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UNITARITY OF MINIMAL W-ALGEBRAS AND THEIR
REPRESENTATIONS II: RAMOND SECTOR

VICTOR G. KAC
PIERLUIGI MOSENEDER FRAJRIA
PAOLO PAPI

ABSTRACT. In this paper we study unitary Ramond twisted representations of minimal
W-algebras. We classify all such irreducible highest weight representations with highest
weight which is not Ramond extremal (unitarity in the Ramond extremal case, as well
as in the untwisted extremal case, remains open). We compute the characters of these
representations and deduce from them the denominator identities for all superconformal
algebras in the Neveu-Schwarz and Ramond sector. Some of the results rely on conjectures
about the properties of the quantum Hamiltonian reduction functor in the Ramond sector.
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1. INTRODUCTION

The problem of unitarity of highest weight representations of infinite-dimensional Lie al-
gebras and superalgebras has been a hot topic in the 1980s and 1990s in Mathematics and
Physics (see e.g. [I] for a list of references). With the advent of vertex algebra theory it was
realized that all these Lie (super)algebras arise naturally in the context of a special class of
vertex algebras, called the simple quantum affine W-algebras, obtained by quantum Hamil-
tonian reduction from affine vertex algebras of level k, starting from the datum (g, s) where g
is a basic Lie superalgebra and s is an sly subalgebra. The most important among these W-
algebras are the minimal ones, denoted by W,?in(g), corresponding to the “minimal” choice
of 5. They include all superconformal algebras, which play an important role in quantum
physics.

This paper is a continuation of our paper [I5] on classification of unitary minimal (quantum
affine) W-algebras W (g) and their (non-twisted) representations. In that paper we singled
out necessary conditions for unitarity and divided the irreducible highest weight representa-
tions satisfying these conditions into extremal and non-extremal ones. We proved unitarity
of non-extremal representations and conjectured that extremal representations are unitary,
completing thereby the classification of unitary highest weight representations. Support to
our conjecture is given by the cases of N = 3 and IV = 4 superconformal algebra.

In the present paper we study Ramond twisted unitary representations of minimal W-
algebras. We introduce (suitably modified) notions of extremal and non extremal modules
and we prove unitarity of non-extremal representations, under (for a certain subclass) the
conjectural validity of exactness properties for the twisted quantum Hamiltonian reduction
functor. Again we conjecture that extremal representations are unitary, and again we have
unitarity for extremal representations of the N = 3 and N = 4 superconformal algebra.
Another indirect support to the properties of this functor that we are assuming is given by
classical combinatorial identites derived from character formulas by using this functor.

Let us discuss in more detail the setting and the results of the paper. Let g be a simple
finite-dimensional Lie superalgebra, over C, with a reductive even part gz and invariant
non-degenerate symmetric bilinear form (-|-), with restriction to gz non-degenerate. Let
s = Span{e, x, f}, where [e, f] = z, [x,¢e] = ¢, [z, f] = —f be an sly subalgebra of gz. To the
datum (g,s,k € C) one associates the universal quantum affine W-algebra W¥(g,s) of level
k by the quantum Hamiltonian reduction [16], [19]. If k is different from the critical level
Eerit, the vertex algebra W¥(g, s) has a unique maximal ideal , and the quotient by this ideal
is a simple W-algebra, denoted by Wi(g,s).

The minimal W-algebras correspond to the choice of s, called minimal, for which the
ad x-eigenspace decomposition is of the form

(1.1) 0=0-190_12DP g P g1/2D 01, whereg_1=Cf, g1 =Ce.
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We normalize the bilinear form (-|-) by the condition (z|z) = 3. Then ke = —h", where
hY is half of the eigenvalue of the Casimir operator on g. The decomposition (L)) and the
numbers h" are listed in [19, Tables 1-3].

In order to define unitarity of a W-algebra, one needs a conjugate linear involution ¢ of
g, which fixes the subalgebra s pointwise. Then, provided that k € R, ¢ induces a conjugate
linear involution of the vertex algebra W¥(g,s), and it descends to Wj(g,s).

It is proved in [I5, Proposition 7.2] that for minimal s C g and a non-collapsing level
k € R, any conjugate linear involution ¢ of the vertex algebra W (g, s) is necessarily induced
by a conjugate linear involution ¢ of g fixing s. (Recall that k is called a collapsing level
if Wy(g,s) is isomorphic to its affine part.) Moreover, it is proved in [I5, Proposition 8.9
that the vertex algebra Wy (g, s) is unitary only if the centralizer g% of s in g is a semisimple

subalgebra of g5, and the conjugate linear involution ¢ is almost compact, i.e. it restricts to

E, where g? are

a compact involution of g%, and it leaves {e,x, f} fixed. We write g7 = @;g
simple components of g’
We prove in [I5] that an almost compact conjugate linear involution of g exists if and only

if g is from the following lists:

(1.2) psl(2|2), spo(2|m) for m > 0,D(2,1;a) for a € R, F(4), G(3);

(1.3) sl(2|m) for m > 3, osp(4|m) for m > 2 even,

and it is essentially unique. Moreover, in these cases g admits a unque, up to conjuga-
tion, minimal sls-subalgebra s. We denote the corresponding minimal unversal W-algebra
of level k by Wk, (g), and its simple quotient by W i"(g). Recall that, for k # ke,
the vertex algebra WP, (g) is conformal with Virasoro field L = Snez Lnz™"72, and it is
strongly and freely generated by the operators L,, n € Z, and the Fourier coefficients of

the primary fields J1% (2) = 32, 5, Jia}z_”_l, a € gf, of conformal weight 1, and G{*}(z) =
2

{u} —n—3 he 3
nE%-ﬁ-Z Gy72"2 ue g_1/2, of conformal weight 5 [I9, Theorems 4.1 and 5.1].

Note that, as in [I5], we exclude the case of g = spo(2|m), m = 0,1, and 2, since in
these cases the W-algebra Wk, (g) is the universalVirasoro, Neveu-Schwarz, and N = 2
vertex algebra, respectively, for which unitarity of non-twisted and twisted modules is well
understood.

A non-degenerate Hermitian form H on a module M with finite-dimensional L eigenspaces
over a conformal vertex algebra is called ¢-invariant if it defines an isomorphism of M with
its restricted dual. For Wk, (g) this is equivalent to the following conditions [7], [T4]:

L= Ly () = B0 () = o,

We proved in [I5, Proposition 8.19] that, for k # k¢, the minimal W-algebra W "(g) is
not unitary for g from the list (I.3]), except when g = sl(2|m), m > 3, and the level is the
collapsing level k = —1. Furthermore, we proved in [I5, Corollary 11.2] that, for g from the
list (IZ), the vertex algebra W™"(g) is non-trivial unitary for k # ke if and only if k lies in
the unitary range, given in the following Table [Il along with k = k.-;; and k = ko for which
dim Wmin(g) = 1:
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g unitary range Kerit ko
psl(2]2) —-(N+1) 0 -1
spo(2]3) — (N +2) -3 | —3

spo(2|m), m > 4 —1(N+1) -2 1
D(2,1; 1) — =N, m,n € N coprime, (m,n) # (1,1) 0 none
F(4) —2(N+1) 2 ~2

G(3) —3(N+1) I

TABLE 1

In our paper [I5], we also studied unitarity of irreducible highest weight W, (g)-modules
LW (v,4y), where g is one of the Lie superalgebras from Table [I (with the exception of

spo(2|lm), m < 2), and k lies in the unitary range. These modules are parametrized by pairs

vE (bﬁg)* and £y € R. We proved that unitarity of L' (v, £y) holds if and only if the following
condition holds:

(a) the affine levels M;(k) for g? are non-negative integers;
(b) v € P = {dominant integral weights for g* such that v(6)) < M;(k)} where 0; are

highest roots of gE-.
(c) bp > A(k,v), where A(k,v) is defined in [I5], formula (8.11)], and ¢y = A(k,v) if v
is an extremal weight (i.e. v(6)) > M;(k) + x; for some 4, x; being displayed in [15],
Table 2]), except that the unitarity of L (v, ;) when v is an extremal weight and
ly = A(k,v) is still an open question.
Actually in [I5] we studied unitarity of the Wk, (g)-modules; however it has been proved
in [I, Theorem 5.1] that any unitary W[, (g)-module descends to the simple WW-algebra
erflln( )

The study of unitarity of the Ramond twisted irreducible highest weight modules over the
vertex algebra W, (g), where k is in the unitary range, proceeds along similar lines. The
main difference is that in the Ramond sector one has to consider separately two cases: when
%9 is not a root of g, and when it is a root, where 6 is the highest root of g. In both cases
the necessary conditions of unitarity are similar to the above conditions (a), (b), (c), except
that in condition (c¢) the constant A(k,v) is replaced by the one given by (6.31]), which we
denote here by A", and the notion of an extremal weight needs to be replaced by that of a
Ramond extremal welght defined by ([@.3]). See Section [6] for details.

As in [I5] Section 10], we find sufficient conditions of unitarity of Ramond twisted irre-
ducible highest weight modules over W, (g) by using its free field realization, introduced
in [I9, Theorem 5.2] and the Ramond twisted version of the Fairlie type modification. As a
result, we prove unitarity for ¢y larger than a certain constant B, defined by ([.25]), in the
cases when v is not Ramond extremal (see Section [7]).

It turns out that B = A"™ in the cases when 0/2 is a root of g (see Lemma (1)), which
completes the proof of unitarity when v is not Ramond extremal.

However, in the case when 6/2 is not a root of g, B = A" only for some very special weights
v (See Corollary @.5]). Generically one has that B > A™, and we need to use Proposition
on Euler-Poincaré characters, instead of determinants of ¢-invariant Hermitian forms for
tw1sted WE, (g)-modules [20], as in [I5, Section 11] for the non-twsited sector. At this point
we need to use Conjecture [0.I1], which claims that Arakawa’s results [3] on properties of the
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quantum Hamiltonian reduction functor can be extended to the Ramond twisted case. See
Section [@ for details.

Note that, due to Corollary [0.10] analogous to that in [I], all unitary irreducible non-twisted
or twisted highest weight modules over W[, (g) descend to W™in(g).

In Section [I0]conditions for unitarity of Ramond twisted irreducible highest weight modules
over Wk. (g) are exhibited in all cases, except for the well known cases of g = sly, spo(2|1),
and spo(2|2), corresponding to Virasoro, Neveu-Schwarz, and N = 2 vertex algebras.

In Section 11 we prove unitarity of Ramond extremal modules over the N =3 and N =4
vertex algebras. The analysis of extremal modules for the big N = 4 superconformal algebra
will appear in a forthcoming publication. For other unitary minimal W-algebras the problem
of unitarity of Ramond extremal modules remains open.

In Section 12, we compute the characters of the Ramond twisted irreducible highest weight
modules W™ (g), when k is in the unitary range. As in the non-twisted case [I5], there are
two cases to consider. In the first case, called massive, the Ramond twisted W% (g)-module is
obtained by twisted quantum Hamiltonian reduction of typical modules over the correspond-
ing affine Lie algebra, and in the second case, called massless, from the maximally atypical
ones. The corresponding character formulas are obtained by twisted quantum Hamilton-
ian reduction, using the properties conjectured in Conjecture [@.I1] and they are given by
Theorem and Theorem [12.4] respectively.

In Section [I3] using the character formulas for massless representations in the case of level
ko when dim W,?gin(g) = 1, we find the denominator identities for W%, (g). As a result, we
recover the classical identities of Euler, Gauss and Ramanujan, and find some new identities.

In the Appendix we discuss a denominator identity for minimal W-algebras of Deligne
series by exploiting a recent result [5] about certain g-modules of negative integer level.

Throughout the paper the base field is C, and Z and N stand for the set of non-negative

and positive integers, respectively.

2. TWISTED MODULES

We will denote by p the parity in a vector superspace, and let p(a,b) = (—1)P(@P0®) Let
R be a Lie conformal superalgebra over C with infinitesimal translation operator 1" and
A-bracket

(2.1) [axb] = Z ;‘.—{a(j)b.
JELy

Let o be a diagonalizable automorphism of R. We shall always assume that all eigenvalues
of ¢ have modulus 1. We have:

(2.2) R = @ R, where RF = {a € R|o(a) = e*™a} .
fi€R/Z

Here and further fi denotes the coset 1+ Z of 11 € R. Consider the subspace @ er(R* ® t#)
of R[tR]; it is T ® 1 4+ 1 ® Op-invariant. We associate to the pair (R, o) the o-twisted Lie
superalgebra

(2.3) Lie(R,0) = (P (RF @ t"))/Image(T @ 1+1® 9y),
peR
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endowed with the following (well-defined) bracket, where a(, stands for the image of a @ t#
in Lie(R,0):

L
(24) (20 be)] = 2 <->(a(j>b)(u+u—j)v v €R.

JELy J
A Lie(R,0)-module M is said to be restricted if, for each m € M,
agym = 0 for u > 0.

Let V(R) be the universal enveloping vertex algebra of R. By the universality property of
V(R), o extends to define an automorphism of V(R). Since V(R) is generated by R, it is
clear that o is diagonalizable on V(R) with modulus one eigenvalues.
If V is a vertex algebra and ¢ is a diagonalizable automorphism of V' with modulus one
eigenvalues, then we write
V = ®per/zV"
to be its eigenspace decomposition. Recall that a o-twisted module M over V is a linear map

a—YMa,z) = Y a%z‘“_l (a € V#) where aé‘ﬁ) € EndM and for any v € M, a?ﬁ)v =0
if > 0, satisfying
(2.5) 10) () = Su—1Iar
K M
(2.6) ZZ: <]> (a(n—i-j)b)(u-i-u—j)v
J€L+

DG (A I N S e

(2.7) (Ta)é‘ﬁ) = —,uaé\g_l).

where a € VF, b € V” n € Z. Specializing ([2.6]) to n = 0 one obtains (Z4). It follows from
[24) that a o-twisted V(R)-module that satisfies ([2.7) is naturally a restricted Lie(R,o)-
module. The construction given in [22 §3] shows that the converse also holds: if M is a
Lie(R, o)-module, let, for a € R*, aé‘g) to be the operator on M given by the action of a ).
For completeness we give a detailed proof of Li’s result in a slightly more general setting
(since we consider also infinite order automorphisms). Define the quantum fields

(2.8) M (2) =YM(a,2) = Z a%z_“_l, a € R™.

HEL

Proposition 2.1. The assignment a — Y™ (a, z) given by [Z8)), extends to define the struc-
ture of a o—twisted V(R)-module on M such that (27)) holds for all a € V(R).

Proof. Fix i € R/Z and let

F(M,p) = {Zaé‘g)z_“_l | a% € End(M), a%m =0formeM, p> 0} .
HEL

If @ € R, then a™(2) lies in F(M,ji). For a(z) € F(M,ji) choose ;1 € fi and define an
n-product by setting

— 2\ M
(2.9) a(2)(n)b(2) = Res;, Res.yiz, 2 (%) 25 X,

where
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X = Z 25" zzl, (z1 — 2)"a(z1)b(z) — (—=1)"p(a,b)i; -, (2 — 21)"b(2)a(z1)) -

ne”L

As usual , iy, ., stands for the expansion in the domain |zp| > |21]. Note that a(2)(,)b(2) €
F(M, p+ v). Similarly to [22, Remark 3.8], one shows that this definition does not depend
on the choice of u. Recall from [22] Definition 3.2] the definition of locality for twisted
quantum fields and remark that Dong’s Lemma holds in this setting (cf. [22] Proposition
3.9]). Hence the maximal local family A containing a*(z),a € R*, i € R/Z, is a vertex
algebra and the map on A defined by setting o(a(z)) = 2™~ ¥a(z) for a(z) € F(M, )N A
is an automorphism of A. It is then clear that M is a o-twisted representation of A.

It is therefore enough to show that A is a quotient of V(R): consider the special case
a(z1) = YM(a,21),b(z) = YM(b,2), a € R*, b € R. Since M is a twisted representation of
A, (Z8) holds. We rewrite it as in [0, (2.43)] using the twisted delta functions

Oz —w) =271 Y ()"

HER

Using standard properties of formal calculus, we obtain

X = Z 2" 1 (2 2(21 — 2)"a(z1)b(2) — p(a, b)is (21 — 2)"b(2)a(z1))

nezZ
= Zz_" ! (Z yM (a(nj)b, 2)07 5 (Zl—Z)/])
nez JEZ
= Z 2" 1 Z Z YM(a(n+j)b, z)c‘)ﬁzmzl_l_m/j!
= ZZY Zzo a(nﬂbz)@zzlm/j
JEZy mey nez

(Z ZO Z yM CL Z() b z)aj m+7a , 1—m—'ya/j!)

]€Z+ meZ
=YM(Y(a,20)b,2) Y > ,21_1 VRS (24 20) 00 2

|z0=0
MEL jEL4
z4+ 20\ . z 4 20\
=yM Y (a, z0)b, z) Zzl ZZZO( ) sz(
z1 z1
meZ

z1 — 2 , z1— 20\ ®
(2.10) =YM(Y(a,2)b,2)z7" Z Q21,20 ( ! 0> Q21,20 ( ! 0) .

meZ z
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Using (2.10) we have

. 21— Z Ya .
YM(a, z)(j)YM(b, z) = Res, Res iz, 2 ( ! . 0) 22X

= ResleeszOzgYM(Y(a, 20)b, z)z_l Z G220 (Zl — ZO)

meZ z

= ResleesZOzgYM(Y (a,20)b, 2)z Z iz 20 (Z + ZO)
meZ

= ReSZOzéYM(Y(a, 20)b, z) = Y (a;)b, 2).

We have proven that the map a +— Y (a, 2) is a Lie conformal superalgebra homomorphism
R — A. By the universality property of V(R) there is a vertex algebra homomorphism
V(R) — A extending a — Y (a,z2), a € R. O

Example 2.2. Let A be a superspace with a non-degenerate skew-supersymmetric bilinear
form (.,.). Let R = (C[T] ® A) & CK be the Lie conformal superalgebra with \-bracket

[axb] = (a,)K, a,b € A.

Let V(R) be the universal vertex algebra of R and set F'(A) = V(R)/(K — |0)). Let o be a
linear diagonalizable map on A with modulus one eigenvalues and such that (o(a),o(b)) =
(a,b). Write A = @per /ZA[‘ for the corresponding eigenspace decomposition. In this case

Lie(R,0) = (@(C[T] ® ARt @ CK[tﬂ]) /Image(T @ 1+1® d)
peR

— (@(C[T} ® A”)t”) /Image(T ®1+1® &) ® CK.
peR

From now on we shall drop ® sign. Consider the superspace

A= AR,
peR
and Lie superalgebra
A™ = A CK.

with bracket
lath + oK, bt" + K] = 6,q0,—1(a, ) K, a€ AP b e AY, o, € C.

Then the map

T

(2.11) (% ® a)th > (—1)" (’:) ath", K K

extends to a Lie superalgebra isomorphism Lie(R, o) = At
Extend (.,.) to }°,cgp A*t* by

<at”, btﬂ> = 6y+,u,—1<a7 b>,
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and consider the corresponding Clifford algebra CI(A, (.,.)). Choose a maximal isotropic
subspace U of A71/2 and set

At = (Ut‘1/2) o S AR,
p>—3
Let B B B
F(A,0)=Cl(A,(.,.)/(CIA,{.,.)A").

We can extend the natural action of A on F (A,0) to AW by letting K act by Ir(4 ,). Under
the identification (ZI1]), Proposition 21l gives a o-twisted representation of V(R) on F(A, o)
with K acting by Ir(4 4, hence a o-twisted representation of F'(A).

Example 2.3. Let g be either a simple Lie superalgebra or an (even) abelian Lie algebra.
Assume furthermore that g is equipped with an even supersymmetric non-degenerate invari-
ant bilinear form (-|-). Fix k € C and let R = C[T] ® g & CK be the Lie conformal algebra
with A-bracket
[axb] = [a,b] + Ak(alb) K

The vertex algebra V(R)/(K — k|0)) is called the universal affine vertex algebra of level k
associated to g and it is denoted by V*(g). Let o be an automorphism of g with modulus
one eigenvalues such that (o(a)|o(b)) = (a|b), and let

g = @per/z0”, where g = {a € g | 0(a) = €¥™"a}
be its eigenspace decomposition. Let
ﬁtw — Z gﬁtu
pER
be the corresponding twisted loop algebra, and consider the central extension
ﬁtw _ ’gvtw ey (CK
of g with bracket
(2.12) [at”, bt"] = [a, b]t'T” + pd,—v(alb)K, a € g, b € g".
As in Example 22 we can identify Lie(R, o) with g™ via (ZIT).
Let (M, ) be a restricted g™ ~module such that K acts by kIy; and define o-twisted

fields _

YM(a,z) = Z 7 (at?)z=*1, where a € g

pER

Since (24]) in this case is ([212)), we see, by Proposition 2], that M is a o-twisted module
over the vertex algebra V*(g).

3. MINIMAL W-ALGEBRA SETUP
Let g be a basic simple finite-dimensional Lie superalgebra such that
(3.1) g5 =5® g".
where s 2 sly and g is the centralizer of s in g. This corresponds to consider g as in Table
2 of [19]. Let {e,z, f} be an slo-triple for s, i.e. s = span(e,z, f), and [x,e] = e, [z, f] =
—f,le, f] = =. Let
(3.2) 9=P g

.1
]GEZ
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be the ad x-eigenspace decomposition of g. Thus
9=Cf+g_12+80+ 812 +Ce,
with
do = Cx @ g“.
Note that our assumptions imply that g/, are purely odd.
We will also assume, as in [I5], that g% is not abelian; this condition rules out g =

spo(2|m), m = 0,1,2. Since we are interested in unitary W-algebras, according to [15],
we may exclude g = sl(2|m) and osp(4|m) with m > 2 from consideration. Then

(3.3) =P
=1

is the decomposition of g into the direct sum of simple ideals (where s < 2).

Recall that g carries an even invariant non-degenerate supersymmetric bilinear form (. |.)
that we normalize by requiring that (z|x) = % An important role is played by the following
bilinear forms (., .)ne on gy and (., .) on g_y s

(3'4) (a, b>ne = (f|[a> b])v <a> b> = (6”(1, b])7
which are symmetric and non-degenerate. Denote by A;. the vector superspace g_;/5 with
the bilinear form (-,-) and by A., the vector superspace II(g<o + g%() with the skewsuper-
symmetric bilinear form given by pairing (II is the parity reversing functor). We use

Let hY be the dual Coxeter number of g. Let C(g) be the vertex algebra V*(g) @ F(Au,) ®
F(Ape). Let d € C(g) be as in [19, Section 1]. Since [d)d] = 0, d?o) = 0 on C(g). The
homology (He(C(g),d(0)) is the vertex algebra WE. (g), called the universal minimal W -

min
algebra of level k, associated to the pair (g,s) (cf [19]). If k # —hY, this vertex algebra has a
unique simple quotient W1 (g), since Wk, (g), when k # —h", is a conformal vertex algebra
with conformal vector L, given in [19, (2.2)]. Furthermore, this vertex algebra is strongly and
freely generated by L, primary elements J{% a € g, of conformal weight 1, and primary
odd elements G{"}, u € g_1/2, of conformal weight 3/2 [19, Theorem 5.1].

Fix an automorphism o of g with the following three properties:

(3.5) o(z) =, o(f) = [
(3.6) (o(a)lo(b)) = (alb), a,b < g;
(3.7) o is diagonalizable and all its eigenvalues have modulus 1.

Then o defines automorphisms of vertex algebras V¥(g), F(Au), F(Ane), hence an auto-
morphism of C(g). Since o(d) = d, o induces an automorphism of Wk, (g) (and also of
Wi (g)).

We want to apply the construction of Example to Agp and A,e. For this we introduce
the following %Z—graded subalgebra of g:

(3~8) 9(0) = @ gj(a), where gj(a) = {a e gj]g(a) = (—1)2ja}.
JjEFZ

The %Z—grada‘cion [B8) looks as follows:
g(0) =Cf +9-7,, + 95 + 975+ Ce

Fix a o-stable Cartan subalgebra h? of g%. Then h = h7@Cx is a o-stable Cartan subalgebra
of g. Define 6 € h* by #(h*) = 0 and §(x) = 1. Observe that 6 is the weight of e and (0]9) = 2.
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Since g§ = (g%)? + Cuz, it follows that there exists an element ho € (h%)7 such that
e the eigenvalues of ad hg are real,
e hg is a regular element of (g?)7,
e the 0-th eigenspace of ad hg on 91_/62 (resp. 9:({/2) is either 0 or Ceg/y (resp. Ce_g/9).
Here eg/5 is a root vector of g(o) and 6/2 stands for the restriction of /2 to h.
Let n(o)4 (resp. n(o)—) be the span of all eigenvectors of ad hy with positive (resp. negative)
eigenvalues and the vectors f =e_g and e_g)y (resp. e = e and ey /2)- Then

(3.9) 6(0) = (o) © b7 @ (o).
Set n;(0)+ =n(o)+ Ngj(o). Then the following properties hold:

(1) n(o)+ are isotropic with respect to (.]|.), and are nilpotent subalgebras normalized
by b7,

(2) fen(o)s,

(3) ny/2(0)+ is a maximal isotropic subspace of g;/5(0) with respect to (., .)ne and
ny/2(0)— is a maximal isotropic subspace of g;2(c) with respect to (., .).

(4) nysa(o)- is a direct sum of a maximal isotropic subspace nl/g(a)/_ of g1/2(0) with
respect to (., .)ne and of a subspace g’ /2 (o) (at most 1-dimensional), normalized by
be.

(5) n_y/2(0)4 is a direct sum of a maximal isotropic subspace n_j /9 (o) of g_1/2(0) with
respect to (., .) and of a subspace g° /2(0) (at most 1-dimensional), normalized by
be.

We thus have the following decompositions:

(3.10) 81/2(0) = nyp9(0)4 + 9?/2(0') + n1/2(0'),_ ;

and

(3.11) g_1/2(0) =n_yy2(0), + 991/2(0) +n_y(0)-.
Set

(3.12) €(o) = dim 9(1]/2(0') = dim 991/2(0).

Then €(o) =0 or 1 and €(o) # 0 iff dim g /5(0) (= dimg_;/2(0)) is odd.

Note also that in the decomposition (B.I0), ny/o(c)+ (resp. ny/o(0)") is the span of all
eigenvectors of ad hy with positive (resp. negative) eigenvalues and e(o) # 0 iff /2 is a root
of g with respect to b and o(eg/2) = —eg/2-

Following [20], we let F'(A,., o) be the o-twisted F'(A,,)-module constructed as in Example
with U = n;/5(0)+ as maximal isotropic subspace of Ane - 91_/02‘ Similarly, we let
F(Ach,0) be the o-twisted F'(Acy)-module constructed using U = ny/9(0)+ @ (ny/2(0)-)" as
maximal isotropic subspace of Ac_hl/ 2,

Given a o-twisted module M of V¥(g), then

C(M)=M® F(Acp,0) @ F(Ape,0)
is a o-twisted module over the vertex algebra C(g). It has the charge decomposition
C(M) = &;ezC;(M),

defined by
charge M = charge F'(Ape,0) =0
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and
charge (ny/9(0)+ @ ny/9(0)7) = —charge (ny2(0)} ®nyja(0)-) = 1.
Let
C(9) = ®per/zC(9)"

be the eigenspace decompositions for ¢, and

er’un( ) MER/ZWmm( )

the corresponding decomposition of its homology.

Since [dyd] = 0, it follows from (2.4]) that (dEg))Q = 0. Let H(M) = 3 ez H;j(M) be the
homology of the complex (C(M), d‘égv)), with the Z-grading induced by the charge decompos-
tion.

If a € C(g) then

ld5) an] = (d0ya)G-

In particular, if dga = 0 and dEW)m = 0, then d(o)(a( ym m) = 0 and, if m = d(o)m’, then
aE‘;‘L’)m = (—1)ple )d(o)(a( ym m'). Moreover, if a = d(ga’, then a( \m d(o)(( )(‘l) m). Therefore

the quantum fields
YHM) (g, 2) = Za}%z‘“_l, ac Wk (g)H,
HEL
k. (g)-module on H(M). This
module is called the quantum Hamitonian reduction of the o-twisted V*(g)-module M.
If a € WE,_ (g)" with conformal weight A, and M is a o-twisted module, we write the field

min
YM(a,z) as

are well defined and define the structure of a o-twisted W,

YM(a,z) = Z aMz=n=Aa
’I’LEﬁ—Aa

With this notation, (2.6 can be rewritten in its graded version:

m—I—A -1
(3.13) Z < ) a(TH—] m+k

JELy
( ) Ao gn— ]bk—i-j n_p(a7b)( )nbk —j m+j)
JEZ+

where a € WE, (g)#,b € WE, (9)”, m € i— A4, n € Z, k € U — Ay. Note that, putting n = 0,
BI3) becomes the (twisted) commutator formula

(3.14) lan b2 =Y (m " A.a B 1) (ag)b)ms k-

JELy J
4. TWISTED HIGHEST WEIGHT MODULES OVER MINIMAL W-ALGEBRAS
Recall from Example 2.3] the Lie superalgebras g and ™. Let D = —LJ"™. Recall [20]
that we have (a € gM):
[D,at"] = p(at”), [D, K] =0.

As usual, we shall consider the extension

!

ﬁtw :ﬁtw % (CD
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of ﬁtwl. The decomposition ([3.9) induces a triangular decomposition of the Lie superalgebra

’gtw:
(4.1) V=i obhon,
where
(4.2) h = yeCKaCD,
(4.3) B o= Y (o)t + Y g,
jELZ peR
J+p>0
. n_. = _t7+ t
(4.4) n > (n( T+ > ).
JjE€LZ peR
J+u<0

Recall that, given a triangular decomposmon (A1), a highest weight module over the Lie

superalgebra gV with highest weight A€ f)* is a g"-module M which admits a non-zero

vector vy with the properties:

(1) hvg = A(h)vg, h €D,

(2) ﬁ_,_’UK =0,

(3) U(ﬁ_)fux =M.
Note that a highest weight module M is graded by the eigenspace decomposition correspond-
ing to the action of D. Since, by (44]), the eigenvalues of the action of D have real parts
bounded above, it is clear that a highest weight module M is restricted. Moreover M has
level k if and only if

(4.5) AK) = k.

In particular the highest weight modules of highest weight A such that (£3H) holds are o-
twisted V*(g)-modules.

Let {u;}ics be a basis of g, compatible with the decomposition (3.2]), where S is the index
set. For j # 0 let S; denote the subset of indices of S which corresponds to a basis of g;, and
denote by S’ C S the subset of indices of the part of the basis {u;};es of g, which is a basis
of g mod h?. Let

(4.6) $y; = min{n|u;t" is non-zero and lies in i, } fori € S’ s, = 1forh € h°.

Since, by (3.5]), each summand g; of the gradation (3.2]) is o-invariant, we have its o-eigenspace
decomposition:

gj = @ﬁem/zgg‘,where g? = {a € gjlo(a) = il ).

Hence for a basis element u; € gl we can rewrite formula (8] for s; = s,, (i € 5) as
follows:

(4.7) . { min{n € p;|n > -—-m;}if u; €nlo)4,

—my; if u; € n(o)4 .
It is easy to see that for a dual basis element u’ € g:ﬂmi we have for s = 5,
(4.8) s' —s;forallie S .

We extend this definition to F(Aye, o ) and F(A.,o0) as follows. Let us relabel the basis
{uities_,,, of Ane = g_1/2 as {®;}ies_,,, and the pair of dual bases ({u;}ies., {4} Fies.,),
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of A, = g<0 D g*<0 as {901'}, {90:(} Then

(4.9) so, = 8; (1 € S172), Sp; = Siy Spr =1 —5; (1 €54).
It is easy to see that we have
(4.10) se; = F1/2if ®; € nyj9(0)x, [se,| < 1/2 otherwise.
(4.11) So; + Sei = 0i i, , where (®;, Pij)ne # 0.
For a o-twisted W[, (g)-module M, a vector m € M is called cyclic if polynomials in the

operators J{ albw ,with a € g%, n € Z, Gilv}’tw, with v € g_1/9,n € % +Z, and LY with n € Z
applied to m span M. A vector m € M such that there are £y € C and A € ((§%)?)* for which

(4.12) LBW(’U)\,ZO) = fo’L))\,gO,
(4.13) JEY 0 0 = Aa)vag, if a € (57)°,

is called a weight vector and the pair (A, ¢p) is called the weight of m.
We define a highest weight module for W, (g) as follows:

min

Definition 4.1. A o-twisted W[, (g)-module M is called a highest weight module of highest

weight (A, £p) if there exists a cyclic weight vector vy g, € M of weight (A, £y) such that

(4.14) J{a}’twv)\7go = GT{#}’tW’U}\,gO = L:,va’U)\,gO =0ifm >0,
(4.15) JE Y000 = 0if a € ng(0) 4,
(4.16) Gé“}’twm,go =0ifuen_y;(0),.

The vector v 4, is called a highest weight vector.

Let V' be a conformal vertex algebra strongly generated by elements {.J {i}}ie 7, where Ji#}
has conformal weight A(i) € R. Let M be a o-twisted positive energy module (i.e. the

eigenvalues of L§" are bounded below). Write, for shortness, Ji, 4 instead of (JUHM  Then,
by the commutator formula (3.14]), we have:

(4.17) FARIRACA Zc (g,

where c’an € C and for each term of this sum we have:

(4.18) tr € Z— A(sy), Ztr—m+nandt1<t2

Denote by A the unital associative superalgebra generated by Jp, {1} (iel,meZ— A1)
inside End(M). Note that, though the sum in the R.H.S. of (4I7) may not be finite, by
(£I8]) and the fact that M is a positive energy V-module, the R.H.S. of (4.I7) makes sense
as an element of End(M).

Let A_, A, and Aj be the subalgebras of A generated by the Jif} with m < 0, m > 0
and m = 0, respectively. It follows from (ZI7) and (ZI8)) that

(4.19) A=A_AA, .

The previous discussion proves the following result.
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Lemma 4.2. Let M be a o-twisted highest weight WE. (g)-module and let v be a highest
weight vector for M. Then M is spanned by

(4.20) {Pj,Pj,--- Pjv | j1 < jo--- < jt <0} with P; € Mj, where

My = (b ledymglind gl b <o,
Mo = {(J3"ym o fehymeaitat Gl 4, € no(o)— i, € (n_1j0(0)— © 6 ()}

We say that a highest weight W%, (g)-module M of highest weight (), £o) is a Verma module

(denoted by MW (v, £y)) if the elements in (Z20) form a basis of M. The following proposition
summarizes various results proven in Proposition 3.1, Theorem 3.1, and Proposition 4.1 of
[20].

Proposition 4.3. Let M be a o-twisted highest weight module over V*(g) with highest weight
A and highest weight vector vy Set A= Apyo and

1
(4.21) V=3 Z (—1)p(a)8a047 T2 =g Z (—1)p(a)8a04-
aes’ a€S) /2

Then

(1) dg¥(vz @1®1) =0,

2) if the homology class [v~ ® 1 ® 1] is non-zero, then it is a highest weight vector of the

A
highest weight module W (9)[v; ® 1 @ 1] whose weight is (A, £), where

min

1
(4.22) (= W(WA) —2(A1Y)) = A(z) + sfq + Sgn,
with
Sfg = __k Z (=1)P s (sq —1),  Son :1 Z (—1)P(@) g2
’ 4<k ™ hV) acs’ o 7 ! 4 a€Sy a
and
(4.23) A=(A- ’Y1/2)mh-

(3) If M(A) is a o-twisted Verma module over V¥(g), then Hj(M(IA\)) =0 for j #0 and
Ho(M(A)) is the o-twisted Verma module over WE, (g) of highest weight (\,£) given

by (2D), (EZ3). "

5. THE ZHU ALGEBRA IN THE RAMOND SECTOR

Let o be the automorphism of g given by or(a) = (—1)P(®a, which clearly satisfies the

properties (33), (36), (B7). In this case

gor) =9, ¢ =g5=0"®Cr, g% =0x12, H7"=bh=0h"®Ca.

The main purpose of this section is to compute the Zhu algebra Zhu,, (W, (g)), which
will be denoted Zhupg for short, define its Verma and irreducible highest weight modules, and
check the existence of an invariant even Hermitian form on Verma modules.

Note that the grading induced by og is the same as the %Z/Z—grading induced by Lg
as described in Example 2.12 of [6]. It follows that the Zhu algebra Zhug is the algebra

Zhur,(WE. (g)) described in [I4], Section 7] which we now recall. Let 77 : Wk, (g) — Zhug

m min
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be the canonical projection; then the map g” ®©9g_1/2®0CL — Zhup, defined by a — my(Jieh),
acglv— (Gl ve g-1/2, L = mz(L) is a linear isomorphism onto a set of generators.
Moreover the commutation relations among the generators are as follows (here [-, |5 denotes

the bracket in g, while [-, -] is the bracket in Zhug.

(1) L is a central element,

(2) [a,8) = [a,b) if a,b € g,

(3) [a,v] = [a,v]q if a € g and v € g_q s,

(4) If u,v € g_y/2 then

dim g¥
(5.1) [u, v] =(u,v) ( Z a®*aq —2(k +h")L — %p(kz))
a=1
dim g"
+ Z (laa,ulg, [v,aﬁ]gﬂaa *ag + ag * a”),
a,f=1

where p(k) is a monic quadratic polynomial defined in [2] and {a,}, {a®} are dual bases
of g% By (2) and (3) above, we can drop the subscript g from the bracket [-,-];. Let
L' =2(k+hY)L + $p(k). Then Zhup is independent of k if k # —h".

Let

my =dimn_y(or)}, m- =dimn_y5(or)- + e(or),
n = dimng(og)_ = dimng(og)4,r = dim b7
Choose {v;” | i =1,...,my} (resp. {v;j |i=1,...,m_}) as a basis of n_y5(0g)’, (resp-

n_y2(0R)- @ 90_1/2(03)). Also assume that v, € 981/2(03) when €(og) = 1 (see (B10).
Similarly choose {a;f | i = 1,...n} bases of ng(og)+ and {h; | i =1,...7} a basis of h?. If

P = (plw”aI)Mi) € {Oal}mia q = (Q17”’7QTL) S ZT—}LJ k - (klw”ak?”) € ZZ_,
given A € (h%)*, set
af = (@)™ - (az)™, V] = ()P - (v, )P,
R = (= M) - (he = A(hr)*
Theorem 3.25 of [6] implies that a basis of Zhup is given by
{a%™ % 0P~ x R(0) % 0B x o+ LFY,
where * denotes the product in Zhug [6]. It follows that, for all A € (h*)* and £y € C, the set
(5.2) Bygy = {a3™ % 0P~ x h(V)K * VT alt x (L — 0o)*}.

is also a basis of Zhug.

By a Zhug-module we mean a representation of Zhug as an associative superalgebra. A
Zhugr-module M is called a highest weight module of highest weight (), £y) if M is generated
by a vector vy g4, such that

(53) LUA,ZO = EOUA,Zoy

(5.4) avy g, = AMa)vyg, if a € L
(5.5) avy g, = 0if a € no(or)+,
(56) UV 0g = 0ifue n_l/Q(O'R)/_i_.
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Remark 5.1. Since the set B) g, is a basis of Zhug it is clear that, if M is a highest weight
vector of highest weight (A, £y) and vy ¢, is a highest weight vector, then M is spanned by

(5.7) {ad™ %P~ -y}
Set 591/2 =0 if e(og) = 0 and 50_1/2 = {m_} if e(og) = 1. Since the set in (5.7)) is a set of
linear generators for M, the weight space of M of weight (), ¢) is

M) ey = span(vi e, V5 Uag |7 € 50_1/2).
Since h! @ CL is even we have

Moy = (Mx o) © (M g,)1-
Decompose vy ¢, accordingly:
Uato = (Un00)5 + (Un00)1-

If v uae = 0 then vy, is either even or odd. If vivyg, # 0 then there is ¢ such that
vy (Vag); # 0. Then
(5.8) M 0o = span((vaeo)7s v (Va6)7)-

In particular (v),); generates M. The outcome is that we can always assume that the
highest weight vector is either even or odd. From now on this will be always assumed.

The following two lemmas record easy consequences of Remark 5.1

Lemma 5.2. If M is a highest weight module over Zhug, then it admits a unique mazimal
proper submodule.

Proof. If N is a proper submodule, since vy is odd and N is Zg-graded, by (58) we have
NNOM)yy C (Cv; (DWNSRS 591 /2 This implies that the sum of all proper submodules is still
proper. The statement follows. O

Lemma 5.3. Let M be an irreducible finite-dimensional module over Zhug. Then M is a
highest weight module.

Proof. Since M is irreducible and L is central, L acts by foly; for some ¢y € C. Since M is
finite dimensional and g7 is a semisimple Lie algebra, h? acts semisimply on it. Let My be
the eigenspace corresponding to the maximal eigenvalue for the action of hg. My is clearly
hi-stable, hence we can choose a weight X such that (Mj) Ao 7# 10}, As in in Remark 511, we

have ((Mo)x,); # {0} for some 4, so we can choose a nonzero vector vy 4, in it. Clearly (5.5)
and (5.6) hold. By construction (5.3]) and (5.4]) hold. Since M is irreducible, vy ¢, generates
M. O

A Verma module of highest weight (), o) for Zhug is a highest weight module M?Z (), £g)
of highest weight (A, ¢y) such that the set of linear generators given in (5.7)) is a basis of M.

Lemma 5.4. For all pairs (X, £y), a Verma module over Zhug of highest weight (X, o) exists.

Proof. Given the pair (A, {y), let Cy 4, be the one dimensional representation of h? & CL &
no(or)+ given by

(h+cL+mn).1=Ah)+cly, he b’ nenglo).
Set b? = b* @ ng(og)+ and
Ind((C)\,gO) = Zhup ®U(bb)®(C[L} Cxip-
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For simplicity, consider C, 4, as a purely even space. The Zs-gradings on C, s, and Zhugr
define a Zo-grading on Zhur®Cy 4, by p(a®m) = p(a)+p(m) and, since U (b¥) @ C[L] is even,
hence graded, the Zs-grading pushes down to Ind(Cy ¢,) making the latter a Zhug-module.

Since Zhup is free as a right U(b%) ® C[L]-module, a basis of Ind(Cy g,) is given by
(5.9) {ad™ P %8 @ 1},

Set vat2pp.00 = fuf CEERE Uj;” ® 1. Then
MZ()\ + 2pR,€0) = ZhuR. UA+2pRr Lo

is a Verma module. Indeed, since the set (5.9) generates Ind(C, g, ), the eigenvalues of hy
on Ind(C) 4,) are less or equal to (A + 2pg)(ho). It follows that vxio,, ¢, is a highest weight
vector of weight (A + 2pg, £y). This implies that the set

{a? %P~ “Unt2pm.00 }

generates MZ(\+2pr, £o) and, since (5.9) is a basis of Ind(Cy g, ), it is linearly independent.
O

We now show that the modules M7 (), £g) satisfy the usual universal property for highest

weight modules. If m = (mq,...,my) € Z%, we set |m| = YI_; m;.

Lemma 5.5. The annihilator of vy e, € MZ()\,KO) in Zhug s
Inty = span(a®™ « vP~ x h(N)¥ x o8F x a3 % (L — £o)F | k| + |at| + [p+| + & > 0).
In particular Jy 4, is a left ideal and
MZ(\ lo) =~ Zhug/ Iy 4,
Proof. The set {a®™ xv®~ | q_ € Z%, p_ € {0,1}™} completes the set
{a% % 0P« AR % 0BF x a3t 5« (L — £o)* | k| + |at| + [p+| + & > 0}
to the basis B) ¢, of Zhug. O

Corollary 5.6. The Verma module M?%(\,{y) is the universal highest weight module over
Zhug of highest weight (X, £y). In particular its unique simple quotient LZ()\, ly) is the unique
irreducible highest weight module of highest weight (X, {g).

Proof. If M is a highest weight module of highest weight (), ¢y) and highest weight vector
(WA then It - U = {0}. O

Let ¢ be an almost compact conjugate linear involution of g. Recall also that there is a
conjugate linear anti-involution w defined on generators by

w(L) =L, w(a) = —¢(a), a € g, w)= o), ve 9-1/2-

Fix a pair (A, ¢p) with A purely imaginary (i. e. A(¢(h)) = —A(h)) and ¢y real. We now
define an invariant Hermitian form on M?%(\, £y).
Let p* : Zhug — U(g?) ® C[L] be the projection with respect to the decomposition

Zhug = span(a™ x vP~ « h(0)% x v8F % a3« L*| |p_| + |p4| > 0) @ U(¢°) ® C[L].
Let p"* be the usual Harish-Chandra projection from U(g?) to U(h?). Set

b
p? = (" @ Igp) o P
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Consider the pair (), £y) as an element of (h* @ CL)* via (X, €o)(h + L) = A(h) + £y. View
U(h%) ® C[L] as the polynomial algebra on (h* @ CL)* and define a sesquilinear form
H: Zhug x Zhugr — C

by setting

H(a,b) = p?(w(b)a)(\, {p).
This form is obviously w-invariant:
H(a,be) = p?(w(be)a)(A, by) = p? (w(c)w(b)a)(\, Ly) = H(w(b)a,c).

We now prove that the form H(-,-) can be chosen to be Hermitian: since the eigenvalues of
ad(hg) on g are real we can assume that ¢(hg) = —hg. With this assumption we have

d(no(or)+) = no(oR) -, <Z5(n—1/2(0R)+) = n—1/2(01%)/—7 ¢(9(11/2(UR)) = 9(11/2(01%)7

hence we can choose the bases {v} so that w(v) = Uy —e(op)1—i and, if e(or) = 1,

w(v,, ) =wv,, . With this choice of bases it is clear that, if v € 591/2,

w(a® % 0P~ h(0)K % 0Pk a%t % LF) = w(a®) s 0" # w(h(0)%) x o7 % o} % w(a) x L

] =0 we obtain

where if p € {0,1}"+ we let p’ = (pm, ,...,p1). Since [h,v

/

w(ad 0P~ h(O)k * UE* * a?j * Lk) = w(a?j) w Tt x 'U?;; * w(h(O)k) * vif *w(al™) « Lk

It follows that p’ o w = w o p?. Similarly one has w o phh = phh oW SO
pZ ow=wop?.
We are finally ready to compute
H(b,a) = p?(w(a)b)(A, o) = p?(w(w(b)a)) (A, o) = w(p? (w(b)a)) (A, o),
hence we need only to check that
w(p?(W(b)a)) (A o) = p? (w(b)a)) (A, bo) = H(a,b).
To check this last equality it is enough to prove that
w(h(0)KLF)(X, Lo) = (h(0)<L¥)(X, Lo).
Indeed, since A is purely imaginary and £ is real,

S(AORIF) (A, Lg) = M@(h)Ft - M@ ))Fr b = A(—(hn)F - A=) o 5.

= X))l = AR - ARy = (R(0)<LF)(, Lo).
We now show that H(-,-) can be pushed down to define a Hermitan form on M?% (), 4y). We
need to check that
H(Jxgo, Zhug) = H(Zhug, Jyg,) = 0.

Since the form is Hermitan it is enough to show that

H(J)\’go, ZhuR) =0.

Since J) 4, is a left ideal and H (a,b) = p#(w(a)b)(A, £o), it is enough to show that, if a € J) 4,,
then p?(a)(\, fg) = 0. This is easily checked: if |q_| + |p—| + |qs| + |p+| > 0 then

pZ(a% « 0P« h(A\)K % T xalt x (L — )% =o.
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If |g-| = [p-| = |a+| = [p+] = 0, then

pZ(aq* x 0P~ % h()\)k % vﬁ* * a(}f * (L — fo)k)()\,ﬁo) = h(/\)k(L - Eo)k()\,fo) =0.

We summarize the above discussion in the following result. Recall that a Hermitian form
H(-,-) on a superspace V is called even if H(Vj, V;) = 0.

Proposition 5.7. If X is purely imaginary and £y € R, then there is a unique even Hermitian
form H) 4,(-,-) on MZ (X, £o) such that H 05 (Un 095 Vr0) = 1.

Furthermore, the radical of Hy g,(-,-) is the unique maximal Zy-graded proper submodule
of MZ(\, {y), hence Hy g4y (-,-) induces the unique nondegenerate invariant even Hermitian
form on LZ(\, £y) such that H 1o (Ur00,Ur00) = 1.

Proof. The invariant Hermitian form H(-,-) defined above has clearly the property that
H(1,1) = 1. Moreover, since p?(a) = 0 if a is odd, H(-,-) is even. Suppose that H'(-,)
is another even invariant Hermitian form on M?% (), /) such that H’ (Un9>Ur) = 1. Set
(H—-H')(-,-)=H(-,-)— H'(-,). Clearly (H — H')(-,-) is an invariant even Hermitian form.
Moreover (H — H')(vxz,,Vr0,) = 0 and, since (H — H')(-,-) is even,

(H — H/)(U)\’EO,U;U)\’EO) = (H - H/)(U;U)\jo,’l))\’go) =0.

Observe that w(v;)v;w,go € MZ()\,KO))\IO and it has the same parity of vy g,. Since
MZ()\,EO)MO = span(v;vA,go,v)\7go), it follows that w(v;)v;w,go = const. vy ¢,. Thus

(H—H,)(U;UAJO,U;UA’[O) = (H—H')(w(v;)v;mlmUMO) = const. (H—H')(vxzy,Vr0,) = 0.

The upshot is that (H —H')(, ) ;a2 (x.00), 1y X MZ(\ L)y ¢, = 0 By invariance, if (A, 4y) # (v, 4),
(H — H")(MZ (A, €0)xe0, MZ (A o)) = 0

so we conclude that (H — H')(MZ (X, £0)x 0 MZ (N lo)) = 0. Since MZ (X, ly)x, generates
MZ(\, €y) we deduce (H — H')(-,-) = 0so H'(-,-) = H(-,").

It remains to prove that the radical of the form is the unique maximal Zs-graded proper
submodule of M?Z (), ). By invariance of the form, the radical is a submodule of MZ (), £y)
and, since H(1,1) = 1, it is proper. If N is a proper Zo-graded submodule of MZ (), £y), then
NN MZ()\,EO))\740 C Cuy vy, Since H is even, H(N,vy,) = 0 and, since vy ¢, generates
MZ(/\,EO)A,&), N is in the radical of the form. O

Remark 5.8. Universal minimal WW-algebras WE, (g) are defined for arbitrary simple ba-
sic finite-dimensional Lie superalgebras [16], [I9], but in general the grading ([B2]) is not
compatible with parity. The automorphism og in general is defined by

or(a) = (-1)%a, if a € g; in (2.

Then the Zhu algebra Zhup is still defined by the above commutation relations [I14]. On the
other hand, it is isomorphic to the finite W-algebra, associated to a minimal slo, studied in
[24] for simple Lie algebras. Actually, this result holds for all quantum affine W-algebras [6),
Example 2.12]. Since Zhup is independent of k, we obtain from (5.I]) that in cases when g is
a simple Lie algebra, Premet’s constant in [24] is ¢y = —%p(—hv).
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6. RAMOND SECTOR: NECESSARY CONDITIONS FOR UNITARITY

Let A and A% be the sets of roots of g and g respectively. As in [I5, Table 1], we
choose a specific set Il of simple roots for g. This set II has the property that, letting
Mpqq = {a € I | @ is odd}, then IIf := IT\ IT,4q is a set of simple roots for g?. We let At and
(Au)+ denote the sets of positive roots in A and A’ corresponding to IT and IT7 respectively.
We also let £ be the highest weight (with respect to Hh) of g1/2 as a g?-module. Since 9-1/2

is isomorphic to gy /5 as a g?-module, we necessarily have that & = —ayye for all o € Hpgq-

Let A™ denote the set of roots of g"™; explicitly
V={s64+alaecAlU{, sEZIU{sé ta|aec Ay, s€$+ZYU{sd|se€ N}

We also set Af = {sd+a|acAl| seZYU{sd|s e +N}.

We specialize to o = o the triangular decomposition given in @1, (IED and (IE) Let
Aj‘_’v, II be the corresponding sets of positive and simple roots and set A+ = AN Atw

Let A; = {a € A | a(zr) =i} and A; = (A, )jpe- Since ad f is an isomorphism of g
modules between g1/2 and g_; /o it follows that A,/ = {:l: 0+n|ne Al/g} Therefore
Ayp=A ~1/2 = —Ayj.

The set Aj/; is naturally partially ordered setting 8 < « if and only if v — 3 is a sum of

roots in IT%,
Recall from Section [3] that the triangular decomposition (@Il depends on the choice of a

regular element ho € h%. We choose hg such that a(hg) > 0forall a € II%, so that Aﬂ_ is the set
of positive roots in Af whose corresponding set of simple roots is I := IFU{0—6; | 1 < i < s}.
Set
_+ J—
(6.1) A1/2 ={n € Ay [ n(ho) > 0}.

Below we give an explicit description of the set A, /2 in all cases. A direct check using this
data shows that three cases occur:

(1) Case 1: g = psi(2]2). In this case Zl/g ={{,&—0; = —&}. Tt follows that ZIF/Q = {¢}.
Set Nmin = &. It is obvious that 7y, is the unique minimal element of ZT/Q.

(2) Case 2: 0 € 51/2. In this case < is a total order. It follows that Zj—/z ={ne Zl/z |
1 = 0}. Set Nmin to be its minimum. B

(3) Case 3: g # psl(2]2) and 0 ¢ Ay /5. In this case the Hasse diagram of the poset A/,

is as follows:

If Mmin is @ minimal element of ZT/Q, then ZT/Q D> {ne ZT/Q | 7 > Nmin}- Let n1,m2
be the two non comparable elements in A /2. The map 1 +— —n is the unique order
reversing involution without fixed points of the diagram. It follows that n; = —nq,
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hence {n1,n2} N ZT/Q has exactly one element. It is then clear that ny, is the

unique element of {n,m2} N pr (hence Zj—/z has a unique minimal element) and
-+ -+

that Ayjp ={n € A/ | N = Nmin}-

The outcome of this discussion is that, if g is of type spo(2|2r), F(4), D(2,1;a), then there
are two choices of Afﬁ’; one for each choice of Nyi,. In all the other cases there is only one
choice for Afﬁ’. Remarkably, in all cases pr has a unique minimal element 7y .

We now describe explicitly case by case, for each choice of A%, the set Ay /2, the set Zj—/z

~

with its minimal element 7y, and the set of simple roots II.

g = psl(2[2). In this case A, jp = {€, —€} with € = 25%2 Ay = {€}, tjnin = € and
ﬁ = {(5 — (61 — 62), —%(5 + 51 - 62,(5 - (51 — (52), —%(5 +€ — (52}

The set 11 is actually a set of simple roots for g% and the two simple isotropic roots are
linearly independent (their restrictions to b are equal).

g =spo(2(3). In this case Ay )y = {£,0, =€} with £ = ¢, Zfﬂ = {&}, Nmin = § and
~ 1) 1) 1)
H—{—54—(514—61,5—51,5—1-51—61}.

g =spo(2[2r),r > 2. In this case Ay = {£¢ | i = 1,...,7} with £ = e;. There are two
choices for Z;—/Q: either Zfﬂ ={e¢|i=1,...,r} or Zfﬂ ={e|i=1,....,r =1} U{—¢€}.
For the first choice iy = €, and

= {6 —(e1+€2),61 — €2y € — €r1,6r1 — €, —%5 + 01 + €, — 201}
For the second choice 1y, = —¢, and
= {6 —(e1+€2),e1 — €2y €m0 — €1, 61 + €, —%5 + 01 — €, — 201}
g =spo(2|2r + 1),r > 1. In this case Zl/g ={te |i=1,...,7r} U{0}, £ =€y, ZIF/Q ={& |
i=1,...,7}, Mmin = € and
M={0—(e14€),61 —€2,...,6—2 — €r1,Er_1 — €r, —30+ 61+ 6,56 — 1}
g =D(2,1;a). In this case Ayjp = {£e + €3} with { = €3 + €3. There are two choices for

ZT/T either ZIr/z = {e2 + €3,62 — €3} or ZI’_/Q = {€2 + €3, —€2 + €3}
For the first choice nmin = €2 — €3 and

= {—%5 + €1+ €2 — €3,2€3,0 — 2€9,0 — 2¢1 }.
For the second choice 1y, = —€s + €3 and
= {—%5 + €1 — €9+ €3,2€92,0 — 2€3,0 — 2¢1 }.
g ="F(4). In this case Ay = {i(+e1 £ e £ €3)} with € = 1(e1 + €2 + €3). There are two
choices for pr: either
ZIF/Q = {%(61 + €2 + €3), %(61 + €2 — €3), %(61 — € + €3), %(—61 +e2+€3)}

or
—+
Ay ={5(e1+e+e),5(e0+e2—e€3), 5(e1 — e+ €e3), 5(e1 — 2 — €3)}
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For the first choice iy = %(—61 + €2 + €3) and
ﬁ = {5 — (61 + 62),61 — €9, €2 — €3, —%(5 — 01+ € — €y — 63),5 — 51}
For the second choice Ny = %(61 — €9 — €3) and
ﬁ = {5 — (61 + 62),62 — €3, €3, —%(5 — 01— €1+ e+ 63),5 — 51}

g = G(3). In this case Aj )5 = {£e1, e, £(e2+€1)}U{0}, € = ea+e, Zi_ﬂ = {e1,e2,e2+¢€1},
Thmin = €1 and

= 5 J
M={-c+d+e,;

9 2—51,62—61,5—61—262}.

Let M be a op-twisted Wk (g)-module. If v € g_; 5, then
M v _ {vhtw _—m—-1 _ vhtw —m—3/2
yMGt ) = Z G(m) z = Z Glvhtw, /2.

mE%—i—Z meZ

In this section and the following ones we will write G;{,f v _ G#f }, J,%a}’tw = Ji{l} for short.

Next, we would like to provide a more precise description of the action of Gév} on the
highest weight vector of a highest weight module M. For computing it, we use a good choice
{Xa | @ € A} of root vectors as in [I5], and choose as a basis of g_;, the vectors

(6.2) Uo = Xo+V—IN_goXo—9, «a€AT aodd

Here N, s are structure constants w.r.t. {X,}. We observe that we can choose u, = X, for
v € AP so that uY = X_,. We now check that the N, g are the structure constants w.r.t
{uy}. Compute, for v € A% and a odd positive,

[Xy, ua] = [Xy, Xa + \/—_1N—0,aXa—6]
= NyoXyta+V—IN_gaNya—0Xytap.

Since this vector lies in g_y /9, it is a linear combination of the u,’s, and this forces
(6.3) (X5, ta] = Nyatiyta-
Substituting w4« by its expression (6.2)), we deduce that
(6.4) N_p,aNy.a—6 = N_g a7y a-

Let ¢ be an almost compact conjugate linear involution of g [I5], Definition 1.1].
Lemma 6.1. For v € A%, a odd positive, set ¢y o = Ny _oNo . Then
(6.5) ([uy, ¢(ua)l; [ua, u']) = (P(ua), ta)Cya-
Proof. To compute (6.5]) we use the following formulas

d(uq) = —N_g aqUg—qa, (Ua,ug) = —(N_gq+ N_093)00—a,3-

The first one is given in Lemma 5.3 of [I5] while the second is (5.12) of [15]. In particular we
have

(6.6) (A(ta), Ua) = —N_p,a(to—a,ta) = N_g.a(N-g0-a + N_oq).
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It follows that

([uy, (ua)]; [ta, u]) = ([Xy, d(ua)], [ta, X))
= ([X’Yv _N—97au9—a]7 [uom X—’YD

= N—@,QN’\/,Q—O[N—’)/,O! <u'y+9—aa u—’y+a>

(6.7) = —(N-b,7+0-a T N-b,—7+a) N-0,aNy,0-aN—7.a-
Using (6.4)) for v and —+, formula (6.7]) becomes

(68)  {lys 6(ua)]: [tas 0]) = ~N2g 0N 0 oNyoa — N-gaN_g0-aNy-aN—ya
(6.9) = N?poCri-a+ N_gaN_go_aCya

We want to prove that N_, 9Ny g_o = N, _oN_y . Observe that
(X 9, [ X0, X 0o]] = X o
hence
X [X—01 [ X0 Xoall] = Ny -0 X
On the other hand
(X5, [Xg, X o]l = Ny o—alXg, X o]
S0
(X5, [X_0, [Xo, X_o]]] = Nyg—alX_9,[Xg, X_0o]] = Nyo—aX_a.
thus
Ny, —a = Nyga-
Similarly one has
N_yo=N_ya9.
This implies ¢_+ g—q = ¢y,o; (63) now reads

(6.10) ([ty, (ua)]; [Ua,u’]) = C%oc(Nze,a + N_g,aN-9,0-a)-
Substituting (6.6]) into (610]) yields (€.3]). O

Let v be a weight vector of the gi-module g-1/2 of weight 1. Observe that n = o, with
o= %9 + 1, a positive odd root. If v € A¥, set Cy = Cya-

Lemma 6.2. Ifn # 0 then

AU

(yln) if (v[n) <0
0 otherwise
If n =0 then
. —% if v is a root from A of minimal length,
R 0 otherwise.

Proof. If n # 0 then v = 16+ is an isotropic root so we can use formula [IT], (4.6)]: if o —~
is a root then

Cyn = (ay) = (nly).
If (a]y) < 0 then o — 7y is a root so ¢, = (n]7y) in this case. If (a]y) = 0 and o — 7y is a root,
then also a4+ is a root and they are both nonisotropic. This implies « — vy =6/2 = a + v
which is absurd. So, if («|y) = 0 then ¢, = (n|v) as well. If (a]y) > 0 then o — cannot be
isotropic, for, in such a case,

2(aly) = (v|v) <0.
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It follows that o — = is not isotropic. Since a + 7 is a root, it must be isotropic by the
argument above. It follows that

2(aly) = —(v1v)

and
(@ —=qla—7) = =2(aly) + (v}v) = 2(v]v) <0

On the other hand o — v =0/2 so

(a—qla=v)=3

The only possibility is that, when (a|y) > 0, then o — 7 is not a root hence ¢, , = 0.

If = 0 then /2 is a root, hence g acts on g_; /2 as the little adjoint representation. If v
has weight 0 and ~ is a root of g¥ then [X,v] has weight v, so, if 7 is long, N, 92 =0s0
cy,0 = 0. If ~y is short, then

0770 = N0/27_7N’Y?_0/2

and use formula (4.6) from [II] to compute it. Since v is short, the 6/2-strings through £~
are given by +v—60/2, &, +y+6/2, hence Ngjo N, _g/2 = NyjoN_, _9/2 = —(0/2]0/2) =
—1/2. O

Lemma 6.3. Let M be a o r-twisted highest weight WE._(g)-module with highest weight (v, £o)

and highest weight vector v, ,. Let v € g_1/o be a weight vector for h? of weight n. Then

611) S ([, )] [o, NI I 00 = (B(0), v (mu chuw)wo,

a,f v<0

(612) S lua, 6], [0, u I I Vv, = (0(0), v) ((77|V)2 +) cw,(uh)) Vo

a,B v>0
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Proof. Note that v = cu,, for some non-zero constant c. Using Lemma [6.1], we have

S ([, S, o, uP DI I 0, 4,

7.8
= Z ([us, ¢ [v u]]>J{u }J{u]}vl,g + > ([uy, o(v))], [v,u7]>J0{u7}Jéu”}vy,go
v<0
v Zn u?)n(u; v ( v,,go + Z Uy, @ [v u'y]}Jém}JO{uy}vmgo
iy ] v<0
= (0(0),0) ) *v0t0 + Y ([, S)] [, w IS 0,
v<0
= (8(0), VY1) *vuto + D[t @) fosw DI T gy
v<0
= ((¢(U),U>(77|V)2 = > ([uq, 0(v)], [U,WD(VW)) Uty
v<0
= ((¢(U),U>(77|V)2 — > [y, pleun)), [CU"aUVD(VlW)) Uty
v<0
@ (<¢( ), v |C| Z (un), uy)ey, n(’/h)) Uy g
<0
= ((¢(U),U>(77|V)2 - Z<¢(U),U>C~y,n(’/|7)) Uyt
v<0
This proves (G.I1]). For (6.12) we have
S (s S0 [, ) I I 0, =
7.8
S sy ) [o3 w3 IS v+ 3 (s 60 o w I I P
i, >0
((TNV Y+ > ([uy, (0)], v u”]>(V!’Y)) Uy o
v>0
We conclude as above. O

Lemma 6.4. With the hypothesis of Lemma [6.3, we have
[G({]qb(v)} G({]U)}]

Vy by =

(d(v),v) ((—2(/<: + V) + (v|v + 2p%) — Ip(k) + 2(77]u)2+z cym(V]y) — Z c%n(u\fy)) Vy 1o

v>0 <0
Proof. Using Borcherds’ commutator formula

v v 1 2 v v
.6 =y < j >(G{¢< G
J

— (G0} G, + 1/2(G1OW} ) GIT) — 1/8(G1W) G0y,
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and recalling that [2]

dim g
(6.13)  [GIGU = = 2(k + hY)(u,0) L + (u,v) Y 2 g glued
a=1
+2Z Ua, U g plust L 4ok + 1)(8 + 2n) Jilleu o)
+2AZ ([ttas ], [, w1y T 51 1+ 2X2 (u, 0)p (k) |0),

we get

[Gi, G{“ﬂvy o= < ><— (k + hY)o + (v + 20%))v,. 4,
+22 U, U . gtutt plus} 0 Ut

n Z e ], [0, P T 0 — T 0)p(k)vy =

(u, v>(—2(/<: + 1YY+ Wy + 209 oy + 23 (s ul, [0, w8 I Ve, 4
7/3

+z e ), o, w? I g = gl e e, = L, o) p(k) vy, =

(u, v>(— (k + hv)ﬁo + (Vv +20°) — tp(k))vi g,
+Z e ], [0, WO IS T Yy 0 4 3 (s ul, [, wP DI TS 0y
7B

Now apply Lemma O

Let ZT/Q be the set defined in (6.1)) and observe that, by construction, ZT/Q = {n e (h?)* |
n is a hi-weight of n_i/5(or). }. Set

(6.14) PR = P(nl/z(UR)Jr)\hh = % Z gy = % Z UL

8aCny/2(0R)+ "EZTM
Applying the formulas of Lemma we obtain the following refinement of Lemma
Lemma 6.5. Under the hypothesis of Lemma [6.3, we have
(1) Assume that 6/2 € A and let v € g_1 /5 be a vector of weight 0. Then
GE G vy = 200(),v) (=20 + 1Y) + (vl + 20" = pr) = 3p(K)) Vg,
(2) Assume that v € g_y /5 is a vector of weight n # 0. Then
[Géd)(v)} ’ G({)U}]

,Uljvz()

= (9(v),0) ((=2(k +h")lo + (vl +20%) = $p(k) + 2(n[v)? ) v1.zq

+< > e - > (’Y!n)(V!’Y)) Uy to-

v>0,(y|n)<0 7>0,(v[n)>0
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Proof. To prove (1), recall that in this case, as already observed in the proof of Lemma [6.2]
g% acts on g_; /2 as the little adjoint representation, so its nonzero weights are precisely the

roots in Af of minimal length. Since we chose hg so that a(hg) > 0 for a € Aﬂ_, it follows
immediately from (G.1]) that

(6.15) PR= >, 7

'yEAi,'y short

By Lemma and Lemma [6.2],
[G({]¢(U)} 7 Gév}]vy,zo

= (@(v),0) | (=2(k + hV)lo + (v +20%) = 3p(k) = >° (W]) | vty
'YEAL“{ short

= (9(v),0) ((=20k + hY)to + (v] +20%) — §p(k) = 2(v1pR) ) vuty-

Now observe that ¢(v) = hv, so that [Géqj(v)},Gév)}] = %h(Gév})2 = %GE{)¢(U)}GE{)U}.
If v has weight 1 # 0 then, by Lemma [6.2]

YN oeawh) =Y ey = Y (e - Y. (@)

>0 <0 ¥>0,(v|n)<0 ¥<0,(v|n)<0
= > OG- D k).
¥>0,(vn)<0 ¥>0,(vn)>0
Thus (2) follows from Lemma O

Let LW (), £g) be the irreducible op-twisted positive energy W, (g)-module such that
LW (X, £o)o = LZ(\, £y) (see Theorem 2.30 of [6]). It is clear that L' (), £p) is a highest weight
module of highest weight (), ¢y). Conversely, if M is an irreducible highest weight module of
highest weight (A, {p), then, by Lemma .20}, the grading given by the action of Ly defines the
structure of a positive energy module. By Theorem 2.30 of [6], My is irreducible. Since clearly
My is a highest weight module of highest weight (), ), by Corollary 5.6, My = LZ(\, )
hence, by [6, Theorem 2.30] again, M = LW (X, £). This shows that L (), £p) is the unique
irreducible o r-twisted highest weight W, (g)-module of highest weight (X, £p).

Consider (v, fy) with v purely imaginary and ¢y real. Combining Proposition [5.7] and [14,
Proposition 6.7], we get the existence of a unique even invariant Hermitian form H(-,-) on

LY (v, £y) such that H(v,4,,V0,) = 1 (vy4, is a highest weight vector).
Proposition 6.6. Let L (1, 4y) be the irreducible og-twisted unitary highest weight module
with highest weight vector v, 4, and the Hermitian form H(-,-), and set ||a|[* = H(a,a).

(1) Let v € n_y5(0) be a vector of h2-weight . Then

’ ‘G({;b(v)}

'UV7ZOH2 =

= (8(v),0) ((=2(k + h¥)lo + (v|v + 2p%) = 3p(k) + 2(n|v)?)

+<¢(v)=v>( > (lmwhy - > (’Y!n)(V!’v)))-

v>0,(y|n)<0 v>0,(y|n)>0
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(2) Assume that 0/2 € A. Then
HGéue/z}Uu,éoW = 2(¢(ug/2), ug/2) ((—Q(k +hY) + (v|v + 2(p* — pR)) — %p(k)) :
Proof. We have

(6.16)
H(GS" M 000, G5 M ogy) = HG GE Moy vey) = HIGE ™ G5 oy visey)-
Now apply Lemma [6.4] to get (1). As for (2), we have
(6'17) H(Géu0/2}vl/,fov G({]ug/Q}UV,fo) = H((Gé¢(ug/2)}(G({]ug/Q})UV,fov UV7£0)7
and we can apply (1) in Lemma [6.5] O

If LW (v, £p) is as in Proposition 6.6} then, since (¢(v),v) > 0, by (1) of this proposition
we have

(6.18) by > m((”"/ + 2Pu) - %p(k:) + F, (1)),

where

(6.19) E(m) =2+ Y, (- Y (.
¥>0,(v|m)<0 7>0,(v[n)>0

Similarly, if 7 = 0 is a weight of g_; /5, then, by (2) of Proposition [6.6, we have

(6:20) to > gy (o 20 = o) = ().

Since k + h" < 0, the maximal value of the right hand side of (6.I])) is achieved for n such
that F,,(n) is minimal.

Let Pt C (h%)* be the set of dominant integral weights for gf. We compute below the
minimal value of F,(n) for v € PT and n € Zj—/z via a case by case inspection. In the
cases where 6/2 is an odd root (so that n = 0 is a weight for g_; /2) we also show that
—2(v|pr) < F,(n), hence (6.20) gives the best bound. We gave above an explicit description

of the set ZT/Q, hence we can compute explicit expressions for pr that we list in Tables [2 and
B, along with the values of fmin, p?, and &. In Tables2land Bl we denote by w;- the fundamental
weights of the simple ideal gE of g?. We drop the superscript i if g? is simple.

g | psl(2)2) | spo(2]2r+1),r >1| G(3)
Tmin @ €r €1
PR w1 Wy w1
i % r—i+ %)62 2€1 + 3€2
3 @ €1 €1 + €2

TABLE 2. Cases with only one choice for ZIF/Q.

psl(2]2). In this case Aﬂ_ = {61 — 62} and v = r/2(d; — d2). Then
(6.21) mnin E,(n)=F,(&) = %r2 +7.
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g spo(2/2r) D(2,1; %) F(4)
1 1
Mmin €r, —€r €g —€3,—€2te3 | 3(€1 — €2 —€3), 5(—e1 +e2 +e3)
PR Wry Wr—1 W%;Wg W1,Wws3
P =), €2+ €3 21+ 362+ 3e3
5 €1 62+€3 %(61 —|—62+€3)

TABLE 3. Cases with two choices for ZT/Q.

spo(2|3). In this case Aﬂ_ = {e1} and v = Ze;. Then
r+r o1
Ly o).
s —atgrY

Since in this case n = 0 is a weight of g_; /5, we need also to compute

(6.22) min £y (n) = F,(€) =

(6.23) —2(v|pr) = 2,

which gives the minimal value of F,, (7).
spo(2|2r),r > 2. In this case Aﬂ_ ={e;t¢€;,1 <i<j<r}. Since v is dominant integral,
v=>3,mie, m; € % +Zorm; €Z,my > ...>me_1 > |m;|. If n=¢;, then

Fy(n) =m;/2—1/2 > -5 > @

ve{estei,iFstU{e;—es,s>1} vEe{es—e€;,5<i}

=m/2-1/2 ( > i+ X (V\v))
ve{este;,s<i} ve{eites, s>}
=m2/2+1/4 <Z(ms £m;) + Y (mi £ ms)> =m7/24+1/2) ms+1/2(r —i)m;.
<1 §>1 <1
The minimum value for F,(n) is achieved if n = +e, and it is
(6.24) Fy(n) = 1m2+ Y m,).
s<r

spo(2|2r +1),r > 1. Ai ={ete, 1 <i<j<riu{el,v=>3me,m€s+Zor
m; € Z,my > ... >m, > 0. If n=¢;, then

Fy(n) =mi/2~1/2 > WM -3 > (@h)

ye{este;iFEsU{€ei—es,s>iFU e} ye{es—e;,s<i}
=m7/2+1/4 <Z(ms + m;) +m; + Z(ml + ms)>
s<1 §>1

=my/24+1/2) ms+1/2(r —i+ 3)m,.
s<1

The minimum is achieved when 7 = r and it is

(6.25) min B, (n) = 4m2 + 3" mi+ bm) = £ 3" mg o+ e, 3).
s<r s<r
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Since in this case n = 0 is a weight of g_; 5, we need also to compute

T

(6.26) —2(vlpr) = = Y (vles) = 4 3 m,

i=1 s<r

which gives the minimal value of F, (7).

D(2,1;a). Aﬂ_ = {2€9,2¢3}, v = myi€q + maoeg, m; € Zy. Then a computer computation
shows that the minimum of F,(n) is attained at €2 — €3 and at —eg + €3 and its value is
(my — ama)? + 2(my + a®mg)

2(1 + a)?

F(4). Ai ={e;tej,1 <i<j<3}U{e}. Since v is dominant integral, v = Y m;e;, m; €
% +7Z or m; € Z,mq > mo > 13 > 0. A computer computation shows that the minimun of
F,(n) is attained when 1 = 1(—e1 + €2 + €3) and when n = J(e1 — €2 — €3). Its value is

(6.27) min F, (1) =

2
(6.28) mnin F,(n) = §((—m1 + my +m3)? + 5my + ma + ms).

G(3). We have Ai = {e1,€69 —€1,€9,€9 + €1, €9 + 2€1,2¢9 + €1}, v = mi€1 + maoea, 2mq >
mg > my, m; € Z4. A computer computation shows that the minimun of F,(n) is attained
when 1 = €; and

. 1 1
my;nFy(n) = 5(2’171,1 — m2)(2m1 — Mo — 1) + 5(’171,1 + TTLQ).

Since in this case n = 0 is a weight of g_; 5, we need also to compute

(6.29) ~2(vlom) = 3 (m1 +ma) < min £ (1),

Our direct inspection shows the following fact

Proposition 6.7. We have min, F,(n) = F,(Nmin), and this value is independent from the
. —+
choice of the set Ay 5.

Recall [I9, Theorem 2.1], [I5, Section 7] that there is an embedding in W[, (g) of the
universal affine vertex algebra @); VMi(k)(gg), where the M;(k),i = 1,...,s, are given in

Table @ along with other quantities, explained in [I5, § 7.2]. If LW (v, £y) is unitary, then
X VMi(k)(gE-) “Uy4, is a unitary representation of the latter affine vertex algebra, hence v lies
in P,j , where

(6.30) Pl = {1/ € Pt |v(0)) < M(k) for alli =1,... ,s},

where Pt is the set of dominant integral weights of gP.
We summarize our findings in the following statement:

Proposition 6.8. Let v € P,:r and £y € R. Set

sty (Ul +20F — pr)) — Sp(k))  if68/2¢€ A,
W ((1/|1/ + 2,0“) — %p(k’) + F,,(nmm)) otherwise.
If LW (v, 4y) is unitary, then

(6.31) Alk,v) = {

by > A(k,v).
Lemma 6.9. If LY (v, 4y) is unitary, then fo = A(k,v) in the following cases:
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g gt hY hy M; (k) Xi u; = (0]0)
psl(2(2) sla -2 0 —k—1 -1 -2
spo(2|3) sla 1/2 —-1/2 —4k -2 -2 —-1/2

spo(2lm), m > 4 Som 2—m/2 1—m/2 —2k—1 -1 -1
D(2,1;a) slo @ sla 0 et I C R L B e B s B B e e
F(4) so7 -2 —10/3 -3k-1 -1 —4/3
G(3) G2 —3/2 -3 —3k—1 -1 —3/2

TABLE 4. Numerical information

g # spo , ,Lia): v e such that v — pgr .

1) g # spo(2[3),D(2,1 P such th Pt

2) g =spo(23): v =0 and v = M,
g /4 2 1

(3) g=D(2,1;a): v =re3 and v = reg+ Ma(k)es, where r = 0,..., My (k) (resp. v =reg
andv = My (k)ea+reg, wherer = 0,..., Ma(k)) if pr = wi = € (resp. pr = wi = €3).

Proof. Assume v — pr ¢ PT. We first discuss the cases when 6/2 is a root, namely g =

spo(2|2r+1) and g = G(3). Since pr = w;-g for some 4, jo, then v = 3, ; m'w} with m;‘()) =0.

(@) = dq,a for all simple roots « of

JéX’E} acts

{v}
0

10
Jo
A%). Explicitly @ = ¢, for g = spo(2|2r + 1) while @ = ¢; for g = G(3). Then
trivially on v, ¢,. We note that @ = nui,. If v € 9-1/2 has weight 7min, then Gj v, 4, = 0.
Note that v is a root vector for the root —6/2 + nyin, hence [X_z,v] is a root vector for the
root —60/2, thus w = [X_g,v] is a nonzero multiple of ug/,. Since

Let @ be the simple root corresponding to w;g (i. e. w

[(X_z0l} {ug/2}

0= JO{X*E}GE{)U}UMO = Gé Vy gy = Géw}vy7go = const. Gy """ vy40,

we deduce that ||Géu9/2}vy,go||2 = 0 and Proposition implies £y = A(k,v).

If g = D(2,1;a) and nyi, = €2 — €3, then pr = wi = e3. Let @ = 2¢9. Since v — pg ¢ P,
v =r3e€3, 50 X 5oy, = 0. If v € g_y /5 has weight 7min, then Gév}vy7go = 0. Note that v is a
root vector for the root —ej 4 €2 — €3, hence [X_5, v] is a root vector for the root —e; — €3 — €,
thus w = [X_g,v] # 0. Moreover w € g_1/2 is a vector of weight —nmin thus w = const. ¢(v).
Therefore

[(X_z0l} (v)}

0= JO{X*a}GéU}UMO = Gé Vy gy = Géw}vy7go = const. Géd) Vy -

We deduce that \|G({)¢(U)}Uu,eo |2 = 0 and Proposition 6.6 implies £o = A(k,v) also in this case.
The argument for g = D(2,1;a), Nmin = —€2+ €3, and v = 7€ is completely analogous using
a = 2e3.

We now turn to the remaining cases where the argument is similar but somewhat more
complicated: we claim that for v € n_; 9(og)4 of weight 7min, we have

(6.32) Gy, . =0.
Indeed, if g = psi(2|2), then v — pr ¢ PT means that v = 0, thus Jéa}v(y,go) =0foralla e

g?. We know that G({]u}fu,,,go =0 for all u € n_y/5(0g)+. Since [Jéa}, G({]W}] = G({][a’u}}, then

Gé[a’u]}vo,go = Jéa}Géu}vo7go. Since ad(U(gh))n_l/g(aR) = g_1/2, we see that Géu}vy7go =0
for all u € g_; /9, thus, in particular, (6.32]) holds in this case.
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We now prove ([6.32]) in the cases g = spo(2|2r), g = F(4). Since pr = wéﬁ let @, as above,

be the simple root corresponding to w%. Since Jéx’a} acts trivially on v, ¢, and Gév}UMO =0

jo
if v € g_1/p has weight Nmin,
X?a v X?E,’U
0=ty = allmhy,

Let 6 = —%9 ~+ Nmin. This is the root of 9-1/2 such that 6Ib” = Nmin- We check in each case
that

(i) B — @ is a root,

(ii) there exists a positive root v € Af such that 8 —a@+ v = —0/2 — Numin.
If (i), (ii) hold, then [X_z,v] # 0 and both [X,, [X_7,v]] and ¢(v) are in gz with g’ = —36—
Tmin. Since all the roots have multiplicity one, this implies that [X., [X_g,v]] = const.¢(v).
Since v is positive X, v, ¢, = 0, hence

X_gvl} )}

X_a-v v v
0= JO{X”}JO{[ : ”Gé }vy7g0 = GE{)[XW’[ Uty = const.GéM Uy to5

so that (6:32)) holds.
The following list describes for each case the roots @, 3, § — @, and ~.
e Case 1: s0(2]2r), 7 > 2, Nmin = €, PR =Wp, E = €1+ €, B = =01+ €, f—T=
=01 — €r—1, Y = €1 — €.
e Case 2: s0(2]2r), r > 2, min = —€r, PR = Wp—1, & = €1 — €, B = —01 — €,
f—0=—01—€_1,7V=¢6_1+¢€.
e Case 3: F(4), Nmin = %(—61 +éer+€3), pp = w3, @ =€3, = %(—51 — €1 + €2 + €3),
B—a= %(—51—61+62—63), v =¢€1 — €.
e Case 4: F(4), MNmin = %(61 — €2 — 63), PR = W1, o =€) — €9, ,8 = %(—51 +e€1 — €y — 63),
B—a=3(—01—€1+e—e€), 7= e
Having established (6.32]), by Proposition [6.6] HGE{)(Z’(U)}UO,EOW = 0 implies ¢y = A(k,0).
It remains only to check the statement for g = spo(2(3) or g = D(2,1;a) and v = 3_,; 56
with r; = M;(k) for some 7. Since
T T g = I T v, = — w16 + M (k) 2122

= @) (|6Y) + Mi(k)) = 0,

we see that
Xy. Xe Xe Xe Xe
HJ—fzvu,Zon = H(J£1 l}vu,fov Jil 1}Uu7fo) = _H(Ji{(b( 1)}']El 1}2}1/7(07”1/,50

X_. X
= —const. H(Jl{ 1}J£1 1}1)1,,50,1)1,,50) = 0.
By unitarity we deduce

(6.33) Ty, =0,

If g = spo(2|3) then (6.33)) implies
0= Gid)(“ﬂl*kel)}tjia;{el}vmzo — [Gi¢(u51+el)}’ Jii(el}]vyjo —_ _G(‘E[Xelyd)(u(SlJrel)]},U

sz()

s0, since [X¢,, ¢(us, +¢,)] = const.us,, we obtain

Géual}vy,go =0.
Again Proposition implies that ¢y = A(k,v).
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If g = D(2,1;a), then observe that nmi, = & —0;. Let u¢ € g_; /5 be a vector of weight —¢.
Note that ug is a root vector for the root —0/2 — . Since 0; + (—60/2 — &) = —0/2 — Nyin is
a root, we see that [Xg,, u¢] is a nonzero vector in g_1/2 of weight —nmi. If v € g_y/p has
weight min, it follows that [Xg,, u¢| = const. ¢(v). By (633),

0= Gqu}Jifei}vV7go = [G‘l{ug}, Ji)fgi}]vmgo = —Gé[Xel ’ud}v,,,go = const. G({]¢(v)}vy7go.
We can therefore conclude using Proposition O

We can finally state the necessary conditions for unitarity.

Theorem 6.10. Let LW (v,£y) be a unitary og-twisted WE, (g)-module, where k is in the
unitary range. Then

(1) ver/,

(2) EO > A(k‘,l/),

(3) Ifv is as in Lemmal&d (1), (2), (3), then Ly = A(k,v).

7. RAMOND SECTOR: SUFFICIENT CONDITIONS FOR UNITARITY

Recall that in Section [3l we constructed the twisted F'(g)/2)-module F(gy/2,0r). Our first
task is to show that this module is unitary.

Fix bases {w, }, {w"} of gy o dual w.r.t. (-, )ne, with v ranging over S /5. Recall that there
is an embedding of superspaces u ~ ®, of g;/, into F'(g1/2). Sometimes we write ®, (resp.
®“) as a shortcut for ®,,, (resp. Pya).

We can assume that S/, = Sf'/2 U Sy, with {wy | v € Sli/z} basis of ny/5(0)+. We will

also need a more refined notation S, = SI_/’S U 51_/; to label bases of g?/z(O'R),nl/g(O'R),_

(see (BI0)). We

Lemma 7.1. The map t~Y/2®, — [®,] extends to an isomorphism between Cl(g1/2) and
ZhuoR(F(91/2))-

Proof. Recall that * denotes the product in Zhuy,(F(g1/2)). By [6, Theorem 2.13],
3100 = 3 (7Y @) ) (@) = = [t712®,, 7?0
[@u], [®u]] = > i )@@ () = (wv) = [Ty, ol;
J

so the map t~/2®,, + [®,] extends to a homomorphism from Cl(g1/2) to Zhugy (F(g1/2))-

We prove by induction on A, that [a] is in the subalgebra of Zhu,,(F(g1/2)) spanned by
[@,], u € g19, for all a € F(gy)5). If a = |0) the claim holds. Now assume a =: T*®,, b : with
Ay < A,. Note that by [6, Theorem 2.13 (b)]

: Tk<I>u b:+: Tk_1<I>u Th:=T (: Tk_1<I>u b :) = const : Tk_1<I>u b:,
hence we can assume k = 0. Since
1 1
(q)u)(_LO-R)b - Z <§> ((I)u)(_1+])b = q)ua : + Z <§> (q)u)(—l-l—])b?
JEZ4 jEN

we obtain

. N

[a] = [: ‘Pubr]:[@u]*[b]—z:(

jEN

) [(®u)(—145)0],
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and the claim follows by induction. It follows that the homomorphism from Cl(g;/5) to
Zhugy (F(g1/2)) is surjective.
We now prove that the homomorphism is injective. Set

L7 (A,oR) = @ t'g1/9 C L(g1/2,0R)-
ME—%+Z+

Consider Cl(g;/2) as a LZ (A, or)®CK-module by letting t_1/291/2 act by left multiplication,

t'g1 o act trivially if u > 0, and K act by ICl(gl/Q). Let
L(g1 /2,0
(7.1) M= IndL(;g;f/%’jL)(CZ(gl 12)-
By Proposition 21 M is a og-twisted F'(g;/2)-module. Recall that
1
L =— : « :
5 2 (Te)Par,
Oéesl/g

and that M is spanned by monomials
(11 ®1) (t2 D) - - (D), i € —(§ + Zy).
Since
[Lge’tw,tqu] — _(,u + %)tﬂq)m
the action of Lge’tw is semisimple and the eigenspace decomposition gives a grading
V=@,
n>0

turning M into a positive energy representation. Since
1 _1 _1
Mo = span((t”201)(t"2®g) - -+ (17 20k)) = Cl(g1/2)

and (®,)o = (Pu)(=1/2), the action of (®,)o is given by left multiplication by t=1/2®,,. Since
the action of Cl(gy/2) on itself by left multiplication is faithful and this action factors to
Zhugp (F(g1/2)) we deduce that the homomorphism from Cl(gi/2) to Zhuy,(F(g1/2)) is

injective. O
Lemma 7.2. Consider Lge’tw — % dim gy /o as an operator on F(g1/2,0r). Then the action
s semisimple with eigenvalues in %Z+. The corresponding eigenspace decomposition
(7.2) F(g1j2,08) = B F(g12,0R)n
1
n€§Z+

gives to F(g1/2,0R) the structure of a og-twisted positive energy representation of F(g1/2)-
The space F(g1/2,0r)0 of minimal energy is naturally isomorphic, as a Zhug(F(g1/2))-
module, to the Clifford module
(7.3) CM = CL(t™2gy9)/(CLE g1 j2)11 jo (o)1)
Proof. Recall that
1
L™ = — : @ D
Oéesl/g
We claim that

(7.4) Lye™ 1= L dimgy .
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To check (T4)), start with (28] puttingn = -1, u=v =1/2:

(T2%) 1y ®Pa)y - 1+ <1g2> (T2%)(1)Pa)(-1) - 1

= Z (1/2+ 5)(Pa)(-1/2-7) () (Z1/245)) - 1,
JELy

which gives
(T9Y)(_1y®Pa) 1) - 1+ 1/8 = 5(Pa) (—1/2) (V) (_19)) - 1.
Assume g C ny/3(0g)+. Then

3(Pa)(—1/2)(2Y) (_1/9)) - 1 = 3[(Pa)(—1/2), (BY) (L1 /2))] = 1/2.
Assume g, C 9(1)/2(01%)- Then

3(Pa)(—1/2)(PY) (L1 y9)) -1 = 1[(Pa)(—1/2), (BY) (L1 /2))] = 1/4.
Summing up
Lge’tw 1= %(—% dim gy /5 + i -2-dimny5(or)4 + ie(aR)) = 1—16 dim gy /5.

Since F'(g1/2,0r) is generated by monomials
(7.5) (1) (2 Do) - - (DY), s € —(3 +Z)
and

(L™ 10, = —(p+ 5)t' Dy

[T2) follows readily.

The space of minimal energy is

F(g1/2:07)0 = span((1~300) (1 385) - (12 y).
On F(g1/2,0R)0, [Pu] € Zhugr(F(g1/2)) acts by the action of (®y)o = (®y)(—1/2), which is
left multiplication by t_%<1>u. O
Let ¢ be an almost compact conjugate linear involution of g. Set

w=clg, gla)= e ™A g(a),

so that
w([Pu]) = = [Pg(w)]-
Lemma 7.3. F(gy/9,0R) is a unitary og-twisted I'(gy /5)-module.

Proof. To prove the existence of a w-invariant Hermitian form on F'(g;/2,0r), we use [14,
Proposition 6.7]. According to this result, it suffices to show that there exists an invariant
Hermitian form on F(gy/2,0r)o, which in Lemma is identified with the Clifford mod-
ule CM (Z3). We identify as vector spaces C'M and Any(or)- via up A ... Ay
(t12®,,) ... (t712D,,), u; € n1/2(0r)—. Define an Hermitian form on Any/o(or)- by de-
terminants:

(7.6) (Wi, ANwiy .. ANwsy, Wi AWy, ... Awj,) = 5hk(—1)k det({(d(ws, ), W), )ne)-

We now check that it is w-invariant. Since ¢ is an almost compact involution, we have
that ¢(ho) = —ho, hence ¢(ny/2(0r)+) = n’l/Q(aR)_. Consider u; € nyjp(or)- (resp. u; €
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n1/2(0Rr)+); note that t=1/2®,, - t712®,,...t71/2®,, maps, under our identifications, to
up Ao Ay (resp. S, (=)™ N ug, updneur ALty A oug). Ifug € ny2(0R)+

(p(ur) ANug Aug ... ANug,wy Awg ... Nwg) = (—1)k det((d(us), wj)ne)

= (_1)k Z(_l)H—l (u1, wr)ne det (((A(ui), wr)ne)) 1,

T

:—(ug/\U3.../\uk,u1-wl/\wg.../\wk).

If uy € nyjp(or)- one argues similarly.

Recall from [I5] that (#(:), )ne is negative definite on gy/5. Let {uy,...,ux} be a basis
of ny/5(or)- such that (p(u;), uj)ne = —dij; then {usy A ... Awg, | i1 < ... < igx} is an
orthonormal basis of Any/y(og)- for the Hermitian form (Z6). We now check that the
invariant form H(,-) on F(g;/2,0r) which restricts to (Z.€) on F(g,/2,0Rr)o is positive defi-
nite. Let {v1,...,vs} be a basis of g; /5 such that (¢(vi),vj)ne = —di5; let {w1,...,wi} be an
orthonormal basis of F (g, /2:0R)o- Then the vectors

(7.7) (11 Dy, (B2 Dy, ) - (HHBy, Jwj, gy € —(5+N),1<j <,

where the pairs (p,i;) are ordered lexicographically, form a basis of F(g;/o,0r). We
claim that this basis is orthonormal. Indeed, the ®, are primary, so H(m,t"®,m’') =
—H(t7"® 4, ym,m'). Tt follows that

H((#9B,,, ) (42 @y,,) - (" @y, g, (11, )(2,,,) -+ (14, Juw,)
= H((E D, )) - (2B g VD g, (9B, (2D, ) - - (10, Y, w,)

= Héﬂl Vi Hélr]r(sﬂs
O

Our second task is to construct unitary og-twisted representations of W, (g) using the

m
free field realization introduced in [19, Theorem 5.2]; it is the embedding

U WE L (g) = VE = VI (Ca) @ VO (gF) @ Fgy o)

m

explicitly given on the generators of WkE. (g) by

1
{b} - . Ho . b
(7.8) J Hb+2§:.@®mwy@€g%
aESl/g
(7.9) Gl s N o, wa®¥ s —(k+1) D (v]we) TR
aESl/Q aESl/Q
1 (07
+3 Yo 100D, ) (VEB1y2),
CV,BESl/Q
1 k41 1
1 L —_— taga” T +———=T - (TP, : .
(7.10) F*mk+mq£% Got +k+HVx+2ag%2( )

Using the normalization

(7.11) a=+v-1 V2

EET
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we have VFth'(Cz) = M(1). Here M(1) is the Heisenberg vertex algebra (free boson)
generated by the element a with A-bracket

[axa] = A.

Recall that we denoted by ¢ the highest weight of the gi-module g_; /2. Recall from [15]
that an element v € P,j is called an extremal weight if v+ & doesn’t lie in P,j . Letv e P,j be
a non extremal weight. Let L(v) be the irreducible V (g%)-module of highest weight v. Fix
p € Cand let M(1, ) be the Verma module for M (1) such that ag acts as the multiplication
by p. Clearly Idys(1y) ® Idyey(qr) ® og is an automorphism of VF and

(712) M(L:u')@L(V)@F(gl/ZaO-R)
is a Idps(1) @ Idyey gny ® op-twisted VE-module.

Since W o or = (Idy1) @ Idyay gy @ or) o ¥, the restriction to oWk

in(g)) defines the
(g)-module on the V*-module in (ZIZ).

structure of a op-twisted Wk,
Set

B (k+1)
(7.13) s = MW.

Proposition 7.4. Fiz € C and v € (h)*. Set
v(p,v) =v, ®v, ® 1,

and
(7.14) N(p,v) = U (Wi (9))-v(n,v) € M(1, p) @ L(v) ® F(g12,0R)-
If
2 i
(715) eO(M? V) = % —Skﬂ‘F% +1_16d1mgl/27

then N(u,v) is a highest weight WE. (g)-module with highest weight vector v(u,v), of highest
weight (v + pr,Lo(p, v)).

Proof. By (2.6]) we have

(7.16)
:(I)a(p[wa,} -ﬁw %( s [Wa, B e or0 + Z (I)a (I)[wa, })r+g+1 ((I)[wa,b])r g(q)a)tw)
JELy
(7.17)

(TP = Y (5 + (M) (Pa)i s + (Pa)i™ 5 (90)FY) — 1/8610,
JELy

(7.18)
v, we |0 V= Z[fu,wa] (@O‘)fﬁj,
JEZL
(7.19)
: (I)Of(pﬁq)[wﬁ [wWa,v]] e %(waawﬁ>ne(q)[w5,[wa,vﬂ)£w - %(wa [wg, [wa, v]])n e(q)ﬁ):«w
+ D (@) @ Ry furaal) 741+ P R fuael) 7 (VT

JELy
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We start by checking (EI4). If r > 0,

V(I v) =0, @b, @1+ 5 Y 0, @ 0,0 1 PPy, 4y " 1
aESl/g

=2 D) (0 ®u @ (PN (P )i 1 — U © Uy @ (Bpy )i (21
Ol651/27]‘€Z+

Z Uy K v, & [wa’ })tw @a twl =5 Z m R v, & (I)a)tw(@[wa })twl = 0.
a651/2 aeSl/g

Likewise
UG, v) =

Y [0, wa] (v, @) @ (@)L = (k+1) Y (vwa)v, @ v, ® (TOY)M1
JEZL O!ESl/Q
1 (0% W (6% W
+ 6 Z Uy @ Uy @ ((w ,wﬂ>ne(¢[w5,[wa,vﬂ)£ - %(w ) [w,Ba [wonUH>ne((I)B)17i )N
a,BE€S81 /2
+ Z m XUy & (((I)a)t—wl—j : (I)Bq)[wg,[wa,vﬂ r4+j+1 +: (I) (I)[wg [Wa,v]] :gvzj ((I)a)gw)l
,B€81/2,j€Z+

W =

1
=(k+1) Z (v|we) (r + %)v“ R v, ® ()1 + 3 Z Uy ® V,® <I>B<I>[w57[wmv” tw (<I>°‘)8W1
a€Sy )2 a,BES /2

= Z UM®UV® q) @[wﬁ [wa,v]] r (q)a)twl
a,ﬁesl/g

1 W W W a\tw
= 5 Z Uy, Rvy, Q@ ((q)ﬁ) i 1(q)[w5,[wa7v]])£+j+1 - (q>[wﬁ,[wa,v]])£—j(q>ﬁ); )((I) )8 1
a,BES 2, €L+

1
= —— Z Uy K v, ® (q>[w5 [We, v]]) ((I)B)tw(q)a)twl =0.
a,B€S81 /2
Finally
1 k+1
U(L),v(p,v) = ] ZS: faaa® o (v, QU,) @14+ PRy (Tx)rv, @v, @1
[e1SIels)
> v @u: (TP 0, 2V 1
Oéesl/g
. k +1 o tW
—(r+1)k hvxrvu®vy®1+§ > 1@ (TE*)Dq 2V 1.

O!ESl/z
1 .
=3 Yo GHN®u, @ ()N (Pa)i iy + (Ra)iY (@)1 = 0.
a€Sy2,j€Z 4

This concludes the check that (@I4) holds. Let us now verify [@I5): if a € g7, then

(7.20) U(J ) ov(p,v) =1, @agv, @1+ 3 > 0, @0,@: PPy, 4 L
aGSl/g
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If, in particular, a € ng(og)+ then, since (W%, [wy, al)ne = 0,
V(I Noo(r) =5 D (0 @0 @ (@)Y (Pua) 1 — (Ppug.a) (DY)
aesl/g,j€Z+
==3 D, (u®v,® (Ppy,q)0" (2)5"1.
aESl/g
If wy € ny/9(0R)’, then w* € ny5(ogr) 4+ and (®*)§¥1 = 0. Since (W™, [Wq, @])ne = 0,
((I)[wa,a})gw((pa)gwl = _((I)a)gw(q)[wa,a})gwl'
If wy & ny/5(0R), then [wq,a] € ny/9(0R) 4 50 (Ppy, )61 = 0.
We now turn to checking @IZ): if h € b then

W) ov(v) = vu @ hovy @145 D0 0y @U@ s PO Ppy g " 1

aGSl/g
=v(h)v, ®v, @1+ 3 Z a(h) (v, ® v, @ (Ra)§ (V)1 — 7 Z a(h)(v, ®v, ®1)
a651/2 aeSl/g
=v(h)v, ®v, @1+ 3 Z a(h) (v, ® v, @ (Ra) (@)1 — 7 Z a(h)(v, ®v, ®1)
aesy, a€S1y2
=vhv,@uel+E Y ah)—1 > ah)(vu®v,®1),
ozeSIL/2 a€Sy )2
hence
(7.21) (T g0 (i, v) = (v + pr)(R) (v, @ v, @ 1).

We now compute ¢y checking ([@I3): recall from [I5] (9.8)] that
U(L)=1%:aa: +sTa+ L% 4 L,

and it is easy to check that % caa g +sp(Ta)ov, = %/ﬂ — sgp. Using (T4]), one readily
obtains
p? (v|v + 2p)

L L, ®1)=[—=——
o(vy ®v, ®1) (2 Spp+ 2+ )

+ % dimgl/2> (v, ®uv, ®1).
It remains only to check (EI6): if v € n_y/5(0R)+ then

(G (v, @ v, @1)
= Z o, wa] Y Y (v, @ v, ®@1) — (k+1) Z (v|wa v, @ vy, @ (TP*)H¥1

a€Sy a€Sy )2
+ % Z Uy, RV, . q)aq)ﬁq)[wg,[wa,v]] :gw 1
a,BE€81 /2
= Z [v, wa]—j(vu Ruy) ® (q)a);Wl + % Z (U|wa)vu ® vy, @ ((I)a)gwl
(XESl/QJEZ (XESl/Q

+ % Z m R U,& : (I)aq)ﬁq)[wg,[wa,v]] :Bw 1,
a,B€81,2
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so that
VE (v @u,@1) = Y v, walo(v, @ vy) @ (81
aESUQUSD2
+5L Y (Wwa)u ®u, @ (BT 4+ Y v @u,®: 80 By, i 1
€S ,us ) @:PES1/2

Note that hg has positive eigenvalues on v (which we can assume to be a root vector) and
non-negative eigenvalues on wg, a € S;r/2 U Sl Jo- Hence [v,w,] € no(or)+, and the first
summand vanishes; moreover, for the same reason, (v|lw,) = 0, and the second summand
vanishes. We are left with evaluating the third summand.

(7.22) DR I L TP o
a,,BESl/Q
3D (W0 (P e, w)B” — (W, (w5, [wa, v]])ne (27)5)1
CV,BESl/Q

(723) 4 Y D (@) @D, ) T+ PR gy 1 (D)L
a7ﬁ651/2 JEL 4

We evaluate the summands in (Z.23). The first is

(@) PPy, ey 19E1)1 = 0.
JELy

The second is

. Jgtw a\tw . Jtw a\twq __
D PPy g 1 (RN = @Dy 167 (DG =
JELy

(%(wﬁ, [wg, [Wa, v]])ne + D (7)™ 5 (Pl fwawl)) 151 — (q>[w5,[wa,vﬂ)t—vg(q>ﬁ);’w)) (@)1
JELy

= (3w, [ws, [wa, ]} )ne - <<1>[wﬂ,[wa,vﬂ>5W<<1>ﬁ>3W>) (@)1,
Hence (Z22) becomes
> 1D, ) 0 L=

CV,BESl/Q
LY (007 e (Pl a6 — (@ [, [ 0] e (B7)57)1
a,BE€S1 /2
+ > (3w, [was vne = (P fun.a)” (PD)E) ) (@)1
a,,BESl/Q

The first term equals 3¢ s, /2((@[1”&,[%,”“)8‘”1, which vanishes since
[wa7 [wav UH S n1/2(UR)+'

For the second term, note that we may assume 3 € 51/2US?/2 ; but then (w®, [wg, [Wa, V]])ne =
0, since [wg, [wq, v] cannot have weight . The third term is handled in the same way. The
last term equals
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(7.24)
> (P w07 (@) (@I D (Pl wa )60 (27N (2Y)5V L
a,8eS],,u8]; at—p €Sy, USY,

The first term in (Z.24]) vanishes since
(P )6 (7)Y (@)1 = (D7) (D)6 (P, o)) )67 L = O

wg,[wa,v]] /0

For the second term

> (P a6 (@a)5Y) (@261

aESl/ZUS 172
= Y (P )0 (@F) T+ D (Pluojwa,u))6" 1
aeSl/2 OleS1+/2
=3 D Quowea)’ T+ D (Ppue fu,)s" L =0.
€Sy, aesy,
In the last equality we used that ((®%)5%)% = 1[(®%)§", (5] = 1. O

Recall [15] that p € P is called extremal if u(6)) < M;(k) + x; for all i (see Table @).
Theorem 7.5. Let

(k+1)?* (v =prlv = pr +20)
4(k 4+ hV) 2(k+ hV)

Ifv—pgr € P is non extremal then, for all ¢ > B(k,v, pR), the or-twisted Wk
LW (v, £y) is unitary. In particular, v € Pt

(7.25) B(k,v,pr) = — + £ dim g1/2-

(g)-module

Proof. Fix € R. By Proposition [T4, N(u + sk, v — pr) is a highest weight module with
highest weight (v, £o(p + sk, v)) (cf. (ZI5)) so that, using (T.I3)),
2 2 _ _ i
pr (k417 (wW—prlv—pr+20°) 4
Y =5 _ —=d .
ol tsev) =5 gy 2k + h) 1 M 12
Hence, for all ¢ > B(k,v, pr), choosing . = 2,/fy — B(k,v,pr), N(u+ sk, v — p,) is a highest
weight module with highest weight (v, ¢).
Since M;(k) + xi € Z+ and (v — pg)(0)) < M;(k) + x; for all i, L(v — pgr) is integrable for
Ve (g?), hence it is an irreducible unitary highest weight V% (g?)-module. Let

i
(7)1"""816 :HlH‘Sk@Hg (g’H'}T7

where H,, |, is the invariant hermitian form on M (1, u + si), H ¢ is the invariant hermitian
form on L(v — pr) and HY is the invariant Hermitian form on F(gy/,0r) constructed in
Lemma [T23l By [15, Proposition 9.2], (-, )u+s, is a ¢-invariant form on N(u + si, v — pr).
Since H, 1, , H gh, and H are all positive definite, (-,-) u+ts, i positive definite as well
hence, by restriction, N(u + s3, v — pg) is unitary. In particular, V5 (gh)(vu ® Vy—pp ® 1) is
unitary, hence it has to be integrable, so that v € Plj . O

Corollary 7.6. (1) If g # spo(2]3),D(2,1;a) and v € Pk+, v—pr € Pt > B(k,v,pRr),
then the op-twisted WE, (g)-module L' (v,€) is unitary.

min
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(2) If g = spo(2|3), then for allv € P, v # 0, Mg(k)el and ¢ > B(k,v,pr), there the
or-twisted Wk, (g)-module LW (v, £) is unitary.

(3) If g = D(2,1;a), then for all v € P which do not lie in {rses,roes + Ma(k)es}
if pr = €2 or in {rqeq, My(k)ea + r3es} if pr = €3 then, for £ > B(k,v,pr), the
or-twisted WE. (g)-module LW (v, £) is unitary.

m

Proof. (1). Using Table H observe that pr(6y) = —x1 , Then, if v € P, we have
(v = pr)(0)) = v(0)) — pr(6Y) < Mi(K) + X1,

S0 v — pR is not extremal; being dominant by assumption, it lies in P,j , hence we can apply
Theorem

(2). We have v = e, 1 <r < My(k) — 1, so (v — pr)(0)) = “5te1 belongs to P and it
is not extremal.

(3). We have v = roeg + 13€3, 19,73 € Zy, 190 < My(k), r3 < Ma(k). So if pr = €3 (resp.
PR = €3) V — pg is not dominant precisely when v = rges (resp. v = rqeg) and it is extremal
if v = roeg + Ma(k)es (resp. v = Mi(k)eg + raes). O

8. EULER-POINCARE CHARACTERS

First of all we specialize to the Ramond sector the results of Proposition 4.3l Recall from
([B12) the definition of e.

Lemma 8.1. If o0 = o, then

1
v =2pr — p—5€(or)0/2, M2 = PR — 1€0R)8/2

and
k ) 1 .
1o = S @y ~2e(ow) sy =~ dimay
Proof. Specializing (£71) to or we find
Se =0, sy, = —%, if u; € ny)2(0R)+, Su; = % if u; € nyjo(or)—, sa; = 01if a; € no(oR) 4,

and

Sa; = 1if a; € I’LQ(O’R)_,SW = % if w; € n_1/2(03)+, Su; = % if u; € n_l/g(aR)_, Sp = 1.

SO
1 1 1 1 3 1
/
9aCny/2(0R)+ 9aCny/2(oR)— gaCno(or)— gaCn_1/2(0R)+ gaCn_1/2(0R)—
Since:

8o C nyyo(or)y if and only if o = 0/2 +n with n € ZIF/Q,

8o Cn_y/2(0R)y if and only if g C 90_1/2(03) or « =—0/2+n with n € pr ,
ga C ny)9(or)— if and only if g, C 9(1)/2(01%) or a=0/2—mnwithne ZT/Q,

8o C n_yj2(or)- if and only if a = —60/2 —n with n € ZT/Z,
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we can write

1 1 1
’Y'ZZ > (9/2+77)—Z > (9/2—77)—16(01%)9/2
WGZT/Q WGZT/Q
1 1 1 3
-3 Z a—7 Z (—9/2+77)+ZE(UR)9/2—Z Z (—6/2—n)—0/2.
ano(or)+ neliys neRY

By an obvious calculation we find

Z n—= Z o+ (dimnl/g(UR)—i- —1)6/2

neny olEYlt)(ffza',)+
=2 —p"+3 (d1m91/2 —€(oRr) — 2)9/2
= 2pp — p' + (1 + 3 dim gy 5)0/2 — §e(oR)0/2
=2pr — p— 3€(oR)0/2.

Likewise ;2 specializes to

1 1
T2 =g ) *T Y. «a
aCny/a(oR)+ 9aCnya(oR)—
1 1 1 1
=1 > (0/2+n) - 1 > (/2-n) - ZE(UR)H/z = PR — ZE(UR)Q/Q-
WGZT/Q ﬁEZT/Q
Finally
k
9aCny/a(oR)+ 9aCny/2(oR)— gaCn_1/2(0R)+ gaCn_1/2(0R)-
k k .
= m(?) dlmn1/2(0’R)+ - dlmn1/2(0’R) )= W(dlm91/2 — 2¢(oR)),
and
Z S dlmgl/2
O!ESl/z
O
Corollary 8.2. If A € b*, then HJ(M(,/AX)) =0 if j #0 and Hy(M(A)) = MW (v, 0(A)) with
~ 1
((A) = SR ((A\hu’Amn) —2(A2pr —p— 3 (UR)9/2)) A(z + D)
k .
(81) + m(dlm 91/2 - 2E(O'R)) 16 dlm 91/2

and v = IAXW — PR-

Proof. Using the calculations in Lemma [B1] specialize to o = og the results of Proposition
43 which summarizes Proposition 3.1, Theorem 3.1, and Proposition 4.1 of [20]. O
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By [20, Corollary 3.2] and [20, (4.12)], the Weyl vector corresponding to II is
(8.2) P =~ +hVAg = —2pr + p+ 3€(or)0/2 + hY Ag.
It follows that (RB.I]) can be rewritten as

_ AP =AM 5 (A|A +25™)

(8.3) ¢(R) T Ao+ D)+ a() = Skt = Rw -+ D) + alh),
where
(8.4) a(k) = L(dim g1/2 — 2¢(oR)) — £ dim g1 /5.

CEN) 16

Next, we introduce the framework for computation of characters of highest weight modules,
following [I0]. Let B be a basis of C@® (h%)*. In the set of formal series > (zmeCa(ht) Dz wa e
with b, ,) € Q, we consider the algebra R(B) of finite linear combinations of series of the
form Z(H,M)EZ#? b(n’u)qz_"e)‘_“. Given a series Y = Z(z,p)&@@(hb)* bz,q7 e, we define the
support of Y as the set SuppY = {(z, ) | b(.,,) # 0}

Let ev: h* = C & (h")* be the map defined by

o~

(8.5) ev(A) = —A(z + D) + Aps.

Set TI% = ev(ﬁ). By the explicit description of I given above, it is easy to check that
1%\ {0} is a basis of C@® (h%)*. The choice of an ordering of TI*\ {0} defines a lexicographic
total order <pr on C @ (h)*. We use this total order to topologize R(II') by choosing as a
fundamental set of open neighborhoods of 0 the sets

Vizon)y = 1Y € RIP) | 24+ p <pr 20+ A for all z+ € SuppY'}.
If € Co(h)*, f =2+ A, we write e for ¢?e*, so that

~

(8.6) e®) — =A@+D) Aps — (=m=A@) Mt i A = kAg +md + A, A € b*.

If 3 € Z, 11" and a € Q\ {0}, we note that (1 — ae™?) are both invertible in R(IT?) with
inverses

(8.7) (1—aeP)™t = Z ae "8,
n=0

8.8 | aeh) = LS g

(8.8) (1 —ae”) ——Tnz:;a e "7,

We would like to extend the map ev to a map from R(II) to R(II®) by mapping e to e®*(),
but this is not possible: for example ev(3°%, e ™9~9) does not make sense. To make sense
of ev, we must restrict to the following set

R(I) i, = {Y € R(II) | for all € Supp, (u+ Q(5 — )N SuppY is finite}.
We will need the following special case of the Lemma in § 2.2.8 of [10]:

Lemma 8.3. Let A € b* and set A = (k + hY)Ao + A. Assume that 2%2#3)) € Z for all real

-~

roots in A". Let J be a set of linearly independent isotropic odd roots in AY. Then the series
cw(h)

[Tpe (1 + e v®)

Y = Z det(w)ew(x), Ys = Z det(w)

wewt wewt
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are elements of R(ﬁ)fm, hence the series

cev(w(X))

= Z det(w)ee”(w ev(Ys) = Z det(w
. —ev(w(B))
weW's weWs HBEJ(l T )

converge and define elements of R(IT?).

Proof. We note that, since k + h" < 0, A satisfies the hypothesis of § 2.2.8 of [10] with
W’ = W hence Y7 and Y5 converge and are elements of R(II).

We need only to show that, if 4 € SuppY;, then the set {y' € SuppY; | ' —p € Q6 —6)}
is finite. Let A = w(A) be the unique maximal element in the W% orbit of A. Since Y; are
skew-invariant for the action of W and § — 6 is fixed by Wh, we can assume that y is in the

GA
Hﬁe(](l"'eiww))
Let ¢/ € SuppY; be such that p— ' € Q(6 —6). Then p/ = w(\) — >, riw(v;) with v} € Z
and

support of so p=A—>,;rvi with r; € Z4 and ; € £w(J), ~; positive.

(8.9) a(d - 0) = Zrm + Zr w (i)
It follows that
(8.10) Zm’n(az—i—D) =\ —w()) +Zr§w(’yi))(a:+D).

Since A — w(A) is a sum of positve roots in 3“, we see that
(A —wN)(z + D) = (A —w(X)(D) € Zy.

If w(~;) is a positive root, then w(y;)(z + D) > 0 and r, > 0. If w(v;) is a negative root,
then w(y)(z + D) < 0 and 7, < 0. The outcome is that 3, rfw(y;)(z + D) € 3Zy. Thus
there are only finitely many pairs (m,n) € 1Z; x 3Zy such that m = (A — w(\))(z + D),
n=>,rw)(x+D)and m+n=>3,;rv(z+ D).

By the combinatorics of reflection groups, for any given m, there are only finitely many
w € W such that m = (A — w(A))(D). It follows that there is a finite subset X of W4 such
that (810) holds iff w € X. Hence (83]) can be satisfied only if w € X and

(8.11) 0=A—wA)=> rvi)y: + Y riw(vi) -
Since {w(~;)} is linearly independent, (8.9) has only finitely many solutions. O
Set
R 00 (1 _ qn)dimh Ha Al (1 _ qn—le—a)(l _ qnea)
(8.12) N =T1] St — ;
el HaeA,m(l + ¢ 2%

o (1 _ qn)dimh HaeAi(l _ qn—le—a)(l _ qnea)

(8.13) Fr=1] =" o)
n=1 HUE(ZT/Z)/(l + q € 77) H Zfﬂ(l + q 677)

where (ZT/Q)’ = Zf/z if 6/2 is not a root and (ZT/Q)’ = A1/2 U {0} otherwise. Let ITVS =

MU {6 — 0} If IVS = ep(IIVS) = ev(IT) U {0}, these infinite products can naturally be seen
as invertible elements of R(ITVY), R(ITT) respectively.
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The character ch M of an non-twisted highest weight W

. (g)-module M is defined as the
trace of g™ Jéh}, h € b% and can naturally be seen as an element of R(ITV®). Similarly,

the character ch M of a Ramond twisted highest weight W, (g)-module M is defined as the

min
trace of ¢l J {3t , h € b%, and can naturally be seen as an element of R(IT®). Note that
FNS and FE are the denominators of the characters of non-twisted (resp. or-twisted) Verma
modules over WE, (g). This is easily seen by computing the character of M" (0,0) using the
basis given in [19, (6.13)] for the NS sector and in (£20)) in the Ramond sector. The formulas
in (BI2) and in (BI3)) give precisely these characters when expanded according to (87) and
B3).
Let R (resp. R™) be the Weyl denominator for § (resp. §™). The following result is a
special case of Theorem 3.1 of [16] and formula (3.14) of [20]:

Theorem 8.4. (a) If M is a highest weight g-module of highest weight A and éch(M) €
R(IVS) 4y, then

1s a highest weight gV -module of hig estweigtAan R™c € I] in then
b) If M high ht g*-module of high ht A and R™ch(M) € R(IT) i, th
- (A[A+2p")
> (=1 FRch Hj(M) = e Prq 2(+07)
J
where a(k) is given by (84).

+a(k)ev(§twch(M)),

A weight A of § is called degenerate if IAX(aE{) € Z. Tt is shown in [20] that H(L(/AX)) =0
if and only if A is degenerate. Recall that a V*(g)-module M is called integrable if it is

integrable with respect to ﬁf foralli=1,...,s (see (33)).
An easy consequence of Theorem B4 is the following Proposition.

Proposition 8.5. Assume that
(8.14) (A + p™|a) # n%—a) foralln e N and a € AT \ (AT
and that L(K) is integrable. Then H(L(A)) # 0 and

FR Z ) eh Hy(L(A))

(A|A+2 ) N LSty tw
= g 20k+hY) +a(k e~ PR Z det(w (w(A+p“W)—th)(r-i-D)ew(A*P )= ™) s

wEWh

Proof. The hypothesis implies in particular that A is nondegenerate, hence H (L(IAX)) # 0.
Arguing as in Proposition 11.5 of [I5], we see that

RtwchL Z det(w w(AJr;tw)_;tw.
wEWh
By Lemma B3, R™ch L(K) € R(ﬁ) fin 50, applying Theorem 8.4} we conclude. O

A similar result is the following.
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Proposition 8.6. Assume that (A+p™|6—0) ¢ N and that L(A) is integrable and mazimally
atypical. Assume that 11 contains a mazimal set J of pairwise orthogonal isotropic roots such
that (A + p™|B) =0 for all B € J. Then H(L(A)) # 0 and

FR Z ) eh H;(L(A))

(AJA+25) Siv)

=g 20T T mon SN et
weW"

2 —(wR4p)—p ) (D) (A ™) o ™)

[pes (1 + qu@atD)e™ Dins)

Proof. The hypothesis implies in particular that A is nondegenerate, hence H (L(jAX)) # 0.
It is shown in [I0] that the hypothesis imply that

w(A+p™)—p*™

e

(8.15) chL E det(w — .
wEWh HBGJ(1+€ wB))

Formula (815 is a special case of [10, Formula (14)] if g # D(2,1; ) and of |10} Section 6.1]

y Ly

ifg=D(2,1; ) and K\h“ = 0 (for other A (BIH) holds only conjecturally). Here we use that

~tw N/\

g g [13, Remark 8. 5] since og is an inner automorphism of g in all cases considered. By
Lemma B3, R™ch L(A) € R(II) #in, so, applying Theorem B4, we conclude. O

Remark 8.7. The equalities in Propositions and are to be understood as equalities
in R(ITVY) or R(ITF). To be more explicit, observe that TIV = {~g,71, ..., 7,0} with {y;}
a basis of C & (§%)*, 70 = —3 + o, Vo € (h*)* and v; € (h%)* for i > 0. Then a series

Y= > buyd et e ROV
(n,u)EZ+HNS

can be rewritten as

(8.16) Y=Y a2

neEly

with

A = < Z b ) A—n%—zinm) e R({m,...,w}).

ni,...,n

We refer to the expression in (m as the |¢| < 1 expansion of Y.
The same argument works verbatim for R(IT?) except that vg = —1 + 7, so the |q| < 1

expansion reads
Y = Z ang”"
n
with an, € R({v1,...,%}).

9. UNITARITY BETWEEN A(k,v) AND B(k,v, pR)

For v € Plj and s € C, set

(9.1) Us = kAo + s0 + v + pr,
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and set £(s) = ¢(Us). An obvious calculation shows that

(v —prlv —pr+20") _ s(s —k =1+ je(or)) 2
9.2 U(s) = -
k . T ..
+ m(dlmgl/g - 26(UR)) - 1_6 dlmgl/g.
Let us call a weight v € P,j Ramond extremal if
(9.3) v—pr & Pl or v — pp is extremal.

We restrict our attention to the irreducible highest weight modules LW (v, £) that satisfy the
necessary conditions for unitarity proven in Section @, thus v € P, £ is real with £ > A(k,v),
and, if v is Ramond extremal, ¢ = A(k,v).

We want to calculate the difference

d(s) = (s) — B(k, v, pr).
We use the following fact, which is verified by case-wise inspection.

Lemma 9.1.

(9.4) (pRlP* — pR) =

Lemma 9.2.

hY — ie(oR)

e(or)
9.5) ae) = B = T

k+ RV
Proof. By (.25) and (2.2,

s(s —k—1+4 Le(or)) 2
l(s) — B(k,v,pr) = T hV2 MY (prlp® — pr)
k . k+1)2 1
+ m(dlmgl/g — 26(0R)) + m - g dlmgl/g.

Using (9.4) and relation dim gy, = —2(h" — 2), we find
s(s—k—1+3e(or)) hY —ie(op)

U(s) — B(k,v, pr) = A M (dim gy /2 — €(or))
k ) E+1)2 1 .

+ m(dlmgl/Q — 2€(UR)) + m - g dlmgl/2

_ 8(8 —k—-1+ %E(O-R)) 6(03)2 o k+1 6(0’ ) + (k + 1)2
k+ LV 16(k+ 1Y) 4(k+nY) T Ak + hY)

_ s(s—k—1+3%e(or))  (—k—1+ 3e(or))?
k+ RV 4(k + nY)

IR b i
k+hY

O

We now compute the values of s € C such that ¢(s) = A(k,v). For this we need the
following computation.
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Lemma 9.3. If 6/2 is not a root of g, then
(9.6) Fy (thin) = 200 [min) ((“[1min) + 200* = prelimin) ) = (V]r):
Proof. We proceed by a case-wise inspection.

g = psl(2]2). We have nyin, = pr = p' = %(51 —d2). If v = §(61 — d2), then (V|Nmin) =
(V|pR) = _%7 (ph - pR|77min) =0so

2(v|1min)” + 4 [1min) (0" = pRITmin) — 2(v|pR) = 377 + 7,

which is (6.21)).

g = spo(2|2r). We have nyin = *€., prp = %ZKT € %er, and in turn (V|9min) =
F1/2m,  (VipR) = —1/A e mi F 1/4m,, (prlimin) = —1/4, (5 — prlimin) = 1/4, 50

2(V’nmin)2 + 4(V’7’Imin)(/0u - pR‘nmin) = %m% + %mr + % Zmz + %mr = %mg + % Zmiy

i<r i<r

which is the expression for F,,(fmin) given in (G.24]).

g = F(4). We have 1y, = % —€1+€2+€3) OF Npin = %(61 —ey—e3) and pr = w3 or pr = W1
respectively. In the first case (V|9min) = 1/3(m1 —ma —ms3), (v|pr) = —1/3(m1 +ma +ms),
(pR‘nmin) = _1/67 (ph - pR’TImin) = 1/37 S0

2(V|77min)2 + 4(V|77min)(/0u - pR|77min) - 2(l/|pR)

= %(ml —m2 — mg)2 + %(Tm —mg —ms3) + %(ml + mg + ms3),

which is (6.28]). The same holds in the second case: (V|min) = 1/3(—mi+ma+m3), (v|pr) =
~2/3ma, (pRhnin) = —1/3, (0 = prlnmin) = 1/6 s0

2(V|1min)? + 4] Nmin) (07 — pR[Nmin) — 2(v|pR) =

%(ml — Mo —m3)2 — %(ml — My — TfL3) + %ml = %((—ml + mo +m3)2 + bmq + mo +m3).

g = D(2,1;a). We have Ny, = €2 — €3, —€2 + €3), pp = wi,w?. In the first case (v|min) =
%—:_[Z:)M7 (V’PR) = 2(_1—%7 (pR’TImin) = 2(1+a)7 50

2(V|1min)? + 4(V]Nmin) (07 — pR|Nmin) — 2(v|pR) =

<—m1 + am2)2 a(—mi + amy) —my

P L - ,

2(1+a) (1+a)? (1+a)

which is (6€21). The other case is similar. O

Lemma 9.4.
(1) If 0/2 is a root of g, then

A(k> V) = B(k‘,l/,pR),

s0 ((s) = A(k,v) if and only if s = 2L,
(2) If 0/2 is not a root of g, then

(v — pRr + P*|1hmin)?
k+ hY ’

(9.7) A(k,v) = B(k,v, pr) +

so U(s) = A(k,v) if and only if
k+1
§=——"

s EV—pr+ 0 Nimin) -

(9.8)
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Proof. 1f /2 is a root of g, we have
All,v) = gk (Wl + 206 = p) — Lp(k)),

while ) u
(k+1)*  (v—pgrlv—pr+2p°) ,
B(k’V’pR):_él(k:—l—hV) 2k T hY) + &= dim gy /2
(k+1)?  (wlv+20%)  (prl2v—pr+20") | ..
4(k+hnv)  2(k+hnVv) 2(k + hV) + 15 dim g1/
We need to check that
plk)  (k+1D®  (orl—pr+20% |
4k +hv) 4k +hY) + 2(k + hY) i dim gy /2.

This is easily checked case by case:
e spo(2|2r+1), r > 1:
2 (T/4—r)2)k+5/8 —r/d=(k+1)2 —r2/24r/4 — (r/2+ 1/4)(k + 3/2 — 7).
e GG(3):
k? 4+ 1/4k —3/8 = (k+1)* —4 — 7/4(k — 3/2).
If #/2 is not a root of g then

A(k,v) w7 (@l +20%) = 3p(K) + F, (thnin) )
so the difference A(k,v) — ( PR) is
(k+1) (pRI2V—pR+2,0“) :
1 1
(9.9) 2h+hY) (— » (hnin ) 10+ 1Y) R — 15 dim g /5.
Substituting ([9.6) in (@.9]) we get
1 ) 5 (k+1)?
Y2 AVA R ) 2 min 4 min min Y2 RV
sy (~8PR) + 20 min)® 4+ 4 min) (ol min)) + 405
(prl — PR +20%) | .
T ey wdimeyz
so we have our claim, provided that
p(k) _ (k+1? (ol —pr+20%) L i gy (0" = PR|Mmin)?
Ak +hY)  4(k+hY) 2(k + hV) 16 1/2 k+ hY
This formula is proved by inspection. O

An immediate consequence of the computation above is the following result.

Corollary 9.5. If 0/2 is a root of g and v € P,j is not Ramond extremal, then LW (v, 0) is
unitary if and only if ¢ > A(k,v).

If0/2 is not a root of g, v € P,j is not Ramond extremal, and (v — pg + p*|Nmin) = 0, then
LW (v,0) is unitary if and only if £ > A(k,v).

Proof. In these cases A(k,v) = B(k,v, pr). O

It remains to discuss the cases when A(k,v) < B(k,v,pr). For handling these cases we
Want to compute characters of H(L(Ds)). A first step in this direction is given by Propositions
and [B.0, therefore we check if Uy satisfies their hypothesis.
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Lemma 9.6. Assume that 0/2 is not a root of g. Assume v € P,j is not Ramond extremal.

If
(9.10) 0<s— L <|(v—pr+ M),
then (814)) holds.

Proof. By [20], Corollary 3.2] and [20, (4.12)], p*™¥ = —+' + h¥ Ao, so, by Lemma Rl for U,
given by (@.II), we have

(9.11) Us+p™ =(k+h")Ao+s0+v—pr+p+ se(or)d/2.
Note that the elements of A% \ (AT)? are precisely

(1) 6_]57 93 C ﬂj(UR)+,j 75 07
(2) B+ (m—j)d, g5 C g5, meN,j#0.
We check that (Us + p*™|a) # 0 for all isotropic roots. If « is such a root, then

(9.12) a=£(—10+6/2)+n, nel,,
(9.13) a=+(—10+0/2)£n+ns ne Ay neN.

We start considering the roots (3.12)). We have two cases.
First case: (v — pg + p%|fmin) < 0. We compute, using (@1T),

(k+hY)Ag+s0+v—pr+pl £ (—36+6/2) +n) =
= F3k+ 1Y)+ (v — pr+ piln) £ 52 £ 5
= +(s — 51 + (v — pr + ')

:i(s_%)"i_(y_pl%"i‘phmmin"‘ Z nB/B)
BeA? ng>0

< +(s— %) + (v = pr + ¥ min) < 0.

The last inequality follows from (@.I0]).
Second case: (v — pr + p*|Hmin) > 0. Computing as above

(k+hY)Ag+s0+v—pr+pl£(—36+6/2) +n) =
= +(s — 1) — (v — pr + | = )

=+(s— 5 — (v —pr+ i — D, 1sh)
BeA? ng>0

< +(s — ¥y — (U — pr + PH|1min) < 0.

We now deal with the roots (@I3). The case when a = £(—30 + 6/2) + 7 + nd is handled
as above, since k + hY < 0. In the remaining case we use the following relations (see [I5),

(11.23)] for (@I4) and [I5] (11.18), (11.19)] for (OI0):
(9.14) ket ly <=5+ (Ev—pr) — (v = pr+ o), n € ATy, 0 # &,
(9.15) (P°l6) = 5(h" 1),

Formula (@.I14)) follows from the non-extremality of v — pg. In the subsequent computation
we use (O.I4]) with 7 = £9min. When g = spo(2|3) or psi(2]|2) (and only in these cases) it
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happens that 7, = ££. A direct check shows that (O.14)) still holds. We have
((k+hY)Ag+s0+v—pr+p| £ (—36+6/2) —n+nd) =
FLEARY) = (v —pr+pn) £ 552 £ 5+ n(k + 1Y)

< (s =) — (v —pr+pln) + k+ "

<E(s—EL) - (v - R+Pu\77)+ b — 14 (€lv—pr) = (v = pr+ P*|Nain)
< (s —HY) — (') + b — 5 — (v — pr + P |0min)

= +(s — E) + ()¢ - n) (phlé) b — L — (- pr+ )

< (s — 5L) — (v = pr + 0" 1hnin)

and we can conclude if (v — pr + p*Nmin) > 0. Otherwise, we repeat the argument with

~TImin-
Finally, we check that (75 + p™|a) # %(ala) for n € N and o = md + 0, m € Zy or
a=md — 0, m € N. Observe that

(k+h")Ao+ 80 +v — pr + plmé — 0) =
<k+h"—-2s—h"+1
=-2(s — H) <o,
by our initial assumption. Also, by replacing nmin by its opposite, we can assume (v — pg +
P min) > 0. We have, using again (9.14)), (3.15)
(k+h")Ao+ 80+ v — pr + plmd +6) =
=m(k+h")+2s+n" —1
<2s — L) 4+ k4 BY < 2\(v — pr + P om)| + & + BV
< (v = prlE = (—hmin)) + (A°|hoin) + 25 — 3
< (P Nmin +€) < 0.

For calculation of characters of H(L(Vs)) we will also need

Lemma 9.7. Assume that 0/2 is a root of g. Assume v € P,j is not Ramond extremal and
s = 2EEL Then (8I4) holds.

Proof. First of all observe that (v — pg + p%|n) < 0 for all 5 € AJ_F1/2’ This is due to the fact

that v is not Ramond extremal so v — pg + p' is dominant and regular for A% Moreover 7
is a short positive root of gf. Note also that

(Ds +p™|0 —0) = (k+h")Ao+ 50+ v — pr+p+ 516 — 0) = 0.

We check that (U5 + p™|a) # 0 for all isotropic roots as described in (@12]) and (0.13)
We start considering the roots (@.12)). Since (v — pg + p*|7min) < 0,

(s + p™| £ (=36 +6/2) + 1) = (v — pr + p¥|n) < 0.

We now deal with the roots ([@I3). The case when o = £(—30 + 6/2) + 1+ nd is handled
as above, since k+ h" < 0. In the remaining case we argue as in Lemma [0.6] using (9.12]) and
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[@.13): We have
(D5 + P | 4 (=16 +6/2) —n+nd) = —(v — pr + p°|n) + n(k +hY)

<—(—pr+pn) +k+n"
< —(—pr+pn) + 5 — 5+ (Elv— pr) + (v — pr + P*[min)
< ( h|n)+7—§+(V—pR+ph|nmin)

:

(P*€ —n) = (P°1€) + & — L + (v = pR + P|7nin)
< (V — PR +pu|77min) <0

Finally, we check that (7s + p™|a) # Z(aja) for n € N and o = md + 0, m € Zy,
a=md—0, mEN,a:m5+l5—9/2 m€Z+,a:m5+%5+9/2, m € Z,. Observe that

(s +p™|mé — 0) = (m — 1)(k + h") <0,

and
s +p™ms+0) =mk+h")+k+1+h" —1=(m+1)(k+h")<O0.
Likewise
(Us + p™mdé + (6 — ) =m(k+h") <0,
and

Ts +p™mé+ 3(6+0)) =m(k+hY)+k+h" = (m+1)(k+h") <

We also need to check integrability of L(7y).

Lemma 9.8. If v € P/ is not Ramond extremal then the g™ -module L(Us) is integrable for
all s € C.
Proof. A set of simple roots for ﬁi s ={6—0;|i=1,...,s} UIL.

If 5 is an odd isotropic root we let 3 denote the corresponding odd reflection (see [18] for
details on odd reflections). First of all we observe that, if v is not Ramond extremal, then
(9.16) s+ p™aY) €N for all a € TTF.

Indeed
(s + ™0 = 0:)") = (k +hY)Ao + (s + e(or) /4)0 + (v — pr) + p|(6 — 6;))
and, since v — pg is non-extremal, as in the proof of Lemma 11.4 of [15], it follows that
(s +p™[(6 = 0:)") = My(k) + xi + 1 — (v — prl0)') € N.
If a € I1%, then
(s + p™]aY) = (v = pr + pfla”) € N,

Assume first that 6/2 is not a root of g. Both ag =6 — 6 and a; = ——5 + 60/2 4 i are
in II and ag+ ap = —5 0/2 + Nmin is an odd isotropic root. Set I = ra0+a17‘a1H and let
(Ts), (p™) be the highest weight of L(¥;) and the Weyl vector with respect to Il'.

We note that II% ¢ ITU H’ so, to check that L(7y) is mtegrable it is enough to prove for

each root in a = II! NI that Dy(aY) € Zy and, if @ = 1! NI, that (7,) () € Z,. If
(Uslar) # 0 and (Us|ag + ag) # 0 this check is equivalent to (9.16)).
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o~

If (Us]ar) = 0 and (Ds+aq|ap+ar) # 0 then (T5) +(p™) = Ds+p™" +aq. If (Us|ay) # 0 and
(Us+aq|ag+ar) = 0 then (U5)' +(p™) = Us+p™ +ap+ai. If (Vs|ay) = (Us+aq|ag+ar) =0
then (U5) +(p™)" = Us+ 0™ +2nmin. In all cases (U5) +(p™) = Us+p "™+ with Vs = Plmin,
p=1or 2.

If o € II* NI then, as computed above, (U + p™|a¥) € N. If a € II* N IT', we have to
check that

(Vs +p™ +v]a”) €NN.
If @ € " NI, then, one checks that (Myin|a”) > 0 hence
@5 + p™ +ylaY) = (v — pr + P + Phmin|@”) € N.
Ifa=0—0; eI\ II then g = D(2,1;a) and (7](6 — 6;)") = —p(min|0)) = p hence
By + 7 + 16— 0)") € N,

We now discuss the cases g = sp0(2|27‘+1) r>1landg=G(3). Set a; = —36-+0/2+Nmin
and II' = ro, II. We note that II* ¢ TTUTI'. If (7]oy) # 0, we can conclude using (J.16).
If (Ds|an) = 0, we observe that fuy, is the only element in 117\ II and

(D) + (0™) i) = (Us + 2™ |miin) + (Mmin|mnin) € N.

It remains to discuss the case g = sp0(2\3) In this case IIf = {6 — nmm,nmm} Set o =
—%6+61 + Nmin, Q2 = %5—#61 Nmin and I = rmH " = TQZH We note that IIf ¢ ['UTI". If

(Ds|ai) # 0 for i = 1,2, then we can conclude using (@.16). If (Us|ay) = 0 then IO = {nmin
and

((I/)S)/ + (ﬁtw)/‘nr\gin) (VS + ptw’nmm) + (nmin‘nr\gin) eN.
If (Ug]az) = 0 then IFNTI” = {6 — Nmin} and
((DS)” + (ﬁtw)”‘(é - nmin) ) (VS + ptw‘(é - nmin)v) - (nmin’(é - nmin)v) eN
]

Lemma 9.9. Ifv € P,/ is Ramond extremal and s is such that {(s) = A(k,v), then L(vs) is
integrable.

Proof. We argue as in Lemma [0.8] using the same notation. First we prove that
(9.17) (s + p™|a") € N for all a € TI* NI
If o € TI%, then
(Us]aY) = (v + prlaY) € Z4,
so, if a € II' N ﬁ, then (@.I7) holds. Moreover,
(s +p™[(6 = 6:)") = Mi(k) + xi + 1 — (v — prl6)') = Mi(k) — (v|6}") + (prl67).

Note that, if (§ — 6;) € II, then (prl6;) > 0 hence (@.I7) holds for all a € I N II. Next, we
check that

(9.18) (7)) + (™) |a") e N for all a € IE NI
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Assume 6/2 is not a root of g. Since ¢(s) = A(k,v), (9.8) holds. Moreover,
(9.19) (D5 + ™| £ (36 — 0/2) + Nmin)
= ((k+h")Ao + (2 + (v = pr + P*1min))0 + v + p — pr| £ (36 = 6/2) + Nin)
= +(3(k+h") = 5L 4 (v = pr + p*1min) — 5(BY = 1)) + (v = pr + P*[1nin)
= (V= pR + P¥|1hin) £ (v — pR + p*|min)-
The outcome of this computation is that, if (v — pgr + p*|7min) # 0 and s = % +(v—pr+

ph’nmin)a then
(173), + (ﬁtw)/ =Vs+ ﬁtw + (%5 —0/2) + Mmin,

while, if (V — PR T pu‘nmin) =0,
(@s) + (ﬁtw)/ = Us + ™ + 2jmin.

If o € TI* NI, then one checks that (7min|e) > 0 so in all cases
(@) + (™)) = (v = pr + p* + Pminla”) = (v = pr + p* + Nminla”) = (75 + (5™)'|a¥)
hence ((7s)" + (p™)|aV) > (v + pgrla”) +1 € N.

If § —0; € II' \ I then g = D(2,1;a) and (min]6;) = —1, so

() + (P™)1(6 = 6:)") = Mi(k) + xi + 1 = (v = pr + Pimin|67)
> M;(k) — (v|07) + (prl0i) + 1 €N.
This completes the proof in the cases when 6/2 is not a root of g.

We now discuss the cases g = spo(2|2r+ 1), r > 1, and g = G(3). As in the previous cases
we need only to check that ((7s)" + (p™)'|a") € N for all a € TI* N 1IT". Since £(s) = A(k,v),
by Lemma 0.4, s = %. By Proposition [2.3] below

(Us + p™|e) = 0.

WY =D+ pW . fa e I \ﬁ, then o = Nyin, SO

~

It follows that (7s)" + (p
(@) + (™)) = (v = pr + p* + Min| i) = (@s + (2™ Ieain) = (v + pRImnin) + 1 € N.

. . 2%+1
We finally discuss the case g = spo(2[3). Since {(s) = A(k,v), by Lemma @], s = 255 If
v =0, then (U5 4+ p™|a1) = 0 and

(D5 + ™ az) = ((k+ 7)Ao + 20 + p — pR|36 + 0/2 — fmin) = k+ BV #0,

()" + (2™) [1hhin) = (Thnin|min) = 2,
while
(@) +B™)"1(6 = 1min)") = (s) + (P™)|(6 = 1hmin) ') = M1 (k) =1+ (pr|mmin) = Mi(k) € N.

If instead v = M12(k) Nmin, then (Us + p™|aq) = 0 and

@5+ p™e1) = (k+ hY)Ao + 510+ v+ p— pr| — 36+ 0/2 + fjmin) = k + hY £ 0,

(@) + (0™) Inin) = ((Fs) + (5™ ) [Mnin) = M (K) € N,
and

((7s)" + (ﬁtw)”’(‘s - nmin)v) = ((7s) + (ﬁtw) + az|(d — nmin)v) = (nminm\n/]in) eN.
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Corollary 9.10. (a) If v is not Ramond extremal, then H(L(Ds)) is a Ramond twisted
W (g)-module for all s € C.

(b) If v is Ramond extremal and ((s) = A(k,v), then H(L(Vs)) is a Ramond twisted W™ (g)-
module.

Proof. Combining Lemmas and with [I2 Theorem 5.3.1], we see that the modules
L(vy), described in the statement, are op-twisted Vj(g)-modules, so their quantum Hamil-
tonian reduction gives op-twisted modules for H(Vj(g)) = WM (g). O

It was conjectured in [I6] that, for an admissible (in the sense of [16]) highest weight Vk(g)-
module L(A), either H(L(A)) is irreducible or 0, and the latter happens iff A is degenerate.
This conjecture was subsequently proved by Arakawa [3]. We used this result in [15] to
compute character formulas for irreducible unitary highest weight modules over Wflm( ).

We would like to use the same approach for Ramond twisted irrreducible highest weight
modules but, for that, we need the following Conjecture, which is a “twisted” analogue of
that in [16].

Conjecture 9.11.

a) If M is in category O of g"-modules, then H;(M) = 0 if j # 0.
b) Assume that 7y is nondegenerate so that H(L(7)) is nonzero. Then
e If 6/2 is not a root of g, then Hy(L(7s)) is irreducible.
e If /2 is a root of g, then Hy(L(Vs)) is irreducible, or a direct sum of two irre-
ducible W, (g)-modules. In the last case £(s) = A(k,v) and the second module

is isomorphic to the first with the opposite parity.

Some evidence towards this conjecture is provided in Section 13: see Remark 3.2 Con-
sequences of Conjecture @.17] are the following results.

Proposition 9.12. Assume Conjecture [911] and that Us is non-degenerate.
If U(s) # A(k,v), then Ho(L(7s)) = L (v,£(s)) and, if {(s) = A(k,v), then Ho(L(7s)) =
LW (v,4(s)) @ e(or)IILY (v, £(s)), where 11 is the reversal of parity functor.

Proof. By Conjecture [0.I11] a), the functor H is equal to Hy and it is exact. It follows that
H(L(vs)) is a quotient of H(M (7, )) hence, by Proposition 4.3, H(L(7s)) is a quotient of
M W(v,£(s)). Since, by hypothesis, 7; is non-degenerate, H(L(7)) is non-zero. By Conjecture
@.111b) any direct summand of H(L(7s)) is a highest weight module of highest weight (v, £(s)).

O

Now we can prove character formulas in the Ramond sector.

Theorem 9.13. Assume Conjecture[9.11l. Let k be in the unitary range and let v € P,j be a
weight which is not Ramond extremal. Fiz ¢ > A(k,v) and, if /2 is not a root of g, assume
¢ # A(k,v). Choose s such that { = £(s) and, if ¢ < B(k,v,pr), assume that s satisfies
@I0). Then, if ¢ > A(k,v), we have

Flen LV (v, 0)

(1/5|1/S+2p“w)+a S Ttw_ tw
(9.20) =g 2RV ¢~ PR Z det(w —(w(@s+pt)—p )(:c+D)e(w(Vs+P )—p )\W

wEWh
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while, if 0/2 is a root of g and £ = A(k,v), we have
Flen LV (v,0)
(Vs|vs+2pt) e~ S Stwy_Ttw
(9.21) = %q72(k+h€) o) mpn et (w)g~EAPIP @D FADT) P
weW's
where a(k) is given by (84).

Proof. By Lemma [0.8, L(7s) is integrable. We want to apply Proposition B3] so we need
only to check that (8I4]) holds.

We start by checking that (8I4]) holds. If ¢ > B(k,v,pr), then £ = {(s) with s =
% + /—1tg with tg # 0. It is then obvious that (8I4)) holds since the left hand side of
(BI4) is not real. If instead 6/2 is not a root of g and A(k,v) < ¢ < B(k,v, pr), then (8I4)
holds in this case by Lemma [0.6] and, if /2 is a root and ¢ = A(k,v), (814) holds by Lemma
9. (

By Proposition and Conjecture [0.IT] we have that, if £ > A(k,v),

(9'22) Z(_l)jHj(L(Ds)) = HO(L(DS)) = LW(V7€(S))7
while, , if 6/2 is a root of g and ¢ = A(k,v),

(9.23) > _(“VHj(L(7s)) = Ho(L(s)) = L (v, £(s)) & L' (v, £(s)).
J
Applying Proposition B, equalities (2.20) and (221)) now follow from (@:22)), (923)). O

We finish this section explaining how Theorem implies unitarity of L' (v, £) for v that
is not Ramond extremal and ¢ > A(k,v). For this we need a free version of the modules
N(u,v). This is constructed as follows. Let y be an indeterminate. Define an action of the
abelian Lie algebra Ho = Ca+ CK on C[y] by letting K act as the identity and a (cf. (TI1))
act by multiplication by y. Extend this action to C[t] ® Ca by letting at’ act trivially. Let
M (y) be the corresponding induced module to the affine algebra C[t,t~!] ® Ca @ CK. This
module can be regarded as a V!(Ca)-module by means of the field Y (a, z) defined by setting,
for m € M(y),

Y(a,2)m=> (¥ ®a) -mz"7"".

JEL
Set M := M(y) ® L(v) ® F(g1/2,0r) and define
(9:24) N(y,v) = ¥ (Winin(0) - (19 Clyl @ v, ® 1) = M.

Since M(y) ® L(v) ® F(g1/2,0Rr) is free as a Cly]-module, N(y,v) is also free. If € C, set
also

(9.25) N(p,v) = (Cly)/(y — 1) ®cpy) Ny, v).

By construction N (y, ) is clearly a o g-twisted highest weight module for W%, (g). Recall

from (7.14), (TI5) the definitions of N(u,v) and £o(p,v). The embedding (9.24]) defines a
map 1 : N(u,v) = (Clyl/(y — p)) ®cpy) M = M(1, p) ® L(v) ® F(g1/2,0r) whose image is
N(p,v).

Proposition 9.14. There is a countable set M C C such that, for p € C\ M, the map v
defines an isomorphism between N(u,v) and N(u,v).
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Proof. Given A(y) € Cly], set My = {m € M | Lom = Ay)m} and M,, = My, ,)+n- We
observe that

(1) M= ®nE%Z+ My;

(2) My = Myy(y,)4n is a Cly]-module of finite rank.
Let {mgn), e ,mgj)} be a basis of M, over C[y]. Consider N(y, u) N M,: it is a free module

in
over Cly]. Fix a basis V = {vi,...,v}, so that v; = > pij(y)m§n). Then the r x i,
j=1

matrix (p;;(11)) has rank less than r for a finite number of values of p: otherwise the matrix
with polynomial entries (p;;(y)) has rank less than r, against the fact that V is a basis.
Let Ej, be the set of these values, and define M = U,E,. We now show that ¢ is an
isomorphism outside M. Set N(u,v), = {v € N(u,v) | Lov = ({o(p,v) + n)v}. Then

N(u, v)=@ 1 N(u, V)n, and the previous argument shows that if © ¢ M, then ¢, =
ne5Zy IN (0)n

is injective, hence an isomorphism onto its image. O

Lemma 9.15. Set u(s) =+/— Then

\/W\
lo(p(s),v — pr) = £(s),

where ((s) is defined by ([O.2).
In particular, the module LY (v, {(s)) is the irreducible quotient of N(u(s),v — pR).

Proof. Tt follows from (7.I3]) that

2 2
o e G T R T, J L= Y
EO(IUﬂV PR) B(kv Vpr) - 2 Skl + 4(/<;—|—hV) - 2(,“ Sk) - 2(,“ 1\/@) .
On the other hand
(s — k—2|-1)2

U(s) — B(k,v, pr) = A

so that
/=7 __(k+1) §— w
= \/W tV-1 R hV|
Choosing the plus sign in the previous formula we have the claim. O
We note that
(926) N(:ua V) = @ N(:ua V)()\,Zo(,u,z/)—l—n)y
Pl LN ne%Z+

where N(,u,y)()\’g) = {m € N(u,v) | hym = A(h)m, h € b%, Lom = ¢m}. From (@.28) we
deduce that

ch N(:uv V) = Z dim N(Ma V)()\,Zo(u,u)—l—n) qéo(u,l/)-‘rne)\.
)\Ehh,nE%Z+

We have already noticed that N(u,v) is free in the variable p, i.e. dim N(y, V) (0o () +n)
does not depend on p. Then

(927) q_éO(MV)Ch N(Ma V) = Z (dlm N(:uv V)()\,Zo(u,u)-‘rn))qne)\
Aehh,ne%ZJr

does not depend on .
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Proposition 9.16. Assume Conjecture [911. Given ¢ > A(k,v) choose s € C such that
¢ =1{(s) and, if A(k,v) < €< B(k,v,pr), choose s in the interval (QI0).
Then

N(pu(s),v — pr) = LV (v, (s)).

Proof. Put sg = % + V—1tg, tg € R. By Proposition @.14], there exists tg # 0 such that
N(u(s0),v—pr) = N(u(s0), v—pr). Since N(u(so), v—pr) is unitary, it is irreducible. Hence
N(u(s0),v—pr) = LW (v,£(sq)). In particular, by Theorem .13 (which uses Conjecture@.11]),

N Gyl 25) U

FERch N(u(so), v — pr) =q  20+R7) e~ PR Z det(w)e?@Fso+p™)=p™)

weW?
We now prove that
N . (;’\S |§S+2;tw) +a(k) T tw) _tw
(9.28) FReh N(u(s),v — pr) = q 2(RFRY) e PR Z det(w)e?W@sTp™)=p™)
weW?
for any s € C.
Since w(z) = z for all w € W,

(VWP p™) _ so—s gev(w(eg+p ) —p )

=4q € )
so the RHS of ([@.28) is

(vs|vs+2p™) ev(w(sy+p™)—p™)
sg—s v ta(k) _ € 0 s)—{(s N
g0 5q  20k+hY) e~ PR ZA det(w) =5 - qé( )—( O)chN(u(So),V — PR).
weWH

Since, by @27), ¢~ #r=PR)ch N(u, v — pr) does not depend on 1, we obtain that
")) eh N (u(s0), v — pr) = g0l =rm)g=tollsolv=rr)eh N(pu(so), v — pr)
= ch N(u(s),v — pr),
as claimed. Now, if s lies in (@.I0]), by Theorem [@.I3] (here we use Conjecture again), we
have
(9.29) ch N(u(s),v — pr) = ch LW (v, £(s)).
Since LY (v, £(s)) is a quotient of N (uu(s), v—pg), (@29) implies that they are isomorphic. [
The same proof of Theorem 11.1 of [15] provides the following extension of Corollary

Theorem 9.17. Assume Conjecture [911. If ¢ > A(k,v), k is in the unitary range, and
S P,j is not Ramond extremal, then LW (v,€) is a unitary or-twisted WE; (g)-module.

Proof. We can assume that 6/2 is not a root of g. For each weight (A, m), fix a basis of
N(u, V—pR)(\m) independent from p. Define det(y ,,,) (1) to be the determinant of the matrix
of the Hermitian invariant form H in this basis. We have seen in the proof of Proposition [@.10]
that there is po with £o(uo) > A(k,v) such that N(uo,v — pg) is unitary. By Proposition
0.16, which uses Conjecture @I, N(u,v — pr) = LW (lo(n),v) if €o(p) > A(k,v), hence
det(ymy(p) # 0 if lo(n) > A(k,v), thus the Hermitian invariant form H remains positive
definite for ¢y(u) > A(k,v) and it is positive semidefinite if {o(u) = A(k,v). O



UNITARITY OF MINIMAL W-ALGEBRAS AND THEIR REPRESENTATIONS II: RAMOND SECTOR 61

10. EXPLICIT CONDITIONS FOR UNITARITY FOR RAMOND TWISTED MODULES LY (v, ¢)

In Section [ we found necessary conditions of unitarity of op-twisted Wk
LW (v, £), where k is in the unitarity range, see Theorem

We conjecture that all these modules are unitary. There are three types of these modules
satisfying the necessary conditions of unitarity:

(1) the modules LY (v, ¢) with v € P;f not Ramond extremal and ¢ > B(k,v, pg); we
proved in Section [ that these modules are indeed unitary;

(2) if /2 is not a root of g, the modules LY (v,¢) with v € P;f not Ramond extremal
and A(k,v) < ¢ < B(k,v,pr); we proved in Section [ that these modules are unitary
assuming Conjecture 01Tt

(3) the modules LW (v,£) with the weight v € P;” Ramond extremal in which case ¢ =
A(k,v) (by Lemma [69]); we don’t know how to establish unitarity in this case.

(g)-modules

Below, for each g from Table M we make explicit the necessary conditions of Theorem G.10]
and the sufficient conditions of Section [@

10.1. g = psl(2]2). In this case
o' =sl(2), Mi(k)=—k—1, P ={v=r01/2|r €Zy, 0<7r < M(k)}.

e The weight v = 0 is the only Ramond extremal weight. The necessary conditions for
unitarity for L (0, /) are My(k) € Z, and ¢ = —%.

e If v is not Ramond extremal then v = 56, 1 < r < M;j(k) and the necessary
conditions for unitarity are Mj (k) € Z4 and

k+1
(10.1) >t
4
The sufficient conditions for unitarity are M;(k) € Z and
2 2
(> KAk
- 4k
Condition (I0.0]) is also sufficient assuming Conjecture [@.11]
The inequality ¢ > MlT(k) is precisely the bound stated in [9].

10.2. g = spo(2|3). In this case
o' =sl(2), My(k) =4k -2, PF ={v=r01/2|r € Zy, 0 <r < M(k)}.

The Ramond extremal weights are v = 0 and v = MlT(k)Hl.

e The necessary conditions for unitarity for LW (v, ¢) with v = 76 /2 Ramond extremal
weight are M; (k) € Z4 and
8k + 10k + 2% +3
32k + 16

e If v is not Ramond extremal, then v = £601, 1 < r < M;(k) and the necessary and
sufficient conditions for unitarity are M;(k) € N and

! =

/> _8k2+10k—|—2r2+3
= 32k + 16
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In terms of M;j(k), the inequality reads

(M (k) — 1) r2

10.2 >
(10-2) 2% Tanm

which is precisely the bound stated in [23] 2.3.11].

10.3. g = spo(2|2r), r > 2. In this case

o° = s0(2r), My(k) = =2k — 1,
Pr={v= ZmiEi, m; € % +Zorm; €Z, my > ...>mp_1 > |m.|, my+ma < Mi(k)},
A

and
—4 (Sl @0 — 1) = Dmi+m?) — 4k + 2(r — )k +7 - 3
16(k+2—1)
(Zi=t @ = ) = Dymi + m2) + p(k)
4(k +hY) ’

If Ymin = €, the Ramond extremal weights are the weights v such that m, = —m,_;

e If v is Ramond extremal, the necessary conditions for unitarity are M; (k) € Z4 and
L= A(k,v).

e If v is not Ramond extremal, the necessary condition for unitarity are M (k) € Z
and

(10.3) > A(k,v).
The sufficient conditions are M (k) € Z4 and

(i1 (2(r —4) — )mi +m3) + p(k)

¢ > B(k,v,pr) = — TS .

The conditions (I0.3)) are also sufficient assuming Conjecture [0.11]
If Ymin = —¢€,, the Ramond extremal weights are the weights v such that m, = m,_1.

e If v is Ramond extremal, the necessary conditions for unitarity are M; (k) € Z4 and
L= A(k,v).

e If v is not Ramond extremal, the necessary conditions for unitarity are M; (k) € Z
and

(10.4) 0> Ak, v).
The sufficient conditions are

: r—1) — m; m2
(> B(k,v,pg) = — (i (12( 4)(]{: —11_|31v) + my) +p(k:).

The conditions (I04]) are also sufficient assuming Conjecture [0.11]
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10.4. g = spo(2|2r + 1), > 1. In this case
g% = so(2r +1), My(k) = -2k — 1,

P,j = {V:Zmiei, m; € %—FZ orm; € Z, my > ...>mp_1>my >0, m+mg < M(k)}.
i

and
—8 (X, (2(r — i 4 1)m; + m2) — 8k2 + (4r — 14)k 4+ 2r — 5
32(k +3/2 — 1)
(i1 (2(r = 9) 4+ 1)m; + m?) + p(k)
Ak + V) ‘

The Ramond extremal weights are the weights v such that m, = 0.

Ak,v) =

e If v is Ramond extremal, the necessary conditions for unitarity are Mi(k) € Z4 and
0= A(k,v).

e If v is not Ramond extremal, the necessary and sufficient conditions for unitarity are
Mi(k) € Zy and ¢ > A(k,v).

10.5. g = D(2,1; ), m,n € N, m,n coprime. In this case

’ Y
g =gl g ol = sl(2), Mi(k) = —m40k — 1, My(k) = —minf 1,
P,:_ = {V = %91 + %292 | ri € 2y, < Mz(k’)},

and
(2 4+ 1)2%k(k+ 1)+ 2 ((r +r2 +1)?)
4(2 4+ 1)%k
%2—((7‘1 + 7’2)2 +2(r1 +12)) + p(k)
A(k+ hY) ’
If Mmin = €2 — €3, the Ramond extremal weights are the weights v such that 1 = 0 or
T9 = Mg(k})
e If v is Ramond extremal, the necessary conditions for unitarity are
(My(k), Ma(k)) € Z4 x Zy and £ = A(k,v).
e If v is not Ramond extremal, the necessary conditions for unitarity are

(Mi(k), Ma(k)) € Zy x Zy

A(k,v) = —

and
(10.5) 0> Ak,v).
The sufficient conditions are
E+1  m(rg +1)2 4 nr?
4 4(m +n)k
The conditions (03] are also sufficient assuming Conjecture

If Nmin = —€2 + €3, the Ramond extremal weights are the weights v such that r; = M (k)
or 7o = 0.

(> B(k,v,pr) = —

e If v is Ramond extremal, the necessary conditions for unitarity are

(My(k), Ma(k)) € Z4 x Zy and £ = A(k,v).
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e If v is not Ramond extremal, the necessary conditions for unitarity are
(Mi(k), Ma(k)) € Z4 x Z+
and
(10.6) (> A(k,v).
The sufficient conditions are

kE+1  mri+n(r+1)>
4 4(m +n)k

The conditions (I0.6) are also sufficient assuming Conjecture [0.11]

¢> B(k,v;pRr) = —

10.6. g = F'(4). In this case
o' = s0(7), Mi(k) = -3k -1,

Pr ={v=rie1 +roea+rse3, 11 =10 >135>0, 15 € %—FZor ri €7Z, 11+ 19 < My(k)},
and
9k + 8r2 + 8ry(ro + 13+ 5) + 8r3 — 8rorg + 3219 + 87“% + 8r3 — 4
36(k — 2)
g (i rilra + 3+ 5) + 75 —rorg + drg + 13 +13) +p(k)
4(k + hY)

A(k,v) =

If Dmin = %(—61 + €2 + €3), the Ramond extremal weights are the weights v such that r3 = 0.

e If v is Ramond extremal, the necessary conditions for unitarity are Mi(k) € Z and

0= A(k,v).
e If v is not Ramond extremal, the necessary conditions for unitarity are M (k) € Z4
and
(10.7) 0> Ak, v).

The sufficient conditions are

3k% + 4 (rf +4ry + 13 + 2rg + 13)
12(k — 2)

The conditions (I0.7]) are also sufficient assuming Conjecture

If nin = %(61 — €9 —€3), the Ramond extremal weights are the weights v such that r1 = ro.

> B(k,v,pr) = —

e If v is Ramond extremal, the necessary conditions for unitarity are M; (k) € Z4 and

L= A(k,v).
e If v is not Ramond extremal, the necessary conditions for unitarity are M; (k) € Z
and
(10.8) > Ak, v).

The sufficient conditons are

3k? + 4rf 4+ 127 + 473 + 1279 + 473 + 4r3 — 1
12(k — 2) '

The conditions (I0.8]) are also sufficient assuming Conjecture

EZB(]{?,I/,,OR):—
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10.7. g = G(3). In this case
4
g% = Go, Mi(k) = —3k—1,

P,:_ = {I/ = Tr1€1 + ro€2, 2r1 > rg > T, T; € Z+, r+re < Ml(k‘)},

and
8k? + 2k + 8r% — 8ryrg + 83 + 241y — 3
Ak,v) =
48 — 32k
i —rira+ 73+ 3ra + p(k)
4(k+nV)

The Ramond extremal are the weights v such that 2r; = ra.
e If v is Ramond extremal, the necessary conditions for unitarity are M; (k) € Z4 and
L= A(k,v).
e If v is not Ramond extremal, the necessary and sufficient conditions for unitarity are
M (k) € Zy4 and £ > A(k,v).

11. UNITARITY FOR RAMOND EXTREMAL MODULES OF THE N =3 AND N =4
SUPERCONFORMAL ALGEBRAS

11.1. N = 3. Let R be the Lie conformal superalgebra with basis
{L,G*,G°,J*,J° @ K}
and commutation relations given in [19, §8.5]. The N = 3 superconformal vertex algebra is
Wh_s = V(R)/(K — (k+ 1)[0)).
Recall that there is a conformal vertex algebra isomorphism
(11.1) Wh_s — Wi (spo(213)) ® Fo,

where Fg is the fermionic vertex algebra F'(C®) constructed in Example

By Lemma [T.3, Fp admits a Ramond twisted unitary module F{" generated by 1.

It follows that, if M is Ramond twisted module for Wk, (spo(2|3)) then M ® F{¥ ad-
mits a Wk (spo(2|3)) @ Fg-invariant form. Since the isomorphism in (IT.I)) is conformal, a
Hermitian form that is invariant for W%, (spo(2]3)) ® Fs is also invariant for W _,.

As explained in Section [2] the Ramond twisted modules for V(R) are the same as the
restricted Lie(R,op)-modules, hence a Ramond twisted W% _s-module M is the same as a
restricted Lie(R, og)-modules such that K acts by (k+ 3)Iy. In particular, if M (resp. M)
are Ramond twisted modules for WX _, (resp. W]"@’zg), then M ® M’ is a Ramond twisted
W]]i;g—kéfmodule. Clearly, if both M, M’ are unitary, then M ® M’ is unitary.
Proposition 11.1. Let M; = —4k — 2 € N. Then the Ramond extremal Wk, (spo(2|3))-

modules L' (0, Mllﬁ_l), LW(%Hl, M{gl + %) are both unitary.

Proof. To make the argument more transparent we make explicit the dependence on k, so we
write L(k,v, ) for the WE. (spo(2|3))-module LW (v, £y).

We proceed by induction on M;. The base case M; = 1 corresponds to the collapsing

level k = —3/4, when WT§74(sp0(2|3)) = Vi(slz). Recall that Vi (sl3) has only two irreducible

modules Ny and Na, which are both unitary and have highest weights v = 0 and v = %1. The
necessary condition for unitarity (given explicitly in §[I0.2)) imply that Ny = L(—3/4,0,0)
and N = L(—3/4, %, 1/4).
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Assume now M; > 1, k = —M*2 and set ky = — Assume by induction that

L(k,0, Miﬁ_z) and L(ky, =19, M{G 2 + Mi=1) are unitary. Then M = L(k;,0, 2= =2)@ F&Y

is unitary for W]'f}:?) and M’ = L(—-3/4,0, 0) ® F{Y is unitary for W]:,?)/ ; Therefore M@ M’
is unitary for Wﬁf:g, ko = k1 — %—i— % = —M14+1 - % —l—% = —% — 5 =4k, hence M @ M’ is a
unitary Ramond twisted Wk, (spo(2|3))-module. In particular, the Wk (spo(2]3))—module
generated by Uy My =2 ®1®wvpo ® 1 is a unitary highest weight module L(k,v, {y). Clearly

min min
» 16

v = 0 and, by the necessary conditions of §I0.2] ¢y = 16 —1 as required.

Repeatlng the same argument with M = L(k:l, M1 16, Mi6 24 M14 H e Ff¥ and M’ =

L(-3/4,%,1) ® F{" we prove the unitarity of L(k, 246, M1 Ly My, O

Mi+1
- -

Our results match [23] (2.3.ii)].

11.2. N = 4. In this subsection we recover results of Eguchi-Taormina (cf. [9] (5),(6)]) using
their free field realization. The N = 4 superconformal algebra is Wk, (psi(2]2)). We choose
strong generators JO, J* GF, G* L for WE, (psi(2]2)) as in [19, § 8.4]. The \-brackets
among these generators are linear. It is therefore enough to prove unitarity of the Ramond
extremal module L' (0,1/4) at level k = —2 (see §[0.I). Arguing as in the N = 3 case,
the Ramond extremal modules at level kK < —2 are obtained by iterated tensor product of
LY (0,1/4).

The unitarity of LW (0,1/4) is proved by constructing this module as a submodule of
a mamfestly unitary module. This is achieved by using the free field realization FFR :
W2 (psl(2|2)) — F, given in [§] (see also § 13.2 of [15]), where F = V1(C*) ® F((C‘Il). Here
C* is viewed as the four-dimensional abelian Lie algebra and (C‘i1 is the four-dimensional totally
odd space.

According to [14, §5.2] and Lemma [Z.3 above, F* = V1(C*) @ F(C{,0r) is a unitary
Ramond twisted F-module. Since FFR is conformal and preserves the Zs-gradation, F 'V is
also a unitary Ramond twisted module for Wk, (psi(2|2)). Tt is clear that the W, (psi(2]2))-
submodule of F™ generated by |0) ® 1 is a unitary highest weight representation L™ (0, £g)

of W2 (psl(2]2)). By the necessary conditions for unitarity ¢y = 3 and we are done.

min

12. THE CHARACTERS OF MASSLESS RAMOND TWISTED MODULES FOR MINIMAL
W -ALGEBRAS

Definition 12.1. We say that a og-twisted irreducible highest weight Wk, (g)-module
LW (v,€) is massless if there exists s € C such that £ = £(s) with L(Ds) an atypical rep-

resentation of g™, where U5 is defined by (..

It can be easily proved that this definition yields the representations called massless in [9]
and [23] for psi(2]|2) and spo(2|3), respectively.

Remark 12.2. Recall that, by Lemma .2, £(s) = £(s') if and only if s’ = k + 1+ ¢(or) — 5.
Using this relation, it is easy to check that, if n € Ay /5, we have

4w P 0 w D+2 0
(s +p" |§5+§+77) (D +p™| = ?5‘1'5—77)-

In particular Us is atypical if and only if Uy is atypical.
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Define
{=30+60/2 4 nmin} if g # spo(2[3), psl(2(2),
v (=3 +01+a) if g = spo(2]3) and v =0,
t {g—i-él—el} if g = spo(2]3) and v = MlT(k)el,

{—g+51—62,—g+€1_52} if g = psl(2[2).

Tote that if g # spo(2[3), then II¥ is the set of odd isotropic simple roots in AE:V
If 6/2 is not a root of g, set so = % — (v = pr + P Mmin). If 0/2 is a root of g, set

so = 225 In all cases £(sg) = A(k, v).

Proposition 12.3. 1) If LY (v, /) is massless, then { = A(k,v). If /2 is not a root of g,
then the converse holds.

2) If 0/2 is a root of g, then LY (v,0) is massless if and only if { = A(k,v) and v is
Ramond extremal.

3) In all cases 117 is the set of simple isotropic roots orthogonal to Vs, + pev.

Proof. If £ > A(k,v), then ¢ = {(s) with either s = % + @ ++/—1t,t € R, or s € R.
In the former case, the claim is obvious if ¢ # 0. If t = 0 and e(og) = 1 or €(og) = 0 and
(v — pr + P Mmin) = 0, then £(s) = A(k,v). It remains only to check the case where s € R,
e(or) =0, (v — pr + p|7min) # 0, and

k+1
s = ——I<l(v- PR+ P |1min) |-

By Remark [2:2] we can assume that s belongs to (@.I0). With this assumption, we have
shown already in Lemma [0.6 that (s + p™|a) # 0 for all odd isotropic roots a.
Assume now that 6/2 is not a root and ¢ = A(k,v) = £(sg). In this case

(12’1) (7/)80 + Ib\tw’ - %6 + 6/2 + nmin)
= ((k+R2)Ao + (B2 — (v — pr + P*|7min))0 + v + p — pr| — 26+ 0/2 + Nmin)
=Lk +n")+ 5L — (v — pr A+ P imin) + 3 (B — 1) + (= pRr + p*|1min) = 0.

Hence LW(V, ¢) is massless. This proves 1) and the fact that the simple isotropic root orthog-
onal to Us, + p™ is precisely the root in I1{. Statement 2) is proved via a case-wise analysis.
Consider the case g = G(3). The set of positive odd isotropic roots of gtV is

{7i(p) |1 <i<9,podd, p>—1fori=1,2,3, p>1 otherwise},

where ~;(p) are displayed in Table [5
We prove that if there exist p and i such that (Dogy1 + p™|v(p)) = 0, then v — pg ¢ PT.

1
Recall that v = ae; + beg with a,b € Z,,2a > b > a,b < m := Mj(k). The condition on a,b
implied by (75, + p™|v:(p)) = 0 is listed in Table Fl
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7i(p) (Do + 0™ |i(p)) =0

1| 50+01+e —4a+2b =33+ m)(1+p)

2 Bo+01+ e 20 —4b=9+33+m)(1+p)

3|80+ +et+e| 2a+20=94+3(3+m)(1+p)

4 Lo—d1+e 4da —2b=3(3+m)(—1+p)

5| Z5—6+e 2a —4b=6+3(3+m)(p—1)

6|50—01+e+e| 2a+20=—6-3(p—1)(m+3)
T Bi+4—e 4a —2b=3(3+m)(1+ p)

8| Bi+d—e |-2a+4b=-6+33+m)(p+1)
9(Eo+01—e1—e| 2a+2b=—-6+33B+m)(p+1)

TABLE 5. G(3)

Case 1. Since —4a + 2b < 0, and the r.h.s is non-negative, the only possibility is p = —1,
which forces b = 2a and the only simple isotropic root orthogonal to Dy + p*V is precisely the
root in IT. In this case v — pr = (a — 1)e; + (2a — 1)ez ¢ P

Cases 2, 5. Since 2a — 4b < 0, equality cannot hold.

Case 3. If p > 1, then equality cannot occur since 2a + 2b < 4m. If p = —1, the equality
becomes 2a + 2b = 9, which is impossible.

Case 4. If p = 1 we are back to Case 1. If p > 3, equality cannot occur since 4a — 2b < 4m
wheres the r.h.s is greater than 6m.

Case 6. The left hand side is non-negative and right hand side is negative.

Case 7. Similar to Case 4.

Cases 8,9. In both cases the left hand side is less or equal than 4m, whereas —6 + 3(3 +
m)(p + 1) > 6m + 3, hence equality cannot hold.

Let now g = spo(2|2r + 1). The set of odd isotropic roots of g™ is {pd/2 e £d; |1 <
i < r, podd integer}. Set m := Mj(k). Recall that v = >ioiaie; with ap > ag > ... >
ar > 0 and a; € Z4 for all ¢ or a; € % + Zy for all i, and finally a; + as < m. Relation

(I/)SO + ﬁtwhi(p)) = 0 implies

+1
pT(—m—i—Q—QT) =x(a; +1—1),
which in turn implies
+1
(12.2) ‘pT (m4+r+r—2)=(a;+r—1i) <m+r—1.

Ifr > 1, (I2.2) implies p = 1, i = r and a,, = 0 and the only simple isotropic root orthogonal
to Us, + p™v is precisely the root in 117.
Finally consider the case r = 1, i.e. g = spo(2]3). Then, if v = $e1, we have

(12.3) (Uso +0™| £ €1 £ 01 4 50) = 2(F2a + m(F1 — p)).
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If (IZ3) vanishes, then m divides a, and since 0 < a < m, we have either a = 0 or a = m.
In the former case the v — pg ¢ PT, in the latter v — pg is extremal. In both cases the only
simple isotropic root orthogonal to s, + p*™ is precisely the root in II¥. O

Theorem 12.4. Assume Conjecture[I 11l Let k be in the unitary range, v € P, and assume
that Us, is non-degenerate. Then

(124) (1 +e(og))FRech LV (v, A(k,v)) =

(vsg [Vsg+20*)
g 20 B emon S gep(w)d
weis [gery

(s +5™) =7 )+ D) (W Peg TP ™) =)y

(1+ qw(ﬁ)(w“‘D)e_w(B)\hh)
where a(k) is given by (84).

Proof. Combining Lemmas and with Proposition [[2.3] we have proved that the hy-
pothesis of Proposition are satisfied. Formula (I24]) follows form Proposition using
Conjectures [@.11] in the same way as in the proof of Theorem [O.13] O

Remark 12.5. In the NS sector a formula similar to (TZ4]) holds. More precisely

R (Veg|Veg+20) (w(Erg+7)—p) (@ +D) (Wt +0)=P) 1
(125) ENSch LV (v, A(k,v)) = q 2+ S det(w) L c ,
[sen, (1 T qw(m(xw)e—w(ﬂ)mu)

where tg is either (v|€) or k + 1 — (v|{) (we have shown in [I5] that at least one of the two
values yields a non-degenerate v4,). This is essentially formula (14.6) from [I5]. Note that if
v = 0 then (kAg + p|d — 0) = k + 1, which is never a positive integer, hence we can choose
to = 0.

13. DENOMINATOR IDENTITIES

Let ko be non-critical and such that W;2"(g) = C|0). Since, as shown in [2], this happens
if and only if M;(ko) = 0 for all 4, it follows from Table [ that this happens in the following
cases, where v = u; from Table [l

g psl(2|2) | spo(2lm), m # 3 | F(4) | G(3)
o | PRI
u —2 ~1 -2 | -2
hY 0 2-2 -2 | -3
hY -2 1-% —% -3
b=Dthl m—3 4 | 3
TABLE 6

Recall from [13], § 6] the decomposition
(13.1) Wh=whx T,
where T = {t, | & € M"}, M’ is the Z-span of the long roots of g%, and
(13.2) ta(N) = A+ 2A(K)a — 2((A|o) + L(ala)A(K))s
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(cf. [13} (6.5.3)], where this formula is given using the normalized invariant bilinear form).
Let b = W (see Table [6] for its values).

Theorem 13.1. We have for all g listed in Table[@, except for g = spo(2|N), 0 < N < 3:

(133)  F¥S=¢ 3 3 det(w)

eﬁ;(p“—i—ba)

: g0 @10+ (5Flo)

—w 2o
GEW?E ae M* [perm; (1 +e Bie) = @lP)+3)
If Conjecture [9.11] holds, then
R pPrR—PF @(p*—pr+ba) b 2
(134) FP =" 3 3" det(w) g T el
1+ €(oR) BEWh e Hﬂeng(l +e It q—z(alﬁ))

Proof. We apply Remark 23] to the (untwisted) g-module L(koAo) ~ Vi, (g) and to = 0.
Since Ho(L(koAo)) = Win'"(g) = C|0), we obtain
R (w(koAo+p)—p) (z+D) ,(w(koAo+p)=P) 1
(13.5) NS = 3 det(w)? S
=, Mpen, (1+go@E+D)e™ D)

To compute the R.H.S. of (I33]), write w = wt,, given by the decomposition (I3]) and
formula (I3:2), to obtain

w(koAo + p) — p = wta((ko +h")Ao +p) — p
= koMo +w(p) — p+ Z(ko + hY)w(a) — Z(alp + L(ko + hY)a)
= koMo + w(p) — p + bw(a) — 2(alp + $a)s,

so that, since (a|p) = (a|p?), we have
(@080 7)) (a+D) (ko Ao +7) D)y _ io(p+ba)—pF 2 (oo +5 o).

Similarly

qw(B)(:c—}—D)e—w(fB)‘

Substituting, we find (I3.3)).
Now we prove (I3.4]). Recall that

. % + (pr — P°|Mmin)  if 6/2 is not a root of g,
0 % if #/2 is a root of g.

By Lemma [0.4] ¢(sg) = A(ko,0). Recall the polynomial p(k), mentioned at the beginning of
Section[Bl Recall [2, Theorem 3.3] that p(kg) = 0. Combining this observation with (G.31]) and
(619), we find that A(ko,0) =0, so £(sg) = 0. If v = 0, then (see (@1)) Us, = koAo+ 500+ pr-
Since

2(pr — P Mmin)  if 6/2 is not a root of g,

Uy + ™[0 —0) =

(P + 97 ) {0 if /2 is a root of g,

we see by a case-wise inspection that Uy, is non-degenerate. Assuming Conjecture Q.I1] by
Proposition [0.12] and the fact that ¥ = 0 and ¢(sg) = 0, we have

Ho(L(Vs,)) = (1 + e(or)) L™ (0,0).
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Since Wj"(g) = Cl|0) and the maximal proper ideal of Wk

min

(g) is og-stable, C|0) is a
one-dimensional o p-twisted representation of W (g), hence LW (0,0) = C|0). Apply now

min

Theorem MZ4 to LW (0,0). As above, we compute:
’w(k‘vo—FSQH—l—pR—Fﬁtw) —ﬁtw :Zf)ta((kio—l-hv)Ao—FSoe—pR"Fp) —ﬁtw =
koMo + 500 + W(p — pr) + 2pr — p + biw(a) + 2(alp — pr + 5a)4,

SO

_ 2 b
cev(w(koAo+s0f+pr+p"™)—p"™) _ J0(p?~pr+ba) 2pr—p" q g (alp?~pr+30) )

Similarly
w(B) = wta(B) = 0(B) — 2(Bla)s,
so that, since w(B)(D + z) = (D +z) =0,

e—ev(w(ﬁ) — e—@(ﬁ‘hn)q—%(ﬁla)_
Substituting in (I24]) we find (I34]), since so = Vs, (x + D) and
Vs [Vsg+20 T ~
( Oz‘(ki:vg ) + a(k) - Vso($ + D) = E(SO) = 0.
g

In the subsequent subsections we write down the denominator identities (I3.3]) and (I3.4])
explicitly. To simplify notation we set

(13.6)
= [10 - 201 =27, (o) = 2q?) = [ +2g~2)(1 +27'¢/77),
j=1 7j=1
(13.7)
= a -1 Cold®) T
H 1—¢’), vi(q) = ]_[1(1+q ) e2() = ]_[1(1+q)

Jj=1 J J

If g = spo(2|2r), g = D(2,1;a), or g = F(4), the denominator formulas in the Ramond sector
depend on the choice of the set II of simple roots for 'V, which ultimately depends on the
choice of Nyin. We now explain how to obtain one formula from the other one. Choose 7yin
and write F(nyi,) for the corresponding denominator and pg(7min) for the corresponding
pr. We observe that FR(—ny) = e ™in FR(n10) and that pr(—1min) = PR (Nmin) — Nmin-
It follows that the denominator formula for —ny;, is obtained from the formula for nyi, by
multiplying both sides by e™in. In these cases we make only one choice for 7y, and write
down only the corresponding formula.

13.1. g =spo(2|N), N =0,1,2, kg = —1. These cases are not covered by ([33)) and ([34).
If N =0, WE, (g) is the universal Virasoro vertex algebra of central charge c(k) = kg—fz -

6k —2, so, since c(ko) = 0, W (g) = Ho(L(—1A¢)) = C. Next note that —1 is an admissible
level so, by [17, Theorem 1 and Example 1],

(13.8) RehL ——Ao S det(w)er(3hotA P,

~

WEWint
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where I//[\/mt is the Weyl group of the set of roots corresponding to the set of simple roots
Iy = {6,26 — 6}. Applying the functor H, it follows, by Arakawa theorem, that

(13.9) [Ta-a= % det(wy w(=zho+p)=P)(e+D)

7L>1 wEW'Lnt

We argue as in Theorem [I3.1t write w € € Wint as Wt,p with @ € {1, s¢} and
tno(A) = A + 2nA(K)6 — dn(nA(K) + A(x))d.
In our special case we obtain
no(—3Mo +p) — p = —3Ao + 3nf — 2n(1 + 3n)d.
while
sotno(—3Mo +p) — p = —3Ag — (3n+1)0 — 2n(1 + 3n)d
o (I33) becomes
n 6n2—n 6n2+5n+1 m m
[Ta-¢)=> (q —q )=> (-1)"¢ 2
n>1 nez meZ

which is the Euler identity for the classical partition function.
Next we discuss N = 1. In the NS sector we have C|0) = Wmll72(spo(2]1)) = H(L(—3Ao)).

It follows from [I7, Example 2 and Theorem 1], that ——Ao is an admissible weight for

spo(2[1)", hence (I3.8) holds with Wint the Weyl group of the root subsystem generated by
the set of simple roots

I = {6/2,6 — 0/2}.
Applying the functor H and using Arakawa theorem, we obtain

(13.10) M— il

Z det(w —(w(—%Ao+@—@(:v+D).
n>1 1+ qn_5

wEWmt
Note that the group I//[\/mt is the same as in the N = 0 case. In our special case we obtain
tno(—5Ao + p) — p = —3Ao — 2nf — n(1 + 4n)9,
while
sotno(—3M0 +P) — p = —3A0 — (2n + )0 — n(1 + 4n)s,
o (I310) becomes
H 1 —3:‘_ _ Z(q4n2—n _ q4n2+3n+%)

n>11+4q nez

— Z(q4n2—n _ q4n2+3n+2 i An2+4n _ 4n2—3n+%)

n=0
_ Z q%m(m—l—l)_ Z qm(m+1 + Zqzm(m+1 Z qzm(m+1

m€4Z+—l me4Z+1 me4N me4N—-2
1

_ Z 5 m(m+1)/
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Replacing ¢ by ¢ and then changing the sign of g, we obtain the Gauss identity for the
generating series of triangular numbers:

n(nt1)

[e.e]
H 2n+1 Z q 2

n>1

In the Ramond sector, using Conjecture .11l we have
(13.11) H(L(—3Ao)) = LY (0,0) & L' (0,0) = C*.
The character of the g*™-module L(—%AO) is given by

ew(= L Ao+p™)—ptw

ch L ——AO Z det(w T
wEW'Lnt

so, applying the twisted quantum Hamiltonian reduction functor, the identity becomes

(13.12) 2 H =11 i;qn = ¥ det (w)gq~ @320 +p™)=p ") (@ +D) |
n>1 n>1 q

1+ q” 1+ g7t —
WEWint

The Weyl group Wim is again the same as in the NV = 0 case. We obtain
tno(—5 Ao + p™) — p™ = —2Ag + 2n6 — 2n(1 + 2n)3,

while
Sotng(—LAo + ™) — ™ = —1Ag — (2n + 1)8 — 2n(1 + 2n)9,

o (I312) becomes

1 _ N
[1455 = e g = Xy

n>1 neZ nez
which is Gauss identity for the generating series of square numbers.

Remark 13.2. This gives some evidence for Conjecture @11l which has been used in a
crucial way in (I3.11).

In the N = 2 case we have Winf72(spo(2]2)) = C. By [10, Corollary 11.2.4] and the
remark thereafter, we can apply formula (35) of [loc. cit.]. Following [10], we choose the
set of simple roots for g = spo(2|2) to be II = {a3,a2} with both simple roots isotropic
so that we can compute the character of L(—%AO) explicitly, using [10, (14)]. By applying

the quantum Hamiltonian reduction functor as in Proposition 8.6l we derive the character
formula of H(L(—%A)):

—(w(—%A0+@—@(x+D)e(w(—%l\o-i-@—@“,h

ch H(L(—5AM\o) NS Z det(w

weWmt Hﬁeni(l + q(wﬂ)(m‘l'D)e_w(ﬁ)‘hh)

In this case Il = {1} and Wim is, once again, the group as in the NV = 0 case.
Arguing as in the proof of Theorem [I31] we find
(1-qm)?

q—(w(—%Ao—l—@—@(gc-l-D)e(w(—%/\o-l-@—@‘hh

(13.13) = > det(w)

— +D) ,~w(@1) s
wEWint 1 + q(wal)(w )6 1o
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More explicitly, write a; = &1 + €1, so that as = §; — €1, and set z = e!. Since p = Ag in
this case, we have

~

tng(—%A() + ﬁ) —p= _%AO +nb — 277,2(5, tng(al) = —-2nd + aq,

while

-~

setng(—%Ao +p)—p= —%Ao —nf — 2026, Sptng(an) = —2nd — ao,

o (I313) becomes
(,D((])2 - q2n2—n B q2n2+n
(13.14) () > ( - 1)

neZ \ 1+ z—lq_2”+§ 1+ z_lq_2n
Here and further this is viewed as an identity of formal power series in ¢ with functions in z
as coefficients, using the |¢| < 1 expansion of the two series (see Remark [B.7]).
In the Ramond sector choose nmin = €1, so that s) = 0 and pr = €;/2. Using Conjecture
9.111b), we have

H(L(—1Ao + 3€1)) = L7 (0,0) = C.
As in the NS sector, we apply formula (35) of [10], using (14) of [loc. cit.] to compute its

right hand side, and then apply the quantum Hamiltonian reduction functor. This gives the
character formula:

chH(L(—%AO + 261))

s~ T, 1~y ~
—(w(—%Ao-i-%eﬁ-p“W)—pt‘”)(x-l-D)e(w(—§Ao+§e1+p“‘”)—pt‘”)mh

Z det _w(ﬁ)\hh) 9

weWins [gen, (1 + gwh)(@+D)e

where II; = {8} with g = —%5 + oy and Wiy is the group as in the N = 0 case. The
denominator identity becomes

(1-4q")
11 (I+271g"1) (14 2q")

n>1

1
—(w(—%/\0+61/2+p W)—?W)(r+D)e(w(—§A0+61/2+?W)—?W)‘hu

(13.15) =23 > det(w

+D),,—(WB)
weW, 1+ q(wﬁ)(fb e [

In this case, we have
tno(—3Mo +€/2 4+ p™) — p™ = —IAg + €/2+nb — 2125, tnp(B) = —(5 +2n)6 + au,
while
Sgtmg(—%/\o +p)—p= —%Ao +€/2 —nb — 2026,  sytae(B) = —(% +2n)d — ao,
o (I315) becomes

2 m2—n 2n2+n r(r4+1)
plg q q r 4 2
EII e | - )- St
nez

do(—z"1) l+z71g=2n 14z 1g 201 = 1+z71g"

This last identity is proven in [I8] by specializing a denominator identity for sl(2|1)" (see
[18], formula (4.8)), which is the celebrated Ramanujan identity:

2 x
(13.17) W (Z Z ) 1) gy gmn.

m,n=0 mmn=—1
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therefore (I3.I6]) can be seen as another piece of evidence for Conjecture @11l Actually

(I3.17) follows from (I3.14]) by replacing z by 2q%. This is not surprising due to the spectral
flow.

13.2. g = psl(2]2), kg = —1. In the NS sector, (I3.3) gives, letting ' = z and e™% = y, we
obtain

(13.18)
O@0)  TZ Qe ) A4y ) (e ) (L y )

In the Ramond sector, recalling that I1{ = {—36+401 — €2, —30+€1— 02}, (I3A) gives, letting
e =g and e =y,

p(0)*0o(zty™h) 5 ( "y - z Ty " >qn2
Vo(—a)do(—y~t) G \A+atg™)A+yte™) (A+zg™)(A+ye™)) "

Note that this identity follows from ([3.17)) by replacing z with 2~! and y by y~!.
13.3. g = spo(2]3), ko = —5. In the N = 3 case kg is critical for g, hence our previous ap-

proach does not apply. Nevertheless we are able to prove a denominator formula by replacing
n (I3I7) g by ¢ and then setting x = gz, y = ¢. We obtain

(1 - q2n)2(1 - z—1q2n—2)(1 Z(] m—l—n m _2mn+m-+n
H 2n—112 n—1 ] 2n Iy~ Z Z 2 q )
(I+¢ )21+ 2¢"" 1) (1 + 2

n>1 m,n=0 mmn=—1

or, after replacing ¢ by q% and z by 271,

2 p 00 —00 L
S Ton =w1<q>(2 > )<—1>m+"z—mqm"+a<m+">.
1z m,n=0 mmn=-—1

which, setting z = et = """ is the denominator identity for Wk,
In the Ramond sector we rewrite (I3.17)) as

(1=’ -2ty " N —2ye") [y yryn ymg=m
nl;Il (1+x_1qn—1)(1+xq )(1+y—1qn—l)(1+yqn) = (Z + Z )

n=1

(spo(2|3)) in NS sector.

(5 £ )

m,n=1 mn=—1

which, in R(IT%), is equivalent to

. (1— g2l -z ly~lgn~ 1)(1_— ryq") 1+ <§:(_1)"(1 + :s)?f")

woy W27t +2¢)(L+y " (L + yg")

(13.20)  + (1427 ( > - Z ) LMty g,

mmn=1 mmn=—1
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We note that we can specialize x = 1 in both sides so we obtain the identity (setting z = y~—1)

©(q)*Y0(2) . = —1) " — B — _1)mtn n mn
m—mw(mg 1 +2(Z > )< 1)y )

m,n=1 mmn=—1

13.4. g = D(2,1;1) = spo(2[4), kg = —3. In the NS sector, (I33) gives, letting z = €%1/2,y =
02/2.
e?2/2:;

0(0)*Po(x*)0o(y™) _

V1 (zy)d (zy~1)
w2m 2n x—2m—2 2n Zsz —2n—2 —2m—-2, —2n—2

Z ( Yy _ Y _ Y + €T Y ) m +n“+m+n
1 1 1 1 N
e Loyt L et lygm T 1oy tlgmttts L alytlgmints

In the Ramond sector, we have two choices for nmin = £(61/2 — 62/2). Choosing the +
sign, ([34) gives, letting e?1/2 = z, %2/2 =y
p(@)*Do(x)o(y™®)  _
Do(—y~tz=1)do(—2~1y)

Z x—2my2n B x2my2n B x—2my—2n—2 N 2my—2n 2 m24n?4n
1+ x—lyqn-i-m 1+ xyqn-i-m 14+ x—ly—lqn-i-m 14+ xy—lqn-i-m :

m,ne’l
13.5. g = spo(2]2r), r > 2, kg = —4. Set y; = €%, i =1,...,7. Recall that in this case W¥ is
the subgroup of {£1}" x &, cons1st1ng of elements (i1,...,4,)0 with an even number of —1
in (i1,...,i,). Moreover,
T r
Mb = {Zmiei | m; € Z, 1 Sigr,Zmi € 2Z}.
i=1 =1

The denominator identity (I3.3]) is

0(0)" Th<icjzr Yo(y; 'y5)00(y; ;)
H1§i§r V1 (vi)
,(Hr (2r—3)mi+r—7,)

v Y Y det@) D=l ) Sy o
i=1

BETVE T L4+ @(y1)g™+2

Choosing 7yin = €, the denominator identity (I3.4)) is

lo—O[ H1<z<g<r190(yz ZIJWO( yj_l)
e [li<i<r Yo(=y; 1)

.1
r (2r=3)mi+r—i—3

21—[ 2+Z r Z Z det u—) 7(Hi:lyi )q(T—%)Zim?J"Zi(T_i_%)m

(0 =1\ ,—m,
wEWhml, - 1+w(yr )q i

13.6. g = spo(2]2r +1), r > 2, kg = —5. Set y; = e, i =1,...,r. Recall that in this case
Wi {£1)" x &,; if the 1somorphlsm is w < (i1,...,4)0, ij € {il}, the action of o on the
y; is just the permutation action, whereas (i1,...,i,)(y;) = y;-j . The lattice M7 is the same
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as in the even case. The denominator identity (I3.3)) is
0(0)" ™ i<icj<r Yoy w0y y; ) Thicic, Poly; )

01(q) [Ti<i<r V1(3:)
T 2i-2r—1 —TTT ?(T_l)mi""w '
=IIv: = > > det (i) LU=t b ) =) X mEH Y (riym
i=1 WEWE M1,y 1+ w(y;)g™ 2

The denominator identity (I3.4]) is

‘P(Q)H—l H1§i<j§r ﬁo(yi_lyj)ﬁo(yi_lyj_l) ngigr 190(%_1)
e2(q) [Ti<i<r do(—y; ")

r r 2(r—1)m;+r—1
ST Y T )™
=1

i=1Y; ) (r—l)zim%—l—zi(r—i—%%)mz
WEW M1,...,m

— — q
1 +w(yr 1)q_m"

13.7. g = F(4),ko = —%. Set y; = e/, i = 1,2,3. Since g' = so(7) we identify W with
{£1}3 x &3 as in the spo(2[2r + 1) case.
In the NS sector, (I3.3)) reads

e@' I1 90w T1_ dolui?y;) 1 do(y:s)

1<i<j<3 1<i<j<3

D1 (y19293)91 (19293 )91 (V1Y y3)01(y1 " y2ys)

8m+5_ 8r+3 8t+1
-5, -3, —1 2m?2 4272 42424 SmA STt det(@)2Wr vy "ys )
= et w
Y1 Y2 Y3 Z q Z )1+qu”w(y1yzy3) ’
m,rtEZ weEWH

m~+t+r=0 mod 2

where by, ,+ = (m +t+r+1)/2. In the Ramond sector, we choose Nyin = %(—61 + €3 + €3).
Then (I34) becomes

(g)* L dolw; ) I doly; %y ®) T doly; %)

1<i<j<3 1<i<j<3
Yo(—y1 vy ys Do (—y1 s tys) 9o (—yy ty2ys DVo(—y1ys tys )

— 8m+4_ 8r+2 8t
4 -2 2m242r242t2 4 2m+r w(y Yo | Y3)
=y« > det(w . = ;

m r,t
m,r,tEZ weWt (yly Ys )
m~+t+r=0 mod 2

where by, .p = (m — 1 —t)/2.

13.8. g = G(3),ko = —%. Set y; = €, i = 1,2. Since g = G, W is the dihedral group of
order 12 with Coxeter generators s1, so acting as
si(y1) = yi's s2(y1) = ya, s1(y2) = y1y2, s2(y2) = y1.
In the NS sector, (I33]) becomes
p(@)*P0(y1 )0y )Vo(yryz )00 (yr ya )Vo(yr *ys o(yr vz *)
©1(q)01(y1)1(y )75‘1(y1y2)

3m—+2, 3n+3
_9 _ m— 3mn+4n (y y )
:y12?J23 Z qm+n+ (Z det(w L ),

Am,n
m,ne’ wEW™ 1 + w(y1y2)q
m+n=0 mod 3
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where @y, , = 242 + 1. In the Ramond sector, (I3.4) becomes

(@)*90(y1 )Po(ys )o(y1ys o (yr ys )o(yi *ya olyr e ?) _
wa(@)V0(—yr )o(—yy )o(—v1 vy )

3m+1, 3m+2
-1, -2 w(y Yo ) m2+n24+m—mn
yl y2 Z Z det 1+w( ylyz) l)qllm,n q ’
m,ne” weWh
m+n=0 mod 3
where Gy, , = %

14. APPENDIX. DENOMINATOR IDENTITY FOR MINIMAL W-ALGEBRAS OF DELIGNE SERIES

Let g be the simple Lie algebra D4, FEg, Er, or Eg, and let a = hﬁv + 1. Then, for
any integer j such that 0 < j < a, there exist unique simple roots aq,...,a; such that
H—Zzla, is a root. Set a = 0 — %" a;. Then (pla) = hY —a. Let kg = —a, then
(koMo + pla) = ko +hY =b = hv”‘ (1n our cases b = 4,9, 14,24 respectively). By [4,
Theorem 7.2] or [2, Proposition 3.4] dim W)™ (g) = 1. A character formula, for certain g-
modules L(A) of negative integer level k > ko, has been conjectured in [21, (3.1)] and proved
in [5], formulas (5) and (6). A special case of this formula is

(14.1) Reh LikoAo) = 5 3 det(w) 3 ((7]a) + 1)evtrFohotr) =,
wEW YEQ
where @ is the root lattice of g and W is its Weyl group. Let
[o¢]
ﬁNS _ H(l _qn)dimh H (1 _ qn—le—a)(l _qnea) H (1 _ q%—l—neﬁ‘hu)‘
n=1 aEAh BEA

2

be the denominator for the W-algebra Wk, (g).

Recall that any element w € W can be uniquely written as w = ww, where w? € W and w
is a right coset representative of W in W of minimal length, and that p— w(p) = > one N(@) s
where N(w) = {n € AT | —w~1(n) € A*}. Ifw1(#) € AT then (n|§) = 1 for each n € N(w),
o (p—w(p)|f) = £(w). Observe that the map w + w~'(f) is a bijection between WI\W
and A. Let n — w, be its inverse.

Theorem 14.1.
(14.2) ﬁNS =

b(yly)+hY -1 Cyin Cyim
neEAT
veQ
wlew?

where ¢y, = b(vy|n) — L(wy) + kY —
Proof. Since Ho(L(koAo)) = W™ (g) = C|0), from (IZI]) we obtain

(14.3) FNS = 3 > det(w) > ((v]e) + 1)eev(w'fv(’f0/\o+@—@
weW YEQ

Note that the coefficient (y|a) + 1 can be replaced by (y|a) since the term corresponding
to 1 in the R.H.S. of (I4I]), multiplied by 2P, is > weiv det(w)e” w(koAo+p) which is 0 since
koA + p is orthogonal to § — a.
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By the definition (83]) of ev we have
(14.4)  ev(wty (koMo + p) — p)) = ((wiy (koMo + ) — p)(—x — D), (wty (koMo + ) — P)jys)-

To compute the R.H.S. of ({I4.4]), use formula (I3.2]), noting that u; = 2 for simply laced Lie
algebras:

by (koo + 7) = 5= koo + w(by +p) = p = (o) + b,
o (I43) becomes
Ol

FNS bl Z det Z ’y]a w(by+p)—p )\hhq(ph)‘l'bTq(w(b“{—i-p)—p)(—m—D)

To compute
(w(by + p) = p)(—2 = D) = (w(by + p) — p)(=2),
observe that w_, and syw, are in the same right coset mod W, so the set {w, | n €

A*} U {spw, | n € AT} is a set of right coset representatives for WE\W. If w = wh,,
n € AT, then

(14.5) (w(by + p) = p)(—x) = (w(by + p) — pl = 0/2) = (wy(by + p) — p)| = 0/2)
= —b(w;710/2) + (p — wy(p)|6/2) = =5 (Y|, (6)) + 5 (p — wy()|6)-
On the other hand, if w = whs(;u_)n, then
(14.6)  (w(by + p) = p)(—) = (w(by + p) — p| = 0/2) = (wy(by + p) + p)|0/2)
= b(@,7|0/2) + (p|6) + (@y(p) — pl6/2) = § (7], () + (pl6) — 3(p — Wy (p)]6).
Since w! sy (by + P)ye = spwhy, (by + P)pe = Wi, (by + P)jps» Plugging (IL.5) and (I4.6)
into (I4.3)), by the discussion preceding the statement of the theorem, we obtain

~ - _ b(yly=m)+£4(wy)
VS = 1% det(wy) S (vla) S det(w)e PP = gl + R
neAt vEQ wiew?

Ll _
+3 Z det(wy) Z(ﬂa) Z det(w")e” Wn(bY+P) s Pos g(PI7+0)+
neat V€Q whews
which, observing that pjys = p°, is (I42). -

b(yly+n)—£(wy)
2 .
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