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In this work, we critically reanalyze the explicit breaking of the Peccei-Quinn global symmetry—and
the corresponding corrections to the QCD axion potential—induced by gravity. Specifically, we examine
the role of gravitational instantons, which are nonperturbative, finite-action solutions to the Euclidean
Einstein equations. These instantons represent topologically nontrivial configurations of spacetime and are
analogous to instantons in gauge theory. The amount of symmetry breaking induced by gravitational
instantons can be computed in a controlled way within the framework of semiclassical gravity, using ’t
Hooft operators, in full analogy to the computation of the axion potential arising from QCD small instanton
effects. Contrary to previous results in the literature, we find that the effects of gravitational instantons are
extremely small and therefore do not give rise to a significant quality problem for the axion solution to the
strong CP problem, both within the Standard Model and in beyond-the-Standard-Model scenarios that
involve multiple copies of the Standard Model. In conclusion, we argue that, assuming the ultraviolet
completion of gravity is weakly coupled, the axion solution to the strong CP problem remains free from
any quality issues due to gravity. Along the way, we derive the effective Lagrangian of the QCD axion,
including its gravitational coupling.
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I. INTRODUCTION QCD to a dynamical field, the axion, which adjusts itself to
cancel the CP violation. Although this symmetry is broken
at low energies by the QCD anomaly, it must remain an
exceptionally precise symmetry at high-energy scales. This
. issue is commonly referred to as the PQ quality problem.
Gy G represents the topological term related to the  Thijs fact seems to contradict the modern effective field
gluon field strength tensor ij,, and its Hodge dual GZ,,. theory understanding that global symmetries are not
The dual is defined as GZV = £,,,G*"/2, where ¢,,,,  fundamental but rather emerge as accidental symmetries,
is the totally antisymmetric Levi-Civita symbol, with ~ namely symmetries of the renormalizable Lagrangian

The strong CP problem in QCD arises from the fact that
QCD allows for a CP-violating term in its Lagrangian,
proportional to HGﬁyG“"”’, where 0 is a parameter, and

€123 = +1. Experimental results, however, show no evi- whose violation occurs through irrelevant operators.

dence of CP violation in strong interactions, implying that This conceptual problem is further exacerbated by the
6 must be extremely small, which is puzzling given the lack ~ Widely held belief that gravity explicitly breaks global
of any fundamental reason for it to be zero. symmetries. If true, this would imply that any global

The Peccei-Quinn (PQ) mechanism addressing the — Symmetry present ifl a low—§nergy .effective th§ory would
strong CP problem faces a significant challenge; it depends be. YlOlated by gravitational interactions, .potentlglly under-
on a global U(1)pg symmetry spontaneously broken. This ~ mining the robustness of such symmetries at high-energy

symmetry is introduced to dynamically solve the strong CP ~ Scales.

problem by promoting the CP-violating §-parameter in In the aforementioned context, the quality problem can
be readily quantified as follows. If Planck-scale physics is

the sole source of PQ-violating effects, then at energies
fContact author: piergiuseppe.catinari@uniromal.it below the Planck scale, the effect of gravitational inter-
'Contact author: alfredo.urbano@uniromal.it actions is encoded by the effective operator in the axion

Lagrangian [1],
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where @ (x) = f,e'/«, f, is the scale at which the U(1)pq
symmetry gets spontaneously broken, A = |4| exp(id) is a
dimensionless complex coupling and c¢ is a constant chosen
so that the minimum of the potential is zero. The effective
operator O, then induces the axion effective potential,

V,(a) = 2/A2M} lz<f“) [1—005 <nfﬁa+25>}, 2)

n>5

therefore, for O(1) values of the phase § and |4/, taking
fa=10" GeV, the U(1)pq symmetry must be protected
from explicit breaking effects caused by operators with
dimensions up to d ~ 14, suggesting a highly nontrivial
structure in the PQ dynamics. We refer to this situation,
where explicit breaking effects are introduced through
irrelevant operators whose scaling is determined by naive
dimensional analysis, as a case of perturbative breaking.
This specification is necessary, as it is by no means certain
that gravity breaks global symmetries as described above.
In fact, gravitational interactions are CP-conserving per-
turbatively, and the only conceivable source of CP viola-
tion is nonperturbative quantum gravity dynamics. Multiple
indications indeed suggest that explicit breakings due to
gravity have a nonperturbative origin.

A. Symmetry breaking due to gravitational
and stringy effects

Arguments in black hole physics, often referred to as
folklore theorems [2,3], suggest that black holes with
continuous global charge would result in an infinite number
of macroscopically indistinguishable Planck-scale remnants,
in clear contradiction to black hole thermodynamics [4,5].

Secondly, in the context of string theory, it can be
shown that explicit breaking effects of continuous global
symmetries are always due to nonperturbative effects,
with candidates including world sheet instantons, brane
instantons, and gauge instantons [6,7]. The inability to
preserve a global symmetry in string theory can be seen as a
consequence of the fact that the effective field theories
associated with classical vacua of superstring theories
(regardless of whether they are spacetime supersymmetric)
lack continuous global symmetries; all continuous sym-
metries are gauged [8]. Alternatively, in the context of the
AdS/CFT correspondence, it can be demonstrated that any
global symmetry, whether discrete or continuous, in a bulk
quantum gravity theory would be inconsistent with entan-
glement wedge reconstruction on the conformal field
theory side of the correspondence [9].

We now briefly discuss some key aspects of a string-
theoretic setup, as certain details will prove important in the
continuation of our work. In the perturbative formulation
of string theory, the string mass scale M, and the string
coupling g, are fundamental parameters that govern both
the physics of the strings themselves and their interactions.

The string mass scale M, is a measure of the energy at
which stringy effects become significant. The string cou-
pling g, controls the strength of interactions between
strings. In the weak-coupling regime, where g, < 1, the
interactions between strings are rare, and the perturbative
expansion in powers of g, is well-defined. The Planck mass
of gravity in four-dimensional spacetime is related to M,
gs,» and the six-dimensional volume of the compactified
extra dimensions V. When six of the original ten dimen-
sions of string theory are compactified, the four-dimen-
sional Planck mass is related to the string scale by [10]

(VM) M3
My (3)

s

In addition to the string mass scale, another important
energy scale in compactified string theories is the Kaluza-
Klein (KK) mass scale. This scale arises from the com-
pactification of extra dimensions, where the momentum
modes of particles propagating in the compact dimensions
are quantized due to the compact geometry. The KK mass
scale is inversely related to the size R of the compactified
dimensions and is typically given by Mygx ~ R~' ~ V~1/6
(under the assumption that the compactified dimensions
have a common radius R). We thus find

M, \3
gs]WPlz (M ) Ms‘ (4)
KK

It is important to emphasize that the two mass scales M
(related to the fundamental string tension and controlling
the onset of stringy effect i.e., the energy scale at which the
extended nature of strings becomes significant and point-
particle approximations break down) and My (determined
by the size R of the compactified extra dimensions) are
generally independent parameters in a string compactifi-
cation,' although they can become comparable under
certain conditions. If we consider the case M, ~ Mgy,
the string mass scale, the string coupling and the four-
dimensional Planck mass are related by

gsMPles’ (5)

with M < Mp, in the weakly coupled regime. Under these
circumstances, and based solely on dimensional analysis,
the breaking effects due to nonperturbative stringy instan-
tons are expected to contribute to the axion potential as
in (2), now with [A]> = g?¢=¢/% where C = O(1) is an
order 1 constant.

The key aspect is the exponential suppression given by
the factor e~5¢ = ¢=C/%, where S is the Euclidean action

'For example, in large extra dimension scenarios, Mgy can be
much smaller than M, allowing KK modes to become observable
at lower energies.
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of the string instanton generating the axion potential [11].
Consequently, if string theory is weakly coupled, i.e., if
g, < 1, all nonperturbative effects, and in particular the
explicit symmetry-breaking effects of global symmetries,
are exponentially suppressed. In this regard, it is worth
emphasizing that there are strong semiquantitative indica-
tions suggesting that quantum gravity is indeed UV
completed at weak coupling: (i) Imagine N species of
quantum fields, with masses at the scale M, coupled to
gravity. In this case, both perturbative renormalization
arguments [12,13] and nonperturbative black hole consid-
erations [14,15] suggest that in the presence of N-species
the effective contribution to the Planck mass is parametri-
cally given by (N/16z?)M?* ~ M3} which would imply
g ~ 4r/+/N. Consequently, the presence of a large number
of particle species, N > 1, lowers the gravitational cutoff
parametrically below the Planck mass; (ii) In the Standard
Model, flavor symmetries are approximate global sym-
metries explicitly broken by the Yukawa couplings. From
the perspective of the UV theory, the smallness of certain
Yukawa couplings appears to be compatible with the
exponential suppression associated with the presence of
weak coupling; (iii) Inflation is a theoretical phase of rapid
exponential expansion in the early Universe, proposed to
resolve issues like the horizon, flatness, and monopole
problems. It is driven by the potential energy of a scalar
field, the inflaton, which causes space to expand dramati-
cally over a very short time. This expansion amplifies
quantum fluctuations, stretching them to macroscopic
scales and seeding the anisotropies observed in the cosmic
microwave background (CMB). The energy scale of
inflation is characterized by the Hubble parameter H,
typically around H = O(10'*) GeV, though it varies with
different inflationary models. The amplitude of the scalar
power spectrum, which describes the density fluctuations in
the early Universe, is related to H; specifically, the larger H,
the larger the predicted amplitude of these primordial fluc-
tuations. The observed amplitude of the scalar power
spectrum, A, ~2.1 x 10™°, provides constraints on the
inflationary energy scale and potential. In string theory,
the inflaton field can emerge from various configurations,
such as the distance between branes or compactification
moduli [16]. Most models of inflation in string theory are
formulated under the condition H < M ~ My << Mp,,
with the inflaton mass, m,, parametrically given by mg =~
VivH, where ny = My V"(¢)/V(¢), with V(¢) being
the inflaton potential. For slow-roll inflation to occur,
the potential must be relatively flat, which means that the
inflaton mass is typically smaller than or comparable to
the Hubble scale, #, < 1. Under these assumptions, the
inflaton is the only light field, while the others have masses
far above the Hubble scale; the heavy fields can then be
integrated out, leaving a model of single-field inflation.
Describing the dynamics of the inflaton within the context
of an effective theory featuring only a single mass scale,

M, and a fundamental coupling, g,, leads to the result that
the amplitude of the scalar power spectrum is intrinsically
tied to the coupling g2. This is a consequence of dimen-
sional analysis. In the slow-roll approximation, we write
A, = H?*/8rn%eM3,, where € is the first slow-roll parameter
and Mp, the reduced Planck mass. The ratio H?/M3,
has dimensions of a coupling squared, and the only
possibility—given the assumptions under which we are
working—is that A, « g2. Consequently, the measurement
of A, implies that the string coupling is in the weak regime.

Throughout this work, we will assume that the UV
completion of gravity is a string theory in the perturbative
regime of weak coupling.

B. Symmetry breaking due to Euclidean wormholes

Finally, it has been conjectured that global symmetries
are violated by Euclidean wormholes in the quantum
gravity path integral [17-21]. If this claim were true, the
breaking effect due to wormholes could pose a threat to the
axion solution of the strong CP problem; it is indeed known
that the scalar action describing the spontaneous breaking
of a U(1) symmetry admits wormhole solutions (dubbed
Euclidean axion wormholes), whose explicit symmetry-
breaking effects become particularly significant when the
radial degree of freedom of the complex scalar field is
treated as dynamic [19,20,22]. However, there are some
very fundamental conceptual issues with Euclidean worm-
holes, cf. Ref. [23] for a recent review. Specifically, it is not
yet clear whether Euclidean wormholes actually contribute
to the path integral. It is indeed crucial to ensure that the
wormhole solutions are stable to small perturbations of
their topology, an analysis which so far has not led to
definitive conclusions. See, for example, the discussion in
Ref. [24], where it is concluded that wormholes are not
relevant saddle points of the functional integral in quantum
gravity.

Throughout this work, we will not take into account the
presence of Euclidean wormholes, assuming that they do
not contribute to the quantum gravity path integral.

C. Gravitational instantons

Given these premises, the perspective we choose to
consider in this work is as follows. Let us first return to the
case of QCD. Yang-Mills instanton solutions—nonpertur-
bative solutions to the Yang-Mills equations that describe
tunneling between different vacua of QCD with different
topological charges [25,26]—are essential for the axion
solution to the strong CP problem since they provide the
nonperturbative dynamics that generate the axion potential,
allowing the axion field to dynamically cancel the 8-term
and restore CP symmetry in QCD.

Remarkably, Einstein’s theory of gravitation, in its
Euclidean formulation, admits nonperturbative solutions,
dubbed gravitational instantons, that strongly resemble the
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Yang-Mills instantons [27,28]. Consequently, it is reason-
able to expect that these gravitational instantons are the
most likely candidates to play a significant role when
considering gravitational effects in the context of the
axionic solution to the strong CP problem. These solutions,
in fact, persist even under the assumption that string theory
is weakly coupled (cf. Sec. [ A) or when neglecting the
effects of wormholes (cf. Sec. IB), and, as we will
demonstrate, provide a calculable contribution to the axion
potential in the controlled setup of semiclassical gravity.

Let us try to clarify more precisely what a gravitational
instanton actually is (cf. Ref. [29] for a comprehensive
discussion). In the fields of mathematical physics and
differential geometry, a gravitational instanton refers
to a nonsingular, geodesically complete, four-dimensional
Riemannian manifold that solves the vacuum Einstein
equations R, = 0 (without a cosmological constant, also
known as Ricci-flat metrics). These manifolds are called
gravitational instantons due to their role as analog to
instantons from Yang-Mills theory, but in the realm of
quantum gravity. Similar to self-dual Yang-Mills instan-
tons, gravitational instantons are typically expected to
behave like four-dimensional Euclidean space at large
distances and possess a self-dual Riemann tensor. A

self-dual Riemann tensor verifies the condition R,,,, =

Rﬂl’fm with Rﬂl’ﬂﬁ = eﬂy“ﬂRaﬁp(,/Z and e/wa[}' = \/ggm/a/} the
totally antisymmetric Levi-Civita tensor (with % =
ghvab | V/9). We remark that this condition automatically
guarantees the vanishing of the Ricci tensor, R, = 0. In
addition, we focus on solutions that have the interesting
property of approaching a flat metric at infinity. Since the
Yang-Mills instanton potential approaches a pure gauge
configuration at infinity, this class of Einstein solutions
closely resembles the Yang-Mills case. Ricci-flat, self-dual
metrics approaching a flat metric at infinity exhibit several
notable characteristics. Firstly, they typically possess
zero action, which highlights their importance in the path
integral approach to quantum gravity.2 Additionally, as
these metrics tend toward flatness and effectively eliminate
gravitational interactions at infinity, one can employ
standard asymptotic-state techniques to investigate quan-
tum effects. On the contrary, self-dual metrics that are

The Euclidean Einstein-Hilbert action is given by

= 4 R
S 167IGN/d X\/?] +Sbounda.ry7 (6)

=Shulk

where R is the Ricci scalar, g is the determinant of the metric, and
Spoundary T€Presents the boundary contribution given by the
Gibbons-Hawking-York boundary term [30,31]. Ricci-flat gravi-
tational instantons have R = 0, and the bulk part of the action
vanishes. However, it is possible to get a nonvanishing contri-
bution from the boundary term.

regular and have finite action, but are not asymptotically
flat, are characterized by a gravitational field that persists
throughout spacetime, making it difficult to define the
asymptotic plane-wave states necessary for ordinary scat-
tering theory.

There are no nontrivial gravitational instantons that are
truly asymptotically Euclidean [32,33].” However, there are
two important classes of gravitational instantons that
approach flat space at infinity in a specific manner:

(1) Asymptotically locally Euclidean (ALE) metrics.
These solutions are called ALE metrics because,
despite their local flatness at large distances, their
global topology at infinity differs from that of
ordinary Euclidean space. More specifically, ALE
metrics are asymptotically flat, but the boundaries
are three-spheres with points identified under the
action of some discrete group, namely (S3/I") x R
where I is a finite group of isometries acting freely
on S°. Notable examples include the Eguchi-Hanson
(EH) metric [35] and the Gibbons-Hawking multi-
center metric in special configurations in which the
centers are arranged symmetrically [36].

(i) Asymptotically locally flat (ALF) metrics. ALF
spaces also approach flat space at infinity, but their
asymptotic structure is more complicated. In ALF
spaces, the geometry at infinity resembles a flat
space with a circle fibration. Notable examples
include the Taub-NUT space [37,38], where the
metric asymptotically approaches R* x S, and the
Gibbons-Hawking multicenter metric in generic
configurations.

In general, Ricci-flat ALE metrics—such as the EH metric—
exhibit zero action, while Ricci-flat ALF metrics—such as
the Taub-NUT metric (cf. Ref. [28])—possess finite non-
zero action due to their more complex asymptotic structure,
which introduces a nonzero contribution from the boundary
term. In a semiclassical approach to quantum gravity,
therefore, ALE instantons are often considered more
relevant than ALF instantons due to their zero action.
For this reason, we will focus on ALE gravitational
instantons for the remainder of this work (we will provide
a more detailed justification in Sec. II B). Topologically
speaking, there are three invariants of utmost importance:
the Euler characteristic y, the Hirzebruch signature z, and
the spin—% index I%. These three invariants are central in

characterizing the properties of smooth manifolds and can
be thought of as the gravitational analogs of the Yang-Mills
topological invariants [39—41]. Gravitational instantons
have been classified based on their topological properties
in Refs. [28,29]. Gravitational instantons with nonzero

*More precisely, if the manifold has the topology of Euclidean
space at infinity, that is, S°® x R, and approaches the flat
Euclidean metric sufficiently fast, then every self-dual solution
is isometric to Euclidean space, cf. Ref. [34].
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spin—% index are those that support nontrivial solutions to
the massless Dirac equation for spin—% fermions (called
fermionic zero modes) in the background of the gravita-
tional instanton. In this regard, there is once again a strong
parallelism between gravity and Yang-Mills theories. In
Yang-Mills theory, fermions couple to gauge fields, and
their dynamics are governed by the Dirac equation in the
background of the gauge field. For a given instanton
solution of the Yang-Mills equations, the Dirac operator
in that background may have zero modes solutions to the
Dirac equation with zero eigenvalue. These zero modes are
essential because instantons induce processes that can
violate chiral symmetry in theories with massless fermions.
Therefore, we are particularly interested in gravitational
instantons that possess a nonzero spin—% index. However,
most of the known gravitational instantons have a vanishing
spin—% index [29]. The only relevant exception is the
gravitational instanton known as K3. The K3 surface is
the only compact regular simply-connected manifold with-
out boundary which admits a nontrivial metric with self-
dual curvature. The spin-} index is / 1(K3) = +2. However,

as just mentioned, K3 has no boundaries and does not
approach a flat space at infinity. It is still possible to take
K3-type gravitational instantons into account through
a procedure that involves cutting out a four-dimensional
ball and gluing K3 into flat spacetime via a wormhole-
type throat [42]. The downside is that K3 transitions from
having a vanishing action to a Planckian action of the
form Sg ~ p?M3, [42], where p is the typical size of the
wormhole throat, and its contribution to the gravitational
path integral becomes automatically suppressed. For this
reason, we will not further analyze this possibility in
this work.*

However, there exists a second, natural possibility; one
can seek and construct a combined solution to the Maxwell-
Einstein equations in the presence of the gravitational
instanton metric. Remarkably, introducing a gravitational
instanton that also solves the Maxwell equations can lead to
significant changes in the spin—% index, often resulting in
nonvanishing contributions due to the interplay between
fermions and the electromagnetic field in the modified
spacetime. In particular, this is the case for the ALE EH
gravitational instanton [35]. The latter has Euler character-
istic y(EH) = 2, Hirzebruch signature 7(EH) = —1, spin-}
index I%(EH) = 0 and vanishing action. The EH gravita-

tional instaton supports a nonzero Maxwell field strenght
with 1/7* asymptotic behavior. It is worth emphasizing that
this asymptotic behavior is the same as that of Yang-Mills

*Moreover, as already recognized in the analysis of Ref. [42], it
is unclear whether the stability problem of the wormhole
mentioned earlier, if present, could give rise to any pathology
in this patched solution as well.

instantons.” These gravitational instantons are known as
Abelian Eguchi-Hanson (AEH) instantons [41]. The AEH
instantons possess two properties of great importance for
our study. First, their action is no longer vanishing but
nonzero, and it is controlled not by the Planck scale but by
the electromagnetic coupling. Second, the AEH instantons
can have a nonzero spin-% index.

For these reasons, AEH instantons have been the subject
of several studies in relation to the quality problem of the
QCD axion. Before starting our analysis, it is therefore
useful to summarize what has already been discussed in
the literature. First, Ref. [43] studied the gravitational
analogs of CP violating effects in QCD, recognizing
that they arise through the addition of terms 6., F WFW

and HngRWpUINQ”””" to the Lagrangian density, where R4

and F,, are the curvature tensor and Maxwell field tensor,
respectively, with R¥**° and F* their Hodge dual. It was
argued that both terms can be nontrivial in spacetimes
with sufficiently complex topology. References [44,45]
demonstrated that AEH gravitational instantons provide
a concrete and calculable new source of intrinsic PQ
symmetry breaking by quantum gravity. The results of
Refs. [44,45] suggest that the gravitational contribution
to the axion potential could saturate the current experi-
mental bound on the neutron electric dipole moment.
Reference [46] (see also Refs. [47,48]) considers colored
Eguchi-Hanson (CEH) gravitational instantons. CEH
gravitational instantons are the non-Abelian analog of
AEH instantons [49,50]. Reference [46] makes the bold
claim that CEH gravitational instantons compromise the
axion solution to the strong CP problem.

In this work, we will critically reanalyze the role of AEH
and CEH gravitational instantons as responsible for the
explicit gravitational breaking of the PQ symmetry. We
anticipate that the effects we will find will be significantly
smaller than those previously reported, and we will argue
that there is no reason for the PQ symmetry to suffer from a
quality problem due to gravity.

II. GRAVITATIONAL INSTANTONS AND THE
QUALITY PROBLEM OF THE QCD AXION

We investigate the gravitational contribution to the axion
potential V(a) arising from gravitational nonperturbative
effects, specifically as the sole sources of CP violation
induced by gravity.

In Sec. IT A, we will begin by making some perturbative
comments regarding the axion’s anomalous coupling to
gravity, while in Sec. II B we will discuss the nonpertur-
bative effects.

>For instance, the self-dual ALF Taub-NUT metric supports a
nonzero Maxwell field strength with 1/r*> asymptotic behavior
(like a magnetic monopole).
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A. Perturbative considerations

The axion, a Goldstone boson (GB) of the nonlinearly
realized chiral U (I)PQ symmetry, exhibits a mixed anomaly
with QCD and gravity. These anomalies couple the axion to
the QCD field strength and its dual, as well as to gravitons
through the Riemann tensor and its dual [51]. The anoma-
lous part of the axion effective Lagrangian reads

aF,, Fm

L, S
a 3212Nf, M

1 _
_ Ga Gar —
32727, 4m

G DUVPc

+ 7682°N T, aR,,,,R*"7°. (7)
where ag = g}/4x (with gg being the strong coupling), a =
2 /4x (with e being the fundamental electric charge), while
N, E and G are model-dependent anomaly coefficients of
order one, which can be computed explicitly for a given
UV-complete axion model. To provide an example, we
calculate the value of these coefficients in the case of a UV
completion of the KSVZ type (cf. Ref. [52] for a review).
We consider the generalized KSVZ model described by the
Lagrangian density,

ﬁstz = (aﬂd))*(aﬂd)) - V((I))
+) " [QiBQ - (Ag®Q; QO + Hec.)],
Q

V(@) :Aq,<|cp|2—%5>2, (8)

with spontaneously broken global U (I)PQ symmetry with
order parameter v,. We parametrize the complex scalar

field as @ = (v, 4 p)e'®/« /+/2, with the Goldstone field a
that plays the role of the axion. In full generality, we
consider vectorlike fermions Q transforming according to
the SM representation,

Q~(C0.Z0. Yo)su@).xsu@), xu(l)y- )
We find

N= E 20d(Zg)T(Co).
0

E= 10d(Co)Tr(q}).
0

G=) xod(Tg)d(Cy). (10)
o)

with f, =v,/2N. yo = £1 with yg = +1 for a Yukawa
coupling of the form AQd)Q—LQR +H.c.and yg = —1fora
Yukawa coupling of the form /IQd)Q_RQL +H.c.; T(Co) is
the color Dynkin index for the representation Cg with
SU(3)c generators T¢,. and it is defined by the condition

Tr(TgQ ng) = T(Cg)d.p; d(Zg) denotes the dimension of

the weak isospin representation Z5. The electric charge
operator is defined by go = T%Q + Yo; notice that YV, is to
be understood as Vol 4(7,)xd(7,,) With Vg a scalar number. It
is possible to rewrite Tr(qg) =Tr[(T7,+ Vo) (T7,+ Vo) =
T(Zg)+Yd(Ig), where T(Z ) is the Dynkin index of the
SU(2), representation Z o and where we used Tr( T%Q) =0.

The electromagnetic contribution, which is blind to
SU(3)c, is proportional to the dimension of the represen-
tation Cg and to the trace of the charge operator ng. On the
other hand, the gravitational coupling, which is blind to
both SU(3). and SU(2), , is proportional to the dimension
of the representation Cy and Zg. Therefore, the gravita-
tional coupling of the axion does not vanish even in the case
in which one takes the vectorlike fermions @ to be
completely uncharged under the SU(3)- x SU(2), gauge
group [that is, d(Zg) = d(Cg) = 11.

In the infrared—that is, at the level of the chiral axion
Lagrangian—a chiral rotation of the light quarks has the
following effects. (i) eliminates the effective axion-gluon
coupling, (ii) introduces a derivative axial-vector axion-
quark coupling, and (iii) modifies the effective axion-
photon and axion-graviton couplings. As far as the latter
are concerned, we find

1 [E _
Lo~ 2 _6Tr(0q?) |aF,, F*
03 = g |y TN 0P,
e )
Y _6)aR,,, R 1
* I6872f, (N )“ prpo (1)

with q = diag(2/3,-1/3,-1/3) and Q = (m;' + m;'+
m; V)~ 'diag(1/m,, 1/my, 1/my). We note that in the origi-
nal KSVZ model with one vectorlike pair of heavy
fermions with Q~(3,1,0) we have N =1/2 and
G =3. In this case, therefore, the effective axion-
graviton coupling vanishes. More in general, in the case
in which we have one single heavy fermion, we find,
whatever SU(2); x U(1)y quantum numbers, G/N =
d(Cg)/T(Cg). This immediately implies that in the case
of the fundamental representation of SU(3). for which
d(Cg) =3 and T(Cg) = 1/2 we have G/N = 6 and the
gravitational coupling vanishes. However, in more general
KSVZ models we have G/N # 6. For instance, in the
nonminimal solution with Q; ~ (8,1,0), Q, ~ (6,1,0)
and opposite yo charge (that is, the nonminimal model
that gives Npw = 1) we get G/N = 4. Furthermore,
following from the previous argument, in the case of a
single Quark, G/N # 6 if Q transforms according to
SU(3) irreps of dimension higher than the fundamental.
To fix ideas, we consider some of the most relevant cases
discussed in Ref. [53]. In Table I, we show for which
variations of the KSVZ model it is possible to obtain a
nonzero value for the gravitational coupling G/N — 6.
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TABLE 1. Numerical values for E/N, G/N and Npy = 2N for some of the most relevant Q representations discussed in Ref. [53]."
The symbol @ refers to yo = +1 while © to yo = —1.

R, R; Rg Rg R Ry
Q representation (3,1,-1/3) (3,2,1/6) (3,3,-1/3) (3,3,—4/3) (6,1,—1/3) (8,1,—1) RgOR; Ry ® RgORy Rs ® Ry R|,OR,
E/N 2/3 5/3 14/3 44/3 4/15 8/3 122/3 170/3 23/12 44/3
G/N 6 6 6 6 12/5 8/3 6 24 15/4 4
Npw 1 2 3 3 5 6 2 2 4 1

*The axion is defined as an angular variable over the domain [0, 27v,). On the contrary, the QCD-induced axion potential is periodic
in [0,2zf,) with f, = v,/2N defined before. It is customary to define the domain wall (DW) number Npy = 2N; this is the number of
inequivalent degenerate minima of the axion potential (generated by QCD). Npy is crucially related to the so-called domain wall
problem [54]. We distinguish between two cases: (i) Npw = 1 (no remnant discrete symmetry). There is no domain wall problem in this

case; (i) Npw > 2. In this case, domain walls are stable.

When nonzero, we observe that the value of the combina-
tion G/N — 6 remains of order one in realistic situations.

From a phenomenological standpoint, it is clear that the
gravitational coupling of the QCD axion is of negligible
relevance in perturbation theory. In the weak-field limit, the
quantization of gravity amounts to expanding the metric
around the Minkowski background g, = #,, + «h,,. The
inclusion of the factor k = /327G, in the definition of the
graviton field &, gives this field a mass dimension of unity
and results in a kinetic term (arising from the standard
Einstein-Hilbert action) with standard normalization. For
matter interactions, the order of k keeps track of the number
of gravitons involved in an interaction. Consequently, for a

Lagrangian density of the form £ = yaRWpaR"”/"’ we find

JTI7Z29

“h1

\22 (12)

po, N

= 2yi525upaﬁp?p§ [pl oP2v — (pl 'p2)771/0} 5

while the interaction Lagrangian density £ = kaF WF"”
generates the amplitude

Iy A
i

) = dike upo D DS - (13)
\2
v, N

The axion-graviton coupling, if compared to the axion-
photon one, pays a huge suppression factor of the order of

a — gravitons
e
a — photons

where we have treated powers of momentum as the axion
rest mass m,. Based on dimensional analysis, the decay
width of the axion into two gravitons can be estimated to be
of the order of

Gym]
| DY ﬂ’j—fz : (15)
which is phenomenologically irrelevant.

From a model-building perspective, one might consider
attempting to engineer a mechanism that leads to an
amplification of the gravitational coupling of the axion
(without altering that of QCD). A potentially interesting
possibility is to implement a clockwork mechanism
[55,56], along the lines of that proposed in Ref. [57]. In
its original formulation, the clockwork mechanism is
described by a renormalizable theory involving a sequence
of N+ 1 complex scalar fields ¢; with a global U(1)V+!
symmetry that is spontaneously broken at the scale f. This
global symmetry is further explicitly broken, but in a
manner that leaves a residual U(1) symmetry intact. The
corresponding NG boson, which can be identified with the
QCD axion as discussed in Ref. [57], resides in a compact
field space, where its effective decay constant is determined
by 3V f > f. The core idea presented in Ref. [57] is as
follows; new vectorlike fermions responsible for generating
the color anomaly are coupled to the final site N of the
scalar chain. This setup still resolves the strong CP problem
but with the key distinction that the scale 3V f can be
significantly larger than the fundamental symmetry-
breaking scale f. In the standard QCD axion model, the
vectorlike fermions that mediate the QCD anomaly also
contribute to the axion-photon coupling. However, in the
clockwork QCD axion framework, additional electromag-
netically charged vectorlike fermions are coupled to a site
M < N in the scalar chain. These fermions generate the
axion-photon coupling, which is effectively decoupled
from the solution to the strong CP problem. In its simplest
realization, the clockwork axion model requires the exist-
ence of a single vectorlike colored fermion in the funda-
mental representation of SU(3) and a single color neutral
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vectorlike fermion with unit hypercharge and singlet
under SU(2);.

In our case, it is sufficient to introduce a single heavy
vectorlike fermion, even if completely neutral under the
Standard Model gauge group, to contribute to the gravi-
tational axion coupling. The setup we have in mind,
therefore, takes the structure given by the following
schematic:

U~ (1,1,0) Q~ (Co,Zg,Ya)
N R |
do  P1 dm N1 DN

in which one vectorlike fermions Q is coupled to the last
site of the clockwork chain while a second vectorlike
fermion W, uncharged under the Standard Model gauge
group, is coupled to the site M. The effective coupling of
the axion to gluons and gravitons arises by performing a
chiral rotation to remove the axion from the Yukawa
coupling involving the fermions Q and ¥. We find

| .
———aG4, G +

L,D—
“ 3272%f,

G )
——— ——aR,,, R, (16
7682Nf, P (16)

with

G _ d(Zg)d(Co) +3V"Md(Zy)d(Cy)
N d(Zg)T(Cq)

(17)

Even considering a fermion Q ~ (3,1,0) in the color
fundamental and isospin singlet, we find that, at low
energies, the gravitational coupling of the axion is nonzero
and is given by

G
N—6:2x3N‘M, (18)

where we used d(Zy) = d(Cy) = 1. The relation between
the fundamental symmetry breaking scale f and the effec-
tive decay constant f, is given by f, = 3 f. Furthermore,
we note that in this particular realization with Q ~ (3, 1,0)
and ¥~ (1,1,0), the axion-photon coupling is entirely
generated at low energies and is therefore controlled by the
effective axion decay constant f,,.

We have thus found that the coupling to gravitons can be
exponentially large, and its magnitude is controlled by the
distance between the site coupled to the colored fermions
and the site coupled to the uncharged ones. It is natural at
this point to ask how large this enhancement can be. It is not
difficult to realize that, at least within the context of this
minimal setup, there is a fundamental obstruction to the
attempt to make the gravitational coupling arbitrarily
large. On the one hand, we would like to consider an
axion mass as large as possible in order to minimize the
ratio given by Eq. (14). On the other hand, the axion mass

generated by nonperturbative QCD effects is described by
the scaling [58]

(19)

16
m, ~5.7x 10710 (M) eVv.

a

Consequently, increasing the axion mass implies decreas-
ing the value of f, = 3Vf, and thus considering a small
value of 3V [assuming a fixed value of f, for instance
f = 0(100) GeV, which approximately corresponds to the
smallest possible value, given that at the scale f the massive
scalar gears produced by the clockwork mechanism are
found]. However, this latter factor is precisely what should
contribute to the enhancement of the gravitational coupling.

To be a bit more concrete, if we consider a GUT-scale
value f,~ 10'® GeV and a spontaneous breaking scale
f =~ 100f GeV, we obtain an enhancement factor (we take
M =0 to maximize the effect) 3V ~ 10'4, which, how-
ever, is still too small to make the gravitational coupling
phenomenologically relevant. Numerically, Eq. (15) gives

r-L ~ 10102 fﬂ 93—2NS
S 10'° GeV

> 1y~ 1017 s, (20)

where 7y is the age of the Universe. In perturbation
theory, since GG = G/Z,,G””"’ is a total derivative, the axion
Lagrangian is shift-invariant. However, because of QCD
nonperturbative effects, GG will generate an axion poten-
tial. Analogously, RR = RW,GIN{””/’”, is a total derivative
and, in perturbation theory, it does not spoil the axion shift-
invariance. We now move to consider nonperturbative
effects.

B. Nonperturbative breaking induced by gravity

We ask whether gravitational nonperturbative effects can
induce RR to generate an axion potential. This could be
naturally interpreted as the axion potential induced by
gravitational interactions. Mimicking the strong inter-
actions [25,26,59,60], where in the Euclidean functional
integral Z we have to sum over all the topologically
distinct gauge sectors, we have the full (Euclidean) gen-
erating functional [61],

ZE = lim 0ut<0|e_HTE|O>in
TE— 00

_ / [DA|[D¥][Dgle~", (21)

where, [D¥] means summing over all the matter fields in
the theory, [DA] over all the topologically distinct sectors
of the Yang-Mills theory and [Dg] over all the gravitational
sectors. At this stage, it is crucial to pause for an important
remark. Regarding the gravitational part of the functional
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Gravitational instanton

Euclidean time

FIG. 1. Schematic representation of a gravitational instanton of
size p, as a tunneling event between two disjoint vacua, intended
as two flat Euclidean spacetimes.

integral defining the vacuum persistence amplitude in
Eq. (21), one should sum over all four-dimensional
Riemannian spaces {M, g,,} with arbitrary topology for
the manifold M and arbitrary metric g,,, subject to the
condition that M has a prescribed boundary oM, and that
9w Induces some prescribed metric k,;, on oM. It seems
plausible that the appropriate boundary condition for the
vacuum persistence amplitude corresponds to metrics that
are asymptotically Euclidean, with a boundary at infinity
that can be interpreted as a 3-sphere equipped with its
standard metric. We could thus attempt to imagine the
contribution of a gravitational instanton as schematized
in Fig. 1.

From an operational standpoint, this sum can be organ-
ized as follows [62]. First, it is possible to divide the
positive definite metrics g, on M, which induce the given
metric k,, on the boundary oM, into equivalence classes
under conformal transformations with a conformal factor Q
that is positive and equal to one on dM. Second, it is
possible to select a metric from each conformal equivalence
class that satisfies R = 0. One can then explicitly perform
the integration over conformal deformations of this metric.
This leaves the task of summing over all metrics that satisfy
R = 0. In full generality, the action of these metrics is given
by a boundary term (the bulk term vanishes).

At this point, in order for the functional integration to
behave properly, one can invoke the so-called positive-
action conjecture [62,63]; all nonsingular asymptotically
flat metrics with R =0 everywhere have non-negative
action. It is further conjectured that the action is zero if
and only if the space is flat. The validity of the positive
action conjecture—which, we reiterate, must hold true in
order to give meaning to the functional integration—has a
striking consequence of great relevance to our discussion.
In fact, the positive action conjecture requires that there are
no Ricci-flat asymptotically Euclidean metrics other than
flat space [34,63]. Consequently, if we restrict ourselves to
considering exclusively metrics that are asymptotically
Euclidean, it would not be legitimate to include gravita-
tional instantons (as defined in Sec. I C) in the sum defining
the vacuum persistence amplitude. This argument would
resolve our issue at its root. The gravitational instantons

discussed in Refs. [44—-46], which could potentially spoil
the axion solution to the strong CP problem, simply must
not be considered in the gravitational path integral.

However, in the remainder of our analysis, we choose
to follow the discussion in Ref. [34], in which an alter-
native asymptotic condition was proposed by introducing
a fundamental group at infinity; the metric locally
approaches the Euclidean one but a neighborhood of
infinity has the topology of ($3/I") x R where I is a finite
group of isometries acting on S*. These are nothing but the
ALE spaces discussed in Sec. I C.

In the following, therefore, we will contemplate sum-
ming over ALE spaces. The reasoning behind this choice is
to demonstrate, as we will explicitly do, that even in the
case where ALE spaces are taken into consideration, the
low-energy physics that is potentially sensitive to these
geometries remains protected, even in the absence of
Planck-scale suppression. In particular, as explained in
Sec. IC, we will focus on the contribution of the AEH
gravitational instantons.

We have, in full generality, the Euclidean action

SE = Sgrav + Sgauge + Smatter + SH» (22)
in which
I / d*x\/gR — ! / &3 VK[K]
Y T 167Gy Ju 872Gy Jou ’
(23)

where the volume integral of the Ricci scalar R is taken over
M with boundary oM and [K] =K — K, denotes the
difference between the trace of the second fundamental
form of the boundary oM in the metric g,, (denoted by K),
and its value in the flat metric (denoted by Kj); k is the
determinant of the induced metric on the boundary. The
second term in Eq. (23), known as the Gibbons-Hawking-
York boundary term, is an important term added to the
Einstein-Hilbert action in the context of General Relativity
(GR) when spacetime has boundaries, and is necessary
because the variation of the Ricci scalar R, which contains
second derivatives of the metric, leads to boundary terms
involving first derivatives of the metric that must be
canceled to ensure a well-posed variational principle
[30,31,64]. In Eq. (22), we further have

1

Seauge T Smatter = / d4x\/§{2quGa.;w
M 4gg

1
oz b+ LAY }

where L[A, W], in which A and ¥ collectively representing
the gauge and matter fields, respectively, and includes the

axion Lagrangian £,. Finally, we have the topological terms
(that are purely imaginary in Euclidean spacetime [65])
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a (auv Hem Iuv
/d4x\/_{ 5 Gl LG 32ﬂzF,wF”
. 5
- 2R R"”’”’}, (24)

7687> HP°

where 6., is nonzero in nontopologically trivial back-
grounds. In the following we will demonstrate that AEH
instantons [41] (see Appendix A) allow for an explicit and
controlled computation of the gravitationally induced axion
potential, identifying it as the dominant contribution from
nonperturbative gravitational effects. Indeed, in the case of
gravitational instantons, the one-instanton contribution to the
Euclidean path integral will be

ZE|1—inst Z /DA D‘P][Dh] _SE[Ath]

=JAEH

g;w = guzx + h;w/MPl- (25)
The AEH instantons have Euclidean action (see
Appendix A)
2 2 0
_ p .P . Ugrav
S =———i—0 — , 26
E[gAEH] l 2 em l 16 ( )

where e is a U(1) gauge charge that may naturally be
interpreted as the electric charge and p is a real number.
Consequently, Eq. (25) becomes

w2 | p? Oorav
ZE|1—inst = Z/ [DA} [DT] [Dh]e_r_1+l 95m+l 6 —+--
P

+ O(e M), (27)

where the ellipses stand for quantum fluctuations around the
classical solution. At this point, after discussing the theo-
retical foundations of the semiclassical gravity approach
within which we are operating, we can proceed to the
calculation of the axion potential generated by gravitational
instantons.

C. Contribution to the axion potential

In full analogy to the computation of the axion potential
arising from QCD instanton effects, we will employ the
method of "t Hooft operators to compute the axion potential
induced by gravitational effects. In Ref. [66], 't Hooft
showed that (see Appendix D), at distances much larger
than the instanton size—so that we can describe one
instanton event in a local way—BPST instantons [67]
produce effective interactions for a quark ¢} with color
index i =1,...,N. and flavor index s =1,...,N; with
effective Lagrangian,

ipig..

5 N Ly
A Ling () = ce® (K" )" dety [a(0) 0L ()],

+H.c. (28)

where

¢ = 0(1) exp[_SE(-Ainst)]' (29)
We indicate with Aj, the classical BPST instanton [67]
whose action is given by Sg(Ajg) = 87:2/ gs with gg the

strong coupling constant; in Eq. (28), IC 1s a tensor of
the color group SU(N,.).

The physics content of Eq. (28) can be intuitively
understood from the celebrated index theorem [68], which

states that the violation of the chiral charge,

Ny
Os = E /d4xlpj}’o}’5‘1’j,
-

in a background A is AQs = 2(n, —n_) = 4N /T (Cy)n,
where n is the winding number, normalized as

1
n= d4xgayg“*”” =0,+1,42, ...,
3272

7 = Gl (A) (that is, Gj, denotes Gj, evaluated on
the gauge configuration A) and n, —n_ = index (i) 4
is the index of the Dirac operator in the background of A,
i.e., the number of normalizable eigenvectors with zero
eigenvalue of i) 4 (the so-called zero modes). Under a
chiral transformation, we have gz — qre™%, q, = qe
Furthermore, for simplicity, we have assumed that all the
fermions W;’s are in the same representation of the color
group with Dynkin index 7T(Cy) = 1/2. From the index
theorem, in the background of one instanton (for which
n = 1), the chiral charge is violated by AQs5 = 2N units.
That is to say, each flavor violates the chiral charge by 2
units. This effect of nonperturbative chiral charge violation
in presence of one instanton event can be incarnated by the
effective vertex in Eq. (28), which indeed violates, in a
nonperturbative way, the chiral charge by 2N, units.

In the PQ solution [69], @ is promoted to 0 —
0+ 2Na/v,; therefore, Eq. (28) is modified to (with
fa=v,/2N, and omitting the color indices i)

l(l

ALipg (x) = ceeialTj\" det[zp (x)qf, ()] + He. (30)

One then can easily convince oneself that, closing the
fermion legs using all the interactions at disposal contained
N Siatter + Sgauge Obtains the instanton contribution to the
axion potential; indeed Eq. (30) is not invariant under the

shifts a(x)/f, = a(x)/f, + a.
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Following the methodology applied in the QCD case,
we construct the gravitational analog of ’t Hooft vertex in
Eq. (28) by analyzing the Dirac zero modes, i.e., the
violation of the chiral charge, in the background of a
gravitational instanton. That is to say, we have to solve for
normalizable solutions of the covariant and massless Dirac
equation,

y”Dny = 07 (31)

where D, is the Dirac operator evaluated in the gravita-
tional instanton metric background twisted by the Abelian
gauge field A, that is to say

y”Du,A - E.A
, (U
=y Eq (aﬂ - gwﬂhc [yh9 r’l+ ngmAﬂ)‘

An explicit computation (see Appendix B for details),
shows that, differently from what was found in Ref. [70]
and used in Ref. [44], the number of zero modes in the
AEH background is, instead [71],

2|QLup|+1]

@i+, (32)

2j+1=1

ny —n_|=

in which Qf, is the electric charge of the fermion y; in
Eq. (31) and [N] is the largest integer strictly smaller than
N (for instance [3] = 2, etc.). From topological arguments,
see Eq. (A10), for a fermion in a AEH background, we have
the Dirac string quantization condition,

|Qemp| =0,1,2.... (33)

Therefore, since Q.,p is an integer, one AEH instanton
event violates the chiral charge Qs, associated with the

axial current J§ = Y - 7*ysy s, by

AQs| = 2[n. = n_| = 2|QLnp|(2|Qmp| + 1) (34)

units. Since the minimal electric charge of the Standard
Model is —%, the instanton charge p has to be restricted
to [44]

p = 3n, for some integer n, (35)

and Eq. (27) becomes

Zelm =Y / [DA|D¥)[D]

p=3n

2 2 .
X e—%+l%ﬁgm+l

eg],gq“_ + (’)(e_MlZ)lpz)
- / DA[DY|[DA

K Oory
X e e BT 1 O (e Mu o), (36)

where, in the following, we will exclude p = 0 instantons,
as they do not violate the chiral charge and therefore do not
contribute to the axion potential. Equivalently, since there
is no violation of the chiral charge (34), it follows that no
’t Hooft operator is generated for p = 0. Therefore, the
’t Hooft operator, generalizing the QCD one in Eq. (28),
associated with p =3 AEH instantons will be

97\ 3/2 dp — / u ) Jeray
A‘CAEH(X) = ]C() / ?det |J H (WR,fll/L,f)?"Qcm (6|Qcm‘+l) e ga+lgeem+l 6 + H.C., (37)

a o P

where K is an O(1) number, we have used the fact
that the chiral charge in Eq. (34) is violated by AQ5 =
6|Q%n|(6|Q%n| + 1) units, that the Abelian gauge connec-
tion has five zero modes (see Appendix A for details) and
the product in Eq. (37) runs over all the fermions at
disposal. In the presence of an axion, the topological
angles in Eq. (24) are shifted to

2E 2G
eem - Hem + e ’ egrav - ggrav + - .

a a

(38)
Therefore, the exponential in Eq. (37) is modified to

or . . a
exp (‘ o + i0apn + i€ AR f_> , (39)

a

=fermions

egmv

where, for simplicity, we have defined O,y = %Hem +35
and Expy = 5% + 12. As in the QCD case, since Eq. (39)
is not symmetric under continuous shifts a(x)/f, —
a(x)/f, + a, it may be naturally interpreted as a gravita-
tionally induced axion potential. In particular, it should be
noted that in Eq. (37) we are integrating up to [see Eq. (5)]

myy < Mg = gMpy, (40)

because the instanton solution we are considering is a
solution of Einstein’s equations, and, as commonly be-
lieved, GR is not the complete theory of gravity. However,
assuming that the UV completion of gravity is weakly
coupled, My < Mpy, i.e., that the new degrees of freedom
associated with quantum gravity must appear before Mpy,
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oy MS =8 Mp,
R lo..... >

4 Ao
P l

FIG. 2. The AEH solution is reliable up to some mass scale
myy, after which corrections to GR become to be relevant due to
the onset of particles of the UV-completion.

these nonperturbative effects arising from a UV completion
of gravity will be weighted by the Euclidean action,

( const) < 971)
~exp | — <exp|—-—].
9s a

where the inequality follows if we consider g; < a; under
this assumption, M$/g? exp(=97/g,) < V agu(a). We can
depict this separation of scales as in Fig. 2. This allows
us to conclude that, under the assumption that the UV
completion of GR is weakly coupled, with g, < a, the
|

(41)

9z
a

AL gu(x) = K(

x det [{(Leh)m (guy)"*(dgdy,)? }N'QH(QR QL)3QEQ"‘|(6QS*"+1)] a0t iErf L e

Q

where N, is the number of generations of light fermions
and we have taken into account, for Af, < p~' < myy the
onset of the axion model UV completion, i.e., the heavy
fermions O, since there are additional heavy degrees of
freedom (arising above myy) that we have integrated out in
our treatment. Diagrammatically, this instanton vertex is
represented on the left side of Fig. 3.

We now examine how to translate this interaction into a
potential for the axion. There are two important points to
examine:

(1) Let us consider the first of the two integrals in

Eq. (43), the one bounded below by the length
scale (Af,)~!, schematically

(ﬁR uL)I_ (LTR LlL)l_

(Ix /L)A

gravitationally induced axion potential is dominated by
effects of classical GR. That is to say,

__const

A‘C’A}:‘J‘I()‘:) = ALAEH(X)‘GR + O(e s >

=~ AL pn(%)|gr-

(42)

In the following, ALgy(x) = ALApu(x)|gr- Taking
as a proxy Af,=~10'> GeV, where A is some coupling,
we can compute numerically the axion potential induced by
Eq. (39). As long as we are at energy scales below Af, we
will not be able to probe the onset of the UV completion of
the axion model, therefore the product in Eq. (39) will run
over Standard Model fermions. Therefore, omitting the
color indices, the integral in Eq. (37) separates into two
distinct contributions, which we write as

on Afa)™" dp

a

5/2 dp - _ _ e o s/
V7 el {(0at? ) @, e e (25) [
@fa)™ P .

-1
W P

M} dp
/ ! 7f(W1ight)»
@fa)' P

where f () denotes the 't Hooft operator con-
structed from the Standard Model fermions, collec-
tively denoted by ;.. For concreteness we take
the W boson mass My, as a proxy for the upper
integration limit. The fermion legs in f (y;gn,) can be
closed using mass insertions and/or Yukawa inter-
actions. Each time a mass insertion is employed
(see Appendix C and [72]), we trade a fermion
bilinear yy for m,p—m, being the mass of the

Yu;

i

mlk
(@),
(drdy); (drdy)
Af, myy myy
-1 : : :
P
> >
FIG. 3. Diagrammatic representation of AEH instanton vertex (on the left). AEH instanton contribution to the axion potential

(on the right).
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corresponding fermion y ;—thereby positive powers
of p are introduced into the integrand. Instead, a
Yukawa interaction replaces the bilinear iy with
the Yukawa coupling y, without altering the inte-
grand’s p-dependence. Depending on how we close
the light fermion modes y;,p,, (44) gives rise to a
sum of different contributions to the axion potential
Vagu(a), all of which will be suppressed by the
smallness of the Yukawa couplings and masses of
Standard Model leptons. Among these, we find
numerically that the leading contribution—given
that Af, > mgy\;, where mgy is any Standard Model
mass—comes from closing i, With Yukawa
interactions. In this case, no additional powers of
p are introduced and the potential scales as (1f,)*. In
the right panel of Fig. 3 we show the numerically
leading contribution obtained from (44), where yjigp
are closed with Yukawa interactionss;

(i) Let us now consider the second integral, defined
over length scales in the range Af, < p~! < myy,

|

97\52 (Af,)* 1%
Vaen(a )—/137’11”( ) Sy g

P (%) 17N, 1

N,

schematically

o)™ dp
/ p_sf (l//lighlv l//heavy)’ (45)

o
where  f(Wiight» Wheavy) 18 the ’t Hooft operator
constructed from the Standard Model fermions
and fermions of the completion of the axion model,
the latter collectively denoted by e,y This vertex
can be reliably used only well below myy, while
contributions corresponding to the upper integration

limit will be of the order of O(¢ ™" ). Therefore, the
contribution to the axion potential from the AEH
solution comes from closing the fermion legs with
mass insertions, resulting in an integral that exhibits
the dominant behavior near the scale (Af,)~!. This is
shown, in the corresponding range of lengths, in the
right panel of Fig. 3.

All in all, we obtain the axion potential contribution (see

Appendix C), up to O(1) factors,

O N
) +19AEH+15AEHf +/13 < a> (Afa)él 34N,—10Ng

XH ml mlomg HMIOe (,+19AEH+18AEHf +Hec., (46)

i=1

where, for dimensional reasons, we have one overall factor
of A3, and, for concreteness, we consider the case in which

02, = 2/3. We find numerically that, since we want to
enhance as much as possible this effect, taking A = O(1),
fa =10 GeV and a = 107!, because of loop and mass
suppressions (see Appendix C)

971' 97
Vapn(a) < 33(@) e~a(Afa)
=100 GeVv*

X COS <0AEH + EAEH fi> . (47)

We may try to enhance this potential closing the fermion
legs via Yukawa couplings associated with scalars that are
not the Standard Model Higgs [74]. Nevertheless, we find
that [taking the Yukawa couplings to be O(1) numbers] this
effect is still negligible compared to the QCD contribution.

®In principle the zero modes could be closed using other
Standard Model interactions, such as gauge interactions and
Higgs boson exchanges. However these contributions are further
suppressed by additional loop factors and powers of the corre-
sponding gauge couplings [73].

D. Comment on the colored case

We notice that we could have taken into account in the
Euclidean generating functional Zg in Eq. (25) also the so-
called CEH instantons [46]. CEH instantons have
Euclidean action,

2

3_ erav
X3+iz0+ i (48)

Se[Gern] = —-

Using similar arguments for the Abelian case, one gets the
’t Hooft vertex,

~ (3 A _d
ALcpn(x) = ]C( ﬂ) / e—SE[QCEH]_'g
as/) Jafa) P

X H (7L9r)

QCD quarks

-1
_|_]~C 3_” 8/(””) e—sE[!_JCEH]@

ag mU{, ,05
< ]I

(qL4r H QLQR
QCD quarks Q

+ H.c., (49)
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where K is a O(1) number, gy is the strong coupling, f(Ry)
is the number of zero modes associated to the color
representation Ry under which Q transforms [75], A is
an infrared scale and, shifting § — 6 + fi the exponential

in Eq. (49) is modified to

4 2
exp <—’§ % 3 + icpp + iAcen i), (50)
gS fa

in which Ocgy =20+ %2 and Acgy =3+ 155, All the
calculations involving the 't Hooft operator in Eq. (28),
namely closing external fermion legs to get a potential, are
valid as long as the coupling associated with the gauge
connection is perturbative, since in the perturbative domain
one-instanton contributions saturate the axion potential. In
other words, closing the legs of the ’t Hooft vertices in the
strong coupling regime is unlikely to yield reliable results.
Supporting this argument is the fact that the mass of the 7’ is
not governed by large instanton effects, but rather by the
confinement dynamics [76]. In light of these observations,
in the second contribution in Eq. (49), i.e., the one in
which Af, < p~! < myy, the coupling is perturbative.
Consequently, using 't Hooft operators to calculate the
axion potential can yield meaningful results. For the instan-
ton calculation to produce a reliable result, in the integra-
tion region (Af,)™' <p < A~! where ag(A) = O(1), the
legs of the vertex in Eq. (49) can be closed only through
interactions that force the lower limit of integration to
dominate, since for p~! = Af,, gs is perturbative. There-
fore, to avoid the large instanton region, we must not
introduce positive powers of p, differently from the analysis
in [46]. The only way to do avoid the strong coupling
regime is by closing the legs with Yukawa interactions.
|

10"
97\ /2 d ) :

SM=us o P

where, as usual,

Sp = ot iOAenHE Ar S

Taking the Yukawa couplings to be O(1) numbers, one gets
that this contribution is still significantly small compared to
the QCD contribution. Therefore, this gravitational con-
tribution to the axion potential is still exceedingly small
with respect to the axion potential generated by confine-
ment dynamics in the strong interactions.

III. CONCLUSIONS

In this work, we analyzed the role of self-dual ALE
solutions of the vacuum Euclidean Einstein equations in the

Because of the perturbativity of ag and loop suppressions,
we get, for A= O(1) and ag = 1072,

Vegn(a) S O(1072%)Voep(a), (51)

where

dm,m a
v — _2f2 1— ultd -2 )
QCD (a) m][fﬂ\/ (mu T m—d)2 S <2f >

This therefore shows that CEH instantons provide a
subleading contribution to the axion potential compared
to the Abelian case.

E. Gravitational potential enhancement in Nnaturalness

The only beyond the Standard Model scenario in which
these gravitational effects can be significantly enhanced
involves introducing multiple copies of the Standard Model
to address the Higgs boson mass hierarchy problem [77].
Having N copies of the SM, naively implies that each copy
has its own theta angle 6;, however, if the Sy symmetry
distinguishing among the different copies is only softly
broken by Higgs mass terms (i.e., these copies differ only
for the mass term in the Higgs potential), all these angles
would be equal. Therefore, a shared axion would be able to
set to zero all the #,’s at the same time. Moreover, if one
naively assumes the presence of an axion in each sector,
this would elevate the number of light degrees of freedom,
consequently worsening the constraints on N. If a shared
axion is the solution to the strong CP problem, then the
number of copies is bounded to N < 10'° [77]. In this case,
the ’t Hooft operator will be

. (52)
SM

|
Euclidean gravitational path integral. Our results indicate
that low-energy physics potentially sensitive to these
contributions—particularly the QCD axion—remains pro-
tected. This protection persists even across a range of
beyond Standard Model scenarios, which might otherwise
enhance these effects. Adopting a maximally inclusive
definition of the path integral (as discussed in Sec. I B), we
derived an upper bound on the gravitational contribution to
the axion potential. Our key findings are summarized as
follows:

(1) AEH instantons and weakly coupled string theory:
Assuming a weakly coupled string theory as the UV
completion of gravity, we argued that AEH instan-
tons saturate the gravitational contribution to the
axion potential;
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(i) Zero modes and loop suppressions: Following
Ref. [71], we identified zero modes previously
overlooked in Refs. [44,78]. These additional zero
modes, along with loop and mass suppressions,
significantly reduce the AEH instanton contribution
to the axion potential, see Eq. (47). Specifically, the
Abelian contribution remains well below the current
experimental bounds on the neutron electric dipole
moment, independent of the axion model’s UV
completion;

(iii) CEH instantons and PQ protection: By including
CEH instantons in the sum over ALE manifolds in the
gravitational path integral, see Eq. (25), we showed
that, contrary to the results of Ref. [46], these do not
spoil the PQ solution. Instead, their contribution is
subleading compared to the Abelian case;

(iv) PQ quality problem in beyond the Standard Model
scenarios: Our analysis demonstrates that this non-
perturbative contribution to the axion potential does
not introduce a PQ quality problem, even in ex-
tended beyond the Standard Model scenarios. For
instance, in the model discussed in Ref. [77], where
multiple Standard Model copies are coupled to a
single U(1)pq, the PQ symmetry remains protected.

In conclusion, our findings suggest that gravitational

effects do not pose a threat to the robustness of the QCD
axion solution. This strengthens the viability of axion-
based solutions to the strong CP problem across a wide
range of UV completions and beyond the Standard Model
frameworks.
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APPENDIX A: EGUCHI-HANSON MANIFOLD

Eguchi and Hanson discovered a nontrivial spherically
symmetric solution of Einstein’s equations in four-
dimensional Euclidean spacetime [35,41], the so-called
Eguchi-Hanson instanton. One would expect that the
relevant instantonlike metrics would be those whose
2-form curvature R,, is (anti)self-dual, are localized in
Euclidean spacetime and free of singularities. In fact,
solutions have been found which have the interesting

property that the metric approachs a flat metric at infinity,
i.e., a vacuum configuration (as required for a tunneling
interpretation). These solutions are called “asymptotically
locally Euclidean” metrics, because as we shall see, at
infinity, they are locally Euclidean. Apart for this solutions,
the obvious metrics that seem to incarnate these features
(self-dual, localized and free of singularities) are the
standard solutions of black hole physics, which however
in Euclidean spacetime are not asymptotically flat. The
instanton metric is

dr2 2 2 o
ds]%:H:1_p_j+4(0,2€+0§)+4o§(1—r4)
dr? r?
— = 1a6? + sin0dg?
1—”—:+4[ + sin’0dg?|

I

2 P
+7 <1 ——4> (dy +cosOdgp)*, r>p, (Al)
r

where we introduced the 1-forms

o1 = sinydl — cos y sin Odg,
0, = cosydf + siny sin 8dg,
03 = dy + cos0de,

,0,) are the Euler angles on the S? sphere with ranges,
"4 g p g
0<0O<m,

0<¢<2nm, 0 <y <d4nr,

and p is the instanton core size (see Fig. 4). That is, in
matrix form,

g identified

10)

out §

FIG. 4. Schematical representation of M)y spacetime.
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2
2 0 0 0
0 - p* cos204+p* 214 (r*—p*) cos @ 0
gEH 812 452
w = (r*=p*) cos @ rt=p*
0 477 412 0
0 0 0 1

|

1

F

We have the vierblein,

2
el A e = %sin 0d0 A do,

’,.2
4

1 4

2

4 4
2 b
dsgy = E E e‘e’nap,

a=1 b=1
roour dr
ea:gdeﬂea: <20'x7§6w 20'1, u>7
4
"y — 1_%, (A2)

where in the Euclidean 7,, =’ = diag(1,1,1,1). We
have the wedge products,

e' A e =—u(—cosysin@dp A dy + siny[dd A dy + cos0dO A dg)),

el Net = —ZL(siny/dQ A dr —sinf@coswydg A dr),
u

A= % (sin@sinydg A dy + cosy[dd A dy + cos0dO A d)).

2

et et = —Zi(cosy/dG A dr + sin@sinydg A dr),
u

A Aet = —%(dw A dr + cos0dg A dr).

We have the curvature 2-form,
a a 1 a " v
R b:R bZER bﬂ,,dx /\dx
=do’, + 0. N ©°,

where 0, is the spin-connection 1-form [79,80], and we
find the self-dual curvature (for the flat indices a, b we are

taking €134 = +1), Ry, = +%8mnabRaba

2p* 1 4 2 3
R14:R23:——6 (e ANer+e /\6‘),
r
2 4
Ry = —Rj3 = __p6 (> Net+e' Aed),
7

4p* 3.4 1 2
R34:R12:+7<€ ANer+e /\6).

To remove the coordinate singularity at r = p, we have to
identify antipodal points of r = a > p spherical surfaces.
That is to say,

08l <m,
0<¢ <2n,

0 <y <2r. (A3)

[
This is an explicit example of a metric whose topology
is asimptotically locally Euclidean, but not globally Euclid-
ean (i.e., not S*). We have the Pontryagin invariant,

1 -
P== 1672 /MEH d4x\/§Rﬂvdewp ’
1 3848
= — d4 - 3.
167T2 Mgy X\/§ r12

The EH metric (A1) supports the self-dual U(1) field
(A4)

which is to say,

pp?

Ar = Ag = 0, A'I/ =75 A¢ = 7COS 0. (AS)

This gauge field connection has five collective coordinates;
four related to the instanton center x, and one related to the
integration constant p. We have the field-strength,
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F =dA = 0,A,dx" N dx*

2pp? cosf
= _ﬂ A de - dr A dy
r
0
_ppsing o A di
A
—4(6‘ ANes—e Ne). (A06)
’
That is, in matrix form,
0 -t g 0
. p/)zr;in 0 0 0 przrzcos 0
" 0 0 o
0 _ 2pp2r3cosa _21;_3,02 0

which is antiself-dual, that is,

~ 1
FH — Py n—— {:‘0123 =1.
2vg ’

Indeed, since (anti)self-dual Maxwell fields have vanishing
energy-momentum tensor, the Einstein equations are un-
disturbed and, decorating the EH spacetime in Eq. (Al)
with the gauge field in Eq. (A4), we have an automatic
solution of the Finstein-Maxwell equations [81]. This is
what we call an AEH spacetime. We have the action [82],

1
— R — 3% K
SAEH 16 GN/ x\/_ / dX\/%[ ]

71'GN
1
. d4 f‘y]:;w
+4e - Vo
+i /M d*x\/g 326“‘27 Fr (A7)
2 2
—i a4 g”V R, R””"—K—'p—ﬁem
l/M V97682 Rsvo a 2
Ot
—i ;;6 (A8)

Note that this action is independent of Newton’s constant
and rather similar to that of the Yang-Mills instanton except
for a factor of 2. This can be traced back to the identi-
fication of antipodal points in EH space, which becomes a
half of the (asymptotic) Euclidean space. We now ask
whether the AEH space actually admits the existence of
spin structures (Fermi fields) [83]. Consider a path y at
constant r = a > p with 0 <y < 2 at fixed (6, ¢). Since
at constant r > p, Mgy ~ S3/Z,, this path is indeed a loop

. . . 2 .
"One can easily Verlfy that, using F i, = Fy3 = — 4227 obtains

Top = =FoeFpe + 477ab‘7:cd-7?cd =0.

P(x) exp[iQ{mgﬁ o)
Y
Y(x)

FIG. 5. Propagation of the fermion W(x) along the loop 7.

(see Fig. 5). Furthermore, this loop cannot be contracted to
a point, since the loop encloses the S, sphere at r=p.

Propagating a fermion field ¥(x) with charge 0!, along 7,
one will obtain a new field ¥ (x) which is related to the
original field by the Abelian transformation,

W(x) = '@ A (). (A9)

However, from the Stokes’ theorem, in the limit ¢ — oo,

fA_/ F
Y M,
e’ i o
=- ——(e' Ane
M r

14
I

dpp*r
where M, is the manifold lying over the loop contour .
For the fermion ¥(x) to be consistently defined over the
manifold, since antipodal points are identified, we have to
impose the Dirac string quantization condition [83],

- A et)

d ANdr = =2np,

Olnp = integer. (A10)

APPENDIX B: COMPUTATION OF DIRAC ZERO
MODES ON AEH MANIFOLD

To make the analysis parallel to the Yang-Mills case and
to give a precise estimate of all the loop factors we have to
find explicitly the zero modes of the Dirac operator i/ in
the AEH background (see [71,84] for a review). In this
appendix we find the zero modes of the Dirac operator for
4-manifolds with isometry group SO(3) and a self-dual
Riemann tensor. Introducing the radial functions f(r), a(r),
b(r), c(r), the metrics take the form

ds*> = f2dr’ + a*6} + b*63 + ?o3. (B1)
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We furthermore introduce the vierblein,

el =ao,

e’ = bo,, e = coy, et = —fdr.
By definition, the inverse vierblein is given by
Ely = g el & Eie) = 8,

from which, inverting the 4 x 4 matrix ejj, we straightfor-
wardly find,

1 1 1
E, =-X,, E;, =—-X,, E; =—X;3,
a b c
1
E4_ — ——ar,
S

where
. 1
X, = sinydy + cosy | cotdd, ———0d, |,
siny

1
X, = cosyoy — sinw(cot 00,, — @%),
i

X3 - 6,/,.

For many calculations it is convenient to use a proper radial
coordinate R defined via

dR = fdr < E, = —0.

We are interested in the general form of the Dirac operator
in metrics like the one in Eq. (B1) and coupled to a
spherically symmetric Abelian U(1) gauge connection with
self-dual field strength; indeed for (anti)self-dual field
strength the energy momentum tensor identically vanishes.
The gauge potential can then be written as

A= A]Gl + .Azdz + .A30'3,

where A;, A,, A; are functions of R only. The Dirac
operator in the presence of the connection A is

1 :
7MDu,A = ﬂA = yaEZ (ay - ga’ﬂbcbfb, 76] + ngrn-Aﬂ)

1 .
= ya <Ea - gwubc [ybv },c] + ngmA(Ea)> ’

where Qﬁm is the charge of the fermion under the U(1)
connection A, A(E,) = EZA” and we introduced the
Euclidean y matrices,

{}/av}/h} = _25ab7 a,b=1,...4, (BZ)

where

(0 g . (01
=\ o) TT71 o)

and we have the Pauli matrices [z;, 7;] = 2ie; 7y, i = 1, 2,
3. The self-duality of the Riemann tensor implies that the
spin connection 2-form w,, is

W4 = —adl, Wrg = —662, W34 = —6.'63,
WH3 = —Adl, w3 = —B(Fz, W1y = —C63, (BS)
where
Aibz—&—cz—a2 7a2—|—cz—b2
N 2bc ’ N 2ac ’
2 2 2
ac+b-—c
C = ;’
2ab

and ¢ = dp/dR. Using Eq. (B3), we obtain

f

+ {i(Ei + i A(E))r; +% (%‘ + g v )}

(0wt

9 1/a b ¢
_ A _Yr S _ [z, 2z
Do=vy H + Qi A(Ey) 2<a+b+c>}l4
¢
C

Introducing
Di=X+i0mAX)),  AX)=X{A, =123,
we get
0o T
T, O
where
0, ifa b ¢
TA_ |:17+Q£mA(E4)+§<E+Z+E>:|12+1BA’
. TIDI TzDz T3D3 1/A B C
B, = —(—+=+—]1
A (a b ) AV
and
0 ifa b ¢
v |9 S :
TA— l7+QemA(E4)+E<Z+E+E):|12—IBA.

The operator Tl is the adjoint operator of T 4 with respect
to the scalar product,

W) = [ avaw = [ nene gy,
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where ¢ and y are £, functions. Consider the metric

dsipy = Vdsiy, + Vo3,

where
. r
dsk, = dr* +4L*sinh? (Z) (63 + 03),
and we have introduced the positive function

gL,
S L\p et -1

where f and L are non-negative constant. If we conformally
rescale the metric dsﬁTN with the conformal factor,

et p—1
pLet =)

4L 1
B (2= p)cosh(57) + Bsinh(5;)

we obtain a 1-parameter family of metrics,
dsjy = Ndsiyy. (B4)
For f — 2 we get, making the change of variables,
2
r = parccoth <W—2> , p=2L,
p
the AEH line element

dw? w2 5 5 p 4
- 1—-(= 2
s e (-G

(B3)

2
ds =)

while, for # — 0 we get the Taub-NUT line element. We are
now going to explicitly solve the Dirac zero-mode equation
D 4 = 0 on the manifold defined by the line element i in
Eq. (B4) with the connection of the kind [see Eq. (A4)]

o3 pp’

.A = pA3G3 = pﬂ—vﬁ)ﬁa:’” <B6)

where p is a real constant. We furthermore are interested in
the case @ = b. In the presence of the gauge connection
given in Eq. (B6), after some algebra, Eq. (B4) becomes

T,=i K3‘+ +2>1+%P}

¥We notice that, in the colored case, the gauge connection
could be written as A = pAfost,, where 7, is the color SU(2)
Pauli matrix.

where

27 N2iX, —

Pp: ( LAz
2iX.

N 2242 1
2, )"

X, = X, £iX, and we have introduced the constants,

-
A7l = 2LV sinh| — ),
Sin (2L>

r
BLV'

0lnp) 2iX_
—271(2iX;5 — Qlnp)

(B7)

p=

Thus, in order to compute the eigenvectors of D 4y = 0, we
have to compute the eigenvectors of P, [84]. The Laplace
operator,

Ag = -X2—X2- X2,

commutes with iX3, thus we can consider the basis of
simultaneous eigenvectors,

N2jez, 2m.2m ez, m'| < j},
Ag|jom.m') = j(j+1)]j.m.m').
X3/, " =ml|j,m,m).

iX5 and iX, satisty the angular momentum algebra, which
means,

iX[jomom')y =/(j—m)(j+m+1D)]jm+1,m),
Vi+m)G—m+1)j,m—1,m).

iX_|j,m,m') =

Given the expression for P, it is quite natural to male the
ansatz for its eigenvector to be of the form,

( alj,m,m’) )
Blism+1.m') )
for some real constants @, f to be determined. Substituting
Eq. (B8) in the eigenvalue equation for B, one obtains

(B8)

a 1

RN

/(1 +2m = Ofup)? +4ﬂ2(j—m)(j+m+1>},

: [1+2m—Q£mfa
(j+m+1)

and we have the eigenvalues, with multiplicity 2j + 1 (m’ is
a spectator at this level)

A1
SV (1 2m = Qlap)? +42(j = m)(j+m + 1).
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The above result holds for —j < m < j — 1. Indeed, for
m = j we have the eigenvector,

(M%W»’

with eigenvalue
A1
S+ (2j+ 1= 0lnp),
5t 72j+1-0emp)

and multiplicity 2j + 1. For m = —j—1 we have the

< ’ ,m >

21
S (2414 0lup).
2+/1(J+ + QimpP)

with eigenvalue

and multiplicity 2j + 1. We are now ready to solve the
Dirac equation for the zero modes over the backgrounds
given by Eq. (B4),

¥
Doy = m(@) —0,

where ¥ and @ are 2-component Weyl spinors. Since

0 TH\ (¥ T,¥ =0,
ow=(r, o )e) 0=
T, 0/)\® Th® = 0.
It can be shown that T, has trivial kernel, hence we can set

® = 0. Using spherical symmetry, the spinor ¥ has the
form

Tz(é)ﬂwﬁmm%

where K, are arbitrary constants and h(r) is a radial
function. From the form of Pp in Eq. (B7) follows that,
since for general K, # 0,

7ol b+ ()

the equation J) »¥ = 0 has nontrivial solutions for

Jom,m'),

K2:0:>m:j,
or

As a consequence of Eq. (B4), we have

r
=b=A =2LAsinh| — |,
a AnTN sin (2L>

c = Ac =—,
hTN \/V
f=Afwn :A\/V’

and

i LV r
T,= —2L0, — —L —coth( —
’ 2LA\/V{[ Ty T (2L>

.3 ((2 — f) sinh(57) +ﬁc<>sh(22))] 1
> - — 7 | |12
2\ (2= p)cosh(3r) + Bsinh(3)
P
+ pr} (B9)
251nh(ﬁ)
For K, =0
T,Y=0,
has the solution
r/L_lj_ r/L 13/2
nry = Ve )
ﬁ + er/L _ 1
y e—ﬁ(3+4j+;=,(2chml’_2j_1)), (B10)

where K is a complex integration constant. In the case
K, =0, one obtains the solution in Eq. (B10) with p
replaced by —p. Concentrating on the case K, =0, for
large r, h(r) has the asymptotic behavior

h(r) %exp[—ﬁ (—1 +§(2Q£mp —2j— 1))}

We now impose this function to be square integrable with
respect to the volume element

dV:fabCG] /\02/\03 A dr

relo) Aoy Aoy Adr.
Therefore, for h(r) to be £, we must have
2j+1 <§+ 20%np.

that is

1<2j+1 <§+2Q£mp:>2Q£mp>1—§.

Analogously, for K; = 0,
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152j+1<§-2Q§mp:2Q£mp<1—§.

Therefore, for fixed j we have (remember that m' is a
spectator at this level) 2j 4+ 1 distinct solutions coming
from the allowed values for m/, giving

21QLwp|+5/2)
dim(Ker(T,)) = (2j+1),

2j+1=1

where [n] is the largest integer strictly smaller than n (so

that [3] = 2 etc.). In the AEH case, see Eq. (A10), Olnp is
an integer, therefore the number of zero modes of the Dirac
operator is

21Qkwp|+1]
n, —n_|= (2j+1)
2j+1=1
= |Qkup|(21Qpl +1).  (BI)
furthermore the zero modes take the form
RO (r)\j. j.m')
p' (x) = g . Olp>0 (B12)
0
or
0
ot = | OB ot <o miy
0
where
W) (r) = 0123j+4< : L >J‘+%
w? — 412
w? —4L2

2 ’

w2 — 412\ 3UHQhpl+)
(i) z

w? + 4L2

that is choosing ¢; =273 *L=%73K, we obtain [see
Eq. (B5)]

1 (wz —p2> ‘Q%"N
W[W4 _p4](j+1)/2 w2 +,02 ’

w2
r = parccoth <—2) p=2L,
P

W (r) =K

with K a normalization factor. That is, we have the
normalized mode,

h<j>(r) — 2j+1\/§[ I'(j+ |Q£mp| +1) ]1/2
7\0(2j + DT QLmp| - j)

PRI W — p? @
X yRRmTTE 5 5 , (B14)
W[W —-p ](H‘U/z w +,0
where
W2
r = parccoth (p—2>, p=2L, (B15)
and
2|p0OLnl - 1
ij,...,—'erz Ik (B16)

Analogously to SUN) gauge group, the index P 4, could
also be computed—instead of computing explicitly and
then counting the zero modes—in an integral form using
the Atiyah-Patodi-Singer (APS) index theorem [71,81,85].

APPENDIX C: CLOSING FERMION LOOPS
WITH YUKAWA INTERACTIONS
IN THE AEH MANIFOLD

Having identified the 't Hooft vertex, we have to tie up
the fermion zero modes using all the interactions at
disposal. For instance, allowing for a Yukawa-type inter-
action, we have to evaluate integrals of the kind,

1= /d4x1\/§d4x2\/§[h(j) (x)PGr(x1, x2) [RY) (x,)]2,
(C1)

where Gr(x;, x,) is the Euclidean scalar propagator in the
AEH background, computed solving

(1Yo +m3)Gr(x,x') = —4n/geud™ (x - x).

In principle, to do computations with O(1) accuracy, we
should compute numerically the integral in Eq. (Cl);
however, we will discuss a counting rule for 7> factors
appearing in instanton diagrams. Indeed, as in the Yang-
Mills case, one might think at first glance that instanton
amplitudes are highly suppressed by loop factors, none-
theless the meaning of loop is not trivial in instanton
calculus. Similarly to the flat spacetime case, from the
integration over vertices we get

8 0
/d4x gocz/ drr3,
T Jp

in addition to the 1/7? provided by momentum integration.
Moreover, from the explicit expression of the zero modes
on EH, see Eq. (B14), the zero-mode wave functions do not

(C2)
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FIG. 6. Functions For(j) for Qlnw=1,1/3,2/3, where
from (B14), jmax(Qem = l) = S/Zvjmax(gem = 1/3) = 1/27
jmax(Qem = 2/3) = 3/2

contain z factors other the ones coming from the normali-
zation. Therefore, for Q mp > 0, we estimate,

SOHCeTee]
" F(zrjo':)gfgmf 1>J )]

1 . )
~ T o, ) For, (7): (C3)
where we introduced
o TQ2j+ D0(Qlmp —j
F o () = B UL ) (o

L(j+ Qbmp + 1)

Therefore, up to O(1) factors, we can count a loop with a
1/7% loop suppression factor (see Fig. 6).

APPENDIX D: THE T HOOFT OPERATOR

In this appendix, for completeness, we will review the
formalism of the so called ’t Hooft vertices in QCD. First,
to keep the discussion simple, we consider the one flavor
case, Ny =1, the Dirac fermions in the fundamental
representation of the gauge group [normalized with color
Dynkin index T'(C,) = 1/2] and the operator

O = qrqg(x), with chiralityy =2.  (D1)
We compute the Euclidean expectation value,
_ 4ailba —
O =N [DaDge] “Pauqn).  ©2)

in the presence of an external gauge field A%, where \ is a
normalization factor and D, = 8, + igsA,, D = y;D,. Let
¢, (x) be the complete set of eigenfunction of the Hermitian
eigenvalue problem,

iE¢,, (X) = lnqsn (x)’
/ &0 (x) P (%) = Sy

where D, = d, —igA,, with A, some background gauge
field. Expanding in the basis (D3),

4(x) = 3 a,,(x).

n

@x =), (D3)

= Zl;nqﬁ};(x)

where, since ¢ and g are in the functional integration two
independent Grassmann variables, a, and b, are two
independent sets of anticommuting variables (not carrying
spinor indices, which are carried only by the ¢,’s).
Therefore, the path integral measure is

N / [Dq)[Dg) = N / Hdandi;n =N / (da)(dD),

and the fermionic action is

—/d“xc‘pﬁq— /d4xZBnam(¢jli$¢m) - Zlnznan'

n,m

Therefore,
e = [ [ebPar = T (1 + Aubaa).
n n

and moreover,

dL9r = Q< ers) Zb am¢n< +75)¢m

In terms of a,’s and b,’s the expectation value of O then
becomes

(O, =N / (da)(@B)[[(1 + ABya,)
S ap (1275
; ,¢< 5 >¢,

The Grassmann integrals are performed according to the
rules,

(D4)
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o )-1a()-(2)

therefore the only nonvanishing contribution to (O), are
those in which each a,, and b, appears exactly once, giving

O [Ty (S5 )t 9

We now ask what are the external gauge field configura-

tions A, giving a nonvanishing (O),. That is, we consider
the following cases:

(i) i has no zero modes, i.e., there are no normalizable

solutions of the equation iPy, in the background of

the external gauge field A%; This means that [86], all

the eigenvalues of i]) are paired,

iﬂqﬁn = A iE75¢n = —AnY5Pns (D7)
and the sum appearing in (D6) vanishes, i.c.,
1 1+ Ys
— ot —
S (e -0 o)
That is
(O(x))4 = 0. (D9)

(ii) iP has one “+” chirality zero mode: n, = 1. Calling
¢, the corresponding eigenvector, i.e., D¢y = Ay,
Ao = 0, (D6) becomes

Ao, (}0 # (1 —;y5>¢0(x)
1 /1
sl () )
=0
, 1

“TL /1,,4%( Z“) $o(x)

= det' (iD)p} <1+ij5> Po(x)

= det! (i) pjebo ).

(D10)
J

where, in []’, we are considering only nonzero
modes and we used the fact that eigenfunctions of
i) with zero eigenvalue can always be chosen to be
eigenfunctions of y5 [86]. That is

(Ox))4 det’(i$)¢8¢o(x) #0,

where det’ is the determinant computed excluding
zero eigenvalues.

(iii) i) has one “- chirality zero mode: n_ = 1.
Proceeding as in the previous point,

(D11)

1+75
2

(O()), det/(imqsz( >¢0(x) —0. (D12)

which means that anti-instanton configurations give
vanishing contribution to (O),.
(iv) i/ has more than one zero mode,

By =3y, A =0,  (D13)
In this case (D6) yields,

(O(x)) 4 A28 .28 det! (i)

Lo (T4+7rs\ )
X <W¢o ) dq (X>

0

Lo (1+7s\ 0 B
+/1(()—2>¢0 < 5 b (x)+~~- =0,

(D14)

that is gauge field configurations with |n|=
|n, —n_| > 2 do not contribute to the expectation
value of O.

From the above analysis we conclude that

(Grqr)a # O,

requires n =n_—n_=1, (D15)

similarly

(GrqrL)a # 0,

requires n = n, —n_ = —1, (D16)

Therefore,

) = NY [ AL PP exp [ (- (PR + a0 ) +in0 baran(s)

- [ Al ipging exp{ / d4x(
:N/[DA]lexp{—i/d“x(F;,,)z}e

1
-2 (Fa,)% + E]iD(]) + iﬁ}éLqR(X)

g B (),

(D17)
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where we have normalized respect to the case with A, = 0.
Substituting the zero-mode wave function

polx) =2 ——2 (0)¢

rlle=x0P =P\

aa __ .od
g =€,

(D18)

Expanding about the instanton solution and substituting
the explicit expression for the zero-mode solution (D18),
we find

~ dp 8772 2N,
<61LQR> oc/p—5/d43€0/dg(?>

8z 11 o det' (iD)
———+—N_log(M 0~ "2
xexp( % 3 Ne og( p)>e ot(id)

3t
P
X , (D19)
Pl + T

where dQ is the differential corresponding to the color
orientation of the instanton and it is normalized to unity. We
notice that the ¢ factoring (D19) is the bare coupling,
which we expect to be renormalized by taking into account
two-loop effects. Moreover, in (D19) we have in the
numerator a factor of p°, two of which are carried by
qﬁgq’)o and an extra p is inserted for dimensional reasons [to
match the dimensions of the lhs of (D19)]. However the
determinants must be regularized from loop divergences,
and [87]

det'(ip) det'(iD)
det(ia) ” det(la) regulated
B det'(iD) det(id)
"~ i(Mp) x det' (i) + iM) det(id + iM)’
= exp (% log(Mp)>. (D20)

Therefore, we finally obtain

s (5" [ 2-(55)"
p3

_82
X e el

wrspr O

We now make the following observation (see [65,66]);
for small instanton size, the integrand of (D21) goes like

(x —x0)7°, (D22)

and the Euclidean propagator for massless Dirac fermions
in coordinate space reads,

Yu (.X - xO)y

m x (x —x9)7, (D23)

Sp(x—xp) =

therefore, for small instanton sizes, the amplitude (D21)
has exactly the spacetime structure of the amplitude
generated by the effective vertex at x,,

8 2\ 2N. d 8
_C(g_72> /p_/s)p3e’9g .f/(gl/ﬂ)qRqL(xO) +H.c.,

(D24)
where the minus sign comes from the Fermi statistics and
the factor

(x — xp)°, (D25)
is precisely reproduced by the two propagators that connect
Xxo with x and the integral over the collective coordinate x
will correspond to the integration in coordinate configura-
tion over the vertex variable; the Hermitian conjugate of
(D24) gives the anti-instantonic contribution to (Grq; (x)).
This can be visualized diagrammatically as in (D26).

SE(z — zo)
Instanton ) z (D26)
Sr(x —xo)

Therefore, to capture the instanton effects, neglecting the
instanton size p, we have to add to the QCD Lagrangian the
effective vertex,

Aﬁ@)—-1/lwnﬁﬁdmona%Kxbﬁh@wamxm

+Hec., (D27)

where the function dy (p) and the tensor (ICZ(\}(_))"”'2 are
obtained computing the fermionic correlation function
(grqr(x)) with the effective "t Hooft vertex and matching
the result with the instanton background computation

in (D17). For instance (see [65])

(K]\})>i1i2 — 27280,

(ICAP)iIiZ _ %”251'11'2,
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Performing the analogous analysis for the case of N flavors, with quarks in the fundamental representation of the color
group, we find that the effect of an instanton at small p is captured by the fermion effective operator (the determinant, due to

Fermi statistics, goes over flavor indices s, t)

AL(x) = —/dpp_SHNdeC(P) (,CI(\JI\:,))I'I@U.:‘Weiﬂ det, (q%(x)qi(x))iliz._im/ +H.c.

(D29)
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