)

The simplest thing would be to use (2.3.0.4) and (2.3.0.5) choosing for µt the linear interpolation between µ
and ν, but doing that one gets

µt = µ+ t(ν − µ) = (1− t)µ+ tν ≥ (1− t)µ,

and one would obtain (1− t)−p+1 in the denominator which is not integrable for t close to 1 and p ≥ 2. Hence,
we make an intermediate step: by triangle inequality we have

Wp(µ, ν) ≤Wp

(
µ,
µ+ ν

2

)
+Wp

(
µ+ ν

2
, ν

)
,

and substituting into the previous estimate the following one

W p
p

(
µ+ ν

2
, ν

)
= W p

p

(µ
2

+
ν

2
,
ν

2
+
ν

2

)
≤W p

p

(µ
2
,
ν

2

)
+W p

p

(ν
2
,
ν

2

)
=

1

2
W p
p (µ, ν),

one gets

Wp(µ, ν) ≤Wp

(
µ,
µ+ ν

2

)
+

1

2
1
p

Wp(µ, ν),

that is

Wp(µ, ν) ≤ 2
1
p

2
1
p − 1

Wp

(
µ,
µ+ ν

2

)
. (2.3.0.6)

Hence in (2.3.0.4) and (2.3.0.5) we substitute ν with

µ+ ν

2
.

Indeed if f is chosen as in the hypothesis, one gets

∆

(
f

2

)
=
µ− ν

2
= µ− µ+ ν

2
,

and if
µt := µ+ t

(
µ+ ν

2
− µ

)
= µ

(
1− t

2

)
+
t

2
ν ≥ µ

2
,

then µt and ft ≡ f
2 satisfy (2.3.0.4) for µ and µ+ν

2 and by (2.3.0.5)

W p
p

(
µ,
µ+ ν

2

)
≤
∫ 1

0

dt

∫
Ω

dx
|∇ft(x)|p

µt(x)p−1
= 2−p

∫ 1

0

dt

∫
Ω

dx
|∇f(x)|p

µt(x)p−1
≤ 1

2

∫
Ω

dx
|∇f(x)|p

µ(x)p−1
,

and then one can conclude using (2.3.0.6).
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2.4 An estimate exploiting radial ad angular symmetries.
Here we investigate the Wasserstein distance between two measures on Rd whose radial or angular part is the
same. In particular, the following Lemma states that if the measures have the same radial marginal, then the
Wasserstein distance can be estimated with the distance between the angular marginals on ∂B1, up to rescaling
with a radial factor, while if the two measures have the same angular component, then the distance can be
bounded with the distance between the radial marginals.

Since the result could be confusing, in the next result we will denote by

Wp,Ω,d,

the Wasserstein distance of order p between two measures defined on a metric space (Ω, d).

Lemma 2.4.1. Let Ω and Σ be two metric spaces, let µ, ν be two measures on Ω such that µ(Ω) = ν(Ω), and
let γ be a measure on Σ. Then, for any π ∈ Γ(µ, ν), it holds

W p
p (µ⊗ γ, ν ⊗ γ) ≤

∫
Ω×Ω

dπ(x, x′)

∫
Σ

dγ(y)dp((x, y), (x′, y)). (2.4.0.1)

In particular, if the two spaces are [0,+∞) and ∂B1, with distance

d((r, x), (r′, x′)) = |rx− r′x′|,

one has two cases: if Ω = [0,+∞) and Σ = ∂B1, it holds

W p
p (µ⊗ γ, ν ⊗ γ) ≤W p

p,[0,+∞),|·|(µ, ν)γ(∂B1), (2.4.0.2)

while if Ω = ∂B1 and Σ = [0,+∞), it holds

W p
p (µ⊗ γ, ν ⊗ γ) ≤W p

p,∂B1,d∂B1
(µ, ν)

∫ ∞
0

dγ(r)rp, (2.4.0.3)

where the distance d∂B1
on ∂B1 is the geodesic distance on the sphere.

Proof. We start with the proof of (2.4.0.1), which follows from the fact that if π is the coupling in the statement,
then

π̃((x, y), (x′, y′)) := π(x, x′)γ(y)δy(y′),

is a coupling of µ⊗ γ and ν⊗ γ. To prove this, we consider a measurable function f : Ω⊗Σ→ R. By definition
one has ∫

(Ω×Σ)2

dπ̃((x, y), (x′, y′))f(x, y) =

∫
Ω×Ω

dπ(x, x′)

∫
Σ

dγ(y)f(x, y)

=

∫
Ω

dµ(x)

∫
Σ

dγ(y)f(x, y)

=

∫
Ω×Σ

d(µ⊗ γ)(x, y)f(x, y),

hence the first marginal of π̃ is µ⊗ γ, and its second marginal is ν ⊗ γ for the same reason.
Therefore, it holds

W p
p (µ⊗ γ, ν ⊗ γ) ≤

∫
(Ω×Σ)2

dπ̃((x, y), (x′, y′))dp((x, y), (x′, y′)) =

∫
Ω×Ω

dπ(x, x′)

∫
Σ

dγ(y)dp((x, y), (x′, y′)),

hence (2.4.0.1) is proved. Now we shall use it to prove (2.4.0.2) and (2.4.0.3), and we begin with (2.4.0.2): if
Ω = [0,+∞) and Σ = ∂B1, for any x ∈ ∂B1 and r, r′ ≥ 0 one has

d((r, x), (r′, x)) = |rx− r′x| = |r − r′||x| = |r − r′|,

and therefore by (2.4.0.1), for any π ∈ Γ(µ, ν), one gets

W p
p (µ⊗ γ, ν ⊗ γ) ≤

∫
[0,+∞)2

dπ(r, r′)

∫
∂B1

dγ(y)dp((r, x), (r′, x)) =

∫
[0,+∞)2

dπ(r, r′)|r − r′|pγ(∂B1),

and by minimizing over π ∈ Γ(µ, ν) one gets the thesis.
As for (2.4.0.3), one has

d((r, x), (r, x′)) = |rx− rx′| = r|x− x′| ≤ rd∂B1
(x, x′),

and therefore

W p
p (µ⊗ γ, ν ⊗ γ) ≤

∫
∂B1×∂B1

dπ(x, x′)

∫ ∞
0

dγ(r)rpdp∂B1
(x, x′),

and as before the thesis follows optimizing over π ∈ Γ(µ, ν).
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Chapter 3

Some properties of binomial random
variables.

In this Chapter we recall some notions which we need about the binomial random variables.
Let us begin with the definition of binomial random variable.

Definition 3.0.1 ([30], Section 2.2.2, Binomial random variable). Let (Ω,Σ,P) a probability space. A random
variable N : Ω→ N is a Binomial random variable of parameters n ∈ N and p ∈ (0, 1) if

P(N = k) =

(
n

k

)
pk(1− p)n−k, ∀k = 0, 1, . . . , n.

Let us recall also that a Binomial random variable can be obtained the sum of n independent Bernoulli
random variables, defined as follows.

Definition 3.0.2 ([30], Section 2.2.1, Bernoulli random variable). Let (Ω,Σ,P) a probability space and p ∈ (0, 1).
A random variable Z : Ω→ {0, 1} is a Bernoulli random variable of parameter p if

P(Z = 1) = p, P(Z = 0) = 1− p.

Let us recall that if {Zi}ni=1 are iid Bernoulli random variables with parameter p, then

N :=

n∑
i=1

Zi, (3.0.0.1)

is a Binomial random variable with parameters n and p. In particular, if {Xi}∞i=1 are iid random variables in
Rd with common probability distribution µ, the random variable

n(A) =

n∑
i=1

1A(Xi),

is a binomial random variable of parameters n and p with

p = P(1A(X1) = 1) = P(X1 ∈ A) = µ(A).

We now state a first result concerning binomial random variables.

Lemma 3.0.1. Let N be a binomial random variable of parameters n and p and let {Zi}∞i=1 be Bernoulli random
variables independent of N and of parameter q. Then, the random variable

M :=

N∑
i=1

Zi,

is a binomial random variable of parameters n and pq.

Proof. To prove that, notice that for any k ∈ {0, 1, . . . , n}, one has

P(M = k) =

n∑
`=k

P(M = k|N = `)P(N = `)

=

n∑
`=k

(
`

k

)
qk(1− q)`−k

(
n

`

)
p`(1− p)n−`,
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since conditioned to N , M is a binomial random variable of parameters N and q (see (3.0.0.1)). Hence

P(M = k) =

(
n

k

)
(pq)k

n∑
`=k

(
n− k
`− k

)
[p(1− q)]`−k(1− p)n−`

=

(
n

k

)
(pq)k

n−k∑
j=0

(
n− k
j

)
[p(1− q)]j(1− p)n−k−j

=

(
n

k

)
(pq)k(1− pq)n−k,

and therefore the proof is concluded.

In particular, thanks to Lemma 3.0.1, one can conclude that if N is a binomial random variable of parameters
n and p and {Xi}∞i=1 is a sequence of random variables independent of N and distributed in Rd with common
probability distribution µ, then the random variable

N(A) :=

N∑
i=1

1(Xi ∈ A), (3.0.0.2)

is a binomial random variable of parameters n and pµ(A).
Finally, before going on let us briefly recall that if X is a Bernoulli random variable of parameter p, for

d ∈ N one has

|E[(X − p)d]| = p(1− p)
∣∣(1− p)d−1 + (−1)dpd−1

∣∣ ≤
 1, if d = 0,

0, if d = 1,
p(1− p), if d ≥ 2,

(3.0.0.3)

where the inequality is actually an equality for d = 2.

3.1 Concentration inequalities.
The main result we need concerns how to estimate the qth moment of n(A), and this is the content of the
following Lemma.

Lemma 3.1.1. Let N be a binomial random variable with parameters n and p with np(1− p) ≥ c > 0. Then,
for any q ≥ 2 there exists a constant C depending on q and c such that

E[|N − np|q] ≤ C(np(1− p))
q
2 .

Before proving it, we recall that it can be obtained by Proposition 3.1.1 as Lemma 2.2 in [23], but we prefer
using the following direct proof.

Proof. Let us prove it only if q = 2k and k ∈ N \ {0}. It is sufficient to our purposes since, if the result holds
for such class of the exponents q = 2k, then it holds for any q ≥ 2. Indeed, if one defines

k(q) = min {k ∈ N \ {0} : 2k ≥ q} ,

by Young inequality one gets

E[|N − np|q] ≤ E[|N − np|2k(q)]
q

2k(q) ≤
(
C(np(1− p))

2k(q)
2

) q
2k(q)

= C
q

2k(q) (np(1− p))
q
2 ,

with C > 0 depending on 2k(q) and therefore on q.
Hence we assume q = 2k and k ∈ N \ {0}. In such case, if {Xi}ni=1 are iid Bernoulli random variables with

parameter p, one has

E[|N − np|q] = E[(N − np)2k] = E

( n∑
i=1

(Xi − p)

)2k
 =

n∑
i1,...,i2k=1

E [(Xi1 − p) · · · (Xi2k − p)] , (3.1.0.1)

and therefore, substituting
E` = {j ∈ {1, . . . , 2k} : ij = `, } , ` = 1, . . . , n,
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one gets

(3.1.0.1) =
∑

E1,...,En:
⊔n
`=1 E`={1,...,2k}

E

 n∏
`=1

∏
j∈E`

(Xij − p)


=

∑
E1,...,En:

⊔n
`=1 E`={1,...,2k}

E

[
n∏
`=1

(X` − p)|E`|
]

by definition of E`

=
∑

E1,...,En:
⊔n
`=1 E`={1,...,2k}

n∏
`=1

E
[
(X` − p)|E`|

]
by independence of {Xi}ni=1

≤
∑

E1,...,En:
⊔n
`=1 E`={1,...,2k},|E`|6=1∀`

[p(1− p)]]{`:|E`|≥2} by (3.0.0.3).

Now we can perform the previous sum by counting the number of non empty sets among {E1, . . . , En}. Indeed,
if one denotes by m such number, one can notice that

2k =

n∑
`=1

|E`| ≥
∑

`:|E`|≥2

|E`| ≥ 2
∑

`:|E`|≥2

= 2m, ⇒ m ∈ {1, . . . , k},

hence one can write∑
E1,...,En:

⊔n
`=1 E`={1,...,2k},|E`|6=1∀`

=
∑

E1,...,En:
⊔n
`=1 E`={1,...,2k}

∑
I⊆{1,...,n}

1(|E`| ≥ 2∀` ∈ I, |E`| = 0∀` /∈ I)

=
∑

E1,...,En:
⊔n
`=1 E`={1,...,2k}

k∑
m=0

∑
I⊆{1,...,n},|I|=m

1(|E`| ≥ 2∀` ∈ I, |E`| = 0∀` /∈ I).

Therefore, if {Fi}i∈I are the non empty sets among E1, . . . , En (which means |Fi| ≥ 2∀i ∈ I), one gets

(3.1.0.1) ≤
k∑

m=0

(
n

m

) ∑
F1,...,Fm:

⊔m
`=1 F`={1,...,2k}|F`|≥2∀`

[p(1− p)]m

=

k∑
m=0

(
n

m

)
[p(1− p)]m

∑
F1,...,Fm:

⊔m
`=1 F`={1,...,2k}|F`|≥2∀`︸ ︷︷ ︸

:=Ck,m

=

k∑
m=0

1

nm
n!

m!(n−m)!
[np(1− p)]mCk,m

≤ max
m=0,...,k

Ck,m︸ ︷︷ ︸
:=Ck

k∑
m=0

1

m!
[np(1− p)]m

≤ Ck
∞∑
m=0

1

m!
max

m=0,...,k
[np(1− p)]m ≤ CkeC ′[np(1− p)]k,

with C ′ > 0 depending on k and on the fact that np(1− p) ≥ c.

3.1.1 Chernoff bound.
Thanks to the property of concentration of the binomial random variables, it is possible to estimate the prob-
ability of the event in which such random variable is far from its expected value. That is the aim of this
Subsection.

Proposition 3.1.1 ([15], Chernoff bound). Let N be a binomial random variables of parameters n and p. Then,
for any δ ∈ [0, 1] it holds

P (N − np ≥ npδ) ≤ exp

{
−npδ

2

3

}
and P (N − np ≤ −npδ) ≤ exp

{
−npδ

2

2

}
,

and, in particular

P (|N − np| ≥ npδ) ≤ 2 exp

{
−δ

2np

3

}
.

35



Proof. First, we notice that the second statement is a consequence of the first one, indeed:

P (|N − np| ≥ npδ) = P (N ≥ np(1 + δ)) + P (N ≤ np(1− δ)) =: P(A1) + P(A2), (3.1.1.1)

and we first estimate P(A1), then we focus on P(A2). By writing N =
∑n
i=1Xi, with Xi iid Bernoulli random

variables of parameter p, for any t ≥ 0 one has

P(A1) = P(etN ≥ etnp(1+δ)) ≤ e−tnp(1+δ)E[etN ] = e−tnp(1+δ)
n∏
i=1

E[etXi ]

= e−tnp(1+δ)(pet + (1− p))n ≤

(
ep(e

t−1)

etp(1+δ)

)n
,

and since the minimum of the previous inequality is achieved for t = log(1 + δ), one gets

P(A1) ≤ exp{np[δ − (1 + δ) log(1 + δ)]} ≤ exp

{
− npδ

2

δ + 2

}
≤ exp

{
−npδ

2

3

}
.

The estimate of P(A2) is quite similar. One has

P(A2) = P(−N ≥ −np(1− δ)) = P(e−tN ≥ e−tnp(1−δ)) ≤ etnp(1−δ)E[e−tN ] = etnp(1−δ)
n∏
i=1

E[e−tXi ]

= etnp(1−δ)(pe−t + (1− p))n ≤
(
e−p(1−e

−t)+tp(1−δ)
)n

,

and since here the minimum of the right hand side is achieved for t = log(1− δ), one gets

P(A2) ≤ exp {−np[δ + (1− δ) log(1− δ)]} ≤ exp

{
−npδ

2

2

}
,

and using (3.1.1.1) the thesis is proved.

3.2 Some properties of polynomial functions of binomial random vari-
ables.

Now we focus on some results which will be useful in the next sections. All the result we prove can be written
in a more general way, but for simplicity we only consider the case which we are interested in.

The first result is a Lemma which bounds the probability that a binomial random variable with special
conditions on the parameters is smaller than a fixed value.

Lemma 3.2.1. Let c ∈ (0, 1) and α be positive constants. Then, there exists C < 1 depending on c and α such
that for every N binomial random variable with parameters n and p with n > α and np ≥ c, it holds

P(N ≤ α) ≤ C.

Proof. First, we observe that we can assume that α is a natural number, indeed if the property holds for every
natural number, we have n > α ≥ bαc and

P(N ≤ α) = P(N ≤ bαc) ≤ C,

where b·c is the integer part.
We distinguish two cases: the case np ≥ 2α and np < 2α. Let us start with the first one: by Proposition

3.1.1, if np ≥ 2α, we have

P(N ≤ α) = P(N − np ≤ α− np) = P
(
N − np ≤ −np

2

)
≤ exp

{
−np

8

}
≤ exp

{
−α

4

}
< 1.

We split the case np < 2α in two more cases, as follows. We first denote by

β := β(c, α) = max
x≥c

α∑
k=0

xk

k!
e−x < 1,
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and then we notice that for n > 2α we have

P (N ≤ α) =

α∑
k=0

(
n

k

)
pk(1− p)n−k by definition

≤
α∑
k=0

1

k!
(np)k (1− p)n

(
1− np

n

)−k
since

n!

(n− k)!
≤ nk

≤
(

1− 2α

n

)−α α∑
k=0

1

k!
(np)ke−np since k ≤ α, np ≤ 2α and log(1− p) ≤ −p

≤
(

1− 2α

n

)−α
β. (3.2.0.1)

Now since β < 1 there exists Nα > 2α (also depending on β and therefore on c) such that for n ≥ Nα the
right-hand side of the previous inequality is smaller than 1.

Hence, if np ∈ [c, 2α] and n ≥ Nα we can conclude applying (3.2.0.1). Otherwise, in the case np ∈ [c, 2α]
and n ≤ Nα, we can use the rough estimate

P (N ≤ α) =

α∑
k=0

(
n

k

)
pk(1− p)n−k ≤ max

m∈{α+1,...,Nα},q∈[0,1],mq∈[c,2α]

α∑
k=0

(
m

k

)
qk(1− q)m−k < 1.

The next result is a Lemma concerning an estimate for the expectation of some function of the binomial
random variables.

Lemma 3.2.2. Let c > 0 be a positive constant and let A ∈ R and B ≥ 0. Then, there exists a constant C > 0
depending on A,B and c such that for any N binomial random variable of parameters n and p such that np ≥ c,
it holds

E[(N + 1)A] ≤ C(E[N ] + 1)A, (3.2.0.2)

E[(log(N + 1))B ] ≤ C(log(E[N ] + 1))B . (3.2.0.3)

In particular, if
f(x) := (x+ 1)A(log(x+ 1))B , A ∈ R and B ≥ 0,

for a positive constant C depending on A,B and c, it holds

E[f(N)] ≤ Cf(E[N ]). (3.2.0.4)

Finally, if M > c, there exists a constant C > 1 depending on c and M such that for any N binomial random
variables of parameters n and p with np ∈ [c,M ] it holds

E[f(N)] ≥ 1

C
f(E[N ]). (3.2.0.5)

Proof. We start with the proof of statement (3.2.0.2), which follows from direct computations. Notice that it
is sufficient to prove the statement for integer values of the exponent A, indeed, supposing that (3.2.0.2) holds
for every integer value of the exponent, for a general A by convexity one has

E
[
(N + 1)A

]
= E

[(
(N + 1)

A
|A|

)|A|]

≤ E
[(

(N + 1)
A
|A|

)d|A|e] |A|d|A|e

by convexity

≤ C((E[N + 1])
A
|A| d|A|e)

|A|
d|A|e since

A

|A|
d|A|e is integer

= C(E[N + 1])A,

where d·e is the ceiling function.
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Proof of (3.2.0.2) in the case A = 1, 2, . . . . Suppose therefore that A ∈ N \ 0: we have to estimate

E[(N + 1)A] =

n∑
k=0

(
n

k

)
pk(1− p)n−k(k + 1)A.

If one defines

GA(p) :=

n∑
k=A

(
n

k

)
pk−A(1− p)n−k k!

(k −A)!
,

since there exists a positive constant C > 0 depending on A such that for every k ≥ A

(k + 1)A ≤ C k!

(k −A)!
,

one has

E[(N + 1)A] = E[(N + 1)A1N<A] + E[(N + 1)A1N≥A]

≤ AA + CE
[

N !

(N −A)!
1N≥A

]
= AA + CpAGA(p). (3.2.0.6)

So we claim that

GA(p) ≤ nA (3.2.0.7)

If we prove (3.2.0.7) we can conclude because by (3.2.0.6) we have

E[(N + 1)A] ≤ AA + C(np)A,

that is, (3.2.0.2). Therefore we only need to prove (3.2.0.7), but this is immediate, indeed we have

GA(p) =
n!

(n−A)!

n∑
k=A

(
n−A
k −A

)
pk−A(1− p)n−k =

n!

(n−A)!

n−A∑
j=0

(
n−A
j

)
pj(1− p)n−A−j =

n!

(n−A)!
≤ nA.

Proof of (3.2.0.2) in the case A = −1,−2, . . . . We argue as before: for B = |A| = −A, we define

FB(p) :=

n∑
k=0

(
n

k

)
pk+B(1− p)n−k k!

(k +B)!
,

and we estimate E[(N + 1)−B ] using FB , as follows

E[(N + 1)−B ] =

n∑
k=0

(
n

k

)
pk(1− p)n−k 1

(k + 1)B
≤ C

n∑
k=0

(
n

k

)
pk(1− p)n−k k!

(k +B)!
= Cp−BFB(p). (3.2.0.8)

We also have

FB(p) =
n!

(n+B)!

n∑
k=0

(
n+B

k +B

)
pk+B(1− p)n−k =

n!

(n+B)!

n+B∑
j=B

(
n+B

j

)
pj(1− p)n+B−j

≤ n!

(n+B)!

n+B∑
j=0

(
n+B

j

)
pj(1− p)n+B−j =

n!

(n+B)!
≤ C

nB
, (3.2.0.9)

and combining (3.2.0.8) and (3.2.0.9) we get

E[(N + 1)−B ] ≤ C(np)−B .

Hence the proof of (3.2.0.2) is concluded also for negative integers A = −B.
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Proof of (3.2.0.3). The proof of this second part of the Theorem is much simpler because the function inside
the expectation is concave for large values of the argument.

If we define
fB(x) := (log(1 + x))B , x ≥ 0,

we have to prove that for any binomial random variable as in the hypothesis, it holds

E[fB(N)] ≤ CfB(E[N ]).

First, we observe that the function fB is concave in the region

[max{xB , 0},+∞), with xB := eB−1 − 1,

and convex in the region [0,max{xB , 0}). Hence, since the statement is valid with C = 1 if B ∈ [0, 1] by
concavity of fB , we can assume B > 1 (and therefore xB > 0). In such case, we have

E[fB(N)] = E[fB(N)1N<xB ] + E[fB(N)1N≥xB ], (3.2.0.10)

and since we can roughly estimate

E[fB(N)1N<xB ] ≤ sup
x∈[0,xB)

fB(x) = fB(xB) = (B − 1)B =: cB , since fB is increasing, (3.2.0.11)

we focus on the second summand in (3.2.0.10). For that term, we can infer that

E[fB(N)1N≥xB ] =
E[fB(N)1N≥xB ]

P(N ≥ xB)
P(N ≥ xB)

≤ fB
(
E[N1N≥xB ]

P(N ≥ xB)

)
P(N ≥ xB) since fB is concave in the region [xB ,+∞)

≤ fB
(

E[N ]

P(N ≥ xB)

)
since fB is increasing

=

[
log

(
E[N ]

1− P(N < xB)
+ 1

)]B
≤ [log(E[N ] + 1)− log(1− P(N < xB))]

B ≤ CfB(E[N ]) + C by Lemma 3.2.1, (3.2.0.12)

where C is a positive constant depending on B and c.
Combining (3.2.0.12) with (3.2.0.10) and (3.2.0.11) we get (3.2.0.3).

Proof of (3.2.0.4). We can now conclude: by Hölder inequality, we have

E[f(N)] = E[(N + 1)A(log(N + 1))B ] ≤
√

E[(N + 1)2A]
√
E[(log(N + 1))2B ]

≤ C ′(E[N ] + 1)A(log(E[N ] + 1))B

= C ′f(E[N ]),

where C ′ is the square root of the product of the constants provided by (3.2.0.2) and (3.2.0.3) for A′ = 2A and
B′ = 2B.

As for the proof of (3.2.0.5), we can use the following argument: since the function f we are considering is
strictly positive in [c,+∞) and continuous (hence bounded in the interval [c,M ]), we are reduced to prove that
for any binomial random variables of parameters n and p such that np ≥ c,

E[f(N)] ≥ C ′, (3.2.0.13)

for a positive constant C ′ depending on c.
So let us briefly prove (3.2.0.13): if A ≥ 0 we have

E[f(N)] ≥ E
[
(N + 1)A(log(N + 1))B1N≥1

]
≥ 2A(log 2)BP(N ≥ 1) ≥ C ′,

where the constant C ′ comes from Lemma 3.2.1.
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As for the case A < 0, we can argue as in the proof of (3.2.0.2): if A = −1,−2, . . . , we have

E[f(N)] =

n∑
k=0

(
n

k

)
pk(1− p)n−k(k + 1)A(log(k + 1))B ≥ 1

C

n∑
k=1

(
n

k

)
pk(1− p)n−k(k + 1)A

≥ 1

C

n∑
k=1

(
n

k

)
pk(1− p)n−k k!

(k −A)!
=

1

C

n!

(n−A)!

n∑
k=1

(
n−A
k −A

)
pk(1− p)n−k

=
1

C

n!pA

(n−A)!

n−A∑
j=1−A

(
n−A
j

)
pj(1− p)n−A−j

≥ 1

C2
(np)A (1− P(N ′ ≤ −A)) ,

where N ′ is a binomial random variable with parameters n−A and p (satisfying therefore (n−A)p ≥ np ≥ c).
Hence, if C ′′ ∈ (0, 1) is the constant provided by Lemma 3.2.1, we get in this case

E[f(N)] ≥ 1

C
cA(1− C ′′).

To conclude the proof, we only need to prove (3.2.0.5) for A < 0, A /∈ Z, but such case is trivial since we have

E[f(N)] = E
[
(N + 1)A(log(N + 1))B

]
≥ E

[
(N + 1)−d−Ae(log(N + 1))B

]
≥ C ′,

since the property is already proved for integer values of A (in this case −d−Ae).

Using Lemma 3.2.2 we can prove the following concentration result.

Proposition 3.2.1. Let c > 0 be a positive constant, and let f : [0,+∞)→ R be the function

f(x) := (x+ 1)A(log(x+ 1))B , A ∈ R and B ≥ 0.

Then, there exist two infinitesimal functions ω : [c,+∞) → [0, 1) and ω′ : [c,+∞) → [0,+∞) such that for
every N binomial random variable of parameters n and p such that np ≥ c, it holds

(1− ω(np))f(np) ≤ E[f(N)] ≤ f(np)(1 + ω′(np)). (3.2.0.14)

Proof. The proof is quite technical but it relies on the concentration properties of binomial random variables
which we mentioned before. First, we fix α ∈

(
1
2 , 1
)
, k ∈ (0, c1−α) and we define the set

A := {|N − np| ≤ k(np)α} = {np− k(np)α ≤ N ≤ np+ k(np)α} .

Notice that, thanks to the choice of k, one has

np− k(np)α ≥ c− kcα > 0, (3.2.0.15)

so that in A the variable N is uniformly bounded from below by a positive constant which does not depend on
n or p. By Proposition 3.1.1, we have

P(Ac) ≤ 2 exp

{
−k

2(np)2α−1

3

}
. (3.2.0.16)

Notice also that

f ′(x) = A(x+ 1)A−1(log(x+ 1))B +B(x+ 1)A−1(log(x+ 1))B−1 =
f(x)

x+ 1

(
A+

B

log(x+ 1)

)
,

so that, for a positive constant C > 0 depending on c, k and α, thanks to (3.2.0.15) one has

1

C

f(x)

x
≤ |f ′(x)| ≤ C f(x)

x
, ∀x ∈ [c− kcα,+∞). (3.2.0.17)

This estimate of course is valid even if A or B are zero (if they are both zero the Proposition is trivial).
From now on, we assume that

np ≥M, (3.2.0.18)
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with M to be fixed later, , otherwise for np ∈ [c,M ] the statement is obvious since by (3.2.0.4) and (3.2.0.5) of
Lemma 3.2.2

1

C
f(E[N ]) ≤ E[f(N)] ≤ Cf(E[N ]).

Now we can estimate

E[|f(N)− f(np)|]
f(np)

=
E[|f(N)− f(np)|1A]

f(np)
(3.2.0.19)

+
E[|f(N)− f(np)|1Ac ]

f(np)
, (3.2.0.20)

where Ac is the complement of A. We estimate separately the summands in the right-hand side of the previous
inequality, that is, (3.2.0.19) and (3.2.0.20). First we focus on (3.2.0.19): we have

(3.2.0.19) =
1

f(np)
E[|f ′(ξ)(N − np)|1A] with ξ depending on N,np and f

≤ max
x∈[np−k(np)α,np+k(np)α]

|f ′(x)| 1

f(np)
E[|N − np|1A]

≤ C 1

f(np)
max

x∈[np−k(np)α,np+k(np)α]

f(x)

x
E [|N − np|1A] thanks to (3.2.0.17)

≤ C ′ 1

np
k(np)α with C ′ depending on C, k, c and α and by definition of A

=
C ′′

(np)1−α =: ω1(np),

and so the estimate of (3.2.0.19) is completed. Notice that we can assume that the constant M in (3.2.0.18)
satisfies

C ′′

M1−α ≤
1

4
,

so that 0 ≤ ω1 ≤ 1
4 .

Now we focus on (3.2.0.20): by triangle inequality and Hölder inequality we have

(3.2.0.20) ≤ E[f(N)1Ac ]

f(np)
+ P(Ac) ≤

√
E[(f(N))2]

f(np)

√
P(Ac) + P(Ac). (3.2.0.21)

Moreover, by (3.2.0.4), we have

E[(f(N))2] ≤ C(f(np))2, (3.2.0.22)

where C > 0 is the constant provided by (3.2.0.4) of Lemma 3.2.2 and depending on A′ = 2A,B′ = 2B and c.
Thus, combining (3.2.0.21) and (3.2.0.22), we have

(3.2.0.20) ≤ C
(√

P(Ac) + P(Ac)
)
≤ 2C exp

{
−k

2(np)2α−1

6

}
=: ω2(np) by (3.2.0.16).

As before, we can assume that the constant M in (3.2.0.18) is large enough to satisfy

2C exp

{
−k

2M2α−1

6

}
≤ 1

4
,

so that ω2 ≤ 1
4 .

We can finally conclude since we just proved that

E[|f(N)− f(np)|]
f(np)

= (3.2.0.19) + (3.2.0.20) = ω1(np) + ω2(np) =: ω(np),

and ω is the function in the statement satisfying ω ≤ 1
2 for np ≥M .

Now we can use Lemma 3.2.2 and Proposition 3.2.1 to prove the following Theorem.

Theorem 3.2.1. Let Let c > 0 be a positive constant, and let f : [0,+∞)→ R be the function

f(x) := (x+ 1)A(log(x+ 1))B , A ∈ R and B ≥ 0.
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Let ω : [0,+∞) → [0,+∞) be a bounded and infinitesimal function. Then, there exists another infinitesimal
function ω′ : [c,+∞)→ [0,+∞) depending on A,B, c and ω such that, for any N binomial random variable of
parameters n and p with np ≥ c, it holds

E[f(N)(1 + ω(N))] ≤ f(E[N ])(1 + ω′(E[N ])), (3.2.0.23)

and moreover, if supω < 1,

E[f(N)(1− ω(N))] ≥ f(E[N ])(1− ω′(E[N ])), (3.2.0.24)

with ω′ as before and supω′ < 1.

Proof. To prove the statement we have to prove that the quantities

α± :=
E[f(N)(1± ω(N))]

f(E[N ])
,

with ω < 1 in the case of α−, are bounded from above and below by positive constants and that α± −−−−→
np→∞

1.

To prove that α± −−−−→
np→∞

1, we first assume that np ≥ M , for M large enough to be fixed later (since we

have to consider the case np→∞). Then, we observe that

E[f(N)(1 + ω(N))] = E[f(N)] (3.2.0.25)
± E[f(N)ω(N)]. (3.2.0.26)

As for the first summand in the right-hand side of (3.2.0.25), we have

|E[f(N)]− f(E[N ])| ≤ f(np)ω1(np) = f(E[N ])ω1(E[N ]), (3.2.0.27)

with ω1 < 1 the infinitesimal function provided by Proposition 3.2.1.
Moreover, the second summand in (3.2.0.26) can be estimated as follows: by Hölder inequality we have

|E[f(N)ω(N)]| ≤ E[|f(N)ω(N)|] ≤
√
E[(f(N))2]

√
E[(ω(N))2]

≤
√
C(f(E[N ]))2

√
E[(ω(N))2] = C ′f(E[N ])

√
E[ω2(N)] (3.2.0.28)

where C is the constant provided by (3.2.0.4) of Lemma 3.2.2 with A′ = 2A and B′ = 2B. So let us estimate
this factor concerning ω2: if

A :=
{
N ≥ np

2

}
,

by Proposition 3.1.1, we have

P(Ac) = P
(
N − np < −np

2

)
≤ exp

{
−np

8

}
, (3.2.0.29)

and therefore by (3.2.0.29) we have

E[ω2(N)] = E[ω2(N)1A] + E[ω2(N)1Ac ]

≤ max
x≥np2

ω2(x) + (max
x≥0
|ω(x)|)2P(Ac)

≤ max
x≥np2

ω2(x) + (max
x≥0
|ω(x)|)2 exp

{
−np

8

}
=: ω2(np).

Combining this estimate with (3.2.0.28) we get

|E[f(N)ω(N)]| ≤ C ′f(E[N ])
√
ω2(np),

which, if combined with (3.2.0.25), (3.2.0.26) and (3.2.0.27), gives

|α± − 1| ≤ ω1(np) + C ′
√
ω2(np).

Notice that in this case we can assume that the M such that np ≥M is large enough to have ω1 +C ′
√
ω2 < 1.

The previous argument also proves the boundedness from above of α±.
As for the boundedness from below, if E[N ] = np ∈ [c,M ], one has

α+ ≥ α− ≥
E[f(N)] inf(1− ω)

f(E[N ])
≥ inf(1− ω)

C
,

with C the constant provided by (3.2.0.5) of Lemma 3.2.2.
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3.3 The convergence to a Poisson random variable.
In this Section, we first recall the Definition of Poisson random variable.

Definition 3.3.1 ([30], Section 2.2.4, Poisson random variable). Let (Ω,Σ,P) a probability space. A random
variable M : Ω→ R is a Poisson random variable of parameter c > 0 if

P(M = k) =
e−cck

k!
∀k ∈ N.

We recall here that, if N is a Binomial random variable of parameters n and c
n and M a Poisson random

variable of parameter c > 0, for fixed k ∈ N it holds (see for example [30], Section 2.2.4):

P(N = k) =

(
n

k

)( c
n

)k (
1− c

n

)n−k
=

n!

(n− k)!nk︸ ︷︷ ︸
−−−−→
n→∞

1

ck

k!

(
1− c

n

)n−k
︸ ︷︷ ︸
−−−−→
n→∞

e−c

−−−−→
n→∞

e−cck

k!
= P(M = k).

Hence we now focus on a result concerning the convergence of a sequence of binomial random variables of
parameters n and c

n to a Poisson random variable of parameter c.

Proposition 3.3.1 ([30], Section 2.2.4). Fix c > 0 and let: {Nn,c}∞n=1 be a sequence of binomial random
variables of parameters n and c

n , M a Poisson random variable of parameter c and f : N→ R a real function.
Then

sup
n∈N

E[|f(Nn,c)|] < +∞⇐⇒ E[|f(M)|] < +∞, (3.3.0.1)

and, in this case, it holds

E[f(Nn,c)] −−−−→
n→∞

E[f(M)]. (3.3.0.2)

Proof. First notice that, by splitting f = f+ − f−, where f± are respectively the positive and negative part of
f , we can assume that f ≥ 0. In such case |f | = f .

Therefore we assume f : N→ [0,+∞).
We start with the proof of (3.3.0.1), and, to do that, we prove the following intermediate estimate:

E[f(M)] ≤ lim inf
n→∞

E[f(Nn,c)] ≤ lim sup
n→∞

E[f(Nn,c)] ≤ ecE[f(M)]. (3.3.0.3)

Since one has:

E[f(Nn,c)] =

n∑
k=0

(
n

k

)( c
n

)k (
1− c

n

)n−k
f(k) =

n∑
k=0

n!

(n− k)!nk
ck

k!

(
1− c

n

)n−k
f(k), (3.3.0.4)

by summing only over k ≤ K for fixed K ∈ N and then taking the liminf, one gets

lim inf
n→∞

E[f(Nn,c)] ≥ lim inf
n→∞

K∑
k=0

n!

(n− k)!nk
ck

k!

(
1− c

n

)n−k
f(k)

≥
K∑
k=0

lim inf
n→∞

n!

(n− k)!nk
ck

k!

(
1− c

n

)n−k
f(k)

=

K∑
k=0

ck

k!
e−cf(k),

and then taking the limit as K →∞, one gets

lim inf
n→∞

E[f(Nn,c)] ≥ E[f(M)],

that is, the first inequality in (3.3.0.3). To prove the second one, using again (3.3.0.4), since

n!

(n− k)!nk
≤ 1, and

(
1− c

n

)n−k
≤ 1, (3.3.0.5)
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one gets

lim sup
n→∞

E[f(Nn,c)] ≤ lim sup
n→∞

n∑
k=0

ck

k!
f(k) = ecE[f(M)],

hence also the second inequality in (3.3.0.3) is proved. Therefore also (3.3.0.1) holds as a consequence of
(3.3.0.3). So we now focus on (3.3.0.2): if we prove that

lim sup
n→∞

E[f(Nn,c)] ≤ E[f(M)], (3.3.0.6)

combining (3.3.0.6) with (3.3.0.3) and the assumption that E[f(M)] is finite, also (3.3.0.2) is proved. To prove
(3.3.0.6), we argue as follows: let k(n) ∈ N be a natural number such that

k(n) −−−−→
n→∞

∞, k(n)

n
−−−−→
n→∞

0.

Then, using again (3.3.0.4) and (3.3.0.5), one gets

E[f(Nn,c)] ≤
n∑
k=0

ck

k!

(
1− c

n

)n−k
f(k)

≤
(

1− c

n

)n(1− k(n)
n )

k(n)∑
k=0

ck

k!
f(k) (3.3.0.7)

+

∞∑
k=k(n)+1

ck

k!
f(k), (3.3.0.8)

and since thanks to the choice of k(n)
(3.3.0.7) −−−−→

n→∞
E[f(M)],

and
(3.3.0.8) = ecE[f(M)1M>k(n)] −−−−→

n→∞
0,

one gets (3.3.0.6).

Proposition 3.3.1 can be used to prove the following result.

Corollary 3.3.1. Let c > 0 be a positive constant, Nn,c a sequence of binomial random variables of parameters
n and c

n , M a Poisson random variable of parameter c and X = {Xi}∞i=1 a sequence of iid random variables
uniformly distributed in (0, 1)d. Then, if f (j)

X,p : N→ [0,+∞), j = 1, 2, 3 are the following functions

f
(1)
X,p(k) := W p

p

(
k∑
i=1

δXi , k1(0,1)d

)
, f

(2)
X,p(k) := Wbpp

(
k∑
i=1

δXi , k1(0,1)d

)
, f

(3)
X,p(k) := Wbpp

(
k∑
i=1

δXi , c1(0,1)d

)
,

it holds
E
[
f

(j)
X,p(Nn,c)

]
−−−−→
n→∞

E
[
f

(j)
X (M)

]
.

Proof. To prove the statement, by Proposition 3.3.1, it is sufficient to prove that

sup
n∈N

E[f
(j)
X,p(Nn,c)] < +∞, (3.3.0.9)

for any j = 1, 2, 3.
We start with j = 1: for any n ∈ N one has

E
[
f

(1)
X,p(Nn,c)

]
= E

[
E
[
f

(1)
X,pq(Nn,c)|Nn,c

]
1Nn,c≥1

]
≤ CE

[
N

1− pd
n,c (χd≥3 + (log(Nn,c + 1))

p
2χd=2)1Nn,c≥1

]
by (1.1.1.7)

≤ C ′E
[
(Nn,c + 1)1− pd (χd≥3 + (log(Nn,c + 1))

p
2χd=2)

]
≤ C ′′(E[Nn,c] + 1)1− pd (log(E[Nn,c] + 1))

p
2 by (3.2.0.4) of Lemma 3.2.2

= C ′′(c+ 1)1− pd (log(c+ 1))
p
2 =: C ′′′.
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Hence we only have to prove that the same holds for f (2) and f (3).
By (2.1.1.2), for any k ∈ N we have

f
(2)
X,p(k) ≤ f (1)

X,p(k),

hence also
E
[
f

(2)
X,p(Nn,c)

]
≤ E

[
f

(1)
X,p(Nn,c)

]
≤ C ′′′,

for any n ∈ N.
As for f (3)

X,p, by triangle inequality we have

f
(3)
X,p(k) = Wbpp

(
k∑
i=1

δXi , c1(0,1)d

)
≤ 2pWbpp

(
k∑
i=1

δXi , k1(0,1)d

)
+ 2pWbpp

(
k1(0,1)d , c1(0,1)d

)
≤ 2pf

(2)
X,p(k) + 2p

|k − c|p

max{k, c}p−1
by Lemma 2.2.7

≤ 2pf
(2)
X,p(k) + 2pc1−p|k − c|p,

hence, for any n ∈ N,

E
[
f

(3)
X,p(Nn,c)

]
≤ 2pE

[
f

(2)
X,p(Nn,c)

]
+ 2pc1−pE [|Nn,c − c|p]

≤ 2pC ′′′ + 2pc1−pC ′′′′c
p
2 , by Lemma 3.1.1.

Hence, we can apply Proposition 3.3.1 to infer that

E
[
f

(j)
X,p(Nn,c)

]
−−−−→
n→∞

E
[
f

(j)
X,p(M)

]
,

for any j = 1, 2, 3.
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Chapter 4

The geodesics on the sphere and the
exponential map.

This Chapter is dedicated to the study of the exponential map, which we need in the geometric decomposition
for the upper bound, that is, in Subsection 6.2.1. To define it, we begin with the definition of geodesics on the
sphere.

The most of the notions and properties we need are taken from [28].

4.1 The geodesics.
To introduce the concept of geodesic, let us begin with the notion of distance between two points on ∂B1.

Definition 4.1.1 ([28], page 58). Given P,Q ∈ ∂B1, the geodesic distance between P and Q is

d(P,Q) := min

{∫ 1

0

dt|γ̇(t)| : γ : [0, 1]
C1

−−→ ∂B1

γ(0) = P, γ(1) = Q

}
.

The minimizing curves γ on the spheres are the arcs of circles, that is, the following property holds.

Lemma 4.1.1 ([28], Proposition 5.13). For P 6= Q ∈ ∂B1 such that Q 6= −P , the minimizing curve in
Definition 4.1.1 is the following:

γ(t) = P cos(arccos(P ·Q)t) +
Q− (P ·Q)P√

1− (P ·Q)2
sin(arccos(P ·Q)t), t ∈ [0, 1].

Otherwise, if Q = −P , for any v such that v · P = 0 the curve

γ(t) = P cos(πt) + v sin(πt), t ∈ [0, 1],

is a minimizer.
In particular, one has

d(P,Q) = arccos(P ·Q).

With these notions, a geodesic on ∂B1 is defined as follows.

Definition 4.1.2 ([28], page 58). A curve γ : [0, 1] → ∂B1 is a geodesic if there exists a constant v > 0 such
that for any t ∈ (0, 1) there exists ε > 0 such that for any t− ε < t1 < t2 < t+ ε it holds

d(γ(t1), γ(t2)) = v(t2 − t1).

By the previous Lemma 4.1.1 it is easy to derive the following property.

Proposition 4.1.1 ([28], Proposition 5.13). If γ : [0, 1]→ ∂B1 is a geodesic curve, there exist P,Q ∈ ∂B1 such
that

P ·Q = 0,

and ω > 0 such that
γ(t) := P cos(ωt) +Q sin(ωt).
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4.1.1 A particular class of rotations on the sphere.
What we need in the following is a rotation RQP : Rd → Rd which moves ∂B1 along the geodesic from P to
Q. To build such a map, we proceed as follows: we let the vectorial space {P,Q}⊥ be fixed, and in the plane
generated by the vectors P and Q we apply the rotation by angle θ = arccos(P ·Q). In other words, if we fix
the orthonormal basis

v1 := P, v2 :=
Q− (P ·Q)P√

1− (P ·Q)2
, v3, . . . , vd such that vi · vj = δi,j ,

we get
P = v1, Q = (P ·Q)v1 +

√
1− (P ·Q)2v2,

so that the coordinates of P and Q with respect to the basis {vi}di=1 are respectively

(1, 0, 0, . . . , 0) and (P ·Q,
√

1− (P ·Q)2, 0, . . . , 0),

and the matrix representing the rotation RQP we mentioned above with respect to the orthonormal basis v1, . . . , vd
is

MQ
P =


P ·Q −

√
1− (P ·Q)2 0 · · · 0√

1− (P ·Q)2 P ·Q 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

 ,

and this is the map we were looking for.
The rotation RQP has the property move each point in ∂B1 to another point whose distance from the first

one is not larger than the distance between P and Q, as the following Proposition states.

Proposition 4.1.2. Let P,Q, S ∈ ∂B1. Then, if RQP is the rotation defined before, it holds

d∂B1
(S,RQP (S)) ≤ d∂B1

(P,Q).

Proof. By Lemma 4.1.1, if we denote by θ = arccos(P ·Q), we have to prove that

arccos(S ·RQP (S)) ≤ θ.

If we now use the basis v1, . . . , vd mentioned above and denote by

sk := S · vk, k = 1, . . . , d,

the coordinates of S with respect to that basis, we can write

S ·RQP (S) = (s1, s2, s3 . . . , sd) · (s1 cos θ − s2 sin θ, s1 sin θ + s2 cos θ, s3, . . . , sd)

= (s2
1 + s2

2) cos θ +

d∑
k=3

s2
k

= 1− (s2
1 + s2

2)(1− cos θ),

where in the last inequality we have used that

|S|2 =

d∑
k=1

s2
k = 1.

Therefore we have

arccos(S ·RQP (S)) = arccos(1− (s2
1 + s2

2)(1− cos θ)) ≤ max
α∈[0,1]

arccos(1− α(1− cos θ)) = θ,

since the above function is increasing with respect to α and therefore the maximum is achieved for α = 1.
Hence the thesis is proved.

Before defining the exponential map, here we state another result concerning the particular class of rotations
RQP we just mentioned.
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Lemma 4.1.2. Let P,Q ∈ ∂B1, R
Q
P the rotation defined before, and V ∈ O(d) be an orthonormal operator.

Then, the operator
L := (RV QP )TV RQP ,

is an orthonormal operator and satisfies

Lv · P = v · P ∀v ∈ Rd, (4.1.1.1)

in particular

LP = P and L{P}⊥ = {P}⊥. (4.1.1.2)

Proof. To start with, let us stress that L is orthonormal since it is a composition of orthonormal operators.
Then, we prove (4.1.1.1): for v ∈ Rd we have

Lv · P = (RV QP )TV RQP v · P = V RQP v ·R
V Q
P P = V RQP v · V Q = RQP v ·Q = v · (RQP )TQ = v · (RQP )−1Q = v · P,

that is, the thesis. Finally, to prove (4.1.1.2) we can use (4.1.1.1) as follows: since we have

LP · P = P · P = 1 = |LP ||P |,

hence by Cauchy-Schwarz inequality one has LP = λP for a certain λ ∈ R, but applying (4.1.1.1) again we
have

λ = λP · P = LP · P = P · P = 1,

and therefore LP = P . Moreover, as for the second property in (4.1.1.2), we can observe that for any v ∈ {P}⊥,
by (4.1.1.1) one has

Lv · P = v · P = 0⇒ Lv ∈ {P}⊥ ⇒ L{P}⊥ ⊆ {P}⊥,

where the last inequality is actually an equality since L is orthonormal and therefore invertible.

Now we define and prove some properties of the exponential map, and this is the content of the next section.

4.2 The exponential map.
The exponential map is a way to project the tangent space to a manifold on the manifold itself. Since the
densities we are considering are radially symmetric, we need some properties about the exponential map on the
d− 1 dimensional sphere.

We begin with the definition of exponential map, but, before that, recall that given a point P ∈ ∂B1, the
tangent space to ∂B1 in P is the orthogonal to P , that is,

TP (∂B1) := {v ∈ Rd : v · P = 0}.

Definition 4.2.1 ([28], page 72, the Exponential map). Let P ∈ ∂B1 and v ∈ TP (∂B1). The exponential map
is defined as

expP : TP (∂B1)→ ∂B1, v 7→ γPv (1),

with γPv the geodesic on ∂B1 such that

γPv (0) = P,
∂γPv (t)

∂t
|t=0 = v.

The geodesic on the sphere are the circles from Proposition 4.1.1, thus one can write explicitly

γPv (t) := P cos(|v|t) +
v

|v|
sin(|v|t),

and therefore one has
expP (v) = γPv (1) = P cos(|v|) +

v

|v|
sin(|v|).

Through this map one can build a diffeomorphism (up to restricting to a suitable subset of TP (∂B1)) between
∂B1 and TP (∂B1). We want to study the differential of this map.

To do that, to avoid considering the local coordinates of a boundary of the point P , we write D expP (v)
through its formal definition: for any v ∈ TP (∂B1), the differential of expP in v is the linear map

D expP (v) : TP (∂B1)→ TP (∂B1), D expP (v)h := lim
ε→0

expP (v + εh)− expP (v)

ε
. (4.2.0.1)
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Using the rescaling property (see [28, Lemma 5.8])

γPcv(t) = γPv (ct), (4.2.0.2)

it is immediate to see that
D expP (v)|v=0 = Id.

This fact is proven within the proof of [28, Lemma 5.10], and it is quite immediate to show indeed for any
h ∈ TP (∂B1) one has

D expP (v)|v=0h = lim
ε→0

expP (v + εh)− expP (v)

ε
|v=0 by definition

= lim
ε→0

γPv+εh(1)− γPv (1)

ε
|v=0 by definition of exponential map

= lim
ε→0

γPεh(1)− γP0 (1)

ε
by definition

= lim
ε→0

γPh (ε)− γPh (0)

ε
by rescaling property (4.2.0.2)

= h by definition of γPh .

But we need to know that also the second derivatives of expP are bounded, indeed one can do the same for the
second derivatives: for any v, h ∈ TP (∂B1), D2 expP (v)h is the linear map

D2
P (v)h : TP (∂B1)→ TP (∂B1), D2 expP (v)hk := lim

ε→0

D expP (v + εk)h−D expP (v)h

ε
(4.2.0.3)

Thus we shall prove the following result about the first and the second derivatives of the exponential map on
the sphere. Hereafter, we denote by v̂ the normalization of a vector v, as follows.

Definition 4.2.2. For v ∈ Rd \ {0}, v̂ is defined as

v̂ :=
v

|v|
.

Proposition 4.2.1. There exists a constant C > 0 such that for any P ∈ ∂B1, v, h, k ∈ TP (∂B1), it holds

|D expP (v)h− h| ≤ C|h||v|; (4.2.0.4)

|D2 expP (v)hk + Ph · k| ≤ C|v||h||k|; (4.2.0.5)
| expP (v)− P | ≤ C|v|. (4.2.0.6)

This is a consequence of the following Lemma.

Lemma 4.2.1. Let P ∈ ∂B1, v, h, k ∈ TP (∂B1) and v̂ as in Definition 4.2.2. Then the following hold:

D expP (v)h =

[
−P sin(|v|) + v

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)]
v̂ · h+ h

sin(|v|)
|v|

; (4.2.0.7)

D2 expP (v)hk =

[
−P sin(|v|)

|v|
+ v̂

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)]
k · h

+ (kv̂ · h+ hv̂ · k)

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)
− v̂ · hv̂ · k

[
v̂ sin(|v|) + (P |v|+ 3v̂)

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)]
. (4.2.0.8)

Before proving Lemma 4.2.1 we exploit it to prove Proposition 4.2.1.

Proof of Proposition 4.2.1. As for the proof of (4.2.0.4), by (4.2.0.7) we have

|D expP (v)h− h| =
∣∣∣∣[−P sin(|v|) + v

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)]
v̂ · h+ h

(
sin(|v|)
|v|

− 1

)∣∣∣∣
≤ | sin(|v|)|+ |v|

∣∣∣∣cos(|v|)
|v|

− sin(|v|)
|v|2

∣∣∣∣ |h|+ |h| ∣∣∣∣ sin(|v|)
|v|

− 1

∣∣∣∣ ,
where in the inequality we have used that |P | = |v̂| = 1 and Cauchy-Schwarz inequality.
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Hence, one can prove (4.2.0.4) recalling that for any t ∈ [0, 1]

| sin t| ≤ t, | cos t− 1| ≤ t2

2
,

∣∣∣∣cos t

t
− sin t

t2

∣∣∣∣ ≤ Ct, ∣∣∣∣ sin tt − 1

∣∣∣∣ ≤ Ct2. (4.2.0.9)

As for (4.2.0.5), by (4.2.0.8) one has

|D2 expP (v)hv + Ph · k| ≤
∣∣∣∣[P (1− sin(|v|)

|v|

)
+ v̂

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)]
k · h

+ (kv̂ · h+ hv̂ · k)

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)
− v̂ · hv̂ · k

[
v̂ sin(|v|) + (P |v|+ 3v̂)

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)]∣∣∣∣
≤
∣∣∣∣1− sin(|v|)

|v|

∣∣∣∣ |h||k|+ (6 + |v|)
∣∣∣∣cos(|v|)
|v|

− sin(|v|)
|v|2

∣∣∣∣ |h||k|
+ |h||k|| sin(|v|)|,

where we have used again that |P | = |v̂| = 1 and Cauchy-Schwarz inequality. Applying again (4.2.0.9) one gets
the thesis.

As for (4.2.0.6), by definition of exponential map on the sphere we have

| expP (v)− P | =
∣∣∣∣P (cos(|v|)− 1) +

v

|v|
sin(|v|)

∣∣∣∣
≤ |P || cos(|v|)− 1|+ |v̂|| sin(|v|)|

≤ min

{
2,
|v|2

2

}
+ |v| since |P | = |v̂| = 1 and using again (4.2.0.9)

≤ C|v|.

Now that we saw how to use it, we can prove Lemma 4.2.1.

Proof of Lemma 4.2.1. First we prove (4.2.0.7). By definition we have

D expP (v)h = lim
ε→0

γPv+εh(1)− γPv (1)

ε

= lim
ε→0

P cos(|v + εh|) + v+εh
|v+εh| sin(|v + εh|)− P cos(|v|) + v̂ sin(|v|)

ε

= P lim
ε→0

cos(|v + εh|)− cos(|v|)
ε

+ h lim
ε→0

sin(|v + εh|)
|v + εh|

+ v

sin(|v+εh|)
|v+εh| −

sin(|v|)
|v|

ε

= −P sin(|v|)
|v|

v · h+ h
sin(|v|)
|v|

+ v

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)
v̂ · h,

which is what we needed.
As for (4.2.0.8), by the previous equation we have
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D2 expP (v)hk = lim
ε→0

D expP (v + εk)h−D expP (v)h

ε

= lim
ε→0

1

ε

[
−P sin(|v + εk|)

|v + εk|
(v + εk) · h+ h

sin(|v + εk|)
|v + εk|

+ (v + εk)

(
cos(|v + εk|
|v + εk|2

− sin(|v + εk|)
|v + εk|3

)
(v + εk) · h

+ P
sin(|v|)
|v|

v · h− h sin(|v|)
|v|

− v
(

cos(|v|)
|v|2

− sin(|v|)
|v|3

)
v · h

]

= lim
ε→0

−P
(

sin(|v+εk|)
|v+εk| −

sin(|v|)
|v|

)
ε

(v + εk) · h+ h lim
ε→0

sin(|v+εk|)
|v+εk| −

sin(|v|)
|v|

ε

+ (v + εk)(v + εk) · h lim
ε→0

cos(|v+εk|)
|v+εk|2 − sin(|v+εk|)

|v+εk|3 − cos(|v|)
|v|2 + sin(|v|)

|v|3

ε

− P sin(|v|)
|v|

k · h+

(
cos(|v|)
|v|2

− sin(|v|)
|v|3

)
lim
ε→0

(v + εk)(v + εk) · h− vv · h
ε

= −P
(

cos(|v|)
|v|

− sin(|v|)
|v|2

)
v̂ · kv · h+ h

(
cos(|v|)
|v|

− sin(|v|)
|v|2

)
v̂ · k

+ vv · h
(
− sin(|v|)
|v|2

− 3
cos(|v|)
|v|3

+ 3
sin(|v|)
|v|4

)
v̂ · k

− P sin(|v|)
|v|

k · h+

(
cos(|v|)
|v|2

− sin(|v|)
|v|3

)
(kv · h+ vk · h) ,

that is, (4.2.0.8).

4.2.1 Some properties of the exponential map.
In this Section we state some results about the composition of the exponential map with an orthogonal operator
R. In particular, in the proof of Lemma 6.2.4, we need the following two properties.

Lemma 4.2.2. Let R ∈ O(d) be an orthonormal operator. Then, if P ∈ ∂B1 and v ∈ TP (∂B1), the following
conditions hold:

TRP (∂B1) = RTP (∂B1), (4.2.1.1)
R expP (v) = expRP (Rv). (4.2.1.2)

Proof. We begin with the proof of (4.2.1.1), which follows by definition

TRP (∂B1) = {x ∈ Rd : RP · x = 0} = {x ∈ Rd : P ·R−1x = 0} = R{y : P · y = 0} = TP (∂B1),

and therefore the statement is proved.
As for (4.2.1.2) we have

R expP (v) = RγvP (1) = γRvRP (1) = expRP (Rv),

and therefore the thesis is proved and there is no need to involve the explicit form of the exponential map.
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Chapter 5

Some other notions of Measure Theory.

5.1 The Hausdorff Measure.
In this Section we briefly recall the definition of Hausdorff measure of dimension s > 0 in Rd.

Definition 5.1.1 ([19], Definition 2.1: Hausdorff measure). Let A ⊆ Rd and s, δ ∈ (0,+∞). Hsδ(A) is defined
as

Hsδ(A) := inf


∞∑
j=1

π
s
2

Γ( s2 + 1)

(
diam Cj

2

)s
: A ⊆ ∪∞j=1Cj , diam Cj ≤ δ

 ,

and the s-dimensional Hausdorff measure of A is

Hs(A) := sup
δ>0
Hsδ(A).

Briefly speaking, the Hausdorff measure is a way to perform the measure of a set embedded in Rd, such as,
for instance, a k-dimensional surface with k < d.

For further details on the Hausdorff measure see [19], but to our purposes it is sufficient to know that the
Hausdorff measure Hk restricted to a k-dimensional surface sufficiently regular, say C1, is the uniform measure
on the surface itself.

5.2 The Haar measure on O(d).
In this Section we briefly recall some notions about the existence of the Haar measure on a compact Lie group,
and in particular on O(d). We need it in order to prepare the geometric decomposition for the upper bound in
Subsection 6.2.1, since it is necessary to use a multiplication invariant probability measure.

Since all the results we will take from this Chapter do not need a specific formulation, we only state the
results we need, that we take from [18]. To start with, we define what is a Lie group.

Definition 5.2.1 ([18], Definition 2.1). A Lie group (G, ·) is a manifold with a group structure such that the
multiplication map · is regular.

As we mentioned before, the Lie group we are interested into is O(d), and it is straightforward to see that
it is included in the previous definition.

Remark 5.2.1 ([18], Section 4.4). For d ∈ N \ {0}, O(d) is a compact Lie group.

Let us spend a few lines about the previous expression.
O(d) is described by

O(d) :=
{
M ∈Md×d(R) : MMT = Id

}
,

and therefore, since the previous condition MMT = Id is a system of d(d+1)
2 independent equations in Rd2

, by
the implicit function theorem O(d) is a d(d−1)

2 dimensional manifold.
The multiplication map is the multiplication between matrices and O(d) is compact since it is closed and

bounded in Rd2

. The closedness is trivial to verify by definition while the boundedness is a consequence of the
fact that, if U ∈ O(d), then

|Ui,j | = |〈ei, Uej〉| ≤ |ei||Uej | ≤ ‖U‖∞ = 1,

since
‖Uv‖2 = 〈Uv,Uv〉 = 〈v, UTUv〉 = ‖v‖2.

52



We mentioned before that we need a multiplication invariant probability measure on the compact Lie group
O(d), that is, a measure µ such that for any U ∈ O(d) and E ⊆ O(d), it holds

µ(U · E) = µ(E),

and that is the content of the following Section.

5.2.1 Left-invariant and right-invariant probability measures.
To start with, we define rigorously the left and right-invariant probability measures.

Definition 5.2.2 (Multiplication invariant measures.). A measure µ on a Lie group (G, ·) is said to be left-
invariant (respectively right-invariant) if for any U ∈ G and E ⊆ G, it holds

µ(U · E) = µ(E),

and respectively
µ(E · U) = µ(E).

As examples of left and right-invariant measures on Lie groups one can consider: the Lebesgue measure dx
on (Rd,+) or on the torus (Td,+), or the measure dx

x on (R+, ·) where · is the canonical multiplication on R.
We shall see that there exists also a unique left-invariant and right-invariant measure on (O(d), ·), where ·

is the canonical multiplication map between matrices.
The case d = 1 is trivial since one has O(1) = {±1}, and therefore the only left (which is also right) invariant

probability measure is µ such that µ(±1) = 1
2 .

The left and right invariant measures on O(2). The case d = 2 is a little bit less obvious than the case
d = 1 but it is explicit: one has

O(2) :=

{(
cos θ − sin θ
sin θ cos θ

)
,

(
cos θ sin θ
sin θ − cos θ

)
: θ ∈ [0, 2π)

}
=: {R+(θ), R−(θ), θ ∈ [0, 2π)},

and therefore any element of O(2) is described by its determinant (±1) and by the angle θ.
Since one has

R−(θ) = R+(θ)

(
1 0
0 −1

)
, R+(−θ) =

(
1 0
0 −1

)
R+(θ)

(
1 0
0 −1

)
and R+(θ)R+(θ′) = R+(θ + θ′),

it is straightforward to verify that

R+(θ)R+(θ′) = R+(θ + θ′), R+(θ)R−(θ′) = R−(θ + θ′), (5.2.1.1)

R−(θ)R+(θ′) = R−(θ − θ′), R−(θ)R−(θ′) = R+(θ − θ′). (5.2.1.2)

By (5.2.1.1) and (5.2.1.2) it follows that

(R+(θ))−1 = R+(−θ) and (R−(θ))−1 = R−(θ). (5.2.1.3)

Therefore the only left-invariant (which is also right-invariant) probability measure on O(2) is µ defined via∫
O(2)

dµ(U)f(U) =
1

4π

∫ 2π

0

dθ[f(R+(θ)) + f(R−(θ))],

where dθ is the Lebesgue measure on R.
By setting f = 1 one finds that µ is a probability measure on O(2), and it is straightforward to see that µ is

both left and right-invariant since for any U ∈ O(2) and E ⊆ O(2), assuming that U = R+(θ̄) (the same holds
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if U = R−(θ̄)), one has

µ(UE) =
1

4π

∫ 2π

0

dθ[1R+(θ̄)E(R
+(θ)) + 1R+(θ̄)E(R

−(θ))]

=
1

4π

∫ 2π

0

dθ[1E((R
+(θ̄))−1R+(θ)) + 1E((R

+(θ̄))−1R−(θ))]

=
1

4π

∫ 2π

0

dθ[1E(R
+(−θ̄))R+(θ)) + 1E(R

+(−θ̄)R−(θ))] by (5.2.1.3)

=
1

4π

∫ 2π

0

dθ[1E(R
+(−θ̄ + θ)) + 1E(R

−(−θ̄ + θ))] by (5.2.1.1)

=
1

4π

∫ −θ̄+2π

−θ̄
dθ′[1E(R

+(θ′)) + 1E(R
−(θ′))] changing variables θ′ = θ − θ̄

=
1

4π

∫ 2π

0

dθ′[1E(R
+(θ′)) + 1E(R

−(θ′))] by periodicity of the integrand function

= µ(E) by definition of µ.

Using (5.2.1.1), (5.2.1.2) and (5.2.1.3) one can prove that µ is also right-invariant.
The question is what happens in the case d ≥ 3, where the structure of O(d) is much less obvious. In this

case one can use a more general existence and uniqueness result.

5.2.2 Existence and uniqueness of the Haar measure.
Theorem 5.2.1 ([18], Theorem 37.1, Existence and uniqueness of the left Haar measure.). Let (G, ·) be a locally
compact Lie group, and let Σ be the Borel σ-algebra on G. Then, up to normalization, there exists a unique
measure µ on (G,Σ) such that:

• µ is left-invariant,

• µ is finite on every compact subset K ∈ Σ,

• µ is outer regular, that is

µ(S) = inf {µ(U) : S ⊆ U,Uopen} , ∀S ∈ Σ,

• µ is inner regular, that is

µ(U) = sup {µ(K) : K ⊆ U,Kcompact} , ∀U ∈ Σ open set.

Such measure µ is said a left-invariant Haar measure.

The previous Theorem holds of course in the case of right-invariant measures too, since there is nothing
more specific in the concept of left-invariance than of right-invariance, but a simple way to get a right-invariant
measure from a left-invariant one is the following: if µ is left-invariant, then µ̃ defined via

µ̃(A) := µ
{
g ∈ G : g−1 ∈ A

}
,

is right-invariant. Moreover, if µ is finite on every compact subset and it is inner and outer regular, then also
µ̃ is.

One may ask whether the left and right Haar measures do coincide: in such case, the group G is said to be
unimodular. The following Theorem provides a sufficient condition for a group to be unimodular.

Theorem 5.2.2 ([18], Proposition 35.4). If (G, ·) is a compact Lie group, then it is unimodular.

As a consequence of Theorems 5.2.1 and 5.2.2 and of Remark 5.2.1, one gets the following result.

Proposition 5.2.1. For any dimension d ≥ 1, O(d) admits a unique left and right Haar measure.
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Chapter 6

Random matching for exponential and
polynomial densities.

The density we are going to consider as distribution of the variables {Xi}ni=1 here have radial symmetries, thus

ρ(x) = ρ(|x|),

with

ρ(r) := cd
e−

rq

q

1 + rγ
, with

{
γ ∈ R, q > 0,
γ > d, q = 0,

(6.0.0.1)

where the case q = 0 is a slight abuse of notation to mean that one has only the polynomial contribution and
not the exponential one. Moreover, cd chosen in such a way to have∫

Rd
dxρ(x) = 1.

Since we have to deal with the pth moment, with p ≥ 1, we have to be sure that∫
Rd
dxρ(x)|x|p <∞, that is

∫ ∞
0

drrd+p−1ρ(r) <∞,

and the previous property holds for {
any p ≥ 1, q > 0,

1 ≤ p < γ − d, q = 0,

and of course this means that we need γ > d+ 1.
This class of densities has the property that for any a ∈ R, a < γ−1 whenever q = 0, there exists a constant

C > 0 (depending on γ and a) such that for any R ≥ 1

1

C
Ra−q+1ρ(R) ≤

∫ ∞
R

drρ(r)ra ≤ CRa−q+1ρ(R). (6.0.0.2)

This property is a consequence of the fact that there exists a constant C > 0 depending on q and γ such that
for any R ≥ 1

1

C
Rq−1 ≤ |ρ

′(R)|
ρ(R)

≤ CRq−1.

This is the crucial property we are going to use, and it also implies that

∫ R

0

drρ(r)arb .

 1 q > 0, a > 0 or q > 0, a = 0, b < −1 or q = 0,−γa+ b < −1,
logR q > 0, a = 0, b = −1 or q = 0,−γa+ b = −1,
ρ(R)aRb−q+1 q > 0, a < 0 or q = 0,−γa+ b > −1.

The critical exponent. As we mentioned in the Introduction, and in particular in (1.1.3.1), one expects
that the behavior of the cost function changes whenever the exponent p becomes such that ρ1− pd is no more
an integrable function. The class of densities we are considering is vanishing for large |x|, hence the more p is
large, the less the (1− p

d )th power of the density is integrable.
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Hence the critical exponent p is defined as

pcrit := sup

{
p ≥ 1 :

∫
Rd
dxρ(x)1− pd <∞

}
,

and it is straightforward to see that since for q = 0∫
Rd
dxρ(x)1− pd = Hd−1(∂B1)c

1− pd
d

∫ ∞
0

drrd−1(1 + r−γ)1− pd

= C

(
1 +

∫ ∞
1

drr−(γ−d)+ γp
d −1

)
,

one has

pcrit =

{
d, q > 0,

p∗ = d(γ−d)
γ < min{d, γ − d}, q = 0,

and notice that while if q > 0 one has pcrit = d ≥ 1, if q = 0, pcrit ≥ 1 if and only if

γ ≥ d2

d− 1
> d+ 1 = initial lower bound for γ,

and therefore the critical exponent p which changes significantly the behavior does not necessarily exist, that
is, if q = 0 and γ ∈

(
d+ 1, d2

d−1

)
, one has

pcrit < 1 and therefore p ∈ [1, γ − d)⇒ p > pcrit.

6.1 Restriction to a ball of radius R.
Since our purpose is to apply the method we mentioned in Subsection 1.1.2 to the probability distribution with
density ρ, we want to divide all the domain in which the random variables are distributed on, that is, Rd, in a
set of squares. We will focus later on the way this partition is to be made, but what we want to stress now is
that there is a region of Rd where the averaged number of variables is too small. Indeed, if we consider a ball
(or a disk, in dimension d = 2) of radius R, we get

n− E[n(BR)] = n

∫
BcR

dxρ(x) = nHd−1(∂B1)

∫ ∞
R

drrd−1ρ(r) ' nRd−qρ(R).

Hence, the radius R inside which we want to constrain the variables is to be chosen in such a way to have
n − E[n(BR)] � n, in such a way to have a very small fraction of the variables outside the region we are
excluding, that is

R =

{
(q log n)

1
q q > 0,

n
1

γ−d q = 0.
.

This choice of R is however not the best one: indeed to compare the cost of the matching with the cost of
the uniform matching, one has to be sure that in each hypercube we divide the ball (or the disk) into, two
conditions are satisfied:

• the density has to be almost constant (that is, it has to be transported in the uniform one through a quasi
1-Lipschitz map),

• there is a large number of variables {Xi} to be matched with the reference measure.

Before we deal with these two requests, let us substitute the previous R with a slightly smaller radius:

R =


q

√
q log

(
n

(logn)α

)
q > 0,(

n
(logn)β

) 1
γ−d

q = 0.

, (6.1.0.1)

with α and β to be fixed below according to the conditions we need.
Let use begin with the first one: it means that ρ restricted to the hypercube must be transported into the

constant one. By Lemma 2.2.6, it is possible if for any x in the hypercube, denoting by L its side, it holds

L

∣∣∣∣∇ρ(x)

ρ(x)

∣∣∣∣ = L

∣∣∣∣ρ′(r)ρ(r)

∣∣∣∣ ≤ Cε, with r = |x| and ε to be finally sent to 0. (6.1.0.2)
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We recall here that by Lemma 2.2.5 the previous condition ensures that if x and y are in the same hypercube
Q, one has

sup
x,y∈Q

∣∣∣∣ρ(x)

ρ(y)
− 1

∣∣∣∣ ≤ C ′ε. (6.1.0.3)

For x close to the boundary of the ball, that is, |x| ≈ R, property (6.1.0.2) writes as

L

∣∣∣∣ρ′(R)

ρ(R)

∣∣∣∣ ≈ LRq−1 ≤ Cε, and therefore L ≈ εR1−q. (6.1.0.4)

Here comes the second condition: using (6.1.0.4) one finds out that the expectation of the number of points
inside the hypercube QL of side L and at distance R from the origin is

E [n(QL)] = n

∫
QL

dxρ(x) ≈ nρ(R)Ld ≈ nερ(R)R−d(q−1), (6.1.0.5)

where the first approximation is a consequence of the fact that the density is almost constant inside the hy-
percube, that is, (6.1.0.3), and the second one comes from (6.1.0.4). By substituting definition (6.1.0.1) of the
radius R in (6.1.0.5), for q > 0 we get

E [n(QL)] ≈ nε (log n)α

n
q

√
q log

(
n

(log n)α

)−γ−d(q−1)

≈ ε(log n)α−
γ
q−d(1− 1

q ),

while for q = 0

E [n(QL)] ≈ nε
(

n

(log n)β

)−γ+d
γ−d

= ε(log n)β .

To satisfy the second condition one has to choose α > γ
q + d(1− 1

q ) if q > 0 and β > 0 if q = 0. As we are going
to prove later such a choice is possible for p ≤ pcrit. To explain why it happens, we first notice that large values
of α and β worsen the estimates of such a cut off, in Proposition 6.1.2, but improve the estimates of rearrange
the masses inside the hypercubes, in Propositions 6.2.1 and 6.2.2. This happens since large values of α and β
ensure that the averaged number of points inside the hypercube is very large, and therefore their variance is
very small (in comparison). While if p ≤ pcrit one can choose α and β large enough as we said before but small
enough to not affect the cost of the cut off in Proposition 6.1.2, for p > pcrit it is straightforward to see that
the only choice of α and β which balances the estimates in Proposition 6.1.2, 6.2.1 and 6.2.2 is

α =
γ

q
+ d(1− 1

q
), if q > 0, and β = 0 if q = 0.

Thus the critical distance is defined as follows.

Definition 6.1.1. The radius Sn is defined as

Sn :=


q

√
q log

(
n

(logn)α

)
q > 0,(

n
(logn)β

) 1
γ−d

q = 0,

with

α

{
∈
(
γ
q + d(1− 1

q ), γq + d(1− 1
q ) + 1

)
p ≤ d,

= γ
q + d(1− 1

q ) p > d,

and

β


> 0 p < p∗,

∈
(

0, 1
1− p

γ−d

)
p = p∗,

= 0 p > p∗.

What we want to prove is that the cost is basically determined by the cost of the variables which are inside
the ball of radius Sn. Sn is not exactly the final radius Rn where we are going to apply the cut off, since a
further step will be to divide BSn in a sequence of annuli through a corresponding sequence of radii {rk}k≥1,
and therefore we have to be careful that in this decomposition the last annulus is not too much small. In this
lines we do not want to deal with the exact decomposition in the sequence of the annuli (Subsection 6.2.1) or
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with the exact choice of the radii ((6.2.2.8) and Definition 6.2.3). To give the definition of Rn, it is sufficient to
say that, if the sequence {rk}k≥1 is chosen as in (6.2.2.8), k̄ is chosen as

k̄ := max{k ≥ 1 : rk ≤ Sn < rk+1}, and Rn := rk̄+1. (6.1.0.6)

Such Rn is the critical radius, and by (6.1.0.2) it is straightforward to see that

1

C
ρ(Sn) ≤ ρ(Rn) ≤ Cρ(Sn), (6.1.0.7)

where the constant C > 0 does not depend on n. This holds since the distance between rk and rk+1 is chosen
in such a way to satisfy (6.1.0.4), that is

(rk+1 − rk)
|ρ′(rk)|
ρ(rk)

≤ Cε and therefore 1− cε ≤ ρ(r)

ρ(s)
≤ 1 + cε for any rk ≤ r, s ≤ rk+1.

Now we focus on the cut off at radius Rn. This means that one needs to replace all the n variables {Xi}ni=1

with other n iid random variables {X̃i}ni=1 constrained inside a ball of radius R (or a disk, in dimension d = 2).
To make this, we first define the following new density

Definition 6.1.2. For R > 0, ρ the density in (6.0.0.1),

δ = εR−q,

and AR,R(1+δ) := {x ∈ Rd : |x| ∈ [R,R(1 + δ))}, ρεR is the probability density defined as

ρεR := ρ(1BR +
1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

).

Let us stress that the previous measure coincide with ρ in the ball of radius R but moves all the mass outside
BR in the annulus AR,R(1+δ). Notice that the previous density is obtained as the sum of two terms: the first
one, i.e., the coefficient multiplying 1BR , has order 1, while the second one can be approximated for large R
and small δ = εR−q by

1− ρ(BR)

ρ(AR,R(1+δ))
=

∫∞
R
drrd−1ρ(r)∫ R(1+δ)

R
drrd−1ρ(r)

' Rd−qρ(R)

Rd−1δRρ(R)

=
1

δRq
=

1

ε
in both the cases q > 0 and q = 0 by the choice of δ, (6.1.0.8)

and therefore

ρ(x)(1BR +
1

Cε
1AR,R(1+δ)

) ≤ ρεR(x) ≤ ρ(x)(1BR +
C

ε
1AR,R(1+δ)

) (6.1.0.9)

Also notice that this new density ρεR has the same properties as ρ, that is (6.0.0.2), indeed∫ ∞
S

drρεR(r)ra ≤ Cρ(S)Sa−q+1. (6.1.0.10)

Let us spend a few lines about (6.1.0.10). One has to distinguish the three cases S > R(1+δ), S ∈ (R,R(1+δ)]
and S ≤ R. Of course if S > R(1 + δ) ∫ ∞

S

drρεR(r)ra = 0,

since ρεR(r) = 0 for any r > R(1 + δ). Then, if S ∈ (R,R(1 + δ)], by property (6.1.0.9) one has∫ ∞
S

drρεR(r)ra ≤ C

ε

∫ R(1+δ)

S

drρ(r)ra ≤ C

ε
ρ(S)SaRδ =

C

ε
ρ(S)Sa−q+1ε

(
R

S

)1−q

≤ Cρ(S)Sa−q+1, (6.1.0.11)

and finally, if S ≤ R, by the previous property (6.1.0.11) one has∫ ∞
S

drρεR(r)ra =

∫ R

S

drρεR(r)ra +

∫ ∞
R

drρεR(r)ra ≤
∫ ∞
S

drρ(r)ra +

∫ ∞
R

drρεR(r)ra

≤ Cρ(S)Sa−q+1 + Cρ(R)Ra−q+1 ≤ C ′ρ(S)Sa−q+1,

which concldes.
Before estimating the distance between ρ and ρεR, let us see how this new density ρR can substitute the

previous one, that is, ρ. The main result we are going to prove is the following.
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Proposition 6.1.1. Let {Xi}ni=1 be iid random variables in Rd with common distribution ρ. Then there exist
{X̃i}ni=1 iid random variables in Rd with common distribution ρεR such that

E

[
W p
p

(
n∑
i=1

δXi ,

n∑
i=1

δX̃i

)]
≤ nW p

p (ρ, ρεR).

Proof. Since ρ is absolutely continuous with respect to Lebesgue measure, thanks to Theorem 2.2.1 there exists
a map T : Rd → Rd (depending on R and ε) such that

ρεR = T]ρ, and W p
p (ρ, ρεR) =

∫
Rd
dxρ(x)|x− T (x)|p. (6.1.0.12)

Therefore if {Xi}ni=1 are iid random variables with common distribution ρ, {T (Xi)}ni=1 are iid random variables
with common distribution ρεR. In fact, by Definition 2.2.1 of push-forward, the law of T (X) is T](law of X) and
the independence is preserved by the fact that T (Xi) depends only on Xi.

Therefore, by setting
X̃i := T (Xi),

and noticing that the measure (in Rd × Rd)
n∑
i=1

δXi,X̃i

is a coupling of
∑n
i=1 δXi and

∑n
i=1 δX̃i , one has

E

[
W p
p

(
n∑
i=1

δXi ,

n∑
i=1

δX̃i

)]
≤ E

[
n∑
i=1

|Xi − X̃i|p
]

= E

[
n∑
i=1

|Xi − T (Xi)|p
]

=

n∑
i=1

E [|Xi − T (Xi)|p] =

n∑
i=1

∫
Rd
dxρ(x)|x− T (x)|p

= nW p
p (ρ, ρεR) by (6.1.0.12),

and this proves the statement.

Therefore now the question is how much the density ρεR is far from ρ (in the Wasserstein metric). The
answer is in the following Lemma.

Lemma 6.1.1. If ρ is probability density defined in (6.0.0.1) and ρεR is the probability density in Definition
6.1.2, it holds

W p
p (ρ, ρεR) ≤ CRd−q−p(q−1)ρ(R). (6.1.0.13)

Proof. A possible way to prove the statement could be by finding first an explicit map T : Rd → Rd such
that T]ρ = ρεR, and then estimating |T (x) − x|. It is possible, but we prefer to prove this by first using the
subadditivity of the Wasserstein distance (see (2.1.0.2)) to get, in both the cases, the inequality

W p
p (ρ, ρεR) = W p

p

(
ρ1BR + ρ1BcR , ρ1BR +

1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)
≤W p

p (ρ1BR , ρ1BR) +W p
p

(
ρ1BcR +

1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)
= W p

p

(
ρ1BcR ,

1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)
, (6.1.0.14)

and then by applying the triangle inequality and involving the third measure

ρ̂ :=
1− ρ(BR)

Hd−1(∂BR)
Hd−1|∂BR ,

where Hd−1 is the d − 1-dimensional Hausdorff measure in Definition 5.1.1. ρ̂ moves all the mass outside BR
on the boundary of the ball (and not on the annulus).
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Therefore, to prove (6.1.0.13) in both the cases, we apply the triangle inequality to the three measures
involved in such a way to get

(6.1.0.14) ≤W p
p

(
ρ1BcR ,

1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)
≤
(
Wp

(
ρ1BcR , ρ̂

)
+Wp(ρ̂,

1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)

)p
≤ 2pW p

p

(
ρ1BcR , ρ̂

)
+ 2pW p

p

(
ρ̂,

1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)
. (6.1.0.15)

The bound for the second summand in (6.1.0.15) can be performed as follows: one can observe that the map
T : AR,R(1+δ) → ∂BR defined as

T (x) := Rx̂,

verifies
T]

(
1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)
=

1− ρ(BR)

Hd−1(∂BR)
Hd−1|∂BR = ρ̂,

and also

|T (x)− x| ≤ Rδ. (6.1.0.16)

Therefore

W p
p

(
ρ̂,

1− ρ(BR)

ρ(AR,R(1+δ))
1AR,R(1+δ)

)
= W p

p

(
1− ρ(BR)

Hd−1(∂BR)
Hd−1|∂BR ,

1− ρ(BR)

ρ(AR,R(1+δ))
ρ1AR,R(1+δ)

)
≤
∫
AR,R(1+δ)

dx
1− ρ(BR)

ρ(AR,R(1+δ))
ρ(x)|T (x)− x|p by (2.2.0.1)

≤ 1− ρ(BR)

ρ(AR,R(1+δ))
ρ(AR,R(1+δ))(Rδ)

p by (6.1.0.16)

= (Rδ)pHd−1(∂B1)

∫ ∞
R

drrd−1ρ(r)

≤ C(Rδ)p ρ(R)Rd−q by (6.0.0.2)

= εpCρ(R)Rd−q−p(q−1) by Definition 6.1.2, (6.1.0.17)

with q = 0 in the case of polynomial density.
The estimate of the other summand in (6.1.0.15) is slightly different.
In the following chain of bounds the first one is obtained as in the previous estimates.
One has

W p
p (ρ1BcR , ρ̂) ≤ Hd−1(∂B1)cqd

∫ ∞
R

drρ(r)rd−1|r −R|p

= Hd−1(∂B1)cqd

∫ ∞
R

drρ(r)rd−1 |r −R|p

|rq −Rq|p
|rq −Rq|p

≤ C
∫ ∞
R

drrd−1+p(1−q)|rq −Rq|pρ(r)

= Cρ(R)

∫ ∞
R

drrd−1+p(1−q)|rq −Rq|p ρ(r)

ρ(R)

= CRd+p(1−q)ρ(R)

∫ ∞
1

dssd−1+p(1−q)−γe−R
q sq−1

q (Rq(sq − 1))p with r = Rs

≤ C ′Rd+p(1−q)ρ(R)

∫ ∞
1

dssd−1+p(1−q)−γe−C
′′Rq(sq−1)

= C ′Rd+p(1−q)ρ(R)

∫ ∞
R

drrd−1+p(1−q)−γe−C
′′rqR−(d−1+p(1−q)−γ)−1eC

′′Rq with s = r/R

≤ C ′′Rd+p(1−q)−qρ(R). (6.1.0.18)

Then, combining all the estimates, one gets

W p
p (ρ, ρεR) ≤ (6.1.0.15) ≤ (6.1.0.17) + (6.1.0.18) ≤ (εpC + C ′)ρ(R)Rd−q−p(q−1),

that is what we wanted to prove.
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Now that we have proved the previous Lemma, we can estimate the cost of the cut off. To shorten the
notation, from now on we will use the following one.

Definition 6.1.3. For k̄ as in (6.1.0.6), the density ρn is defined as

ρn := ρεrk̄ .

Proposition 6.1.2. Let Rn be the critical radius. Then, it holds

nW p
p (ρ, ρn) ≤ C

{
(log n)

d
q−1−p(1− 1

q )+α− γq q > 0,

n
p

γ−d (log n)β(1− p
γ−d ) q = 0.

Proof. First we notice that, by Lemma 6.1.1, we have

W p
p (ρ, ρn) ≤ CRd−q−p(q−1)

n ρ(Rn),

and therefore, recalling property (6.1.0.7), we have

nW p
p (ρ, ρn) ≤ CnSd−q−p(q−1)

n ρ(Sn) ≤ CnSd−q−p(q−1)
n e−

S
q
n
q S−γn . (6.1.0.19)

Therefore, to prove the inequality in the case q > 0, it is sufficient to recall that in this case, by Definition 6.1.1,
we have

Sn = q

√
log

(
n

(log n)α

)
,

and then notice that by (6.1.0.19) we get

nW p
p (ρ, ρn) ≤ C(log n)

d
q−1−p(1− 1

q )+α− γq .

Instead, in the case of the polynomial density (q = 0) by Definition 6.1.1, we have

Sn =

(
n

(log n)β

) 1
γ−d

,

and then, by Lemma 6.1.1,

nW p
p (ρ, ρn) ≤ CnRd+p−γ

n ≤ Cn
p

γ−d (log n)β(1− p
γ−d ).
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6.2 The geometric decomposition.
Our purpose is to divide the space in a lot of (not necessarily disjoint) subsets. The hypercubes would be the
most eligible choices for this decomposition since we know the behavior (for large n) of cost of the uniform
matching on an hypercube, and in fact in the lower bound (where there is no need to estimate a global term) we
will use a set of disjoint hypercubes to estimate the cost. But the probability measures we are considering are
radially symmetric, therefore we have to exploit this symmetry in the upper bound, where we have to estimate
the distance between the real density and the density in which the masses have been rearranged.

6.2.1 Geometric decomposition for the upper bound.
To explain the partition which we are going to use we begin with the standard definition of an annulus:

Ar,s = {x ∈ Rd : |x| ∈ [r, s)}.

We need to divide an annulus in a non countable union of deformed hypercubes, which we define as follows.

Definition 6.2.1. Let r, δ > 0, y ∈ ∂B1, U ∈ O(d − 1) and Ry the rotation of Rd which follows the geodesic
from ed to y, defined in Subsection 4.1.1. Qy,Ur,δ is defined as

Qy,Ur,δ := {x ∈ Rd : |x| ∈ [r, r(1 + δ)), x̂ ∈ ∆y,U
δ }, (6.2.1.1)

where

∆y,U
δ := expy(Ry(U((−δ/2, δ/2)d−1)× {0})) ⊆ ∂B1. (6.2.1.2)

Roughly speaking, Qy,Ur,δ is obtained as follows: we have (−δ/2, δ/2)d−1 which is a d−1 dimensional hypercube
(of side δ) on Ted(∂B1). We rotate it by the orthogonal operator U ∈ O(d − 1) and then we embed it into
Rd setting the last component to 0. Then we roteate this embedded hypercube by Ry ∈ SO(d), that is, the
rotation which follows the geodesic from ed to y. This way, we get a d− 1 dimensional hypercube of side δ on
Ty(∂B1), which we project it on ∂B1 through the exponential map, as in Figure 6.2.1.1.

Figure 6.2.1.1: The angular component of Qy,Ur,δ is ∆y,U
δ , that is, the red arc.

We finally rescale it by r and add the radial component, as in Figure 6.2.1.2.

Figure 6.2.1.2: The region delimited by the thick boundary is Qy,Ur,δ .
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It is fairly straightforward to see that the regions defined above closely resemble hypercubes, up to a suitable
transformation. But what we need is instead a more precise estimate on this transformation: in particular, the
result we need about this Qy,Ur,δ is the following.

Lemma 6.2.1. There exist a diffeomorphim S : [0, 1]d → Qy,Ur,δ and a constant C > 0 such that

sup
x∈[0,1]d

∥∥∥∥DSrδ (x)−RyU
∥∥∥∥ ≤ Cδ, (6.2.1.3)∣∣∣∣detDS(x)

(rδ)d
− detU

∣∣∣∣ ≤ Cδ, (6.2.1.4)

sup
x∈[0,1]d

|∇ detDS(x)|
|detDS(x)|

≤ Cδ. (6.2.1.5)

We shall prove it in Subsection 6.2.2. Notice also that the union of this deformed hypercubes over y and U ,
for fixed r and δ, is exactly the annulus with radii r and r(1 + δ), indeed⋃

y∈∂B1,U∈O(d−1)

Qy,Ur,δ = Ar,r(1+δ).

In a lot of cases, we will not use the partition we mentioned before in that order. That is, one can partition the
space in annuli Ark,rk+1

(the sequence {rk}k of the radii to be defined later) and then divide each annulus in
the non countable and not disjoint union of Qy,Urk,δk . Nevertheless, sometimes doing the partition following such
order produces an error term too much large. Therefore, in the most of the cases the partition we are going to
use is made as follows: first we divide the ball BRn in a disk (with radius r1) and an annulus Ar1,Rn , in such
a way to exclude the origin. Then, we divide this large annulus Ar1,Rn following the radial partition given by
∆y,U
δ in (6.2.1.2) in Definition 6.2.1. This means that we want to consider regions like

{x ∈ Rd : |x| ∈ [r1, Rn), x̂ ∈ ∆y,U
δ }, (6.2.1.6)

and therefore we use the following more general notation.

Definition 6.2.2. For Σ ⊆ ∂B1 and r < s the truncated pyramid AΣ
r,s is

AΣ
r,s :=

{
x ∈ Rd : r ≤ |x| < s, x̂ ∈ Σ

}
, with r < s.

An example of region AΣ
r,s is in the following Figure 6.2.1.3. Notice that the region we defined in (6.2.1.6)

Figure 6.2.1.3: If Σ is the union of the two red arcs, AΣ
r,s is the region inside the continue thick lines.

is a truncated pyramid as in Definition 6.2.2, that is,

(6.2.1.6) = A
∆y,U
δ

r1,Rn
,

and also that, for Σ = ∂B1 A
Σ
r,s, coincides with the annulus Ar,s.

Moreover the union over Σ = ∆y,U
δ of AΣ

r,s is the annulus Ar,s, that is⋃
y∈∂B1,U∈O(d−1)

A
∆y,U
δ

r,s = Ar,s.
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Once made this radial decomposition of Ar1,Rn in the previous pyramidal regions, the next one is to split each
pyramid in Qy,Ur,δ as in (6.2.1.1) in Definition 6.2.1, and this partition only involves the radial component.

Now that we have explained the decomposition we are going to use in the upper bound, we can focus on the
proof of Lemma 6.2.1, which makes rigorous the idea of moving each Qy,Urk,δk in an hypercube.

Before proving such result, we state the following estimates about the matrix norms. They are quite
immediate but we shall prove it later. For A ∈Md×d(R), we will denote

‖A‖∞ := max
i,j
|Ai,j |, ‖A‖ := max

|v|=1
|Av|.

Lemma 6.2.2. Let A,B ∈Md×d(R). Then, if we denote by Aj the jth column of A, we have

|Ai,j | ≤ ‖Aj‖ ≤ ‖A‖ ≤

√√√√ d∑
k=1

‖Ak‖2 ≤ d‖A‖∞; (6.2.1.7)

|det(A+B)− detB| ≤ d!d‖A‖∞(‖A‖∞ + ‖B‖∞)d−1. (6.2.1.8)

Moreover, if A = A(x) depends on x ∈ Rd, it holds

|∇detA(x)| ≤ d!
√
dmax

j

∥∥∥∥ ∂

∂xj
A(x)

∥∥∥∥
∞
‖A(x)‖d−1

∞ . (6.2.1.9)

6.2.2 Proof of Lemmas 6.2.1 and 6.2.2.
Proof of Lemma 6.2.1. To build such a map S we exploit the exponential map which we defined in the previous
Section: we want to move the angular component ∆y,U

r,δ in [0, 1]d−1 and then the radial component [rk, rk(1+δk)]

into [0, 1]. To make this, for U ∈ O(d− 1), first we move [0, 1]d in U([− 1
2 ,

1
2 ]d−1)× [0, 1] via the map

Ŝ : [0, 1]d → U

([
−1

2
,

1

2

]d−1
)
× [0, 1], Ŝ(x) = Ũ


x1 − 1

2
...

xd−1 − 1
2

xd

 , Ũ =

(
U 0
0 1

)
.

The first d− 1 components have to be moved into the angular component and the last one into the radial one.
To do that, we denote again by Ry = Ryed ∈ M(Rd×d) the rotation from ed = (0, . . . , 0, 1) to y following the
geodesic between the two points (see Subsection 4.1.1). Then, we consider

x ∈ U

([
−1

2
,

1

2

]d−1
)
, t ∈ [0, 1], x̃ := (x, 0) ∈ Rd,

and with this notation we define the map

F : U

([
−1

2
,

1

2

]d−1
)
× [0, 1] ⊆ Rd, F (x, t) = expy(δRyx̃)r(1 + tδ).

Roughly speaking, the map F takes (x, t) as an argument, rescales all by δ, sends the first d−1 components (that
is, x) into the corresponding vector in Try(∂Br), sends the point obtained via this procedure in ∂Br through
the exponential map, and finally sends the last component (that is, t) into the radial component (rescaled by
r).

The map S we were looking for is
S := F ◦ Ŝ,

and now we shall prove that such a map has all the properties we claimed before.
We claim that the following three properties hold:

sup
(x,t)

∥∥∥∥DF (x, t)

rδ
−Ry

∥∥∥∥ ≤ cδ, (6.2.2.1)

sup
(x,t)

∣∣∣∣detDF (x, t)

(rδ)d
− 1

∣∣∣∣ ≤ cδ (6.2.2.2)

sup
(x,t)

|∇(detDF )(x, t)|
detDF (x, t)

≤ cδ. (6.2.2.3)
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Before proving them, notice that these two estimates conclude the proof of this first step, indeed one has

sup
x∈[0,1]d

∥∥∥∥DS(x)

rδ
−RyŨ

∥∥∥∥ = sup
x∈[0,1]d

∥∥∥∥∥DF (Ŝ(x))

rδ
Ũ −RyŨ

∥∥∥∥∥ ≤ sup
(x,t)

∥∥∥∥DF (x, t)

rδ
−Ry

∥∥∥∥ ‖Ũ‖
= sup

(x,t)

∥∥∥∥DF (x, t)

rδ
−Ry

∥∥∥∥ ≤ cδ, by (6.2.2.1),

which proves (6.2.1.3).
As for (6.2.1.4), one has∣∣∣∣detDS(x)

(rδ)d
− detU

∣∣∣∣ =

∣∣∣∣detDS(x)

(rδ)d
− det Ũ

∣∣∣∣ =

∣∣∣∣∣detDF (Ŝ(x)) det Ũ

(rδ)d
− det Ũ

∣∣∣∣∣ =

∣∣∣∣∣detDF (Ŝ(x))

(rδ)d
− 1

∣∣∣∣∣ ≤ cδ,
by (6.2.2.2).

Moreover, using again that DŜ = Ũ , we also have

detDS(x) = det(DF (Ŝ(x))Ũ) = det(DF (Ŝ(x))) det Ũ

⇒ ∇(detDS)(x) = ŨT∇(detDF )(Ŝ(x)) det Ũ

⇒ |∇(detDS)(x)|
|detDS(x)|

=
|ŨT∇(detDF )(Ŝ(x))|

det(DF (Ŝ(x)))
|det Ũ | = |∇(detDF )(Ŝ(x))|

det(DF (Ŝ(x)))
≤ cδ, by (6.2.2.3),

and this proves (6.2.1.5).
Thus, we only have to prove (6.2.2.1), (6.2.2.2) and (6.2.2.3).

Proof of (6.2.2.1). Differentiating with respect to xj for some j = 1, . . . , d− 1, we get

∂

∂xj
F (x, t) = lim

ξ→0

F (x+ ξej , t)− F (x, t)

ξ
= r(1 + tδ) lim

ξ→0

expy(δRyx̃+ ξδRyej)− expy(δRyx̃)

ξ

= rδ(1 + tδ)D expy(δRyx̃)Ryej , by definition of D expP in (4.2.0.1), (6.2.2.4)

while, differentiating with respect to the last variable t, we get

∂F (x, t)

∂t
=

∂

∂t
expy(δRyx̃)r(1 + tδ) = rδ expy(δRyx̃). (6.2.2.5)

Thus we can apply (6.2.1.7) of Lemma 6.2.2 with

A =
DF (x, t)

rδ
−Ry, so that Aj =

{
(1 + tδ)D expy(δRyx̃)Ryej −Ryej j = 1, . . . , d− 1
expy(δRyx̃)−Ryed = expy(δRyx̃)− y j = d

in order to get∥∥∥∥DF (x, t)

rδ
−Ry

∥∥∥∥2

≤
d−1∑
j=1

∣∣(1 + tδ)(D expy(δRyx̃)Ryej −Ryej) + tδRyej
∣∣2 + | expy(δRyx̃)− y|2

≤ 2(1 + tδ)2
d−1∑
j=1

∣∣D expy(δRyx̃)Ryej −Ryej
∣∣2 + 2(tδ)2

d−1∑
j=1

|Ryej |2 + | expy(δRyx̃)− y|2

≤ 2(1 + tδ)2
d−1∑
j=1

C|δRyx̃|2|Ryej |2 + 2(d− 1)(tδ)2 + |δRyx̃|2 by (4.2.0.4) and (4.2.0.6) of Lemma 4.2.1

= (1 + tδ)2
d−1∑
j=1

Cδ2|x̃|2 + δ2|x̃| ≤ Cdδ2, that is, (6.2.2.1).

Proof of (6.2.2.2). By (6.2.1.8) of Lemma 6.2.2 we also have∣∣∣∣det(DF (x, t))

(rδ)d
− 1

∣∣∣∣ =

∣∣∣∣det

(
DF (x, t)

rδ

)
− detRy

∣∣∣∣
≤ d!d

∥∥∥∥DF (x, t)

rδ
−Ry

∥∥∥∥(∥∥∥∥DF (x, t)

rδ
−Ry

∥∥∥∥+ ‖Ry‖
)d−1

≤ Cδ(1 + Cδ)d−1 by (6.2.2.1),

hence (6.2.2.2) is proved.
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Proof of (6.2.2.3). Let us start with the estimate of the numerator, for which we have to deal with the
second derivatives of F . We claim that, for a constant C > 0, for any (x, t) ∈ [0, 1]d we have∥∥∥∥ ∂

∂xk
(DF )(x, t)

∥∥∥∥
∞
≤ Crδ2,

∥∥∥∥ ∂∂tDF (x, t)

∥∥∥∥
∞
≤ Crδ2, ‖DF (x, t)‖∞ ≤ rδ. (6.2.2.6)

Before proving the inequalities in (6.2.2.6), we see how to conclude the proof using them: by (6.2.1.9) of Lemma
6.2.2 we have

|∇(det(DF (x, t)))| ≤
√
dd! max

{
max
j

∥∥∥∥∂DF (x, t)

∂xj

∥∥∥∥
∞
,

∥∥∥∥∂DF (x, t)

∂t

∥∥∥∥
∞

}
‖DF (x, t)‖d−1

∞

≤
√
dd!rδ2(rδ)d−1 =

√
dd!(rδ)dδ, by (6.2.2.6). (6.2.2.7)

Therefore, thanks to (6.2.2.7) and to (6.2.2.2), which implies

det(DF (x, t)) ≥ (rδ)d(1− cδ),

we have estimated both the numerator and the denominator in (6.2.2.3), and therefore

|∇(detDF )(x, t)|
detDF (x, t)

≤ C
√
dd!d

δ

1− cδ
,

hence (6.2.2.3) is proved.
Therefore we only have to prove (6.2.2.6), which is straightforward by (6.2.2.4) and (6.2.2.5): for j, k =

1, . . . , d− 1 we have

∂2

∂xj∂xk
F (x, t) = lim

ξ→0

∂
∂xj

F (x+ ξek, t)− ∂
∂xj

F (x, t)

ξ

= rδ(1 + tδ) lim
ξ→0

D expy(δRyx̃+ ξδRyek)Ryej −D expy(δRyx̃)Ryej

ξ

= (1 + tδ)rδ2D2 expy(δRyx̃)RyejR
yek, by definition of D2 expP in (4.2.0.3).

Hence we have ∣∣∣∣ ∂2

∂xj∂xk
Fi(x, t)

∣∣∣∣ ≤ ∣∣∣∣ ∂2

∂xj∂xk
F (x, t)

∣∣∣∣
= (1 + tδ)rδ2

∣∣D2 expy(δRyx̃)RyejR
yek
∣∣

≤ Crδ2|Ryej ||Ryek| with C by (4.2.0.8) of Lemma 4.2.1

= Crδ2.

Moreover by (6.2.2.4) we have∣∣∣∣ ∂2

∂xk∂t
F (x, t)

∣∣∣∣ =
∣∣rδ2D expy(δRyx̃)Ryek

∣∣ ≤ Crδ2|Ryek| = Crδ2, by (4.2.0.7) of Lemma 4.2.1,

and by (6.2.2.5)
∂2

∂t2
F (x, t) = 0,

therefore the first two estimates in (6.2.2.6) are proved. The third one is a consequence of (6.2.2.1), indeed

‖DF (x, t)‖ = rδ

∥∥∥∥DF (x, t)

rδ
−Ry +Ry

∥∥∥∥ ≤ rδ(∥∥∥∥DF (x, t)

rδ
−Ry

∥∥∥∥+ ‖Ry‖
)
≤ rδ(Cδ + 1),

and therefore the proof is concluded.

Now we focus on the estimates in Lemma 6.2.2 which we left aside before.

Proof of Lemma 6.2.2. We begin with the proof of (6.2.1.7). The first inequality is trivial since

|Ai,j | ≤

√√√√ d∑
k=1

|Ak,j |2 = ‖Aj‖,
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and the second one is a consequence of the fact that

‖Aj‖ = ‖Aej‖ ≤ ‖A‖‖ej‖ = ‖A‖.

Then, for the third one we can notice that for any v ∈ Rd

‖Av‖2 =

d∑
i=1

|(Av)i|2 =

d∑
i=1

 d∑
j=1

Ai,jvj

2

≤
d∑
i=1

 d∑
j=1

A2
i,j

 d∑
k=1

v2
k =

d∑
k=1

v2
k

d∑
j=1

‖Aj‖2,

and therefore one can conclude optimizing over v ∈ Rd.
As for the fourth inequality in (6.2.1.7), by the third inequality we have

‖A‖ ≤

√√√√ d∑
j=1

‖Aj‖2 =

√√√√ d∑
i,j=1

A2
i,j ≤

√
d2‖A‖2∞ = d‖A‖∞.

As for (6.2.1.8) we can use the formula for the determinant, that is

det(A+B) =
∑
σ∈Sd

(−1)σ
d∏
i=1

(A+B)i,σ(i) =
∑
σ∈Sd

(−1)σ
∑

I⊆{1,...,d}

∏
i∈I

Ai,σ(i)

∏
i/∈I

Bi,σ(i)

=
∑
σ∈Sd

(−1)σ
d∏
i=1

Bi,σ(i) +
∑
σ∈Sd

(−1)σ
∑

I⊆{1,...,d},|I|≥1

∏
i∈I

Ai,σ(i)

∏
i/∈I

Bi,σ(i)

= detB +
∑
σ∈Sd

(−1)σ
∑

I⊆{1,...,d},|I|≥1

∏
i∈I

Ai,σ(i)

∏
i/∈I

Bi,σ(i).

Therefore, since by definition |Ai,j | ≤ ‖A‖∞, we have

|det(A+B)− detB| ≤
∑
σ∈Sd

∑
I⊆{1,...,d},|I|≥1

∏
i∈I
|Ai,σ(i)|

∏
i/∈I

|Bi,σ(i)| ≤ d!
∑

I⊆{1,...,d},|I|≥1

‖A‖|I|∞‖B‖d−|I|∞

= d!

d∑
k=1

(
d

k

)
‖A‖k∞‖B‖d−k∞ = d!‖A‖∞

d−1∑
`=0

(
d

`+ 1

)
‖A‖`∞‖B‖d−1−`

∞

≤ d!d‖A‖∞
d−1∑
`=0

(
d

`

)
‖A‖`∞‖B‖d−1−`

∞ = d!d‖A‖∞(‖A‖∞ + ‖B‖∞)d−1,

and therefore also (6.2.1.8) is proved.
Then, (6.2.1.9) follows by direct computations: one has

∂ detA(x)

∂xj
=
∑
σ∈Sd

(−1)σ
∂

∂xj

d∏
i=1

Ai,σ(i)(x) =
∑
σ∈Sd

(−1)σ
d∑
k=1

∂

∂xj
A(x)

∏
i 6=k

Ai,σ(i),

hence ∣∣∣∣∂ detA(x)

∂xj

∣∣∣∣ ≤ d!

∥∥∥∥∂A(x)

∂xj

∥∥∥∥
∞
‖A(x)‖d−1

∞ ,

and therefore

|∇detA(x)| =

√√√√ d∑
j=1

(
∂

∂xj
A(x)

)2

≤
√
dd! max

j

∥∥∥∥∂A(x)

∂xj

∥∥∥∥
∞
‖A(x)‖d−1

∞ ,

thus also (6.2.1.9) is proved.
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The global estimate (rearrange the mass inside the squares).

To make the decomposition one defines the sequence of radii

r1 fixed, rk+1 = rk(1 + δk), for k ≥ 0, with δk to be defined below. (6.2.2.8)

Since it is a bit heavy to write
∑k̄
k=1 and

⋃k̄
k=1, with k̄ as in (6.1.0.6), we will use the following notation.

Notation 6.2.1. For k̄ chosen as in (6.1.0.6), we will denote

∑
k≥1

:=

k̄∑
k=1

, and
⋃
k≥1

:=

k̄⋃
k=1

.

The decomposition we are going to use is the following:

BRn = Br1 ∪
⋃

y∈∂B1

⋃
U∈O(d−1)

⋃
k≥1

Qy,Urk,δk ,

and of course it depends on the choice of δk. We will use the following notation.

Definition 6.2.3. Given the sequence of radii in (6.2.2.8), the decomposition of BRn

BRn = Br1 ∪
⋃

y∈∂B1

⋃
U∈O(d−1)

⋃
k≥1

Qy,Urk,δk ,

is said to be of type radial-angular if

δk = εr−qk , (6.2.2.9)

whereas it is said to be of type angular-radial if

δk = δ = εr−q
k̄
, (6.2.2.10)

with k̄ as in (6.1.0.6).

In the previous Definition, the case of the polynomial densities has been included with q = 0. To clarify the
way these two decompositions are made one can look at the following Figure 6.2.2.1.

Figure 6.2.2.1: On the left: the radial-angular decomposition. On the right: the angular-radial decomposition.

Now in the upper bound we have to rearrange the mass inside each Qy,Urk,δk . As a general notation, from now
on we will denote as follows the number of random variables inside domain A.

Notation 6.2.2. Given {X̃i}ni=1 be iid random variables with common probability density ρn and A ⊆ Rd a
measurable set, we will use the notation

n(A) :=

n∑
i=1

1A(X̃i).
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In particular, using Notation 6.2.2, we have to estimate the distance between the two measures

W p
p

nρn1BRn , n(Br1)

ρn(Br1)
ρn1Br1 +

∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(Qy,Urk,δk)

Mδkρn(Qy,Urk,δk)
ρn1Qy,Urk,δk

 . (6.2.2.11)

To specify the role of the constant Mδ appearing before, let us pretend that, instead of such decomposition,
we had one indexed on a countable set (the current one is indexed on k, which is the only discrete index, but
also on y ∈ ∂B1 and U ∈ O(d− 1)). If it was,Mδ would represent the number of sets in (6.2.1.2) in Definition
6.2.1 which any x in the annulus Ark,rk+1

belongs to. Since it is not,Mδ is the measure of the (y, U) such that
x belongs to Qy,Urk,δk , for x in the annulus Ark,rk+1

, that is

Mδ :=

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1Qy,Ur,δ
(x) = 1[r, r(1 + δ))(|x|)

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ

(x̂),

which does not depend on x by rotation invariance.
Let us spend a few lines about this: it is quite intuitive to understand why it is, since if one projects an

hypercube on the surface of a sphere, by radial symmetry there is no reason why the measure of such hypercube
should change if one changes the starting point of the projection. But let us prove that rigorously: if x, z ∈ Rd,
let us denote by V any orthonormal operator such that ẑ = V x̂. Our purpose is to prove that∫

∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ

(V x̂) =

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ

(x̂), (6.2.2.12)

and it is true since∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ

(V x̂) =

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1V T∆y,U
δ

(x̂)

=

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1
∆
V T y,L(V,y)U
δ

(x̂) same argument as (6.2.2.32)

=

∫
∂B1

dHd−1(y′)

∫
O(d−1)

dU ′1
∆y′,U′
δ

(x̂), with y′ = V T y, U ′ = L(V, y)U,

and where the orthonormal operator L(V, y) is obtained as in (6.2.2.34). Therefore (6.2.2.12) is proved.
Now we can go back toMδ. Even if we did not emphasized it in the notation,Mδ also depends on r, but

it is constant inside each annulus. A final clarification aboutMδk : for any measure µ and function f one has∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
1

Mδk

∫
Qy,Urk,δk

dµ(x)f(x) =

∫
BRn\Br1

dµ(x)f(x), (6.2.2.13)

indeed ∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
1

Mδk

∫
Qy,Urk,δk

dµ(x)f(x)

=
∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
1

Mδk

∫
Rd
dµ(x)f(x)1[rk,rk(1+δk)](|x|)1∆y,U

rk,δk

(x̂)

=

∫
Rd
dµ(x)f(x)

∑
k≥1

1[rk,rk(1+δk)](|x|) by definition ofMδk

=

∫
BRn\Br1

dµ(x)f(x),

and this concludes.
Our purpose is to prove the following result about (6.2.2.11).

Theorem 6.2.1. Let ρn be the density in Definition 6.1.3, n(·) as in Notation 6.2.2 and g(n) be the quantity

g(n) := E

W p
p

nρn1BRn , n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

n(Qy,Urk,δ)

Mδρn(Qy,Urk,δ)
ρn1Qy,Urk,δ

 ,
(depending also on p, d, q, γ and r1). Then, if the decomposition is chosen
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• as in (6.2.2.9) for 1 ≤ p < d = 2, q > 0,

• as in (6.2.2.10) otherwise,

it holds
g(n)

{
� τp,dn p ≤ pcrit,
. τp,dn p > pcrit,

where the implicit constant depends on ε.

To achieve this result, we have to prove it step by step, exploiting the radial symmetry of the distribution
ρn. Thus we begin with two preliminary Lemmas, the first one concerning the radial estimate and the second
one the angular one, and then we see how we can combine them to estimate the expectation of (6.2.2.11).

Lemma 6.2.3 (The radial estimate). Let Σ be any subset of ∂B1, {rk}k≥1 be the sequence of radii defined in
(6.2.2.8) and {X̃i}ni=1 iid random variables with common probability density ρn as in Definition 6.1.3. Then,
using n(·) as in Notation 6.2.2, there exists a constant C(ε) > 0 depending on p, q, d, γ, r1 and ε such that:

E
[
W p
p

(
nρn1BRn ,

n(Br1 )

ρn(Br1 )
ρn1Br1 +

n(Ar1,Rn )

ρn(Ar1,Rn )
ρn1Ar1,Rn

)]
≤ C(ε)n1− p

2 , (6.2.2.14)

E

W p
p

 n(AΣ
r1,Rn

)

ρn(AΣ
r1,Rn

)
ρn1AΣ

r1,Rn
,
∑
k≥1

n(AΣ
rk,rk+1

)

ρn(AΣ
rk,rk+1

)
ρn1AΣ

rk,rk+1

 ≤ C(ε)(nHd−1(Σ))1− p
2

∫ Rn

r1

drρ(r)1− p
2 rd−1−p d+q−2

2

(6.2.2.15)

Proof. The proofs of the first two statements are quite similar, and we begin with the first one.

Proof of (6.2.2.14). Notice that the two measures involved in the Wasserstein distance are the product of a
radial part and of an angular part, and that the angular parts coincide. That is

nρn1BRn = n1[0,Rn](r)ρn(r)rd−1dr ⊗ 1∂B1(y)dHd−1(y),

and, since E[n(Br1)] = nρn(Br1) and E[n(Ar1,Rn)] = nρn(Ar1,Rn), one has

n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn = n

[
n(Br1)

E[n(Br1)]
1[0,r1](r) +

n(Ar1,Rn)

E[n(Ar1,Rn)]
1(r1,Rn](r)

]
ρn(r)rd−1dr

⊗ 1∂B1(y)dHd−1(y),

thus, by (2.4.0.2) of Lemma 2.4.1

E
[
W p
p

(
nρn1BRn ,

n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn

)]
≤ nHd−1(∂B1)E

[
W p
p

(
1[0,Rn](r)ρn(r)r

d−1,

[
n(Br1)

E[n(Br1)]
1[0,r1](r) +

n(Ar1,Rn)

E[n(Ar1,Rn)]
1(r1,Rn](r)

]
ρn(r)r

d−1

)]
. (6.2.2.16)

To estimate (6.2.2.16) we use the Benamou-Brenier formula by Proposition 2.3.1. That is, if we find a function
f : [0, Rn]→ R such that its second derivative f ′′ is equal to the difference between the two measures which we
consider, we can estimate

(6.2.2.16) ≤ nHd−1(∂B1)E

[∫ Rn

0

dr
|f ′(r)|p

(ρn(r)rd−1)p−1

]
= nHd−1(∂B1)

∫ Rn

0

dr
E[|f ′(r)|p]

(ρn(r)rd−1)p−1
. (6.2.2.17)

Hence we look for f such that

f ′′(r) = ρn(r)rd−1

[
n(Br1)

E[n(Br1)]
1[0,r1](r) +

n(Ar1,Rn)

E[n(Ar1,Rn)]
1(r1,Rn](r)− 1

]
, f ′(0) = f ′(Rn) = 0,

that is, since
n(Ar1,Rn)− E[n(Ar1,Rn)] = −n(Br1) + E[n(Br1)],

we have

f ′(r) =
n(Br1)− E[n(Br1)]

nHd−1(∂B1)

{
ρn(Br)(ρn(Br1))−1 if r ∈ [0, r1]
ρn(Ar,Rn)(ρn(Ar1,Rn))−1 if r ∈ [r1, Rn]

(6.2.2.18)

We can use the previous explicit expression of f ′ in (6.2.2.18) to prove that, for a constant C > 0 depending on
q, d, and eventually on r1 (which is fixed), it holds

|f ′(r)| ≤ C |n(Br1)− E[n(Br1)]|
n

ρn(r)rd
{

1 r ≤ r1,
r−q r ≥ r1,

(6.2.2.19)
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where the second estimate is a consequence of (6.1.0.10).
Plugging the estimate (6.2.2.19) into (6.2.2.17), in the case of the exponential densities (q > 0), we get

(6.2.2.16) ≤ CnE[|n(Br1)− E[n(Br1)]|p]
np

[∫ r1

0

dr
(ρn(r)rd)p

(ρn(r)rd−1)p−1
+

∫ Rn

r1

dr
(ρn(r)rd−q)p

(ρn(r)rd−1)p−1

]

≤ CnE[n(Br1)]−
p
2

[
1 +

∫ Rn

r1

drρn(r)rd−1−p(q−1)

]
≤ Cn1− p2 ,

and also in the case of the γ polynomial densities (q = 0) since it has the same properties as the exponential
case with q = 0 hence, in this case, we get

(6.2.2.16) ≤ CnE[n(Br1)]−
p
2

[
1 +

∫ Rn

r1

drρn(r)rd−1+p

]
≤ Cn1− p2 ,

where we have used that ρn(r)rd−1+p ' rd+p−1−γ is integrable.

Proof of (6.2.2.15). To estimate this term, we first claim that we can restrict to the very suitable set

A :=

{
n(AΣ

r1,Rn) ≥
E[n(AΣ

r1,Rn
)]

2

}
,

indeed using Proposition 3.1.1 one has

P(Ac) ≤ exp
{
−cE[n(AΣ

r1,Rn)]
}

= exp

{
−cn(1− ρn(Br1))

Hd−1(Σ)

Hd−1(∂B1)

}
,

which, even multiplied for the worst estimate we can have for the Wasserstein distance of the measure involved,
that is

W p
p

 n(AΣ
r1,Rn

)

ρn(AΣ
r1,Rn

)
ρn1AΣ

r1,Rn
,
∑
k≥1

n(AΣ
rk,rk+1

)

ρn(AΣ
rk,rk+1

)
ρn1AΣ

rk,rk+1

 ≤ CnRpn,
is much smaller than the right hand side in the thesis.

Then, one has reduced the proof of (6.2.2.15) to the estimate of the quantity

E

1AW p
p

 n(AΣ
r1,Rn

)

ρn(AΣ
r1,Rn

)
ρn1AΣ

r1,Rn
,
∑
k≥1

n(AΣ
rk,rk+1

)

ρn(AΣ
rk,rk+1

)
ρn1AΣ

rk,rk+1

 . (6.2.2.20)

To deal with it, one can repeat the same argument as before to infer that, if f : [r1, Rn]→ R solves

f ′′(r) = ρn(r)rd−1
∑
k≥1

1[rk,rk+1)(r)

[
n(AΣ

r1,Rn
)

E[n(AΣ
r1,Rn

)]
−

n(AΣ
rk,rk+1

)

E[n(AΣ
rk,rk+1

)]

]
, f ′(r1) = f ′(Rn) = 0, (6.2.2.21)

then

(6.2.2.20) ≤ nHd−1(Σ)E

1A ∫ Rn

r1

dr
|f ′(r)|p

(
n(AΣ

r1,Rn
)

E[n(AΣ
r1,Rn

)]
ρn(r)rd−1)p−1


≤ 2p−1nHd−1(Σ)

∫ Rn

r1

dr
E[|f ′(r)|p]

(ρn(r)rd−1)p−1
, (6.2.2.22)

where in the last inequality one has first used that in A it holds
n(AΣ

r1,Rn
)

E[n(AΣ
r1,Rn

)]
≥ 1

2 , and then removed the

restriction to A. Then, to estimate (6.2.2.22), we only have to bound the quantity E[|f ′(r)|p]. To do that,
notice that by (6.2.2.21) one gets an explicit expression of f ′, that is

f ′(r) =
∑
k≥1

1[rk,rk+1)(r)

[
n(AΣ

rk,Rn
)− E[n(AΣ

rk,Rn
)]

nHd−1(Σ)

ρn(AΣ
r1,r)

ρn(AΣ
r1,Rn

)
−
n(AΣ

rk,rk+1
)− E[n(AΣ

rk,rk+1
)]

nHd−1(Σ)

ρn(AΣ
rk,r

)

ρn(AΣ
rk,rk+1

)

−
n(AΣ

r1,rk
)− E[n(AΣ

r1,rk
)]

nHd−1(Σ)

ρn(AΣ
r,Rn

)

ρn(AΣ
r1,Rn

)

]
,

71



which is enough to ensure that for r ∈ [rk, rk+1)

E[|f ′(r)|p] ≤ C
E[|n(AΣ

rk,Rn
)− E[n(AΣ

rk,Rn
)]|p] + E[|n(AΣ

rk,rk+1
)− E[n(AΣ

rk,rk+1
)]|p]

(nHd−1(Σ))p

+
E[|n(AΣ

r1,rk
)− E[n(AΣ

r1,rk
)]|p(ρn(AΣ

r,Rn
))p]

(nHd−1(Σ))p

≤ C
E[n(AΣ

rk,Rn
)]
p
2 + E[n(AΣ

rk,rk+1
)]
p
2 + E[n(AΣ

r1,rk
)]
p
2

(
ρn(AΣ

r,Rn
)
)p

(nHd−1(Σ))p

≤ C ′
E[n(AΣ

rk,Rn
)]
p
2 + n

p
2

(
ρn(AΣ

r,Rn
)
)p

(nHd−1(Σ))p
. (6.2.2.23)

Notice that in the second inequality we have used Lemma 3.1.1 making sure that

E[n(AΣ
rk,Rn

)] ≥ c = c(ε),

and therefore the previous constant C actually depends on ε.
Let us focus one moment on the first term in (6.2.2.23): for r ∈ [rk, rk+1) one has

E[n(AΣ
rk,Rn

)] = nHd−1(Σ)

∫ Rn

rk

dssd−1ρn(s)

≤ CnHd−1(Σ)ρ(rk)rd−qk by property (6.1.0.10)

≤ CnHd−1(Σ)ρ(r)rd−q, (6.2.2.24)

where in the last inequality we have used the property that, for any rk ≤ r ≤ s ≤ rk+1, we have

1

C
≤ ρn(r)

ρn(s)
≤ C, and

1

C
≤ r

s
≤ C.

Again, the case of the polynomial density corresponds to q = 0.
Similarly, for the second summand in (6.2.2.23), one has

ρn(AΣ
r,Rn) = Hd−1(Σ)

∫ Rn

r

dssd−1ρn(s) ≤ CHd−1(Σ)ρ(r)rd−q by property (6.1.0.10). (6.2.2.25)

Hence, combining (6.2.2.24) and (6.2.2.25) with (6.2.2.23), one gets

E[|f ′(r)|p] ≤ C
(
ρ(r)rd−q

nHd−1(Σ)

) p
2

,

which, if combined with (6.2.2.22), gives

(6.2.2.20) ≤ C(ε)(nHd−1(Σ))1− p2
∫ Rn

r1

drρ(r)1− p2 rd−1−p d+q−2
2 ,

that is, the second statement (6.2.2.15).

Now we want to focus on the angular estimate, that is, partitioning an annulus Ar,r(1+δ) in the subsets Qy,Ur,δ
we have mentioned before in (6.2.1.1) in Definition 6.2.1. To do this, we need to define the kernel K.

Definition 6.2.4. The kernel K : ∂B1 × ∂B1 → [0,+∞) is defined as

K(x, z) :=

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ ×∆y,U

δ
(x, z),

with ∆y,U
δ as in (6.2.1.2) in Definition 6.2.1.

Intuitively, for any couple (x, z) ∈ ∂B1 × ∂B1, K(x, z) counts the number of ∆y,U
δ which they both belong

to. Of course it does not "count" in a proper sense, it integrates, but the spirit of the definition is the same.
Notice that ∫

∂B1

dHd−1(x)K(x, z) =

∫
∂B1

dHd−1(x)

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ

(x)1∆y,U
δ

(z)

=

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ

(z)

∫
∂B1

dHd−1(x)1∆y,U
δ

(x)

=MδHd−1(∆δ) for any z ∈ ∂B1, (6.2.2.26)

where, in the last equality, we have omitted (y, U) from the notation since Hd−1(∆y,U
δ ) does not depend on it.

The definition of K extends to measures on ∂B1 as follows.
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Definition 6.2.5. Given a measure µ on ∂B1, K(µ) is the measure such that, for any f : ∂B1 → R∫
∂B1

dK(µ)(x)f(x) =

∫
∂B1

dHd−1(x)f(x)

∫
∂B1

dµ(y)K(x, y).

We begin the angular estimate by noticing that K has the following property on measures on ∂B1.

Lemma 6.2.4. Let µ and ν be two measures on ∂B1 and p ≥ 1. Then

W p
p (K(µ),K(ν)) ≤MδHd−1(∆δ)W

p
p (µ, ν).

We do not want to prove immediately the previous Lemma since we want to see how we can use it to prove
the following result.

Lemma 6.2.5 (The angular estimate). Let {X̃i}ni=1 be a sequence of iid random variables with common prob-
ability density ρn as in Definition 6.1.3, and n(·) the number of variables in a domain as in Notation 6.2.2.

Then, there exists a constant C > 0 such that if A∆y,U
δ

r,s is the pyramid in (6.2.1.2) in Definition 6.2.1 and 6.2.2,
it holds

E

W p
p

 n(Ar,s)

ρn(Ar,s)
ρn1Ar,s ,

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆
y,U
δ

r,s )

ρn(A
∆
y,U
δ

r,s )Mδ

ρn1
A

∆
y,U
δ

r,s

 ≤ C ∫ sr duρn(u)up+d−1∫ s
r duρn(u)ud−1

τpd−1(E[n(Ar,s)]).

Proof. We begin this proof in a way which is very similar to the radial estimate. Let us recall that, by (6.2.1.2)
in Definition 6.2.1, we have

∆y,U
δ = expy(Ry(U((−δ/2, δ/2)d−1)× {0})) ⊆ ∂B1.

The two measures involved have the same radial component and only their angular part is different. In other
words, the first measure can be written as

n(Ar,s)

ρn(Ar,s)
1∂B1

(z)dHd−1(z)⊗ ρn(u)ud−1
1[r,s)(u)du,

and the second one as∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆y,U
δ

r,s )

ρn(A
∆y,U
δ

r,s )Mδ

1∆y,U
δ

(z)dHd−1(z)⊗ ρn(u)ud−1
1[r,s)(u)du.

Therefore by (2.4.0.3) of Lemma 2.4.1, one has

E

W p
p

 n(Ar,s)

ρn(Ar,s)
ρn1Ar,s ,

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆
y,U
δ

r,s )

ρn(A
∆
y,U
δ

r,s )Mδ

ρn1
A

∆
y,U
δ

r,s


≤
∫ s

r

duρn(u)u
p+d−1E

W p
p

 n(Ar,s)

ρn(Ar,s)
1∂B1 ,

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆
y,U
δ

r,s )

ρn(A
∆
y,U
δ

r,s )Mδ

1
∆
y,U
δ

 , (6.2.2.27)

therefore we can conclude the proof if we estimate (6.2.2.27), which is our next purpose.
To do that, let us write better the two measures in (6.2.2.27) through the kernel K in Definition 6.2.4. In

fact, we claim that for any z ∈ ∂B1

n(Ar,s)

ρn(Ar,s)
1∂B1(z) =

1

ρn(A
∆y,U
δ

r,s )Mδ

n(Ar,s)

Hd−1(∂B1)

∫
∂B1

dHd−1(x)K(x, z), (6.2.2.28)

and, if

X̂i :=
X̃i

|X̃i|
,

also ∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆y,U
δ

r,s )

ρn(A
∆y,U
δ

r,s )Mδ

1∆y,U
δ

(z) =
1

ρn(A
∆ȳ,Ū
δ

r,s )Mδ

∑
i:X̃i∈Ar,s

K(X̂i, z). (6.2.2.29)
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Let us postpone both the proofs of (6.2.2.28) and (6.2.2.29), and let us see how we can use them to conclude:
by combining them with (6.2.2.27) we get

E

W p
p

 n(Ar,s)

ρn(Ar,s)
ρn1Ar,s ,

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆y,U
δ

r,s )

ρn(A
∆y,U
δ

r,s )Mδ

ρn1
A

∆
y,U
δ

r,s


≤
∫ s
r
duρn(u)up+d−1

ρn(A
∆ȳ,Ū
δ

r,s )Mδ

E

W p
p

 n(Ar,s)

Hd−1(∂B1)

∫
∂B1

dHd−1(x)K(x, ·),
∑

i:X̃i∈Ar,s

K(X̂i, ·)


=

∫ s
r
duρn(u)up+d−1

ρn(A
∆ȳ,Ū
δ

r,s )Mδ

E

W p
p

K ( n(Ar,s)

Hd−1(∂B1)
1∂B1

)
,K

 ∑
i:X̃i∈Ar,s

δX̂i

 by Definition 6.2.4

≤
∫ s
r
duρn(u)up+d−1∫ s
r
duρn(u)ud−1

E

W p
p

 n(Ar,s)

Hd−1(∂B1)
1∂B1

,
∑

i:X̃i∈Ar,s

δX̂i

 , by Lemma 6.2.4.

Hence, by (1.1.1.2), we get the thesis since, conditioned to n(Ar,s), the random variables {X̂i : X̃i ∈ Ar,s} are
uniformly distributed on ∂B1.

Proof of (6.2.2.28) and (6.2.2.29). We begin with the proof of (6.2.2.28) (the uniform measure): by noticing
that

ρn(A
∆ȳ,Ū
δ

r,s ) = ρn(Ar,s)
Hd−1(∆δ)

Hd−1(∂B1)
,

and then diving byMδHd−1(∆δ) and multiplying by it again (see (6.2.2.26)), we have

n(Ar,s)

ρn(Ar,s)
1∂B1(z) =

1

ρn(A
∆ȳ,Ū
δ

r,s )Mδ

n(Ar,s)

Hd−1(∂B1)

∫
∂B1

dHd−1(x)K(x, z)1∂B1(z),

and this proves (6.2.2.28).
Now we focus on the proof of (6.2.2.29) (the uniform measure with rearranged masses): by writing explicitly

n(A
∆y,U
δ

r,s ) =
∑

i:X̃i∈Ar,s

1∆y,U
δ

(X̂i),

we get∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆
y,U
δ

r,s )

ρn(A
∆
y,U
δ

r,s )Mδ

1
∆
y,U
δ

(z) =
1

ρn(A
∆
ȳ,Ū
δ

r,s )Mδ

∑
i:X̃i∈Ar,s

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1
∆
y,U
δ
×∆

y,U
δ

(X̂i, z)

=
1

ρn(A
∆
ȳ,Ū
δ

r,s )Mδ

∑
i:X̃i∈Ar,s

K(X̂i, z),

where the second equality comes from Definition 6.2.4 of K. This proves also (6.2.2.29).

Now we focus on the proof of Lemma 6.2.4 which we left aside before.

Proof of Lemma 6.2.4. To prove this, let π be any coupling of µ ad ν. We want to find another coupling π̃ of
K(µ) and K(ν) such that∫

∂B1×∂B1

dπ̃(x, y)d∂B1
(x, y)p ≤MδHd−1(∆δ)

∫
∂B1×∂B1

dπ(x, y)d∂B1
(x, y)p. (6.2.2.30)

If we assume of having already found π̃ satisfying (6.2.2.30), we can conclude since this implies

W p
p (K(µ),K(ν)) ≤

∫
∂B1×∂B1

dπ̃(x, y)d∂B1
(x, y)p ≤MδHd−1(∆δ)

∫
∂B1×∂B1

dπ(x, y)d∂B1
(x, y)p,

which leads to the thesis by minimizing among all possible couplings π of µ and ν. Therefore let us prove that
there exists another coupling π̃ of K(µ) and K(ν) which verifies (6.2.2.30).

We claim that the coupling

π̃(w, z) :=

∫
∂B1×∂B1

dπ(x, y)K(w, x)δ(z −Ryx(w)),

verifies such property, where δ(z−Ryx(w)) means that only the (w, z) such that z = Ryx(w) have weight, that is∫
∂B1×∂B1

dπ̃(w, z)f(w, z) =

∫
∂B1

dHd−1(w)

∫
∂B1×∂B1

dπ(x, y)K(w, x)f(w,Ryx(w)).
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Step 1: prove that π̃ is a coupling of K(µ) and K(ν). The first marginal of π̃ is K(µ) since∫
∂B1×∂B1

dπ̃(w, z)f(w) =

∫
∂B1

dHd−1(w)

∫
∂B1×∂B1

dπ(x, y)K(w, x)f(w)

=

∫
∂B1

dHd−1(w)f(w)

∫
∂B1

dµ(x)K(w, x) since the first marginal of π is µ

=

∫
∂B1

dK(µ)(w)f(w) by Definition 6.2.5.

To prove that the second marginal of π̃ is K(ν) is a little bit more difficult. Let us denote by Ryx the rotation
moving x in y defined in Subsection 4.1.1. Assuming that we know that for any (z, w) and (x, y) it holds

K(Rxy(z), w) = K(z,Ryx(w)), (6.2.2.31)

which we shall prove later, it holds∫
∂B1×∂B1

dπ̃(w, z)f(z) =

∫
∂B1

dHd−1(w)

∫
∂B1×∂B1

dπ(x, y)K(w, x)f(Ryx(w))

=

∫
∂B1

dHd−1(z)

∫
∂B1×∂B1

dπ(x, y)K(Rxy(z), x)f(z) by changing variables z = Ryx(w)

=

∫
∂B1

dHd−1(z)

∫
∂B1×∂B1

dπ(x, y)K(z, y)f(z) by (6.2.2.31) and Ryx(x) = y

=

∫
∂B1

dHd−1(z)

∫
∂B1×∂B1

dν(y)K(z, y)f(z) since the second marginal of π is ν

=

∫
∂B1

dK(ν)(z)f(z) by Definition 6.2.5.

Therefore to conclude this first step we only have to prove (6.2.2.31).
We claim that there exists an operator L(y′) ∈ O(d− 1) (depending on x, y, and y′) such that

Ryx(∆y′,U
δ ) = ∆

Ryx(y′),L(y′)U
δ . (6.2.2.32)

To prove it, we use Lemmas 4.2.2 and 4.1.2 to argue that

Ryx(∆y′,U
δ ) = Ryx(expy′(R

y′(U((−δ/2, δ/2)d−1)× {0}))) by definition

= expRyx(y′)(R
y
xR

y′(U((−δ/2, δ/2)d−1)× {0})) by Lemma 4.2.2

= expRyx(y′)(R
Ryx(y′)(RR

y
x(y′))TRyxR

y′(U((−δ/2, δ/2)d−1)× {0}))

= expRyx(y′)(R
Ryx(y′)L′(y′)(U((−δ/2, δ/2)d−1)× {0})), (6.2.2.33)

where L′(y′) is the orthonormal operator

L′(y′) := (RR
y
x(y′))TRyxR

y′ ,

which, thanks to Lemma 4.1.2, fixes both ed and {ed}⊥, and therefore it can be written as

L′(y′) =

(
L(y′) 0

0 1

)
, (6.2.2.34)

with
L(y′)i,j = ei · L(y′)ej = ei · (RR

y
x(y′))TRyxR

y′ej = RR
y
x(y′)ei ·RyxRy

′
ej , ∀i, j = 1, . . . , d− 1.

Hence, combining (6.2.2.33) and (6.2.2.34) one gets (6.2.2.32).
Now we go back to the proof of (6.2.2.31): one has

K(Rxy(z), w) =

∫
∂B1

dHd−1(y′)

∫
O(d−1)

dU1
∆y′,U
δ

(Rxy(z))1
∆y′,U
δ

(w)

=

∫
∂B1

dHd−1(y′)

∫
O(d−1)

dU1
Ryx(∆y′,U

δ )
(z)1

∆y′,U
δ

(w)

=

∫
∂B1

dHd−1(y′)

∫
O(d−1)

dU1
∆
R
y
x(y′),L(y′)U

δ

(z)1
∆y′,U
δ

(w) by (6.2.2.32)

=

∫
∂B1

dHd−1(y′′)

∫
O(d−1)

dU ′1
∆y′′,U′
δ

(z)1
∆
Rxy (y′′),(L(Rxy (y′′)))−1U′

δ

(w),
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where, in the last passage, we have used the unitary change of variables

y′′ = Ryx(y′), U ′ = L(y′)U.

Now in the last equality one can write better the integrand function: indeed one has

∆
Rxy(y′′),(L(Rxy(y′′)))−1U ′

δ = ∆
Rxy(y′′),M(y′′)(M(y′′))−1(L(Rxy(y′′)))−1U ′

δ = Rxy(∆
y′′,(M(y′′))−1(L(Rxy(y′′)))−1U ′

δ ),

if M(y′′) is the submatrix of M ′(y′′) as in (6.2.2.34), and M ′(y′′) is the matrix obtained as in (6.2.2.32) and
(6.2.2.33) with Rxy instead of Ryx and y′′ instead of y′. Now we claim that

L′(Rxy(y′′))M ′(y′′) = Id, so that L(Rxy(y′′))M(y′′) = Id. (6.2.2.35)

If we postpone the proof of (6.2.2.35) and combine it with the previous equality, we get

K(Rxy(z), w) =

∫
∂B1

dHd−1(y′′)

∫
O(d−1)

dU ′1
∆y′′,U′
δ

(z)1
Rxy(∆y′′,U′

δ )
(w)

=

∫
∂B1

dHd−1(y′′)

∫
O(d−1)

dU ′1
∆y′′,U′
δ

(z)1
∆y′′,U′
δ

(Ryx(w))

= K(z,Ryx(w)),

which proves (6.2.2.31).
Hence, we are left with the proof of (6.2.2.35): we have

L′(Rxy(y′′))M ′(y′′) = (RR
y
x(Rxy(y′′)))TRyxR

Rxy(y′′)(RR
x
y(y′′))TRxyR

y′′

= (RR
y
x(Rxy(y′′)))TRyxR

x
yR

y′′ since (RR
x
y(y′′))TRR

x
y(y′′) = Id

= (RR
y
x(Rxy(y′′)))TRy

′′
since RyxR

x
y = Id

= (Ry
′′
)TRy

′′
since Ryx(Rxy(y′′)) = y′′

= Id,

that is, (6.2.2.35).
Hence π̃ is a coupling of K(µ) and K(ν).

Step 2: prove that π̃ satisfies the inequality in (6.2.2.30). By definition of π̃, we have∫
∂B1×∂B1

dπ̃(w, z)d(w, z)p =

∫
∂B1

dHd−1(w)

∫
∂B1×∂B1

dπ(x, y)K(w, x)d∂B1(w,Ryx(w))p by Definition of π̃

≤
∫
∂B1

dHd−1(w)

∫
∂B1×∂B1

dπ(x, y)K(w, x)d∂B1(x, y)p by Proposition 4.1.2

=

∫
∂B1×∂B1

dπ(x, y)d∂B1(x, y)p
∫
∂B1

dHd−1(w)K(w, x)

=MδHd−1(∆δ)

∫
∂B1×∂B1

dπ(x, y)d∂B1
(x, y)p,

and this concludes the proof.

Now that we have proved these two Lemmas, we can estimate the expectation of (6.2.2.11).

Proposition 6.2.1 (The global estimate with decomposition radial-angular (6.2.2.9).). Let {X̃i}ni=1 be iid
random variables in Rd with common probability density ρn as in Definition 6.1.3. Denoting by n(·) the number
of particles in a set as in Notation 6.2.2, let g(n) be the quantity

g(n) := E

W p
p

nρn1BRn , n(Br1)

ρn(Br1)
ρn1Br1 +

∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(Qy,Urk,δk)

Mδkρn(Qy,Urk,δk)
ρn1Qy,Urk,δk

 ,
(depending also on p, d, q, γ and r1). Then, there exist a positive constant c > 0 and another constant C(ε)
such that the following estimates hold: if q > 0

g(n) ≤ C(ε)τp,dn (log n)−c(α−
γ
q−d(1− 1

q ))


1 p ≤ d ≥ 3 or p < d = 2 or p > d = 4,

(log n)c(α−
γ
q−d(1− 1

q )) p = d = 2,

(log log n)
p
2 p > d = 3,

(log n)
p
2 p > d = 2,
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while if q = 0

g(n) ≤ C(ε)τp,dn (log n)−cβ
{

1 p ≤ p∗ or p > p∗, d 6= 3,

(log log n)
p
2 p > p∗, d = 3.

Before proving this estimate, let us stress that, thanks to the choices of α and β in Definition 6.1.1 the
previous Proposition 6.2.1 basically states that, in a lot of cases, using the radial-angular decomposition one
has

g(n)

{
� τp,dn p ≤ pcrit,
. τp,dn p > pcrit,

, (6.2.2.36)

where, "a lot of cases" means that the following two possibilities are excluded: p > pcrit, d = 3 (for any q), and
p ≥ 2 = d, q > 0.

Proof. We begin with the proof of the first statement. We use the triangle inequality with the measure

ν̃ :=
∑
k≥0

n(Ark,rk+1
)

ρn(Ark,rk+1
)
ρn1Ark,rk+1

,

and then apply the property
(A+B)p ≤ 2pAp + 2pBp,

to get

g(n) ≤ 2pE
[
W p
p

(
nρn1BRn , ν̃

)]
(6.2.2.37)

+ 2pE

W p
p

ν̃, n(Br1)
ρn(Br1)

ρn1Br1 +
∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(Qy,Urk,δk )

Mδkρn(Q
y,U
rk,δk

)
ρn1Qy,U

rk,δk

 . (6.2.2.38)

We estimate the first summand with Lemma 6.2.3, applying again triangle inequality with the measure

n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn ,

to get

(6.2.2.37) ≤ 2pE
[
W p
p

(
nρn1BRn ,

n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn

)]

+ 2pE

W p
p

 n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn ,

∑
k≥0

n(Ark,rk+1
)

ρn(Ark,rk+1
)
ρn1Ark,rk+1

 ,
and therefore, using the subadditivity (2.1.0.2) in the second summand, we have

(6.2.2.37) ≤ 2pE
[
W p
p

(
nρn1BRn ,

n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn

)]

+ 2pE

W p
p

 n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn ,

∑
k≥1

n(Ark,rk+1
)

ρn(Ark,rk+1
)
ρn1Ark,rk+1

 .
Now one can see that the first summand in the previous inequality is exactly (6.2.2.14) of Lemma 6.2.3 and
that the second one is the term in the statement (6.2.2.15) of Lemma 6.2.3 with Σ = ∂B1, and therefore one
can also estimate

(6.2.2.37) ≤ Cn1− p2 + Cn1− p2
∫ Rn

r1

drρ(r)1− p2 rd−1−p d+q−2
2

≤ Cn1− p2
∫ Rn

r1

drρ(r)1− p2 rd−1−p d+q−2
2

≤ Cn1− p2
∫ Rn

r1

dre−
rq

q (1− p2 )rd−γ+p γ+2−d−q
2 −1

≤ Cn1− p2


1 q > 0, p < 2 or q > 2, p = 2 or q = 0, p < p,
R2−q
n q ∈ (0, 2), p = 2,

logRn q = p = 2, or q = 0, p = p,

e−
R
q
n
q (1− p2 )R

d−γ+p γ+2−d−q
2 −q

n q > 0, p > 2 or q = 0, p > p,
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with

p =
2(γ − d)

γ + 2− d
. (6.2.2.39)

Notice that

p∗ − p =
(γ − d)2(d− 2)

γ(γ − d+ 2)
, therefore p ≤ p∗, and p = p∗ if and only if d = 2. (6.2.2.40)

Recalling the definition of the critical radius Rn in (6.1.0.6), thanks to the previous estimate, we can infer that
if q > 0 one has

(6.2.2.37) ≤ C


n1− p2 p < 2 or q > 2, p = 2,

(log n)
2−q
q q < 2, p = 2,

log log n q = p = 2,

(log n)( γq−α)( p2−1)+ 1
q (d+p 2−d−q

2 −q) p > 2,

= C


n1− p2 p < 2 or q > 2, p = 2,

(log n)
2−q
q q < 2, p = 2,

log log n q = p = 2,

(log n)( γq−α+d(1− 1
q ))( p2−1)− p2 (d−1)+d−1−p(1− 1

q ) p > 2,

while if q = 0

(6.2.2.37) ≤ C


n1− p2 p < p,

n1− p2 log n p = p,

n
p

γ−d (log n)−β( p
γ−d+ p

2−1) p > p,

p defined in (6.2.2.39),

and these bounds complies with the estimate in the statement, since the rate is τp,dn defined in (1.2.0.3). To see
this, notice that the previous thresholds in the estimates above are: p = 2 for q > 0, which is equal to pcrit = d

if d = 2 and strictly smaller than that if d > 2, and p for q = 0, which is equal to pcrit = d(γ−d)
γ if d = 2 and

strictly smaller than that if d > 2. Therefore one can divide in cases: if d = 2 one has p = pcrit (or 2 = pcrit

if q > 0) and therefore the cases p <,=, > pcrit coincide with the cases p <,=, > p (or p <,=, > 2 if q > 0).
Otherwise, if d ≥ 3, one can first consider the case p < pcrit, which has no void intersection with all the cases
p <,=, > p (or p <,=, > 2 if q > 0) since the threshold is strictly smaller than pcrit by (6.2.2.40), and then one
can study the cases p ≥ pcrit, which are included in the case p > p̄ (or p > 2 if q > 0) for the same reason.

Now we focus on (6.2.2.38). One can notice that∑
k≥0

n(Ark,rk+1
)

ρn(Ark,rk+1
)
ρn1Ark,rk+1

=
n(Br1)

ρn(Br1)
ρn1Br1 +

∑
k≥1

n(Ark,rk+1
)

ρn(Ark,rk+1
)
ρn1Ark,rk+1

, ,

and therefore by the property (2.1.0.2) of subadditivity (the two measures in (6.2.2.38) coincide on Br1), we
have

(6.2.2.38) ≤ E

W p
p

∑
k≥1

n(Ark,rk+1
)

ρn(Ark,rk+1
)
ρn1Ark,rk+1

,
∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(Qy,Urk,δk)

Mδkρn(Qy,Urk,δk)
ρn1Qy,Urk,δk


≤
∑
k≥1

E

[
W p
p

(
n(Ark,rk+1

)

ρn(Ark,rk+1
)
ρn1Ark,rk+1

,

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(Qy,Urk,δk)

Mδkρn(Qy,Urk,δk)
ρn1Qy,Urk,δk

)]
,

where in the second inequality we have used again the subadditivity (over k). Then, by Lemma 6.2.5 applied
with r = rk and s = rk+1 = rk(1 + δk), recalling that

Qy,Urk,δk = A
∆y,U
δ

rk,rk+1 ,

we get

(6.2.2.38) ≤ C
∑
k≥1

rpkτ
p
d−1(E[n(Ark,rk+1

)]) =
∑
k≥1

rpkτ
p
d−1(nρn(Ark,rk+1

)). (6.2.2.41)

Thus we have to estimate ρn(Ark,rk+1
), that is

ρn(Ark,rk+1
) = Hd−1(∂B1)

∫ rk+1

rk

drrd−1ρn(r) ≤ C(rk+1 − rk)rd−1
k ρn(rk). (6.2.2.42)
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Estimate of (6.2.2.38) in the case d ≥ 4: in this case we see from (1.1.1.2) that τpd−1(m) = m1− p
d−1 , and

therefore combining (6.2.2.42) with (6.2.2.41) we get

(6.2.2.38) ≤ Cn1− p
d−1

∑
k≥1

(rk+1 − rk)1− p
d−1 rd−1

k ρn(rk)1− p
d−1

≤ Cn1− p
d−1

∑
k≥1

(rk+1 − rk)r
d−1+p q−1

d−1

k ρn(rk)1− p
d−1 since rk+1 − rk = εr1−q

k in this case

≤ Cn1− p
d−1

∫ Rn

r1

drrd−1+p q−1
d−1 ρn(r)1− p

d−1

= Cn1− p
d−1

∫ Rn

r1

dre−
rq

q (1− p
d−1 )rd−γ+p q−1+γ

d−1 −1

≤ Cn1− p
d−1


1 q > 0, p < d− 1 or q = 0, p < p̄,
Rd+q−1
n q > 0, p = d− 1,

logRn q = 0, p = p̄,

e−
R
q
n
q (1− p

d−1 )R
d−γ+p q−1+γ

d−1 −q
n q > 0, p > d− 1 or q = 0, p > p̄.

with

p̄ =
(γ − d)(d− 1)

γ − 1
. (6.2.2.43)

Notice that

p∗ − p̄ =
(γ − d)2

γ(γ − 1)
> 0. (6.2.2.44)

Applying the previous estimate to the definition of Rn in (6.1.1), for q > 0 we get

(6.2.2.38) ≤ C


n1− p

d−1 p < d− 1

(log n)
d
q+1− 1

q p = d− 1,

(log n)( γq−α)( p
d−1−1)+ 1

q (d+p q−1
d−1−q) = (log n)( γq−α+d(1− 1

q ))( p
d−1−1)+d−1−p(1− 1

q ) p > d− 1,

while for q = 0

(6.2.2.38) ≤ C


n1− p

d−1 p < p̄,

n1− p
d−1 log n p = p̄,

n
p

γ−d (log n)−β(−1+
p(γ−1)

(d−1)(γ−d)
) p > p̄.

p̄ defined in (6.2.2.43),

To check that this estimates are consistent with the statement it is enough to recall the definition of the rate
τp,dn in (1.2.0.3) and to divide in the two cases: since in the estimates above the thresholds are p = d − 1 for
q > 0 and p = p̄ for q = 0, both strictly lower than pcrit. Hence, one can first analyze the case p < pcrit, which
has no void intersection with p <,=, > p (or p <,=, > d − 1 in the case q > 0), and then p ≥ pcrit, which is
contained in the case p > p̄ (or p > d− 1 if q > 0) by (6.2.2.44).

Now we study the other two cases (d = 2, 3).

Estimate of (6.2.2.38) in the case d = 3: since in this case d − 1 = 2, we have τpd−1(m) = m1− p2 (logm)
p
2 :

arguing as before, in this case we get

(6.2.2.38) ≤ C
∑
k≥1

rpk(nρn(Ark,rk+1
))1− p2 (log(nρn(Ark,rk+1

)))
p
2

≤ Cn1− p2
∑
k≥1

(rk+1 − rk)r
p(q−1)

2 +2

k ρn(rk)1− p2 (log(nr3−q
k ρn(rk))

p
2

≤ Cn1− p2
∫ Rn

r1

drr
p(q−1)

2 +2ρn(r)1− p2 (log(nr3−qρn(r))
p
2

≤ Cn1− p2
∫ Rn

R′n

dre−
rq

q (1− p2 )r3−γ+p q−1+γ
2 −1(log(nr3−q−γe−

rq

q ))
p
2 (6.2.2.45)

+ Cn1− p2
∫ R′n

r1

dre−
rq

q (1− p2 )r3−γ+p q−1+γ
2 −1(log(nr3−q−γe−

rq

q ))
p
2 , (6.2.2.46)
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where in (6.2.2.45) and (6.2.2.46) we have split the previous integral as the sum of two integrals, the first one
in [0, R′n) and the second one in [R′n, Rn], with

R′n =


q

√
q log

(
n

(logn)α′

)
q > 0,

γ−3

√
n

(logn)β′
q = 0,

with α′ ≥ α and β′ ≥ β to be fixed later.
Let us begin with the estimate of (6.2.2.45): one can notice that if r ≥ R′n

nr3−q−γe−
rq

q ≤ nR′3−q−γn e−
R
′q
n
q =

{
(log n)α

′+ 3−q−γ
q q > 0,

(log n)β
′

q = 0,

and therefore

r ≥ R′n ⇒ (log(nr3−q−γe−
rq

q ))
p
2 ≤ C(log log n)

p
2 . (6.2.2.47)

Applying this inequality (6.2.2.47) to (6.2.2.45) we have

(6.2.2.45) ≤ Cn1− p2 (log log n)
p
2

∫ Rn

R′n

dre−
rq

q (1− p2 )r3−γ+p q−1+γ
2 −1

≤ C(log log n)
p
2 n1− p2


1 q > 0, p < 2 or q = 0, p < p̄,
R2+q
n q > 0, p = 2,

logRn q = 0, p = p̄,

e−
R
q
n
q (1− p2 )R

3−γ+p q−1+γ
2 −q

n q > 0, p > 2 or q = 0, p > p̄,

with

p̄ =
2(γ − 3)

γ − 1
. (6.2.2.48)

We used the same notations for this p̄ in (6.2.2.48) and the p̄ defined in (6.2.2.43) because the first definition
recovers the second one for d = 3.

According to the definition of Rn in (6.1.0.6), for q > 0 the previous estimate reads as

(6.2.2.45) ≤ C(log log n)
p
2


n1− p2 p < 2

(log n)1+ 2
q p = 2,

(log n)( γq−α)( p2−1)+ 1
q (3+p q−1

2 −q) = (log n)( γq−α+3(1− 1
q ))( p2−1)+2−p(1− 1

q ) p > 2,

whereas for q = 0

(6.2.2.45) ≤ C


n1− p2 (log log n)

p
2 p < p̄,

n1− p2 (log log n)
p
2 log n p = p̄,

(log log n)
p
2 n

p
γ−3 (log n)−β(−1+p γ−1

2(γ−3)
) p > p̄.

p̄ defined in (6.2.2.48).

Now we focus on (6.2.2.46): in this case, we use the rough estimate

(log(nr3−q−γe−
rq

q ))
p
2 ≤ C(log n)

p
2 ,

and therefore

(6.2.2.46) ≤ Cn1− p2 (log n)
p
2

∫ R′n

r1

dre−
rq

q (1− p2 )r3−γ+p q−1+γ
2 −1.

The same steps as the ones used for r ≥ R′n prove that if q > 0

(6.2.2.46) ≤ Cn1− p2 (log n)
p
2


1 p < 2

(log n)1+ 2
q p = 2,

n
p
2−1(log n)( γq−α

′+3(1− 1
q ))( p2−1)+2−p(1− 1

q ) p > 2,

while if q = 0

(6.2.2.46) ≤ Cn1− p2 (log n)
p
2


1 p < p̄,
log n p = p̄,

n−1+ p
2 + p

γ−3 (log n)−β
′(−1+p γ−1

2(γ−3)
) p > p̄.

p̄ defined in (6.2.2.48).

80



Now we can see that if

α′ − α =

{ p
p−2 p > 2,

0 p ≤ 2,
and β′ − β =

{ p
2 (−1 + p γ−1

2(γ−3) )−1 p > p̄,

0 p ≤ p̄,
p̄ defined in (6.2.2.48),

so that, in the case p > 2 and p > p̄, (6.2.2.46) is much smaller than (6.2.2.45), the previous estimates

(6.2.2.38) ≤ (6.2.2.45) + (6.2.2.46),

prove that if q > 0

(6.2.2.38) ≤


n1− p2 (log n)

p
2 p < 2,

(log n)2+ 2
q p = 2,

(log log n)
p
2 (log n)( γq−α+3(1− 1

q ))( p2−1)+2−p(1− 1
q ) p > 2,

and that if q = 0

(6.2.2.38) ≤ C


n1− p2 (log n)

p
2 p < p̄,

n1− p2 (log n)1+ p
2 p = p̄,

n
p
γ−3 (log log n)

p
2 (log n)−β(−1+p γ−1

2(γ−3)
) p > p̄.

p̄ defined in (6.2.2.48),

and this estimate complies with the statement too: to see this, the same argument used in the end of the
previous Paragraph for d ≥ 4 works.

Estimate of (6.2.2.38) in the case d = 2: since in this case d − 1 = 1, we have τpd−1(m) = m1− p2 , and
therefore by (6.2.2.42) we get

(6.2.2.38) ≤ C
∑
k≥1

rpk(nρn(Ark,rk+1
))1− p2 ≤ Cn1− p2

∑
k≥1

rpk((rk+1 − rk)rkρn(rk))1− p2

≤ Cn1− p2
∑
k≥1

(rk+1 − rk)r
pq
2 +1

k ρn(rk)1− p2

≤ Cn1− p2
∫ Rn

r1

drr
pq
2 +1ρn(r)1− p2

≤ Cn1− p2
∫ Rn

r1

dre−
rq

q (1− p2 )r2−γ+p q+γ2 −1

≤ Cn1− p2


1 q > 0, p < 2 or q = 0, p < p̂,
R2+q
n q > 0, p = 2,

logRn q = 0, p = p̂,

e−
R
q
n
q (1− p2 )R

2−γ+p q+γ2 −q
n q > 0, p > 2 or q = 0, p > p̂,

with

p̂ =
2(γ − 2)

γ
= p∗. (6.2.2.49)

We estimate the previous quantity in the two different cases q > 0 and q = 0. If q > 0 we have

(6.2.2.38) ≤ C


n1− p2 p < 2,

(log n)1+ 2
q p = 2,

(log n)( γq−α)( p2−1)+ 1
q (2+ pq

2 −q) = (log n)( γq−α+2(1− 1
q ))( p2−1)+ p

2 +1−p(1− 1
q ) p > 2,

while if q = 0

(6.2.2.38) ≤ C


n1− p2 p < p̂,

n1− p2 log n p = p̂,

n
p
γ−2 (log n)−β(−1+ pγ

2(γ−2)
) p > p̂,

p̂ defined in (6.2.2.49),

and these estimates complete the proof since the rate is τp,dn in (1.2.0.3) and in this case the thresholds to study
are p = 2 (if q > 0) and p = p̂ = p∗ (for q = 0), both equal to pcrit.
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Proposition 6.2.2 (The global estimate with decomposition angular-radial (6.2.2.10).). Given {X̃i}ni=1 iid
random variables in Rd with common probability density ρn and n(·) the number of such variables in a domain
as in Notation 6.2.2. Then, if g(n) is the quantity

g(n) := E

W p
p

nρn1BRn , n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

n(Qy,Urk,δ)

Mδρn(Qy,Urk,δ)
ρn1Qy,Urk,δ

 ,
(depending also on p, d, q, γ, r1 and ε), there exist a constant c > 0 and a constant C = C(ε) such that the
following estimates hold: if q > 0

g(n) ≤ C(ε)τp,dn (log n)−c(α−
γ
d−d(1− 1

q ))

{
1 p < d ≥ 3 or p ≥ d,
(log n)c(α−

γ
d−d(1− 1

q )) p < d = 2,

while if q = 0
g(n) ≤ C(ε)τp,dn (log n)−cβ .

Before proving this estimate, we can notice that thanks to the choices of α and β in Definition 6.1.1, even
in this Proposition 6.2.2, in a lot of cases it is ensured that

g(n)

{
� τp,dn p ≤ pcrit,
. τp,dn p > pcrit,

(6.2.2.50)

where the only eventuality not included in the previous estimate is p < d = 2, q > 0. Of course the implicit
constant depend on ε.

Proof. In this case, we use triangle inequality with the measure

µ̃ :=
n(Br1)1Br1
ρn(Br1)

+

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆y,U
δ

r1,Rn
)

Mδρn(A
∆y,U
δ

r1,Rn
)
ρn1

A
∆
y,U
δ

r1,Rn

,

obtaining

g(n) ≤ 2pE
[
W p
p

(
nρn1BRn , µ̃

)]
(6.2.2.51)

+ 2pE

W p
p

µ̃, n(Br1)
ρn(Br1)

ρn1Br1 +
∑
k≥1

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(Qy,Urk,δ)

Mδρn(Q
y,U
rk,δ

)
ρn1Qy,U

rk,δ

 . (6.2.2.52)

We begin with the estimate of (6.2.2.51), and to bound it we use again triangle inequality with the measure

n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn ,

and then we use Lemmas 6.2.3 and 6.2.5, indeed

(6.2.2.51) ≤ 2pE
[
W p
p

(
nρn1BRn ,

n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn

)]
(6.2.2.53)

+ 2pE
[
W p
p

(
n(Br1)

ρn(Br1)
ρn1Br1 +

n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn , µ̃

)]
. (6.2.2.54)

(6.2.2.53) is exactly the term appearing in (6.2.2.14) of Lemma 6.2.3, and therefore we can estimate

(6.2.2.53) ≤ Cn1− p2 ,

while by subadditivity (see (2.1.0.2)) we can estimate (6.2.2.54) by noticing that the two measures involved
coincide on Br1 , and therefore we can estimate it with

(6.2.2.54) ≤ E

W p
p

 n(Ar1,Rn)

ρn(Ar1,Rn)
ρn1Ar1,Rn ,

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆y,U
δ

r1,Rn
)

Mδρn(A
∆y,U
δ

r1,Rn
)
ρn1

A
∆
y,U
δ

r1,Rn


≤ C

∫ Rn
r1

dsρn(s)sp+d−1∫ Rn
r1

dsρn(s)sd−1
τpd−1(E[n(Ar1,Rn)]),
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using Lemma 6.2.5 with r = r1 and s = Rn. If we now observe that the first coefficient∫ Rn
r1

dsρn(s)sp+d−1∫ Rn
r1

dsρn(s)sd−1
≤ C,

because both the quantities in the numerator and in the denominator are bounded, and that

E[n(Ar1,Rn)] = n

∫ Rn

r1

drρn(r)rd−1Hd−1(∂B1) = Cn,

by (1.1.1.2) we get

(6.2.2.54) ≤ C

 n1− p
d−1 d ≥ 4,

n1− p2 (log n)
p
2 d = 3,

n1− p2 d = 2,

and therefore the first part of the proof in concluded since we just proved that

(6.2.2.51) ≤ (6.2.2.53) + (6.2.2.54) ≤ Cn1− p2 + C

 n1− p
d−1 d ≥ 4,

n1− p2 (log n)
p
2 d = 3,

n1− p2 d = 2,

. n−ξτp,dn ,

for a positive ξ > 0, and this estimate complies with the statement.
Now we estimate (6.2.2.52). We have to compare two measures, the first one is

µ̃ =
n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
n(A

∆y,U
δ

r1,Rn
)

Mδρn(A
∆y,U
δ

r1,Rn
)
ρn1

A
∆
y,U
δ

r1,Rn

,

while the second one is

n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

n(Qy,Urk,δ)

Mδρn(Qy,Urk,δ)
ρn1Qy,Urk,δ

,

and therefore by subadditivity (see (2.1.0.2)) one has

(6.2.2.52) ≤
∫
∂B1

dHd−1(y)

∫
O(d−1)

dUE

W p
p

 n(A
∆y,U
δ

r1,Rn
)

Mδρn(A
∆y,U
δ

r1,Rn
)
ρn1

A
∆
y,U
δ

r1,Rn

,
∑
k≥1

n(Qy,Urk,δ)

Mδρn(Qy,Urk,δ)
ρn1Qy,Urk,δ

 .
The expression we found in the previous inequality can be bounded using Lemma 6.2.3. Indeed if

Σ = ∆y,U
δ ,

we have
Qy,Urk,δ = AΣ

rk,rk+1
,

and therefore by (6.2.2.15) of Lemma 6.2.3 with Σ = ∆y,U
δ , we have

(6.2.2.52) ≤ C

Mδ
(nHd−1(∆y,̄Ū

δ ))1− p2
∫ Rn

r1

drρ(r)1− p2 rd−1−p d+q−2
2 .

We briefly focus on the first factor outside the integral, indeed by definition

Mδ =

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU1∆y,U
δ

=

∫
O(d−1)

dU

∫
∂B1

dHd−1(y)1∆y,U
δ
≥ 1

C
δd−1,

and also
1

C
δd−1 ≤ Hd−1(∆y,̄Ū

δ ) ≤ Cδd−1,

hence

(6.2.2.52) ≤ Cn1− p2 δ−
p
2 (d−1)

∫ Rn

r1

drρ(r)1− p2 rd−1−p d+q−2
2

= C(ε)n1− p2R
qp
2 (d−1)
n

∫ Rn

r1

drρ(r)1− p2 rd−1−p d+q−2
2 ,
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and we have already studied this quantity at the beginning of the proof of the previous Proposition 6.2.1, within
the estimate of (6.2.2.37). Recalling the definition of Rn the same computations prove that if q > 0

(6.2.2.52) ≤ Cn1− p2 (log n)
p
2 (d−1)


1 p < 2 or q > 2, p = 2,

(log n)
1
q (2−q) q < 2, p = 2,

log log n q = p = 2,

n
p
2−1(log n)( γq−α)( p2−1)+ 1

q (d+p 2−d−q
2 −q) p > 2,

= C


n1− p2 (log n)

p
2 (d−1) p < 2 or q > 2, p = 2,

(log n)d−2+ 2
q q < 2, p = 2,

(log n)d−1 log log n q = p = 2,

(log n)( γq−α+d(1− 1
q ))( p2−1)+d−1−p(1− 1

q ) p > 2,

while if q = 0

(6.2.2.52) ≤ C


n1− p2 p < p,

n1− p2 log n p = p,

n
p

γ−d (log n)−β(−1+
p(γ−d+2)

2(γ−d)
) p > p,

p =
2(γ − d)

γ + 2− d
= p∗ − (γ − d)2(d− 2)

γ(γ − d+ 2)

and this completes the proof since, as in the previous Proposition, to check the estimates it is sufficient to
analyze the cases:

• d = 2, where the previous thresholds are p = 2 (if q > 0) and p = p (if q = 0), both equal to pcrit,

• d ≥ 3, where the thresholds are p = 2 (if q > 0) and p = p (if q = 0), both strictly smaller than pcrit,
where therefore p < pcrit has no void intersection with p <,=, > p (p <,=, > 2 if q > 0), and p ≥ pcrit,
included in p > p (p > 2 if q > 0).

The consequence of Propositions 6.2.1 and 6.2.2 is that, up to choose the decomposition in the suitable way,
that is, as in (6.2.2.10) except in the case p < d = 2, q > 0, where (6.2.2.9) is more suitable, it is possible to
prove that the expectation of the global term in (6.2.2.11) is much smaller than the rate τp,dn for p ≤ pcrit and
has at most its same order for p > pcrit. In other words, as a corollary of (6.2.2.36) and (6.2.2.50), we have
proved Theorem 6.2.1.

6.2.3 Geometric decomposition for the lower bound.
The geometric decomposition for the lower bound is much easier since we do not have to care about the global
term. Indeed the boundary Wasserstein is superadditive, so there is no global term to estimate. The cut off at
a critical radius is not needed, that is, one is going to estimate the cost only in a region which approximately
coincides with the ball of radius Rn, but instead of constraining the variables inside it, one only looks at the
cost given by the points which are already inside it.

Thus, since one does not have to estimate the global term, there is no need to divide BRn in such a way not
to break the radial symmetry of the density: one can simply consider a set of hypercubes covering BRn .

By the same argument we used in Subsection 6.2.1, one can notice that it is still important that the
hypercubes {Qj} are to be taken small enough iso that the density ρ restricted to Qj can be transported to the
uniform one.

Here we take the partition in a slightly different way: we fix ` ∈ N (to be sent to ∞ eventually), and, for
x1 > 0, we consider the following sequence of {xk}∞k=1, that is

xk+1 = xk

(
1 +

1

`bxqkc

)
.

The previous sequence is very similar to the sequence of radii in (6.2.2.8), with the only difference that here we
need the condition

N 3 xk
xk+1 − xk

= `bxqkc. (6.2.3.1)

Then, we consider the hypercubes
Qk := [−xk, xk]d,
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and thanks to (6.2.3.1) we can divide Qk+1\Qk in a set of smaller hypercubes Qk = {Q(k)
j }j , with side xk+1−xk.

The number of these hypercubes (that is, the cardinality of Qk) is

|Qk+1 \Qk|
|Q(k)

j |
=
|Qk+1| − |Qk|
|Q(k)

j |
=

(2xk+1)d − (2xk)d

(xk+1 − xk)d
= 2d(`bxqkc)

d

[(
1 +

1

`bxqkc

)d
− 1

]
= 2d

d∑
k=1

(
d

k

)
(`bxqkc)

d−k.

Then we denote by
Q =

⋃
k∈N
Qk = {Qj}j∈N,

and we use the following decomposition.

Definition 6.2.6. We define
J := {j ∈ N : Qj ∩BRn 6= ∅},

and the geometric decomposition for the lower bound is taken by considering⋃
j∈J

Qj .

6.3 The comparison with the uniform case.
In this section we focus on the matching problem inside an hypercube, and we use an argument very similar
to [7, 2] to compare the cost of the gaussian (or polynomial) matching to the uniform one. We shall prove the
following results. Just for the sake of clarity we separate the upper bound and the lower bound, indeed the
geometric decomposition is different in the two cases (see Subsections 6.2.1 and 6.2.3). To start with, we state
both the estimates, and then we shall prove them.

Lemma 6.3.1 (Compare to the uniform matching: upper bound.). Let {X̃i}ni=1 be iid random variables with
common distribution ρn and let Q = Qy,Urk,δk one of the hypercubes in (6.2.1.1) in Definition 6.2.1 and rk, δk by
Definition 6.2.3. Then, if {Zi}∞i=1 is a sequence of iid random variables uniformly distributed on [0, 1]d, one has

E

W p
p

 ∑
i:Xi∈Q

δXi ,
n(Q)

ρn(Q)
ρn1Q

 ≤ (1 + cε)|Q|
p
dE

W p
p

n(Q)∑
i=1

δZi , n(Q)1[0,1]d

 ,
with n(Q) as in Notation 6.2.2.

Notice that the quantity ε appearing in the previous estimate is hidden in δk, in Definition 6.2.3.
The analogue estimate for the lower bound is very similar, but it involves the boundary Wasserstein distance

instead of the ordinary one, and it holds on the hypercubes {Qj} by Definition 6.2.6 instead of 6.2.3.

Lemma 6.3.2 (Compare to the uniform matching: lower bound.). Let {Xi}ni=1 be iid random variables with
common distribution ρ and let Q = Qj one of the hypercubes in Definition 6.2.6. Then, if {Zi}∞i=1 is a sequence
of iid random variables uniformly distributed on Q, one has

E

Wbpp

 ∑
i:Xi∈Q

δXi ,
E[n(Q)]

ρ(Q)
ρ1Q

 ≥ (1− c

`

)
|Q|

p
dE

Wbpp

n(Q)∑
i=1

δZi ,
E[n(Q)]

|Q|
1Q

 ,
with notation

n(Q) :=

n∑
i=1

1Q(Xi).

The two proofs are quite similar, but Lemma 6.3.1 requires a little more effort. Indeed one has first to move
the Q = Qy,Urk,δk in a proper hypercube, and then to move the push-forwarded density on the hypercube into the
uniform one.

Lemma 6.3.2 instead only requires to move the density over Q = Qj into the uniform one, since Qj is already
a proper hypercube.

Proof of Lemma 6.3.1. To prove this Lemma we first have to transform Q = Qy,Urk,δk in a proper hypercube, and
then move the push-forward of the obtained measure into the uniform one. As for the first passage, that is, to
move Q in a proper hypercube of side 1, it is immediate to see that thanks to Lemma 6.2.1, we know that there
exists a diffeomorphism

S : [0, 1]d → Q = Qy,Urk,δk ,

85



such that

sup
x∈Q

∥∥∥∥ DSrkδk
(x)−RyU

∥∥∥∥ ≤ Cδk, ∣∣∣∣detDS(x)

(rkδk)d
− detU

∣∣∣∣ ≤ Cδk, sup
x∈Q

|∇detDS(x)|
|detDS(x)|

≤ cδk. (6.3.0.1)

We can exploit it to conclude the proof: thanks to this estimate one gets

|S(x)− S(y)|
|x− y|

≤ rkδk
(

1 + sup
x∈Q

∥∥∥∥D( S

rkδk

)
(x)−RyU

∥∥∥∥) ≤ rkδk(1 + Cδk) ≤ rkδk(1 + Cε). (6.3.0.2)

Hence, using first Lemma 2.2.2 and then (6.3.0.2), one has

W p
p

 ∑
i:Xi∈Q

δXi ,
n(Q)

ρn(Q)
ρn1Q

 = W p
p

 ∑
i:Xi∈Q

δXi ,
n(Q)

ρ(Q)
ρ1Q


= W p

p

S]
 ∑
i:Xi∈Q

δS−1(Xi)

 , S](S
−1)]

(
n(Q)

ρ(Q)
ρ1Q

) (6.3.0.3)

≤ sup
x,y∈Q

(
|S(x)− S(y)|
|x− y|

)p
W p
p

 ∑
i:Xi∈Q

δS−1(Xi), (S
−1)]

(
n(Q)

ρ(Q)
ρ1Q

)
≤ (1 + Cε)p(rkδk)pW p

p

 ∑
i:Xi∈Q

δS−1(Xi), S
−1
]

(
n(Q)

ρ(Q)
ρ1Q

) . (6.3.0.4)

We first claim that

(rkδk)p ≤ (1 + cε)|Q|
p
d , (6.3.0.5)

which, combined with (6.3.0.4), gives

W p
p

 ∑
i:Xi∈Q

δXi ,
n(Q)

ρn(Q)
ρn1Q

 ≤ (1 + cε)|Q|
p
dW p

p

 ∑
i:Xi∈Q

δS−1(Xi), (S
−1)]

(
n(Q)

ρ(Q)
ρ1Q

) . (6.3.0.6)

Thus we have to relate the previous quantity to the analogue quantity for iid uniformly random variables, but,
before that, let us prove (6.3.0.5). Since

sup
x∈Q

∣∣(rkδk)d det(D(S−1(x))− detU
∣∣ = sup

x∈Q

∣∣(rkδk)d det((DS(S−1(x))−1)− detU
∣∣

= sup
z∈[0,1]d

∣∣(rkδk)d det((DS(z)−1)− detU
∣∣

= sup
z∈[0,1]d

∣∣∣∣detU(rkδk)d

detDS(z)
− 1

∣∣∣∣ ≤ cδk, by (6.2.1.5) of Lemma 6.2.1,

changing variables x = S−1(y), we have

1 =

∫
[0,1]d

dx =

∫
Q

dy|det(D(S−1)(y))| ≤
∫
Q

dy(rkδk)−d|detU |(1 + cδk) = |Q|(rkδk)−d(1 + cδk),

and this proves (6.3.0.5).
Now we can go on with the proof. First we move (S−1)]ρ into the uniform measure.

Step 1: we claim that there exists a map

T : [0, 1]d → [0, 1]d

such that

(S−1)]

(
ρ1Q
ρ(Q)

)
= T]

(
1[0,1]d

)
and sup

x,y∈Q

|T (x)− T (y)|
|x− y|

≤ 1 + Cε. (6.3.0.7)
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Let us postpone the proof and see the consequence of that. Using first Lemma 2.2.2 and then (6.3.0.7) we have

W p
p

 ∑
i:Xi∈Q

δS−1(Xi), (S
−1)]

(
n(Q)

ρ(Q)
ρ1Q

) = W p
p

T]
 ∑
i:Xi∈Q

δT−1(S−1(Xi))

 , T]
(
n(Q)1[0,1]d

)
≤
(

sup
x,y∈Q

|T (x)− T (y)|
|x− y|

)p
W p
p

 ∑
i:Xi∈Q

δT−1(S−1(Xi)), n(Q)1[0,1]d


≤ (1 + Cε)pW p

p

 ∑
i:Xi∈Q

δT−1(S−1(Xi)), n(Q)1[0,1]d

 (6.3.0.8)

Step 2: conclusion. As a result of (6.3.0.6) and (6.3.0.8), there exists a constant C > 0 depending on p (and
on ρ and d), such that

W p
p

 ∑
i:Xi∈Q

δXi ,
n(Q)

ρ(Q)
ρ1Q

 ≤ (1 + Cε)|Q|
p
dW p

p

 ∑
i:Xi∈Q

δT−1(S−1(Xi)), n(Q)1[0,1]d

 .

Thus, taking the expectation, one gets

E

W p
p

 ∑
i:Xi∈Q

δXi ,
n(Q)

ρ(Q)
ρ1Q

 ≤ (1 + Cε)|Q|
p
dE

W p
p

 ∑
i:Xi∈Q

δT−1(S−1(Xi)), n(Q)1[0,1]d

 . (6.3.0.9)

Now we consider {Zi}∞i=1 iid uniform random variables on [0, 1]d. If we condition to n(Q), by (2.2.0.3) of Lemma
2.2.1 {T−1(S−1(Xi))}i:Xi∈Q are independent and distributed on [0, 1]d with probability distribution

(T−1 ◦ S−1)]

(
ρ1Q
ρ(Q)

)
= 1[0,1]d , by (6.3.0.7).

Thus

E

W p
p

 ∑
i:Xi∈Q

δT−1(S−1(Xi)), n(Q)1[0,1]d

 = E

E
W p

p

 ∑
i:Xi∈Q

δT−1(S−1(Xi)), n(Q)1[0,1]d

∣∣∣∣∣∣n(Q)


= E

E
W p

p

n(Q)∑
i=1

δZi , n(Q)1[0,1]d

∣∣∣∣∣∣n(Q)


= E

W p
p

n(Q)∑
i=1

δZi , n(Q)1[0,1]d

 . (6.3.0.10)

Combining (6.3.0.9) and (6.3.0.10) one gets the thesis.
Now we go back to the step which we left aside before.

Proof of (6.3.0.7) of Step 1. Since the density is

ρ̃(x) = (S−1)]

(
ρ1Q
ρ(Q)

)
(x) =

ρ1Q
ρ(Q)

(S(x)) detDS(x),

by Lemma 2.2.6 such a map T exists and verifies

sup
x,y∈[0,1]d

|T (x)− T (y)|
|x− y|

≤ 1 + f

(
L sup
z∈[0,1]d

|∇ρ̃(z)|
ρ̃(z)

)
, f(t) = Cdt(1 + t)d.

Thus the statement is proved if one proves that

sup
z∈[0,1]d

|∇ρ̃(z)|
ρ̃(z)

≤ Cε, since we have already rescaled and therefore in this case L = 1, (6.3.0.11)
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indeed in that case one would have

f

(
sup

z∈[0,1]d

|∇ρ̃(z)|
ρ̃(z)

)
= f

(
L sup
z∈[0,1]d

|∇ρ̃(z)|
ρ̃(z)

)
≤ cε and therefore sup

x,y∈[0,1]d

|T (x)− T (y)|
|x− y|

≤ 1 + cε.

Thus we only have to prove (6.3.0.11). First, notice that for any x ∈ [0, 1]d

∇ρ̃(x)

ρ̃(x)
=
∇ (ρ̃(S(x)) detDS(x))

ρ̃(S(x)) detDS(x)
=

(DS(x))T∇ρ(S(x))

ρ(S(x))
+
∇(detDS(x))

detDS(x)
,

hence

|∇ρ̃(x)|
ρ̃(x)

≤ ‖DS(x)‖ |∇ρ(S(x))|
ρ(S(x))

+
|∇(detDS(x))|
|det(DS(x))|

. (6.3.0.12)

Now, one has

‖DS(x)‖ ≤ rkδk
∥∥∥∥DS(x)

rkδk
−RyU

∥∥∥∥+ rkδk‖RyU‖ ≤ rkδk(1 + Cδk) ≤ rkδk(1 + ε) ≤ Cεr1−q
k , (6.3.0.13)

with

sup
z∈Q

|∇ρ(z)|
ρ(z)

≤ sup
z∈Q

C|z|q−1 ≤ Crq−1
k+1 ≤ C

′rq−1
k , (6.3.0.14)

and by (6.3.0.1)

|∇(detDS(x))|
|det(DS(x))|

≤ Cδk ≤ Cε. (6.3.0.15)

Combining (6.3.0.13), (6.3.0.14) and (6.3.0.15) with (6.3.0.12) one gets

∇ρ̃(x)

ρ̃(x)
≤ Cε, for all x ∈ [0, 1]d,

hence (6.3.0.11) holds and therefore the proof is concluded.

Proof of Lemma 6.3.2. The proof of the lower bound is quite similar to the proof of Lemma 6.3.1. The difference
is that our purpose is now to apply (2.2.0.8) of Lemma 2.2.3 instead of (2.2.0.4) of Lemma 2.2.2, and therefore
the same argument we used in that case works, up to finding a suitable map T such that, if Q = Qj

1

ρ(Q)
ρ1Q = T]

(
1

|Q|
1Q

)
, T (∂Q) = ∂Q, (6.3.0.16)

and that

|T (x)− T (y)|
|x− y|

≥ 1− c

`
. (6.3.0.17)

If we find such T , thanks to Lemma 2.2.3 we get

Wbpp

 ∑
i:Xi∈Q

δXi ,
E[n(Q)]

ρ(Q)
ρ1Q

 = Wbpp

T]
 ∑
i:Xi∈Q

δT−1(Xi)

 , T]

(
E[n(Q)]

|Q|
1Q

)
≥
(

1− c

`

)p
Wbpp

 ∑
i:Xi∈Q

δT−1(Xi),
E[n(Q)]

|Q|
1Q

 ,

and taking the expectation we conclude with the same argument as the previous Lemma: conditioned to n(Q),
{T−1(Xi)}i:Xi∈Q are uniformly iid on Q by (2.2.0.3) of Lemma 2.2.1. Then, applying the affine map which
moves Qj = qj + [0, Lj ]

d to [0, 1]d,

S : Q = Qj → [0, 1]d, S(x) =
x− qj
Lj

,
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by Corollary 2.2.1 we get

Wbpp

 ∑
i:Xi∈Q

δT−1(Xi),
E[n(Q)]

|Q|
1Q

 = Wbpp

(S−1)]

 ∑
i:Xi∈Q

δS(T−1(Xi))

 , (S−1)](E[n(Q)]1[0,1]d)


= LpjWbpp

 ∑
i:Xi∈Q

δS(T−1(Xi)),E[n(Q)]1[0,1]d


= |Q|

p
dWbpp

 ∑
i:Xi∈Q

δS(T−1(Xi)),E[n(Q)]1[0,1]d

 ,

with {S(T−1(Xi))}i:Xi∈Q uniformly iid on [0, 1]d if conditioned to n(Q).
To explain why such a map T satisfying (6.3.0.16) and (6.3.0.17) exists, let us assume that the hypercube

we are considering by partition in Definition 6.2.6 is

Q = Qj ⊆ Qk+1 \Qk.

In this case the side of the squares is

L = (xk+1 − xk) =
xk

`bxqkc
≤ C

`
x1−q
k ,

and for any x ∈ Qj one has

|x| ≤
√
dxk+1 =

√
dxk

(
1 +

1

`bxqkc

)
≤ Cxk,

hence
L
|∇ρ(x)|
ρ(x)

= L
|ρ′(|x|)|
ρ(|x|)

≤ cL|x|q−1 ≤ C

`
x1−q
x xq−1

k ≤ C

`
.

Hence by Lemma 2.2.6 such a map exists and verifies

|T (x)− T (y)|
|x− y|

≥ 1− cL |∇ρ(x)|
ρ(x)

≥ 1− c

`
,

and therefore the proof is concluded.

6.4 Some useful formulations of previous results.
In this Section we formulate some preliminary results in a slightly different way with respect to the Introduction.
To begin with, we focus on the Random Matching problem with a random number of iid points.

Lemma 6.4.1. Let {Xi}∞i=1 be a sequence of iid random variables with uniform distribution on [0, 1]d and c > 0
be a positive constant. Then, for any N binomial random variables independent of {Xi}∞i=1 with parameters n
and q with nq ≥ c, it holds

E

[
W p
p

(
N∑
i=1

δXi , N1[0,1]d

)]
≤ (1 + ω(E[N ]))c̃pd(E[N ])1− pd

(
χd≥3 + | log(E[N ])|

p
2χd=2

)
, (6.4.0.1)

E

[
Wbpp

(
N∑
i=1

δXi , N1(0,1)d

)]
≥ (1− ω(E[N ]))c̃bpd(E[N ])1− pd

(
χd≥3 + | log(E[N ])|

p
2χd=2

)
, (6.4.0.2)

where ω : [c,+∞)→ [0,+∞) is a function vanishing as the argument increases (ω < 1 in (6.4.0.2)) and c̃pd and
c̃bpd are the constants defined in (1.1.1.7).

Proof. Since the proof of the two results is the same, we only prove (6.4.0.1). By conditioning with respect to N ,
we get {Xi}Ni=1 iid random variables uniformly distributed on [0, 1]d. Hence, if ω, ω′, ω′′ and ω′′′ are functions
with the same properties as the function ω in the statement, we have

E

[
W p
p

(
N∑
i=1

δXi , N1[0,1]d

)]
= E

[
E

[
W p
p

(
N∑
i=1

δXi , N1[0,1]d

)∣∣∣∣∣N
]]

≤ E
[
(1 + ω(N))N1− p

d c̃pd(χd≥3 + (logN)
p
2 χd=2)1N≥1

]
by (1.1.2.13)

= E
[
(1 + ω′(N))(N + 1)1− p

d c̃pd(χd≥3 + (log(N + 1))
p
2 χd=2)

]
≤ c̃pd(1 + ω′′(E[N ]))(E[N ] + 1)1− p

d (χd≥3 + (log(E[N ] + 1))
p
2 χd=2) by (3.2.0.23) of Theorem 3.2.1

= c̃pd(1 + ω′′′(E[N ]))(E[N ])1− p
d (χd≥3 + | log(E[N ])|

p
2 χd=2),
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and therefore the proof of (6.4.0.1) is concluded. As we mentioned before, the proof of (6.4.0.2) is the same
(substituting (3.2.0.23) with (3.2.0.24)), hence we omit it.

We now focus on an intermediate result about the boundary cost function.

Lemma 6.4.2. Let {Xi}∞i=1 be a sequence of iid random variables and c > 0 be a positive constant. Then, for
any N binomial random variables independent of {Xi}∞i=1 with parameters n and q with nq ≥ c, it holds

E

[
Wbpp

(
N∑
i=1

δXi ,E[N ]1(0,1)d

)]
≥ (1− ω(E[N ]))E

[
Wbpp

(
N∑
i=1

δXi , N1(0,1)d

)]
,

where ω : [c,+∞)→ [0, 1) is a function vanishing as the argument increases.

Before proving the Lemma, let us specify that also an upper bound could be proved (i.e., with≤ (1+ω(E[N ])),
but since we only need the lower bound we leave it aside.

Proof. We have to prove that the quantity

α = α(n, q) :=
E
[
Wbpp

(∑N
i=1 δXi ,E[N ]1(0,1)d

)]
E
[
Wbpp

(∑N
i=1 δXi , N1(0,1)d

)] (6.4.0.3)

is bounded from below by a positive constant and that lim infnp→∞ α ≥ 1.

Step 1: we prove that
lim inf
nq→∞

α ≥ 1.

To do that, we start by noticing that by triangle inequality we have∣∣∣∣∣Wbp

(
N∑
i=1

δXi , N1(0,1)d

)
−Wbp

(
N∑
i=1

δXi ,E[N ]1(0,1)d

)∣∣∣∣∣ ≤Wbp
(
E[N ]1(0,1)d , N1(0,1)d

)
.

Therefore, there exists a constant cp > 0 depending only on p such that for any ε ∈ (0, 1) it holds

E

[
Wbpp

(
N∑
i=1

δXi ,E[N ]1(0,1)d

)]
≥ (1− ε)E

[
Wbpp

(
N∑
i=1

δXi , N1(0,1)d

)]
− cp
εp−1

E
[
Wbpp

(
E[N ]1(0,1)d , N1(0,1)d

)]
,

and moreover

E
[
Wbpp

(
E[N ]1(0,1)d , N1(0,1)d

)]
≤ E

[
|N − E[N ]|p

max{N,E[N ]}p−1

]
by Lemma 2.2.7

≤ E[|N − E[N ]|p]
(E[N ])p−1

≤ C(E[N ])1− p2 by Lemma 3.1.1.

Combining these two estimates we get

α ≥ 1− ε− cpC

εp−1

(E[N ])1− p2

E
[
Wbpp

(∑N
i=1 δXi , N1(0,1)d

)] . (6.4.0.4)

Now we can rearrange the term in the right-hand side of (6.4.0.4) as follows:

(E[N ])1−
p
2

E
[
Wbpp

(∑N
i=1 δXi , N1(0,1)d

)] =
(E[N ])1−

p
2

(E[N ])1−
p
d

(
χd≥3 + | log(E[N ])|

p
2 χd=2

) (E[N ])1−
p
d

(
χd≥3 + | log(E[N ])|

p
2 χd=2

)
E
[
Wbpp

(∑N
i=1 δXi , N1(0,1)d

)]
= (E[N ])−

p(d−2)
2d

(
χd≥3 + | log(E[N ])|−

p
2 χd=2

) (E[N ])1−
p
d

(
χd≥3 + | log(E[N ])|

p
2 χd=2

)
E
[
Wbpp

(∑N
i=1 δXi , N1(0,1)d

)]
≤ C(E[N ])−

p(d−2)
2d

(
χd≥3 + | log(E[N ])|−

p
2 χd=2

)
by (6.4.0.2) of Lemma 6.4.1

=: ω(E[N ]), (6.4.0.5)
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where the function ω is vanishing as the argument increases.
Combining (6.4.0.4) and (6.4.0.5) we get

α ≥ 1− ε− cpC

εp−1
ω(E[N ]),

and we get lim infnp→∞ α ≥ 1 by taking

ε =

{
(ω(E[N ]))

1
2(p−1) , p > 1,

0, p = 1,

so that
α ≥ 1− (ω(E[N ]))

1
2(p−1) − cpC

√
ω(E[N ]).

Step 2: we prove that for any n and p such that nq ≥ c, α(n, q) ≥ 1
C . The constant C mentioned before

depends on c. We first notice that, since we have just proved that it is asymptotic to 1 as nq → ∞, we can
assume that

np ∈ [c,M ],

where M is large enough to have 1 − ω
1

2(p−1) (M) − cpC
√
ω(M) ≥ 1

2 . Otherwise, if np is larger than such M ,
the statement has already been proved in the previous passage.

Since we already know that, up to a constant, the denominator in α is bounded from above from

E[N ]1−
p
d

(
χd≥3 + χd=2(log(E[N ]))

p
2

)
≤ C for E[N ] = np ≤M,

it is sufficient to prove that also the denominator is bounded from below from a positive constant if nq ∈ [c,M ].
This is a consequence of the fact that, using Lemma 2.2.4 with

λ =
(nq
c

) 1
d ≥ 1,

if Nn,c is a binomial random variable with parameters n and c
n , we have

E

[
Wbpp

(
N∑
i=1

δXi , np1(0,1)d

)]
≥
⌊(nq

c

) 1
d

⌋d(
c

nq

) p
d

E

Wbpp

Nn,c∑
i=1

δXi , c1(0,1)d


≥ min
x∈[1,Mc ]

⌊
x

1
d

⌋d
x−

p
dE

Wbpp

Nn,c∑
i=1

δXi , c1(0,1)d


=: C(c,M, p, d)E

Wbpp

Nn,c∑
i=1

δXi , c1(0,1)d

 , (6.4.0.6)

hence the numerator of α in (6.4.0.3) is bounded from below by the right-hand side of the previous inequality.
Therefore we only have to prove that (6.4.0.6) is bounded from below uniformly for n ∈ N. This is a consequence
of the fact that, by Corollary 3.3.1, we have

(6.4.0.6) −−−−→
n→∞

E

[
Wbpp

(
Mc∑
i=1

δXi , c1(0,1)d

)]
, (6.4.0.7)

where Mc is a Poisson random variable with parameter c. Since the righ-hand side of (6.4.0.7) is positive, we
can conclude that the numerator of α in (6.4.0.3) is uniformly bounded from below for nq ∈ [c,M ], and therefore
the proof is concluded.

We can now state the main result that we need to prove Theorems 1.2.1 and 1.2.2.

Proposition 6.4.1 ([2, 23, 11]). Let d ≥ 2, Ω ⊆ Rd be a bounded connected domain with Lipschitz boundary
and {Xi}∞i=1 be a sequence of iid random variables distributed on Ω with common probability density ρ. Then,
if c > 0 is a positive constant, for any N binomial random variables with parameters n and q such that nq ≥ c,
it holds

E

[
W p
p

(
N∑
i=1

δXi , Nρ

)]
≤ (1 + ω(E[N ]))c̃pd(E[N ])1− pd

(
χd≥3 + | log(E[N ])|

p
2

)∫
Ω

ρ1− pd , (6.4.0.8)

E

[
Wbpp

(
N∑
i=1

δXi ,E[N ]ρ

)]
≥ (1− ω(E[N ]))c̃bpd(E[N ])1− pd

(
χd≥3 + | log(E[N ])|

p
2

)∫
Ω

ρ1− pd , (6.4.0.9)

where ω : [c,+∞)→ [0,+∞) is a function vanishing as the argument increases (ω < 1 in (6.4.0.9)).
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Proof. The proof of (6.4.0.8) is completely analogue to the proof of (6.4.0.1) of Lemma 6.4.1, where one has to
use the second inequality in (1.1.2.16) of Theorem 1.1.5 instead of (1.1.2.13).

The proof of (6.4.0.9) is a little bit more technical, since the result we proved which relate the case if
deterministic and random number of points points are limited to the case of the uniform distribution. The
proof uses the same techniques as [2, 23, 24], that is, the same technique of the proof of Theorem 1.2.2, so we
only sketch it.

Step 0: restrict to a union of hypercupes. Let

Jε :=
{
k ∈ Zd : Qεk := εk + ε(0, 1)d ⊆ Ω

}
.

By (3.0.0.2), if

N(Qεk) :=

N∑
i=1

1(Xi ∈ Qεk),

is the number of variables in the hypercube Qεk, N(Qεk) is a binomial random variable of parameters n and
qρ(Qεk), and therefore we have E[N(Qεk)] = nqρ(Qεk) = E[N ]ρ(Qεk). Hence, by Proposition 2.1.1

E

[
Wbpp

(
N∑
i=1

δXi ,E[N ]ρ

)]
≥
∑
k∈Jε

E

Wbpp

 ∑
i:Xi∈Qεk

δXi ,E[N(Qεk)]
ρ1(0,1)d

ρ(Qεk)


=
∑
k∈Jε

E

E
Wbpp

 ∑
i:Xi∈Qεk

δXi ,E[N(Qεk)]
ρ1(0,1)d

ρ(Qεk)

∣∣∣∣∣∣N(Qεk)

 .
Step 1: move {Xi}i:Xi∈Qεk into variables uniformly distributed in (0, 1)d. We now apply two maps to
the variables {Xi}i:Xi∈Qεk : the first one is Tk, the linear map moving Qεk in (0, 1)d, that is

Tk : Qεk → (0, 1)d, x 7→ x− εk
ε

.

To choose the second one we argue as follows: the variables {Xi}i:Xi∈Qεk , if conditioned to N(Qεk), have distri-

bution
ρ1Qε

k

ρ(Qεk) . Hence, the variables {Tk(Xi)}i:Xi∈Qεk , if conditioned to N(Qεk), have distribution, Tk]
(
ρ1Qε

k

ρ(Qεk)

)
.

We first claim that the Hölderian constant of Tk]
(
ρ1Qε

k

ρ(Qεk)

)
is smaller than εα for a constant. Indeed it holds

sup
x,y∈(0,1)d

∣∣∣Tk] ( ρ1Qεkρ(Qεk)

)
(x)− Tk]

(
ρ1Qε

k

ρ(Qεk)

)
(y)
∣∣∣

|x− y|α
=

εd

ρ(Qεk)
sup

x,y∈(0,1)d

|ρ(εx+ εk)− ρ(εy + εk)|
|x− y|α

=
εd

ρ(Qεk)
εα sup

z,w∈Qεk

|ρ(z)− ρ(w)|
|z − w|α

≤ Cεα,

where in the inequality we used that

ρ(Qεk) ≥ inf ρ|Qεk| = inf ρεd, and sup
z,w∈Qεk

|ρ(z)− ρ(w)|
|z − w|α

≤ C,

since ρ is bounded from below by a positive constant and α-Hölder.
Therefore by Lemma 2.2.6 (and the remarks later) there exists another map Sk : (0, 1)d → (0, 1)d such that

Tk]

(
ρ1Qεk
ρ(Qεk)

)
= Sk](1(0,1)d), and sup

x,y∈(0,1)d

∣∣∣∣ |Sk(x)− Sk(y)|
|x− y|

− 1

∣∣∣∣ ≤ Cεα,
and, if conditioned to N(Qεk), {S−1

k (Tk(Xi))}i:Xi∈Qεk have distribution (S−1
k ◦ Tk)]

(
ρ1Qε

k

ρ(Qεk)

)
= 1(0,1)d . Hence, if

Yi := S−1
k (Tk(Xi)), applying first Lemma 2.2.2 and Corollary 2.2.1, and then deleting the conditioned expecta-
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tion, we have

E

[
Wbpp

(
N∑
i=1

δXi ,E[N ]ρ

)]
≥
∑
k∈Jε

E

E
Wbpp

(T−1
k ◦ Sk)]

 ∑
i:Xi∈Qεk

δYi

 ,E[N(Qεk)](T
−1
k ◦ Sk)](1(0,1)d)

∣∣∣∣∣∣N(Qεk)


≥
∑
k∈Jε

|Qεk|
p
d (1− Cεα)E

E
Wbpp

 ∑
i:Xi∈Qεk

δYi ,E[N(Qεk)]1(0,1)d

∣∣∣∣∣∣N(Qεk)


=
∑
k∈Jε

|Qεk|
p
d (1− Cεα)E

Wbpp

N(Qεk)∑
i=1

δZi ,E[N(Qεk)]1(0,1)d


with {Zi}∞i=1 iid uniformly distributed on (0, 1)d and independent of {Xi}∞i=1.

Step 2: conclusion. Now if we apply first Lemma 6.4.2 and then (6.4.0.2) of Lemma 6.4.1, since E[N(Qεk)] =
E[N ]ρ(Qεk), we get

E

[
Wbpp

(
N∑
i=1

δXi ,E[N ]ρ

)]
≥ (1− Cεα)c̃bpd

∑
k∈Jε

|Qεk|
p
d (1− ω(E[N(Qεk)]))(E[N(Qεk)])1− pd

(
χd≥3 + | log(E[N(Qεk)])|

p
2χd=2

)
= (1− Cεα)(1− ω(E[N ] inf ρεd))c̃bpd(E[N ])1− pd

∑
k∈Jε

|Qεk|
(
ρ(Qεk)

|Qεk|

) p
d (

χd≥3 + | log(E[N ]ρ(Qεk))|
p
2χd=2

)
≥ (1− Cεα)(1− ω(E[N ] inf ρεd))(1− o(ε))c̃bpd(E[N ])1− pd

∑
k∈Jε

∫
Qεk

ρ1− pd
(
χd≥3 + | log(E[N ]ρ(Qεk))|

p
2χd=2

)
,

where o(ε) is a function vanishing as ε→ 0. Finally, dividing by (E[N ])1− pd
(
χd≥3 + | log(E[N ])|

p
2χd=2

)
, taking

the liminf as E[N ]→∞ and then sending ε→ 0, we get the thesis.
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6.5 Proof of the upper bound.
Here we prove Theorem 1.2.1.

The strategy of the proof is the same as [7, 2], which we have explained in the Introduction, but we first
have to constrain the points {Xi}ni=1 inside the ball of radius Rn. Then, since

BRn = Br1 ∪
⋃
k≥1

⋃
y∈∂B1

⋃
U∈O(d−1)

Qy,Urk,δk ,

we have to rearrange the masses inside Br1 and Qy,Urk,δk , which means that we have to estimate the global term
in Theorem 6.2.1, and then we estimate the cost of the matching inside each one of these subsets and compare
it with the cost of the uniform matching inside an hypercube, as in Lemma 6.3.1.

Proof. As we mentioned before, we start as follows.

Step 1: substitute {Xi}ni=1 → {X̃i}ni=1. These new random variables are iid with common probability
density ρn = ρεRn by Proposition 6.1.1. In other words, by triangle inequality we have

Wp

(
n∑
i=1

δXi , nρ

)
≤Wp

(
n∑
i=1

δXi ,

n∑
i=1

δX̃i

)
+Wp

(
n∑
i=1

δX̃i , nρn

)
+Wp (nρn, nρ) ,

and therefore, taking the power p and then the expectation of the above expression, there exists a constant
C > 0 depending only on p such that for η > 0 we have

E

[
W p
p

(
n∑
i=1

δXi , nρ

)]
≤ C

ηp−1
E

[
Wp

(
n∑
i=1

δXi ,

n∑
i=1

δX̃i

)]
+ (1 + η)E

[
W p
p

(
n∑
i=1

δX̃i , nρn

)]
+

C

ηp−1
W p
p (nρn, nρ)

≤ 2C

ηp−1
nW p

p (ρn, ρ) (6.5.0.1)

+ (1 + η)E

[
W p
p

(
n∑
i=1

δX̃i , nρn

)]
, (6.5.0.2)

where, in the second inequality, we have used first Proposition 6.1.1 and then the fact that the pth power of the
p-Wasserstein distance is homogeneous. By Proposition 6.1.2, we have

(6.5.0.1) ≤ k(n) := C

{
(log n)

d
q−1−p(1− 1

q )+α− γq q > 0,

n
p

γ−d (log n)β(1− p
γ−d ) q = 0,

(6.5.0.3)

hence to prove the thesis we focus on (6.5.0.2).

Step 2: the global estimate - rearrange the masses according to the decomposition. In this proof
we use Notation 6.2.2 meaning for n(·) the number of variables X̃i in a domain.

To prove the thesis, we split the ball BRn , where the new {X̃i}ni=1 are constrained and the new density ρn
is concentrated. Using the radial-angular decomposition ((6.2.2.9) of Definition 6.2.3) in the case

q > 0, d = 2, 1 ≤ p < 2,

and the angular-radial one ((6.2.2.10) of Definition 6.2.3) in all the other cases, by triangle inequality we have

Wp

(
n∑
i=1

δX̃i , nρn

)
≤Wp

 n∑
i=1

δX̃i ,
n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

n(Qy,Urk,δ)

Mδkρn(Qy,Urk,δ)
ρn1Qy,Urk,δ


+Wp

 n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

n(Qy,Urk,δ)

Mδkρn(Qy,Urk,δ)
ρn1Qy,Urk,δ

, nρn

 ,

and we make the same step as before: we take the pth power and then we take the expectation, so that, if g(n)
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is the quantity defined in Theorem 6.2.1 we get

E

[
W p
p

(
n∑
i=1

δX̃i , nρn

)]

≤ (1 + η)E

W p
p

 n∑
i=1

δX̃i ,
n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

n(Qy,Urk,δ)

Mδkρn(Q
y,U
rk,δ

)
ρn1Qy,U

rk,δ

 (6.5.0.4)

+
C

ηp−1
E

W p
p

 n(Br1)

ρn(Br1)
ρn1Br1 +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

n(Qy,Urk,δ)

Mδkρn(Q
y,U
rk,δ

)
ρn1Qy,U

rk,δ
, nρn

 . (6.5.0.5)

This way, by Theorem 6.2.1, we have

(6.5.0.5) = g(n)

{
� τp,dn p ≤ pcrit,
. τp,dn p > pcrit,

(6.5.0.6)

hence we focus only on (6.5.0.4): by (6.2.2.13) with µ =
∑n
i=1 δX̃i and f = 1 one has∫

∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

1

Mδk

∑
i:X̃i∈Qy,Urk,δk

δX̃i =
∑

i:|X̃i|≥r1

δX̃i ,

hence
n∑
i=1

δX̃i =
∑

i:X̃i∈Br1

δX̃i +
∑

i:|X̃i|≥r1

δX̃i =
∑

i:X̃i∈Br1

δX̃i +

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

1

Mδk

∑
i:X̃i∈Qy,Urk,δk

δX̃i ,

and therefore, by subadditivity (see (2.1.0.2))

(6.5.0.4) ≤ E

W p
p

 ∑
i:X̃i∈Br1

δX̃i ,
n(Br1)

ρn(Br1)
ρn1Br1

 (6.5.0.7)

+

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

1

Mδk

E

W p
p

 ∑
i:X̃i∈Qy,Urk,δk

δX̃i ,
n(Qy,Urk,δk)

ρn(Qy,Urk,δk)
ρn1Qy,Urk,δk


 , (6.5.0.8)

and now we consider the two different cases d ≥ 3 and d = 2, and we begin with the first one.

Step 3A: conclusion in the case d ≥ 3. Thanks to (1.1.2.1) one can estimate (6.5.0.7): indeed, if we
condition to n(Br1), {X̃i}i:X̃i∈Br1 are iid with common distribution

ρn1Br1
ρn(Br1 ) (which does not depend on n), and

therefore

(6.5.0.7) ≤ (1 + ω(n))c̃pdn
1− pd

∫
Br1

dxρn(x)1− pd by (6.4.0.8) of Proposition 6.4.1,

and using Lemma 6.3.1 one can estimate (6.5.0.8), so that, if {Zi}∞i=1 are iid uniformly distributed on [0, 1]d,
one has

(6.5.0.8) ≤ (1 + Cε)

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

1

Mδk

|Qy,Urk,δk |
p
dE

W p
p

n(Qy,Urk,δk
)∑

i=1

δZi , n(Qy,Urk,δk)1[0,1]d


 ,

and since

E

W p
p

n(Q
y,U
rk,δk

)∑
i=1

δZi , n(Q
y,U
rk,δk

)1[0,1]d


 ≤ c̃pd(E[n(Qy,Urk,δk )])1− pd (1 + ω(E[n(Qy,Urk,δk )])) by (6.4.0.1) of Lemma 6.4.1

one has

(6.5.0.8) ≤ c̃pd(1 + Cε)

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

1

Mδk

|Qy,Urk,δk |
p
d (1 + ω(E[n(Qy,Urk,δk)]))(E[n(Qy,Urk,δk)])1− pd

= c̃pd(1 + Cε)(1 + ω(`n))

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

1

Mδk

|Qy,Urk,δk |
p
dn1− pd

(∫
Qy,Urk,δk

dxρn(x)

)1− pd

,
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with

`n := εd
{

(log n)α−
γ
q−d(1− 1

q ) q > 0,
(log n)β q = 0,

' n(Rnδn)dρn(Rn) ≤ E[n(Qy,Urk,δk)].

Now, looking at the last term, since, by (6.1.0.3) for any x, y ∈ Qy,Urk,δk one has

ρn(x)

ρn(y)
≤ 1 + Cε,

if x̄ is any point in Qy,Urk,δk , and it holds(∫
Qy,Urk,δk

dxρn(x)

)1− pd

≤ (1 + Cε)ρn(x̄)1− pd |Qy,Urk,δk |
1− pd = (1 + Cε)|Qy,Urk,δk |ρn(x̄)1− pd |Qy,Urk,δk |

− pd

≤ (1 + Cε)

∫
Qy,Urk,δk

dxρn(x)1− pd |Qy,Urk,δk |
− pd ,

and therefore

(6.5.0.8) ≤ c̃pdn
1− pd (1 + Cε)(1 + ω(`n))

∫
∂B1

dHd−1(y)

∫
O(d−1)

dU
∑
k≥1

1

Mδk

∫
Qy,Urk,δk

dxρn(x)1− pd

= c̃pdn
1− pd (1 + Cε)(1 + ω(`n))

∫
BRn\Br1

dxρn(x)1− pd by (6.2.2.13) with dµ = dx and f = ρ
1− pd
n

= c̃pdn
1− pd (1 + Cε)(1 + ω(`n))

∫
BRn\Br1

dxρn(x)1− pd .

Thus, combining the previous estimates on (6.5.0.7) and (6.5.0.8) with (6.5.0.3) and (6.5.0.6), we have

E

[
W p
p

(
n∑
i=1

δX̃i , nρn

)]
≤ c̃pd(1 + Cη + Cε+ ω(`n))n1− pd

∫
BRn

dxρn(x)1− pd +
C

ηp−1
(k(n) + g(n)),

with k and g both depending on ε.
Now since if p > pcrit, by definition of τp,dn in (1.2.0.3) we have k(n) = O(τp,dn ), g(n) = O(τp,dn ) and

`n = O(ε), hence we can only conclude that

E

[
W p
p

(
n∑
i=1

δX̃i , nρn

)]
≤ Cτp,dn ,

while if p ≤ pcrit we have k(n) = o(τp,dn ), g(n) = o(τp,dn ) and `n −−−−→
n→∞

∞, hence if we divide both the left-hand

side and the right-hand side by τp,dn , we get

lim sup
n→∞

E
[
W p
p

(∑n
i=1 δX̃i , nρn

)]
τp,dn

≤ (1 + Cε+ Cη)c̃pd lim
n→∞

n1− pd
∫
BRn

dxρn(x)1− pd

τp,dn
,

and the thesis follows observing that

lim
n→∞

n1− pd
∫
BRn

dxρn(x)1− pd

τp,dn
= lim
n→∞

n1− pd
∫
BRn

dxρ(x)1− pd

τp,dn
,

and then sending ε and η to 0.

Step 3B: conclusion in the case d = 2. In this case the conclusion follows by the same steps as before if
one estimates (6.5.0.7) and (6.5.0.8), since k(n) by (6.5.0.3) and g(n) by (6.5.0.6) give a contribution which is
negligible for p ≤ pcritc and has the same order as τp,dn if p > pcrit, exactly as in the case d ≥ 3.

Hence, let us focus on (6.5.0.7) and (6.5.0.8).
In this case we have the logarithmic term, that is, as for (6.5.0.7), by (6.4.0.8) of Proposition 6.4.1 one has

(6.5.0.7) ≤ c̃p2(1 + ω(E[n(Br1)]))E[n(Br1)]1−
p
2 (logE[n(Br1)])

p
2

∫
Br1

dx

(
ρn(x)

ρn(Br1)

)1− p2

= c̃p2(1 + ω(n))n1− p2 (log n)
p
2

∫
Br1

dxρn(x)1− p2 since E[n(Br1)] = O(n), (6.5.0.9)
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while for (6.5.0.8), if {Zi}∞i=1 are iid uniformly distributed on [0, 1]2, with the same passages as before we have

(6.5.0.8) ≤ (1 + Cε)

∫
∂B1

dHd−1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

|Qy,Urk,δk |
p
2 E

W p
p


n(Q

y,U
rk,δk

)∑
i=1

δZi , n(Qy,Urk,δk
)1[0,1]2




≤ c̃p2n
1− p

2 (1 + Cε)(1 + ω(`n))

∫
∂B1

dHd−1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Q
y,U
rk,δk

dxρn(x)1− p
2 log(1 + E[n(Qy,Urk,δk

)])
p
2 ,

(6.5.0.10)

with `n defined as before.
Now we study the integral in (6.5.0.10) in some different cases.

Case p < pcrit and d = 2. Here one can use the trivial estimate

log(1 + E[n(Qy,Urk,δk)]) ≤ (1 + ω(n)) log n,

and therefore, putting this estimate into (6.5.0.10), the same steps as before in this case prove that

(6.5.0.7) + (6.5.0.8) ≤ c̃p2(1 + ω(n))n1− p2 (log n)
p
2

∫
Br1

dxρn(x)1− p2

+ c̃p2(1 + Cε+ ω(`n))n1− p2 (log n)
p
2

∫
BRn\Br1

dxρn(x)1− p2

= c̃p2(1 + Cε+ ω(`n))n1− p2 (log n)
p
2

∫
BRn

dxρn(x)1− p2 ,

and this concludes the proof in this case.
Then, if p = pcrit we argue in the two different cases q > 0 and q = 0.

Case q > 0 and p = pcrit = d = 2. In this case we can write

log(1 + E[n(Qy,Urk,δk)])
p
2 = (1 + ω(E[n(Qy,Urk,δk)]) log(E[n(Qy,Urk,δk)])

= (1 + ω(n))

(
log

(
n

|Qy,Urk,δk |

∫
Qy,Urk,δk

dxρn(x)

)
+ log |Qy,Urk,δk |

)
≤ (1 + ω(n)) (log(nρn(rk)) + ε+ C| log(εrk)|) by (6.1.0.3),

and therefore the integral in (6.5.0.10) writes as

∫
∂B1

dHd−1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Qy,Urk,δk

dxρn(x)1− p2 log(E[n(Qy,Urk,δk)])
p
2

≤
∫
∂B1

dHd−1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Qy,Urk,δk

dx[log(nρn(rk)) + ε+ C| log(εrk)|]

≤ (1 + Cε)

∫
∂B1

dHd−1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Qy,Urk,δk

dx[log(nρn(x)) + ε+ C| log(ε|x|)|] using (6.1.0.3) again

= (1 + Cε)

∫
BRn\Br1

dx log(nρn(x)) + |BRn |(ε+ C log(εRn)) by (6.2.2.13),

and since only the first one of these contributions has the same order as τp,dn = (log n)1+ 2
q , we get

(6.5.0.8) ≤ c̃p=2
2 (1 + Cε+ ω(`n))

∫
BRn\Br1

dx log(nρn(x))(1 + ω(n))

= c̃22(1 + Cε+ ω(`n))

∫
BRn

dx log(nρn(x))(1 + ω(n)),

which proves the thesis noticing that in this case (6.5.0.9) proves that

(6.5.0.7)� τp,dn .

Therefore the conclusion follows by the same steps as before.
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Case q = 0, d = 2 and p = pcrit = d(γ−d)
γ = 2(γ−2)

γ . We have to estimate (6.5.0.10): to do that, we can
notice that for any x ∈ Qy,Urk,δk

log(1 + E[n(Qy,Urk,δk)]) = (1 + ω(E[n(Qy,Urk,δk)])) log(E[n(Qy,Urk,δk)])

≤ (1 + ω(n)) log

(
n

∫
Qy,Urk,δk

dyρ(y)

)
≤ (1 + ω(n)) log(nρn(x)|Qy,Urk,δk |(1 + Cε))

≤ log(nρ(x)(δkrk)2(1 + Cε)) ≤ log(nρ(x)|x|2ε(1 + Cε)) ≤ C + log(nρ(x)|x|2),

and putting this estimate into (6.5.0.10), since p∗

2 < 1 one gets

(6.5.0.8) ≤ c̃p
∗

2 n1− p
∗
2 (1 + Cε)(1 + ω(`n))

∫
∂B1

dH1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Q
y,U
rk,δk

dxρn(x)
1− p

∗
2 (C + log(nρ(x)|x|2))

p∗
2

≤ c̃p
∗

2 n1− p
∗
2 (1 + Cε+ ω(`n))

∫
∂B1

dH1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Q
y,U
rk,δk

dxρn(x)
1− p

∗
2 [(log(nρ(x)|x|2))

p∗
2 + C

p∗
2 ]

= c̃p
∗

2 n1− p
∗
2 (1 + Cε+ ω(`n))

∫
∂B1

dH1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Q
y,U
rk,δk

dxρn(x)
1− p

∗
2 (log(nρ(x)|x|2))

p∗
2

+ o(τp,dn )

= cp
∗

2 n1− p
∗
2 (1 + Cε+ ω(`n))

∫
BRn\Br1

dxρ(x)1−
p∗
2 (log(nρ(x)|x|2))

p∗
2 + ω(τp,dn ) by (6.2.2.13),

and also in this case one has
(6.5.0.7) = o(τp,dn ),

hence the thesis is proved.

Case d = 2 and p > pcrit. Here we do not care about the constants, since one already has k(n) by (6.5.0.3)
and g(n) by (6.5.0.6) which gives two contributions with order τp,dn . Moreover, by (6.5.0.9) it is straightforward
to see that

(6.5.0.7) = o(τp,dn ),

and therefore only (6.5.0.8) is to be bounded, starting with the estimate in (6.5.0.10). Since for any x ∈ Qy,Urk,δk
one has

E[n(Qy,Urk,δk)] = n

∫
Qy,Urk,δk

dxρn(x) ≤ Cn|Qy,Urk,δk |ρ(rk) ≤ Cεdnr2(1−q)
k ρn(rk) ≤ Cn|x|2(1−q)ρn(x),

by (6.1.0.3), the integral in that inequality satisfies∫
∂B1

dHd−1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Qy,Urk,δk

dxρn(x)1− p2 log(1 + E[n(Qy,Urk,δk)])
p
2

≤ C
∫
∂B1

dHd−1(y)

∫
O(1)

dU
∑
k≥1

1

Mδk

∫
Qy,Urk,δk

dxρn(x)1− p2
∣∣∣log(Cn|x|2(1−q)ρn(x))

∣∣∣ p2
= C

∫
BRn\Br1

dxρn(x)1− p2
∣∣∣log(Cn|x|2(1−q)ρn(x))

∣∣∣ p2 by (6.2.2.13)

= CH1(∂B1)

∫ Rn

r1

drrρn(r)1− p2

∣∣∣∣∣log

(
C ′

r2(1−q)ρn(r)

R
2(1−q)
n ρn(Rn)

)∣∣∣∣∣
p
2

since
1

n
= R2(1−q)

n ρn(Rn)

= CH1(∂B1)

∫ Rn

r1

drrρn(r)1− p2

∣∣∣∣| logC ′| − (2(1− q)− γ) log

(
Rn
r

)
+
Rqn − rq

q

∣∣∣∣
p
2

, (6.5.0.11)

and now in (6.5.0.11) we have three terms: we claim that they have all order τp,dn and this concludes.
The first one has order τp,dn by denfinition, and the second one too since∫ Rn

r1

drrρn(r)1− p2

[
log

(
Rn
r

)] p
2

= e
R
q
n
q ( p2−1)

∫ Rn

r1

drre
R
q
n−r

q

q ( p2−1)rγ( p2−1)

[
log

(
Rn
r

)] p
2

,
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and if q = 0 the exponential term disappears and recalling that p∗ = 2(γ−2)
γ , one gets

∫ Rn

r1

drrρn(r)1− p2

[
log

(
Rn
r

)] p
2

=

∫ Rn

r1

drr1+γ( p2−1)

[
log

(
Rn
r

)] p
2

= R
2+γ( p2−1)
n

∫ Rn
r1

1

dss−1−2 p−p
∗

2−p∗ (log s)
p
2 with s =

Rn
r

≤ CR2+γ( p2−1)
n ≤ Cτp,dn ,

since the logarithmic term does not affect the integral, while if q > 0, changing variables s =
Rqn−r

q

q one gets

∫ Rn

r1

drrρn(r)
1− p

2

[
log

(
Rn
r

)] p
2

≤ Ce
R
q
n
q

( p
2
−1)

∫ Rn

r1

drr(e
R
q
n−r

q

q r−γ)1−
p
2

[
log

(
Rn
r

)] p
2

= Ce
R
q
n
q

( p
2
−1)

∫ R
q
n−r

q
1

q

0

dse−s(
p
2
−1)(Rqn − sq)

2
q
−1+ γ

q
( p

2
−1)

[
log

(
Rn

(Rqn − sq)
1
q

)] p
2

,

where one can use the trivial estimates

(Rqn − sq)
2
q−1+ γ

q ( p2−1) ≤ (Rqn)
2
q−1+ γ

q ( p2−1) = R
2−q+γ( p2−1)
n ,

and

Rn ≥ (rq1 + sq)
1
q ⇒ log

(
Rn

(Rqn − sq)
1
q

)
≤ log

(
(rq1 + sq)

1
q

r1

)
≤ C + C| log s|,

to obtain∫ Rn

r1

drrρn(r)1− p2

[
log

(
Rn
r

)] p
2

≤ Ce
R
q
n
q ( p2−1)R

2−q+γ( p2−1)
n

∫ R
q
n−r

q
1

q

0

dse−s(
p
2−1)(1 + | log s|)

p
2 ≤ Cτp,dn .

The third term in (6.5.0.11) appears only in the case q > 0 and can be estimated as before, indeed changing
again variables s =

Rqn−r
q

q one gets

∫ Rn

r1

drrρn(r)1− p2

[
Rqn − rq

q

] p
2

≤ Ce
R
q
n
q ( p2−1)

∫ Rn

r1

drr(e
R
q
n−r

q

q r−γ)1− p2

[
Rqn − rq

q

] p
2

= Ce
R
q
n
q ( p2−1)

∫ R
q
n−r

q
1

q

0

dse−s(
p
2−1)(Rqn − sq)

2
q−1+ γ

q ( p2−1)s
p
2

≤ Ce
R
q
n
q ( p2−1)R

2−q+γ( p2−1)
n

∫ R
q
n−r

q
1

q

0

dse−s(
p
2−1)s

p
2

≤ Ce
R
q
n
q ( p2−1)R

2−q+γ( p2−1)
n ≤ Cτp,dn ,

and therefore also the third term eventually appearing in (6.5.0.11) has order τp,dn .

6.6 Proof of the lower bound.
Here we prove Theorem 1.2.2.

Proof. As a disclaimer, we specify that this proof we mean by n(·) the number of variables {Xi}ni=1 in a domain
(and not {X̃i}ni=1 as in Notation 6.2.2).

The lower bound is much easier than the upper bound, indeed we do not have to constrain the points inside
BRn and we do not have to care about the global term because in the boundary Wasserstein distance the
measures are allowed to have different masses. In fact, if we recall the geometric decomposition we defined for
the lower bound, thanks to the superadditivity of the boundary Wasserstein distance (see Lemma 2.1.1), we
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can infer that

Wbpp

(
n∑
i=1

δXi , nρ

)
= Wbpp

∑
j∈N

∑
i:Xi∈Qj

δXi , nρ
∑
j∈N

1Qj

 ≥∑
j∈N

Wbpp

 ∑
i:Xi∈Qj

δXi , nρ1Qj


≥
∑
j∈J

Wbpp

 ∑
i:Xi∈Qj

δXi , nρ1Qj

 with J by Definition 6.2.6

=
∑
j∈J

Wbpp

 ∑
i:Xi∈Qj

δXi ,E[n(Qj)]
ρ1Qj
ρ(Qj)

 , (6.6.0.1)

where in the last passage we have used that

E[n(Qj)] = nρ(Qj).

Taking the expectation in (6.6.0.1), if {Zi}∞i=1 is a sequence of iid random variables uniformly distributed on
[0, 1]d, one gets

E

[
Wbpp

(
n∑
i=1

δXi , nρ

)]
≥
∑
j∈J

E

Wbpp

 ∑
i:Xi∈Qj

δXi ,E[n(Qj)]
ρ1Qj
ρ(Qj)


≥
(

1− c

`

)∑
j∈J
|Qj |

p
dE

Wbpp

n(Qj)∑
i=1

δZi ,E[n(Qj)]1[0,1]d

 by Lemma 6.3.2

≥ c̃bpd
(

1− c

`

)∑
j∈J

(1− ω(E[n(Qj)]))|Qj |
p
d (E[n(Qj)])

1− pd (1 + χd=2 log(1 + E[n(Qj)]))
p
2 ,

(6.6.0.2)

where in the last passage we used (6.4.0.9) of Proposition 6.4.1.
First we notice that, if the hypercube in the partition by Definition 6.2.6 is Qj ⊆ Qk+1 \Qk, one has

E[n(Qj)] = n

∫
Qj

dxρ(x) ≥ cnρ(xke1)|Qj | =
c

`d
ne−

x
q
k
q x−γk x

d(1−q)
k ≥ n c

`d
e−

R
q
n
q R−γ+d(1−q)

n =:
c

`d
fn,

where, using definition (6.1.0.6) of the critical radius Rn, one has

fn −−−−→
n→∞

∞ if p ≤ pcrit and
1

C
≤ fn ≤ C if p > pcrit. (6.6.0.3)

Then, we can use (6.1.0.3) as in the proof of the upper bound (where ε is substituted by 1
` ) to get

E[n(Qj)]
1− pd =

(
n

∫
Qj

dxρ(x)

)1− pd

≥
(

1− c

`

)
n1− pd |Qj |−

p
d

∫
Qj

dxρ(x)1− pd , (6.6.0.4)

so that, if d ≥ 3, combining the previous estimate in (6.6.0.4) with (6.6.0.2), one gets

E

[
Wbpp

(
n∑
i=1

δXi , nρ

)]
≥ c̃bpdn

1− pd
(

1− c

`
− ω(fn)

)∑
j∈J

∫
Qj

dxρ(x)1− pd

≥ c̃bpdn
1− pd

(
1− c

`
− ω(fn)

)∫
BRn

dxρ(x)1− pd ,

where ω is a function strictly smaller that 1 and vanishing as the argument increases and where the second
inequality follows from the fact that

BRn ⊆
⋃
j∈J

Qj ,

and this concludes passing to the limit as n→∞.
In the case d = 2 one has to divide the proof in the three cases p < pcrit, p = pcrit and p > pcrit.
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Case d = 2 and p < pcrit. This case is the simplest one since one can restrict the sum in (6.6.0.2) to the
hypercubes Qj with

j ∈ J ′ :=

{
j ∈ J : E[n(Qj)] ≥

n

log n

}
,

and notice that ⋃
n≥2

⋃
j∈J ′

Qj = R2. (6.6.0.5)

Before proving (6.6.0.5) we see how to conclude: by (6.6.0.3) and (6.6.0.4) one has

E

[
Wbpp

(
n∑
i=1

δXi , nρ

)]
≥ c̃bp2n1− p2

(
1− c

`
− ω(fn)

)∑
j∈J

∫
Qj

dxρ(x)1− p2 log(E[n(Qj)])
p
2 ,

and therefore, restricting the sum to the special Qj with j ∈ J ′ we mentioned before, we get

E

[
Wbpp

(
n∑
i=1

δXi , nρ

)]
≥ c̃bp2n1− p2

(
1− c

`
− ω(fn)

) ∑
j∈J ′

∫
Qj

dxρ(x)1− p2 (log n− log log n)
p
2

= c̃bp2n
1− p2 (log n)

p
2

(
1− c

`
− ω(fn)− ω(n)

) ∑
j∈J ′

∫
Qj

dxρ(x)1− p2

= c̃bp2n
1− p2 (log n)

p
2

(
1− c

`
− ω(fn)− ω(n)

)∫
∪j∈J′Qj

dxρ(x)1− p2

= c̃bp2n
1− p2 (log n)

p
2

(
1− c

`
− ω(fn)− ω(n)

)∫
R2

dxρ(x)1− p2 by (6.6.0.5).

Hence, we only have to prove (6.6.0.5), and this is quite immediate since

E[n(Qj)] = n

∫
Qj

dxρ(x) ≥ cnρ(xke1)|Qj | =
c

`d
ne−

x
q
k
q x−γk x

d(1−q)
k ≥ c n

log n
,

for any xk such that

xk ≤ hn :=


q

√
q log

(
logn

(log logn)
γ
q

+d(1− 1
q

)

)
q > 0,

(log n)
1

γ−d q = 0,

⇒ hn −−−−→
n→∞

∞,

and therefore ⋃
j∈J ′

Qj ⊇
⋃

k:xk≤hn

Qk = [−xk, xk]d ↗ R2,

which proves (6.6.0.5).

Case d = 2 and p = pcrit. We claim that for any j ∈ J and for any x ∈ Qj

log(E[n(Qj)]) ≥
{

log(nρ(x))− c log log n q > 0,
log(nρ(x)|x|2)− c q = 0,

(6.6.0.6)

for a constant c depending on `.
Let us postpone the proof of that. Exploiting this estimate for p = pcrit one has

E[n(Qj)]
1− p2 [1 + log(1 + E[n(Qj)])

p
2 ≥ E[n(Qj)]

1− p
crit

2 [log(E[n(Qj)])
pcrit

2

= |Qj |−
pcrit

2

{ ∫
Qj
dx[log(nρ(x))− c log log n] q > 0,

n1− p
∗
2

∫
Qj
dxρ(x)1− p

∗
2 (log(nρ(x)|x|2)− c)

p∗
2 q = 0,

and combining this estimate with (6.6.0.2) and (6.6.0.3) we get

E

[
Wbpp

(
n∑
i=1

δXi , nρ

)]
≥ n1− p

crit

2 c̃bp
crit

2

∑
j∈J

{ ∫
Qj
dx[log(nρ(x))− c log log n] q > 0,∫

Qj
dxρ(x)1− p

∗
2 [(log(nρ(x)|x|2))

p∗
2 − c

p∗
2 ] q = 0,

≥ n1− p
crit

2 c̃bp
crit

2

∫
BRn

dx

{
[log(nρ(x))− c log log n] q > 0,

ρ(x)1− p
∗
2 [(log(nρ(x)|x|2))

p∗
2 − c

p∗
2 ] q = 0,
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and this concludes since the terms multiplied by c log log n and c have order o(τp,dn ).
Hence we only have to prove (6.6.0.6), which is quite immediate since if q > 0 and x ∈ Qj one has

log(E[n(Qj)]) = log

(
n

∫
Qj

dyρ(y)

)
= log

(
n

1

|Qj |

∫
Qj

dyρ(y)

)
+ log |Qj |

≥ log
(
n
(

1− c

`

)
ρ(x)

)
+ log |Qj |

≥ log(nρ(x))− c

`
−
∣∣∣∣log

(
1

`d
|x|d(1−q)

)∣∣∣∣
≥ log(nρ(x))− c log log n,

while if q = 0 and x ∈ Qj ⊆ Qk+1 \Qk

log(E[n(Qj)]) = log

(
n

∫
Qj

dyρ(y)

)
≥ log

(
n
(

1− c

`

)
ρ(x)|Qj |

)
≥ log

(
nρ(x)

1

`2
x2
k

)
− c

`

≥ log
(
nρ(x)|x|2

)
− c,

and this proves (6.6.0.6).

Case d = 2 and p > pcrit. In this case one can conclude as in the case d ≥ 3 noticing that

log(1 + E[n(Qj)]) ≥ c,

and combining this estimate with (6.6.0.2), (6.6.0.3) and (6.6.0.4) one gets the same conclusion as the case
d ≥ 3, that is

E

[
Wbpp

(
n∑
i=1

δXi , nρ

)]
≥ c

p
2 c̃bp2n

1− p2
(

1− c

`
− ω(fn)

)∑
j∈J

∫
Qj

dxρ(x)1− p2

≥ c
p
2 c̃bp2n

1− p2
(

1− c

`
− ω(fn)

)∫
BRn

dxρ(x)1− p2 ,

and this concludes passing to the limit as n→∞.
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