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Abstract

This PhD thesis is devoted to the investigation of some peculiar effects happening at
nanoscopic interfaces between immiscible liquids or liquids and solids via molecular
dynamics simulations.

The study of the properties of interfaces at a nanoscopic scale is driven by the
promise of many interesting technological applications, including: a novel technology
for developing both eco-friendly energy storage devices in the form of mechanical
batteries, as well as energy dissipation systems and, in particular, shock absorbers
for the automotive market; biomedical applications related to cavitation, such as
High-Intensity Focused Ultrasound (HIFU) ablation of cancer tissues and localised
drug delivery, and many more.

The kinetics of phenomena taking places at these scales is typically determined by
large free-energy barriers separating the initial and final states, and even intermediate
metastable states, when they are present. Because of such barriers, the phenomena
we are interested in are "rare events", i.e. the system attempts the crossing of the
barrier(s) many times before finally succeeding when an energy fluctuation makes
it possible. At the same time, the magnitude of the barrier is determined by the
energetics and dynamics of atoms, which forces us to model the system by taking
into account both the femtosecond atomistic timescale and the timescale of the
relevant phenomena, typically exceeding the former by several orders of magnitude.
These longer timescales are inaccessible to standard molecular dynamics, so, in order
to tackle this issue, advanced MD techniques need to be employed.

The thesis is divided into two parts, corresponding to the main lines of research
investigated, which are (I) the interfaces between water and complex nanoporous
solids, and (II) planar solid-liquid and liquid-liquid interfaces. Anticipating some
results, atomistic simulations helped uncovering the microscopic mechanism behind
the (incredibly rare!) giant negative compressibility exhibited by the ZIF-8 metal
organic framework (MOF) upon water intrusion. Molecular dynamics simulations also
supported experimental results showing how it is possible to change the intermediate
intrusion-extrusion performance of ZIF-8 by changing its grain morphology and
arrangement, from a fine powder to compact monolith. Free-energy MD calculations
allowed to explain the exceptional stability of surface nanobubbles in water, at
undersaturated conditions, on a surprisingly wide variety of substrates, characterized
by disparate hydrophobicities and gas affinities; and yet, how they catastrophically
destabilize in organic solvents. Finally, through simulations, some light was shed
upon the working mechanism behind the novelly discovered phenomenon of how the
interface between two immiscible liquids can act as a nucleation site for cavitation.
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Chapter 1

Introduction

An introduction to the research developed during the PhD program and its foreseen
applications are found here. The chapter is divided into two sections, shadowing the
the main areas the research focused on.

1.1 Porous lyophobic crystalline (PLC) materials and
their applications

Porous systems with cavities of different size have been considered in many disciplines,
including:

• chemistry, where these materials can be used for catalysis, thanks to their
large contact area[4, 5, 6];

• physics, in which they are considered, for example, to study the peculiar
properties of highly confined molecular or liquid systems[7, 8, 6, 9];

• medicine, where porous systems can be exploited for specific and controllable
drugs release[10, 11, 12];

• engineering, in which nanofluidics became a hot topic[6].

Among the general porous systems, crystalline nanoporous ones, in which the
porosity is determined by the regular distribution of atoms and molecules in a
crystalline lattice, are very interesting because they are typically characterized by:

1) a very high specific surface area,

2) high porosity (ratio of empty over total volume),

3) high regularity of the characteristics of the pores,

4) and are highly designable, i.e. one can tune their characteristics by selecting
suitable metal and linker components[13, 14, 15].



2 1. Introduction

Among the other classes, (nano)porous lyophobic1 crystalline (PLC) materials,
such as metal organic frameworks (MOFs) or covalent organic frameworks (COFs),
offer several advantages. PLCs can be designed and fabricated with controlled
porous shape and size using well established laboratory and industrial techniques.
Also, PLCs have, ideally, mono-disperse pores size (and shape), which simplifies the
operativity of devices based on these materials (they have a well defined intrusion and
extrusion pressure, intrusion kinetics, etc.). PLCs have high applicative potential.
However, the development and use of PLCs requires understanding the wetting
properties of these materials, possibly deriving a general theory that can complement
capillary theory at the atomistic scale, together with degradation mechanism with
intrusion/extrusion cycles.

1.1.1 Intrusion/extrusion processes in PLCs

Lyophobic nanoporous materials immersed in a liquid offer a unique opportunity not
only to store, but also to transform or even dissipate energy through intrusion/ex-
trusion processes (see Fig. 1.1).

(a) (b)
Figure 1.1. On the right, schematization of the intrusion/extrusion processes for an

hydrophobic system and on the left, sketch of the instrument used in the laboratory
for the experiments (which could also represent an hypothetical device based on this
technology).

Starting by thermodynamic conditions in which the liquid is extruded and then
increasing the hydrostatic pressure up to a threshold value Pint (intrusion pressure),
the liquid intrudes and is forced to wet the pores, building up the solid-liquid interface
energy. Then, one of the following scenarios will happen:

A. just by releasing the external pressure slightly below the Pint, the liquid is
extruded by the material and the stored energy is released;

B. only lowering the external pressure sizably below Pint, the liquid is extruded
by the material and a part of the stored energy is released, while the rest of
the energy is dissipated;

C. regardless of the external pressure, none of the liquid is extruded, hence all
the energy is dissipated.

1the term lyophobic is a compound word made up of the Ancient Greek terms "lyo-", which
stands for "solvent", and "-phobic", or "having aversion to"; so a lyophobic material is one which has
no affinity towards the considered liquid.
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The picture presented so far is actually over-simplified: in general, the intrusion
and extrusion processes are characterized by continuous PV curves. The area
between the intrusion and the extrusion curves quantifies the dissipated energy as
well as the hysteresis of the system: the closer the two curves are, the lower the area,
the lower the hysteresis, and vice versa.

In the following, I will assume the volume of the extruded liquid to be equal to
that of the intruded liquid, and indicate with ∆V such volume; moreover, Pext will
represent the extrusion pressure (not the external pressure).

In case A, Pint = Pext, hence (Pint − Pext) ∆V = 0; so case A corresponds to
null hysteresis, in fact it performs as a storage mechanism, which proves to be very
effective and compact (stored energy density of the order of tens/hundreds of J/g).

In case B, Pint > Pext, therefore an energy corresponding to (Pint − Pext)∆V
is wasted in the hysteresis cycle. This energy is dissipated as heat, increasing the
temperature of the solid/liquid system. The energy dissipation appears to span
a very broad range of frequencies., which makes a lyophobic system with (large)
hysteresis an ideal device to absorb vibrations.

In case C, the energy given to the system is completely lost and can never be
retrieved (the area between the curves is "infinite"). Even though such performance
may appear to be counterproductive and useless, given the huge energy that the
system can dissipate, one can think of shock-absorption applications.

Figure 1.2. P-V chart sketch along an intrusion/extrusion process. Pressure is applied
on the liquid until it reaches a critical value, Pint, when it penetrates the pores of the
lyophobic material. Upon release of pressure, when it reaches the critical extrusion value
Pext, the liquid gets extruded from the porous material. Figure adapted from Ref. [1].

A realistic sketch of the pressure-volume trace of the intrusion/extrusion of a
liquid in a porous lyophobic system is illustrated in Fig. 1.2. Hysteresis between
these intrusion and extrusion processes can be significant, especially when the pore
diameter is several nanometers.

1.1.2 Energy scavenging and energy dissipation applications in the
automotive sector via shock absorbers

We already observed that the area enclosed by the hysteric loop is the mechanical
energy that can, in principle, be recovered (scavenged). As shown very recently
by our experimental collaborators of the Thermal Energy Storage Group at the
CIC EnergiGUNE[16, 1], it is possible to transform a large part of this energy into
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electric current2 thanks to the triboelectric effect (a type of contact electrification by
which two originally neutral bodies become electrically charged when brought into
contact and then separated). To have an idea of the potential benefits of this energy
scavenging approach, it is worth remarking that the power dissipated as thermal
energy in shock absorbers goes from 400 W for city cars to 7.5 kW for large trucks or
buses[17]. The recovery of even a fraction of this dissipated energy can significantly
boost the efficiency of vehicles.

Shock absorbers[18] keep the tires of a vehicle in contact with the ground at all
times by taking the kinetic energy of the suspension, i.e. absorbing vibrations, and
converting it to thermal energy (i.e. heat) that is then dissipated into the atmosphere
through convection. For the sake of simplicity, here the suspension of a vehicle can
be identified with the springs connected to the tires. A spring is fully described
by the spring constant k [N/m], which determines exactly how much force will be
required to deform the spring: a higher spring constant means a stiffer spring, and
vice-versa. In particular, the spring constant is related to the natural frequencies (or
normal modes) of the spring, thus to the frequencies of the vibrations it can absorb.
The spring constant can be expressed as

k = Gd4

8nD3 (1.1)

in other words, it depends upon the following parameters:

• the shear modulus G, which takes into account the material making up the
spring, along with other physical properties of the spring;

• the wire diameter d, i.e. the diameter of the wire comprising the spring;

• the coil diameter D, i.e. the diameter of each coil, measuring the tightness of
the coil;

• the number of active coils n, i.e. the number of coils that are free to expand
and contract.

In general, helical (or coil) springs are preferred, because they allow to have a
constant distance between each coil, hence to better control the number of active coils,
granting the possibility to absorb a broader (yet still limited) range of frequencies.

Shock absorbers are basically oil pumps: a piston is attached to the end of
a piston rod and works against a hydraulic fluid (oil) in the pressure tube. As
the suspension is compressed/decompressed by the discontinuities of the road, the
hydraulic fluid is forced through orifices inside the piston. Because the orifices only
allow a small amount of fluid through the piston, the piston is slowed, which in turn
slows down spring and suspension movement. The friction between the fluid and
the piston generates heat, which raises the temperature of the shock absorbers and
is then dissipated as described above.

Employing porous lyophobic materials for absorbing shocks and vibrations is an
interesting technological application on its own. Indeed, if one cannot transform the
energy corresponding to the hysteric loop into electric current, this gets dissipated
as thermal energy. Suitably designing the system, one can:

2such possibility is being explored at this time within a project funded by the European Union
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• dissipate a large amount of energy per intrusion/extrusion cycle, much larger
than the energy dissipated by traditional shock absorbers;

• absorb vibrations over a very broad frequency spectrum[19], while standard
vibration aborbers operate on a narrower band.

The suggested approach would allow to develop shock and vibration absorbers for a
wide range of applications, even beyond the automotive sector, including aerospace,
home appliances, industrial apparatuses and many more.

The intrusion and extrusion pressures and the energy associated to the process
are related to the pore chemistry and morphology, and to the characteristics of the
liquid (including solutions). Therefore, to make intrusion/extrusion efficient, for
either electric energy production or energy dissipation, one has to maximize the area
enclosed in the hysteric P-V loop and select or design porous materials and liquids
with suitable values of the intrusion/extrusion pressure, within the operative range
of the source of dissipated mechanical energy triggering the process.

Clearly, a large (lyophobic) pore surface implies that one has a large energy to
transform into electric current or to dissipate when absorbing shocks or vibrations.
In fact, the energetics of intrusion is related to the solid/liquid interface energy when
the material is intruded by the liquid, hence to the solid/liquid interface area. Thus,
metal-organic frameworks (MOFs), with their huge surface area per gram, are ideal
candidates. Surprisingly, though the very narrow pores of few nanometers, some
MOFs, e.g. ZIF-8 and Cu2(tebpz), have shown relatively low intrusion pressures,
around ∼25 MPa,[16] which conflicts with macroscopic predictions relating the
intrusion pressure to the size of the pores, more specifically to the so-called pores
mouth, the aperture through which the liquid must pass through to enter in the
porous system, or to pass from cavity to cavity.[20]

We remark that - even though here we focused on energy applications of porous
lyophobic systems - MOFs, covalent organic frameworks (COFs), zeolites and others
have a wider range of applications, including chromatography, controlled/enhanced
drug delivery, water purification and many more. We expect our results to have
impact in these fields as well.

1.1.3 Renewable energy sources and energy storage applications

In the last 70 years the rapid growth of the world population lead to a rise of the
energy demand, especially in developing countries. Such situation results in the risk
of depletion of cheap fossil energy and environmental pollution as well as climate
change. According to prof. Noam Lior, editorial board member for many journals
about energy resources and their environmental impact, there will probably be
sufficient oil and gas for this century, and coal for 2 or more[21]. Industrialized
countries decided to cooperate to tackle and hopefully solve these serious problems,
signing the Kyoto Protocol and, more recently, the Accord de Paris. The EU even
encompasses the issue of energy technologies and services in its White Paper on the
future of Europe.

Energy production, storage and distribution are main subjects of scientific and
technological research with high societal impact. Identification of renewable energy
sources, energy scavenging to minimize waste of this resource, identification of novel
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reservoirs of conventional sources of energy, e.g. clathrate hydrates of natural gas,
are some of the research directions which have attracted significant attention of the
scientific community, and often appeared on the media.

One of the problems to be addressed for the desirable shift from conventional
to renewable energy sources is energy storage, which is the general subject of this
project. Energy storage is necessary especially with renewable energies (e.g. solar,
wind, and hydro energy), not only to compensate the temporal mismatch between
production and use, but mainly because of their discontinuity. Indeed, renewable
energy sources are inherently discontinuous: for example, solar energy is trivially
bound to the day-night cycle; wind energy is tied to the weather conditions and the
orientation of the turbines; hydro energy is highly dependent on the precipitation
amounts. Due to their irregular availability, in order to properly harvest and exploit
sustainable sources, new energy storage technologies have to be designed; the general
guidelines such novel systems should aim to fulfill are the following: high energy
density (the device should achieve the maximum possible stored energy per unit
volume or per unit mass), high efficiency of energy transformation, durability, low
price, eco-compatibility, no fire and explosion hazard.

Among electrical, chemical, thermal, and mechanical energy storage, the latter is
the least developed. Three main strategies exist for the accumulation of mechanical
energy: flywheels, compressed air, and pumped hydro energy. A flywheel is a
gyroscope, i.e. a simple device, in principle, consisting of a wheel storing energy
under the form of rotational energy. It provides very high energy density, efficiency,
and good durability. However, flywheels have also severe drawbacks, such as that
the wheel must be contained in a vacuum chamber. Compressed air energy storage is
based on the thermodynamics of gasses: upon expansion, a gas, namely air, releases
the energy which has been spent to compress it. Yet, also in this case its use suffers
important shortcomings, such that utility plants require huge installations because
of the low storage density, and heat generated during compression must not be
dispersed to avoid a significant reduction of efficiency. Pumped hydro energy storage
consists in pumping water from a lower to a higher reservoir. Here, a significant
weakness is that this solution requires a suitable geographical location, with water
basins of suitable size at suitable different quotes.

Mechanical storage offers advantages in terms of efficiency, simplicity of design,
and hence lower price and environmental impact, especially for production of electrical
energy from mechanical sources, e.g. wind and hydro energy. Indeed, mechanical-to-
mechanical storage might be more efficient, eco-friendly, geopolitically neutral (does
not need special materials and elements produced/extracted in few countries), and
cost effective than other storage.

One technology satisfying all/most of these requirements is the storage of energy
as interface energy through the intrusion/extrusion of a non-wetting liquid in a
suitable porous material (Fig. 1.1): energy is stored during the charging process
when forcing the non-wetting liquid to enter into the lyophobic pores of the solid
during the intrusion step and it is released upon spontaneous extrusion when the
application of external pressure is ceased. A simple yet profitable choice would be
to couple water with an hydrophobic material: using water makes bio-compatibility
much easier to guarantee, since any other liquid would likely be more complex to
handle and dispose of.
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The performance of the storage devices (mechanical batteries) and dampers hinges
on the peculiar transitions of the liquid under extreme confinement: the intrusion
of the liquid and its extrusion due to the nucleation and growth of a gas bubble
within them. The conditions in which these transitions happen strongly depend on
the morphology (pore size and distribution) and on the chemical composition of the
confining material.

1.1.4 The need of an atomistic model

We explore here the reason why it was essential to adopt an atomistic approach to
analyze the PLCs behavior.

1.1.4.1 The continuum model

Intrusion of liquid in a porous system can be described by the well established,
macroscopic Kelvin and Young-Laplace equations.

Kelvin equation The Kelvin equation links the vapor pressure of a given species
to the shape of its vapor-liquid interface, which is accounted for by means of its
radius of curvature. The equation is equal to:

ln pr
p∞

= 2γVmol
rRT

where pr is the actual vapor pressure when the radius of curvature is r, p∞ is the
saturated vapor pressure when the radius of curvature is ∞ (corresponding to a flat
surface), γ is the surface tension, Vm is the molar volume of the liquid, R is the
universal gas constant, and T is temperature.

As a simple example, let us consider the surface of a liquid in contact with its
vapor phase: if the surface is convex, r is positive, pr > p∞, and so the liquid tends
to evaporate; inversely, when the surface is concave, r is negative, pr < p∞, and so
the vapor will tend to condensate. The Kelvin equation is completely general, in the
sense that it is derived from thermodynamic principles and does not depend on the
material.

Young-Laplace equation The Young-Laplace equation is a nonlinear pde gov-
erning the pressure difference across the interface between two static phases; more
specifically, the ∆p is related to the shape of the surface associated with the interface.

Derivation of the Young-Laplace equation Let us consider a membrane,
described geometrically as a 2D differentiable manifold Σ embedded in a Euclidean
3D space. The conservation equation for the (linear) momentum of the membrane,
analogous to that of hydrodynamics, is equal to:

σ
D~u
Dt = ∇π ·Qπ + ~t

[ D
Dt

:= ∂

∂t
+ ~u · ∇

]
where σ is the superficial mass density of the membrane, u(x, t) is the (Eulerian)
velocity field, ∇π is the nabla operator on the plane tangent to the membrane, Qπ is
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the superficial stress (tangent) tensor, which maps normal vectors (to the membrane)
onto tangent ones, and (the last) t is the total body force per unit length acting on
the membrane.
Often the dissipative phenomena for the mechanical energy turn out to be negligible,
which allows to reduce the constitutive relation for Qπ to Qπ = γIπ, being γ the
surface tension and Iπ the identity tangent tensor. Indicating with gµ and gν the
covariant and controvariant base vector of the tangent space (at a given point) of
the membrane (the dependence on space and time is omitted as to simplify the
notation), one finds:

Iπ = Iαβ~gα ⊗ ~g β = Iαβ~gα ⊗ ~gβ
Iαβ = Iαλ g

λβ = δαλg
λβ = gαβ

hence the identity tangent tensor is just the metric tensor g of the manifold repre-
senting the membrane. If n̂ is the normal to the membrane, massaging the above
equations yields:

∇π ·Qπ = Qαβ,β ~gα − CαβQ
αβn̂[

where Qαβ,β = ∂Qαβ

∂ξγ
+ ΓαγλQλβ + ΓβγλQ

αλ

]

σ
D~g
Dt = ∇π ·Qπ + ~t =

(
Qαβ,β + tα

)
~gα +

(
tn − CαβQαβ

)
n̂ =

=
(
∂γ

∂ξβ
gαβ +

�
��γgαβ,β + tα

)
~gα +

(
tn − γgαβCαβ

)
n̂ =

= ~tπ +∇πγ + (tn − γCαα ) n̂ = 0 at equilibrium or stationarity

The above expression can be broken into two parts:

~tπ +∇πγ = 0

which accounts for the exchange of tangential forces between the membrane and the
environment (e.g., Marangoni effect and coffee ring effect); and also

tn = γCαα = γ

( 1
R1

+ 1
R2

)
which is the Young-Laplace equation, according to which pressure gradients across
the membrane induce a modification of its curvature, and vice versa. In the spherical
interface approximation (where R1 = R2 = R0), the YL eq. becomes

tn = γCαα = γ
2
R0

−→ ∆p = pinside − poutside = γ
2
R0

The Gibbs condition for intrusion states that: given a cylindrical cavity partially
intruded by a liquid and complementarily filled by the corresponding vapor phase,
indicating by θ the current contact angle, if θ > θY , with θY being the Young
(equilibrium) contact angle, the liquid will keep advancing through the cavity, while
if θ < θY the liquid will recede.
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Being more precise, the current contact angle θ is evaluated with respect to
the walls of the cylindrical pore during intrusion, and the plane of the pore during
recession. This gives rise to pinning, i.e. a given interval of θ within which the liquid
neither intrudes nor recedes.

If we hypothesize that in correspondence of θ = θY the pore (barely but actually)
starts to get intruded by the liquid, we can use the YL eq. to estimate the intrusion
pressure Pint as follows. The radius of the pore a can be related to the radius of
curvature of the (approximately) spherical meniscus of liquid as:

a = R0 cos θY

Inverting the previous relations and noting that Pin � Pout = 1 atm, one finds:

Pint = −2γLV cos θY
a

1.1.4.2 Failure of the continuum model

The intrusion pressure of water in pores of several nanometers is still well described
by the macroscopic Kelvin-Laplace equation[22, 23]; however, for smaller pores,
significant deviations from this law arise due to various nanoscale effects. The
modeling becomes even more complicated in the case of PLCs: fluids within these
materials experience extreme confinement and are expected to substantially deviate
from their bulk behavior, and thus macroscopic theories are expected to fail.

As an example, let us apply the equation found for Pint at the end of the previous
section to deduce the intrusion pressure of water into ZIF-8 at room temperature: at
the specified condition, the surface tension of water γWLV is equal to 0.073 N/m, the
Young contact angle θY between water and ZIF-8 is around 130◦, and, lastly, the
characteristic size of the pores of ZIF-8 is around 1 nm, hence a = 1 nm. Plugging
all these values into the equation, we get:

P
water/ZIF-8
int = −2γ

W
LV cos θY

a
= −20.073 · cos 130◦

10−9 N/m2 ≈ 94 MPa

which is almost 4 times higher than the corresponding experimental value of 25
MPa!

In order to account for nanoscale effects, it proved to be necessary to adopt
a different model, i.e. an atomistic one. But how does the continuum and the
atomistic frameworks reconcile? Actually, this question was answered in a notorious
paper by J. H. Irving and J. G. Kirkwood from 1950[24]. In the article, "the
equations of hydrodynamics - continuity equation, equation of motion, and equation
of energy transport - are derived by means of the classical statistical mechanics";
namely, the macroscopic quantities are expressed in terms of the atomic variables
and the intermolecular forces, disclosing a one to one correspondence between the
two theories.

1.1.4.3 The atomistic model

The atomistic model consists in breaking down the system into single particles
(atoms and/or molecules) and studying their dynamics individually by means of
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molecular dynamics (MD). The macroscopic properties of the whole structure are
then retrieved averaging over the microscopic ones.

In MD, atoms are typically described as point charges with an associated mass,
while molecules are represented as a number of atomic sites connected by bonds. The
interaction between atoms is described by a potential, commonly known as a force
field; the basic functional form of potential energy in molecular mechanics includes
bonded and non-bonded terms. Bonded interactions includes bond stretches, bond
angle bends, torsional rotations, improper dihedral angles, and so on, and allow to
describe the interactions within molecules; on the other hand, non-bonded terms,
namely electrostatic (computed based on Coulomb’s law) and van der Waals forces,
describe intermolecular interactions. The Lennard-Jones 12-6 potential is commonly
used to represent van der Waals interactions. Additional terms related to coupling
between different distortions or other interactions, such as hydrogen bonding, may
also be present. The specific decomposition as well as the exact form of each term
can vary from force field to force field.

The system evolves according to Hamilton’s equations of motion, which are an
alternative yet equivalent formulation of Newton’s laws of motion and Euler-Lagrange
equations. The Hamiltonian H(q, p) is a function of the positions and the conjugate
momenta of all the particles from which their time evolution equations can be easily
derived as:

q̇ = ∂H

∂p
, ṗ = −∂H

∂q

The Hamiltonian,in most cases (e.g. it is not true for the Hamiltonian of a charged
particle in an electromagnetic field), represents the total energy of the system,
hence it can be written as the sum of the kinetic and the potential energy (i.e. the
forcefield).

There are cases in which the equations of motion of a system cannot be derived
by an Hamiltonian. Systems can be non-Hamiltonian as one operates in a set of
non-canonical coordinates, i.e. a set of coordinates obtained from the Cartesian
positions of the atoms via a non-canonical transformation, a transformation whose
Jacobian is non-unit. This is the case, for example, of the equations of motion
introduced to sample the constant temperature (NVT) and constant pressure (NPT)
ensembles[25, 26, 27].

1.2 Cavitation-related effects and their applications
Cavitation is a phenomenon consisting in the formation of tension-induced bubbles,
i.e. cavities, within a liquid at below-atmospheric- or negative-pressure regions.
Such cavities nucleate where the pressure of the liquid is reduced to its vapour
pressure; then, they expand as the pressure is further reduced along with the flow
and suddenly collapse when they reach regions of higher pressure. The sudden
growth and collapse of these bubbles produces a strong pressure wave, i.e. a shock
wave, so intense that can nick and progressively damage the solid surfaces exposed
to the cavitating liquid. This circumstance is commonly observed near the blades of
centrifugal pumps, water turbines, and marine propellers. Cavitation is generally
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an undesirable effect, because it produces extensive erosion of the solid, additional
noise from the resultant knocking and vibrations, as well as a significant reduction
of overall efficiency, because it distorts the flow pattern.

Up until today, the origin of heterogeneous cavitation was considered to be
nucleation sites where stable gas cavities may dwell, e.g. on impurities, submerged
surfaces or shell-stabilized microscopic bubbles. However, we found out that cavita-
tion may also appear at the interface between two immiscible liquids (e.g., oil and
water): the non-polar liquid of the two has a higher gas solubility and acts upon
pressure reduction as a gas reservoir that accumulates at the interface.

On one side, this discovery casts a shadow over the possibility to cure this
phenomenon, making it virtually impossible to avoid: in fact, as a result, cavitation
would occur even if the solid were to be taken out of the system, because oils can
create a gaseous thin film at the interface with water. In addition, separating two
immiscible liquids is a much more complex operation (than separating a solid from
a liquid), because oils tend to emulsify in water. Vice versa, on the bright side, this
finding may find interesting applications in two areas, quite far from each other: the
biomedical and fuel injectors fields.

Ultrasound drug delivery medical treatment[12] is particularly attractive as it
is non-invasive, enables the regulation of tissue penetration depth, and does not
rely on ionizing radiation. In addition, drug delivery approaches can be targeted,
i.e. they can localize either the drug release or its activation at the target site,
allowing to reduce its dosage and, in turn, its side-effects and/or toxicity. Ultrasound
strategies that harness the mechanical activity of cavitation nuclei for beneficial
therapeutic effects are actively under development.[11] The oscillations of circulating
microbubbles (the most widely investigated cavitation nuclei) can be exploited to
induce mechanical stresses on nearby tissue (up to its disrupture), as to permeabilize
biological barriers and enable or enhance drug penetration, concentration and
effectiveness. The same microbubbles may be used to encapsulate or shield a
therapeutic agent in the bloodstream, to further improve localized uptake efficiency.

Ultrasound-Targeted Microbubble Destruction (UTMD)[12] is an ultrasound
therapy, in which low-frequency moderate-power ultrasound is combined with mi-
crobubbles to trigger cavitation: microbubbles are intravenously injected and cir-
culate freely in the blood vasculature; then, upon ultrasound exposure using a
focused transducer, the interested microbubbles undergo cavitation, which produces
shock-waves, which, in turn, lead to breakdown of cell junctions, cell membrane
perforation, and tissue permeabilization.

High-Intensity Focused Ultrasound (HIFU)[28, 29, 30, 31] is another ultrasound
therapeutic technique that hinges on ultrasonic waves to heat or ablate tissue, both
benign and malignant. HIFU is non-ionizing and non-invasive, since ultrasound
waves can pass through the skin and soft tissue without causing damage outside
of the focal volume. For these reasons too, HIFU has been widely accepted for
ablation3 of a variety of solid tumors. The clinical applications of HIFU are rapidly
growing, but safety is still a concern. The clinical use of HIFU is currently limited by
the long treatment times (of the order of hours) and high acoustic powers required,
which cause the formation of superficial skin burns. Microbubbles are known to

3ablation leads to coagulative necrosis or cellular apoptosis, i.e. the death of the cell.
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reduce the acoustic energy required to induce heating and lesion formation; thus,
they can be exploited to increase and tune the heating rate and/or lesion volumes
achieved within each ultrasound exposure, hitting two birds with one stone. However,
microbubbles present outside the targeted treatment area can also damage nearby
healthy tissue. Also, microbubbles have a relatively short life-span in vivo, limiting
the time over which they are effective during a HIFU surgical procedure.

The cited medical procedures can clearly benefit from a better understanding of
how cavitating microbubbles formation and stabilization are affected by the presence
of non-polar liquids which may act as gas reservoirs.

On a wildly different context, the performance and pollutant formation of a
Diesel engine are heavily dependent on the characteristics of the spray produced
by its injector nozzles. The spray development is directly determined by the flow
inside the nozzle, therefore an improvement of the nozzle geometry and design
can lead to a better atomisation behavior, and in turn to a better air-fuel mixing.
There are experimental evidence and a rich bibliography (see for example[32, 33]
and the citations therein) showing that cavitation within the nozzle modifies the
characteristics of the nozzle exit spray. Thus, the above discovery (that cavitation
may also appear at the interface between two immiscible liquids) may have a direct
impact on this field: the understanding and potential control of cavitation within an
engine could help improve combustion, both enhancing its efficiency and reducing
its byproducts.
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Chapter 2

Theory and methods

As it will be shown in the next chapters, the thermodynamic and the kinetic analysis
of the considered phenomena (e.g., the intrusion/extrusion of water in/from ZIF-8)
require the calculation of the expectation value of certain variables, i.e. the ensemble
average of specific macroscopic observables expressed as functions of the phase space
point Γ = (q,p). Such expectation values cannot be evaluated analytically, but
rather can only be estimated through numerical techniques, among which Molecular
Dynamics.

Molecular Dynamics (MD) allows to solve numerically the equations of motions
of systems of particles, representing atoms, interacting among them through an
effective potential depending on their reciprocal position. The main objective of
equilibrium classical MD is to compute the value of physical observables at equi-
librium by sampling them and then averaging the homologous samples over time
along the system’s trajectory. Since the MD approach is based on the integration
of the equations of motion, its methods can be extended to non-equilibrium condi-
tions. Historically, the need to develop and adopt numerical tools arose from the
impossibility to solve analytically the equations of motions describing real physical
systems, since they are characterized by many degrees of freedom and highly non-
linear atomic and molecular interactions. MD works hand in hand with statistical
mechanics: while the former deals with the behavior of the microscopic components
of a physical system, the latter aims to deduce from these its macroscopic properties.
In other words, statistical mechanics builds a bridge between classical mechanics
and thermodynamics.

In order to better understand the foundations of the research work of my PhD
thesis, the next section is dedicated to a brief introduction to both theories. The
second section in this chapter, on the other hand, deals with advanced MD methods
that were exploited in my research, i.e. rare events techniques. These techniques,
as the name suggests, allow to simulate phenomena which are intrinsically highly
improbable, being associated with energy barriers that the system should overcome
solely based on thermal fluctuations; however, such barriers as well as the related
obstacles may be exceeded by properly tweaking the simulation conditions, as it will
be shown.



14 2. Theory and methods

2.1 A brief introduction to Statistical Mechanics and
Molecular Dynamics

Let us consider an isolated classical system comprised of N particles in a volume
V . The (microscopic) state of such system is uniquely defined once the canonical
coordinates q1, q2, . . . , q3N and the conjugate momenta p1, p2, . . . , p3N of each one of
the N particles are known Thus, the state of the system is described by a point in
a 6N -dimensional space, called the phase space, and its evolution in time can be
represented as a trajectory in that same space.

The time evolution of an isolated system is governed by the Hamilton’s equations
q̇i = ∂H(Γ)

∂pi

ṗi = −∂H(Γ)
∂qi

or


q̇ = ∂H(q,p)

∂p

T

ṗ = −∂H(q,p)
∂q

T
(2.1)

where H(Γ) is the Hamiltonian function of the system1 and

Γ = (q1, q2, . . . , q3N , p1, p2, . . . , p3N )T =
(
qT ,pT

)T
(2.2)

is a point in the phase space2. The points of the trajectory generated by the system
of equations 2.1 belong to a (6N − 1)-dimensional surface in the phase space, defined
by the equation H(Γ) = E, which is nothing else than the conservation law for the
total energy E of the system.

Real physical systems are composed by a number of particles of the order of
the Avogadro’s number, NA = 6.02214076 × 1023 mol-1, interacting among them
through highly non-linear potentials. In such circumstances, it is impossible to solve
analytically the system of Hamilton’s equations, and consequently to know position
and velocity of each particle at every instant. However, one is interested in the
macroscopic properties of the physical systems, rather than atomic-level details.
That is the reason why the concept of Gibbs’ ensemble was introduced and statistical
mechanics was born.

1here we follow the so-called numerator-layout convention, where the derivative of a scalar with
respect to a vector is a row vector.

2When canonical coordinates coincide with the positions of the particles, i.e.

(q1, q2, q3, . . . , q3N−2, q3N−1, q3N )T = (r1x, r1y, r1z, . . . , rNx, rNy, rNz)T := r =
(
rT

1 , rT
2 , . . . , rT

N

)T
,

and

(p1, p2, p3, . . . , p3N−2, p3N−1, p3N )T = (p1x, p1y, p1z, . . . , pNx, pNy, pNz)T := p =
(
pT

1 , pT
2 , . . . , pT

N

)T
.

One can use the latter as independent variables for the Hamiltonian

H(r, p) = H(r1, r2, . . . , rN , p1, p2, . . . , pN )

It is just a matter of notation. Doing so, the system 2.1 can be written in a perhaps more familiar
fashion as: {

ri = pi

m

pi = Fi (r1, r2, . . . , rN )
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An ensemble is a collection of copies of the same system, all characterized by
the same value of a given set of macroscopic observables (i.e., physical quantities).
To each ensemble is associated a probability density defined over the phase space.
The ensemble corresponding to an isolated single-component non-reacting system is
called microcanonical, and it is defined by 3 parameters: the number of particles N ,
the volume V and the total energy E. In fact, the microcanonic ensemble is also
know as (N,V,E) ensemble.

A great variety of thermodynamic conditions can be modeled through ensem-
bles: under the hypothesis of being at equilibrium, one can study systems coupled
to a thermostat (a mechanism keeping the temperature constant), a barostat (a
mechanism keeping the pressure constant), other mechanism keeping other quan-
tities constant (i.e., the enthalpy), a reservoir of particles, and so on, defining a
family of equilibrium ensembles. It is also possible to analyze out-of-equilibrium
systems, i.e. systems subjected to external force fields; in such cases, we talk about
non-equilibrium ensembles.

In general, the time-dependent ensemble probability density function over the
phase space ρ(Γ, t) is defined such that ρ(Γ, t) · dΓ is the probability, at time t, to
find the system inside the volume dΓ centered at the point Γ. From such definition,
it is clear that the following two conditions must hold for every t

ρ(Γ, t) ≥ 0 , (2.3)ˆ
dΓ ρ(Γ, t) = 1 (2.4)

The time evolution of the probability density function ρ(Γ, t) is described by the
Liouville’s equation, which can be derived[25] to be equal to

dρ
dt = ∂ρ

∂t
+ Γ̇ · ∇Γρ = 0 (2.5)

where

Γ̇ =
(
q̇T , ṗT

)T
=
(
∂H

∂q ,−
∂H

∂p

)T
(2.6)

and

∇Γ =
(
∂

∂q ,
∂

∂p

)
(2.7)

Eq. 2.5 can be rewritten explicitly as

dρ
dt = ∂ρ

∂t
+ ∂ρ

∂q ·
∂H

∂p −
∂ρ

∂p ·
∂H

∂q = 0 (2.8)

or even

dρ
dt = ∂ρ

∂t
+ {ρ,H} = 0 (2.9)

having introduced the Poisson brackets, defined as
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{a, b} = ∂a

∂q ·
∂b

∂p −
∂a

∂p ·
∂b

∂q (2.10)

If the ensemble probability density is known, the macroscopic observables O(t) we
are interested in can be computed as the expectation values of homologous functions
defined over the phase space O(Γ)

O(t) =
〈
Ô(Γ)

〉
t

=
ˆ

dΓ Ô(Γ) ρ(Γ, t) (2.11)

If ρ(Γ, t) has an explicit time dependence, then so will the observable O(t),
regardless whether the microscopic observable Ô(Γ) depends on time. On the other
hand, a system in thermodynamic equilibrium, by definition, is in fixed thermody-
namic state. This implies that the thermodynamic variables characterizing such
equilibrium state do not change in time. As a consequence, if O(t) is an equilibrium
observable, the ensemble average in eq. 2.11 must yield a time-independent result,
which is only possible if the ensemble distribution of a system in thermodynamic
equilibrium has no explicit time dependence, i.e.

∂ρ

∂t
= 0 (2.12)

This will be the case, for example, when no external driving forces act on the system.
When eq. 2.12 holds, the Liouville’s equation 2.9 reduces to

dρ
dt = {ρ,H} = 0 (2.13)

The general solution to eq. 2.13 is any function F (. . .) of the Hamiltonian H(q,p)

ρ(q,p) ∝ F [H(q,p)] (2.14)

This is as much as we can say from eq. 2.13 without further information about
the ensemble. In order to ensure that f(q,p) is properly normalized according to
eq. 2.4, the solution can be rewritten as

ρ(q,p) = 1
Z
F [H(q,p)] (2.15)

where Z is defined to be

Z =
ˆ

dΓF [H(q,p)] (2.16)

The quantity Z is referred to as the partition function and is one of the central
quantities in equilibrium statistical mechanics. The partition function is a measure
of the number of microscopic states in the phase space accessible at given thermody-
namic conditions. Each ensemble has a specific partition function that depends on
the macroscopic observables used to define the ensemble itself. It can be proven that
the thermodynamic properties of a system are calculated as partial derivatives of the
partition function. Recalling eq. 2.11, other equilibrium observables are computed
in terms of the partition function as
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O =
〈
Ô(Γ)

〉
= 1
Z

ˆ
dΓ Ô(Γ)F [H(q,p)] = (2.17)

=

ˆ
dΓ Ô(Γ)F [H(q,p)]
ˆ

dΓF [H(q,p)]
(2.18)

Let us now consider the case of a system whose dynamics is stationary and
such that, given an infinite amount of time3, the system is able to visit all the
accessible points Γ = (q,p) in the phase space (except sets of points of measure
zero) with a frequency proportional to to their probability density ρ(q,p). A system
with this property is said to satisfy the so-called ergodic hypothesis, and thus to
be ergodic. Upon the ergodic hypothesis, phase space averages can be replaced by
time averages over the system’s trajectory, obtained by integrating the equation of
motion, according to

〈
Ô(Γ)

〉
=

ˆ
dΓ Ô(Γ)F [H(q,p)]
ˆ

dΓF [H(q,p)]

ergodicity= lim
T−→+∞

1
T

ˆ T

t0

dtO(t) = Ō (2.19)

To put it in different prospective, the phase-space points along a the trajectory of
an ergodic system constitute a sampling of the probability density function of the
considered ensemble.

2.2 Rare events techniques
Many processes under investigation in MD may implicate transitions between
metastable states, i.e. minima in the free energy surface. If the energy required to
pass from one metastable state to another is significantly higher than the thermal
energy kBT available to the system, transitions would occur infrequently and, possi-
bly, on timescales not accessible to MD. In such conditions, the system is expected
to exhibit a persistent motion around one of the minima, preventing a complete
sampling of the phase space. In other words, a metastable state is a state where
the system can be trapped in by thermodynamic energy barriers; the higher these
barriers with respect to the thermal energy available to the system, the more difficult
will be for it to explore different states. A process involving the transition between
metastable states is usually referred to as an activated or rare event. Simulating a
system with metastabilities is computationally inefficient by standard MD: in fact,
the system could take a considerable amount of time to overcome a barrier, therefore
one would not be able to achieve convergence within the timescale accessible by
atomistic simulations: the brute force integration of classical equations of motion 2.1
for a system made of thousand of particles can be typically carried out for a time
interval up to hundreds of nanoseconds4. Several methods have been developed to
cope with rare events. These are aimed at addressing typical questions, such as: the

3theoretically infinite, practivally big enough.
4a MD system is evolved in time with very small timesteps of the order of one femtosecond,

1 fs = 10−15 s
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identification of the mestastable states, the mechanism of the transition from one
state to another, and the evaluation of the transition rate. In the following sections,
two different rare events methods are discussed. The first is Restrained Molecular
Dynamics (RMD), introducing a controlled bias, allows to efficiently sample the
space of configurations (positions and velocities) of the system. From the output of
the simulation, it is possible to estimate the gradient of the free energy, from which,
by numerical integration, one obtains the free energy itself. The second technique
that will be considered is the string method, which aims to calculate the minimum
free energy path between to metastable states, in the space of a set of reaction
coordinates, which is typically highly dimensional.

2.2.1 Collective variables and free energy

The free energy plays a crucial role in the framework of statistical mechanics. Related
to the logarithm of the partition function, the free energy is the thermodynamic
potential (in NVT or NPT ensemble) from which the other thermodynamic quantities
can be derived via mathematical operations. Often, the free energy difference between
two thermodynamic states is as important as the absolute free energy: e.g. free
energy differences determine, among other things, weather a chemical reaction can
proceed spontaneously or rather needs energy inputs from other sources, and are
directly related to activity coefficients and equilibrium constants.

The free energy can be defined in function of one or more generalized coordinates
in a system: this is the so-called Landau free energy. A famous example of this is
given by the Ramachandran plot, which visualizes a free energy surface as a function
of a pair of dihedral angles (ψ, φ) of amino acid residues in protein structure; the
plot is a map of the stable conformations of the molecule, their relative stability,
and the energy barriers among them.

In this chapter, we will properly recall the definition of Landau free energy and
describe a way to sample it by means of restrained molecular dynamics (RMD);
in other words, we will lay the theoretical foundation upon which the free energy
calculation we conducted are based.

2.2.1.1 Collective variables

Quite often, it is convenient to describe a generic thermodyamical process in terms of
a reduced set of n generalized coordinates qα, which can be expressed as a function
of the coordinates of the N particles composing the system:

qα = fα(r1, . . . , rN ) , with α = 1, 2, . . . , n . (2.20)

The qαs are typically referred to as reaction coordinates, collective variables or order
parameters, depending on the context and type of system.

A simple yet effective example of a collective variable is the following: let
us consider the dissociation of a diatomic gas into two species, AB −→ A + B,
and assume that their interaction potential depends only on the relative distance
r = |rB − rA| between the two atoms A and B. Then a collective variable which
characterizes the process could be r itself.
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Collective variables can be very useful and powerful investigation tools, however,
poorly chosen ones can bias the system and thus lead to flawed results and identifying
good reaction coordinates for complex systems is far from trivial. In fact, there
is not a step-by-step procedure to define these variables, so often they are chosen
purely by intuition or based on the positive outcomes of previous works on similar
settings. Also, to these days, the validation of these variables can only be done a
posteriori, via the so-called committor analysis, and it is also quite expensive to
carry out. Aware of the possible issues, in the next section we will describe the
sampling method along a preselected reaction coordinate which was employed in our
calculations.

2.2.1.2 Landau free energy

The probability density that n collective variables qα, for which eq. 2.20 holds, will
take values sα in the canonical ensemble is given by

P (s1, . . . , sn) =
〈

n∏
α=1

δ(fα(r)− sα)
〉

=

= CN
Q(N,V, T )

ˆ
dNr dNp e−βH(r,p)

n∏
α=1

δ(fα(r)− sα) , (2.21)

where Q(N,V, T ) is the canonical partition function,

Q(N,V, T ) = CN

ˆ
dNr dNp e−βH(r,p) , (2.22)

and constant pre-factors were grouped in the term CN , which is given by

CN = 1
N !h3N . (2.23)

Also, the following contractions have been made in order to slightly simply the
notation: H(r1, . . . , rN ,p1, . . . ,pN ) ≡ H(r,p) and fα(r1, . . . , rN ) ≡ fα(r).

Despite appearing a bit intimidating, eq. 2.21 as a straightforward interpretation:
it is an ensemble average, i.e. the ratio between the number of states having
certain features, versus the total number of available states, both properly weighted
according to the probability density of the given ensemble. The counting operation
is carried out by integrals over the system phase space, thus we can deduce that the
delta functions at the numerator of eq. 2.21 perform the selection of the states we are
interested in. Indeed, from a geometrical point of view, integrating n delta functions
over an N dimensional space corresponds to compute the (N − n)-hypervolume
identified by (setting to zero) the deltas arguments, which in our case conveniently
represent the conditions qα = sα.

From P (s1, . . . , sn), one defines the Landau free energy as

A(s1, . . . , sn) = −kBT lnP (s1, . . . , sn) . (2.24)

In the above definition, the logarithm serves the purpose of taming the sharp
changes of probability from one point to another; on the other hand, the factor
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kT , which gives A(s1, . . . , sn) the units of energy, is introduced just to comply
with an historical language, as one could address the subject only in terms of
probability. In the present research, using an "energy language" is functional to
the combination of the microscopic description of hydrophobic attraction and the
macroscopic characterization of nanobubbles dynamics and stability.

In our simulations we will deal not only with the canonical, but with the
isothermal-isobaric ensemble as well. Fortunately, the generalization is straightfor-
ward. In order to prove it, now we show how to extend the definitions of P (s1, . . . , sn)
and its associated free energy to the NPT case. Instead, from the next section, all
the calculations will be only carried out in the canonical ensemble. The probability
density P (s1, . . . , sn) in the NPT ensemble is equal to

P (s1, . . . , sn) =
〈

n∏
α=1

δ(fα(r)− sα)
〉

= (2.25)

= IN
∆(N,V, T )

ˆ ∞
0

dV
ˆ

dNr dNp e−β(H(r,p)+PV )
n∏

α=1
δ(fα(r)− sα) ,

where now ∆(N,V, T ) is the NPT partition function,

∆(N,P, T ) = IN

ˆ ∞
0

dV
ˆ

dNr dNp e−β(H(r,p)+PV ) =

= 1
V0

ˆ ∞
0

dV e−βPVQ(N,V, T ) , (2.26)

and the factor IN is given by

IN = 1
V0N !h3N = CN

V0
, (2.27)

where V0 is a reference volume to make the overall expression dimensionless.
In this setting, Landau free energy naturally becomes

G(s1, . . . , sn) = −kBT lnP (s1, . . . , sn) . (2.28)

It is worth remarking how the letters A and G identifying the Landau free energy
in the canonical and NPT ensemble, echoes those representing the Helmholtz and
Gibbs free energies. This comes from the fact that the latter quantities are linked to
the canonical and isothermal-isobaric partition functions, respectively, by relations
analogous to eqn. 2.21 and eqn. 2.25:

A(N,V, T ) = −kBT lnQ(N,V, T ) , (2.29)
G(N,P, T ) = −kBT ln ∆(N,P, T ) (2.30)

According to eqn. 2.26, the NPT partition function is the Laplace transform of the
canonical partition function w.r.t. volume, just as the canonical partition function is
the Laplace transform of the microcanonical partition function w.r.t. energy. In both
cases, the variable used to form the Laplace transform between partition functions is
the same variable used to form the Legendre transform between the corresponding
thermodynamic potentials[25]. The possibility of changing the order of integration,
given by the fact that V is independent of r and p and vice versa, is the very key
element which makes elementary to extend all the results one gets for the canonical
ensemble to NPT.



2.2 Rare events techniques 21

2.2.2 Free energy calculation through Restrained Molecular Dy-
namics (RMD)

In our work, the status of the system was monitored using a single reaction coordinate,
so from now on let us limit to consider the case of α = 1, setting s1 ≡ s, q1 ≡ q
and f1 ≡ f . Before proceeding, we remark that, in principle, one could achieve
the same result by: (i) running a single, long, unbiased MD, (ii) compute the
histogram of f(r) and (iii) by taking the log of the histogram to compute the free
energy. However, since the probability of sampling a point in the configuration space
decreases exponentially with the value of the corresponding potential energy, this
approach requires infeasibly long simulations to sample points far from the minimum
of the potential V (r). RMD solves this problem by biasing the potential so as to
"shift the minimum" along the relevant range of values of the collective coordinate.

Restrained molecular dynamics is one of many techniques that allow to calculate
the Landau free energy. Actually, RMD does not yield A(s) directly, but rather its
gradient

dA
ds = − kBT

P (s)
dP
ds , (2.31)

from which the free energy profile A(q) along the collective variable can be retrieved
by integration

A(q) = A(s(i)) +
ˆ q

s(i)

dA
ds ds . (2.32)

The reason of this bizarre procedure will be clarified shortly. The term A(s(i)) is
just the integration constant that can be neglected, setting it equal to zero, or
adequately adjusted, e.g. so that the convergence value of the profile corresponds to
A(∞) = A(s(f)) = 0. In practice, the integral in eqn. 2.32 is evaluated numerically
on the set of points s(1), . . . , s(n) where the gradient of A(s) has been computed. The
opposite of the gradient of A(s) is called mean force; thus, the free energy profile
A(q) is also known as the potential of mean force, because it can be treated as an
effective potential that governs the dynamics of the collective variable q.

Let us now compute the derivative in eqn. 2.31; from 2.21, one can write

1
P (s)

dP
ds =

ˆ
dNr dNp e−βH(r,p) ∂

∂s
δ(f(r)− s)

ˆ
dNr dNp e−βH(r,p)δ(f(r)− s)

, (2.33)

There are multiples ways to proceed from this point (for examples, one could check
[25]). However, let us consider the following: in eqn. 2.33, one can replace the Dirac
delta functions with a smooth Gaussian approximation,√

βκ

2π exp
{(
−1

2βκ (f(r)− s)2
)}

; (2.34)

within such approximation, and assuming a standard Hamiltonian



22 2. Theory and methods

H(r,p) = p2

2m + V (r) , (2.35)

eqn. 2.33 becomes

1
P (s)

dP
ds ≈

ˆ
dNr e−βV(r) ∂

∂s
exp

{(
−1

2βκ (f(r)− s)2
)}

ˆ
dNr e−βV(r) exp

{(
−1

2βκ (f(r)− s)2
)} =

=

ˆ
dNr (βκ (f(r)− s)) e−βV(r) exp

{(
−1

2βκ (f(r)− s)2
)}

ˆ
dNr e−βV(r) exp

{(
−1

2βκ (f(r)− s)2
)} . (2.36)

In terms of the derivative of the free energy, the above equation reads

dA
ds ≈

ˆ
dNr (−κ (f(r)− s)) exp

{[
−β

(
V (r) + 1

2κ (f(r)− s)2
)]}

ˆ
dNr exp

{[
−β

(
V (r) + 1

2κ (f(r)− s)2
)]} (2.37)

It is worth noting that this is not the same as having a mechanical constraint, since
the condition q̇ = 0 is not established. As for the Dirac approximation, eqn.s 2.36
and 2.37 become exact in the limit of κ→∞.

Assuming the validity of the ergodic hypothesis within the constrained distri-
bution, i.e. that do not exist any other degrees of freedom bearing metastabilities
apart from qα, the ensemble average in eqn. 2.37 can be computed as a time average

lim
T →+∞

1
T

ˆ T
t0

dt [−κ (f(r)− s)] , (2.38)

where r = r(t) is the configuration part of the trajectory curve driven by the extended
potential

V (r) + 1
2κ (f(r)− s)2 .

Eq. 2.38 can be approximated by a sum over discrete times (with N being the
number of integration steps)

1
N

N∑
k=1
{−κ [f(r (k∆t))− s]} , (2.39)

over an NVT MD driven by the augmented potential V (r) + 1
2κ (f(r)− s)2, the so

called restrained molecular dynamics, or RMD. This last point is subtle but crucial:
in this technique one is using MD as a mere sampling tool for the phase space of
the system being studied. In other words, the MD trajectory generated by the
simulations can not be interpreted as the actual time evolution, because it is driven
by a biased potential; rather, the trajectory is just a sequence of points of a sample
of the system configurations under the specified conditions. From this point of view,
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the above discretized time average conceptually reduces to a plain average between
the values assumed by the quantity −κ [f(r (k∆t))− s], which in our case is the force
exerted by the constraint and felt by the reaction coordinate q: it is no coincidence
dA/ds is called mean force. However, since those values are extracted from a MD,
they will most likely preserve some level of correlation, which de facto will cut down
the number of actually useful samples. In order to properly account for this effect,
one must perform an error analysis such as binning or Jackknife analysis.

2.2.2.1 Estimation of the error on the free energy

The error on a derived observable O = O (s), with s being the variable that is
directly measured, is usually obtained by error propagation:

δO2 =
(dO (s)

dx δs

)2
(2.40)

Here, δs2 and δO2 are the variances of s and the estimated variance of O, respectively.
Assuming that the error on O is pure statistical error, δO or low multiples - 2δO, 3δO,
etc. – are a good estimation of error. However, δO obtained from error propagation
is an upper bound of the actual statistical error of a derived observable.

In free energy calculations or analogous techniques, e.g., RMD, where the free
energy A(s) is obtained (cfr. eq. 2.37) by numerical integration of

A′(s) = dA(s)
ds , (2.41)

error propagation (eq. 2.40) brings to a severe overestimation of the error on A(s):

δA(s∗i )
2 =

∑
i=1

A′(s∗i )
2 +A′

(
s∗i−1

)2
2

(
δs∗i − δs∗i−1

)2 (2.42)

where s∗i represents a realization of the variable s. To reduce the overestimation,
one can use a different approach[34, 7, 20, 35, 36]: let us say we have a set of N
points s∗i

{s∗i }i=1,...,N ; (2.43)

for each s∗i , we divide the M configurations used to estimate A′(s∗i ),{
A′j(s∗i )

}
j=1,...,M

, (2.44)

into L smaller sets Sk (L being a divisor of M , i.e., M/L = h, where h is a positive
integer) :{{

A′j(s∗i )
}
A′j∈S1

,
{
A′j(s∗i )

}
A′j∈S2

, . . . ,
{
A′j(s∗i )

}
A′j∈Sk

, . . . ,
{
A′j(s∗i )

}
A′j∈SL

}
(2.45)

For each s∗i , the sets Sk are defined in same way and, for example, can be taken as
follows:
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S1 =
{
A′1(s∗i ) , A′2(s∗i ) , . . . , A′n(s∗i )

}
(2.46)

S2 =
{
A′n+1(s∗i ) , A′n+2(s∗i ) , . . . , A′2n(s∗i )

}
(2.47)

... (2.48)

Sk =
{
A′(n−1)k+1(s∗i ) , A′(n−1)k+2(s∗i ) , . . . , A′nk(s∗i )

}
(2.49)

... (2.50)
SL =

{
A′L−n+1(s∗i ) , A′L−n+2(s∗i ) , . . . , A′L(s∗i )

}
(2.51)

Now, taking the same group, say the k-th, for each s∗i , we get:{{
A′j(s∗1)

}
A′j∈Sk

,
{
A′j(s∗2)

}
A′j∈Sk

, . . . ,
{
A′j(s∗N )

}
A′j∈Sk

}
(2.52)

from which, taking the mean of each sub-set,

Ā′(k)(s
∗
1) = 1

h

h∑
j=1
A′j∈Sk

A′j(s∗1) , (2.53)

we obtain an estimate profile of the mean force{
Ā′(k)(s

∗
1) , Ā′(k)(s

∗
2) , . . . , Ā′(k)(s

∗
N )
}

(2.54)

For each series of gradients of the free energy like this one, one obtains by numerical
integration the corresponding free energy curve{

A(k)(s∗1) , A(k)(s∗2) , . . . , A(k)(s∗N )
}

(2.55)

The set of all such free energy profiles can be used to directly compute the variance
δA(s∗i )

2 at each value s∗i :

δA(s∗i )
2 = 1

L− 1

L∑
k=1

[
A(k)(s∗i )−A(s∗i )

]2
(2.56)

Here, A(si) is obtained from the numerical integration of A′(si) determined with
the complete set of simulation data. Correlation effects can be properly taken into
account by using standard techniques, such as, for example, the block average or the
Jackknife methods[37].

2.2.2.2 Restraining a particle’s degree of freedom

In my work about nanobubbles[38], I used a single collective variable z, defined as
the coordinate of a N2 molecule COM orthogonal to a given surface:

z = z(zN1, zN2) = zN1 + zN2
2 . (2.57)

where zN1 and zN2 represent the z-coordinate of the first and the second nitrogen
atoms respectively. Basically, through z, I managed to keep track of the N2 distance
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from the surface and observe how the effective force felt by the nitrogen molecule
changed w.r.t. it.

In order to find the Landau free energy associated with z, I had to run NVT/NPT
RMD adding to the physical potential V (r) the extra term

V (z) = 1
2κ (z(zN1, zN2)− z∗)2 , (2.58)

where z∗ was fixed to a prescribed value. The implementation of 2.58 is not obvious,
because it demand for the ability to write a function of the atoms coordinates,
something not every MD simulator is configured to do. Fortunately, such functionality
is integrated within LAMMPS, so I was able to define the function z, use it to
evaluate the force acting on each nitrogen atom as

FN1 = − ∂

∂zN1
V (z) = −κ2 (z − z∗) , (2.59)

FN2 = − ∂

∂zN2
V (z) = −κ2 (z − z∗) , (2.60)

and finally, apply such forces upon their destination atoms. I want to remark,
however, that the mean force is the force acting on the N2 COM, i.e.

FN2 = − ∂

∂z
V (z) = −κ (z − z∗) , (2.61)

which one obviously recognizes being equal to the sum of 2.59 and 2.60; this quantity
was the one printed in LAMMPS output and elaborated through post-processing.

2.2.2.3 Restraining particles in a target domain

An indicator (or characteristic) function is a function that indicates if a given element
from its domain belongs to a target subset of the domain itself. If X is the entire
domain and A is a subset of X, the indicator function associated to A is defined to
assume the value 1 for all elements of A and the value 0 for all elements of X not in
A:

1A(x) :=
{

0, if x ∈ A
1, if x /∈ A (2.62)

An indicator function can easily be used to build a counter. Let us consider a
collection of N elements, e.g. N particles, scattered in 3D space and a target volume
region Ω; then, the sum of N indicator functions associated to Ω, each evaluated at
the position of a different particle, is, by definition, the number Φ of items inside it:

Φ(r1, . . . , rN ) =
N∑
i=1

1Ω(ri) (2.63)

Notice how Φ is a function of the positions of all the N particles.
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The Heaviside step function Θ(x) constitutes an example of indicator function;
in fact, Θ(x) is the indicator function of the one-dimensional positive half-line, i.e.
the domain [0,∞). The definition5 of the Heaviside step function is

Θ(x) :=
{

0, for x < 0
1, for x ≤ 0 (2.64)

Combining multiple Heaviside functions, one can easily build indicator functions
for different regions of space. For example, the difference between two conveniently
translated Θs corresponds to the indicator function of a given closed interval, as
follows6

1[xmin,xmax] = Θ(x− xmin)−Θ(x− xmax) (2.65)

Then, multiplying three of these, one will get the indicator function for a 3D box
region

1[xmin,xmax]×[ymin,ymax]×[zmin,zmax] = 1[xmin,xmax]1[ymin,ymax]1[zmin,zmax] = (2.66)
1[xmin,xmax]×[ymin,ymax]×[zmin,zmax] = [Θ(x− xmin)−Θ(x− xmax)]

[Θ(y − ymin)−Θ(y − ymax)]
[Θ(z − zmin)−Θ(z − zmax)] (2.67)

Now, what we are really interested in is to impose a restraint on the number of
particles inside a given domain, not just to count them; in other words, we must be
able to push and pull objects in or out of the target region. This is achievable by
subjecting the particles to an harmonic potential of the form

Ures = 1
2κ
[
Φ(r1, . . . , rN )− Φ∗

]2 (2.68)

The negative gradient of such potential translates into a conservative force, propor-
tional to the difference between the current number of particles inside the region
and the target value, and directed inward the domain if it is underpopulated and
outward in the opposite case. Using the following notation

∇ri = ∂

∂ri
=
(
∂

∂xi
,
∂

∂yi
,
∂

∂zi

)T
(2.69)

the force acting on the i-indexed particle is
5the one given above is the original definition; however, in the context of Fourier Transforms,

there exists the so called half-maximum convention

Θ(x) :=

{ 0, for x < 0
1
2 , for x = 0
1, for x > 0

In the latter case, if a particles sits exactly at x = 0, i.e. on the left boundary of the domain [0,∞),
it is accounted for only half.

6obviously, it is assumed xmin < xmax, and, further below, also that ymin < ymax and zmin < zmax.
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f (i)
res = −∇riUres = −∂Ures

∂Φ
∂Φ
∂ri

= (2.70)

= −κ
[
Φ(r1, . . . , rN )− Φ∗

]
∇riΦ(r1, . . . , rN ) = (2.71)

= −κ
[
Φ(r1, . . . , rN )− Φ∗

]
∇ri1Ω(ri) (2.72)

As a consequence of the chain rule, one sees there is another important factor
involved, that is the derivative of the indicator function. A delicate factor indeed.
As an example, the derivative of the Heaviside step function makes sense only in the
theory of distributions; as a matter of fact, the distributional derivative of Θ(x) is
equal to the Dirac delta function

dΘ
dx = δ(x) (2.73)

Distributions are generalized functions, generalized in the sense that are defined
and characterized merely in terms of their mathematical properties, rather than
analytically or graphically. This means that, more often than not, these are abstract
objects, living only in the mathematical realm and impossible to connect to reality.
The Dirac delta function δ(x) constitutes a renowned and well-known example of a
distribution.

In our specific case, dealing with δs poses the following practical problem. Let
us consider a simple monodimensional case, where the target domain is the interval
[0,+∞) and, as we have seen, the corresponding indicator function is the Heaviside
step function Θ(x). In this setting, the forces applied to the particles would be
exactly proportional to δ(x), which means that a given particle would actually
experience a force only if it were positioned precisely at x = 0. And note that is
precision in the mathematical sense, i.e. within the accuracy of a single point on
the real axis. Obviously, that is unfeasible in a computational framework, where
data is intrinsically subjected to finite precision, round-off errors and other forms of
approximations. In fact, it is undoable anywhere outside the mathematical world.
Unfortunately, this pathological behaviour makes the Dirac delta function unusable
for any restraining application.

One way7 out of this impasse is to approximate the indicator function with a
similar but everywhere continuous function

1[xmin,xmax](x) ≈ φ(x) (2.74)

In the specific case of the Heaviside step function, the choice for such replacement
fell on the Fermi (distribution) function, or fermian

θ(x) = 1
e−λx + 1 (2.75)

The total derivative of a fermian is equal to
7An alternative approach would have been to smooth out the derivative of the indicator function

and then reclaim the new indicator function via integration: following the same example, the
Dirac delta function could have been smeared into a gaussian and (so) the Heaviside step function
approximated with its primitive, i.e. the error function. Yet, being the error function non-analytical,
this path would have taken a higher toll on the computational resources.
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dθ
dx = λe−λx

(e−λx + 1)2 = λ

(
1− 1

e−λx + 1

) 1
e−λx + 1 = λ

[
1− θ(x)

]
θ(x) (2.76)

Notice how it was possible to express the derivative of the fermian as a function of
the fermian itself. This derivative does not present any of the previous issues and,
in fact, allows to apply a force to the particles near the boundary. Of course, the
other side of the coin is that we are no longer performing an exact counting, because
the particles across the boundary give a fractional contribution to the total, due
to the indicator function being now continuous. This effect can be contained by
reducing the (effective) extent of such diffuse interface, which is tunable through
the parameter λ: the higher its value, the sharper the interface, and vice versa.
After performing some test simulations, we found out that λ = 4.6 deliver a good
compromise between the two worlds.

Box domain Here we derive the smooth indicator function, its gradient and
the forces that will be acting on each particle, all specialized for the case of a
3D box domain, defined as the Cartesian product of 3 one-dimensional intervals
[xmin, xmax]× [ymin, ymax]× [zmin, zmax], hence identified by 6 scalar values (cfr. eq.
2.66). First of all we establish a one-dimensional window function, smoothing out
the Θs in eq. 2.65 with the Fermian in eq. 2.75, as follows

w(x) = θ(x− xmin)− θ(x− xmax) (2.77)

Using eq. 2.76, the total derivative of this function is equal to
dw
dx = λ

[
1− θ(x− xmin)

]
θ(x− xmin)− λ

[
1− θ(x− xmax)

]
θ(x− xmax) (2.78)

Then we build our 3D box function by simply multiplying together 3 one-dimensional
window functions, one for each dimension, as seen in eq.s 2.66 and 2.67

φ(r) = φ(x, y, z) = w(x)w(y)w(z) (2.79)

The partial derivatives along each coordinate axis of the box function can be easily
computed from eq.s 2.77 and 2.78 as

∂φ

∂x
= dw

dx w(y)w(z) (2.80)

∂φ

∂y
= w(x) dw

dy w(z) (2.81)

∂φ

∂z
= w(x)w(y) dw

dz (2.82)

From eq. 2.63, the total number of particles inside the 3D box becomes

Φ(r1, . . . , rN ) =
N∑
i=1

φ(ri) (2.83)

and so, the force acting on the particle i is

f (i)
res = −κ

[
Φ(r1, . . . , rN )− Φ∗

]
∇riφ(ri) = (2.84)

= −κ
[
Φ(r1, . . . , rN )− Φ∗

] (∂φ
∂x
,
∂φ

∂y
,
∂φ

∂z

)T
(2.85)
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Spherical domain In this subsection we derive the smooth indicator function,
its gradient and the forces that will be acting on each particle, but this time all
specialized for the case of a spherical region. The domain is now identified by 4
values, the 3 coordinates of the sphere center (x0, y0, z0) and its radius R. First, we
define a "distance from the sphere center" function

d(x, y, z) =
√

(x− x0)2 + (y − y0)2 + (z − z0)2 (2.86)

and, for future convenience, we evaluate the partial derivative with respect to one of
its variables (the other two are perfectly analogous)

∂d

∂x
= x− x0√

(x− x0)2 + (y − y0)2 + (z − z0)2
(2.87)

Now we compose the fermian with our distance function

θ[d(x, y, z)] = 1
e−λd(x,y,z) + 1

(2.88)

and again, we calculate explicitly one of its partial derivatives

∂θ

∂x
= ∂θ

∂d

∂d

∂x
= λ (x− x0)√

(x− x0)2 + (y − y0)2 + (z − z0)2

[
1− θ[d(x, y, z)]

]
θ[d(x, y, z)]

(2.89)

Finally, we are able to build our smooth indicator function, the one selecting the
particles which lie within our diffuse sphere, as simply as

φ(x, y, z) = 1− θ[d(x, y, z)−R] (2.90)

Since we translated the argument of the fermi function by a mere constant, the
partial derivative of φ, using 2.89, is just equal to

∂φ

∂x
= −λ (x− x0)√

(x− x0)2 + (y − y0)2 + (z − z0)2

[
1− θ[d(x, y, z)−R]

]
θ[d(x, y, z)−R]

(2.91)

Note how, given the peculiar functional form of eq. 2.90, the previous partial
derivative can also be written as

∂φ

∂x
= −λ (x− x0)√

(x− x0)2 + (y − y0)2 + (z − z0)2

[
1− φ(x, y, z)

]
φ(x, y, z) (2.92)

2.2.3 The string method

In the presence of a single collective variable, there is only one transition path
between two states, which can be parameterized by varying the collective variable
itself (e.g., using RMD) between the values corresponding to such states. If the
collective variables are two or more, an infinite number of possible paths become



30 2. Theory and methods

available; in such circumstance, exploring even a few different paths managing
individually each collective variable may be computationally unfeasible. The natural
extension of RMD8 to deal with similar cases is the string method.

The string method[39, 40] allows one to identify the most likely transition path,
i.e., the optimal path connecting initial and final states among the many. We remark
that this method is not the only one available to determine transition paths: for
example, the string method itself is based on another technique, called the nudged
elastic band algorithm. Once the transition path is known, one can deduce the
energetics of the process, namely the relative energy of the initial and final state,
and the transition barrier, i.e. the barrier that has to be overcome to accomplish
the process.

In the string method, one represents the transition path as a parametric curve,
r(λ), in the space of the atomic configurations (r is the 3N vector of the atomic
positions). λ is a parameter measuring the degree of progress of the transition: λ =
0 when the system is in the initial state, and λ = 1 when it is in the final one. It
can be shown[39, 40] that the most probable path is the one with zero component of
the atomic forces in the direction orthogonal to the path:

−∇V [r(λ)]
∣∣∣∣
⊥r(λ)

= 0

In the string method, the continuous path (λ) is discretized into a finite number, L,
of configurations (snapshots), {r(λi)}i=1,...,L. These snapshots satisfy the additional
condition to be at a constant distance from each other:∣∣∣r(λi)− r(λi+1)

∣∣∣ =
∣∣∣r(λj)− r(λj+1)

∣∣∣ .
Starting from an initial guess, the path is evolved according to the steepest

descent dynamics driven by the component of the forces perpendicular to the path:

−∇V [r(λi)]
[
I − α[r(λi)]⊗ α[r(λi)]

]
,

with I being the identity matrix and α[r(λi)] the unit vector tangent to the path
at the i-th point. In practice, I − α[r(λi)] ⊗ α[r(λi)] is a projector on the plane
orthogonal to the path at the point r(λi). Indeed, since the tangential component of
the force has only the effect of changing the distance between successive snapshots,
a more efficient algorithm consists in:

i) evolving the path according to the entire force, and

ii) imposing the equidistance condition by moving the snapshots along the polyg-
onal joining the configurations {r(λi)}i=1,...,L obtained in i).

This two-step process is repeated until the maximum component of the atomistic
force orthogonal to the path is below 10-3 Hartree/Bohr (atomic units), the same
convergence criterion that is typically used in cell optimizations. On the converged
string we apply the “climbing algorithm”, which moves the higher-in-energy snapshot
upwards, towards the maximum of the energy along the path. This allows one to
accurately determine the transition barrier.

8as well as other rare events techniques not discussed here, such as blue moon, thermodynamic
integration, etc.
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Part I

Water-complex nanoporous
solids interfaces
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Preamble
Nanoporous hydrophobic crystalline materials are becoming increasingly popular
nowadays: the thermodynamics associated with their water intrusion and extrusion
processes makes them relevant for promising engineering and technological applica-
tions, as mechanical energy storage systems (i.e., mechanical batteries), or energy
scavenging and/or dissipation devices for the automotive market in the form of
vehicle shock absorbers.

The only instrument available today to predict the intrusion pressure of a pore,
as a function of its size and the properties of the liquid and the solid involved, is the
Young-Laplace equation, which can be derived in the context of continuum mechanics
of membranes. An analogous equation for extrusion does not exist. In addition, the
industrial ability to manufacture pores whose characteristic size is getting smaller and
smaller, reaching a nanoscopic and sometimes even subnanoscopic scale, is casting
doubts on the validity of the aforementioned macroscopic theory for intrusion.

For this reason, I chose a reference hydrophobic material, for which the community
already expressed technological interest, and started studying its water intrusion and
extrusion processes. Experiments and high-pressure technological applications of this
material assume the material itself as well the water to be degassed. So, consistently
with experimental phenomenology, we carried out our experiments in conditions
where the solid and the liquid were completely degassed (except for the water, which
was free to intrude the solid, either as a liquid or a gas). Also, we focused only on
pressures within or near the (pressure) range associated with intrusion and extrusion.

I tried to answer different questions, as whether the shape assumed by the
water density field inside this material were uniform, hence bulk-like, or exhibited
a complex structure, suggesting the unsuitability of the classical capillary theory
description; or if the flexibility of the material, which is systematically overlooked in
this context, plays an important role during the intrusion and extrusion processes.
Another aspect I focused on is that, typically, when studying the intrusion and
extrusion of liquids in porous materials, only the intrusion and extrusion into/from
the pore itself are considered, as if all the kinetics and the thermodynamics depended
solely on it. Indeed, nanoscopic porous materials are generally constituted of grains,
which in turn are comprised of aggregated crystallites: so, in order for the water to
percolate into the pores of the inner crystallites, first it has to diffuse through the
grain boundaries (GB)! And, as the reader will see, it is not obvious which process,
GB diffusion or pore percolation, is faster and which, on the contrary, constitutes a
bottleneck.

Since this has been a pioneering study of these topics, it was necessary to start
from a simplified model, still preserving all the main properties of this material, and
verify the legitimacy of our assumptions by comparison with the experiments. In this
work, I did not account neither for the MOF’s mechanical fragility (the interaction
potential does not allow the slab to break, at any level), nor for the effects produced
by the presence of defects. On the other hand, X-ray diffraction, and SEM and
TEM images reveal how the crystallites do not exhibit significant changes, even after
several intrusion and extrusion cycles. As for defects, (i) intrusion and extrusion
experiments involving with ZIF-8 samples at different degrees of crystallinity and
perfection, showed only minor changes in the intrusion and extrusion characteristics;
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in any case, (ii) theoretical and computational work is being carried out to clarify
the issue.

Colleagues belonging to the same research group I have been working for, have
recently published papers on high-impact journals, e.g., Y. Bushuev et al.[41] (Nano
Letters) and G. Paulo et al. (under consideration by Comm. Phys.), where the
knowledge and methods developed during my thesis are used to interpret the
mechanism and wetting properties of other hydrophobic zeolites.
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Chapter 3

Giant Negative Compressibility
by Liquid Intrusion into
Superhydrophobic Flexible
Nanoporous Frameworks

3.1 Abstract
Materials or systems demonstrating Negative Linear Compressibility (NLC), whose
size increases (decreases) in at least one of their dimensions upon compression
(decompression) are very rare. Materials demonstrating this effect in all their
dimensions, Negative Volumetric Compressibility (NVC), are exceptional. Here, by
liquid porosimetry and in situ neutron diffraction, we show that one can achieve
exceptional NLC and NVC values by non-wetting liquid intrusion in flexible porous
media, namely in ZIF-8 metal-organic framework (MOF). Atomistic simulations
show that the volumetric expansion is due to the presence of liquid in the windows
connecting the cavities of ZIF-8. This discovery paves the way for designing novel
materials with exceptional NLC and NVC at reasonable pressures suitable for a
wide range of applications.

3.2 Introduction
Negative Linear (NLC) and volumetric compressibility (NCV),[42, 43] the properties
of materials to increase (decrease) in one dimension or in volume upon compression
(decompression), attracted considerable attention due to the wide potential applicabil-
ity, which includes sensors, actuators, composites with effective zero compressibility,
artificial muscles, smart body armours[44, 45] and acoustic shielding.[46] NLC- and
NVC-materials are quantitively characterized by coefficient of linear compressibility,

κl = −1
l

∂l

∂P
< 0 ,

and coefficient of volumetric compressibility,
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κ = − 1
V

∂V

∂P
< 0 ,

respectively. Here l is the size of one of the unit cell along the three crystalline
lattice directions a, b and c, which in the case of ZIF-8 can be made coincident with
the Cartesian axes x, y and z (Scheme S1 in the Supplementary information), V is
the volume of the crystalline unit cell and P is pressure. There are several classes of
(smart) materials exhibiting NLC, whose functioning mechanism can be understood
in terms of simple mechanical models (see, e.g., the seminal work of Grima et
al.[47]). However, materials with κl having absolute value larger than 10 TPa-1 are
notoriously rare.[42] Some of the highest values are provided in Table 3.1. NLC can
be achieved using auxetics and applying non-isotropic stresses. Here the negative
response is associated either with a porous auxetic geometry[48] or elastic properties
of the system[49] and can be predicted by computational methods.[50] However,
more recently it has been shown that NLC can result also from the application of
hydrostatic pressure to suitably designed negative Poisson’s ratio materials.[47] The
general strategy here is the use of materials with anisotropic mechanical behavior,
more specifically, with orientation-dependent directional Poisson’s ratios, which
causes an expansion under tension rather than contraction.[44]

Mechanisms and broad range of NLC materials were reviewed by Cairns and
Goodwin.[42] The NLC effect was mainly reported for inorganic compounds such as
a few zeolites,[51, 52] oxides,[53, 54] and fluorides.[55] The discovery of pronounced
NLC in a variety of coordination compounds/networks (particularly, cyanometallates)
reignited this field.[42]

Some porous materials can expand upon isotropic pressure increase due to
sorption or infiltration of guest molecules, which is understood at the microscopic level
by selective guest-host interactions and lowering of the overall energy. More recently,
the upsurge of MOF chemistry has provided vast opportunities for NLC studies[56, 57]
owing to their diversity in topology, porosity and flexibility. Flexible MOF MIL-53
was demonstrated to show NLC along the b direction under an increasing hydrostatic
pressure, showing a classical wine-rack mechanism.[58] Modified versions of the
wine-rack mechanism for NLC were most recently reported for Cu(bpy)·SiF[59] and
MCF-34.[60] Uncommon NLC effects were reported for a Zn-MOF with square grids
pillared by helices, featuring very rare NLC along two directions,[61] as well as for a
Zr-MOF MFM-133 with a fluorite (flu) topology which contains an octahedral cage
that can be elongated along the c direction under compression.[62] The mechanisms
of the latter two are attributed to their unusual topologies.

3.3 Analysis and results
In this work we demonstrate that one can achieve exceptional κl and κ values by non-
wetting liquid intrusion into flexible porous media. To demonstrate our approach,
in situ neutron scattering experiments were performed for the ZIF-8 + D2O system
at increasing pressures (see experimental details in Supplementary Information, Sec.
SI2): at each value of pressure we collect neutron diffraction data for ∼10 min,
from which we derive the lattice parameter of ZIF-8 at the given conditions. As
can be seen from Fig. 3.1a, the initial compression of ZIF-8 + D2O system brings
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Material κl
[
TPa−1

]
Reference

BiB3O6 (0 - 5 GPa) -6.7(3) [42]

BiB3O6 (P → 0) -12.5 [42]

MIL-53 MOF -28 [58]

[Ag(en)]NO3 -28.4(18) [63]

Zn[Au(CN)2]2 -42(5) [64]

MCF-34 MOF -47.3 [60]

InH(BDC)2 -62.4 [65]

[Zn(L)2(OH)2]n -72* [61]

Ag3[Co(CN)6] -76.9 [66]

ZIF-8 MOF -37.2** [57]

ZIF-8 MOF (intrusion) -1020(130)**

this workZIF-8 MOF (extrusion 1) -770(120)**

ZIF-8 MOF (extrusion 2) -610(40)**

Table 3.1. Experimental linear compressibility coefficients for materials with pronounced
NLC effect (*negative area compressibility was reported; **negative volumetric com-
pressibility was reported).

no anomalies in the framework response, which shrinks down upon compression.
However, surprisingly at 26 MPa we observe a rapid (but not immediate) increase
of the lattice parameter, that for the isotropic (cubic) ZIF-8 lattice corresponds to
the unprecedented NVC and NLC coefficients of κ = −3060 TPa-1 and κl = −1020
TPa-1, respectively, within a narrow pressure range of around 2 MPa (here and
in 3.1 for isotropic materials, like ZIF-8, κ = 3κl). This is more than one order
of magnitude higher than for any material reported so far. By further increasing
the pressure, one recovers the usual positive volumetric and linear compressibilities.
Following the opposite path, i.e., reducing the pressure, a giant NVC is also observed,
but it occurs within a broader pressure range and in a two-step process corresponding
to two different coefficients (Fig. 3.1a, Table 3.1 and next paragraph).

3.3.1 Expertimental study

To prove that the giant NVC is associated with water intrusion in ZIF-8, we
performed liquid porosimetry experiments (see experimental details in Supplementary
Information, Sec. SI2). Due to the pronounced hydrophobicity of ZIF-8 MOF (Fig.
3.1b, inset), a relatively high pressure must be applied to cause water intrusion
into its pores. This can be seen in Fig. 3.1b, where compression of the ZIF-8
immersed in water up to ∼25 MPa (pre-intrusion region) results in a relatively small
volume variation of the whole system due to the flexibility of the empty framework.
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However, within the 26-28 MPa pressure range, in correspondence to the rapid
increase of the ZIF-8 lattice parameter, i.e. when κl becomes negative, a sharp
step is observed. This step-like volume variation indicates the intrusion process in
which water molecules enter the pores and consequently, the overall system (ZIF-8
and water both inside and outside of the framework) shrinks considerably (Fig.
3.1b). We stress that the shrinking of the overall volume is associated with the
penetration of water into the empty pores of ZIF-8 and does not imply a positive
compressibility of ZIF-8 upon intrusion (see footnote on page 1 and Supplementary
Information, Sec. SI1). Once the pores are filled, further pressure increase leads to a
limited decrease in volume, as can be seen in the post-intrusion region in Fig. 3.1b.
Upon decompression, the reverse process takes place, where water extrudes from
the pores in a two-step manner at pressures lower than the intrusion pressure (Fig.
3.1b), which is consistent with neutron diffraction results. A one-step intrusion and
two-step extrusion can be clearly seen by the derivative of the overall volume vs.
pressure, i.e. the compressibility of the entire system (Fig. SI1): during compression
a single peak is observed defining intrusion, while decompression features a double
peak during the extrusion.

Above we remarked that the change of the lattice parameter during intrusion/ex-
trusion is rapid but not impulsive (Fig. 3.1a). This could be due to heterogeneities
present in the sample, the most important of which is the dispersion of ZIF-8 grain
size. However, experiments, which will be discussed in detail in a forthcoming article,
show a negligible dependence of intrusion pressure of ZIF-8 on the size of grains
of the dimension used in this work. An alternative hypothesis, consistent with the
observation that intrusion/extrusion can be arrested at intermediate levels of filling,
is that the is a hierarchy of metastabilities along forward and reverse process: a
principal level of metastability, corresponding to the fully intruded and fully extruded
states, responsible for the hysteresis, and a second level represented by intermediate
filling states, corresponding to partly filled/partly empty ZIF-8. These long living,
partly filled/partly empty, metastable states are responsible for intermediate values
of the lattice parameter during intrusion/extrusion (Fig. 3.1a). We further discuss
metastabilities below, in the context of the presentation of simulation results, and
more extensively in a forthcoming article (see also Supplementary Information, Sec.
SI4).

The process bearing negative compressibility can be illustrated by geometrical
simplification of the topology of ZIF-8 (Fig. 3.1c). Here, the brown sphere represents
a ZIF-8 cavity; the black circles and the apertures on the black circumference around
the 2D projection of the spherical cavity in the inset of Fig. 3.1c are windows (pore
openings) connecting neighboring cavities. Fig. 3.1d-f shows a representation of the
effect of pressure on the structure of a ZIF-8 cell before (from panel d to e) and
during (from panel e to f) intrusion. Before intrusion, the cavity is empty of water
(Fig. 3.1d), so an increase of pressure brings to a compression of ZIF-8 cages (Fig.
3.1e). During intrusion, the interior of the cavity turns from brown to light blue
in the schematic to denote that the cavity is filled by water and the cage expands
beyond the initial volume (Fig. 3.1f).
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3.3.2 MD simulation study

To confirm this mechanism, and identify its microscopic details, Restrained Molecular
Dynamics, (RMD),[67, 68] simulations were performed on a slab of ZIF-8 immersed
in water (Fig. SI2, see computational details in Supplementary Information, Sec.
SI2.d). RMD allows one to control the amount of water intruded into ZIF-8 and,
for each value, determines the free energy of the system and the corresponding
structure of the framework, including the size of its unit cell. The absolute minimum
of the free energy, corresponding to a given level of filling of ZIF-8, shifts from the
fully extruded to the fully intruded state within a pressure range of ∼1 MPa at
a pressure of ∼50 MPa (Fig. SI3). The mismatch with the experimental value of
the intrusion pressure is attributed to the force field,[69] which has been designed
to model the flexibility of ZIF-8 at ambient pressure and has been successfully
used for water-intruded ZIF-8,[70] but was neither optimized for liquid intrusion
into the material, nor to quantitatively reproduce the stiffness of the solid at the
relatively high pressures of present experiments. Indeed, it is remarkable that the
pressure interval, ∼1MPa, over which intrusion takes place in simulations is in good
agreement with the experiments. In addition to the two extreme states, empty and
fully intruded ZIF-8, the free energy profile presents a number of intermediate minima
that become absolute minima at intermediate pressures. This explains the relatively
gradual intrusion/extrusion transitions: while the pressure increases/decreases the
system evolves moving from one absolute minimum at one pressure to another one
at a higher (lower) pressure (see also Supplementary Information, Sec. SI4). By
computing the lattice parameter of the framework at the level of filling corresponding
to the absolute minimum of the free energy at the given pressure, the theoretical
lattice parameter vs. pressure dependence was determined (Fig. 3.1g and Fig. SI5).
The presence of metastabilities at intermediate level of filling together with the
progressive increase of the lattice parameter with amount of water in the ZIF-8
slab (Fig. SI5) explain the origin of intermediate values of the lattice parameter
during the intrusion and extrusion branches of the lattice parameter vs. pressure
curves (Fig. 3.1a). We remark that, at a variance with the experimental data, we
report a single theoretical profile for lattice parameter vs. pressure curve because
the simulations are performed in quasi-static conditions, i.e. the system is left to
reach the local (ensemble) equilibrium distribution at each level of filling. In these
conditions there is no hysteresis (see also Supplementary Information, Sec. SI4).

Consistently with experiments, in the lattice parameter vs. pressure plot (Fig.
3.1g) we observe a shrinking of the lattice parameter with increasing pressure in
the pre- and post-intrusion/extrusion states. While during intrusion we observe
a ∼0.08 Å increase of the lattice parameter, which is in quantitative agreement
with experimental results. Moreover, consistently with experiments, upon intrusion
ZIF-8 expands more than it gets compressed in the pre-intrusion branch of the
lattice parameter vs. pressure curve. We notice that the compression of the lattice
upon increase of the pressure before and after complete extrusion is more marked
than in experiments. We attribute this to the force field, which has been designed
to reproduce the flexibility of ZIF-8 at ambient conditions rather than at the
much higher pressure of liquid intrusion. Despite the quantitative differences, the
qualitative consistence between experimental and theoretical results, and the further
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Figure 3.1. ZIF-8 + water system: a) experimental evolution of lattice parameter a with
pressure (the error bars are plotted on a 1-sigma confidence level). b) PV-isotherm and
contact angle; c) topological model of cavity of ZIF-8; d), e) and f) schemes of framework
response to compression before and during water intrusion, respectively. Here, the blue
colour represents water, while the black colour is used to indicate the dimensions of
the framework; g) theoretical evolution of lattice parameter a with pressure and h)
stroboscopic trajectory of two connected ZnIm4 tetrahedra, i.e., two tetrahedra sharing
an Im ligand. One observes a counter-rotation of the two tetrahedra that makes the
Zn-Im-Zn triad more colinear, which increases the Zn-Zn distance, hence the lattice size.
Note, due to cubic symmetry of ZIF-8, all the lattice parameters are equal and evolve
with pressure in a similar way.

consistency between classical and ab initio calculations, convinced us that present
simulation data allow us to identify the microscopic origin of the NVC of ZIF-8 upon
intrusion.

The expansion of the lattice during liquid intrusion is the result of two phenomena:
rotation of ZnIm4 tetrahedra (Im stands for 2-methylimidazole) and stretching of the
Zn-N bonds (Fig. 3.1h and Fig. SI6). These processes are mainly induced by water
molecules occupying the pseudo-hexagonal windows joining ZIF-8 cavities (Fig. SI7),
thus pushing apart the corresponding Im ligands and Zn atoms associated to them.
To confirm this mechanism and to check that it is not the result of a limited accuracy
of the classical force field, we performed ab initio calculations on the unit cell of
(empty) ZIF-8 at several values of the lattice parameter, stretching and compressing
an ideal ZIF-8 crystal with respect to its equilibrium structure (see computational
details in Supplementary Information, Sec. SI2d). These simulations mimic the
stretching induced by water intrusion in ZIF-8. Here, considering that water has no
chemical interactions with the hydrophobic framework, we assume that the liquid
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plays only a mechanical action on ZIF-8. We observe that, at room temperature, the
ZIF-8 framework can easily expand by ∼0.05 Å (Fig. SI8), i.e., the energetic cost of
expanding the lattice by this amount is just ∼5 kBT (kBT thermal energy at the
experimental temperature). This lattice expansion is consistent with experimental
intrusion/extrusion results and is achieved by ZnIm4 tetrahedra rotation and Zn-N
bonds stretching (Fig. SI9), in accord with RMD intrusion/extrusion simulations.
Interestingly, negative volumetric compressibility achieved by rotation of ZnIm4
tetrahedra resembles the mechanism at the basis of metamaterials with analogous
properties.[71]

3.3.3 Results summary

Summarizing, the proposed approach for NLC and NVC offers several unique
advantages:

• extremely rare Volumetric NC, i.e., an increase of the overall volume of the
MOF upon compression. This can be exploited to design, for example, a smart
flow-regulating valve for nano- and micro-fluidic devices, where a nano- or
micro-scale grains of ZIF-8 regulate the flux of liquid through the channel
depending on pressure;

• NC coefficients of ∼103 TPa-1, an order of magnitude greater than the highest
values ever reported;

• in contrast to the typical ∼GPa values, the presented approach allows NLC
and NVC at moderate pressure of ∼25 MPa. This is a technologically relevant
pressure for the majority of storage reservoirs, from scuba diving bottles to
liquified gas tanks (liquid air, CO2, nitrogen, etc.);

• reversibility of negative compressibility.

The reported approach for NLC and NVC requires MOF crystals to be immersed
in a non-wetting fluid. On the one hand, it obviously narrows down the applicability,
as it will not work in the absence of liquids. On the other hand, it can be used
under conditions of isostatic pressure variation for applications such as micro- and
nanofluidics. As depicted in Scheme 3.2, one can use grains of ZIF-8 to regulate a
fluid flow in a narrow channel. More specifically, as pressure rises above intrusion
value, water infiltrates into the grains of ZIF-8, which leads to their expansion (NCV),
hence to a corresponding reduction of the flow. The fact that intrusion/extrusion
takes place at a specific pressure, rather than continuously, like in some metamaterial,
allows to use ZIF-8, and hopefully more materials in the future, as a valve. Moreover,
within the narrow range between inception and completion of intrusion the process
shows intermediate states (Figure 3.1a), suggesting that such a valve can regulate
the flow gently, rather than in an “on-off” mode. Finally, ZIF-8 crystallites as small
as 26 nm can be fabricated,[72] which makes this approach suitable for pressure
regulation in the ever-shrinking domain of nanofluidics.
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Scheme 3.2. ZIF-8 as a flow-regulating valve for micro- and nanofluidics.

3.4 Conclusions
In conclusion, we have presented a novel and efficient strategy for achieving giant
negative compressibilities one order of magnitude larger than best systems reported
in the literature. The microscopic mechanism, as revealed by a combination of in
situ neutron scattering and advanced molecular dynamics simulations, is due to
the significant volumetric expansion of the ZIF-8 cages induced by liquid intrusion.
We expect this mechanism to be rather general, beyond ZIF-8+water, and can be
exploited in other non-wetting liquid-porous materials pairs, opening the door to
new applications of flexible porous materials.
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3.5 Supplementary Information (extract1)

SI1 - Negative volumetric compressibility

With the term negative volumetric compressibility one usually refers to a negative
value of the so-called effective compressibility, which is defined with reference to
the volume enclosed by the porous material rather than the entire volume of the
sample[71]. Within the field, one typically uses the term compressibility as synony-
mous to effective compressibility for traditional materials[53, 61, 44, 73, 74] as well
as metamaterials[71, 75, 76]. For example, NVC in the family of small-pore zeolites
is achieved by the incorporation of additional water molecules into the respective
nanochannels[53]. To this incorporation corresponds, of course, a reduction of the
overall volume of the sample. In a more recent work[61], negative area compressibility
is achieved by the absorption of chemical species from the fluid in which the porous
material is immersed, resulting in an overall decrease of the volume of the sample. In
the realm of metamaterials, typically negative compressibility induced by hydrostatic
pressure refers to relative compressibility of the observable solid phase, not of the
overall volume of the sample (the expanding metamaterial plus the fluid used to
apply hydrostatic pressure)[71, 76]. For example, in Ref. [76] the author remarks
that they refer only to the so-called effective volume, the volume enclosed by the
solid. Concerning the overall or true compressibility, it is known that the overall
volume of a bulk system cannot expand with increasing pressure. Within statistical
mechanics, for example, one can show that the derivative of the volume of the entire
sample with respect to pressure is proportional to the negative volume fluctuations,

dV
dP = d

dP

ˆ
dV
ˆ

dΓV exp{[−β (H(Γ) + PV )]}
ˆ

dV
ˆ

dΓ exp{[−β (H(Γ) + PV )]}
= −β

〈
(∆V )2

〉
NPT

< 0 ,

where 〈·〉NPT denotes ensemble average in the NPT ensemble. Hence,

− 1
V

dV
dP

must be positive. One gets to the same conclusion using thermodynamic arguments
(see, for example, Ref. [77]). However, it must be remarked that the argument
developed above is valid only for bulk systems; for particular low-dimensional systems,
2D/3D negative volumetric compressibility is allowed and has been experimentally
observed[78, 79, 43].

SI2 - Methods

SI2.a - Transitiometry

Transitiometer SN201202 from BGR-Tech was used to record the PV-isotherms at
10 °C according to the procedure described elsewhere[43].

1parts already covered in the Methods chapter (Chapter 2) were omitted.
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SI2.b - Wettability

The contact angle of water on the smoothed surface of ZIF-8 powder was mea-
sured using a DSA 100S Krüss Tensiometer. The reported value is the average of
three independent measurements at 30 °C according to the procedure described
elsewhere[70].

SI2.c - In-Operando Small-Angle Neutron Scattering

The in-operando Small-Angle Neutron Scattering (vSANS) study was carried out at
the NIST Centre for Neutron Research (Gaithersburg, USA) using the 45 m vSANS
instrument. A complete description of the instrument is located at the NCNR
website2. The neutron wavelength λ = 4.75 Å was selected using double reflection
Pyrolytic Graphite monochromator with a spread ∆λ/λ of 0.95%. In a He glovebox,
the samples were first outgassed, ex-situ using a turbomolecular pump at 90 °C down
to 10-6 mbar and then weighed into the vSANS pressure cell (approx. 1 g of ZIF-8)
and evacuated again to remove He at room temperature. The D2O was added to
the cell at ambient pressure and then pressure was applied and dynamically kept
constant (within 0.05 MPa) using an ISCO 100HLX syringe pump with D2O as the
pressure medium. A variable offset between the applied pressure and the sensor was
less than 0.2 MPa. The temperature was maintained at 10 °C within ±1 K using a
heating block. The collected dataset for each pressure includes one 600 s scattering
run with a respective transmission file of 100 s. The SANS data were reduced using
NCNR SANS macros[80], analysed and visualized using DAVE[81]. The lattice
parameters of cubic Zn(Im)2 MOF were calculated from centroids of Gaussian fit
to (110) Bragg reflection present in the vSANS data. The lattice parameter a was
calculated using Bragg’s formula from the d-spacing of the (110) reflection.

SI2.d - Compressibility of ZIF-8 + water system

See Fig. 3.3.

SI2.e - Computational details

Classical Molecular Dynamics simulations were performed using the LAMMPS
code in combination with the well-established Zheng et al. force field for the ZIF-
8[69] combined with TIP4P/2005 model of water. ZIF-8 interacts with H2O via
electrostatics plus the modified Lennard-Jones interaction

4ε
[(

σ

r

)12
− c

(
σ

r

)6
]

to tune the hydrophobicity of ZIF-8[82]. The computational sample consists of a
7-unit cell-thick slab of ZIF-8 (∼19.0 nm), with a 2×2 unit cell extension in the x-y
plane (∼3.5×3.5 nm) and 4800 water molecules, for a total (ZIF-8 + H2O) of ∼20000
atoms (Fig. SI2). To determine the structure, free energy and other characteristics
of ZIF-8 during water intrusion we used the well-established restrained molecular

2http://www.ncnr.nist.gov/
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Figure SI1 - Figure 3.3. Compressibility of ZIF-8 + water system during the compression-
decompression process. The single-peak during compression corresponds to one-step
intrusion. The double-peak during decompression corresponds to two-step extrusion.

dynamics (RMD, see Sec. SI3.a) technique[67, 68]. The value of the RMD coupling
constant λ was set to 15 kcal/mol.

Density Functional Theory (DFT) calculations were performed using the pw.x
module of the Quantum Espresso package employing the Perdew, Burke, Ernzerhof
(PBE) exchange and correlation functional[83]. Kohn-Sham orbitals were expanded
on a plane wave basis set with a 50 Ry cutoff, and nuclei and core electrons
interactions with valence electrons were treated using ultrasoft pseudopotentials.
The computational sample consisted of the ZIF-8 unit cell (276 atoms) with a 4×4×4
mesh of k-points.

Scheme SI1 - Scheme 3.4. Left: unit cell of ZIF-8. For the sake of clarity, hydrogen
atoms are not shown. The large golden sphere at the center of the unit cell highlights
the cavity that gets filled by water during intrusion. The red-green-blue 3D compass
at the bottom-left of the panel shows the directions of the lattice directions a, b and
c. Right: crystalline structure of ZIF-8 illustrating the packing of cavities and their
connection via pseudo-hexagonal windows.
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Figure SI2 - Figure 3.5. Snapshot of the computational sample. The ZIF-8 slab is
surrounded by two large portions of water (red spheres represent oxygen atoms of
water molecules). Above and below the slabs of water, two pistons apply hydrostatic
pressure in the direction orthogonal to the ZIF-8 slab. This is required to avoid some
artefacts associated to conventional barostats, which have been designed for homogeneous
systems[84]. The simulation box is left free to fluctuate also on the plane of the ZIF-8
slab. In this case, fluctuations are controlled by the Tobias-Klein-Martyna barostat[85].
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SI4 - Metastabilities and hysteresis

Figure SI7 - Figure 3.6. Atomic configuration during the intrusion process. ZnIm4 units
are drawn as tetrahedra, Im molecules are shown in the ball-and-stick representation
(hydrogen atoms are not reported), and water as the isosurface of its density at one-half
of its bulk value. The yellow arrows help identifying pseudo-hexagonal windows occupied
by water. The reader may identify other analogous structures in the figure.
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Figure SI3 - Figure 3.7. Free energy vs. level of filling in the ZIF-8 sample at increasing
pressure (from blue to red) in a range of 1 MPa across the intrusion value. Free energy
profiles are plotted at intervals of 0.1 MPa. The shaded regions represent the error
associated with the free energy profiles computed at 50 and 51 MPa; free energy profiles
for intermediate values of the pressure are obtained by interpolation. The trend of free
energy profiles with pressure is due to the bulk liquid and gas contribution to G(NH2O)
in the capillary theory of liquid interfaces, − (Pl − Pg)Vl, where Pl and Pg are the liquid
and gas/vapor pressures, respectively, Vl is the volume of liquid in the porous material
(see, e.g., Refs. [34, 7, 20, 86, 87, 88, 89]). This term favors (reduces the free energy)
more liquid intruded states as the pressure increases. In the x axis we report the level
of filling expressed in terms of percentage of maximum filling, corresponding to the
absolute minimum of the free energy at the maximum pressure considered (∼1000 water
molecules in the slab, see inset). Higher levels of filling are associated with a steep
increase of the free energy, corresponding to the compression of water within the ZIF-8
pores. In terms of absolute number of water molecule, the x axis spans the range 0-1500
water molecules. As a reference, the free energy of the empty ZIF-8 sample is set to zero.
One notices that at any pressure the free energy surface is characterized by one absolute
and several local minima separated by maxima. We report also values of filling beyond
the maximum value, filling > 100%, region denoted by a dashed box in the graph. These
states, that cannot be observed in experiments, can be produced in atomistic RMD
simulations and consistently with the common sense bring to a significant increase of
the free energy above its minimum value (see also the inset).
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The free energy profile, Fig. SI3, shows many local minima corresponding to
possible metastable states at different level of water filling of the ZIF-8 slab. Local
minima are separated by free energy barriers whose value depends on the pressure
value but, within the 50-51 MPa range considered, definitively fall in the 5-15 kBT
interval. Local and absolute minima of the free energy typically correspond to states
in which ZIF-8 cavities are filled by water, ∼40 molecules per cavity. One observes
that increasing the pressure the absolute minimum shifts from low to high levels of
filling. In particular, for the theoretical sample used in this work (see computational
details, Sec. SI2.d), we observe three absolute minima at low (50 MPa), intermediate
(∼51.5 MPa) and high pressures (51 MPa), corresponding to ∼10%, ∼40% and 100%
of liquid filling of the ZIF-8 slab. This explains why the intrusion and extrusion
occurs in steps, corresponding to intermediate lattice values between the values
taken when ZIF-8 is completely empty and completely filled. The hysteresis observed
in the experimental a-P and P-V curves, Fig.s 3.1a and 3.1b, respectively, this can
be explained by the kinetic trapping associated to the highest barrier separating the
completely extruded and completely intruded states.

According to Kramers’ theory of transitions between states separated by free
energy barriers[90], the transition time for the process to occur is proportional to the
exponential of the free energy barrier ∆G†: τ = τ0 exp

[
∆G†/kBT

]
. Of course, as

the rugged free energy profile suggests, here the intrusion/extrusion mechanism can
be significantly more complex and will be discussed in detail in a forthcoming article;
here we consider the qualitative consequences of the Kramers’ theory, focusing on
the highest barriers separating any pairs of local minima between the completely
extruded and completely intruded states.
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Figure SI4 - Figure 3.8. Cartoon illustrating the effect of pressure on the free energy
profile and the consequences on the intrusion (extrusion) time. The dashed black line
represents the free energy barrier threshold, 10 kBT , below which one expects the
intrusion to occur on the experimental time scale[86].

Consider the cartoon shown in Fig. SI4, characterized by two minima of the free
energy corresponding to empty and water-filled ZIF-8 and a barrier between them.
At ambient conditions, the absolute minimum is the empty state. By increasing
the pressure, first the free energy of the two minima becomes the same, which is
the thermodynamic condition for the transition. By further increasing the pressure,
the water-filled state becomes the more stable one; however, due to the large
barrier between the empty and water-filled state, the transition does not occur on
the experimental timescale. Only at even higher pressures, when the barrier is
sufficiently low, the transition can occur within the 10 minutes of the experiments
at each pressure value. As discussed in a previous article of some of the authors
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of the present one[86], ∆G† must be lower than 10 kBT for the transition to be
observable in the experimental timescale. Hence, in the experiments intrusion is
observed at pressures higher than the thermodynamic transition value and, conversely,
extrusion at lower ones, producing the hysteresis observed in both the a-P and P-V
curves. Apparently, in the experiments there are more metastable states during
extrusion than intrusion (Fig. 3.1a). This is associated to a lower slope of the lattice
parameter vs. pressure curve during extrusion than during intrusion in the negative
compressibility region, resulting in a slightly smaller κl values (3.1). Moreover, we
remark than more measurements have been performed along extrusion in this domain.
The different compressibility in intrusion and extrusion is very likely associated
to the different barrier in two directions to move between pairs of metastable
states. Here, we refrain to explain these important but very detailed aspects of the
intrusion/extrusion mechanism based on our simulations. In addition to the limited
quantitative accuracy of classical force field, we remark that the intrusion/extrusion
hysteresis and metastability of the real material might be further complicated by
defects present in the material, air occupying porosity before intrusion, and many
other effects that in our simulations, as in any other theoretical investigation of
complex phenomena, cannot be taken into account. In the main text we report
a single theoretical lattice vs. pressure curve, which apparently conflicts with the
discussion above that simulation data allow to explain the hysteresis of a-P and P-V
curves. The reason is that a quantitative analysis requires an estimation of the pre-
exponential term τ0, which, also in simpler but related cases resulted computationally
very challenging [87, 88]. Thus, for determining the a-P, we opted for an equilibrium
approach: (i) we assume that the system is always given sufficient time to reach
equilibrium, i.e., to go into the state corresponding to the absolute minimum of the
free energy at a given pressure, and (ii) we associate to this pressure the lattice
parameter corresponding to the absolute minimum state. Since the system is always
at the equilibrium configuration at the present pressure, hysteresis disappears.
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Figure SI5 - Figure 3.9. Lattice parameter as a function of the level of filling of the
ZIF-8 sample. The lattice parameter is determined averaging the instantaneous value
along RMD simulations at a fixed value for the number of water molecules within the
MOF framework.
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Figure SI6 - Figure 3.10. Structural characteristics of the ZIF-8 framework along
water intrusion (from red to blue). a) stroboscopic trajectory of two connected ZnIm4
tetrahedra, i.e. two tetrahedra sharing an Im ligand. One observes a counter-rotation of
the two tetrahedra that makes the Zn-Im-Zn triad more colinear, which increases the
Zn-Zn distance, hence the lattice size. b) Pair correlation function of chemically bonded
Zn-N pairs, g(rZn−N ), which measures the probability that a Zn-N connected pair is at
a given distance, shows that the most likely Zn-N distance increases with the level of
filling, which contributes to the expansion of the ZIF-8 lattice. The mechanism of the
Zn-N stretching presents some remarkable features: before intrusion, g(rZn−N ) is sharp
and peaked at shorter distances; when water starts to intrude the ZIF-8, the g(rZn−N )
becomes broader and shifts to higher distances; this is because only some of the ZIF-8
cages are intruded. When intrusion is completed, the g(rZn−N ) returns sharper.
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Figure SI8 - Figure 3.11. Energy (black points) as a function of compression/expansion
of the lattice parameter (∆l) as obtained by density functional theory (DFT) calculations.
The energy is reported in thermal units, i.e. in kBT , where kB is the Boltzmann constant
and T is the temperature. The dashed red line is the quadratic interpolation of DFT
results. The blue line represents the probability to observe an expansion/compression
of amplitude ∆l: p(∆l) ∝ exp{[−E/kBT ]}. One notices that the full width at half
maximum (FWHM) is ∼0.1 Å, corresponding to an expansion of ∼0.05 Å, which is
consistent with experimental and intrusion RMD simulations results.
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Figure SI9 - Figure 3.12. Structural characteristics of the ZIF-8 framework subjected to
expansion/compression as obtained from ab initio calculations. This figure is analogous
to Fig. SI6 obtained along water intrusion in ZIF-8. Consistently with those results,
also in this case we observe the rotation of ZnIm4 tetrahedra (a) and the stretching of
Zn-N bonds (b) upon expansion of the ZIF-8 lattice.
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Chapter 4

Turning molecular spring into
nano-shock absorber: the effect
of macroscopic morphology and
crystal size on the dynamic
hysteresis of water
intrusion-extrusion into-from
hydrophobic nanopores

4.1 Abstract
Controlling the pressure at which liquids intrude (wet) and extrude (dry) nanopore is
of paramount importance for a broad range of applications, such as energy conversion,
catalysis, chromatography, separation, ionic channels, and many more. To tune
these characteristics, one typically acts on the chemical nature of the system or pore
size. In this work, we propose an alternative route for controlling both intrusion and
extrusion pressures via proper arrangement of the grains of nanoporous material. To
prove the concept, dynamic intrusion-extrusion cycles for powdered and monolithic
ZIF-8 Metal-Organic Framework were conducted by means of water porosimetry and
in operando neutrons scattering. We report a drastic increase in intrusion-extrusion
dynamic hysteresis when going from a fine powder to a dense monolith configuration,
transforming an intermediate performance of ZIF-8 + water system (poor molecular
spring) into a desirable shock-absorber with more than one order of magnitude
enhancement of dissipated energy per cycle. The obtained results are supported
by MD simulations and pave the way for an alternative methodology of tuning
intrusion-extrusion pressure using solely macroscopic arrangement of nanoporous
material.
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intrusion-extrusion into-from hydrophobic nanopores

4.2 Introduction
The process of wetting-drying in nanopores is relevant to a very broad range of
applications from catalysis, chromatography and separation to ionic channels and
energy conversion.[4, 91, 92, 93] In particular, the process of solid-liquid interface
development-reduction has been widely explored for energy storage, conversion and
dissipation applications[94, 95, 96, 97, 98] in view of compactness[99, 100, 101] and an
associated rapid charging-discharging cycle.[97, 102, 103] The process of forced intru-
sion – spontaneous extrusion of a non-wetting liquid into-from a lyophobic nanopore
constitutes a charge-discharge cycle, where mechanical (work of intrusion-extrusion),
thermal (heat of solid-liquid interface development-reduction) and electrical (solid-
liquid triboelectrification) energies manifest themselves simultaneously.[1, 16] The
operational cycle of Heterogenous Lyophobic Systems (HLSs) is depicted in Scheme
1. Due to a non-wetting condition (Scheme 1, top left) under ambient pressure
lyophobic pores tend to stay dry and empty. However, at certain pressures intru-
sion can be provoked (Scheme 1, bottom left). The intrusion is associated with
a plateau at the pressure-volume diagram (Scheme 1, right) and a corresponding
accumulation of mechanical energy (work of compression). For the majority of
HLSs, intrusion is an endothermic process,[98, 1, 16, 104, 105] meaning that the
system simultaneously accumulates thermal energy in the form of heat from the
solid-liquid interface development as a non-wetting liquid spreads over a lyophobic
pore (Scheme 1, bottom left). Recently, it was demonstrated that intrusion is also
associated with pronounced solid-liquid triboelectrification,[1, 16] which means that
also electrical energy is generated during this process. Energetically a lyophobic pore
is an unfavorable environment for a non-wetting liquid, therefore, upon decompres-
sion the spontaneous extrusion (drying) of the pore occurs (Scheme 1, bottom left).
If the extrusion pressure is similar to the intrusion pressure, the system behaves
like a spring. Considering that breaking-forming of intermolecular bonds is at the
heart of charging-discharging process these systems have been termed as Molecular
Springs[106, 107, 108] – Scheme 1, right. These systems can be used for energy
storage. Conversely, if the extrusion pressure is considerably lower than the intrusion
pressure, the system behaves as a shock-absorber[97, 102] and can be used for energy
dissipation applications – Scheme 1, right.

Typical examples of shock-absorber HLSs include mesoporous grafted silica gels
+ water/aqueous solutions[109, 110, 19, 111, 112, 113] and recently extensions were
made to metal-organic framework (MOF) + water/aqueous solution systems.[114]
MOFs, due to their unique mechanical properties,[115, 116] allow additional tuning
of the intrusion-extrusion process and novel applications.[16, 117] Alternatives to
water/aqueous systems have also been studied using ionic liquid,[8] ferromagnetic
fluids[118] or glycerin and glycerol.[119, 119] These systems demonstrated good
reproducibility and durability[97, 103] and were rather quickly used as a basis to
construct novel shock-absorbers and bumpers.[102, 120, 121] On the other hand,
examples for molecular spring behavior have only been reported for intrusion of
water/aqueous solutions into handful of microporous materials such as zeolites[122,
123, 124] and MOFs.[108]

From these examples, it is evident that a hysteresis loop in PV-diagrams for
HLS (Scheme 1) defines its technological applicability: storage by molecular springs
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or dissipation by shock-absorbers. With this in mind, several strategies have been
utilized to tune the intrusion-extrusion hysteresis such as salt concentration in a
non-wetting liquid,[114, 125, 126, 127] viscosity,[8] topology of a lyophobic porous
material[128] and porous materials´ flexibility.[16] Each of these strategies obviously
require the careful selection of a proper porous material and/or non-wetting liquids.

Scheme 4.1. Top left: a drop of a non-wetting liquid on a lyophobic material. Bottom
left: cross-section view of a non-wetting liquid as it intrudes (wets) /extrudes (dries) a
lyophobic pore. Right: PV-isotherm of an intrusion-extrusion cycle with low (molecular
spring) and high (shock-absorber) hysteresis loops
In this work, we demonstrate, for the first time, that a macroscopic grain

arrangement of a nanoporous material can be used to drastically affect the dynamic
hysteresis of the intrusion-extrusion process. To demonstrate the concept, we have
combined water intrusion-extrusion with in operando neutron diffraction experiments
for one of a benchmark metal-organic frameworks, highly hydrophobicity zeolitic
imidazolate framework - 8 (ZIF-8), prepared in three configurations – a fine powder of
macroscopic crystals powderZIF-8, a fine powder of nanoscopic crystals powder_nanoZIF-
8 and a dense monolith made of nanoscopic crystals mono_nanoZIF-8.[129] The obtained
results demonstrate that by densely packing grains of ZIF-8, one can effectively
transform a molecular spring into a nano-shock-absorber enhancing the amount of
dissipated energy per cycle by more than one order of magnitude. This opens a
new route for tuning heterogeneous lyophobic systems for energy storage/dissipation
applications solely by varying macroscopic grain arrangement while maintaining the
same porous material and a non-wetting liquid.

4.3 Materials and methods

4.3.1 Materials

Three porous MOF materials were used in this work: powdered ZIF-8 powderZIF-8,
which was purchased from Sigma-Aldrich as Basolite Z1200, CAS# 59061-53-9, mono-
lithic ZIF-8 mono_nanoZIF-8, synthesized using the previously reported method[130]
and powder of nanoscopic crystals powder_nanoZIF-8. In a typical monoZIF-8 synthesis,
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solutions containing 2-methylimidazole (20 ml, 0.395 M) and Zn(NO3) · 6 H2O (20
ml, 0.049 M) in ethanol were mixed and stirred for 15 min at room temperature. The
mixture is then transferred to a 50 mL Falcon tube and centrifuged (912⁄3 Hz) for 10
min before decanting the excess ethanol and replacing it with 10 mL of fresh ethanol
and centrifuged again. This process was repeated three times. After centrifuging, a
white solid was collected and dried at room temperature overnight to form glassy-
looking, transparent monoZIF-8. Fully activated MOF materials were obtained by
heating to 120 °C under vacuum for 12 h. The synthesis of powder_nanoZIF-8 was
performed as follows. Zn(NO3)2 · 6 H2O, 2-methylimidazole and methanol were
bought from Sigma-Aldrich and used as received. To prepare ZIF-8 nanoparticles,
two methanolic precursor solutions of the metal and the ligand are prepared in
two different Erlenmeyer flasks: solution A, Zn(NO3)2 · 6 H2O 1.467 g in 100 mL
methanol (0.049 M); solution B, 2-methylimidazole 3.245 g in 100 mL methanol
(0.395 M). The two solutions are separately mixed until complete dissolution of the
components. Solution A is then rapidly poured into solution B under stirring. The
obtained solution is kept under vigorous stirring for 5 minutes, a cloudy product is
observed to be formed. The cloudy suspension is quickly poured in four different 50
mL Falcon vials and centrifuged at 150 Hz for 30 min. The supernatant solution is
disposed and the product in a pellet form is washed 2 times with fresh methanol
(60 mL and 30 mL) and centrifuged each time at 150 Hz for 60 min. After the
last centrifugation, the pellet product is left to dry at room temperature and finely
crushed with a mortar to get a homogenous white powder.

4.3.2 Methods

4.3.2.1 Equipment for Dynamic PV-Isotherms

The PV-isotherms were measured at a temperature of 295 K using two different exper-
imental setups. For the experiments which were conducted using the pressurization
rate, within the range of 0.1-1 MPa min-1 a PVT-scanning transitiometer,[131, 132]
constructed by BGRTech, was used. The liquid suspension samples were prepared
by first weighing the solid into a stainless-steel capsule then submerging it into
water. Negative relative pressure was applied to evacuate the gas from the capsule
creating the suspension. The steel vessel was then placed into a calorimetric vessel
where the sample was subject to a minimum of 3 pressurization cycles to ensure
repeatability. For the experiments involving the pressurization rate of up to 1000
MPa min-1 PVT-stand developed at the National Technical University of Ukraine
“Igor Sikorsky Kyiv Polytechnic Institute” was used.[109, 133] Because of different
pressure-transmitting fluids and their different quantity in the hydraulic line for each
of the instruments, the PV-isotherms were adjusted with the following the equation,
in order to eliminate the effect of pressure-transmitting fluid compressibility:

∆ν = ∆νrecorded − (αP + β) (4.1)

The values of ∆νrecorded (cm3 g-1) are the original PV-isotherm data, α and β
are fitting constants adjusted to reach a similar volume variation upon compression
(similar compressibility) below the intrusion pressure. Scaling with this method
preserves the apparent pore volume (intrusion/extrusion volume) of each PV-isotherm
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and permits the direct comparison of individual PV-isotherms regardless of equipment
used.

To avoid any relaxation effects of ZIF-8 framework,[134] sufficient time between
cycles was provided. The time required for such relaxation was estimated from our
neutrons scattering experiments (see section 4.4.3 below). The PV-isotherms for
monolith samples were recorded for multiple grains all of which are demonstrated in
Figure 4.2c. The size distribution for these grains is demonstrated in Figure 4.2f.

4.3.2.2 In-situ Small-Angle Neutron Scattering

In-situ Small-Angle Neutron Scattering was carried out at the National Institute of
Standards and Technology (NIST) Center for Neutron Research (NCNR, Gaithers-
burg, USA) using the 45 m vSANS instrument. A complete description of the
instrument is located at the NCNR website1. The neutron wavelength λ = 4.75 Å
was selected using a double reflection pyrolitic graphite monochromator with a
wavelength spread ∆λ/λ of 0.95 %. ZIF-8 was first outgassed, ex-situ using a
turbomolecular pump at 95 °C down to 1.2×10-6 hPa and transferred into a dry
He glovebox. 197.8 mg of the sample was loaded into a SANS block pressure cell
equipped with 2 mm x 2.07 mm Ti windows and 2 mm x 3.0 mm SiO2 spacers to
decrease scattering from H2O. An additional 496.3 mg of ZIF-8 was used to fill a
cylindrical steel pressure cell 2. Before each experiment, the cell was additionally
outgassed of He gas at RT using a turbomolecular pump. The D2O:H2O 2:1 mixture
was prepared from Cambridge Isotope Labs D2O (99.9%, lot M5421) and deionized
water (resistivity: 15-20 MW, organic content: 20-50 ppm, particulate matter: <0.2
µm). The mixture was then transferred into an evacuated ISCO 100HLX syringe
pump which applied and dynamically kept constant pressure (within 0.05 MPa)
within each cell. A variable offset between the applied pressure and the sensor was
less than 0.2 MPa. The temperature was maintained using a glycol-water bath
(NESLAB RTE7) within 0.1 K for ZIF-8.

The collected dataset for each pressure includes one scattering run of 900 s for
ZIF-8 with a respective transmission dataset of 100 s. The vSANS data were reduced
using NCNR SANS macros,[80] analyzed and visualized using DAVE.[81]

4.3.2.3 Scanning Electron Microscopy (SEM) and Transmission Elec-
tron Microscopy (TEM)

Thermo Fisher Quanta 200 FEG high-resolution Scanning Electron Microscope
(SEM) was used in high-vacuum mode with electron beam energies of 10 kV, 20 kV
and 30 kV with backscattered electron detector (BSED) and Everhart-Thornley
Detector (ETD) to image ZIF-8 samples. To avoid drift during image acquisition,
sample was gold-coated by means of a Sputter/Carbon Coater from SPI Supplies.
The operating plasma current was set at 17.1 mA in Edge Mode for 1 min.

TEM measurements were performed on the Tecnai G2 F20 Super Twin (S-Twin),
a high-resolution TEM/STEM from the Thermo Fisher company with a field emission

1https://www.nist.gov/ncnr
2https://www.nist.gov/ncnr/sample-environment/equipment/high-pressure/hw-03
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gun (FEG) and acceleration voltage of 200kV. Samples were dispersed directly on
TEM Cu grids with C mesh.

4.3.2.4 X-ray diffraction (XRD)

A Bruker D8 Discover X-ray diffractometer was used with a LYNXEYE-XE detector
using CuKα1 radiation (λ = 1.5418 Å) and Bragg-Brentano θ:2θ geometry. The
data collection was carried out at room temperature, between 10° and 80° with a
step of 0.02° and a dwell time of 1.03 s per step.

4.3.2.5 N2 Adsorption/Desorption Isotherms

N2 adsorption isotherms were undertaken at 77 K using a Micromeritics 3Flex and
Micromeritics ASAP 2460 instruments. The temperature was controlled by using
L-N2 bath. Brunauer, Emmett and Teller (BET) areas were calculated using the
BETSI[135] and the Rouquerol criteria.[135]

4.3.2.6 Molecular dynamic simulations

Simulations of the ZIF-8 grain boundary were performed within the density functional
theory (DFT)[136, 137] using the Thonhauser et al. exchange and correlation (xc)
functional[138, 139] implementing van der Waals interactions in DFT. Thonhauser et
al. xc functional has been validated on metal-organic frameworks,[138] the same class
of materials considered in this work. The interaction between valence electrons and
nuclei plus core electrons is treated using Rappe-Karin-Rabe-Kaxiras-Joannopoulos
soft pseudopotentials,[140] which allowed us to use a relatively small 40 Ry cutoff
on the maximum kinetic energy of the plane waves used to expand Kohn-Sham
orbitals. Given the large size of the sample, the Brillouin zone has been sampled
by the single Γ point (vide infra). For the structure of the grain boundaries (GB),
two (110) slab crystallites with armchair termination,[2] containing as many as 1200
atoms each, were faced to each other. At each value of the (nominal) distance,
which was controlled by keeping fixed selected atoms in the center of each ZIF-8
slab, the structure is left free to relax to the conditional (fixed nominal distance)
equilibrium structure. The intrusion and percolation of a single water molecule was
investigated by applying the string method,[141, 40] which allows to identify the
most likely path to go from an initial to a final configuration, and the energetics
of the process. A detailed description of the string method is provided in the
Supplementary Information.

The effect of GB-induced by constraining ZIF-8 expansion upon water intru-
sion has been investigated resorting to the restrained molecular dynamics (RMD)
approach[67, 142], which allowed to compute the free energy of the system as a
function of the number of water molecules in the computational MOF sample (see
Figure 4.7c). RMD is described in detail in the Supplementary Information. RMD
simulations are based on classical force fields, an approach that has already been
successfully applied to study intrusion-extrusion in simpler and more complex porous
solids.[34, 86] Concerning the force fields, for ZIF-8 we used the force model pro-
posed by Zheng et al.[143], while for water we used the TIP5P model.[144] Following
previous works of some of us and other authors, cross interactions between water
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and ZIF-8 resulted from electrostatics and Lennard-Jones forces whose parameters
were obtained from the standard Lorentz-Berthelot combination rules. In the case
of the flexible sample, molecular dynamics is performed at constant pressure, with
the simulation box that is allowed to change along all lattice directions. On the
contrary, in the case of the rigid framework, the simulation box changes only in the
direction orthogonal to the slab ZIF-8 sample, preventing any overall expansion and
compression of the computational crystallite in the other two directions. In both
the flexible and rigid cases, atoms evolve at constant temperature, i.e., no further
constraint is imposed on the atoms apart the fixed simulation box in the slab plane
for the rigid case.

4.4 Results and discussion

4.4.1 Materials characterization

Figure 4.1 shows the X-ray diffraction for powderZIF-8, mono_nanoZIF-8 and the
simulated pattern of SOD ZIF-8 (Zn6(2-methylimidazole)12.[145, 146] mono_nanoZIF-
8 has broader peaks at the XRD pattern due to the smaller crystal size of the
primary particles of the sol-gel process, as reported previously, on the order of
ca. 40 nm.46 While having the same structure, these materials are considerably
different in the macroscopic morphology (Figure 4.2a – 4.2c). powderZIF-8 and
powder_nanoZIF-8 have a representative grain size of 300 nm - 500 nm and 15 nm – 60
nm, respectively (Figure 4.2d and 4.2e, Figure SI9). The “Necks” between crystallites
in the Figure 4.2b (highlighted by yellow arrows) are grain boundaries (GB), showing
that the poweder_nanoZIF-8 is made of aggregates of tightly bound nanocrystallites.
Such grain boundaries for ZIF-8 were recently demonstrated by high-resolution
TEM.[2] mono_nanoZIF-8 is represented by 1 mm - 3 mm dense and transparent pieces
(Figure 4.2c and 4.2f). The transparency of mono_nanoZIF-8 suggests the absence
of macroscopic pores and small primary particles.[130] Moreover, N2 adsorption
characterization (Figures SI1 – SI5) reveals improved volumetric characteristics of
mono_nanoZIF-8, i.e., higher surface (SBET) and cavity volume per unit volume (Vbtot)
of the porous sample (Table 4.1), which is due to its higher density. Its high density,
the crystallite size and the transparency of the sample suggest that the monolith
consists of a tight aggregate of very small crystallites, probably forming among them
tight grain boundaries of the kind observed in the poweder_nanoZIF-8 sample (Figure
4.2b).

Material
SBET Vbtot ρb SBET Vbtot
m2/g cm3/g g/cm3 m2/cm3 cm3/cm3

monoZIF-8 1462 0.545 1.05 1535 0.572

powderZIF-8 1664 0.685 0.35 582 0.240

Table 4.1. N2 adsorption characterization of powderZIF-8 and mono_nanoZIF-8 samples.
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Figure 4.1. N2 adsorption characterization of powderZIF-8 and mono_nanoZIF-8 samples.

Figure 4.2. Representative images for different ZIF-8 samples: SEM image and crystal
size distribution for powderZIF-8 (a and d); TEM image and crystal size distribution
for powder_nanoZIF-8 (b and e), where yellow arrow indicate grain boundaries between
crystals; optical image and monolith size distribution for monolith_nanoZIF-8 (c and f).
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4.4.2 Intrusion-extrusion study

Figure 4.3 shows the water intrusion-extrusion – PV-isotherm for ZIF-8 samples
measured at different rates, from 0.1 MPa/min to 1000 MPa/min. For powderZIF-8,
the shape of the hysteresis loop is of an intermediate type between the one for a
molecular spring and a shock-absorber (Figure 4.3a). In other words, the hysteresis
is not large enough to make the “powderZIF-8 + water” system an efficient dissipator,
but too large to make it a poorly-performing molecular spring. Moreover, while for
some flexible materials the hysteresis loop strongly depends on the compression-
decompression (intrusion-extrusion) rate,[16] this is not the case for powderZIF-8,
for which the PV-isotherm remains practically the same in a 5 order of magnitude
rate span, even when extreme velocities of 1000 MPa/min are applied (Figure
4.3a). These kinetics of water intrusion-extrusion in seemingly small pores of ZIF-
8 (ca. 10.8 Å and 3.4 Å flexible windows) is fascinating. While high-frequency
operation has been demonstrated previously for “mesoporous grafted silica + water”
systems,[97, 102, 103] a similar feature is surprising for microporous ZIF-8, which
under ambient conditions has a pore opening of only 3.4 Å and, perhaps, even
more importantly may undergo reversible structural transition upon water intrusion-
extrusion, known as a gate-opening effect.[147] Results presented in Figure 4.3a
suggest both a rapid intrusion-extrusion of water molecules into-from ZIF-8 as well
as its fast framework respond to an external stimulus, such as pressure. To gain a
microscopic confirmation of the observed performance, in operando high-pressure
neutron diffraction experiments were conducted on the powderZIF-8 + water system.

4.4.3 In operando neutron scattering study

Figure 4.4a shows the neutron powder diffraction (npd) patterns collected at the
BT-1 diffractometer for “powderZIF-8 + water” system at 20 MPa and 50 MPa. The
pattern at 20 MPa corresponds to the empty framework of ZIF-8 below intrusion
pressure, while 50 MPa corresponds to water-filled ZIF-8 as this pressure is well-
above the intrusion pressure (Figure 4.3a). The obvious difference in two patterns is
evident for (110) Bragg peak at 9.85° (Figure 4.4a). The variation in this peak’s
intensity is due to the contribution of the intruded water to the scattering factor,
which periodicity is induced by the crystal lattice. The contribution of water can
be quickly extracted from the difference Fourier mapping applied to these patterns
at 20 MPa and 50 MPa, which reveals that the main difference is indeed in the
occupancy of the pore of ZIF-8 (see yellow iso-surface in Figure 4.4b). Besides,
Figure 4.4c shows the dependence of the (110) peak area on pressure, which perfectly
mimics the PV-isotherm of the ZIF-8 + water system (Figure 4.3a). This relationship
suggests indeed that the (110) peak can be used for in operando tracking of water
molecules intrusion-extrusion into-from ZIF-8.

Figure 4.4d demonstrates the dependence of the (110) peak intensity on pressure
upon compression-decompression cycles performed with 50 MPa/min ramp. One
can clearly see that the variation of intensity closely follows the pressure ramp,
confirming that the impressive stability of the PV-isotherm of the “powderZIF-8
+ water” system at different compression-decompression ramps (Figure 4.3a) is
indeed due to the fast kinetics of water molecules entering-leaving the cages of ZIF-8.
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Figure 4.3. Room temperature PV-isotherms for ZIF-8 + water system: a) comparison
between powderZIF-8, powder_nanoZIF-8 and mono_nanoZIF-8 at 0.1 MPa/min compression
rate; b) powderZIF-8, c) powder_nanoZIF-8 and d) mono_nanoZIF-8 at different compression
rates.

Another import conclusion from this observation is that a well-known gate-opening
effect of ZIF-8,[147] related to the rotation of imidazolate linkers to ease intrusion of
guest molecules in the ZIF-8 cavities, does not slow down the intrusion-extrusion
process within the timescale of the experiment. While this kinetics is impressive, the
practical attractiveness of the “powderZIF-8 + water” system remains questionable
due to an intermediate hysteresis loop (neither molecular spring, nor shock-absorber
– Scheme 4.1).

4.4.4 Effect of monolith configuration and crystal size

To begin with, we focus on the intrusion/extrusion cycle at quasi-static conditions,
i.e., at low pressure scanning rates, 0.1 MPa/min. One notices two main differences
between the intrusion/extrusion cycle in the powder_nano and monolith with respect
to the powder one: i) lower intrusion pressure and ii) lower intrusion volume (Figure
refFig-monolith-figure3a). The former is explained by the already observed relation
between crystallite size, which is smaller in both powder_nanoZIF-8 and mono_nanoZIF-8,
and intrusion pressure.[117, 148] The latter, we attribute to the tighter packing of
crystallite in both powder_nanoZIF-8 and mono_nanoZIF-8 samples, which prevents the
sizable expansion of ZIF-8 accompanying liquid intrusion, as recently reported.[149]
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Figure 4.4. Neutron diffraction experiments for the “powderZIF-8 + water” system: a)
diffraction pattern at 20 and 50 MPa (above and below intrusion, respectively); b)
Fourier map, showing the yellow isosphere to reflect the occupational difference between
20 and 50 MPa states; c) Pressure dependence of the area of the (110) reflection (note,
the similarity with Figure 3a); d) Intensity of the (110) reflection recorded upon dynamic
compression-decompression cycling. Error bars indicate 1σ. Red shaded area indicate
uncertainty.

This effect is discussed in detail in the theoretical Sec. 4.4.5. Additionally, the tight
packing, especially in the monolith sample, might slow down or prevent percolation
of water in the core of the sample, thus limiting the amount of ZIF-8 which is actually
intruded during a cycle. The atomistic origin of this phenomenon is also discussed
in the theoretical section. Finally, one cannot exclude a possible amorphization
of the surface layer of crystals, which will result in intrusion volume reduction for
powder_nanoZIF-8 and mono_nanoZIF-8 compared to powderZIF-8.

Another remarkable difference between the three samples is the slope of the
intrusion branch of the PV-cycle. One notices that the branch of the PV-cycle
corresponding to intrusion is (almost) flat in the case of powderZIF-8, suggesting that
intrusion takes place at a well-defined pressure, while it acquires a slope for the
powder_nanoZIF-8 sample, which further increases in the case of mono_nanoZIF-8. The
dependence of the slope of the intrusion branch on the arrangement of the ZIF-8
sample is reported here for the first time and suggests that in the powder_nanoZIF-
8 and mono_nanoZIF-8 intrusion takes place over a range of pressures. Atomistic
simulations helped us to understand and explain the origin of this behaviour, as
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discussed in Sec. 4.4.5.
What is very interesting and technologically appealing is the dependence of the

dynamic response of the “ZIF-8 + water” system on the compression-decompression
rate on the crystal size (powder vs powder_nano – Figure 4.3b vs 4.3c) and com-
pactness of the crystallite aggregate (nano-powder vs nano-monolith configuration
Figure 4.3c vs 4.3d). The effect of crystal size of ZIF-8 on the intrusion-extrusion
behaviour is somehow expected from previous studies,[117, 148] while the effect of
crystallite aggregate compactness – monolith configuration – is unexpected and, to
the best of our knowledge, has never been presented previously. More specifically,
in the case of monolith configuration, increasing the speed of cycling effectively
transforms a poorly-performing molecular spring into a effective shock-absorber
(Figure 4.3d). The technological potential of the monolith configuration vs powder
cases is illustrated in Figure 4.5, showing the amount of dissipated mechanical energy
per intrusion-extrusion cycle (i.e., the area of the hysteresis loop of Figure 4.3).
Here, one notices a drastic difference in the dependence of dissipated energy on
the compression-decompression rate for the three samples. For the mono_nanoZIF-8,
increasing the ramp from 0.1 MPa/min to 10 MPa/min results in a more than
threefold increase in dissipated energy, which, despite the reduction of the intruded
volume, is more than three times higher compared to powderZIF-8 under similar
conditions (Figure 4.5a). Moreover, considering the higher density of mono_nanoZIF-8,
the volumetric dissipated energy density improved more than one order of magnitude
compared to powderZIF-8 (Figure 4.5b). It also interesting to note that at velocities
of around 10 MPa/min mono_nanoZIF-8 demonstrated two-step extrusion, which was
noted earlier for powderZIF-8 depending on the compression rate, temperature[150]
and perhaps due to the interplay between the extrusion process and opening-the-gate
effect or the extrusion of water from the grain boundaries. Such a two-step extrusion
is also evident for powder_nanoZIF-8 at high compression-decompression rates (Figure
4.3b). The mechanism behind this behaviour is outside of the scope of this paper
and will be explored in the future.

The reported results suggest that both crystal size and monolith configuration
have drastic effect on the dynamic intrusion-extrusion performance of water into-
from ZIF-8: both smaller crystallites and the monolith configuration help increasing
hysteresis with pressure scanning rate. The effect of the monolithic configuration,
however, is more pronounced from the energetic point of view. Indeed, it can
be seen that with the monolith configuration dissipated energy of 5.3 J·g-1·cycle-1

can be reached at compression-decompression rates of 100 MPa/min (Figure 4.5a).
powder_nanoZIF-8 requires more than 8 times higher compression-decompression rate
to reach similar dissipated energy (Figure 4.5a). Moreover, volumetric energy density
of the monolith configuration is more than 5 times higher compared to powder_nanoZIF-
8 and powderZIF-8 at 100 MPa/min compression-decompression rate. Remarkably,
powder samples cannot match the high volumetric energy density of the monolith
configuration even at the very high-pressure scanning rates. Therefore, while crystal
size is indeed important, the monolith configuration clearly introduces additional
benefits to the dissipation capabilities of ZIF-8. In other words, present findings
suggest a novel tuning strategy that can be exploited to enhance energy dissipation
of ZIF-8 samples, which might open novel technological applications of this material
and/or other MOFs. To conclude this paragraph, it is worth remarking that even
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though the enhancement of dissipated energy due to crystal size is less pronounced
as compared to monolith configuration, the benefit of the crystal size-approach in
lower intrusion-extrusion pressures (Figure 4.3c), which may be beneficial for certain
applications, such as shock-absorbers.

Figure 4.5. Amount of dissipated mechanical energy per intrusion-extrusion cycle for
powderZIF-8 and mono_nanoZIF-8 depending on compression-decompression rate: a) per
unit of mass and b) per unit of volume. Note that bulk density of the powder is used
to calculate volumetric energy density for the cases of powderZIF-8 and powder_nanoZIF-8
cases.
In the rest of this section, we propose possible mechanisms underlying the effect

of monolith configuration on the intrusion-extrusion dynamics, which are then
expounded using atomistic simulations in the next section. Considering that the
intrusion-extrusion process in itself is rapid (Figure 4.3b and 4.4d), it is reasonable
to assume that the observed differences in the dynamic hysteresis for monolithic and
powder ZIF-8 are due to the arrangement of their grains (densely packed monolith
vs fine powder). As we mentioned in Sec. 4.4.1, the high density, the crystallite
size, and the transparency of the monolith suggest that it is composed of tightly
packed crystallites. In this case, it is expected that a longer time is required for
water to percolate through, in particular to reach crystallites at the core of the
monolith, which causes higher intrusion pressure upon forced compression, as well
as lower pressure of spontaneous extrusion upon rapid decompression (Figure 4.3c).
This contrasts with powderZIF-8, with a much higher external surface directly in
contact with the bulk liquid, which speeds up the process. Combing this rather
straightforward phenomenon with a highly responsive intrusion-extrusion process
(Figure 4.3b and 4.4d) allows for the tunability of dynamic hysteresis of heterogeneous
lyophobic systems depending on the density of the grains of the porous material
(Figure 4.3d and 4.5). This provides an opportunity for the development of energy
dissipators with frequency-dependent performance. Moreover, it is useful for the
triboelectrification phenomenon, which was previously demonstrated to be linked
with mechanical and thermal energy hysteresis in the intrusion-extrusion cycle[1, 16]
and will be explored in more detail in upcoming works.

A final remark is in order concerning the potential technological relevance of
the monolith or, in general, crystallite packing as a strategy to enhance energy
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dissipation: the stability of the sample upon repeated liquid intrusion/extrusion.
Stability of porous materials upon intrusion-extrusion cycling is a challenge, and
monolith stability is no exception. Nevertheless, after intrusion-extrusion cycling
tests (overall 36 cycles), a good repeatability of the results was evident. The samples
maintained their size (Figures SI6), even though, some cracks were observed –
Figure SI7. Additionally, for the stability verification we compared the intrusion-
extrusion cycles at 0.1 MPa/min recorded before and after dynamic cycling. A good
reproducibility was evident – Figure SI8.

We believe the obtained effect of monolith configuration may be not just specific
to ZIF-8, and other MOFs such as ZIF-67,[150] MAF-7,[151] ZIF-71 and MAF-6[152]
can be considered to enhance their energy dissipation capabilities. This will be
explored in upcoming works.

4.4.5 MD simulation study

Simulations were performed to validate the hypotheses proposed to explain the
differences in the intrusion-extrusion characteristics of powder, powder_nano and
monolith samples, i.e., to assess how the structural effects of tight packing of ZIF-8
might alter the intrusion/extrusion dynamics. We focused on grain boundaries:
indeed, as mentioned above, powder_nanoZIF-8 and, in particular, mono_nanoZIF-8
are characterized by a high density of grain boundaries, more grain boundaries
per crystallite than the standard powder sample. Moreover, smaller crystallites
show a rhombic dodecahedral shape (Figure 4.2b) vs the cubic shape typical of
larger crystallites (Figure 4.2a). In the literature it is discussed that the (110)
surface exposed by the former allows the formation of tightly bound, ‘locked’, grain
boundaries, which are not observed for the (100) surface, exposed by the latter.[2]
In the following we show that tight grain boundaries, solely formed for samples
containing smaller crystallites - powder_nanoZIF-8 and mono_nanoZIF-8 - may slow
down the percolation of water in the interior of the monolith and/or prevent liquid
intrusion into ZIF-8.

Grain boundaries are complex structures and some a priori information or
assumption is needed for their modelling. In the case of ZIF-8, a previous study[2]
has revealed that ZIF-8 nanocrystals of ∼85 nm, a size comparable with those
measured in powder_nano and mono_nano samples, have a rhombic dodecahedral
shape consistent with images reported in Figure 4.2. These crystals expose (110)
surfaces, which can be either ‘zigzag’ or ‘armchair’ terminated, the latter being the
one experimentally observed. Quoting Ref.[2] “ZIF-8 crystals were ‘locked’ at (110)
interfaces after attachment, [. . . ], indicating that (110) surfaces are particularly
important for self-assembly”. Given this solid experimental evidence, here we focused
on an armchair-terminated (110) grain boundary. Given the complexity of the
system, we decided to use an ab initio approach, performing density functional
theory calculations as described in detail in Sec. 4.3.2.6.

To start with, we accurately studied the structure of the grain boundary. Here,
we refrained from performing a simple structural optimization of the grain boundary
as the potential of such a complex system might present roughness, which could trap
the structure in local minima, at a distance between the two crystallites different
from the equilibrium one. Rather, we searched for the lowest energy structure as
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Figure 4.6. a) energy profile of the ZIF-8 (110) GB as a function of the distance between
the two crystallites. The profile is characterized by a deep minimum and a barrier at
∼5 Å. b) Zoom on the barrier region. In panel b the energy profile is reported in kBT for
a GB of ∼392 Å2 of contact area, corresponding to the smallest possible ZIF-8 (110) GB.
The height of the barrier with respect to the energy plateau at larger distances 7 kBT ,
i.e., 7 times the thermal energy available at room conditions, suggesting, according to the
Arrhenius law, that a close approach between two crystallites is energetically non-trivial,
especially for large crystallites. c,d) Images illustrating the GB from two different points
of view. The crystallites and the GB are shown by both a stick-and-ball representation
of the atoms and the surface enveloping the atoms obtained by a probe particle[153] of
3.0 Å of diameter, approximately corresponding to the characteristic size of water in
several classical force fields.[144]

a function of the distance d between the two ZIF-8 crystallites forming the grain
boundary, exploring a broad ∼35 Å distance range. The profile of the energy per
unit area of the grain boundary vs the distance is reported in Figure 4.6a, where
distance d = 0 Å has been arbitrarily fixed in correspondence of the minimum of
the GB energy. Panels d and e of the same figure show two views of the grain
boundary, highlighting how tight the two crystallites are in the stable configuration.
Concerning the energy profile, one interesting feature is the energy maximum at
∼5 Å, amounting to a ∼7 kBT barrier to allow two facing ZIF-8 crystallites to
grow along the [110] direction to reach the most stable configuration (Figure 4.6b).
Of course, such a barrier increases with the area of the facing crystallites, quickly
exceeding the thermal energy or other forces that my push the system beyond the
barrier, e.g., the reduction of free energy along the growth of crystallites, which can
help to tightly bind crystallites during the self-assembly process. This observation by
might explain why this tight binding is observed only for the powder_nano (Figure
4.2b and Figure SI9) and, possibly, the monolith samples and not for the regular
powder.

As mentioned above, the tight binding of grains might have two consequences: i)
it may prevent expansion of grains during intrusion, the latter being a phenomenon
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Figure 4.7. a,b) free energy profile of the ZIF-8+water sample as a function of the number
of water molecules in the MOF slab, shown in panel c in a partially filled configuration.
The grey shadow beneath the solid lines represents the error on the estimation of the free
energy (see supporting information). In panel a) we report the free energy profiles at the
computational intrusion pressure of the flexible framework, 51 MPa. Indeed, one can
notice that in these conditions the free energy of the filled state (1050 water molecules
in the framework) is lower than the empty one. At this pressure, on the contrary, for the
rigid framework the lowest free energy state corresponds to the empty ZIF-8 framework.
At 106 MPa, the lowest free energy state is the filled one also for the rigid framework
case, indicating that at this pressure intrusion takes place also in this sample. Due to
liquid and lattice compressibility, at 106 MPa the water molecules in the filled ZIF-8
slab are more than at 51 MPa.

recently reported by some of the authors of the present work,[149] and ii) slow down
percolation of water, preventing, in practice, the liquid to reach ZIF-8 crystallites
in the core of the monolith. Let us analyze in detail how these two mechanisms
may affect intrusion, starting with the tight binding among crystallites preventing
or limiting their expansion and the consequences on the wetting of the ZIF-8
cavities. Figures 4.7a and 4.7b compare the free energy profiles of liquid intrusion
in a flexible and rigid ZIF-8 framework at 51 and 106 MPa, the computational
intrusion pressures of the flexible and rigid frameworks (figure 4.7c), respectively. We
remark that intrusion free energy profiles have been determined using the restrained
molecular dynamics approach, with ZIF-8, water and their interaction modeled by a
classical force field, an approach that has been successfully employed in previous
works[149, 154] (see Sec. 4.3.2.6 and Supporting Information for further details).
In the rigid framework, atoms are still allowed to move; in particular, imidazolate
is allowed to rotate to ease liquid intrusion through the 6-member ring windows
(see Figure 4.6d), but the crystallite is globally prevented to expand/compress
(see Sec. 4.3.2.6). The intrusion pressure can be determined by identifying the
value at which the free energy corresponding to full wetting of the ZIF-8 slab, i.e.,
when all cages of the computational sample (Figure 4.7b) are filled, is lower than
that of the empty slab. Due to the liquid compressibility, the actual number of
water molecules In the filled slab changes with pressure. It is seen that despite the
expansion upon complete intrusion is apparently small, 0.06 Å per unit cell,[149]
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rigidity increases the intrusion pressure by ∆Pint = P rigint −P
flex
int = 60 MPa, bringing

it from 51 MPa, as predicted for the flexible ZIF-8, to 106 MPa, as determined for
the rigid one. Indeed, this effect of flexibility on the intrusion pressure may explain
the surprisingly low value of Pint of ZIF-8 (∼25 MPa) vs more rigid porous materials
of comparable porous size and hydrophobicity, such as MFI (Pint =∼90MPa3)
and TON (Pint =∼160MPa4), and with respect predictions of the Young-Laplace
equation for ZIF-8: Pint = −2γ cos θ/r =130 MPa (γ = 72.8 mN/m is the water
surface tension, θ the Young contact angle, here set to the apparent experimental
value of 130°, r = 1.7 Å the radius of the 6-member ring apertures allowing intrusion).
Our simulations suggests that the apparently small 0.06 Å expansion of the lattice
parameter crucially reduces the intrusion pressure of ZIF-8 and that, on the contrary,
hindrance of lattice expansion, as the one imposed by tight grain boundaries, may
severely limit the number of crystallites that can be intruded in the nano powder and,
especially, in the monolith. Of course, we neither expect that tight GBs do completely
prevent crystallites expansion, nor that in an experimental sample all crystallites are
compressed to a level of tightness corresponding to the GBs equilibrium distance.
GB equilibrium distance is the energetically favored configuration of a GB but it is
well known that crystallization is controlled by a subtle balance of thermodynamics
and kinetics factors5. We expect that GBs impose a partial limitation and/or a
hindrance on expansion, and that these are more severe in the densely packed
monolith than in the powder_nano sample and absent in the standard powder, made
by cubic crystallites lacking extended (110) surface allowing the formation of tight
grain boundaries. This, possibly, results in intrusion taking place in a pressure range
rather than at a well-defined value, depending on the presence of crystallites at
various degrees of compression in the powder_nano and mono_nano samples. This
will result in the slope of the intrusion branch of the PV cycle of the powder_nano
and mono_nano samples shown in Figure 4.3a. The slope of the latter is larger than
that of the former, consistently with the higher density of tight grain boundaries
one expects in the case of the monolith. The most compressed grains, probably
those laying in the core of the monolith or in more tightly bound crystallites of the
powder_nanoZIF-8 sample (figure 4.2b), might be completely prevented to be intruded
in the relevant pressure range, which explains the sizable reduction of intruded
volume of the ZIF-8 configuration .

Let us now focus on the effect of tight GB on water percolation in the monolith
sample. Of course, this effect is relevant if the characteristic time of water percolation,
τperc, and water intrusion, τintr, are comparable. The characteristic time of diffusional
processes is associated to the presence of energy barriers molecules must overcome
along their path, the energy barrier associated to the crossing of 6-member ring
windows, ∆E†intr, and the tangential diffusion along GBs, ∆E†perc, in the case of
intrusion and percolation, respectively. Percolation and intrusion times are associated
to the corresponding barriers via an Arrhenius-like equation,

3https://doi.org/10.1016/S0167-2991(08)80262-5
4https://doi.org/10.1016/j.micromeso.2011.03.043
5The thermodynamically stable outcome of a crystallization is a single crystal, which presents

the lower surface/volume ratio, hence pays the lowest surface energy penalty. Producing a single
crystal, however, is notoriously non-trivial, indicating that, in practice, crystallization is determined
by both the thermodynamics and kinetics of the process.
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Figure 4.8. a) energy profile of intrusion (blue) and percolation (red) of a water molecule
in ZIF-8 and along the (110) GB, respectively. In panel b and c are reported the
corresponding paths. Panel a) shows that, on the contrary of the trend with small
non-polar molecules,[2] water percolation along a tight GB requires to overcome a higher
barrier with respect to intrusion.

τ = τ0 exp
[
−∆E†

kBT

]
,

where the pre-exponential factor τ0 is the intrinsic time it takes for the system to
complete the process in absence of the barrier.[155] Given the exponential dependence
on the barrier, ∆E† mainly affects the intrusion or percolation times, and the one
that depends the most on the confinement conditions. To evaluate the effect of
tight GBs in limiting intrusion because of hindered of percolation, we computed
the intrusion and percolation barriers of a single water molecule in the (ab initio)
computational sample containing the (110) GB at the equilibrium distance. We
recognize that this is a simplistic representation of water intrusion in ZIF-8 and
percolation through the monolith, where, for example, there is more than one water
molecule per ZIF-8 cavity or in the GB. However, the very high computational cost of
the calculations necessary to compute intrusion and percolation barriers forced us to
limit the complexity of the computational model. Nevertheless, we believe that these
calculations reveal interesting phenomena that help interpreting the experimental
results and, possibly, inspire further theoretical and experimental investigations. In
Figure 4.8a we report the energy profile of the intrusion and percolation energies,
together with the corresponding transition paths (Figure 4.8b and 4.8c). Contrary
to previous hypotheses, present results show that the percolation barrier of water in
a (110) ZIF-8 GB at the equilibrium distance is slightly higher than the intrusion
barrier. We believe that this is due to a combination of two factors: i) at the
equilibrium distance, the largest apertures along the GB are not sizably bigger than
the 6-member ring windows (see Figure 4.6c); moreover, ii) the interactions between
water and imidazolate molecules at GBs is stronger than in the ZIF-8 cavities,
namely, water can form hydrogen bonds with nitrogen atoms because at the GB
lone pairs of this chemical species are not involved in bonds with Zn. The reduced
percolation of water might completely prevent intrusion in the ZIF-8 crystallites
laying at the core of the monolith sample. Though this effect is expected to be less
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problematic nano_powder because ZIF-8 crystallites are in direct contact with bulk
water, figure 4.2b shows that a significant fraction of the surface of crystallites in
this sample is engaged in the formation of tight grain boundaries. Thus, also in
this sample the direct contact with bulk water is significantly reduced with respect
to the standard powder sample. Summarizing, atomistic simulations support the
hypotheses proposed on the basis of experimental results to explain the dependence
of intrusion/extrusion characteristics at quasi-static and high scanning rates on
the type of aggregation of ZIF-8, powderZIF-8, powder_nanoZIF-8 and mono_nanoZIF-8.
Tight grain boundaries present in the powder_nano and mono_nano can be seen
as ‘extended’ surface defects altering the P-V characteristics of these samples with
respect the standard powder one alluded in the literature6.

4.5 Conclusions
Herein, we show that the dynamic hysteresis of a non-wetting liquid intrusion-
extrusion process can be drastically affected by a macroscopic grain arrangement of a
porous material. The concept is demonstrated by comparing the dynamic hysteresis
of water intrusion-extrusion into-from a powder, hydrophobic ZIF-8 MOF, versus
its monolithic highly dense analogue. We found that by changing the macroscopic
morphology and arrangement of ZIF-8 from a fine powder to compact monolith, it is
possible to change the intermediate intrusion-extrusion performance (nor molecular
spring, nor shock-absorber) into a desirable shock-absorber type with more than one
order of magnitude enhancement of dissipated energy per cycle. The experimental
results are supported by atomistic simulations and pave the way for a new strategy
for tuning energy performance and applicability of molecular springs and nano-shock
absorbers.

6DOI: 10.1039/c5ra02636a
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Preamble
In this part of my research I tried to understand the effect of gas dissolved in a
solid-liquid and liquid-liquid interface. Typically, classical continuum theories applied
to this kind of systems, e.g. capillarity theory, can possibly take into consideration
the presence of gas only as a mean field distribution[156]. Said approach, however,
fails to explain some phenomena manifestly demonstrated by experimental evidence.
My ambition was to contribute to the extension of these well-known theories for
interface systems in the presence of dissolved gas, going beyond the state of the art.

In the solid-liquid interface case, currently available theories fail to predict the
nucleation of nanobubbles, and also their extraordinary stability and consequent
longevity, even in hostile conditions: in fact, according to these theories, nanobubbles
should evaporate quite rapidly, while experiments showed clearly their much longer
life-span (orders of magnitude longer than predicted), even in heavily undersaturated
liquids. Recently, Tan, An and Ohl proposed a model that, branching from a still
classical macroscopic description, tried to represent these unaccounted phenomena
by introducing an effective potential, attracting gas molecules dissolved in the liquid
to the solid wall. The TAO model lacked an experimental validation, which could
even be impossible to achieve, since there is no logical way to measure such effective
potential. Besides, through atomistic simulations, I was able to provide support and
show how the model can actually fill the gaps of previous theories.

On the other hand, the nucleation of gas (not vapor) bubbles at liquid-liquid
interfaces is a completely new, only recently observed phenomenology, for which
a possible explanation was still being sought. It is a new phenomenon because
cavitation bubbles - that is, bubbles formed under tensile conditions, not heating
- were always thought to result from the expansion of pre-existent gas nuclei (gas
bubbles), trapped inside the crevices/cavities of solid bodies immersed in the liquids.
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Chapter 5

The Interplay Among Gas,
Liquid and Solid Interactions
Determines the Stability of
Surface Nanobubbles

5.1 Abstract
Surface nanobubbles are gaseous domains found at immersed substrates, whose re-
markable persistence is still not fully understood. Recently, it has been observed that
the formation of nanobubbles is often associated with a local high gas oversaturation
at the liquid-solid interface. Tan, An and Ohl have postulated the existence of an
effective potential attracting the dissolved gas to the substrate and producing a local
oversaturation within 1 nm from it that can stabilize nanobubbles by preventing
outgassing in the region where gas flow would be maximum. It is this effective solid-
gas potential - which is not the intrinsic, mechanical, interaction between solid and
gas atoms - its dependence on chemical and physical characteristics of the substrate,
gas and liquid, that controls the stability and the other characteristics of surface
nanobubbles. Here, we perform free energy atomistic calculations to determine the
effective solid-gas interaction that allows us to identify the molecular origin of the
stability and other properties of surface nanobubbles. By combining the Tan-An-Ohl
model and the present results we provide a comprehensive theoretical framework
allowing, among others, the interpretation of recent unexplained experimental results,
such as the stability of surface nanobubbles in degassed liquids, the very high gas
concentration in the liquid surrounding nanobubbles, and nanobubbles instability in
organic solvents with high gas solubility.

5.2 Introduction
Surface nanobubbles are spherical-cap gas bubbles attached to immersed sub-
strates [157, 158] (Fig. 5.1A). They are noted for their counter-intuitive properties,
foremost of all their puzzling longevity. Despite numerous efforts over the years, no
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single model for their stability is widely accepted and able to yield a comprehensive
explanation of all their properties.

The fundamental challenge in rationalizing the stability of nanobubbles is well
illustrated by the early theoretical calculations of Epstein and Plesset [159], which
indicate that spherical bubbles can never achieve stationarity — they either grow
catastrophically or dissolve into bulk liquid in a subsecond timescale due to their
small size and high curvature. Recently this difficulty has been overcome by the
insight that the contact line of surface nanobubbles may be pinned at nanoscale
surface heterogeneities, thus modifying their diffusive dynamics such that they can
attain a stable equilibrium when the bulk liquid is oversaturated with gas. [160, 161]
Here, oversaturation is defined as ζ = c∞/csat − 1, where c∞ is the dissolved gas
concentration in the bulk liquid and csat is the saturation concentration. Unfortu-
nately, the pinning-oversaturation model cannot be a definitive explanation of the
long-term stability of surface nanobubbles. The model requires that ζ > 0, i.e. that
gas concentration in the bulk liquid is higher than the saturation value, which is
contradicted by the well-established experimental observation of surface nanobubbles
in equilibrated open systems (ζ = 0), [162] and even in undersaturated conditions
(ζ < 0). [163, 164, 165] Indeed, results reported in Ref. [164] led the authors to
conclude that “the pinning mechanism alone cannot explain the long-term stability
of surface nanobubbles”.

In parallel to theoretical progress, numerous simulation studies have been per-
formed to unveil the mechanistic processes governing the stability of surface nanobub-
bles. [166, 167, 168] While these studies were successful at upholding the importance
of contact line pinning to stability, they gave a limited contribution in identifying
other key elements to achieve nanobubble stability. Indeed, perhaps influenced
by the theoretical hypothesis that nanobubbles are stable only in oversaturated
conditions, [160, 161] but in contrast with experimental evidence, [162, 163, 164, 165]
these works limited the attention to ζ ≥ 0. Moreover, standard molecular dynamics
techniques adopted in these pioneering studies allow to span a limited timescale,
typically few tens of nanoseconds, 11 − 12 orders of magnitude shorter than the
experimentally reported lifetime of nanobubbles, hours to days. This limits the
predictability power of these simulations. To cope with these long timescales special
simulation techniques are needed, [40, 169] some of which have been adopted in the
present study.

To resolve the difficulties of the pinning-oversaturation model, Tan, An and
Ohl [170, 3] suggested that an attractive effective potential φ of depth ∼1 kBT (kB
is the Boltzmann’s constant and T is the temperature) exists between the substrate
and gas molecules, which leads to the formation of a localized gas-oversaturated layer
at the surface. φ would rationalize the existence of a permanent local oversaturation
sustaining surface nanobubbles, while relaxing the unrealistic requirement that the
bulk water is indefinitely oversaturated with gas. Combined with pinning, local
oversaturation can explain the stability of nanobubbles: i) pinning prevents the
shrinking of their footprint and ii) local oversaturation counteracts the loss of
gas from nanobubbles driven by their high Laplace pressure associated to small
curvatures. In the original article it was shown that a gas-rich water layer of
∼1− 2 nm at the liquid/solid interface would be sufficient to stabilize nanobubbles.
This is possible because at the bottom of nanobubbles, where slices of the spherical
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Figure 5.1. A) Sketch of a nanobubble pinned at a solid surface forming a gas side
equilibrium contact angle θe. Due to the small radius of curvature of the bubble and
the corresponding large Laplace pressure, estimated to be several atmospheres, a rapid
outgassing and, eventually, dissolution of the bubble is expected. The gas outflow (blue
arrows, referring to an entire slice) is maximum at the bottom of the bubble, where the
liquid/gas surface per bubble slice (horizontal gray lines) is maximum. This intuitively
justifies why a large local gas oversaturation within ∼1-2 nm from the surface is efficient
at stabilizing nanobubbles: large local oversaturation near the bottom of the nanobubble
(red arrows) can balance the gas outflow in the region where it is maximum. In the inset
is shown the Young contact angle, θY , the angle formed by the tangent to a liquid droplet
at contact point with the surface B) Snapshot of a portion of the computational sample.
Grey spheres represent carbon atoms of the graphite-like slab, the blue dumbbell N2
and the white and red spheres connected by rods water molecules. The surface enclosing
the volume occupied by H2O is also shown.
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cap have the largest area, the gas exchange is more intense (Fig. 5.1A). Thus, a local
oversaturation in this region can effectively counteract the nanobubble degassing.
A number of recent experiments have shown that, indeed, one can produce a
large local gas oversaturation at the solid/water interface [171, 9] and when the
oversaturation reaches a critical value, of the order of ζ ∼ 150− 250, nanobubbles
are formed. [172, 173, 174] Among the others, Zhou et al. have performed near-edge
X-ray absorption fine structure experiments showing a large gas oversaturation
in the liquid surrounding nanobubbles [9]. Overall, these results calls for a new
comprehensive microscopic theory addressing the open questions concerning the
stability of nanobubbles in a broader range of experimental conditions and their
relation with the possible existence of a permanent local oversaturation.

The stability of surface nanobubbles in water is not their only unique charac-
teristic. While stable in water, surface nanobubbles are unstable in selected protic
(e.g. ethanol [175]) and aprotic liquids (organic solvents [176]). Moreover, surface
nanobubbles present small contact angles, well below their equilibrium value, that
changes significantly, well above the experimental accuracy, among experiments
performed in the same nominal conditions (same solid, liquid, gas, degree of oversat-
uration ζ and temperature). [157] Finally, surface nanobubbles exhibit a remarkable
resilience to harsh conditions, such as the near complete degassing of the liquid
hosting them. [164]

The TAO model alone does not provide a direct answer to these questions.
Indeed, a key conclusion of the TAO model is that the question “what determines
the stability of nanobubbles?” must be recast into “what determines the existence
of a suitably attracting effective solid-gas potential φ?”. The form and strength of
φ, which depends on the nature of the solid, liquid and gas species, determines the
properties of nanobubbles summarized above. However, within the TAO model, the
effective potential φ is an input, i.e., it must be obtained from an independent source.
By combining the TAO model and the effective potential φ, determined here from
atomistic simulations - and its dependence on the chemical and physical character-
istics of the solid-liquid-gas three phase system - one obtains i) a comprehensive
theory of surface nanobubbles and ii) a multiscale model of surface nanobubble with
quantitative predictive capabilities.

Here, the form, strength and range of the effective potential is determined using
restrained molecular dynamics (RMD), a simulation technique intruduced in 2006
by Maragliano and Vanden-Eijnden [67, 40] extending and simplifying previous well
established approaches, e.g. the Blue-Moon ensemble. [177, 178] This lead us to
estimate the local gas oversaturation of the liquid near the substrate and the stability
and contact angle of surface nanobubbles hosted in this environment. For solids
embedded in water, our results reveal the existence of a potential well of few kBT s at
subnanometric distances from the wall, capable of attracting dissolved gases to the
substrate and thus endorsing the viability of local oversaturation as a stabilization
mechanism for surface nanobubbles in this liquid. By a systematic variation of the
liquid-gas-solid interactions, our simulations provide a mechanistic understanding of
a number of counterintuitive, previously unexplained phenomena. For example, we
were able to explain, within a unified framework, the large variability of nanobubbles’
contact angle at highly ordered pyrolytic graphite immersed in water, [157], why
the contact angle of nanobubbles shows a minor dependence on the chemical nature
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of the immersed solid (see Ref. [179] and references cited therein), why surface
nanobubbles are preferentially formed on hydrophobic substrates [180] but survive
also on hydrophilic ones, [181] the tolerance of nanobubbles to gas undersaturation
of water [164] as well as their instability in aprotic solvents. [176] Furthermore, we
were able to pinpoint how the chemical and physical characteristics of the solid,
liquid and gas species contribute to the stability or instability of nanobubbles.

5.3 Computational Methods

5.3.1 Theoretical Background

In this work we use restrained molecular dynamics, RMD, to compute the (Landau)
free energy profile as a function of the distance of the center of mass of N2 or O2
from a graphite-like surface, z. This free energy is the microscopic analogue of the
effective potential φ. We remark that the (Landau) free energy is different from
the intrinsic interaction potential between N2 and the solid, i.e. the force field; for
example, through the ensemble average the free energy embodies the effect of the
liquid intervening between the solid and the gas molecule on the interaction potential,
which is a key aspect in determining the stability and instability of nanobubbles in
different liquids.

In statistical mechanics, any thermodynamic potential is related to the logarithm
of a suitable probability density function in the relevant ensemble. In the present
case, the relevant probability density function is Mz(z∗), the probability density
that the center of mass of N2 (or O2), the function z(rN,s) of the atomic positions of
nitrogen (or oxygen) and surface atoms rN,s, is at a distance z∗ from the graphite
slab, regardless of the position of all the other atoms in the system. For the sake of
simply the notation, in the following we will write the distance between the center
of mass of N2 and the solid surface as a function of the (3N dimensional) atomic
positions vector r. In terms of the ensemble distribution m(r), Mz(z∗) reads:

Mz(z∗) =

ˆ
dr m(r) δ(z(r)− z∗)
ˆ
dr m(r)

(5.1)

where δ (·) is the Dirac delta function, which has the role of selecting only those
atomic configurations satisfying the condition z(r) = z∗. In other words, Mz(z∗)
is the probability to find the system in any atomic configuration r satisfying the
condition z(r) = z∗.

One can associate a thermodynamic potential to Mz(z∗), here the (Landau) free
energy (see, e.g., Refs. [155] and [182]).

G(z∗) = −kBT logMz(z∗) (5.2)

One notices that this definition has the properties of usual thermodynamics potentials:
G(z∗) has a minimum at the stable state, i.e. in correspondence of the maximum
of the probability density function, and is expressed in energy units. One may
notice that this definition is consistent with the definition of the Boltzmann entropy,
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apart the sign, which is opposite, consistently with the property of entropy to be
maximum at the stable state, and for the units of measure, which is energy divided
by temperature for entropy. Finally, it can be shown that ∆G = G(z∗2) − G(z∗1)
between two states can be expressed as the reversible work operated by a generalized
force to move the system from z∗1 to z∗2 , [182] which is consistent with the definition
of free energies in thermodynamics.

To compute Mz(z∗) - hence G(z∗) - in atomistic simulations one can in principle
run a long molecular dynamics trajectory and determine the histogram of z along it;
this histogram is a discrete approximation of Mz(z∗) from which one can compute
the free energy via Eq. (5.2). However, it is well known that this approach is
computationally inefficient (see, e.g., Ref. [155] and references cited therein). The
key problem is that if the effective interaction is attractive the molecule spends most
of the time near the surface, if it is repulsive the molecule is all the simulation far
from the substrate; in both cases it is impossible to collect statistics at all relevant z
values within the timescale accessible by atomistic simulations (maximum hundreds
of ns).

To overcome this problem we use RMD, [67, 40, 142] in which one introduces a
controlled bias forcing the system to explore configurations in which the distance
z(r) of a gas molecule from the substrate is fixed at the value z∗.2 In other words,
within RMD one forces the system to visit only those configurations consistent with
the condition z(r) = z∗. As we will show in the following, this allows us to efficiently
estimate the derivative of the free energy G(z∗), i.e. dG(z∗)/dz∗, which can then
be numerically integrated on z∗ to obtain the entire profile of the thermodynamic
potential as a function of the distance of N2 from the graphite slab. Since the
estimation of dG(z∗)/dz∗ can be expressed as a local average of a suitable observable
on the hyperplane z(r) = z∗, one can use restrained MD to compute this average.

In more detail, consider the (Landau) free energy of Eq. (5.2) and for the sake
of simplicity assume that the ensemble is canonical, hence

m(r) = exp{[−V (r)/kBT ]}ˆ
dr exp{[−V (r)/kBT ]}

, (5.3)

where V (r) is the (physical) interacting potential, the so-called force field. We remark
that the arguments developed below can be straightforwardly extended to other
ensembles, e.g. isothermal-isobaric. Within the canonical ensemble the probability
density function of Eq. (5.1) reads:

Mz(z∗) =

ˆ
dr exp{[−V (r)/kBT ]} δ (z(r)− z∗)
ˆ
dr exp{[−V (r)/kBT ]}

(5.4)

2Indeed, RMD forces the system to visit atomic configurations almost satisfying the condition
z(r) = z∗. As explained in the main text, the departure from this condition is determined by the
coupling parameter k of the auxiliary potential k/2 (z(r)− z∗)2 added to the physical interaction
potential. Maragliano and Vanden-Eijnden have proven that the estimate of dG(z∗)/dz∗ converges
smoothly with k, i.e. one can use a finite value of the coupling parameter to determine the derivative
of the mean force within the accuracy of one or few kBT s. On the other hand, releasing the strict
condition of the constraint solves the problem of the implicit - and undesired - additional constraint
ż(r) = 0, which makes more complex the computational determination of dG(z∗)/dz∗. [178]
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from which one obtains that the derivative of the free energy is

dG(z∗)
dz∗

= −kBT

ˆ
dr exp{[−V (r)/kBT ]} d [δ (z(r)− z∗)] /dz∗
ˆ
dr exp{[−V (r)/kBT ]} δ (z(r)− z∗)

(5.5)

In Eq. (5.5) one can replace the Dirac delta functions with a smooth Gaussian
approximation,

δ(z(r)− z∗) ≈ gk(z(~r)− z∗) =
√

2πkBT
k

exp
[
− k

2kBT
(z(~r)− z∗)2

]
. (5.6)

kBT/k is the variance of the Gaussian function, the parameter determining its width
and the accuracy of the approximation to the corresponding Dirac delta function.
The reason to express the variance of the gaussian by the apparently more complex
form kBT/k will be clear shortly. Here we just remark that T , the temperature,
is determined by the experimental conditions one want to model (T = 300 K,
in our case); k is the only parameter of the RMD method, whose suitable value
can be determined as explained in the following. By replacing δ(z(r)− z∗) with
gk(z(r)− z∗) in Eq (5.5) one can obtain an explicit, though approximated, formula
for the derivative of the free energy

dG(z∗)
dz∗

≈

ˆ
dr k (z(r)− z∗) exp

{{
−
[
V (r) + k/2 (z(r)− z∗)2

]
/kBT

}}
ˆ
dr exp

{{
−
[
V (r) + k/2 (z(r)− z∗)2

]
/kBT

}} (5.7)

Eq. 5.7 shows that, within the Gaussian approximation of the Dirac delta function, the
derivative of the free energy can be computed as the expectation value of k (z(r)−z∗)
over the canonical ensemble of a system driven by the so-called augmented potential
V (r) + k/2 (z(r)− z∗)2. In practice, one computes dG(z∗)/dz∗ at the current value
of z∗ by averaging the observable k (z(r) − z∗) along the trajectory of a constant
number of particles/volume/temperature molecular dynamics, restrained by the
potential k/2 (z(r)− z∗)2. The operation is repeated for several values of z∗ in the
relevant range, here between 0.4 nm and 1.6 nm every 0.02 nm, then the so-obtained
dG(z∗)/dz∗ is numerically integrated by the trapezoid rule.

The suitable value of k is determined by studying the convergence of the approx-
imate dG(z∗)/dz∗, Eq. (5.7), with increasing k at a set of z∗ values. In the present
case k = 0.7 kcal mol−1 Å−2.

5.3.2 Simulation Details

The sample we considered in our simulation consists of a 5-layers thick slab of graphite
with an ABAB pattern [183] in contact with TIP4P/2005 water [184] containing a
single N2 or O2 molecule. The molecule interacts with the surface and the liquid
through a Lennard-Jones (LJ) potential v(rij) = 4εαβ((σαβ/rij)12 − (σαβ/rij)6),
where rij is the distance between an atom of the molecule and one of the surface or
water. εαβ sets the strength of the interaction between atoms of type α and β and
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σαβ the corresponding range. The values of εαβ and σαβ are determined using the
Lorentz-Berthelot combination rules: σαβ = 1/2(σα + σβ) and εαβ = √εα · εβ , where
σx and εx are the parameters characterizing two atoms of the same species. For the
purely repulsive gas-solid potential we use the so-called Weeks-Chandler-Andersen
potential. This potential is obtained from the N2-graphite one by cutting off the
LJ potential at rij = 21/6 σαβ, i.e. at its minimum, and keeping it constant for
rij > 21/6 σαβ . For σx and εx we used the values reported in table 5.1. To model a
liquid with a higher air solubility we used a value of εNO three times larger than
that used for water. The relation between force field parameters and gas solubility
is explained in the ESI.

Consistently with the TIP4P/2005 model [184], interaction between graphite
and water is modeled by a modified LJ potential, v(rij) = 4εCO((σCO/rij)12 −
c (σCO/rij)6), in which the second term is scaled by a factor c. [82] c can be tuned
to control the hydrophobicity of the surface. In practice, we compute the Young
contact angle θY formed by a cylindrical droplet deposited on the graphite slab
(Fig. ESI1) for 26 values of c in the range 0.5− 0.75 with a spacing of 0.01. Over
this range we observed a linear relation between θY and c (Fig. ESI2); thus, from
the fitting of the θY -c pairs we estimate the values of c corresponding to the Young
contact angles of water used in free energy calculations 70◦, 80◦, 90◦, 100◦ and 110◦.

Once again consistently with the TIP4P/2005 model [184], also the gas/water
interaction is modeled by a LJ potential in which the parameters are obtained by
literature data via the Lorentz-Berthelot combination rules.

In the case of the LJ liquid mimicking aprotic organic solvents, we use the same
LJ parameters of oxygen in the TIP4P/2005 water model. Solid-liquid interaction
is modeled using the same modified LJ potential used for water, in which the “c”
parameter has been optimized to obtain the same Young contact angle values used
for H2O. For the liquid-gas interaction we maintained the values used for water,
hence the same affinity between the gas and the liquid.

Species ε [kcal/mol] σ [nm]

C [185, 186] 0.105067 0.3851

N [187] 0.072332 0.332

O [186] 0.103332 0.299

OTIP4P [184] 0.185200 0.31589
Table 5.1. LJ parameter for the chemical species composing our sample.

The approximation of considering a single gas molecule dissolved in the liquid,
which neglects possible interactions among gas molecules, is justified by the low
solubility of air in water. In fact, as we will show in Sec. 5.4, even considering the
highest computed local oversaturation and the bulk liquid in equilibrium with air
(no degassing), the highest value of local molar fraction is ∼0.02, corresponding
to one molecule of gas every ∼50 molecules of water. Considering the N −O pair
correlation function of N2 in water (Fig. ESI3), 50 neighbor water molecules per
N2 corresponds to ∼1.4 nm average distance between pairs of gas molecules, twice
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the length corresponding to a 50 molecules coordination shell, which is beyond the
distance at which N −N interactions are negligible, ∼1 nm.

5.4 Results and Discussion
We investigate the attraction of dissolved gas by a solid wall in a simulation sample
consisting of a 5-layer-thick slab (∼1.5 nm) of graphite assembled in an ABAB
pattern, [183] in contact with liquid (TIP4P/2005 [184]) water. We then introduce
either a single N2 or O2 molecule (see Fig. 5.1/B) in water; note that these two species
alone account for 99% of the composition of air. The choice to simulate a single
gas molecule is justified by the fact that, even at the largest local oversaturations,
the average distance between pairs of gas molecules is larger than their interaction
length (see Sec. 5.3.2). The N and O atoms of the nitrogen and oxygen molecules
interact with the carbon atoms of the substrate and the oxygen atoms of the
water molecules via the Lennard-Jones (LJ) potential, whose parameters have been
obtained from literature data (see Sec. Simulation Details).We consider several
levels of hydrophobicity of the substrate, characterized by the following values of
the Young contact angle: θY = 70◦, 80◦, 90◦, 100◦ and 110◦. This is achieved by
modifying the graphite/water LJ interaction.This system is designed to model highly
ordered pyrolytic graphite (HOPG) immersed in water, typically used in surface
nanobubbles experiments. Details of the computational setup and parameters used
in the calculations are given in the Simulation Details section.

We use the system described above to calculate the effective potential attracting
gas molecules to an immersed surface. This, using the TAO model to connect
atomistic results with experimental data (see below), allows to develop a microscopic
theory of surface nanobubbles’ stability. We compute the (Landau) free energy G
between a nitrogen/oxygen molecule and the graphite-like slab as a function of z,
the separation between the molecule’s center of mass and the substrate (Fig. 5.1B).
G(z) is the microscopic equivalent of the interaction potential, φ(z), responsible for
the local oversaturation at the core of the TAO model. G(z) is computed using
restrained molecular dynamics, RMD, which is described in detail in the Theoretical
Section.

Our calculations show that between N2 and graphite immersed in water there is
a substantial potential well (Fig. 5.2A) generating a large localized oversaturation
within 1 nm of the substrate (see inset). This large localized oversaturation is
consistent with recent experimental results. [9] More difficult is the comparison
with computational results available in the literature, which also predict a large
oversaturation at the solid-liquid interfaces. [171, 189] In fact, in these works the
authors use a different computational approach consisting in preparing a sample
with a very high gas oversaturation and determining the gas local oversaturation
profile as a function of the distance from the surface. In our case, on the contrary,
thanks to the use of RMD to compute the free energy, we can consider more realistic
bulk oversaturation conditions. In general, the free energy exhibits two properties
that are common for all values of the Young contact angle investigated. Firstly,
G(z) presents a characteristic minimum at ∼0.4 nm from the surface, with a well
depth ranging from 4 to 7.5 kBT ; the well depth Gmin increases with θY (Fig. 5.2E),
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Figure 5.2. A-D) Free energy G(z) of an N2 molecule in water on a graphite-like slab as a
function of the distance from the surface. G(z) is reported for several values of the Young
contact angle of the liquid θY , solid-gas intrinsic interaction and liquid-gas interaction
strength. As a reference, we report also G(z) in absence of water, i.e. considering only
graphite-N2 interactions (empty circles). Panel A) shows results for the sample modeling
HOPG/H2O/N2, also denoted as standard; B) for a sample with a weaker solid-gas
interaction; C) for the case of a purely gas-repulsive surface; [188] D) for a highly soluble
gas. The error bars, barely visible in the figure, have size comparable to that of symbols
represented in the panels (see ESI for a discussion on the method adopted to compute
the error in free energy calculations). In the inset the local oversaturation ζ(z) for the
HOPG/H2O/N2 sample is reported. E-G) Minimum of the free energy Gmin, maximum
of the local oversaturation ζmax and equilibrium contact angle of the nanobubbles θe as
a function of the hydrophobicity of the surface θY for the four systems. θe is estimated
from Eq. (5.8) considering a nanobubble of L = 200 nm radius in a saturated liquid
ζbulk = 0.
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i.e., the more hydrophobic the surface, the more it attracts nitrogen dissolved in
water (Fig. 5.2F). Secondly, the free energy reaches its bulk value over a distance
of ∼1 nm. We remark that the range of this effective interaction is not determined
by the cutoff of the solid-gas intrinsic interaction (only), which is 1.6 nm, but by
the complex interplay between solid-gas, solid-liquid and liquid-gas interactions.
This will be shown more in detail in the following. The free energy profile also
presents additional features, such as a tiny maximum at ∼0.7 nm that becomes
more pronounced for more hydrophilic surfaces. The origin of the peculiar shape of
G(z) and its dependence on the characteristics of the solid, liquid and gas will be
discussed in detail in a forthcoming article.

It should be stressed that the general features of G(z) are not specific to nitro-
gen. In the ESI we present results of analogous calculations for O2 dissolved in
water, illustrating the similarities of the free energy profiles of nitrogen and oxygen
(Fig. ESI4).

Next, we connect atomistic results to experimental data, namely nanobubbles’
contact angles, using the TAO model, in which the free energy curves of Fig. 5.2
represent the key input (see ESI for a brief summary of the TAO model) The model
is summarized by Eq. (5.8), which is the condition that must be satisfied for the
gas flow at the liquid-gas interface of the bubble to be zero (stationary) in the
pinning-local oversaturation theory:

ˆ h(θ)

0

( 2γ
LP0

sin θ − ζ(z)
)
dz = 0, (5.8)

Here, the local oversaturation is (inset of Fig. 5.2A)

ζ(z) = c∞
csat

exp
(
−φ(z)
kBT

)
− 1. (5.9)

where φ(z) is replaced by a constrained B-spline of its microscopic counterpart G(z).
Note that the height of the nanobubbles h(θ) is related to the contact angle by the
geometric identity h = L

√
(1− cos θ)(1 + cos θ). The solution of Eq. (5.8) is the

nanobubble contact angle θ for which the net gas flux in and out of the bubble
is zero, i.e., the equilibrium contact angle θe. Fig. 5.2G shows that the effective
solid-gas attraction of Fig. 5.2A is sufficient to produce stable nanobubbles with
equilibrium contact angles within the typical experimental range. [157] In particular,
consistent with recent experimental findings, [176, 181, 175, 190, 191] our results
show that nanobubbles can persist on nominally hydrophilic substrates.

The present results allow us to address two puzzling questions about nanobubbles
at HOPG in water: i) why is the contact angle much lower than the value one could
predict from θY (i.e., θe 6= 180◦ − θY , considering the opposite convention for the
Young and nanobubbles contact angles)? ii) why is the experimental value of contact
angle of nanobubbles at HOPG scarcely reproducible? We remark that the TAO
model is necessary but not sufficient to address this and the other questions discussed
in the following. To answer these questions one needs the calculation from atomistic
simulations of the effective solid-gas potential φ(z). In fact, the TAO model provides
a connection between the microscopic properties of the system, namely G(z), and
its macroscopic characteristics, the nanobubbles contact angle θe, but the TAO
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model itself does not provide any estimation of the effective solid-gas interaction.
Concerning the first question, our calculations show that given the strength of
the solid/gas interaction and the typical Young contact angle of HOPG, which is
slightly hydrophilic, one can achieve a local oversaturation that can compensate the
outflow gas from the bubble only when θe is rather small, 20◦ or lower (Fig. 5.2G).
This is, indeed, a combined effect of the pinning and local oversaturation model.
Concerning the limited reproducibility of θe values, it is known that the variation
among data reported by different research groups exceeds the experimental accuracy
of contact angle measurements. [157] To answer this question one has to take into
account that the preparation history of the HOPG substrate influences the effective
affinity between water and graphite. In particular, the Young contact angle θY of
water on HOPG depends sensitively on how quickly the liquid is deposited onto
the substrate. When deposited on freshly cleaved graphite, a droplet of water has
θY ≈ 70◦, but upon prolonged exposure to ambient air this value substantially
increases to 80 − 90◦. [176, 192] Fig. 5.2G (pink dots) shows that if we take this
variation in θY into account, the estimated values of θe are in the range 5 ≤ θe ≤ 20◦,
spanning an interval matching that reported in the authoritative review by Lohse
and Zhang. [157] In summary, for HOPG substrates, the history of the experimental
sample affects its hydrophobicity that, in turn, changes the effective HOPG/air
attraction and, through it, θe.

Figure 5.3. A) Tolerance of nanobubbles to degassing measured as critical undersaturation
ζ∗. B) The equilibrium contact angle vs oversaturation, showing that θe decreases
monotonically with decreasing air concentration in the bulk liquid [3] until at ζ∗ it
reaches θe = 0◦. In particular, in the panel B we report the values of the equilibrium
contact angle vs ζ for the case of the weaker solid-gas interaction. Each curve corresponds
to a different value of the surface hydrophobicity, θY . The colored arrows indicate the
ζ∗ values.
Can the effective air attraction explain the survival of surface nanobubbles

in (bulk) non-oversaturated conditions, i.e., in open (ζ = 0), [162] or degassed
systems (ζ < 0)? [163, 164, 165] In Fig. 5.3A we report the degree of undersaturation
ζ∗ = c∗∞/csat − 1 (< 0) that nanobubbles can withstand before their equilibrium
contact angle becomes negligible according to Eq. (5.8). A negative value of ζ∗ means
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that the gas concentration in the liquid bulk, c∗∞, is lower than the saturation value,
csat. ζ∗ is a convenient measure of the tolerance of nanobubbles to degassing. The
equilibrium contact angle decreases monotonically with decreasing air concentration
in the bulk liquid [3] until it reaches a critical value ζ∗ at which θe = 0◦ (Fig. 5.3B).
One notices that for the HOPG/water/air, nanobubbles can sustain any level of
degassing (blue line). Of course, the ζ∗ = 0 limit must be understood in the
sense that the liquid still contains enough air that can accumulate at surface to
counteract nanobubbles degassing. In these conditions the bulk oversaturation ζ
is negligible with respect to saturation conditions ζ = 1, virtually corresponding
to complete degassing. While the precise value of ζ∗ might be critically affected
by the limited accuracy of the empirical potentials used in our simulations, our
general conclusions are consistent with results reported in a very recent article [164]
showing that nanobubbles resisted to the highest level of degassing the authors
were able to achieve (∼ 80% of air dissolved in water was removed). As mentioned
in the introduction, their results led Qian et al. to conclude that the pinning-
supersaturation mechanism is insufficient at explaining the long-term stability of
surface nanobubbles. Present work allows to reconcile experiments and theory,
adding the missing ingredient – local gas supersaturation at the wall – to the pinning
model, which can explain the stability of nanobubbles under degassing conditions.

We remark that the TAO model and the present calculations do not allow to com-
pletely determine the lifetime of nanobubbles. For example, the TAO model assumes
contact line pinning but, indeed, the triple line can depin (see, e.g., Refs. [193]) and,
as a consequence, nanobubbles can possibly be destabilized. Indeed, the relation
between contact line pinning and nanobubbles lifetime has been experimentally
confirmed (see, e.g., Ref. [165]). The characteristic times of contact line depinning
and other processes determining the lifetime of nanobubbles are beyond the aim
of the TAO model and the present work. Indeed, the theoretical determination
of the timescale of these processes requires the use of other advanced simulation
techniques. [40, 194, 195]

5.4.1 Effect of solid-liquid-gas interactions on nanobubbles’ stabil-
ity

In the following, through a systematic variation of the solid-liquid-gas interactions,
we investigate i) the dependence of the nanobubbles’ stability on the characteristics
of the three phases and ii) we show that our theory can explain a number of
counterintuitive properties observed in experiments.

Interplay between solid-gas and solid-liquid interactions. Nanobubbles
have been observed on many substrates including HOPG, glass, mica, talc, molybde-
num disulphide, octadecyltrimethylchlorosilane or 1H,1H,2H,2H-perfluorodecyltrichlo-
rosilane coated Si, decanethiol-coated gold and many more. [157] The nature of
the solid affects both the value of the Young contact angle and the strength of the
intrinsic solid-gas interaction. Certainly, a stronger intrinsic solid-gas interaction
increases the local oversaturation and, thus, nanobubbles stability. Here we address
the opposite question, whether weaker solid-gas intrinsic interactions still allow to



90
5. The Interplay Among Gas, Liquid and Solid Interactions

Determines the Stability of Surface Nanobubbles

obtain stable nanobubbles. In other words, we investigate how critical is the intrinsic
solid-gas interaction for the stability of nanobubbles.

In addition to the standard sample modeling HOPG in water, we considered
two alternative cases: in the first the solid-gas interaction strength is half that
of HOPG/N2 (Fig. 5.2B), in the second the solid interacts with the gas via a
purely repulsive potential, the so-called Weeks-Chandler-Andersen potential [188]
(Fig. 5.2C). The standard case shows that – apart for the most hydrophilic case
θY = 70◦ – the presence of water strengthens the effective solid-gas interaction
beyond its intrinsic value, i.e. the well of G(z) in presence of water is deeper than
that of a substrate exposed to nitrogen gas only (dashed line in Fig. 5.2A). We stress
that this does not mean that the density of gas at the substrate is higher in the
liquid than in the nanobubble as G(z) is computed taking as reference the value in
the liquid and the pure gas, respectively; our results indicate that there might be a
different gas enrichment at the substrate, which for the HOPG/H2O/N2 system at
θY > 70◦ is higher in the liquid than in nanobubbles. Generally speaking, the higher
the Young contact angle, the stronger the effective solid-gas attraction, which results
in larger nanobubble contact angles (Fig. 5.2G). A similar trend is also observed
for the weaker (halved) intrinsic solid-gas interaction (Fig. 5.2B), where the free
energy is attractive for all Young contact angles. Comparing results in panels A and
B of Fig. 5.2, one notices that the main effect of a weaker solid-gas interaction is a
shift of all curves toward less attractive values, with a corresponding reduction of
the local oversaturation (Fig. 5.2F) and nanobubbles’ contact angles (Fig. 5.2G).
The weaker solid-gas attraction reduces the tolerance to undersaturation (Fig. 5.3),
which, however, remains high.

It is worth remarking that despite the significant reduction of the solid-gas
intrinsic interaction the nanobubble still presents a non-negligible contact angle
also at hydrophilic substrates. This is due to the enhancement of the effective gas
attraction associated to the presence of water and explains the relative independence
of the nanobubbles contact angle on the chemical nature of the substrate (see
Ref. [179] and references cited therein). It is worth stressing that the TAO model
alone is not sufficient to predict the dependence of nanobubbles’ contact angle on
the strength of the intrinsic solid-gas interaction, i.e. on the chemical nature of the
solid and gas. In fact, the effective potential G(z) determining θe critically depends
on the presence of the liquid, and this dependence is non-trivial, as we will show in
the following. Indeed, in most theoretical models of nanobubbles stability the liquid
is considered an inert medium while here we show that the liquid plays a critical
and active role on the properties of surface nanobubbles.

It is remarkable that also in the case a purely repulsive intrinsic solid-gas
interaction the presence of water may bring to an effective attraction, provided that
the surface is hydrophobic (Fig. 5.2C). Of course, in this case the effective solid-gas
attraction is weaker and the nanobubble contact angle is reduced to a few degrees, see
Fig. 5.2G. Nanobubbles with such small contact angles, corresponding to a thickness
of 5 − 10 nm for a nanobubble of 400 nm footprint (radius L = 200 nm), are
more difficult to detect experimentally. Also in this case the tolerance to degassing
is reduced but nanobubbles at purely gas-repulsive surfaces can withstand ζ < 0
provided that the substrate is hydrophobic (θY ≥ 90◦).

The case of the purely repulsive intrinsic solid-gas interaction illustrates the
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relevance of the gas-liquid interaction in determining the effective potential acting
on the gas. In fact, one notices that G(z) is non-negligible well beyond the distance
of N2 from the surface where the intrinsic solid-gas interaction is zero. To explain
the effect of the liquid and the value of its Young contact angle on the free energy,
we propose that the effective solid-gas interaction is due to the balance between its
intrinsic strength, i.e. the strength in absence of liquid (dashed line in Figs. 5.2A-C),
and the gas solubility. The intuitive argument behind this hypothesis is that if the
gas is insoluble, i.e. if hosting it in the liquid is energetically disfavored, it will
preferentially accumulate at the solid/water interface, where the hydrogen bond
network is already compromised and the energetic cost of insertion is reduced. The
more hydrophobic the surface, the less energetically expensive is to replace a molecule
of water at the solid/water interface with one of N2 (or O2). Moreover, since at
the interface with solids liquids are depleted (see, e.g., Ref. [196]), G(z) reaches its
plateau value at a z distance where the liquid has fully recovered its bulk density.
In fact, for larger distances from the wall, the gas molecule is embedded in a liquid
environment that is independent on the position z and the effective interaction
potential becomes flat. This explains why the range of G(z) is longer than that
of the purely repulsive intrinsic solid-gas interaction, as the range of the effective
potential is determined by the width of the depletion zone. The effect of gas solubility
in the liquid is discussed in more detail below.

Summarizing, we found that nanobubbles with a contact angle up to ∼10◦
can be formed also at surfaces with a weak intrinsic solid-gas attraction; even
purely gas-repulsive surfaces can produce stable nanobubbles, although their small
contact angle might prevent their experimental identification. For surfaces with
low gas attraction, the stabilization of nanobubbles requires a complementary high
hydrophobicity, which enhances the strength of the effective solid-gas attraction. On
the contrary, relatively strong intrinsic solid-gas interactions (few kBT s) can lead
to stable nanobubbles also at hydrophilic surfaces. By revealing the key and active
role of the liquid in determining the strength of the effective solid-gas interaction,
our simulations allow to explain the experimental observation that in water surface
nanobubbles’ contact angle seemingly ceases to be dependent on the substrate
chemistry, typically falling in the range 5◦ ≤ θe ≤ 20◦. [157]

Effect of the gas solubility. With the insight that stability of nanobubbles
depends also on the liquid-gas interaction, we investigate in detail the effect of gas
solubility. Starting from the HOPG/N2/H2O case (standard case), we increase gas
solubility by enhancing the strength of the N2-H2O interaction by a factor 3, corre-
sponding to a 5-fold increase in solubility [197] (see ESI for additional information)
This results in a substantially shallower well (Fig. 5.2D). Correspondingly, both
the predicted oversaturation (Fig. 5.2F, cyan triangles) and the equilibrium contact
angle (Fig. 5.2G, cyan triangles) are greatly reduced. Also in this case, θe might be
too low for nanobubbles to be experimentally observed. Tolerance to degassing is
reduced as well, though the TAO model predicts that stable nanobubbles are found
in liquid with ζ < 1 for all Young contact angles considered (Fig. 5.3).

The effect of gas solubility on the stability of surface nanobubbles has been
observed in experiments. Surface nanobubbles are known to be very stable in water
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and are insensitive even to the addition of high concentrations of acids, bases or salts.
However, a notable exception to their reputed ‘superstability’ is that when surface
nanobubbles in water have their liquid replaced with ethanol they destabilize and
dissolve. [175] Systematic experiments have further shown that surface coverage of
nanobubbles incubated in water-ethanol mixtures monotonously drops to zero as the
mole fraction of ethanol is progressively increased from 0 to 20%. Note that ethanol,
which, similar to water, presents strong hydrogen bonding among its molecules as
confirmed by a relatively high boiling point (∼ 79◦C), has double the gas solubility
of the liquid that we simulate in Fig. 5.2D; thus, consistently with experiments, our
theory predicts that surface nanobubbles are unstable in a liquid with a air solubility
as high as in ethanol across the entire range of θY , which is again consistent with
experiments.

5.4.2 Nanobubbles in aprotic liquids

The fact that experiments are nearly exclusively performed in water has, over time,
raised questions about possible specific properties of this liquid in stabilizing surface
nanobubbles. Can surface nanobubbles exist in non-aqueous liquids? Is hydrogen
bonding responsible for the persistence of surface nanobubbles in water? These
questions will be addressed in this section. An influential experimental study by An
et al. [176] positively answers both questions. The authors used solvent exchange
various non-aqueous liquids to nucleate surface nanobubbles on HOPG. They found
surface nanobubbles to exist in protic solvents but not in aprotic ones, leading them
to propose that a hydrogen bonding network is necessary for the stability of surface
nanobubbles.

To isolate the effect of the hydrogen bonding in our simulations we replaced water
with a (mono-atomic) Lennard-Jones liquid with the same LJ parameters as in the
TIP4P/2005 model. [184] It is worth recalling that the TIP4P/2005 model is charac-
terized by two contributions: i) the electrostatic interactions among point charges
centered on H and O atoms, which result in the formation of hydrogen bonding
among H2O molecules reproducing the typical tetrahedral structure of water, and ii)
the non-directional interaction among LJ centers positioned slightly off of oxygen
atom, determining the “size” of the molecule. Thus, by replacing the TIP4P/2005
water model with the corresponding LJ can effectively investigate the effect of
hydrogen bonding. To make the comparison stringent, the solid-liquid interaction
is tuned to form the same Young contact angle as for water on HOPG considered
above: 70◦ < θY < 110◦. Liquid-gas and solid-gas interactions are the same as in
the water case (see Sec. Simulation Details for additional information). [198] Thus,
the only difference with previous simulations is the absence of hydrogen bonding
within the liquid. This setup is not meant to model any specific solid/liquid/gas
system, here we exploit the flexibility of simulations to model systems with ad hoc
characteristics to identify the role of hydrogen bonding to stabilize nanobubbles.

Figs. 5.4A, B and C show G(z) for a surface immersed in the aprotic, LJ liquid
when the solid-gas intrinsic interaction is standard, weakened (halved) and purely
repulsive. These panels are equivalent to the corresponding panels of Fig. 5.2 for
water. Our results show that strong attractive effective solid-gas interactions may
still be present but this is due to the intrinsic characteristics of the solid-gas pair:
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Figure 5.4. Same panels as in Fig. 5.2 for a graphite surface immersed in an aprotic,
Lennard-Jones liquid. In particular, in panels A-D we show G(z) for several values
θY for HOPG/LJ/N2, for the halved solid-gas interaction, for the gas-repulsive surface
and for a highly gas-soluble liquid, respectively. Apart for the purely repulsive surface,
one notices that the effect of an aprotic, structureless, liquid on the effective solid/gas
interaction is negligible. In other words, the aprotic liquid does not enhance the intrinsic
solid-gas attraction. Panels E-G show the values of minimum of the free energy Gmin,
maximum of the oversaturation ζmax and equilibrium nanobubbles contact angle θe for
the cases shown int the A-D panels. θe in panel G is computed from Eq. (5.8) considering
a nanobubble of L = 200 nm radius in a saturated liquid ζbulk = 0.

aprotic solvents do not enhance this interaction. Thus, in an aprotic liquid one cannot
obtain stable nanobubbles at purely gas-repulsive surfaces even if they are highly
solvophobic. Present results are consistent with the explicit molecular dynamics
simulations by Maheshwari et al. [167], which show that a pinned surface nanobubble
in a classic LJ liquid could be stable, albeit in the original article these conclusions
have been drawn only for a short timescale of 30 ns.

The fact that aprotic solvents do not deepen the solid-gas well seems related
to the lack of directional intermolecular interactions, which make the liquid-liquid
cohesion stronger in the protic case. Thus, at a variance with water and other protic
liquids, there is no or only a minor energetic gain to move the solute gas from the
bulk to the solid/liquid interface, and one expects a lower local oversaturation. In
the case of purely repulsive surfaces, the presence of an aprotic liquid increases the
repulsion because there is an energetic penalty to have an interaction with a gas
molecule rather than a (or more) liquid particle, and this is not balanced by the
penalty to move the gas molecule in the liquid bulk, like in the case of hydrogen
bonded liquids. In short, at a variance with water, an aprotic liquid does not
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enhance the intrinsic solid-gas attraction, which must be strong enough to stabilize
nanobubbles.

Another effect one has to take into account is that non-polar gases often have a
higher solubility in aprotic liquids. In the previous section we have already shown that
a higher gas solubility reduces the effective solid-gas attraction, which destabilizes
nanobubbles. To prove that the same concept holds also in the case of aprotic liquids,
the above calculation were repeated for the case of a stronger liquid-gas interaction.
As for the case of water, we increased the liquid-gas interaction strength by a factor
3. Also in this case, a higher solubility weakens the effective solid-gas attraction;
moreover, since hydrophobicity plays a minor role in the case of aprotic liquids, here
the solid-gas effective interaction is too weak to stabilize nanobubbles over the entire
range of θY considered.

The principle we have just identified, that gas solubility is key at determining
the stability of nanobubbles, provides a theoretical framework to explain recent
experimental results on aprotic liquids. Consider, for example, Dimethyl sulfoxide
(DMSO); nitrogen has a solubility in DMSO that is about one order of magnitude
higher than in water [199] and An et al. [176] have shown that nanobubbles are
unstable in the former liquid. Similarly, propylene carbonate (PC), another aprotic
liquid that An et al. have shown to be unable to form nanobubbles, has a nitrogen
solubility which is more than twice that of water. [200, 201] Additionally, both liquids
form a lower contact angle at HOPG than water (DMSO θY = 45◦, PC θY = 31◦,
water ∼ 70◦), which further weakens the effective gas-solid interaction.

Summarizing, our results show a more subtle picture of stability of nanobubbles
than previously hypothesized: aprotic liquids can still form attractive wells for the
dissolved gas and hence form stable nanobubbles of sizable contact angle (Fig. 5.4G)
provided that the solid-gas interaction is strong enough. However, another effect
competes, and might overcome the strength of solid-gas attraction, i.e. the gas
solubility in the liquid, which for air is usually higher in aprotic solvents.

5.5 Conclusions
In this work we have computed the effective interaction potential between a solvated
gas molecule and a planar substrate, with a view towards understanding how the
effective, liquid-mediated solid-gas interaction affects the stability and other proper-
ties of surface nanobubbles. These calculations explain why surface nanobubbles
have small contact angles, obtaining theoretical θe values in quantitative agree-
ment with experimental results. Moreover, our calculations allow to explain why
nanobubbles are stable in water on a surprisingly wide variety of substrates with
disparate hydrophobicities and gas affinities, at undersaturated conditions, and yet
also catastrophically destabilize in organic solvents. The ability of our calculations,
in conjunction with the TAO model, to simultaneously account for the vast majority
of experimental observations on surface nanobubbles suggests that it effectively
and comprehensively captures the chemsitry and physics of the stability of surface
nanobubbles and its dependence on the chemical nature of the solid, liquid and gas
species.
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θY vs. θe (thesis addition2)

The Young contact angle θY is the equilibrium angle formed by the tangent to the
droplet at the triple solid-liquid-gas point measured on the liquid side in absence of
pinning, and is a property of the three phases through the three surface energy terms
γαβ : θY = (γsg−γsl)/γlg We remark that the equilibrium contact angle θe is different
from θY , as i) it is determined in presence of pinning of the triplie solid-liquid-gas
line, and ii) it is conventionally measured on the gas side.

The Tan-An-Ohl local oversaturation theory of nanobubbles’ stabil-
ity

The Tan-An-Ohl local oversaturation theory of nanobubbles’ stability [170] is an
extension of the Lohse and Zhang pinning-oversaturation theory [160]. Eq.[1], the
key result of the Tan-An-Ohl theory, is obtained starting from the evolution equation
for a dissolving pinned surface nanobubble in a liquid. This problem is analogous to
that of an evaporating droplet of liquid, whose exact solution given by Popov [202]
has been adapted by Lohse and Zhang [160] to the case of a dissolving spherical
cap pinned nanobuble. Lohse and Zhang have obtained the rate of mass change
in the hypothesis that the oversaturation ζ is constant through the liquid. By
setting the rate of mass change to zero, one obtains the stationarity condition. Tan,
An e Ohl. [170] have waived the condition that ζ is constant through the liquid,
and Eq. [5.8] represents the stationarity condition for a surface nanobubble if the
oversaturation depends on the distance from the solid substrate, ζ(z).

Relation between force field parameters and gas solubility

Following ref. [197], dissolving a gas in a liquid consisting of two steps: i) creation
of a liquid cavity that accommodates a gas molecule and ii) introduction of a gas
molecule into the cavity. After its introduction into the cavity, the gas molecule
interacts with the surrounding solvent. For very dilute solutions, like air dissolved
in water, one can show that: RT logKH = Gc + Gi + RT log

(
RT/V 0

s

)
; KH is the

Henry’s law constant, which relates the amount of gas dissolved in the solvent and
its partial pressure: to a higher value of KH corresponds a higher gas solubility;
Gc and Gi are the molar free energies for forming a cavity of prescribed size and
inserting a molecule in the cavity, corresponding to steps ‘i’ and ‘ii’ of the process
outlined above; finally, V 0

s is the molar volume of the solvent and R is the gas
constant. Following Reiss et al [203], Gc depends on the characteristic size σs
of the solvent and solute molecules, which does not change, while Gi depends on
the characteristic energy, ε, which we increase of a factor 3. Considering that
Gi = −3.555π ρRσ3 ε /kB [197], where ρ is the solvent number density and kB is
the Boltzmann constant, the ratio between the Henry’s law constants of two solutions
differing in the characteristic interaction energy between the solvent and solute by
∆ε = ε′ − ε′′ is K ′H/K ′′H = exp

[
−3.555π ρRσ3 ∆ε /kB

]
.

1parts already covered in the Methods chapter (Chapter 2) were omitted.
2not present in the original article
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What about CO2? (thesis addition3)

Carbon dioxide (CO2) is yet another molecule characterized by low water solubility
when in its gaseous state, while it can solubilize at higher concentrations as carbonic
acid. However, as for nanobubbles formation, only the gaseous component is relevant.
As shown by the plots at different values of the solid-gas mechanical interaction, the
corresponding nanobubble’s contact angle is very weakly dependent on the nature of
the gas dissolved in the liquid. A significant difference in the effect of the dissolved
gas should not be expected, as long as its properties are sufficiently similar to those
of O2and N2, in particular the gas solubility in the liquid.

3not present in the original article
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Figure ESI1 - Figure 5.5. To compute the Young contact angle of a surface we deposit
a cylindrical water droplet on it, thermalize the system and subsequently compute the
average (discretized) density field. From the density field we can identify the Gibbs
dividing surface, i.e. the density isosurface with a value halfway between bulk liquid water
and vapor. We then fit this surface with a circumference and compute the corresponding
tangent formed with the graphite slab. In the panels of this figure we show the density
field, Gibbs dividing surface and tangent of three droplets with a Young contact angle
of 70◦ (top), 90◦ (central) and 110◦ (bottom).
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Figure ESI3 - Figure 5.7. Nitrogen-oxygen pair correlation function of an N2 molecule
in bulk water (black) and the corresponding integral, i.e. the number of water molecules
within a distance r from N2 (blue). The dotted line corresponds to 50 nearest neighbor
water molecules and is shown to help the reader to appreciate the radius of the shell
enclosing the number of water molecules per N2 at the maximum local oversaturation
for a ζ = 0 bulk.
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Figure ESI4 - Figure 5.8. A) Free energy G(z) as a function of the distance of the center
of mass of the O2 molecule from the graphite-like surface. In the figure, G(z) is reported
for several values of hydrophilicity/hydrophobicity of the surface together with the case
without water, i.e. when the sample consists only of the graphite-like slab and O2. One
notices that the profiles are very similar to the N2 case reported in the main text. B)
Supersaturation of O2 as a function of the distance from the surface.
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Chapter 6

Heterogeneous cavitation from
atomically smooth liquid-liquid
interfaces

6.1 Abstract
Pressure reduction in liquids may result in vaporization and bubble formation, a
process known as cavitation. It is commonly observed in hydraulic machinery, ship
propellers, and even in the context of medical therapy within the human body. While
cavitation may be beneficial for the removal of malign tissue, in many cases it is
unwanted due to its ability to erode nearly any material in close contact. The current
understanding is that the origin of heterogeneous cavitation are nucleation sites
where stable gas cavities reside, for example, on contaminant particles, submerged
surfaces, or shell-stabilized microscopic bubbles. Here, we present the discovery of
the atomically smooth interface between two immiscible liquids as a nucleation site.
The non-polar liquid has a higher gas solubility, and upon pressure reduction it acts
as a gas reservoir as gas accumulates at the interface. We describe experiments that
reveal the formation of cavitation on non-polar droplets in contact with water, and
elucidate the working mechanism that leads to the nucleation of gas pockets through
simulations.

6.2 Introduction
Our understanding of the origin of bubble nucleation is still limited. The most
accepted model requires pre-existing gas pockets stabilized in a hydrophobic pore
[204, 156, 205, 206, 207]. Once a sufficiently strong tension is applied, the gas
expands explosively and forms a cavitation bubble. Simulations have been performed
to investigate the ripening mechanism of pre-existing bubbles [208, 209]. In typical
systems these pores are provided by impurities or cracks on a submerged surface
[210, 156].

Only very few experiments [211, 212] demonstrated a cavitation threshold in
water compatible with the classical nucleation theory [213]. Most experiments
however suffer from a considerably lower threshold [214] even when extreme care
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is taken in the preparation of the liquid. A possible explanation [215] might be
nanoscale solid or gaseous nuclei [216] that reduce the threshold of an otherwise
pure liquid.

Here, we report on a potentially novel source for cavitation: droplets of a highly
non-polar liquid, which is hydrophobic and lipophobic, namely perfluorocarbons
(PFC). The atomically smooth surface does not offer hydrophobic cracks for sta-
bilization of pre-existing gas pockets. Liquid PFCs are very stable, chemically
inert, feature high gas solubility, and used for in vivo oxygen delivery and further
biomedical applications [217, 218, 219]. Its unique properties are an effect of low
self cohesion, polarity, and polarizability [219]. The PFC used in the experiments,
i. e., 1-Bromoheptadecafluorooctane (PFOB), has a high solubility of gases with low
cohesivity, such as O2, CO2, N2, NO, etc. [217]. In fact, pure PFOB theoretically
dissolves 360 fold more oxygen than water in terms of molar fraction and 25 times
more in terms of volume fraction at ambient conditions [217, 218, 28, 219]. This
novel cavitation nucleus might be of interest for some medical applications, such as
high intensity focused ultrasound ablation, localized drug delivery, and radiotherapy;
or engineering technologies that could reduce cavitation in hydraulic machinery as
pumps or injectors. Here, we demonstrate cavitation nucleation from liquid-liquid
interfaces. The liquids are constrained by two glass plates to form a few micrometer
thick liquid gap. Cavitation inception is induced with strong tensile stresses that
are propagated through a Lamb wave travelling within the thin liquid gap. The
cavitation nucleating wave is launched by a laser induced plasma; further details are
provided in the “Methods” Section and in Ref. [220].

Atomistic simulations are performed on a water/PFC sample containing N2 to
mimic air dissolved in the liquids, to investigate the cavitation origin in this system.

6.3 Results
Figure 6.1 shows experimental snapshots of the cavitation activity in water loaded
with (a) microbubbles, (b) particles and (c-d) PFC droplets. The primary cavitation
bubble is formed at the very left outside the field of view. Besides the central
bubble being the result of the laser plasma, many smaller and seemingly randomly
distributed cavitation bubbles become visible. We refer to them as secondary
cavitation that are formed once the cavitation threshold is locally met.

In Fig. 6.1(c-d) selected PFC droplets are marked with a cyan circle (t = 0).
When the Lamb wave passes, on most of these droplets a bubble emerges (t =
0.2− 0.4µs), which will collapse after a short time and no visible bubbles remain.
The PFC droplets are still intact and visible. The expansion of the primary cavitation
drives a radial flow that transports the droplets from their original position to a
slightly shifted one. During this transport some droplets may deform and eventually
split up into several droplets.

Interestingly, a droplet may nucleate multiple times. Initially, some droplets
nucleate a bubble upon tension. A later tension wave, which might be a result
of reflections of waves within the glass, is able to nucleate bubbles at some of the
PFC droplets previously acting as cavitation nuclei (Supplementary Fig. S1). This
demonstrates that the droplets are not used up by one cavitation event but can
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Figure 6.1. Cavitation in a thin liquid gap. Experimental snapshots of secondary cavitation
with different cavitation nuclei: (a) microbubbles, (b) magnetic beads, (c) and (d) PFC
droplets before (t = 0) and after the passage of the Lamb-type wave (t = 0.2− 0.6µs).
The cyan spots in (a) highlight some microbubbles, which expand after the passage of
the wave. (b) On a single magnetic bead (dark spot) two bubbles are formed (t = 0.4µs)
after the passage of the rarefaction wave. (c) The initial position of some PFOB droplets
is marked with a cyan circle. After the wave passage, bubbles are formed on these
droplets. (d) On the 4H-PFOB droplets, bubbles are formed mainly at the PFC/water
interface.
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serve multiple times as a cavitation nucleus (see Suppl. Information). This is called
catalyst in chemistry.

The second PFC used here is 1H,1H,2H,2H-Perfluorooctyl bromide (4H-PFOB),
which shows larger droplets. Thus, we are able to see exactly where the bubbles
are formed (Fig. 6.1(d)). At t = 0.2µs secondary cavitation bubbles are formed in
the left part of the frame. Here, pronounced circles are formed around the droplets.
In the right part of the frame no bubbles are visible yet, as the Lamb wave has
not entered this region. At t = 0.4µs the bubbles formed at the interface might
break into smaller ones. Overall, we see that bubbles are mostly nucleated along the
PFC/water interface.

Atomistic simulations were run to investigate the origin of bubble nucleation.
The computational sample, described in detail in the “Methods” Section, consisted
of a PFC and a water slab in contact with each other. As nitrogen is the main
component of air, we choose this gas for the simulations. N2 molecules were randomly
inserted in the PFC slab to mimic air dissolved in the liquid. Additional nitrogen
molecules were randomly inserted in the water slab as well. Given the very low
solubility, most of the N2 inserted in water drifted toward the PFC domain. This
simple computational sample contains the key ingredient of the experimental sample,
an interface between the two liquids where bubbles nucleate, though admittedly it
lacks some more subtle features, such as a curved interface between the two liquids.
The sample is thermalized at 0.1MPa and 300K for 5 ns and then is aged for 20 ns
during which we computed its properties. The Lamb-type wave is mimicked by
subjecting the computational sample to a negative pressure of -20MPa (a maximum
tension of -17.6MPa was obtained in simulations [220]).

At ambient conditions, the sample shows an almost uniform density profile of N2
in PFC, with a minor increase of concentration of the gas at the interface between
the liquids; beyond the interface the N2 density smoothly drops to a much lower
density, as expected due to the much lower gas solubility in H2O (Fig. 6.3). For
the same sample at -20MPa, one observes a stark change in the N2 density profile,
with a significant reduction of density in the bulk domain of the PFC slab1, and
a significant increase at the liquids’ interface. The accumulation of the gas at the
interface is accompanied by an increase of separation between the PFC and water
slab. The average density of the gas at the interface at −20MPa is ∼ 0.8 g/l, to be
compared with the ∼ 1.15 g/l N2 density at ambient conditions, and saturation values
of ∼ 0.4 g/l and ∼ 0.02 g/l, in PFOB and water, respectively. Moreover, the gas
density field fluctuates during the simulation, reaching ∼ 2.5 g/l local density values
at the interface. This, together with the snapshots of the atomistic configurations
(Fig. 6.4, Supplementary Fig. S3 and a movie in the Supplementary Material),
visually illustrating the pinning of the N2 density peaks at the depletion region
between the two liquids at an atomistic level, suggest that the gas forms a film at
the interface. This conclusion, however, must be taken with some caution as, despite
the sample is large from the computational point of view, the limited number of

1the average values of the normalized N2 density in the bulk domain of the PFC slab at 1 bar
and -20 MPa are reported in Fig. 6.3 as the blue and the red dashed lines, respectively, which show
how they are both below 1. These N2 density averages are evaluated considering only the samples
from within the region where the oil recovered its bulk properties, i.e., where its normalized density
is back to 1 and does not exhibit significant layering.
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nitrogen molecules in the system allow to form only a mono-atomic layer, which
does not allow identification of three well separated liquid and gas domains.

The positions of water and PFC are considered as Gibbs surfaces, xH2O and
xPFC . The position of these interfaces are taken where their normalized density
is equal to 0.5. The distance |xH2O − xPFC | between the two liquids grows from
∼ 0.65Å to ∼ 0.75Å as the pressure decreases from 0.1MPa to -20MPa. We believe
that the accumulation of gas at the PFC/water interface follows a cooperative
mechanism: the decrease of pressure induced by the Lamb-type wave increases the
separation between PFC and water, this makes room for air to accumulate in this
emptier region and, in turn, the softer gas film forming at the interface helps to
further separate the two liquids, making more space for accumulating additional air.
On the atomistic space and time scale, we could not identify any ordered sequence
between the separation of the PFC and water interfaces and gas accumulation in
between them, hence we refrain to state any causality between the two. Here, it is
worth remarking that our findings of the separation between two liquid interfaces
is consistent with the formation of a gap between a hydrophobized silicon crystal
and liquid water previously reported by Mezger et al. [221]. This gap formation is
independent on the type of gas dissolved in the liquid.

When does the accumulation of N2 (or O2, air, etc.) at the PFC/water interface
stop? The local increase of the gas at the interface between the liquids results in a
corresponding decrease of dissolved gas in the bulk PFC (and water), which in this
process acts as a gas reservoir. This induces a decrease of the chemical potential of
the gas in the liquid(s), which arrests the ever growing increase of concentration at
the interface, hence the thickness of the film. Given the relatively small size of the
computational sample, orders of magnitude smaller than the PFC droplets of the
experiments, the transfer of N2 from the bulk of the PFC slab to the interface is
arrested after few molecules moved. For the same reason, the growth of the distance
|xH2O − xPFC | between the water and PFC surface under the action of mimicked
Lamb wave (−20MPa pressure) is limited. We speculate that in the experimental
sample, containing micrometer-sized droplets, the cooperative mechanism described
above is responsible for the gaseous air film observed around the PFC droplets (Fig.
6.1(d) and Supplementary Fig. S2).

The accumulation of gas at the water/PFC interface can result in the formation
of bubbles according several possible mechanisms, or their combination: i) The
local gas supersaturation reduces the surface tension γ of the liquids consistent
with results on bulk supersaturation of water [222]. The reduction of the surface
tension lowers the bubble nucleation barrier, which depends on the cubic power
of γ [223, 5], thus diminishing the threshold pressure at which bubble nucleation
takes place. An estimation based on literature data [222] shows that 25 fold local
supersaturation is sufficient to produce bubble nucleation at a −20MPa pressure,
a level of supersaturation which is within the range observed at the water/PFC
interface (see Supplementary Information for a detailed analysis). ii) The gas film
acts as a cavitation nucleus, which, perhaps due to inhomogeneities of the two
liquids at their interface, can be destabilized, producing cavitation bubbles. Finally,
iii) it was recently shown by simulations that a local supersaturation can enhance
bubble nucleation, which has been attributed to the weakening of the hydrogen
bond network of water [224]. Identifying which mechanism is responsible for the
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cavitation at the water/PFC interface is beyond the objective of this work. The
important observation, here, is that the enrichment of gas at the water/PFC is the
key phenomenon for all the three mechanisms summarized above. This is consistent
with a recent publication, where it is shown that cavitation can be induced by
local supersaturation obtained by the laser-induced cavitation of a primary vapor
bubble [220].

The next question to be addressed is whether enough gas accumulate at the
interface for a gas bubble to be formed during the short duration of the rarefaction
Lamb-type wave, ∼ 40ns [220]. This can be estimated considering the gas volume
that can diffuse from the PFC domain to the interface in the prescribed time and
comparing it with the critical volume of a gas bubble. This gas volume can be
estimated starting from the relation of the diffusion length L ≈

√
∆t ·D, where

D = 7×10−10m2/s is the diffusion coefficient determined in bulk simulations of N2 in
PFOB and ∆t is set to 10 ns, 1/4 of the duration of the rarefaction wave. We remark
that the diffusion coefficient considered in this work is consistent with experimental
and theoretical literature data for the diffusion of O2 in C8F18 [225, 226]. With these
parameters, L ∼ 3nm and, considering a 50 vol.% gas solubility in PFOB [217],
∼ 107 nm3 gas accumulate around a PFC droplet of diameter 1µm, to be compared
with the critical size of a gas bubble in water of ∼ 1500nm3 at a tension of
−20MPa (estimated from the Laplace Law, r∗ = 2γ/∆P ). Thus, in 10ns enough
gas accumulates around PFC droplet that, driven from fluctuation and the reduction
of water/gas interface, can transform into a supercritical bubble.

Our findings have not only a fundamental impact in cavitation, but also implica-
tions in medicine, as PFC droplets are used as oxygen carrying blood substitutes,
antihypoxants, and radiological contrast agents [219]. Currently, PFC emulsions are
tested in preclinical studies for high intensity focused ultrasound tumor ablation
[29, 30, 31, 28], as microbubbles have enhanced ablation and reduced treatment times
[227]. A potential advantage of droplets is the ability to be sonicated repeatedly
without degradation, allowing lower applied powers, reduced prefocal interactions,
and reduced treatment times. By understanding and exploiting the cavitation effects,
the setup and sonication parameters might be optimized to improve local absorption
and treatment efficacy for ablation therapy.

We believe that not only PFC droplets can induce cavitation, but any liquid
immiscible with water that has also a high gas solubility. The investigation of the
generality of the phenomenon described for the first time in this report is left for a
forthcoming work.

6.4 Methods

6.4.1 Experimental

Rapid heating of the liquid through a laser-induced plasma generates a high pressure
region that, besides nucleating a central bubble, also launches numerous waves in the
solid and the liquid (Fig. 6.2(b)). A particularly interesting wave is the transverse
Lamb-type wave that leads to strong tension in the liquid. This Lamb wave is
sufficiently strong to nucleate cavitation bubbles within a gap containing water
[228, 220].
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Figure 6.2. Experimental setup for secondary cavitation inception and observation in a
thin liquid gap. (a) The gap consists of two glass slides, sandwiching a 3− 5µm thick
liquid layer. (b) Waves occurring in the thin gap after laser-induced optical breakdown
at t = 0.2µs. In the center the main cavitation bubble is formed (primary cavitation).
B: longitudinal bulk wave, v ≈ 4000m/s, LR: leaky Rayleigh wave v ≈ 2900m/s, C:
Lamb wave v ≈ 1450m/s. The latter induces secondary cavitation (Lamb wave induced
cavitation), which consists of many tiny bubbles formed in annular rings behind the
wave.

High-speed video recording (HPV-X2, Shimadzu, Kyoto, Japan, 5×106 frames/s;
spatial resolution 1.3 µm per pixel) is used to observe the fast dynamics of cavitation
inception in a thin liquid gap. Stroboscopic illumination is provided by a single light
pulse in one frame from a femtosecond laser (FemtoLux 3 SH, EKSPLA, Vilnius,
Lithuania, pulse duration 230 fs at a maximum repetition rate of 5MHz, wavelength
515 nm) (Fig. 6.2(a)). The nanosecond laser pulse inducing the plasma appears
84± 5 ns before a femtosecond laser pulse. The short illumination time enables us to
visualize the waves traveling in the solid and in the liquid (Fig. 6.2(b)). The primary
bubble nucleation (central bubble) is surrounded by annular rings of cavitation
bubbles that are created by the Lamb-wave (C). A leaky Rayleigh wave (LR) is
considerably faster and travels in the solid along the surface. The longitudinal bulk
wave (B) is the fastest wave traveling in the glass.

Loading the gap with a fluorescent dye (Rhodamine 6G), the thickness can be
measured with the help of a confocal microscope (SP8 Confocal Laser Scanning
microscope, Leica GmbH, Wetzlar, Germany). Using a high magnification lens
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(HC PL FLUOTAR L 63x/0.70 DRY), a pixel resolution of 0.019 µm/pixel was
achieved. From the gray value profile, the inflection points were determined and
from their distance the thickness of the gap was calculated, having a typical value
of 3.4± 0.1µm. Here, the error of ±0.1µm corresponds to the error of finding the
inflection point. In total 10 different samples have been measured with a mean
thickness of 3.4± 0.9µm (error corresponds to the standard deviation).

The surface tension of the PFC’s have been measured with a force tensiometer
(K100, Krüss GmbH, Germany) with the Du Noüy ring method. The surface tension
at 25 ◦C of PFOB is 16.3±0.1mN/m and of 4H-PFOB 18.3±0.1 mN/m (5 different
measurements, error corresponds to the standard deviation).

The interfacial tension between water and PFC was measured with the Wil-
helmy plate method. The interfacial tension between water and 4H-PFOB is
-28.1±0.1mN/m at 25 ◦C (10 measurements, error corresponds to the standard
deviation). This negative value shows the strong repulsion between both liquids.

Different systems are studied: microbubbles ("Luminity", CS Diagnostics GmbH ;
ultrasonic contrast agent, which is perflutren coated with a lipid layer, diameter
1.1-2.5µm), particles (magnetic beads, diameter 4.5µm, tosyl activated in liquid
solution; provided by M. Pumera, UCT Prague Nanorobots Research Center),
and PFC droplets in DI water with 1-Bromoheptadecafluorooctane (PFOB; 99%;
purchased from Sigma-Aldrich), and 1H,1H,2H,2H-Perfluorooctyl bromide (4H-
PFOB; 97%, purchased from Fluorochem, UK). The emulsions are produced mixing
1% PFC with DI water. The mixture is sonicated for 5min (0.5Hz) with a Bandelin
Sonopuls Ultrasonics Homogenizer (UW 2200 with the titanium tip MS72) at a
power of 36W. The PFOB droplets have a mean diameter of 2-3µm, whereas the
4H-PFOB emulsion shows a droplet size between 6-25µm. Note that due to gap
height, the 4H-PFOB droplets are cylindrical.

A droplet (10µl) of the emulsion is placed on a microscope slide (Paul Marienfeld
GmbH & Co. KG, Germany) and covered carefully with a cover slip (Menzel Gläser
#1, Germany), such that no air bubbles remain in the gap. Both glass slides are
clamped together. To avoid drying out of the gap which could affect the thickness
of the liquid layer an additional droplet of liquid is placed close to the gap.

6.4.2 Simulation Details

The computational sample (Fig. 6.4) consists of a slab of 770 PFC molecules and a
slab of ∼ 15500 water molecules, for a total of ∼ 66500 atoms; 14 nitrogen molecules
are introduced randomly inside the PFC slab using Packmol [229] to model the
dissolved air. The PFC and water slabs occupy ∼ 9 and ∼ 11nm, respectively.
At short distance from the nominal, Gibbs interface (≤ 2 − 3nm - see Fig. 6.3
and Supplementary Material) one notices first a depletion region due to the non
miscibility of the two liquids. Beyond this distance the liquids recover the bulk
behavior, leaving ≥ 3 and ≥ 5 nm of bulk PFC and water, respectively. In a recent
article, we have shown that beyond the depletion zone, a gas dissolved in a liquid
does not feel the effect of the interface [38] (see also Supplementary Fig. S7), which
confirms that the size of our sample is adequate to model the problem at hand.

The N2 molar fraction in our computational sample is approximately five times
higher than the experimental value [199]. This higher N2 concentration allows
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Figure 6.3. Density profiles of the simulation sample. Density profile, normalized with
respect to the bulk density value, of water (cyan), PFC (yellow), and N2 at 0.1MPa
(blue) and -20MPa (red). See the “Methods” section for a precise definition of the
normalized density. The blue and the red dashed lines represent the average values of
the normalized N2 density in the bulk domain of the PFC slab at 1 bar and -20 MPa,
respectively. These averages are evaluated considering only the samples from within
the region where the oil recovered its bulk properties, i.e., where its normalized density
is back to 1 and does not exhibit significant layering. The water and PFC densities
drop smoothly at the interface between the two liquids. The PFC density shows the
typical ripples observed for liquids at lyophobic interfaces. N2 tends to accumulate at
the interface already at 0.1MPa, but this behavior is highly enhanced under tensile
conditions mimicking the Lamb-type wave.
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PFC waterwater

Figure 6.4. Snapshot of the computational sample at -20MPa. The sample consists
of a slab of PFC and a slab of water (the two halves in the pictures are connected
through periodic boundary conditions). To highlight N2, the atoms of these molecules
are represented as spheres radius equal to the van der Waals radius of nitrogen, while the
liquids are shown in a ball-and-stick representation. Thus, the size of spheres representing
nitrogen, water and PFC do not represent the actual size of the various molecules. N2
molecules at the water/PFC interface, arbitrary identified as those molecules within
2nm from a molecule of both liquids, are drawn in blue, with a transparent sphere
around them. N2 molecule in the bulk are drawn in green. With the N2 density of Fig.
6.3, this snapshot shows an accumulation of gas at the two water-PFC interfaces. In the
Supplementary Material we present additional selected snapshots of the computational
sample (Supplementary Fig. S3) and the Supplementary movie of a 1 ns long branch of
the MD trajectory at −20MPa.

us to determine the properties of the dissolved gas with an adequate statistical
accuracy within the timescale accessible by molecular dynamics. In particular, this
oversaturation allows one to produce an appreciable accumulation of gas at the
interface under the effect of the simulated Lamb-type wave. Costa Gomes et al. [230]
have already successfully used this approach to investigate the properties of O2
dissolved in PFC using a gas concentration ∼ 12.5 higher than the (computational)
solubility of the gas. We validated this approach considering bulk PFC/N2 samples
at growing gas concentration and have verified that the structural characteristics of
the mixture, e. g., the partial pair correlation functions of N2 with PFC and with
other gas molecules (see Suppl. Information) do not significantly change among the
experimental saturation concentration and the one used in our simulations of the
interface system. The suitability of our simulations approach is also confirmed by
the uniform distribution of N2 in the bulk of PFC at 0.1MPa: despite the higher
concentration, no gas bubbles are formed in the PFC bulk along the duration of the
simulation (Fig. 6.4).

MD simulations were run at constant temperature (300K) and pressure (0.1MPa
and -20MPa) using the Nosé-Hoover chain thermostat [231] and the Martyna-Tobias-
Klein barostat [85]. It is sometimes discussed in the literature that the inertia
parameter of the barostat (and thermostat), determining the strength of coupling
with the particles’ degrees of freedom, is a delicate parameter to tune. Indeed, this
is mostly connected to the use of Martyna-Tobias-Klein (and analogous) barostat
(and thermostats) for computing dynamical properties and/or investigating non-
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equilibrium systems. We remark that here we are interested in the stationary
properties on the sample, and the difference due to the application of the tensile
Lamb-type wave. Thus, here MD is used to sample the ensemble of the system
rather than to follow its evolution on time. In this case, the relevant aspect is that
the simulation is significantly longer than the characteristic times of the barostat
and thermostat. With characteristic times of 10−4 and 10−3 ns, respectively, the
thermostat and barosat variables perform 2× 105 and 2× 104 cycles per simulation
(see below), which is adequate for controlling the temperature and pressure of the
system. This, indeed, is reflected on the density profile of the liquids and gas, that
satisfies the essential characteristics of symmetry of the system. It is remarkable that
our simulations starting from a sample containing just 14 N2 molecules randomly
distributed in the viscous PFOB liquid reproduce a density profile with a good
degree of symmetry.

The simulation box is allowed to expand and compress only along the direction
orthogonal to the interface, which corresponds to the x-direction in the chosen
reference frame. The 1D constant pressure algorithm is applied to prevent the
nonphysical shrinking of the simulation box on the PFC/water y − z surface plane
resulting from the tendency of the flat interface system to minimize the surface
area between the two liquids. Indeed, in a genuine 3D system PFC forms spherical
bubbles, as seen in the experiments, and the water/oil interface cannot shrink
under the action of the interface energy. It is worth remarking that a genuine 3D
computational system containing a spherical droplet of a size treatable by extensive
molecular dynamics (one or few nanometers in diameter) will probably introduce
several artifacts. For example, in nanometer size PFC droplets the Laplace pressure
is much higher than in the micrometer size experimental counterpart. Among the
others, the relatively small (and constant) curvature of the PFOB droplets, and
the flat water/oil interface computational sample, allowed us to use the Martyna-
Tobias-Klein barostat [85], which, on the contrary, might have been unsuitable
for a multi-phase systems with domains at (significantly) different pressures [195].
Summarizing, the flat interface system with variable cell along the x direction, the
direction orthogonal to the PFC/water interface, is the best compromise between
accuracy and feasibility of simulations.

The sample was initially thermalized for 5 ns at 300K and 0.1MPa; after ther-
malization, simulations were run for additional 20 ns, during which we collected data
to analyze the gas density distribution. In parallel, the 300K / 0.1MPa thermalized
sample was brought to -20MPa, thermalized for additional 5 ns, and then evolved
for additional 20 ns for analysis.

Forces acting on atoms are derived from TIP4P/2005 model for water [232] and
the GAFF force field for PFC. N2 is modeled as a rigid molecule. Molecules of
the different species interact via electrostatics and van der Waals forces, the latter
modeled by the Lennard-Jones potential ν(rij) = 4εαβ

[
(σαβ/rij)12)− (σαβ/rij)6

]
,

where rij represents the distance between two atoms belonging to different molecules,
and εαβ and σαβ are the characteristic energy and distance, respectively, between
atoms of type α and β. As customary, cross-species coefficients, i. e., those between
atoms of different types, are obtained from same-species parameters through the
Lorentz-Berthelot combination rules, εαβ = √εαεβ and σαβ = (σα + σβ)/2. N2
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parameters for the cross-species coefficient have been taken from Ref. [187].
The normalized density is defined as the density field divided by the bulk density.

The density field is obtained by discretizing the simulation box in slices of ∼ 0.1 nm in
the direction parallel to the interface, and dividing the average number of molecules
of a given species in each slice by the volume of the slice. The precise size of the slices
is chosen such that they are commensurable with the average size of the simulation
box, i. e., so that an integer number of slices fit into it. The bulk density of each
liquid phase is computed as the number of molecules within the bulk domain of the
corresponding slab, i. e., the region between the virtual borders at 2nm away from
the Gibbs interface, divided by the volume of this region. Similarly, the bulk density
of N2 is defined as the number of nitrogen molecules in the PFOB bulk domain
divided by the volume of this region.
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6.5 Supplementary Information

Multiple droplet cavitation

A droplet may nucleate multiple times. This is demonstrated in Fig. S1 (6.5). Here,
the PFC droplets marked in the upper row with a red circle at t = 0 are followed for
a longer time until t = 10.2µs. Initially, we see that these two droplets nucleate a
bubble at t = 0.2µs that collapses and is not detected anymore after t = 1.2µs. At
t = 7.6µs the droplets have been displaced slightly to the right and at t = 8.8µs
they again nucleate a bubble. We speculate that reflections of waves within the glass
result in this late rarefaction wave. This demonstrates that a droplet is not used
up by one cavitation event but can serve multiple times as a cavitation nucleus. A
word of caution, some unresolved gas bubbles may remain as a result of the first
cavitation event, and this may nucleate the second cavitation event, too.

100 µm

7.6 µs

0 µs 0.2 µs 0.4 µs 6.8 µs

8.8 µs 9.2 µs 10.2 µs

Figure S1 - Figure 6.5. Multiple droplet cavitation. Experimental snapshots of cavitation
nucleation in a PFOB emulsion. Some PFOB droplets are marked with a blue circle. At
t = 0.2− 0.4µs, i. e. when the Lamb wave passes, on most of these droplets a bubble is
formed. The red circle marks two droplets, which show cavitation at t = 0.2− 0.4µs.
With time they are transported by the flow, created by the main bubble expansion
towards the right (t = 6.8− 7.6µs). At t = 8.8µs, on the very same droplets bubbles
are formed again by a tension wave.

Single interface bubble nucleation

During preparation of the droplets through sonication particulate contamination
may be generated, e.g. through sub-micrometer sized metal particles eroded from
the ultrasonic horn. Those particles may remain in suspension and accumulate at
the liquid-liquid interface.
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To rule out that the cavitation is due to nanoparticles trapped at the liquid-liquid
interface the sonication step was omitted. A clean liquid-liquid interface was created
by depositing a macroscopic droplet of water and a droplet of PFOB side-by-side
onto a microscope slide and covering them with a cover slip resulting in an interface
without the possibility to entrap particles. The Lamb wave was generated then in a
rather thick gap where the height was adjusted to 10µm with suitable spacers. For
this thickness the rarefaction wave does not nucleate cavitation in either of the two
liquids.

0.2 µs 0.4 µs 0.6 µs

100 µm

shock wave

shock wave

PFOB water

interface

Figure S2 - Figure 6.6. Cavitation activity near a PFOB-water interface in a liquid gap.
Secondary cavitation bubbles are mainly formed at the interface.
Figure S2 (6.6) depicts the course of events. At time t = 0.2µs the plasma from

the pulsed laser and the emitted shock wave are visible. Once the shock wave reaches
the PFOB-water interface, t = 0.4µs, a line of cavitation bubbles nucleate at this
interface and coalesce into a long thin strip of vapor. At t = 0.6µs most bubbles
have collapsed and due to the flow induced by the central bubble the liquid-liquid
interface is displaced to the right.

The shape of the cavitation pattern supports the experimental interpretation
and molecular dynamics simulation of having as supersaturated region between the
liquids.

Gas layer formation at the water/PFC interface

The accumulation of N2 molecules in the MD simulations are presented in Fig. S3
(6.7). Here, the arrows marks the regions, where cavities in the water phase at
the liquid-liquid interface occur due to the accumulation of gas molecules in this area.

Effect of N2 supersaturation on the properties of the computational
sample

In the main text we mentioned that in our simulations we used an N2 gas concentra-
tion ∼5 times higher than the experimental saturation value, which helps obtaining
reliable computational results within the timescale accessible to molecular dynamics.
Here we support the reliability of this approach showing that on the timescale of
simulations this oversaturation produces no artefacts in the computational sample.

Fig. S4 (6.8) shows several partial pair correlation functions, g(r), between N2
and PFC - including the specific case of N-F and N-Br - and between N2 molecules
for two PFC/N2 bulk samples at gas molar fraction χ = 0.0039, close to the
experimental saturation concentration [199], and χ = 0.018, the concentration used
in the water/PFC interface simulations. The pair correlation function represents the
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PFC waterwater

PFC waterwater

Figure S3 - Figure 6.7. Two more snapshots of the atomistic sample illustrating the
formation of a gas layer at the water/PFC interface. Blue spheres highlighted by a
spherical shadow of the same color are interface nitrogen molecules, arbitrarily defined
as those molecules within 2 nm of both water and PFC molecules, i. e., within 2 nm from
the interface. The complementary bulk nitrogen molecules are represented as green
spheres. The arrows show the opening of cavities in the water domain of the interface
due to the presence of gas molecules. This is more visible in some cases as there are
several molecules at a short distance from each other. In other cases, this is harder to
appreciate as the gas molecules are deeper in the sample. A movie of a 1ns branch of
the MD trajectory at −20MPa is provided in the Supplementary Materials.

probability (density) to find two atoms at distance r in the system at hand with
respect to the case of an uncorrelated system (ideal gas).

Concerning the partial N2-PFC correlation functions (top row and bottom-
left panels of Fig. S4, 6.8), no significant differences between the two samples
at different concentrations are observed, apart, as expected, a better statistic in
the χ = 0.018 case. Concerning the N-N pair correlation function (bottom-right
panel of Fig. S4, 6.8), for the low concentration solution g(r)=0 in the range of
intermolecular distances, i. e., beyond twice the N van der Waals radius. This is
apparently surprising because even if there were no interaction between N2 molecules
the pair correlation function should be equal to 1 in this region. This, indeed, is an
artefact of the insufficient simulation time to reproduce the fundamental structural
properties of a highly diluted (gas) solute on the timescale of simulations, here 5 ns.
On the contrary, the N-N pair correlation function of the χ = 0.018 sample obtained
by a simulation of the same duration shows the expected profile of a (concentrated)
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Figure S4 - Figure 6.8. Comparison between (partial) pair correlation functions of two
PFC/N2 bulk samples at molar fraction χ = 0.0039 (black), close to the experimental
saturation concentration, and χ = 0.018 (red), the concentration used in the water/PFC
interface simulations. Top-left panel shows pair correlation function between atoms
of the gas and atoms of PFC; top-right and bottom-left focus on N-F and N-Br pairs.
Bottom-right panel shows the pair correlation function between nitrogen atoms belonging
to different molecules.

gas, with a peak corresponding to the first coordination shell quickly degrading to 1.
Present results confirm the suitability of the “oversaturation” approach: the level of
oversaturation considered in this work i) introduces no significant structural changes
in the system while ii) allows to achieve well converged properties in short times,
compatible with the timescale accessible to molecular dynamics.

Effect of N2 supersaturation on the bubble nucleation barrier

To estimate the effect of local supersaturation on the bubble nucleation barrier, one
can resort to the classical nucleation theory, as adapted by Lubetkin to the case



6.5 Supplementary Information 117

of a supersaturated liquid [222]. Here, the nucleation rate j depends exponentially
on the barrier ∆G†: j = C exp

[
−∆G†/kBT

]
, with kB the Boltzmann constant

and T the temperature of the system. For the pre-exponential factor C several
forms have been developed [233, 234, 235], which have been recently tested to be
quantitatively accurate when tested against controlled in silico experiments [88]. The
key conclusion to bear in mind is that with ∆G† ∼ 5 kBT, i. e., 5 times the thermal
energy at the operative conditions, nucleation occurs on the nanosecond timescale,
which has been also confirmed by direct simulations [86]. Hence, one is interested
in identifying the local supersaturation value σ = c/csat − 1, with c and csat the
local and saturation gas concentration, respectively, at which the nucleation barrier
∆G† ≤ 5, and whether this concentration is achieved at the water/PFC interface.
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Figure S5 - Figure 6.9. Local supersaturation of N2 gas at −20MPa with respect to
the saturation value of nitrogen in water at ambient conditions. In the figure are
reported both the supersaturation profile averaged over the entire simulation and the one
averaged over 1 ns in which the local supersaturation value at the water/PFC interface
was specially high. The grey dashed line is the threshold supersaturation value making
the nucleation barrier small enough that the process could be experimentally observed.
In the case of homogeneous supersaturated systems the barrier for nucleating

a (spherical) bubble can be approximated by ∆G† = 16/3π(γ0 + σb)3/(σP )3, where
γ0 is the surface tension of the pure liquid, b = −8.5 × 10−5 N/(m atm) is the
coefficient of reduction of the surface tension as a function of the pressure [236],
the pressure being implicitly set to 1 bar and the effect of gas concentration taken
into account by σ; finally, P = 20 MPa is the driving force for bubble nucleation
at the operative conditions of our experiments (−20 MPa of the Lamb-type wave).
Usually, nucleation in heterogeneous conditions is taken into account through a
reduction of this barrier by a multiplicative parameter that for a solid surface
reads Φ(θ) = 1/4(1 + cos θ)2(2 − cos θ), with θ the contact angle of the liquid:
∆G†het = ∆G†homoΦ(θ). Here, we develop or argument in the most conservative
conditions, i. e., considering the case of homogeneous nucleation. Within this
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framework, and data reported in Ref. [236], one obtains the following values of the
homogeneous nucleation barrier (expressed in kBT units):

σ ∆G†/kBT

0.1 ∼ 4× 105

1 ∼ 4× 103

10 ∼ 40

25 ∼ 5

50 ∼ 1.
Table 6.1. Correspondence between the local supersaturation value σ and the corresponding

homogeneous nucleation barrier ∆G† (in kBT ).

These results show that for σ & 25 nucleation can occur at the operative
conditions of our experiments. As mentioned above, the heterogeneity introduced
by the hydrophobic PFOB is expected to reduce local supersaturation necessary to
produce bubble nucleation.

Generally speaking, obtaining σ & 25 is non-trivial. However, one notices that
the gas concentration at the water/PFOB is much larger than this threshold (see
Fig. S5, 6.9). In fact, nitrogen reaches a local density up to ∼ 2.5 g/l concentration in
the interface region, against a saturation concentration in water at normal conditions
of ∼ 0.02 g/l. Moreover, one must consider that local supersaturation may have
fluctuations and for short times can reach much higher values. To illustrate this, in
Fig. S5 (6.9) we also report a supersaturation profile averaged over only 1ns along
the MD trajectory when its value at the water/PFC was especially high.

Adequacy of the size of the computational sample

For the computational sample to be suitable for the simulations of a gas at the
water/PFOB, both liquid domains must be large enough that the bulk characteristics
are recovered. Indeed, the normalized density profiles shown in Fig. 2 of the main
text, reproduced in Fig. S6 (6.10) without the gas density profiles, show within
∼ 1− 2nm from the nominal interface, where the normalized densities of the two
liquids are the same. There is first a depletion zone, where the density is lower
than the bulk value, followed by a region in which gas density increases, and then
a rippling region, where the densities oscillate around the bulk value. These two
phenomena are typical for liquids in contact with lyophobic surfaces, i. e., surfaces
repelling the liquid, with a contact angle θ ≥ 90◦. Indeed, this is consistent with
the non miscibility of the two liquids. Beyond 2− 3 nm from the interface, however,
the density profile of both liquids is essentially flat, with small fluctuation due to
the finite duration of MD simulations, which is long on the atomistic timescale but
insufficient to sample the configurations space. This is especially visible in the case
of PFC, which due to entanglement of longer molecules make the sampling especially
difficult.

The above analysis can be made more quantitative resorting to the results
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Figure S6 - Figure 6.10. Density profile of the liquids, water (cyan) and PFC (yellow),
along the axis transverse to the liquid/liquid interface.

of Ref. [38]. In this former article we computed the effective potential felt by gas
molecules, N2 and O2, as a function of the distance from a graphene surface immersed
in water. It is worth remarking that this effective potential does not only depend on
the mechanical (force field - intrinsic in Fig. S7, 6.11) solid-gas interaction. Instead
in Fig. S7A (6.11A) (reproduced with permission from Ref. [38]), it is seen that for
the same graphene/N2 mechanical interaction, the effective potential depends on the
hydrophobicity of the interface. Indeed, the graphene/N2 effective interaction can
be attractive even if the corresponding mechanical interaction is weaker (Fig. S7B,
6.11B) or purely repulsive (Fig. S7C, 6.11C). Finally, the strength of the graphene/N2
interaction depends on the affinity of the gas for liquid molecules. The reason why
the interface is an attractive region for the gas is that there liquid is depleted. As a
result this region favors to host the gas. Its attraction increases with the degree of
depletion for example by an increase in hydrophobicity. The depletion region may
decrease with in increase in gas solubility in the liquid. Overall we want to stress
here that: i) The length scale of the attractive interaction is ∼ 1nm, which is the
scale where the liquid density shows depletion and rippling. ii) The non-bulk like
density field is found only within ∼ 2 nm of the water/PFC interface. This supports
the choice of the size of our simulation, where each liquid domain is considerably
larger.
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6. Heterogeneous cavitation

from atomically smooth liquid-liquid interfaces

Figure S7 - Figure 6.11. Effective potential between N2 gas molecules in water as a
function of the distance from a graphene sheet. Here, by effective potential one means
the so-called potential of the mean force, obtained by restrained MD simulations [86, 38].
The effective potential depends on many factors, including the hydrophobicity of the solid,
the strength of the gas-solid interaction and the strength of the gas-liquid interaction.
Panels A to D show that regardless of these details, the range of the effective potential is
on the nanometric scale, with the N2 molecule subjected to a flat effective potential for
distance from the interface ≥ 1 nm. This means that beyond 1 nm from the interface the
liquid is bulk-like for what concerns the gas properties. Figure reprinted with permission
from Ref. [38].
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Chapter 7

Conclusions

7.1 Closing remarks
Despite their similarities, the problems that I tackled during my research are of a
different nature from one another, and cannot be always reunited under a single
umbrella. This is the reason why I chose to explicitly divide my thesis into two parts,
and also to place the conclusions drawn for a specific topic at the end of the chapter
(article) where said topic is examined in detail. Here, on the other hand, I will try
to offer to the reader more general closing remarks, and future perspectives on how
my research could be further advanced.

My analyses showed how classical intrusion and extrusion (wetting and drying)
theories need to include a whole class of new phenomena, typically neglected, when
the material involved is a MOF or, in general, a nanoporous solid.

Indeed, capillarity theory is not enough to describe the physics of these processes,
because is a macroscopic theory which deals with interfaces whose size and geometry
count in thousands of water molecules at the same time. Rather, the size of the
apertures allowing the progressive wetting of a nanoporous material, belongs to a
molecular scale, and only few or even single water molecules can percolate at once.
Even the solid at those scales cannot be described with a continuum model, since
the pores themselves are constituted by single layers of atoms.

My work also demonstrated heuristically how rigid materials are more resistant to
intrusion: more specifically, the simulations illustrated how the free energy intrusion
profile changes with respect to the flexibility of the solid. Note how the correlation
between flexibility and intrusion feasibility does not imply a causal relation between
the two: a solid does not need to be flexible in order to be intruded. Still, it is crucial
to understand the origin of such correlation and the related observed phenomenology:
indeed, in the future, a deeper understanding of the relation between flexibility and
the characteristics of the intrusion process (intrusion pressure, hysteresis cycle, etc.)
will guide us in designing advanced metamaterials whose properties are carefully
tailored to the specificity of the application at hand. During this phase, I focused
on observing and isolating the new phenomenology which forks from the current
knowledge of the subject and trying to find an explanation for it. In an forthcoming
paper, currently in preparation, the role of flexibility at the atomistic/microscopic
level will be examined thoroughly and an explanation of its correlation with intrusion
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will be offered.
I would like to remark here that, in this and other similar cases, I treated

simulations as experimental phenomenology; to put it in different terms, I employed
molecular dynamics to gain insight on how these systems behave, what really happens
within them when a liquid is forced inside. MD simulations offer a unique perspective,
other than the ability to surgically isolate specific effects, and to control and fine
tune a lot of features of the examined setup, in ways that could never be achieved by
real-life physical experiments. Such manipulations, despite could appear nonsensical
in the beginning, actually constitute a tremendously powerful investigation tool. In
this particular case, I was able to obtain the aforementioned result by simulating
two versions of ZIF-8, completely identical with respect to one another (interaction,
chemistry, topology, atom mobility, etc.), except for one single aspect: one’s cell was
allowed to expand transversely, while the other’s was not.

Similarly to the intrusion theories of solids and their atomistic modeling, the
available theories describing the processes happening at the interfaces between a
simple solid, such as a plane surface, and a liquid in which a gas is dissolved, are
not completely satisfying.

Such phenomena, such as surface nanobubbles, are all but obvious: up until the
very recent past, there was no experimental evidence supporting the latest theories
conceived to explain their extraordinary stability and longevity; in addition, these
theories were still not able to explain the formation of surface nanobubbles in relation
to the physico-chemical characteristics of the solid and liquid. To our knowledge,
there also had not been a systematic investigation attempt on the cross interactions
between all three phases (solid, liquid and gas), saving rare exceptions which focused
more on the episodic observation of a phenomenon rather than its analysis.[167, 237]
Via free energy atomistic simulations, I was able to meet all the above inquiries and
also back up a continuum theory recently developed by prof. Claus-Dieter Ohl, our
experimental partner in the research. This theory can also help understand the role
played by the gas dissolved within the liquid in the intrusion and extrusion processes
in nanoporous solid materials.[92]

The dissolved gas also determines an exotic effect when liquid-liquid interfaces
are considered, as surprisingly illustrated by the latest experiments of prof. Ohl
involving oil-water interfaces: when the system is subjected to tensile conditions, the
gas is released at the interface between the two liquids, where it accumulates up to
induce the formation of bubbles. This novel phenomenon, as already identified on an
original forthcoming paper (soon to be published on Nature Physics), could pave to
way to new application in many different fields, above all the biomedical one, with
the cavitation-enhanced ultrasound ablation of cancerous tissues. My simulations
explained the origin of this peculiar phenomenon, which is related to the different
solubility of the gas between the two liquids.
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7.2 Future perspectives
Of course, the work is far from being finished and lots still need to be done. Recently,
it has been shown[41] how nanoscopic pores (whose size is comparable to that
of the pores of ZIF-8, the material I have focused on) have a non-conventional
effect on the wetting of the material. The pore characteristic size suggests (and
it has already being confirmed by literature[238]) that quantum nuclear effects
may produce a non-negligible contribution to the physics of MOFs. Following this
reasoning, the behavior of MOFs may differ significantly using light versus heavy
water,1, which constitutes a strong argument to extend the study of intrusion and
extrusion processes and wetting of nanoporous materials to include quantum effects.

There are clear and well-known implementation paths to achieve this task, and
indeed I already started working on this topic during the third year of my PhD. I
also acquired some preliminary results, but I did not find them mature enough to
be properly included and presented within this thesis. Even so, I will still make a
hint here about the approach I followed.

Quantum nuclear effects can be taken into account in the class of simulations I
have been used throughout my research by using Path Integral Molecular Dynamics
(PIMD), a technique which grants the possibility to reproduce the behavior of
quantum nuclei within the framework classical MD. The idea behind PIMD is the
following: the quantum distribution of a system can be manipulated to resemble
the classical partition function of a cyclic polymer chain of P points moving in a
classical potential. Such resemblance inspired Chandler and Wolynes[239] to coin
the expression classical isomorphism. Because a cyclic polymer somehow looks like
a necklace, its P points are often referred to as “beads”. Each quantum particle
in a path integral simulation is represented by a ring-polymer of P quasi-beads,
labeled from 1 to P . During the simulation, the quasi-beads interact (1) with the
two neighboring quasi-beads, and (2) with beads on the other ring-polymers. The
isomorphism - between an approximate (since P is finite) quantum partition function
for the original system to a classical partition function for a ring-polymer system -
can be exploited to efficiently sample configurations from the quantum ensemble.
According to the classical isomorphism, we can treat the cyclic polymer exploiting
all the techniques developed for classical systems to obtain an approximation of
the quantum properties, and the latter can be systematically improved simply by
increasing P . PIMD can be integrated with free energy calculations: Bonella et
al.[240] have developed a method to evaluate the free energy of a set of quantum
particles using the same techniques I have been employing so far. Their approach
offered natural way to extend my research.

1light water has the most common hydrogen isotope, called protium, whereas heavy water has
deuterium isotope, also known as heavy hydrogen.
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Appendix A

Ewald summation for Coulomb
interactions in a periodic cell

A.1 Ewald summation for Coulomb interactions in a
periodic cell

[DISCLAIMER] I wished to include an in-depth review of Ewald summations in
my thesis, to make it as complete as possible with respect to the theory behind
the computational tools that I used. While browsing for material, I met with this
document [241], which I found so thorough in all the derivations, that basically I
could not identify any way to improve it. Despite this, I still decided to include (the
most of) it in my thesis, with minimum changes here and there.

A.1.1 Coulomb interactions in a periodic cell

Consider N ions in vacuum, at locations r1, r2, r3, . . ., rN , and possessing point
charges q1, q2, q3, . . ., qN , respectively. The total Coulomb interaction energy is

E = 1
4πε0

∑
(i,j)

qiqj
|ri − rj |

= 1
4πε0

N∑
i=1

N∑
j=i+1

qiqj
|ri − rj |

= 1
4πε0

1
2

N∑
i=1

N∑
j=1
j 6=i

qiqj
|ri − rj |

(A.1)

where ε0 = 8.854 · 10−12C2N−1m2 is the vacuum permittivity (or electric constant),
and the sum is performed over all distinct ionic pairs (i, j). Notice how the sum can
be expressed in three different ways: (1) by specifying implicitly the distinct pairs
of ions; (2) by explicitly counting over the distinct pairs; (3) by explicitly counting
over all possible pairs, excluding the ones consisting of the same ion and introducing
the one-half factor to avoid double counting.

Now let us subject the ions to periodic boundary conditions (PBCs), i.e. we
imagine our current system to be nothing more than a single super-cell, described
by three vectors a1, a2, a3, in an infinite lattice. This means that for every ion qi at
location ri, there are also ions with the same charge qi located at ri + n1a1 + n2a2 +
n3a3, where n1, n2, n3 are arbitrary integers. To simplify the notation, we will
define an arbitrary replication vector rC = n1a1 + n2a2 + n3a3. The total Coulomb
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interaction energy for these ions under PBCs (which includes the interactions between
periodic images) will thus be:

E = 1
4πε0

∑
rC

∑
(i,j)

qiqj
|ri − rj + rC |

(A.2)

As pointed out before, the sum over all ion pairs can be rewritten into sums over all
ions, multiplied by a factor 1/2 to cancel the double-counting

E = 1
4πε0

1
2
∑
rC

N∑
i=1

N∑
j=1

j 6=i if rC=0

qiqj
|ri − rj + rC |

= 1
4πε0

1
2
∑
rC

N∑
i=1

N∑
j=1

′ qiqj
|ri − rj + rC |

(A.3)

where the ′ symbol is introduced as a lighter notation to exclude the term j = i
if rC = 0. The infinite sum in eq. A.3 not only converges very slowly but also
is conditionally convergent, meaning that the result depends on the order of the
summation. The Ewald method evaluates E by transforming it into summations
that converge not only rapidly but also absolutely. The final expression of energy in
the Ewald method is given by eq. A.66. In the following we describe how and why
we arrive at such an expression.
To gain more physical insight, we consider the electrical potential field generated by
the ions. The potential field generated by a single ion with charge qi at location ri
is given by

φi(r) = 1
4πε0

qi
|r− ri|

(A.4)

The potential field generated by N ions, together with their periodic images under
PBCs, is then

φ(r) =
∑
rC

N∑
j=1

φj(r + rC) = 1
4πε0

∑
rC

N∑
j=1

qj
|r− rj + rC |

(A.5)

We can then define φ[i](r) as the potential field generated by all the N ions plus
their periodic images, but excluding the i-th ion

φ[i](r) = φ(r)− φi(r) = 1
4πε0

∑
rC

N∑
j=1

′ qj
|r− rj + rC |

(A.6)

Again, the ′ symbol, introduced in eq. A.3, means that the term j = i is excluded, if
rC = 0. Comparing Eqs. A.3 and A.6, we see that

E = 1
2

N∑
i=1

qiφ[i](ri) (A.7)
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A.1.2 Charge distribution function

The charge density distribution for the system of point charges considered above is
described by a collection of Dirac delta functions. In particular, the charge density
for point charge qi is

ρi(r) = qiδ(r− ri) (A.8)

However, we can consider a more general problem, in which the charge distribution
for each ion is not necessarily a delta function, but could spread out in space. The
potential field generated by this charge distribution is the solution of the Poisson’s
equation

∇2φi(r) = −ρi(r)
ε0

(A.9)

and can be written as

φi(r) = 1
4πε0

ˆ
ρi(r′)
|r− r′| d

3r′ (A.10)

The total Coulomb interaction energy can then be written as

E = 1
2

1
4πε0

∑
rC

N∑
i=1

N∑
j=1

′
ˆ

ρi(r) ρj(r′)
|r− r′ + rC |

d3r d3r′ (A.11)

The potential field generated by all ions excluding ion i becomes

φ[i](r) = 1
4πε0

∑
rC

N∑
j=1

′
ˆ

ρj(r′)
|r− r′ + rC |

d3r′ (A.12)

When the charge densities are described by eq. A.8, Eqs. A.11 and A.12 reduce to
Eqs. A.3 and A.6 respectively.

A.1.3 Splitting (cleverly) the charge distribution

We now return to our original problem, in which the charge distributions are described
by Dirac delta functions. Such distributions can be split in two terms, by adding
and subtracting a Gaussian distribution as follows

ρi(r) = ρSi (r) + ρLi (r) (A.13)
ρSi (r) = qiδ(r− ri)− qigσ2I3(r− ri) (A.14)
ρLi (r) = qigσ2I3(r− ri) (A.15)

where we followed the notation introduced in B.7

gσ2I3(r) = 1√
(2π)3 det (σ2I3)

exp
[
−1

2rT
(
σ2I3

)−1
r
]

= (A.16)

= 1√
(2π)3 σ6

exp
[
−|r|

2

2σ2

]
= 1√

(2πσ2)3
exp

[
−|r|

2

2σ2

]
. (A.17)
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It is important to note that the Dirac delta function can be considered as a limit
of the Gaussian distribution when σ −→ 0 (as proven in B.9). Also notice how,
according the the adopted notation, gσ(r) and gσ2I3(r) represent the same function
but with different normalization factors

gσ(r) = 1√
2πσ2

exp
[
− r2

2σ2

]
(A.18)

gσ2I3(r) = 1√
(2πσ2)3

exp
[
−|r|

2

2σ2

]
= 1√

(2πσ2)3
exp

[
− r2

2σ2

]
= gσ2I3(r) . (A.19)

As of the splitting of charge, the potential field φi(r) can also also be split into two
terms

φi(r) = φSi (r) + φLi (r) (A.20)

φSi (r) = qi
4πε0

ˆ
δ(r′ − ri)− gσ2I3(r′ − ri)

|r− r′| d3r′ (A.21)

φLi (r) = qi
4πε0

ˆ
gσ2I3(r′ − ri)
|r− r′| d3r′ (A.22)

The potential field generated by all ions excluding the i-th ion can be split in a
similar way

φ[i](r) = φS[i](r) + φL[i](r) (A.23)

φS[i](r) = 1
4πε0

∑
rC

N∑
j=1

′
ˆ
qj
[
δ(r′ − rj)− gσ2I3(r′ − rj)

]
|r− r′ + rC |

d3r′ (A.24)

φL[i](r) = 1
4πε0

∑
rC

N∑
j=1

′
ˆ
qjgσ2I3(r′ − rj)
|r− r′ + rC |

d3r′ (A.25)

This leads to the splitting of the Coulomb interaction energy

E = 1
2

N∑
i=1

qiφ
S
[i](ri) + 1

2

N∑
i=1

qiφ
L
[i](ri) (A.26)

For reasons that will become clear later, we further split the energy E by adding
and subtracting a self-interaction term

E = 1
2

N∑
i=1

qiφ
S
[i](ri) + 1

2

N∑
i=1

qiφ
L(ri)−

1
2

N∑
i=1

qiφ
L
i (ri) = ES + EL − Eself (A.27)

where

ES = 1
2

N∑
i=1

qiφ
S
[i](ri) (A.28)

EL = 1
2

N∑
i=1

qiφ
L(ri) (A.29)

Eself = 1
2

N∑
i=1

qiφ
L
i (ri) (A.30)
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A.1.4 Potential field of a Gaussian charge distribution

The potential field generated by a Gaussian charge distribution can be obtained by
solving the Poisson’s equation

∇2φg(r) = −
gσ2I3(r)
ε0

(A.31)

By symmetry, we know that φg(r) only depends on the magnitude r = |r|. In
spherical coordinates, remembering eq. A.19, the Poisson’s equation becomes

1
r

∂2

∂r2 [rφg(r)] = −
gσ2I3(r)
ε0

(A.32)

∂2

∂r2 [rφg(r)] = −
rgσ2I3(r)

ε0
(A.33)

∂

∂r
[rφg(r)] = −

ˆ +∞

r

r′gσ2I3(r′)
ε0

dr′ = σ2

ε0
gσ2I3(r) (A.34)

rφg(r) = σ2

ε0

ˆ r

0
gσ2I3

(
r′
)

dr′ = σ2

ε0

1√
(2πσ2)3

√
π

2σ erf
(

r

σ
√

2

)
(A.35)

φg(r) = 1
4πε0r

erf
(

r

σ
√

2

)
(A.36)

where

erf(x) := 2√
π

ˆ x

0
e−t

2 dt (A.37)

Therefore

φSi (r) = 1
4πε0

qi
|r− ri|

erfc
( |r− ri|

σ
√

2

)
(A.38)

φLi (r) = 1
4πε0

qi
|r− ri|

erf
( |r− ri|

σ
√

2

)
(A.39)

where erfc(x) := 1− erf(x). Since

lim
x→+∞

erf(x) = 1 (A.40)

we deduce that φLi (r) is a long-range potential, while φSi (r) is a short-range singular
potential. The Coulomb potential of a point charge is both long-ranged and singular.
Given this result, we also have

φS[i](r) = 1
4πε0

∑
rC

N∑
j=1

′ qj
|r− rj + rC |

erfc
( |r− rj + rC |

σ
√

2

)
(A.41)

as well as the short-range part of the total Coulomb interaction energy (eq. A.28)

ES = 1
2

N∑
i=1

qiφ
S
[i](ri) = 1

2
1

4πε0

∑
rC

N∑
i=1

N∑
j=1

′ qiqj
|ri − rj + rC |

erfc
( |ri − rj + rC |

σ
√

2

)
(A.42)
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This is similar to the total Coulomb interaction energy E, except for the erfc term
that truncates the potential function at large distances. Due to the erfc truncation,
ES[i] can be directly computed from a sum in real space.

Now that we have the analytic expression for the long-range potential, we can
easily obtain the self energy term

for x� 1 −→ erf(x) ≈ 2√
π

x

σ
√

2
= 1
σ

√
2
π
x (A.43)

φLi (ri) = lim
r→ri

φLi (r) = qi
4πε0

1
σ

√
2
π

(A.44)

Eself = 1
4πε0

1√
2πσ2

N∑
i=1

q2
i (A.45)

A.1.5 Long-range potential in the reciprocal space

Because φLi (r) is long-ranged, the long-range interaction EL defined in eq. A.29
cannot be directly computed by a sum in real space. The basic idea of the Ewald
sum is to transform it into a sum in the reciprocal space, given that this potential is
no longer singular [242]. By not excluding the contribution from any ion, φLi (r) is
the potential field generated by a periodic array of ions. Because the total charge
density field

ρL(r) =
∑
rC

N∑
i=1

ρLi (r + rC) (A.46)

is a periodic function, so is φL(r). Hence it makes sense to Fourier transform φL(r)
to the reciprocal space. Let ρ̂L(k) and φ̂L(k) be the Fourier transform of ρL(r) and
φL(r) respectively, i.e.,

ρ̂L(k) =
ˆ
V
ρL(r) e−ik·rd3r (A.47)

φ̂L(k) =
ˆ
V
φL(r) e−ik·rd3r (A.48)

where the integral is over the volume V of the supercell. The inverse Fourier
transform is

ρL(r) = 1
V

∑
k
ρ̂L(k) eik·r (A.49)

φL(r) = 1
V

∑
k
φ̂L(k) eik·r (A.50)

The summation is over the reciprocal lattice of the real lattice defied by the base
vectors a1, a2, a3. The potential field and the charge distribution are related to each
other by the Poisson’s equation

∇2φL(r) = −ρ
L(r)
ε0

(A.51)
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which can be transformed into reciprocal space to give

k2φ̂L(k) = ρ̂L(k)
ε0

(A.52)

where k2 = k · k. Hence our strategy of computing EL is the following:

(1) first, we obtain φ̂L(k), as the Fourier transform of the charge density ρL(r);

(2) dividing the result by k2ε0, we obtain φ̂L(k), the Fourier transform of the long
range potential φL(r);

(3) the long-range potential in real space φL(r) is then obtained by inverse Fourier
transform;

(4) φL(r) finally gives rise to EL.

This passages are embodied by the following expressions

ρL(r) =
∑
rC

N∑
j=1

qjgσ2I3(r− rj + rC) (A.53)

ρ̂L(k) =
ˆ
V

N∑
j=1

qjgσ2I3(r− rj + rC) e−ik·r d3r = (A.54)

=
N∑
j=1

qj

ˆ
IR3

gσ2I3(r− rj) e−ik·r d3r = (A.55)

=
N∑
j=1

qje
−ik·rje−σ

2k2/2 (A.56)

In the above derivation, we have used the fact that k is a reciprocal vector and
exp (−ik · rC) = 1. Notice that

ρ̂Lj (k) = qje
−ik·rje−σ

2k2/2 (A.57)

is the Fourier transform of ρLi (r) and

ρ̂L(k) =
N∑
i=1

ρ̂Li (k) (A.58)

The potential field in reciprocal space is

φ̂L(k) = 1
ε0

N∑
j=1

qje
−ik·rj

e−σ
2k2/2

k2 (A.59)

Now applying inverse Fourier transform, we get
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φL(r) = 1
V

∑
k 6=0

φ̂L(k) eik·r = (A.60)

= 1
ε0V

∑
k 6=0

N∑
j=1

qje
ik·(r−rj) e

−σ2k2/2

k2 (A.61)

The contribution to the k = 0 term is zero if the super-cell is charge neutral, i.e.∑N
i qi = 0. The long-range interaction energy is

EL = 1
2

N∑
i

qiφL(ri) = (A.62)

= 1
2ε0V

∑
k 6=0

N∑
i=1

N∑
j=1

qiqje
ik·(ri−rj) e

−σ2k2/2

k2 (A.63)

For convenience, let us define the structure factor S(k) of the charge distribution

S(k) :=
N∑
i

qie
ik·ri (A.64)

Then the long-range interaction energy can be simply expressed as

EL = 1
2ε0V

∑
k 6=0

e−σ
2k2/2

k2 |S(k)|2 (A.65)

A.1.6 The final result

Combining Eqs. A.42, A.45, A.65, the total Coulomb interaction energy can be
finally written as

E = ES + EL − Eself =

= 1
2

1
4πε0

∑
rC

N∑
i=1

N∑
j=1

′ qiqj
|ri − rj + rC |

erfc
( |ri − rj + rC |

σ
√

2

)
+

+ 1
2ε0V

∑
k 6=0

e−σ
2k2/2

k2 |S(k)|2 +

− 1
4πε0

1√
2πσ2

N∑
i=1

q2
i (A.66)

The summation for ES[i] is short-ranged in the real space (it is truncated by the erfc
function) and the summation for EL is short-ranged in the reciprocal space (it is
truncated by the exponential term e−σ

2k2/2).

A.1.7 Implementation issues

In MD simulations, we need to compute not only the interaction energy E, but also
the forces on the ions due to this interaction. The force on ion j is
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fj = −∂E
∂rj

= −∂E
S

∂rj
− ∂EL

∂rj
= fSj + fLj (A.67)

The short-range force fSj is essentially the force due to the pair potential φ(r) ∝
erf
(

r
σ
√

2

)
and can be computed directly from a sum in real space. The long-range

force fLj can be computed by evaluating the derivative of the structural factor

∂S(k)
∂rj

= ikqjeik·rj (A.68)

and then applying the chain rule

fLj = 1
2ε0V

∑
k 6=0

e−σ
2k2/2

k2

[
S∗(k) ∂S(k)

∂rj
+ S(k) ∂S

∗(k)
∂rj

]
(A.69)

The method described above is called the Classical Ewald (CE) method [242, 243,
244], whose computational cost scales as O

(
N3/2

)
(with optimal choice of σ for each

N). The Particle Mesh Ewald (PME) method [245] is a more advanced method
which scales as O(N log(N)). Hence PME is more efficient than CE in the limit of
large N .

A.2 Alternative derivation of Ewald summation
Suppose we would like to compute the potential field generated by point charge qi
at ri and its periodic images. The result is

ϕi(r) = 1
4πε0

∑
rC

qi
|r− ri + rC |

(A.70)

This summation is actually divergent. But the divergent component is due to a
constant term which keeps building up along the sum and this constant will disappear
if we sum up the potential field of a collection of point charges whose total charge is
zero, which we will assume will always be the case. Its Fourier transform is

ϕ̂i(k) = qi
ε0k2 e

−ik·ri (A.71)

Notice that the k = 0 term is ill-defined, which corresponds to the constant term in
real-space potential ϕ(r). If we want to obtain the total energy, we may sum over
the k vector over the reciprocal space, but the summation over the reciprocal space
is also conditionally convergent. To construct an absolutely convergent summation,
we use the mathematical identity

ˆ +∞

0
e−k

2t dt = 1
k2 (A.72)

Hence

ϕ̂i(k) = qi
ε0
e−ik·ri

ˆ +∞

0
e−k

2t dt (A.73)
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Next we break the integral into two parts and assign them to the short- and long-range
part of the potential field, as follows

ϕ̂i(k) = ϕ̂S(k) + ϕ̂L(k) = qi
ε0
e−ik·ri

[ˆ +η

0
e−k

2t dt+
ˆ +∞

η
e−k

2t dt
]

(A.74)

ϕ̂Si (k) = qi
ε0
e−ik·ri

ˆ +η

0
e−k

2t dt (A.75)

ϕ̂Li (k) = qi
ε0
e−ik·ri

ˆ +∞

η
e−k

2t dt (A.76)

The long-range potential can be integrated analytically to give

ϕ̂Li (k) = qi
ε0k2 e

−ik·rie−ηk
2 (A.77)

With η = σ2/2, this expression is connected to the expression of EL discussed in
Section A.1.5 (eq. A.63). The next step is to convert ϕ̂S(k) to the real space. We
do so by inverse Fourier transform.

ϕSi (r) = 1
V

∑
k
φ̂S(k) eik·r = (A.78)

= 1
V ε0

∑
k

ˆ η

0
eik·(r−ri)e−k

2t dt = (A.79)

= 1
V ε0

ˆ η

0

∑
k
eik·(r−ri)e−k

2t dt (A.80)

Notice that, in the last step, the summation is simply the inverse Fourier transform
of a Gaussian distribution, identifying t with σ2/2. Hence

ϕSi (r) = 1
ε0

∑
rC

ˆ η

0

e−|r−ri+rC |2/4t√
(4πt)3

dt = (A.81)

= 1
4πε0

∑
rC

qi
|r− ri + rC |

erfc
(
|r− ri + rC |

2√η

)
= (A.82)

= 1
4πε0

∑
rC

qi
|r− ri + rC |

erfc
( |r− ri + rC |

σ
√

2

)
(A.83)

This expression is connected to the expression of ES discussed in Section A.1.4
(eq. A.42). The one developed in this section is a “standard” derivation of Ewald
summation in many papers and books. It makes use of the “magical” split of
1/k2 into two integrals, given in eq. A.76. This approach may be mathematically
appealing to some readers but may look like “black-magic” to others who are looking
for more physical intuition.
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Appendix B

Mathematical tools

B.1 Taylor series (single-variable scalar function)
Using the following notation for higher-order derivatives

f

n times︷ ︸︸ ︷
′′. . . ′ (a) = f (n)(a) = dnf(x)

dxn

∣∣∣∣
x=a

with f (0)(a) = f(a) (B.1)

the Taylor series1 of a function f(x) at the point x = a is the infinite sum defined as

f(x) =
+∞∑
n=0

1
n! f

(n)(a) (x− a)n = (B.2)

= f(a) + f ′(a) (x− a) + 1
2f
′′(a) (x− a)2 + . . . (B.3)

Notice how the Taylor series itself is a function of x. For most common functions,
the Taylor series converges and its sum is equal to the original function.

The partial sum obtained by keeping the first n terms of a Taylor series is a
polynomial of degree n, called the n-th Taylor polynomial of the function. Taylor
polynomials are approximations of the starting function, which become increasingly
more accurate with n: truncating the series at n, introduces an error of order
O
(
(x− a)n+1

)
. Therefore, the approximation is valid only near the expansion point.

Renaming the variables in the following way, a −→ x and x −→ a, one gets:

f(a) =
+∞∑
n=0

1
n! f

(n)(x) (a− x)n (B.4)

Then, noting that a can be always expressed with respect of x as a = x+ δx (δx
can be positive or negative), the previous equation becomes:

f(x+ δx) =
+∞∑
n=0

1
n! f

(n)(x) δxn = (B.5)

= f(x) + f ′(x) δx+ 1
2f
′′(x) δx2 + . . . (B.6)

1if x = 0, the Taylor series is also called Maclaurin series.
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The one above is the so-called incremental form of the Taylor series expansion. It is
fully equivalent to eq. B.2, yet it gives it a different twist which proves to be more
effective, putting greater emphasis on the distance δx between the evaluation and
the expansion point.

B.2 Taylor series (multivariable scalar function)
The Taylor series can also be defined for a scalar function of n variables f(x), where
x = (x1, x2, . . . , xn) is a n-tuple representing a point in IRn. It is worth recalling
that a point in IRn can be equivalently identified with the bound vector whose
terminal point is the given one and initial point is the origin: the latter point x can
be legitimately confused with the column vector x = [x1, x2, . . . , xn]T . Using the
above notation for the gradient and its higher-order analogues

∇f(x) = ∂

∂x
f(x) =

[
∂f(x)
∂x1

,
∂f(x)
∂x2

, . . . ,
∂f(x)
∂xN

]T
(B.7)

∇(n) = ∇⊗∇⊗ . . .⊗∇︸ ︷︷ ︸
n times

= ∂

∂x
⊗ ∂

∂x
⊗ . . .⊗ ∂

∂x︸ ︷︷ ︸
n times

(B.8)

and defyining a vector of increments as

δx = [δx1, δx2, . . . , δxN ]T (B.9)

the incremental form of the Taylor series of f(x) is

f(x+ δx) =
+∞∑
n=0

1
n! ∇

(n)f(x) :

δx⊗ δx⊗ . . .⊗ δx︸ ︷︷ ︸
n times

 = (B.10)

= f(x) + f ′(x) · δx+ 1
2f
′′(x) : (δx⊗ δx) + . . . = (B.11)

= f(x) +
n∑
i=1

∂f(x)
∂xi

δxi +
n∑
i=1

n∑
j=1

∂f(x)
∂xi∂xj

δxiδxj + . . . (B.12)

where "·" is the scalar product between two vectors of IRn, while ":" represents the
complete contraction between two equal-rank tensors. Also, the components of the
displacement tensor δx⊗ δx⊗ . . .⊗ δx are simplyδx⊗ δx⊗ . . .⊗ δx︸ ︷︷ ︸

i times


α1α2...αi

= δxα1δxα2 . . . δxαi with 1 ≤ α1, α2, . . . , αi ≤ n

(B.13)

Renaming the gradient as follows

g = gf (x) = ∇f(x) = ∂

∂x
f(x) (B.14)



B.3 The Gaussian integral 137

and introducing the Hessian matrix2

H = Hf (x) = ∇g(x) = ∂

∂x
g(x) = ∇⊗∇f(x) = ∂

∂x
⊗ ∂

∂x
f(x) = (B.15)

=



∂2f(x)
∂x2

1

∂2f(x)
∂x1∂x2

. . .
∂2f(x)
∂x1∂xN

∂2f(x)
∂x2∂x1

∂2f(x)
∂x2

2
. . .

∂2f(x)
∂x2∂xN

...
... . . . ...

∂2f(x)
∂xN∂x1

∂2f(x)
∂xN∂x2

. . .
∂2f(x)
∂x2

N


(B.16)

the Taylor series can also be expressed as

f(x+ δx) = f(x) + gT · δx+ 1
2δx

T ·H · δx+ . . . (B.17)

B.3 The Gaussian integral
The Gaussian integral, named after the German mathematician Carl Friedrich Gauss,
is

ˆ +∞

−∞
e−x

2
dx =

√
π (B.18)

The most widely known proof of this, due to Simeon Denis Poisson and popularized
by Jacob Karl Franz Sturm, consists in expressing the square of the Gaussian integral
as a double integral and then using polar coordinates, as follows:(ˆ +∞

−∞
e−x

2
dx

)2

=
(ˆ +∞

−∞
e−x

2
dx

)(ˆ +∞

−∞
e−y

2
dy

)
= (B.19)

=
ˆ +∞

−∞
dx

ˆ +∞

−∞
dy e−(x2+y2) (B.20)

Here we apply the transformation to polar coordinates

x = x(r, θ) = r cos θ (B.21)
y = y(r, θ) = r sin θ (B.22)

The Jacobian associated to the above coordinate transformation is

J(r, θ) = ∂(x, y)
∂(r, θ) =


∂x

∂r

∂x

∂θ

∂y

∂r

∂y

∂θ

 =
[
cos θ −r sin θ
sin θ r cos θ

]
(B.23)

2here the denominator-layout notation is used (cfr. "Matrix calculus" on Wikipedia)
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and its determinant is simply equal to

detJ(r, θ) = r cos2 θ + r sin2 θ = r (B.24)

Going back to eq. B.20, we are now able to find(ˆ +∞

−∞
e−x

2
dx

)2

=
ˆ +∞

−∞
dx

ˆ +∞

−∞
dy e−(x2+y2) = (B.25)

=
ˆ +∞

0
dr

ˆ 2π

0
dθ |detJ(r, θ)| e−r2 = (B.26)

=
ˆ +∞

0
dr

ˆ 2π

0
dθ re−r

2 = (B.27)

= 2π
ˆ +∞

0
re−r

2
dr = (B.28)

= π

ˆ +∞

0
e−r

2
d
(
r2
)

= π (B.29)

Equating the first and last terms in the previous chain of derivations and extracting
the square root on both sides, gives exactly eq. B.18. Just a quick note: the improper
integrals were just assumed to be well-behaved, as they actually are, and so no
comment was made about their convergence. It is a thorny topic, which would
require too much sidetracking to be properly treated here and also that is best to
leave to a mathematician to handle.3
Two immediate extensions of the Gaussian integral are:
ˆ +∞

−∞
e−a(x+b)2

dx = 1√
a

ˆ +∞

−∞
e−a(x+b)2

d
(√
a (x+ b)

)
=
√
π

a
(B.30)

ˆ +∞

−∞
e−ax

2+bx+c dx =
ˆ +∞

−∞
exp

{[
−a
(
x− b

2a

)2
+ b2

4a + c

]}
dx =

√
π

a
exp

{(
b2

4a + c

)}
(B.31)

B.4 The n-dimensional Gaussian integral
The Gaussian integral can be generalized even further, extending it to higher
dimensions. Using the following notation for the volume element of IRn in Cartesian
coordinates

dx = dnx = dx1dx2 . . . dxn (B.32)

the n-dimensional Gaussian integral (with a linear term4) is defined as
3just as a reference, the essential tools one wants to refer to when dealing with the convergence

of improper integrals are: Cauchy’s principal value, Lebesgue’s dominated convergence theorem and
the squeeze theorem.

4we prove directly the harder case in order to spare space and time, since the simpler one (and
its proof as well) can be immediately deducted from it.
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ˆ
IRn

exp
{(
−1

2x
TAx+ bTx

)}
dx =

ˆ
IRn

exp


−1

2

n∑
i,j=1

Aijxixj +
n∑
k=1

bkxk

 dnx
(B.33)

where A is a n× n positive-definite (hence invertible) real symmetric matrix, while
x and b are n-dimensional vectors.5 A real symmetric square matrix has all real
entries and is equal to its transpose; that is, A satisfies

A = AT (B.34)

Notice how, with these definitions, the exponent in eq. B.33 is a scalar, except it
now contains n independent variables xi for i = 1, . . . , n rather than just one that
has been considered so far. Before proceeding forward, I recall here the formulas for
the transpose and the inverse of the product of two generic n×n matrices A and B:

(AB)T = BTAT (B.35)
(AB)−1 = B−1A−1 (B.36)

In order to solve B.33, we have to appeal to the spectral theorem for real self-adjoint
(i.e. real symmetric) matrices, such isA. The theorem states that any real symmetric
matrix always possess a full set of real eigenvalues and so can be decomposed in the
following form

A = O−1DO = OTDO (B.37)

where D is a diagonal matrix whose diagonal elements are the eigenvalues of A, and
O is an orthogonal matrix, that is a matrix such that

O−1 = OT . (B.38)

The linear transformation associated to an orthogonal matrix preserves the inner
product between vectors, i.e. lengths. In fact, since the squared length of a n-
dimensional vector v, written with respect to an orthonormal basis, is vTv, the
following holds

vTv = (Ov)T (Ov) = vTQTQv (B.39)

Therefore, an orthogonal matrix acts as an isometry, and more specifically a (pure
or) proper rotation, a pure reflection or a combination of the two, called an improper
rotation. As futher confirmation of this, the determinant of any orthogonal matrix
is either +1 or −1 (the reverse is not true)

1 = det{I} = det
{(
OTO

)}
=
(
det
{
OT

})
(det{O}) = (det{O})2 , (B.40)

with I being the identity matrix. The +1 corresponds to proper rotations, while −1
to pure reflections or, in general, improper rotations. The minus sign comes from
the fact that improper rotations reverse (flip) the orientation.

5unless otherwise stated, bold upper-case letters indicate matrices, whilst bold lower-case letters
indicate vectors.
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Having laid the necessary groundwork, we are now equipped accordingly to tackle
the n-dimensional Gaussian integral. First, we will simplify it through the following
change of variables

y = Ox , (B.41)

(so yT = xTOT ), with the inverse transformation given by

x = O−1y = OTy . (B.42)

The associated Jacobian is just

J(y1, y2, . . . yn) = ∂(x1, x2, . . . xn)
∂(y1, y2, . . . yn) = OT , (B.43)

hence we already now its determinant

detJ(y1, y2, . . . yn) = detOT = ±1 . (B.44)

The ambiguity of the sign is linked to the fact that the orientation of the integration
domain gets inverted for improper rotations. However, apart from the sign, the value
of the integral remains the same. Except for specific and more abstract contexts,
one usually does not care about orientation, and that is precisely the reason why
only the absolute value of the Jacobian is taken into consideration when changing
variables. Having clarified that, we evidently have

dx = |detJ(y1, y2, . . . yn)| dy = dy . (B.45)

The above substitution, along with eq. B.37, will reshape the exponent of B.33 into

−1
2x

TAx+ bTx = −1
2x

T
(
OTDO

)
x+ bTx = (B.46)

= −1
2
(
xTOT

)
D
(
Ox

)
+ bTx = (B.47)

= −1
2y

TDy + bTOTy = (B.48)

= −1
2y

TDy + (Ob)T y (B.49)

Plugging this back into eq. B.33, one getsˆ
IRn

exp
{(
−1

2x
TAx+ bTx

)}
dx =

ˆ
IRn

exp
{(
−1

2y
TDy + (Ob)T y

)}
dy =

(B.50)

=
ˆ

IRn
exp

{(
−1

2

n∑
i=1

Diiy
2
i +

n∑
k=1

(Ob)k yk

)}
dny = (B.51)

=
ˆ

IRn
exp

{(
n∑
i=1

[
−1

2Diiy
2
i + (Ob)i yi

])}
dny = (B.52)

=
n∏
i=1

[ˆ +∞

−∞
exp

{(
−1

2Diiy
2
i + (Ob)i yi

)}
dyi

]
= (B.53)

=
(

n∏
i=1

√
2π
Dii

)
exp

{(
n∑
i=1

(Ob)2
i

2Dii

)}
(B.54)
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That is, the n-dimensional Gaussian integral has decoupled into a product of n
independent one-dimensional ones, each of the form B.31. The last term cab be
further massaged into a more appealing form. First, taking the determinant of eq.
B.37, one (re)discovers that

detA = detD =
n∏
i=1

Dii . (B.55)

Then, from eq. B.36 and B.37, one can write

A−1 = O−1D−1O = OTD−1O , (B.56)

and since the inverse of a diagonal matrix is another diagonal matrix whose diagonal
elements are the reciprocacals of the original ones(

D−1
)
ii

= 1
Dii

, (B.57)

one can do the following manipulation
n∑
i=1

(Ob)2
i

2Dii
= 1

2 (Ob)T D−1 (Ob) = (B.58)

= 1
2b

TOTD−1Ob = (B.59)

= 1
2b

T
(
OTD−1O

)
b = (B.60)

= 1
2b

TA−1b (B.61)

Finally, the n-dimensional Gaussian integral with a linear term is equal to

ˆ
IRn

exp
{(
−1

2x
TAx+ bTx

)}
dx =

√
(2π)n

detA exp
{(1

2b
TA−1b

)}
(B.62)

The plain n-dimensional Gaussian integral is readily recovered by setting b = 0

ˆ
IRn

exp
{(
−1

2x
TAx

)}
dx =

√
(2π)n

detA . (B.63)

B.5 The Gaussian function
The Gaussian function, or simply gaussian, also named after Carl Friedrich Gauss,
will be defined in the context of this thesis as follows

gσ(x) = g(x;σ) := 1√
2πσ2

exp
(
− x2

2σ2

)
(B.64)

Different definitions, involving alternative choices of parameters and/or numerical
coefficients, are utterly equivalent; they generally arise depending on the convention
used, the scientific area or even, as in this case, local convenience.
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The above definition corresponds, according to probability theory, to a gaussian
distribution6 with zero mean (µ = 0) and variance σ2 (or, equivalently, standard
deviation σ). In order to change the mean µ, one just has to translate the function

gσ(x− µ) = g(x− µ;σ) 1√
2πσ2

exp
[
−(x− µ)2

2σ2

]
(B.65)

Note how the mean µ is not a parameter of the gaussian, only the variance is. The
reason behind this choice will be clear in the section about the Dirac delta function.

For later convenience, I will evaluate here the following integral involving the gaussian
ˆ +∞

−∞
(x− y)k gσ(x− y) dx, (B.66)

where k is a positive integer. Such integrals correspond to the (plain) moments of
integer order k of a normally distributed (mean y and variance σ2) random variable.

If k is odd, i.e. k = 2n + 1 with n = 1, 2, 3, . . ., by the symmetry around the
vertical axis, eq. B.66 identically vanish

ˆ +∞

−∞
(x− y)2n+1 gσ(x− y) dx = 0, n = 1, 2, . . . . (B.67)

If k is even, things get a little bit trickier. Let us consider the special case k = 2
first: using integration by parts, one gets

ˆ +∞

−∞
(x− y)2 gσ(x− y) dx = (B.68)

=
ˆ +∞

−∞
−σ2 (x− y) d

dx

[
gσ(x− y)

]
dx = (B.69)

= σ2
ˆ +∞

−∞

{
d

dx

[
− (x− y) gσ(x− y)

]
+ gσ(x− y)

}
dx = (B.70)

= σ2
ˆ +∞

−∞
gσ(x− y) dx = σ2. (B.71)

Such approach can be extended, with a little care, to the general case, i.e. k = 2n
with n = 1, 2, 3, . . ., as follows
ˆ +∞

−∞
(x− y)2n gσ(x− y) dx = (B.72)

= σ2
ˆ +∞

−∞

{
d

dx

[
− (x− y)2n−1 gσ(x− y)

]
+ (2n− 1) (x− y)2n−2 gσ(x− y)

}
dx =

(B.73)

= σ2 (2n− 1)
ˆ +∞

−∞
(x− y)2n−2 gσ(x− y) dx . (B.74)

6normalization follows easily from eq. B.30
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At this point, the strategy should be clear: one just has to integrate by parts for
n times consecutively, in order to annihilate the (x− y)2n factor multiplying the
gaussian
ˆ +∞

−∞
(x− y)2n gσ(x− y) dx = (B.75)

= σ2 (2n− 1)
ˆ +∞

−∞
(x− y)2n−2 gσ(x− y) dx = (B.76)

= σ4 (2n− 1) (2n− 3)
ˆ +∞

−∞
(x− y)2n−4 gσ(x− y) dx = (B.77)

= σ6 (2n− 1) (2n− 3) (2n− 5)
ˆ +∞

−∞
(x− y)2n−6 gσ(x− y) dx = (B.78)

...
= σ2n (2n− 1)!! . (B.79)

So, to summarize
ˆ +∞

−∞
(x− y)k gσ(x− y) dx =

{
0 if k is odd,
σk (k − 1)!! if k is even.

(B.80)

B.6 The Fourier transform of a Gaussian function
Eq. B.31 allows to easily evaluate the Fourier transform of a Gaussian function, as
follows

ˆ +∞

−∞
gσ(x) e−ikx dx = 1√

2πσ2

ˆ +∞

−∞
exp

[
− x2

2σ2

]
e−ikx dx = (B.81)

= 1√
2πσ2

ˆ +∞

−∞
exp

[
− x2

2σ2 − ikx
]
dx = (B.82)

= 1√
2πσ2

√
2πσ2e−σ

2k2/2 = e−σ
2k2/2 (B.83)

The general case (µ 6= 0) can be recovered from this result using the translation
property of the Fourier transform.

B.7 The n-dimensional Gaussian function
Just for the sake of completeness, I will define here the n-dimensional Gaussian
function using the same conventions employed in Sec. B.5. The generalization to n
dimensions of B.64 is

gΣ(x) = g(x; Σ) = 1√
(2π)n det Σ

exp
(
−1

2x
TΣ−1x

)
, (B.84)
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where now x is a n-dimensional vector and Σ is a n × n positive-definite (hence
invertible) real symmetric matrix, called the covariance matrix. The equation above
reduces to the one-dimensional one if Σ is a 1× 1 matrix, i.e. a single real number.

Again, this definition corresponds, according to probability theory, to a multi-
variate gaussian distribution7 with zero mean (µ = 0) and covariance matrix Σ.
Analogously to eq. B.65, the mean can be changed through a translation

gΣ(x− y) = 1√
(2π)n det Σ

exp
[
−1

2 (x− y)T Σ−1 (x− y)
]
. (B.85)

B.8 The Fourier transform of a n-dimensional Gaussian
function

Analogously to what was done in Sec. B.6, using eq. B.62 one can easily evaluate
the Fourier transform of a n-dimensional Gaussian function, as follows
ˆ

IRn
exp

{(
−1

2x
TAx

)}
e−ik·x dx =

ˆ
IRn

exp
{(
−1

2x
TAx− ikTx

)}
dx = (B.86)

=

√
(2π)n

detA exp
{(
−1

2k
TA−1k

)}
(B.87)

Again, the general case (b 6= 0) can be recovered from this result using the translation
property of the Fourier transform.

B.9 The Dirac delta function
The Dirac delta function δ(x) is a generalized function (or distribution) conceived by
the physicist Paul Audrien Maurice Dirac in order to model ideal finite distributions
of mass or charge, for example, concentrated in a single point in space. A regular
function able to describe such hypothetical system does not exist. So, despite the
name, the Dirac delta function is not a function. However, mathematically is still
possible to formalize and validate the concept Dirac bore in mind. I will try to sketch
the idea behind the Dirac delta, starting with considering the following integral

lim
σ→0

ˆ +∞

−∞
gσ(x− y) f(x) dx (B.88)

Using the (original) Taylor series (eq. B.2), f(x) can expressed as

f(x) =
+∞∑
k=0

1
k! f

(k)(y) (x− y)k = (B.89)

= f(y) + f ′(y) (x− y) + 1
2f
′′(y) (x− y)2 + . . . . (B.90)

Then, noting that eq. B.80 implies
7normalization follows from eq. B.63



B.9 The Dirac delta function 145

ˆ +∞

−∞
(x− y)k gσ(x− y) dx =

0 if k is odd,
O
(
σk
)

if k is even.
(B.91)

the integral B.88 can be solved as follows

lim
σ→0

ˆ +∞

−∞
gσ(x− y) f(x) dx = lim

σ→0

ˆ +∞

−∞
gσ(x− y)

[+∞∑
k=0

1
k! f

(k)(y) (x− y)k
]

=

(B.92)

=
+∞∑
k=0

[
1
k! f

(k)(y)
(

lim
σ→0

ˆ +∞

−∞
(x− y)k gσ(x− y) dx

)]
= (B.93)

= f(y) + lim
σ→0
O
(
σ2
)

= f(y) (B.94)

The point was not solving the integral, but rather, taking the fist and last terms of
the previous derivation, to show that

lim
σ→0

ˆ +∞

−∞
gσ(x− y) f(x) dx = f(y) , (B.95)

because, by analogy, the Dirac delta function is often defined as the function satisfying
ˆ +∞

−∞
δ(x− y) f(x) dx = f(y) . (B.96)

But the thing is: there is no true function for which the above property holds.
Actually, it is even worse: no mathematical object can be rigorously defined to match
the role of δ(x− y) in eq. B.96. As a result, eq. B.96 is not a standard (Riemann or
Lebesgue) integral, but rather just a (very) convenient, and consequently ubiquitous,
abuse of notation. The right way to consistently capture the notion of the Dirac
delta function is through more sophisticated mathematical theories, such as measure
theory or the theory of distributions, but at the price of more abstraction and less
practicality.

The message I would like to pass here is that eq. B.96 seizes the spirit of the Dirac
delta, but it should not be taken as a literal definition because is not mathematically
true. On the other hand, eq. B.95 is. So, basically, we have proven that the weak
limit of a linear functional based on a Gaussian, as its σ approaches to zero, behaves
exactly as we would like the Dirac delta to. Weak limit means that the limit has to
be taken after performing the integration, i.e. that the limit and integral operations
can not be inverted; hence the convergence is on the functional, not on the function.
Sure, it is not great, we wish we had a stronger condition, but it is still better than
nothing. Essentially, what all this tells us is that we can use and write eq. B.96 for
convenience, yet when we do, we must always keep in mind that what we actually
mean is eq. B.95, i.e. that there is always an hidden limit lurking around outside
the integral. Eq. B.95 actually holds for other functions too; a few notable examples
are the Lorentzian function

lγ(x) = 1
π

γ

x2 + γ2 , (B.97)
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the sinc function

sincn(x) = n

π
sinc(nx) , (B.98)

the rectangular function

rect∆(x) =



0 for x < − 1
2∆ ,

∆ for − 1
2∆ ≤ x ≤

1
2∆ ,

0 for x > 1
2∆ .

(B.99)

B.10 The Fourier transform of the Dirac delta function
For the sake of completeness, it is reported here the (trivial) Fourier transform of
the Dirac delta function:

ˆ +∞

−∞
δ(x) e−ikxdx = 1 . (B.100)

B.11 The n-dimensional Dirac delta function
The concept of Dirac delta can be extended to n dimensions quite straightforwardly;
in fact, following the same steps of the previous section, one can prove

lim
σ→0

ˆ
IRn

gσ(x− y) f(x) dx = f(y) (B.101)

where gσ(x− y) is defined as follows

gσ(x− y) = 1
(2πσ2)n/2

exp
(
−|x− y|

2

2σ2

)
= (B.102)

= 1
(2πσ2)n/2

exp
(
−(x1 − y1)2 + (x2 − y2)2 + . . .+ (xn − yn)2

2σ2

)
=

(B.103)

=
n∏
i=1

1√
2πσ2

exp
(
−(xi − yi)2

2σ2

)
= (B.104)

=
n∏
i=1

gσ(xi − yi) . (B.105)

Basically gσ(x− y) is the product of n independent Gaussians with different mean
but the same variance σ2. This allows to expand the multiple integral on the
left-hand side of eq. B.101 into
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ˆ
IRn

gσ(x− y) f(x) dx = (B.106)

=
ˆ +∞

−∞
dx1 gσ(x1 − y1) · (B.107)

ˆ +∞

−∞
dx2 gσ(x2 − y2) · (B.108)

. . . (B.109)ˆ +∞

−∞
dxn gσ(xn − yn) f(x1, x2, . . . , xn) (B.110)

which suggests, sticking to the (abusive) notation of eq. B.96, to write

δ(x− y) = δ(x1 − y1) δ(x2 − y2) . . . δ(xn − yn) . (B.111)

B.12 The Fourier transform of the n-dimensional Dirac
delta function

Finally, just as already done for the one-dimensional case (and the single- and
multi-dimensional Gaussian functions), we show here the Fourier transform of the
n-dimensional Dirac delta function:ˆ

IRn
δ(x) e−ik·xdx = 1 (B.112)
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