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Abstract We investigate the quantum dynamics of the
quasi-isotropic inflationary solution. This is achieved by
deriving the Lagrangian and Hamiltonian for both the FLRW
background and the inhomogeneous correction, via an expan-
sion of the Einstein—Hilbert action up to second order in the
perturbation amplitudes. Then we implement a semiclassi-
cal WKB scenario for which the inhomogeneous component
of the Universe is treated as a “small” quantum subsystem,
evolving on the classical isotropic background. Starting from
the Wheeler-DeWitt equation, we recover a Schrodinger
dynamics for the perturbations, in which the time dependence
of the wave function emerges thanks to the classicality of the
background, and we solve it for an inflationary phase. The
main result of this paper is to show that, while the scalar com-
ponent of the power spectrum has the standard scale invari-
ant profile, the tensor one results to be not constrained by
the inflationary expansion, apart from an overall normaliza-
tion factor which guarantees a small tensor-to-scalar ratio.
This means that the spatial distribution of the quasi-isotropic
correction to the metric remains preserved, with the con-
sequence that some information about the pre-inflationary
Universe survives to the de Sitter expansion.

1 Introduction

The isotropic Universe, as described by the Robertson—
Walker geometry [1-3], models a large part of the present
Universe evolution, as confirmed by the nucleosynthesis
of the light elements [4] and, overall, the isotropy of the
microwave background temperature [5].

However, as outlined mainly by the activity of the Landau
School, the Robertson—Walker geometry is far from being
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the most general dynamical approach to the cosmological
singularity [3,6-9].

An interesting generalization of the isotropic Universe has
been derived in [10] by Lifshitz and Khalatnikov, where, by a
Taylor expansion in the synchronous time of the metric com-
ponent, it was constructed the so-called quasi-isotropic solu-
tion. Its physical meaning is given by the fact that it represents
the most generic spatially inhomogeneous generalization of
the FLRW model in which the spacetime is locally FLRW-
like near the cosmological singularity. This solution, existing
in the presence of ultrarelativistic matter, contains three phys-
ically arbitrary functions of the spatial coordinates and the
metric splits into a background isotropic-like component and
a small correction, controlled by a different scale factor with
respect to the background one. This solution has a certain
degree of isotropy, although being an inhomogeneous cos-
mology. For other generalizations of the quasi-isotropic solu-
tion in the presence of a scalar field, of viscous dissipation
and during the de Sitter phase, see [11-13] respectively. It
is worth remarking that, for such different physical contexts,
the quasi-isotropic solution is no longer a Taylor expansion
of the three-metric in the synchronous time, but it retains the
same structure with two (one larger and one smaller) scale
factors, having, in principle, generic functional form, as a
result of the dynamics — for instance, in the presence of a
scalar field these scale factors are suitable power laws. Here,
we study the quasi-isotropic solution during a de Sitter phase
of the Universe and in the presence of an inhomogeneous
quantum scalar field. In other words, we are considering the
generation of the primordial inflaton and gravitational field
fluctuations during the inflationary expansion [4, 14].

The peculiar point of our analysis consists of treating the
correction, due to the small scale factor (actually, the ratio of
the smaller to the larger scale factor), as a quantum degree
of freedom.
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We implement to our model the ideas discussed in [15, 16],
see also [17]. That is, we treat the inhomogeneous cor-
rection to the metric and the scalar field as a “small”
quantum subset, living on the classical isotropic back-
ground. Thus, from a WKB expansion in the Planck constant
of the Wheeler-DeWitt (WDW) equation and implement-
ing a Born—Oppenheimer-like approximation, we recover a
Schrodinger-like dynamics for the two quantum degrees of
freedom, where the time dependence of the wave function
comes out from the dependence of the background metric on
the label time (for a critical analysis and a reformulation of
this scheme, when the WKB expansion is extended to higher
orders, see [18,19]).

After adetailed construction of the Lagrangian and Hamil-
tonian for the model, as splitted into the zero, first and sec-
ond order of approximation in the perturbation variables, we
derive the quantum dynamics of the metric (actually a ten-
sor degree of freedom) and the scalar field. To deal with a
gauge invariant formulation, we adopt the Mukhanov—Sasaki
variable for the scalar component, and we retain as factorized
between a time dependent and a space dependent function the
tensor degree of freedom. In other words, preserving also on a
quantum level the structure of the quasi-isotropic solution has
the non-trivial implication that the spatial dependence of the
metric is not coupled to the quantum evolution of the tensor
component. The scalar field is, instead, treated as an intrin-
sically inhomogeneous degree of freedom and it is analyzed
via a Fourier decomposition, leading to a mini-superspace
dynamics for each independent mode.

The main result of the present study is to outline the real
nature of the primordial spectrum, associated to the proposed
dynamical scenario. In particular, while the scalar field, i.e.
the scalar component of the spectrum, corresponds to the
usual scale invariant profile of the predicted spectrum, the
tensor component preserves the generic fingerprint contained
in the space dependence of the quasi-isotropic correction, and
we show that such a contribution is smaller than the scalar
one (the tensor-to-scalar ratio remains much less than unity),
but it is not suppressed.

The merit of the present analysis is to demonstrate that,
under suitable conditions, corresponding to the validity of
the quasi-isotropic scheme also in the WKB scenario here
discussed, it is possible that a pre-inflationary information
survives to the de Sitter expansion of the Universe. In fact,
the inhomogeneous component of the tensor perturbation is
not fixed by the slow-rolling evolution, but it contains, in
the Fourier transform of the original space dependence, an
arbitrary shape, in principle corresponding to non-gaussian
features of the tensor spectrum, to be identified by future
experiments aimed to measure the cosmological background
of gravitational waves [20] (for a review of the main mech-
anisms of gravitational wave production related to inflation
see [21]).

@ Springer

The manuscript is structured as follows. In Sect. 2 we
present the quasi-isotropic solution, both in the presence
of ultrarelativistic matter and during the de Sitter phase. In
Sect. 3 we review the quantization scheme a la Vilenkin. In
Sect. 4 we construct the gauge invariant action of the quasi-
isotropic Universe in presence of a real self-interacting scalar
field. We discuss the different nature of the scalar and tensor
degrees of freedom and derive the total Hamiltonian of the
background and perturbations. Then, in Sect. 5 we quantize
the perturbations implementing the semiclassical and Born—
Oppenheimer-like approximation. We derive a time depen-
dent Schrodinger equation for the wave function of each inde-
pendent mode and find the solution. Finally, we derive the
Power Spectrum of both the scalar and tensor perturbations.
We do this both in the case of a purely de Sitter expansion
and in the first slow-roll approximation. In Sect. 6 some con-
cluding remarks and future perspectives follow.

2 Quasi-isotropic solution

The original Lifshitz—Khalatnikov quasi-isotropic solution
[10,22] considers an inhomogeneous Universe filled by ultra-
relativistic matter nearby the cosmological singularity. The
peculiar feature of this solution consists in the fact that the
inhomogeneity is managed through a Taylor expansion of
the spatial metric y;;(¢, x) in the synchronous time.! The
idea is that, order by order, space contracts (going backward
in time) maintaining the same time dependence of linear dis-
tance changes.

Because the FLRW solution for a relativistic perfect fluid
with equation of state p = p/3 is linear in the synchronous
time ¢, the expansion should consist of integer powers of 7.
Therefore, considering only the first two terms of the expan-
sion, the quasi-isotropic spatial metric results to have the
following structure

Vij (t, %) = hij ()1 + 6 ()1 (1

All the operations of index raising and covariant differ-
entiation are made using the time-independent tensor 4;;, so
that it takes a metric role. For example 9;'. = hikg, -

The choice of a synchronous reference frame allows to
perform arbitrary transformations of the spatial coordinates,
that can be used, for example, to diagonalize 4;;. As a conse-
quence, this tensor contains only three independent compo-
nents. Then, inserting the metric (1) into the Einstein equa-
tions and solving them asymptotically for t — 0, it is possi-
ble to express all the other quantities in terms of these three
degrees of freedom. Therefore, in this context the quasi-
isotropic solution contains three physically arbitrary func-

! In the following Latin indices run through the three spatial values 1,
2, and 3, while Greek indices run through the values 0, 1, 2 and 3.
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tions of the spatial coordinates, specified by the initial con-
ditions.
In particular, 6;; is given by a linear combination of the
Ricci tensor and the scalar curvature corresponding to ;.
For what concerns the fluid, the first two terms of the
energy density expansion are given by

where 6 = 9} and kg, = 87 G is the Einstein constant. As
a consequence, the density contrast, defined as the ratio
between the first and zeroth-order energy density terms, is
linear in ¢. Therefore, the singularity is naturally approached
with a vanishing density contrast, in agreement with the stan-
dard cosmological model.

Moreover, at this level of approximation, no rotations take
place in the fluid. This is because the spatial dependence of
the velocity field u; reduces to the divergence of 0, i.e.

)
up = EVI'G, 3)
and therefore the curl of the velocity vanishes.

Finally, let us point out that the pure isotropic and homo-
geneous model results to be a special case of this solution,
for h;; corresponding to spaces of constant curvature.

2.1 Inflationary scenario

The scheme previously outlined can be applied also in the
context of inflation, with two differences: (i) the presence of
a scalar field allows to relax the assumption of expandability
in integer powers of ¢ adopted in Eq. (1); (ii) the asymp-
totic solution is searched in the limit t — o0. Therefore, we
require a three-dimensional metric tensor having the follow-
ing structure

¥ij (6, %) = a*(Ohi;(X) + b*(1)6;; (%),
= a*(O[hi;(X) + n(1)6;;(®)], 4)

where 1 = b?/a? is the square of the ratio between the scale
factor b, which governs the inhomogeneous dynamics, and
the FLRW-like scale factor a and is assumed to satisfy the
condition

Aim 7 () =0. &)

As shown in Ref. [13], the coupling between the metric (4),
a scalar field ¢ (¢, x) governed by an effective cosmologi-
cal constant A and an ultrarelativistic perfect fluid yields an
isotropic, flat and exponentially growing background metric

a(t) = a()eH"t, /’ll‘j = 5,']', (6)

perturbed by an exponentially decreasing inhomogeneous
term. i.e.

n(t) = noe 0!, 7

In Eqgs. (6) and (7) Hy = /kg/A/3 is the (constant) Hubble
parameter. The energy density and velocity of the ultrarela-
tivistic field are given by

_ 4 Anb
Pr = 3 noe,
which implies 8 < 0 for each point of the allowed domain of
the spatial coordinates. Furthermore, the spatial distribution
of the metric correction reduces to 6;; = 64;;/3. Finally, the
two leading orders of the scalar field, modulo a multiplicative
integration constant, read as

t 1 n
b o (1 - 9), ©)
t, —t 12Hy t, — ¢

where ¢, is a constant which satisfies the condition ¢, > ¢
during all the slow-rolling expansion. This condition guaran-
tees that the dominant term of the scalar field is almost con-
stant such that it actually evolves very slowly on the plateau
region.

The peculiar feature of this solution lies in the free char-
acter of the function 6 (x) which, being a three-scalar, is not
affected by spatial coordinate transformations. From a cos-
mological point of view, this implies the existence of a quasi-
isotropic inflationary solution together with an arbitrary spa-
tial distribution of ultrarelativistic matter and of the scalar
field. Nevertheless, given the extremely fast decaying of the
inhomogeneities, they are not able to account for the observed
cosmological structures,” therefore supporting the idea that
the latter cannot have a classical origin in the presence of an
inflationary scenario.

1
Ui = —mai log|6], (8)

3 Semiclassical approximation

During the slow-roll phase the Universe is essentially classi-
cal and the quantum fluctuations of the inflaton and gravita-
tional fields evolve as small quantum fields around a classical
FLRW background [23]. This situation is particularly suit-
able to implement the scheme proposed by Vilenkin in [15],
which we are now going to review. The idea is that in cos-
mology a well-defined evolutionary quantum dynamics can
emerge from the timeless WDW equation only when some
of the degrees of freedom of the Universe become classi-
cal. The reason for that is due to the essential role played
by classical measuring devices in quantum mechanics. The

2 Given that the minimum number of e-folds necessary to solve the
shortcomings present in the standard cosmological model is typically
& =~ 60 [4], any perturbation that could exist before inflation would be
reduced at the end by a factor ~ n7/n; ~ (a,~/af)4 ~ O(107108),

@ Springer
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existence of a classical background during inflation would
thus ensure the presence of an “observer” of the quantum
subsystem represented by the fields fluctuations.

Here we restrict the discussion to homogeneous minisu-
perspace models, but we will see that the formalism can be
straightforwardly applied to our model which includes also a
certain degree of inhomogeneity. In this case, the geometric
and matter variables are independent of x and the momen-
tum constraint identically vanishes. The quantum dynamics
of the Universe follows from the WDW equation [24]

[A2V? — U(h)]Y(h) =0, (10

where we used a unified notation for metric and matter vari-
ables, all labeled as A%, and V2 denotes the Laplace—Beltrami
operator of the superspace metric Gg. The physical states
are the solutions of the WDW equation (10) and W = W (h)
is called the wave function of the Universe.

However, in a fully quantum regime two main problems
arise [25]: it is not clear how to recover an explicit evolution
with respect to a time variable (the so called problem of time);
in general a satisfactory definition of probability associated
to W(h) has not yet been found and, therefore, it is not clear
what is its meaning. Indeed, since Eq. (10) is formally a
Klein-Gordon equation with a variable mass, it is common
to consider the corresponding Klein-Gordon current

Jj¥ = —igG“ﬁ(\lf*Vlg\IJ —WVg¥™), V,j%=0. (11)
This current gives the probability dP = j*dX, to find
the system in a surface element d %, of the configuration-
space. The problem is that, in this context, this quantity is
not positive-defined in general.

Both problems can be solved if we assume the system to
be composed of n — m semiclassical variables and m quan-
tum variables, that we label respectively {c*} and {¢"}. Fur-
thermore, we suppose that the quantum subsystem can be
considered “small” (so that its backreaction on the classical
variables is negligible) and “fast” with respect to the clas-
sical one. In this way it is possible to implement a Born—
Oppenheimer approximation to decouple the quantum and
classical dynamics.

More precisely, we assume that the subspaces defined by
the semiclassical and quantum variables are approximately
orthogonal, such that G, is negligible with respect to Gg.
Then, we can write the WDW equation (10) in the following
convenient form
(h*V§ — Uo(c) — Hy)W =0, (12)
where H, = —h2v§ + Uy is obtained neglecting all the
contributes of the quantum variables. We can also write the
wave function as

@ Springer

U = A(c)eS My (c, q), (13)

where S(c) is assumed to be real valued in order to avoid
classically forbidden regions for the semiclassical variables.

As shown in [15], the two leading orders in /i of the WKB
expansion of Eq. (12), considering also that the wave function
Yo = Ae'S/" satisfies the equation H.yo = 0, lead to:

(1) The Hamilton—Jacobi equation

H(c*, VoS) = G*P VS VS + Uy = 0. (14)
S = S(c) is the classical action and describes a congru-
ence of classical trajectories. Equation (14) defines the
classical Hamiltonian H = N'H, where N is the lapse
function, and one can use the Hamilton equations to relate
the “velocities” ¢* to the action S. As we are going to
show explicitly in Sect. 5, from this relation it is then
possible to define a time variable ¢ which parametrizes
the evolution of each trajectory.

(2) The Schrodinger equation for the quantum subsystem

dx
h— = NH;x, 15
l dr qX (15)
where now the quantum wave function x = x (¢, q)

depends on time 7.

(3) An equation for the amplitude A expressing the conser-
vation of the classical probability current j§ = |A |2V8‘ S
for the variables 7%, obtained from the leading order of
Eq. (11). In this way one gets two different parts of the
probability current, one related to the components of the
classical subspace and the other one to those in the quan-
tum one, ending with a normalizable probability distri-
bution for the quantum variables ¢", given by p, =|x 2.

Hence, the standard interpretation of the wave function
has been recovered for a small subsystem of the Universe.

4 Quasi-isotropic action functional

Now let’s consider a quasi-isotropic scenario in presence of a
real and self-interacting scalar field ®. The Einstein—Hilbert
action for the gravity and matter system under consideration
is

1 |

S = /d“x./—g[gR — 58"V, OV, — V(<I>)].
8

(16)

We assume that the contribution of the inhomogeneities
is small enough to treat them as a first order correction to the
FLRW background, so that the metric and the scalar field can
be written as



Eur. Phys. J. C (2024) 84:23

Page 50f 13 23

(. %) = gRW (1) + 88, (1. %),
D1, X) = ¢ (1) + (1, X), (17)

where the metric y;;(f, x) of the spatial slicing takes the
quasi-isotropic form (4). Since we are interested in the infla-
tionary dynamics, we assume from the beginning a back-
ground metric with null curvature.

Expanding the action (16) in §g,,, and ¢, the background
dynamics and the perturbations dynamics follow respectively
from the zeroth and second order terms of the expansion,
since they give the unperturbed and linearized Einstein equa-
tions [23,26]. Therefore, the steps toward the quantization
of the perturbations are: expand the action (16) up to sec-
ond order in perturbations, find the constraints and apply
Vilenkin’s procedure discussed in Sect. 3.

4.1 Gauge invariant variables

In order to obtain the canonical action we write (16) in terms
of the ADM variables [27]. Comparing the metric in Eq. (17)
with the line element
ds* = —(N? = NiN7)di* + 2Nidx' dt + y;jdx' dx?,

(18)
we obtain the lapse function A and shift vector A (note

that each quantity must be expanded up to second order in
the perturbation variables)

N N8N — SN2 — y;;6NISN/
B 2N

Ni =8N;, (19)

’

where we have defined the variables
3800
2\/ _géeow
From the condition y™*y; = 8’; + O®1?) we get the
; .

N=,/—gfV, sN=- SN; = 8goi.  (20)

inverse three-metric tensor
g 1

yY = 0—2(5”' — 10 + 006k )- (21

Finally, the squared root of the spatial metric’s determinant

reads as

1o
ﬁ=a3[1+§n9+§n2(92—29,-j9,-j)]. (22)

Only the scalar and tensor components of the perturbations
“survive” the inflationary expansion, so that we can write

Oij = =2¥8ij + 2u.ij + Vij,
(23)
SN, =aB,,

3 From now on we will adopt the convention sy, W; = V;W;, while
)/”V,'Wj = V’W,‘.

where ¥ (x), w(x), B(t,x) are scalar functions, (...); =
0;(...) and ¥;; (x) is a symmetric, traceless and divergence-
less three-tensor.

It is easy to see that the tensor sector of the perturba-
tions (which represents the gravitational degrees of freedom
8 gi(jt.) = n1;;) is gauge invariant while the scalar component
is not. Therefore, we need to express the latter in terms of
a scalar gauge invariant variable, which represents the true
physical degree of freedom of the perturbations.

This variable can be constructed combining the two
Bardeen’s potentials [28] with the scalar field perturbation
and reads as

Es(t,%) = o(t.X) + %n(t)l//(X). 24)

However, in practice it is more useful to work with an auxil-
iary field defined as

vs(t,%) = a6, %) + Fn OV )] 25)

which is called the Mukhanov—Sasaki variable [23].

Let us point out the following property of the scalar sector.
The variables &g and vg factorize into a product of a space
and a time function only if ¢ also does. Nevertheless, this
does not happen in general as it is easy to see looking at the
de Sitter limit ¢ — 0. In this case ¢ does not couple to the
metric (the gauge invariant variables (24) and (25) become
independent from it) and there is no reason to impose any fac-
torization. Therefore, the quasi-isotropic factorization disap-
pears in the scalar sector and the dynamics follows from the
standard treatment given for example in [23] (see Ref. [29]
for a derivation of the quantum theory of cosmological per-
turbations in the Schrodinger picture).

Differently, the tensor component preserves its quasi-
isotropic form under gauge transformations, such that the
inhomogeneities evolve with a frozen spatial distribution
;j(x) and the dynamics is governed by the only degree of
freedom n ().

What we are going to show (Sect. 5) is that the inflation-
ary expansion does not suppress these perturbations, whose
spectrum is determined by the free functions %;; (x).

4.2 Gauge invariant action

The expansion of the action (16) in the perturbations 8g .
and ¢,

S=S8y+8S+8>S+---, (26)

gives the action Sp of the background variables a and ¢, its
first-order variation 8§ and the action 82 of the perturba-
tions. The latter splits into the sum of two terms, one con-
taining only scalar degrees of freedom, Sg, and one only the
tensor ones, S7.

@ Springer
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Using the conformal time dt = dt/a and the notation
"= d/dt, Sp results to be the usual FLRW action in presence
of a scalar field

3(1/2 a2¢/2 4
So = /dr [ Nt Na V(¢)]. 27)

Applying the background equation of motion derived from
(27) to the unperturbed variables a and ¢ makes, as expected,
the first order term §S identically vanish. Furthermore, it
simplifies a lot the second-order term 8.

The scalar component Sg contains the first variation of
the background constraints. Following, e.g., Ref. [23], one
can write it in terms of the Mukhanov—Sasaki variable. This
is done imposing the constraint given by the variation of Sg
with respect to the metric variable B and then expressing the
gauge dependent variables in terms of vg. In this way one
ends with the following action for vg

1
Ss = /dt > [ﬁv,gv;:’ — Nw,%vkv;;]. (28)
k

Here, k is the comoving wave-vector, related to the physical
wave-vector by K ,,ys = K/a. The quantities w,% are functions
of the unperturbed variables only and are defined as

2 2 4
w? =k — 247 + 7Kg¢/ _ Kgqy
k N2 QN2 2 #2N2
20K,
(%jqb Vo +a* Ve (29)

where 7 = a’/a. We will see in the following that they take
the role of time dependent frequencies. Note that in Eq. (28)
appears only the module of the wave-vector. This is because,
as we will see in Sect. 5, the equations of motion and the
initial conditions for the modes depend only on k = |k|. Let
us point out that in the synchronous frame, where N = 1,
Eq. (28) reduces to the expression obtained by Mukhanov in
[23].

The tensor perturbation action obtained from the expan-
sion of Eq. (16) results to be in a gauge invariant form. Thanks
to the quasi-isotropic factorization the spatial dependence of
the Lagrangian density can be integrated in the action. All
the information about the spatial distribution of the inho-
mogeneities results to be encoded into the two constants
Cﬂ = fd3xz9ijz9,-j and C{? = fd?’xﬁij,kl?ij,k. Therefore,
we are left with just one degree of freedom in the action.
In analogy to Eqs. (24) and (25), we now define the tensor
gauge invariant variables

[ Cy [ Cy
ér = E”l, vr = @m’ﬁ (30)

@ Springer

In this way the tensor perturbation action becomes the fol-
lowing

1 N
Sr = /dr[mv}z - Ew%v%]. 31)

In this case the time dependent frequency of the tensor degree
of freedom is given by

w%:Kz—l(a——a—M), (32)

where K =, /Cj, /Cy. The meaning of the constant K results
clearer in Fourier space: it is the square root of the expecta-
tion value of k% with respect to the probability distribution*
po (k) = [0;;(K)|?/ [ d*k|D;;|*. Indeed, it results to be equal

to
K = [ / d3kp19(k)k2]1/2 = (kA2 (33)

We shall see that this quantity represents the reference scale
for the evolution of the tensor degree of freedom (30), playing
a role equivalent to the wave vector module & for the scalar
mode-k.

Observe that in Egs. (27) and (28) should appear a fiducial
length! = ( f d 3x) I/ 3, which has to be included in the action
since we are considering both homogeneous and inhomoge-
neous quantities. However one can avoid to show it explicitly
simply considering the following redefinition of the variables

a—la, ©—1/l,

Vk = vr

Y v =

/i

k—lk, K —IK. (34)

Vi —

Because the interval ds has dimension of a length, we can
initially choose [a] = LO, [dx] = [dt] = L and thus [/] =
L, and so after the rescaling (34) the scale factor has the
dimension of a length while 7, the spatial variables, k and K
become dimensionless.

4.3 Super-Hamiltonian constraint
In order to quantize the system, it is convenient to replace

the complex amplitudes v with real variables given by their
real and imaginary part

v =V2Re (), v} =V21Im (). (35)

4 Itis easy to see that py satisfies all the requirements to be a probability
distribution, in particular the three Kolmogorov axioms [30].
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Defining from the Lagrangians (27), (28) and (31) the canon-
ical momenta

6a/ a2¢/
7Ta = — , 7'[¢ = N

’

/
v r

i
nr =
N

=k, , (36)

where the index i labels the real and imaginary components
(35) of the scalar modes, we obtain a Hamiltonian H =
NH = N(Ho + Hs + Hr) which contains the background
constraint Hg and its second variation 8*°H = Hs + Hr,
given in the following expressions

_ ke o [ 4
H() = —Eﬂa + ﬁﬁq} +a V(¢),
TR I
J— 1
M= 3 (5 + k).
i=R,I k
2 2
Tt | @7 2
HT = 7+7UT. (37)

Let us observe that once the frequencies (29) and (32) are
expressed in terms of the momenta (36), the unperturbed
component N of the lapse function is removed from the
super-Hamiltonian H and appears in the Hamiltonian only
as a multiplicative factor. Therefore, we obtain the super-
Hamiltonian constraint

H=Ho+Hs+Hr =0. (38)

Note that here we are considering a total Hamiltonian for
both the background and perturbative degrees of freedom.
In this way, what we are going to do, is to directly quan-
tize all degrees of freedom with the total constraint (38).
This is, in principle, different from solving separately the
dynamics of the background and then the dynamics of the
perturbations. In this second case there would be two dif-
ferent Hamiltonians, the first containing only unperturbed
variables and the other terms quadratic in the perturbations.
The background variable N would appear in the Hamilto-
nian of the perturbations as a given, non-dynamical variable,
so that Hp.;; = N(Hs + Hr) would represent a physical
(i.e. non-vanishing) Hamiltonian for the perturbative degrees
of freedom. Therefore, once quantized, it would lead to an
evolutive Schrodinger equation for the perturbations.

We stress that only the method used here is able to give the
quantum-gravitational corrections to the background dynam-
ics [31-35]. Nonetheless, as long as we are interested, as in
this work, in the linear regime for the perturbations and in
the limit of quantum field theories on a fixed background
spacetime, the two approaches are equivalent.

5 Quantum dynamics

Let us now face the problem of quantization. The phase space
variables are promoted to quantum operators which satisfy
the canonical commutation relations

la, ] =ih, ¢, Tyl =ik,

S (39)
(v, 7)1 = ihdijde,  [vr, mr] = ih.
In the following it will be convenient to introduce a unified
notation for the scalar and tensor modes, labelling all the
perturbations as gq,.

The super-Hamiltonian constraint (38) now becomes a
quantum operator which annihilates the wave function ¥ =
¥(a, ¢, {qv}), yielding the WDW equation Hyr = 0.

Now we apply the semiclassical scheme a la Vilenkin. We
treat the background degrees of freedom a and ¢ as classical
and impose the following WKB ansatz

¥ = A, )Py (@, ¢, (qu)). (40)
The wave function Yo = Ae'S/" satisfies the equation
Hovo = 0 which gives, at the zeroth-order in 7, the
Hamilton—Jacobi equation
Kg(35>2 1 <8S>2 4
_ (= —(— vV =0. 41
12\3a) T2a2\5s) T @1

One can demonstrate that this equation is equivalent to the
Friedmann equation. Consequently, the variables a and ¢
follow classical trajectories with “velocities” given by

IHo kg BS

a=N =—=N—,
o7, 6 Oda
(42)
oH N oS
¢ = N2 = ==
87‘[¢ a 8¢

From Eq. (42) it is then possible to define a WKB time in
terms of the background variables. This time variable is given
by the following relation

0 kg dS 0 19S5 0
—=N(-E= ), (43)
T 6 da da a’d¢p 09
and we shall show that it will be identified with the classical
conformal time.

Now considering the full wave function (40) we find that
the leading order in 7 of the WDW equation yields the fol-
lowing equation for the quantum wave function x

o[ KedS D 1980 y )
ih|l-L—— 4 —=—— = ,
6 9ada  atopog )t Tk

where we recognize on the left side the time derivative
defined in (43). So, we obtain the following Schrodinger
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equation for the quantum subsystem

dx
jh— = NH,yx, 45
l 97 gX (45)

where now x = x(t, {g,}) and H, is the Hamiltonian of the
perturbations

Hq=2v:(—

Let us note that the semiclassical approximation simplifies
drastically the expression of the frequencies wy and wr. In a
fully quantum gravitational regime, because of the presence
of the unperturbed momenta, they would be quantum opera-
tors. However, at the order of approximation considered here,
the background variables are pure classical functions of time.

It must be observed that, in order to solve Eq. (45), we need
to fix the lapse function and solve the dynamics of the back-
ground so that the frequencies wy and w7 can be expressed
as functions of time. This means that we must fix the refer-
ence frame, which is now possible thanks to the semiclassical
regime. We thus choose to work in a synchronous frame and
set N(t) = 1.

Thanks to the linear character of the perturbations it is
possible to simplify Eq. (45). In this regime different modes
do not interact with each other and they can be considered as
independent. This assumption allows us to factorize yx into a
product of wave functions describing the single modes, that
is

x@ ) =] [0 ). (47)

(46)

In this way Eq. (45) reduces to an infinite set of decoupled
Schrédinger equations which read as

oy 292 W
in arv _ (_ 397 Tvqg)m. (48)
v

Such a system can be solved analytically using the exact
invariant method developed in [36,37] and summarized in
[38]. The general solution of Eq. (48) is a linear combination

xo =2, e, were

H, (‘h/\/ﬁpv) 2
m — N 7 exp I:igp(") — q—v] (49)
Y (VThn!21 p,)1/2 v 2hp?

(n)

Here, H,, are the Hermite polynomials and ¢, () are time
dependent phases. We point out that, because in the following
we are interested just in the calculus of the power spectra,
the phases do not play any role and thus it is not necessary
to calculate them.

Therefore, the wave function of the perturbations is known
once the functions p, (7) are given and these are the solutions
of the differential equations

ol +@?p, = p,>. (50)

@ Springer

The general solution of Eq. (50) can be obtained [39] from
the following relation

1/2

fe,
(51)

Oy = %\/ZAzgz +2B2 f2 + 2, [4A2B? — o?]

where f(7) e g(t) are two linearly independent solutions of
the linear system associated to Eq. (50), A and B are arbitrary
constants, @ = fg’' — gf’ and y1» = %1.

As usual in the context of inflationary models we assume
that the perturbations are initially in the ground state, which
here correspond to n = 0 for which the energy is minimal.
Hence, we choose the following gaussian wave functions

_ e

X (T, qv) = N TR : (52)
Now we must note that all the modes of astrophysical inter-
est today had, at the beginning of inflation, a physical wave-
length much smaller than the Hubble radius, which means
that k/aH — oo. In this regime the perturbations are not
affected by the expansion of the background and the modes
behave as harmonic oscillators with constant frequencies
wx = kand w7 = K. Hence, we will fix the constants A and
B such that for each mode the wave function (52) approaches
asymptotically the ground state of a Minkowskian harmonic
oscillator.

5.1 Power spectra of the perturbations

Now that the wave function of the perturbations is known,
we can derive the power spectra.

Let us consider first the scalar sector. As we have seen the
quantum amplitudes v; have gaussian probability distribu-
tions, in agreement with the most recent measurements of the
CMB anisotropies which do not show any hint of primordial
non-Gaussianity [40]. This implies that the statistical prop-
erties of the scalar modes are entirely given by the two-point
correlation function

Bs = (xlvs®vs(x +1)|x). (53)

Here, |x) is the ground state of the scalar sector given in
Eq. (47). Making use of the Fourier transform of vg (x) and the
explicit expression of the wave functions (52), the correlation
function results to be (see, e.g., Ref. [41] for details) the
following

Xdpsinpr/ h 5 5
= — — . 54
s /0 P (537%}) (54)
The power spectrum is defined as the Fourier amplitude of

the variance Eg|,—9 = (vé) per unit logarithmic interval.
Therefore we find for it the expression

(1]

hi
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The connection between the primordial quantum pertur-
bations and the observable fluctuations of temperature and
density appears in the comoving curvature perturbation ¢.
As it is well known, its spectrum, calculated at the end of
inflation, can directly be propagated to the time when per-
turbations re-enter the horizon without the need to consider
the details of the cosmological evolution [14,42]. During the
matter-dominated era, when the temperature anisotropies of
the CMB are created, the relation of ¢ to the Mukhanov—
Sasaki variable is given by [41]

4 G vy

&k = , (56)
€ a

where € = 1 — 7' /.77 is the slow-roll parameter. From
Eqgs. (55) and (56) follows the expression of the power spec-
trum of the comoving curvature perturbation

hG p?
Ps(k) = — =5k, (57)
TTE a

where the ratio px /a has to be calculated in the super-Hubble
limit 7 — 0.

For what concerns the tensor sector, it is given by the com-
ponent of the metric § gi(;) = n?;;, where 1 is aquantum oper-
ator and ¥;; are classical functions of the spatial coordinates.
Therefore, the two-point correlation function factorizes into a
time dependent quantum amplitude and a stochastic average
containing the statistical properties of the spatial distribu-
tion. The latter is determined by the probability distribution
governing the variable ©%;; and can be, in principle, different
from the gaussian one, thus leading to non-gaussian features
of the spectrum.

It is easy to derive the time dependent component which
is proportional to

h,o%

1 (58)

o
2 2.2
Whr = [ dvrlr (e un ok =
0
Assuming that the variable #;; is governed by a translation-
ally and rotationally invariant probability distribution func-
tion as well as space-inversion invariance, the stochastic term
can be written as

d3p .
(VX Vu(x+1) = / me_'p‘rnij,kzpﬁ(m, (59)

where T1;; 1(p) = ), eij(q. Ve (g, 1), being e;;(p, 1)
the polarization tensor and A the helicity.

As for the comoving curvature perturbation, the spectrum
of the tensor perturbations becomes a constant in the limit
T — 0, i.e. when the perturbations are outside the horizon.
This means that its value calculated in this limit provides an
initial condition for the gravitational waves when they re-
enter the horizon. From Egs. (58) and (59) we finally obtain
the power spectrum of the tensor perturbations which reads

as

161G p7

O @ 1Py (k), (60)

Prk) =
where, again, the ratio pr /a has to be evaluated in the super-
Hubble limit.

We shall now apply what we have found here first to the
de Sitter and then to the slow-rolling expansion.

5.2 De Sitter case

In the de Sitter case the potential of the scalar field takes a
constant value V(¢) = A and plays the role of an effective
cosmological constant. The unperturbed scalar field takes a
constant value as well and, therefore, the gauge invariant
scalar potential (24) reduces to the (gauge invariant) scalar
field perturbation, & = ¢. Note that the slow-roll parame-
ter appearing in the power spectrum of the scalar modes (57)
should be zero. Indeed, in this scenario the matter-dominated
era never happens, therefore the relation (56) does not hold
anymore and it makes no sense to speak about a power spec-
trum since the modes never re-enter the horizon. For this
reason it is necessary to perform the computations imposing
€ to be a non-vanishing constant.

The Hamilton—Jacobi equation (41) reduces here to the
following simple equation

<85)2 _ 1244 61)

da Kg

From Eq. (42) it results that the explicit expression of the
scale factor in terms of the new time coordinate reads as

1
a(t) = ———, 62
(7) Hot (62)
where Hy = ,/k, A /3. Therefore 7 is equal to the conformal
time.
It is now possible to express the frequencies as functions
of time, which result to be the following

2
2 2
Cl)k Zk —ﬁ,
2
w%:KZ—T—Z. (63)

The linear equation for the tensor gaussian width reads as
o} + (K? = 2/t?)pr = 0 and yields the following two
linearly independent solutions

f(r) = K%/ZI(KT cos(Kt) — sin(Kr)),

1
g(r) = KS—/Z_E(COS(KT) + Kt sin(Kr)). (64)

The general solution is thus given by inserting the functions
(64) into Eq. (51). Our “Minkowskian” initial conditions are
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satisfied by setting A> = B2 = 1/2 and y; = 1 and give the
following gaussian width

1+ K2g2

K32t
For what concerns the scalar modes, we note that the equation
for pi is equal to the one for pr with the substitutionk — K.
So it is sufficient to replace K with k in Eq. (65) and we find
the following scalar gaussian width

V1+ k22
K32¢
We can finally give the expressions of the power spectra

for the quasi-isotropic de Sitter evolution. This is done eval-

uating the ratios px/a and pr/a in the super-Hubble limit

and inserting the results into Eqgs. (57) and (60). We, thus,
obtain the following power spectrum for the scalar modes

2
hGH]
JTE k=H()a’

por () = (65)

k() = (66)

Ps(k) =

(67)

where, because of the presence of the slow-roll parameter €,
it has to be evaluated at the instant of time at which a certain
mode-k crosses the horizon, i.e. when k = Hya; and the
following power spectrum for the tensor modes

16hG H
HC§K3

We can see that Eq. (67) is the standard power spectrum of
curvature perturbations for the de Sitter inflationary model,
while Eq. (68) results to be radically different from the stan-
dard scale invariant spectrum, since the scale dependence is
contained in the power spectrum Py (k) of the functions ¥,
which are fixed by the initial conditions and remain frozen
during the subsequent de Sitter evolution. We note also that,
in agreement with the current observations, the tensor contri-
bution is much smaller than the scalar one, being the tensor-
to-scalar ratio r = Pr (k) /Ps (k) proportional to €.

Prk) = BPy k). (68)

5.3 Slow-rolling case

Here we generalize the results (67) and (68) to the regime in
which the inflaton field undergoes a generic slow-roll dynam-
ics. In this case the matter potential V (¢) develops a small
dependence on ¢ and the background component of the scalar
field acquires a finite velocity, i.e. ¢’ # 0.
The analytical calculation of the power spectra is achieved
making use of an expansion in the slow-roll parameters
/ 4
s
H? AP
which must be small in order to guarantee the slow-roll
approximation. Here we consider only the first order slow-
roll approximation so that in the following we will drop
quadratic and higher order terms.

e=1-— (69)

@ Springer

First we need to derive the background quantities. Inte-
grating the relation dt = adt, i.e.

r—/dt—/ da (70)
o a a’H’

we get the explicit expression of the scale factor in terms of
the slow-roll parameters and conformal time

Cc

a(r) = m,

(71)

where C is an integration constant. Therefore, the Hubble
parameter takes the following form

€
H(r) = Ho(i) - H0[1 +elog (i)] (72)
70 70
in which the constant C it’s been replaced by
(—=70)°
C=l . 73
(1+€) Ho (73)

Physically Hy represents the reference de Sitter spacetime.
We set it as the value of the Hubble parameter at the time 7
of horizon crossing of the mode-k, that is Hy = H(t;) =
k/a(ty), which implies to(tx) = —1/k. Analogously, for
what concerns the tensor degree of freedom we choose to
set H) = K/a and 19 = 1/K, since vy behaves like an
oscillator with comoving wave-vector norm K. In this way
both Hy and 79 become k-dependent.

Note that Eq. (72) fixes the range of validity of the approx-
imation, that is given by the request that the expansion rate
is almost constant. Thus we must impose €|log(t/19)| < 1,
that gives

_ T
eV — <l (74)
70
and assuming € to be very small, this range is very large.
The Friedmann equation can be written without approxi-
mations in terms of the first slow-roll parameter as

1
V=—@C-eH. (75)
ke
It is easy then to derive the explicit expressions of V and ¢’
in terms of t and finally find the frequencies (29) and (32),
which result to be the following

243
a)k2=k2— +2)/’
T
24 3e
2 2
=K — , 76
wr 72 (76)

where we have defined the parameter y = 2¢ — §.

The linearly independent solutions f(7) and g(r) of
the linear system of differential equations for the gaussian
widths can be obtained in terms of the Bessel functions
J1+(3/24y)(—kT) and J13/24¢)(— K T), for the scalar and ten-
sor sector respectively. Again, the gaussian widths are con-
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structed from Eq. (51) and imposing the “Minkowskian” ini-
tial conditions. In the super-Hubble limit they read as

_ ras/2+y)
KT Jrk
_ T3/2+e)
PT = m

Now we can derive the power spectra linearizing Eq. (77)
with respect to the slow-roll parameters and evaluating the
ratio between the gaussian widths and a in the super-Hubble
limit. In this way Eq. (57) gives the following power spectrum
of the curvature perturbation

(—kr)~H7),

(—K7)~0+9, (77)

hGHE
Prk) =[1—-2¢+2y(2 - yeg —log2)] ,
TE aH=k
(78)

and Eq. (60) gives the power spectrum of the tensor pertur-
bations which reads as

Prk) = [1 +2€(1 — yg — log2)]
16nGHg Py (k 79

XK lar—t 9 (k). (79)
Again, the result (78) is exactly the standard power spectrum
of the scalar perturbations while in (79) the contribution of
each mode-k is fixed only by the initial conditions on %;;.
Furthermore, the tensor-to-scalar ratio is proportional to € <
1, therefore the tensor contribution is much smaller than the
scalar one.

6 Concluding remarks

Our analysis was based on the implementation of the so-
called quasi-isotropic solution in the early Universe dynam-
ics, in which the standard FLRW Universe presents a small
inhomogeneous correction, evolving according to a second
scale factor different from the background one. The small-
ness of the inhomogeneities is guaranteed by the correspond-
ingly small ratio n(¢) between the FLRW scale factor and the
perturbation one, which has been taken as the fundamental
dynamical variable in our study.

Here, we implemented the idea proposed in [15] of con-
sidering the inhomogeneous correction and, in particular,
the small variable controlling their values, as associated to
a “small quantum” subspace, living on the quasi-classical
framework of the isotropic Universe.

In this way, the variable n(¢) was, de facto, treated as a
small quantum correction to the standard primordial cosmol-
ogy, whose dynamics is described by a Schrodinger equation,
resembling a time dependent harmonic oscillator.

We studied the resulting dynamics of the proposed pic-
ture during the de Sitter phase of an inflationary era and we

involved in the problem of characterizing both the scalar per-
turbation of the corresponding inflaton field and the tensor
perturbation of the gravitational degrees of freedom.

We constructed the Lagrangian and Hamiltonian formu-
lation of this cosmological scenario, up to the second order
of approximation in the perturbation amplitude and adopting
the gauge invariant formulation, guaranteed by the use of the
Mukhanov—Sasaki variables.

We then calculated the spectrum of the primordial fluctu-
ations emerging from the de Sitter phase, comparing the ten-
sor and scalar spectrum properties. While the latter retains
its standard scale invariant form, the former has a peculiar
dependence on the wave-vectors, fixed, ab initio, from the
nature of the considered inhomogeneous term perturbing the
isotropic Universe.

Actually, the resulting feature of our dynamical setting is
that the tensor spectrum, emerging from inflation, can have
a generic (non-necessarily gaussian) profile. We stress that
the tensor-to-scalar ratio, being proportional to the slow-roll
parameter €, is very small, such that our results are in perfect
agreement with the available experimental constraints.

The obtained results are a direct consequence of the factor-
ization of the time and space dependence that naturally takes
place in the quasi-isotropic solution. Indeed, we have shown
that, while the scalar component behaves as an intrinsically
inhomogeneous degree of freedom, such a quasi-isotropic
character leads to a factorization of the tensor component of
the metric. Thus, if this feature can be postulated also for a
quantum Universe (no objection exists a priori to this state-
ment), we can infer that, since the isotropic Universe emerges
as the main classical component of the dynamics, a factorized
perturbation can still evolve on such a background, becoming
responsible for a generic spectral feature of the primordial
tensor spectrum.

The robustness of the quasi-classical solution in the
Planckian representation of the Universe could also be
inferred from a quantum dynamical process of isotropization
of the generic cosmological solution [6,43,44]. According
to the ideas discussed in [45], the emergence of a classical
Universe from a quantum Mixmaster scenario [46,47] can
approach a classical limit only when the anisotropy degrees
of freedom becomes small enough and a quasi-classical
isotropic Universe starts to emerge. It is exactly this dynam-
ical picture the most convincing motivation for the present
analysis.

Finally, we point out that at a classical level it was demon-
strated in [48-50] that the backreaction on the metric of
the particles produced during the BKL oscillatory regime
leads to a quick isotropization of the cosmological expan-
sion, actually yielding a quasi-isotropic evolution of the Uni-
verse. Therefore, in the light of our results, it would be inter-
esting to see if an analogous mechanism exists also in the
quantum regime, allowing one to study the space distribu-
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tion of the tensor inhomogeneity #;;(x). This would relate
the tensor power spectrum to the pre-inflationary Universe,
giving the unexpected opportunity to gain information about
such unknown epoch of the Universe from future observa-
tions of the cosmological background of gravitational waves,
thus opening a new phenomenological window on, possibly,
beyond standard model physics and quantum gravity.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: The present
manuscript is a theoretical work without any data.]
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