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Abstract
Correlation analysis and its close variant principal component analysis are tools widely applied to
predict the biological functions of macromolecules in terms of the relationship between fluctuation
dynamics and structural properties. However, since this kind of analysis does not necessarily imply
causation links among the elements of the system, its results run the risk of being biologically
misinterpreted. By using as a benchmark the structure of ubiquitin, we report a critical comparison
of correlation-based analysis with the analysis performed using two other indicators, response
function and transfer entropy, that quantify the causal dependence. The use of ubiquitin stems
from its simple structure and from recent experimental evidence of an allosteric control of its
binding to target substrates. We discuss the ability of correlation, response and transfer-entropy
analysis in detecting the role of the residues involved in the allosteric mechanism of ubiquitin as
deduced by experiments. To maintain the comparison as much as free from the complexity of the
modeling approach and the quality of time series, we describe the fluctuations of ubiquitin native
state by the Gaussian network model which, being fully solvable, allows one to derive analytical
expressions of the observables of interest. Our comparison suggests that a good strategy consists in
combining correlation, response and transfer entropy, such that the preliminary information
extracted from correlation analysis is validated by the two other indicators in order to discard those
spurious correlations not associated with true causal dependencies.

1. Introduction

In proteins undergoing allosteric regulation [1], the
binding of a ligand to the regulatory site affects the
catalytic activity of the active site, generally placed at
a distant location from the binding region [2]. The
term ‘allostery’ was coined by Monod and Jacob [3]
just to define such long-range effects activated across a
molecule by the binding event to a specific site.

This sort of biological ‘remote switching process’
[4] is assumed possible as protein native states are not
only structurally stable, but also susceptible enough
to transfer signals among far away sites through long-
range correlated fluctuations [5–8]. In practice, the
release of the binding energy can trigger structural

and/or dynamical changes in far regions of the bio-
molecule, thus allowing a fine control of the act-
ive site [9]. In this perspective, it is still unclear
whether the coordinated motion of aminoacids in
protein native states is a universal element to inter-
pret such a wide phenomenology, and if allostery
is a further manifestation of the structure-function
relationship [10]. The theoretical methods generally
applied to infer the structural origin of allostery in
macromolecules are based on normal mode analysis
(NMA) that can be performed either through full-
atom simulations [11, 12] or within less expens-
ive coarse-grained approaches, such as the elastic
network models (ENM) [13]. Other approaches deal
with allostery as a problem of information transport

© 2023 The Author(s). Published by IOP Publishing Ltd

https://doi.org/10.1088/1478-3975/ace1c5
https://crossmark.crossref.org/dialog/?doi=10.1088/1478-3975/ace1c5&domain=pdf&date_stamp=2023-7-10
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-8351-248X
https://orcid.org/0000-0002-1536-9279
https://orcid.org/0000-0002-8914-9260
https://orcid.org/0000-0003-3559-4032
https://orcid.org/0000-0002-0976-2859
mailto:fabio.cecconi@cnr.it


Phys. Biol. 20 (2023) 056002 F Cecconi et al

across the network of interactions (contacts) defined
by the topology of the native structure [14–16]. A
typical scheme assigns Markov-chain like transition
rules for exploring the network and then identify-
ing allosteric paths connecting regulating and act-
ive sites, as the most probable ones [17]. This tech-
nique has been successfully applied to the study of the
electro-mechanical coupling between voltage sensor
domain and pore domain in voltage-gated potassium
channels [18–20].

A popular tool to analyze the residue-residue
coherent dynamics in a molecule with N residues is
the equilibrium 3N× 3N-covariance matrix [10],

Cij = ⟨∆ri(t) ∆rTj (t)⟩ (1)

where∆ri(t) = ri(t)−Ri indicates the instantaneous
displacement of residue i from its native position, Ri,
taken as equilibrium position. The direct study of the
correlations of the free molecule (apo-structure) and
their variations after the binding (holo-structure) can
show how the docking of a ligand to the regulatory
site produces observable changes to the dynamics of
the target site [12].

Under a physical-like interpretation, allostery can
be discussed in terms of the response of proteins
and enzymes to a local perturbation generated by the
binding of a ligand. The reaction to binding determ-
ines the release of the mechanical strain that converts
into the transfer of signal at the molecular scale from
the source to the target [21]. In other words, accord-
ing to the ensemble model scenario [22, 23], allostery
emerges from amodification of the native free-energy
landscape of proteins under different ‘effects’: ligand
binding,mechanic or chemical excitations, and envir-
onmental changes in pH or temperature.

More generally, allostery can also be associated
with the notion of ‘causation’ in which regulatory
and active sites are linked by a series of cause–effect
pathways. There are two possible definitions of cause–
effect relationship which correspond either to the
interventional view or to the observational view of
causation.

In the first, one directly performs local or struc-
tural modifications of a system and measures how
they affect the behavior of specific system variables.
This definition of causality was proposed by Pearl
[24]. Conversely, the second consists in determining
whether and to what extent the simple observation of
certain variables is useful to predict the future of oth-
ers, without manipulating the system.

The analysis of correlations, equation (1), belongs
to the observational approach. However, ‘correl-
ations do not imply causation’, as they measure
only associations among variables without explaining
their cause–effect relationship [25]. For instance, two
residues i and j can move jointly not because they are
in direct interaction, but because they are driven by a
shared group of other residues [25–27].

As a consequence, it is reasonable to suspect that
amere investigation of allostery based on correlations
only could overlook relevant biological information.

On the contrary, response theory seems not only
the natural framework to understand how a static
[28] or dynamic perturbation [29, 30] propagates
from source to target site in proteins, but also themost
reasonable approach to establish the causal influence
between source and target. The detection of causation
based on response theory recalls the interventional
approach, according to which the coordinate xj caus-
ally influences the coordinate xi, if a perturbation of
xj results in a variation of the measured value of xi. In
formulae, we will say that xi influences xj, if

Rji(t) = lim
δxj(τ)→0

δxi(τ + t)

δxj(τ)
̸= 0 for some t> τ ,

(2)

i.e. a small perturbation on xj(τ) at time τ results in a
non-zero future variation on the average of xi(t+ τ)
over its unperturbed evolution. In equation (2), we
assume steady dynamics. If δxj is small enough, it is
well known that the quantity (2) can be related to the
spontaneous correlations in the unperturbed dynam-
ics by one of the pillars of non-equilibrium stat-
istical mechanics, the fluctuation–response theorem
(FRT) [31], also known as fluctuation–dissipation
theorem (FDT).

The analysis of allostery communication beyond
correlations has been already suggested in the liter-
ature. For instance, some authors looked at the struc-
tural properties ofmolecules to predict their allosteric
behaviours [32], others [33, 34] employed the transfer
entropy (TE), a measure of causation borrowed from
information-theory and introduced by Schreiber [35]
and Paluš et al [36] in the context of stochastic pro-
cesses and dynamical systems. The entropy transfer
from the evolution of the coordinate xj(t) to the evol-
ution of the coordinate xi(t) determines the inform-
ation (uncertainty) that we gain (lose) on the future
states of xi, if we not only consider the past history of
xi, but we also include the past of xj. It quantifies the
causal influence of xj on xi. In formulae,

TEj→i(t) =H[xi(τ + t)|xi(τ)]
−H[xi(τ + t)|xi(τ),xj(τ)], (3)

where H(a|b) indicates the conditional Shannon
entropy [37] of the state a given the state b.
Equation (3) assumes stationary processes. Notice
that TE is by definition asymmetric, thus naturally
incorporating a direction of the entropy/information
transfer from xj → xi, that is generally different from
xi → xj.

For the sake of completeness, it should be men-
tioned that allosteric processes are often analyzed
also in terms of pairwise mutual information and its
high-order generalization called interaction informa-
tion which are useful indicators of causal dependency
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[38]. In particular Interaction Information is appro-
priate when the complexity of the allosteric pro-
cess involves clusters of variables at the same time
so it cannot be decomposed into elementary pair-
wise dependencies [39]. However, since these quant-
ities are generally used in pure statistical formulation
which does not take into account the temporal evol-
ution, they will not be discussed here.

In this work, motivated by the importance of
allosteric mechanisms, we compare the behavior of
the threementioned indicators: correlation, response,
and TE when applied to the human ubiquitin (Ub), a
simple and very well-studied protein, which, accord-
ing to recent experiments [40], has shown regulation
of allosteric nature.

Since each of the three indicators extracts specific
features from the fluctuations of the residues, their
combined use should provide a more robust view
of those coordinated movements that play a possible
role in allosteric mechanism.

Especially from the analysis of the response, we
will try to identify sites of Ub that are more suscept-
ible to perturbation, and understand if they are pos-
sibly involved in the known allosteric pathways of Ub.
Following [29, 30], we employ the dynamic version of
the indicators to exploit the information contained in
their time dependence and in their propagation across
the structure.

The exact comparison of these indicators in real-
istic all-atom simulations is severely limited by the
system size and by the need of collecting very long
time series (dimensional curse). To overcome this
limitation, we describe the native state fluctuations
of Ub via a coarse-grained approach, portraying the
native state as a mechanical system made of nodes,
representing the position of the α-carbons (Cα) of
the aminoacids, connected by harmonic springs. This
description is referred to as the Gaussian network
model (GNM) introduced in [41]. The main advant-
age of using a Gaussian model relies on its full
solvability, allowing the analytical expressions of cor-
relations, responses, and TEs to be worked out.

In the literature, GNMandmore generally coarse-
grained elastic networks constitute simplified less-
expensive alternatives to all-atom NMA, generally
used for fast and easy characterization of slow and
large-scale dynamics of native structures. They allow
the identification of flexible and rigid regions in huge
single and multi-domain proteins and are proven
to be meaningful in the prediction of functional
modes relevant for a comprehension of the structure-
function relationship of biopolymers [42–45]. In
addition, when the size of the system becomes inac-
cessible to all-atom NMA, the ENM represent the
only viable approach.

It is important to recall that the GNM presents
two crucial limitations. First of all, it does not apply
to processes where a molecule changes its shape to

visit other conformational states in order to per-
form its function. Therefore, the approach we follow
here describes only ‘allostery without conformational
changes’ proposed by Cooper and Dryden [22], and
Ub falls into this category. Actually, there are gener-
alizations of the ENM including also molecule trans-
itions from one state to the other [46] by defining a
GNM representation for each state and then assign-
ing the transition rate among such states.

The second limitation of the standard GNM
approach arises from neglecting the side chains, a
common approximation of many coarse-graining
methods. As we shall see in section 3, to partially
relieve this crude approximation, we use a variant
of GNM which is based on the ‘heavy-atom contact
map’ (briefly heavy-map), that incorporates some
effects of the side-chain presence.

Even if the small rearrangements in Ub allostery
justify the use of the GNM-like approach improved
by heavy-map representation, it should be noted
that for allosteric processes occurring via transition
among different metastable states, or involving not
negligible nonlinear fluctuations [47], full-atomistic
molecular dynamics, possibly supported by enhanced
sampling techniques (e.g. conformational flooding
[48]), remains the leading investigation tool.

The paper is organized as follows. In section 2
we briefly recall some structural properties of Ub
and its allosteric control. section 3 reports the sim-
plified theoretical framework for the description of
Ub and the mathematical properties of the indic-
ators (correlation, response, and entropy transfer)
that we used to characterize the interplay among Ub
fluctuation modes. Sections 4–6 contain the results
obtained by the analysis based on these three indicat-
ors. In section 7, we show the results on the complex
Ub-USP, ubiquitin and ubiquitin-specific peptidase
(USP) to see how the Ub internal motion is modi-
fied by the interaction with one of its natural sub-
strates. Final discussion and conclusions are drawn in
section 8.

2. Allostery-like behavior of ubiquitin

In this section, we briefly summarize the principal
biological information on Ub that has been used
to orient our theoretical analysis. Post-translational
modifications are covalent modifications altering the
functional state of a protein; typical post-translational
modifications involve the attachment of small chem-
ical groups like acetyl, phosphate or methyl groups.
Ubiquitylation, the attachment ofUb to its target sub-
strates, can be considered an extreme case where the
chemical group attached to the target protein is itself
a small protein. Ubiquitylated proteins are normally
targeted to degradation in the 26S proteasome, but
ubiquitylation can also induce trafficking or endo-
cytosis. Ub is bound to each target protein through
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Figure 1. The conformational switch of peptide bond Asp52-Gly53. Panel (a) shows the NH-out conformation where the NH
group of Gly53 points towards the solvent (direction shown by the arrow). Panel (b) shows the NH-in conformation where the
NH group points towards the protein interior (as shown by the arrow). Panel (c) ubiquitin-ubiquitinase complex (PDB:2IBI).
The USP is shown in the background, while Ub is displayed in red and green, the green region represents Ub binding interface
with the USP (as defined through a distance cutoff of 3.0 Å). The C-terminal tail of Ub is also part of the binding interface with
USP. The red spheres represent Ile23 and the Asp52-Gly53 peptide-bond, while the Glu24 and Gln49 are shown in green, and the
blue rod indicates the hydrogen-bond Glu24-Gly53. Panel (c) shows that the conformational switch (Asp52-Gly53) and the
Ub-USP interface are located on the opposite sides of Ub emphasizing the allosteric nature of the regulation mechanism.

the sequential action of three enzymes that ultimately
connect the COO− terminal group of Ub with the
side chain of a Lysine residue of the target. Since Ub
also comprises several Lysine residues, it can become
the target of further ubiquitylation reactions that cre-
ate a linear chain of Ub units bound to the tar-
get protein. The geometry and bonding pattern of
these chains determines a different fate of the marked
molecule.

A recent work by Smith et al [40], based on NMR
relaxation dispersion experiments highlighted a con-
formational switch of peptide bond Asp52-Gly53 of
allosteric significance. As sketched panels (a) and (b)
of figure 1, showing portions of structures from PDB
files 1UBI [49] and 2IBI respectively, this bond flips
between two states referred to as NH-out (1UBI) and
NH-in (2IBI).

In the NH-out state, the NH group of the peptide
bond points towards the bulk where it forms hydro-
gen bonds with water molecules (black arrow). As a
result, the only possible interaction with the neigh-
boring Glu24 residue is a hydrogen bond between
the CO group of the Asp52-Gly53 bond and the
NH group of Glu24. The sidechain of Glu24 is
therefore not involved in this interaction. By con-
trast, in the NH-in configuration the NH group of
the peptide bond points towards the interior of the
protein (black arrow), where it can H-bond the side-
chain of Glu24, that is also hydrogen bonded by the
NH group of Glu24 itself. To assess the functional

significance of this conformational switch Smith et al
performed a bioinformatics analysis on a database of
Ub experimental structures. This analysis suggested a
correlation between the NH-in conformation and the
binding of theUb to the ubiquitinaseUSP (ubiquitin-
specific protease). Figure 1(c) shows the structure
of the complex Ub-USP. This result was completely
unexpected since neither Asp52 nor Gly53 is directly
involved in Ub-USP binding. The finding thus led
to the hypothesis that the switch of the Asp52-Gly53
bondmight induce an allosteric rearrangement of the
USP binding region of Ub. Indeed, further analysis
showed that theNH-in andNH-out states are respect-
ively associated to the contraction and expansion
of the ubiquitinase binding interface. Moreover, it
was shown that a contracted binding interface allows
fewer steric clashes, energetically promoting the bind-
ing of USP. The mechanism can thus be summar-
ized as follows: the NH-in state allosterically induces
the contraction of the binding interface reducing the
number of clashes and favoring the USP binding. The
residues more affected by this interface deformation
are Gly35 and Gln49. Interestingly, these results agree
with an older work by Massi et al [50] that identified
chemical exchange processes affecting Ile23, Asn25
(flanking Glu24), Thr55 (close to the Asp52-Gly53
bond) and Val70.

The allosteric regulation of Ub can be seen as
a propagation of perturbation from the couple of
aminoacids (Glu24,Gly53) that we consider as source
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to the couple (Gly35,Gln49), that instead acts as tar-
get. In the following, for convenience, we shall refer to
these sites as the allosteric set, ASet= {24,35,49,53}.

3. Model andmethods

In a coarse-grained approach, the native state of the
Ub is described as a mechanical system made of
nodes, representing the position of the α-carbons
(Cα) of the aminoacids, connected by harmonic
springs. The potential energy of GNM is very simple
and reads

VGNM =
g

2

∑
i,j

Kij ∆ri ·∆rj , (4)

where {∆r1,∆r2, . . . ,∆rN} are the instantaneous
displacements of the N Cα atoms from their native
positions taken as equilibrium states. The quantity g
defines the adjustable energy scale that can be set by
matching the theoretical mean square displacement
of the Cα from their native positions with the exper-
imental crystallographic B-factors [51–53]. The coef-
ficients K ij are the elements of the coupling matrix
K, often termed Kirchhoff matrix, which is defined
through the contact matrix elements, Aij (also con-
nectivity matrix of the network) through the relation

Kij =


−A0 |i− j|= 1

−Aij |i− j|> 1∑
l=1,NAil i = j ,

(5)

where A0 is a factor weighting the strength of the har-
monic interaction along the chain (backbone) over
the off-chain interaction. A0 ∼ 10 seems a reasonable
value to distinguish the role of the backbone links
from the rest of the network.

The effect of the side chains can be partially
included by using a GNMapproach based on a heavy-
atom contact-map [54] that excludes hydrogens. In
this scheme, a pair of residues i− j is connected by a
spring if, they have at least a couple of heavy atoms
a,b in contact in the native state of Ub (PDB: 1 ubi).
In formulae, this means that Aij = 1 if the relation∑

a,b

Θ(rc − |ri,a − rj,b|)⩾ 1 (6)

holds, with a cutoff rc = 5Å, where Θ(u) is the unit-
ary step function.

Panel (a) of figure 2 shows the heavy contact-
map representing the native interactions, panel (b)
shows the topological diagramofUb secondary struc-
ture that includes five beta-strands S1, ..., S5 and two
helices H1, H2.

In the following, wewill redefine∆ri → ri to sim-
plify the notation.

The full NMA of Ub would require the compu-
tation of the Hessian matrix, obtained by comput-
ing the second partial derivatives of the force-field

potential on the equilibrium state. The less complex
Hessian of the GNM turns to be decomposed into
blocks

∂2V

∂rµi ∂r
ν
j

= δµ,ν Kij

where ri denotes the position of the ith Cα and µ
and ν indicate the generic component x,y,z. In prac-
tice, the three coordinates of a Cα becomes form-
ally equivalent xi ≡ yi ≡ zi, hence the position vector
ri = xi e is virtually a scalar (with e= (1,1,1)), and
⟨r2i ⟩= 3⟨x2i ⟩. ThereforeGNMapproach reduces a sys-
temof 3N degrees of freedom to a system inN degrees
of freedom only; equivalently, it deals with protein
fluctuations as a problem of scalar elasticity.

The equation ofmotion for eachGNMcoordinate
in the overdamped regime reads

γẋi =−g
∑
j

Kijxj +
√

2γkBT ξi(t) (7)

here, γ denotes the friction, kB the Boltzmann
constant and ξi is a zero-average and time delta-
correlated Gaussian process. Hereafter, we set
µ= g/γ. From the solution (in vector form) of
equation (7)

x(t) = e−µKt

{
x(0)+

√
2kBT

γ

ˆ t

0
ds e−µKs ξ(s),

}
(8)

correlation and response are straightforward to
obtain as

C(t) = e−µKt C(0) (9)

R(t) = e−µKt (10)

where C(0) = ⟨x(0)xT(0)⟩ is the equal-time correla-
tionmatrix also termed equal-time covariancematrix
and the average is over the thermal noise.

The advantage of using the GNM relies on its full
solvability, since it defines a multivariate Onrstein–
Ulehnbeck process (7) whose explicit solution only
requires numerical diagonalization of the sparse mat-
rixK.K is symmetric and diagonalizable with all real
not negative eigenvalues, but not invertible because it
has one vanishing eigenvalue, due to the translation
invariance of the system. It can be represented in the
form

K= UΛU† (11)

where Λ is the diagonal matrix containing all the
eigenvalues {0,λ(2), . . . ,λ(N)} of K. λ(k) is the kth
eigenvalue of K associated to its kth eigenvector,
Ku(k) = λ(k)u(k).U= {u(1), . . . ,u(N)} is the diag-
onalizing matrix whose columns are the eigenvectors,
U† is its transpose, moreover UU† = I, I being the
identity N ×N-matrix.

5
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Figure 2. Topology structure of Ub. Panel (a): contact map defined by the heavy-atom contacts using a cutoff of Rc = 5Å; the
cutoff identifies 283 native contacts such that |i− j| ⩾ 2. Panel (b): topology plot of Ub showing the secondary structure content
with five beta-sheets and two helices. Red and blue shadowed boxes indicate the separation of Ub in two clusters, CluA and CluB
joined by the hinge residues Glu64 [55]. Reprinted figure with permission from [55] Copyright 2020 by the American Physical
Society.

3.1 Correlation
The Gaussian nature of the GNM implies that the
equilibrium covariance matrix C(0) is proportional
to pseudo-inverseK∗ of the matrixK,

C(0) =
3kBT

g
K∗.

K∗ replaces the standardmatrix inversion, asK is not
invertible because of its vanishing determinant due
to the translation invariance of the system. By defin-
ition K∗ = UDU†, where the diagonal matrix D is
Dij = δij/λ(i), if λ(i) ̸= 0 and Dii = 0, if λ(i) = 0.

According to equation (9), the explicit elements
of the time dependent correlation matrix are

Cij(t) =
3kBT

g

N∑
k=2

ui(k)uj(k)

λ(k)
e−µλ(k)t; (12)

the above sum excludes the λ(1) = 0 eigenvalue.

3.2 Response
The response definition equation (2) assumes a clear
and general expression when the process x(t) is sta-
tionary with invariant probability density function
(PdF) Ps(x), [56]

Rij(t) =−
〈
xj(t)

∂ lnPs(x)

∂xi

∣∣∣
x(0)

〉
. (13)

Where the average ⟨· · · ⟩ is taken over the unperturbed
system, whose invariant PdF, Ps(x), is required to
never vanish for any x.R(t) is the matrix of the linear

response functions (at time t) of the considered sys-
tem. Equation (13) shows the existence of a rigorous
link among responses and correlations, so that we can
use such a relation to infer a degree of dependence
from the observation of time series of x(t), without
actually perturbing the system.

It should be remarked that equation (13) holds
for systems with an invariant PdF and in general
cases, it expresses the response in terms of complic-
ated multivariate correlation functions. However, in
systems governed by stochastic linear dynamics, such
as equation (7), even with no Gaussian noise, the
response turns out related only to the two-time cor-
relation function [25, 57],

R(t) = C(t)C−1(0) . (14)

C−1(0) indicates the inverse or of the correlations
matrix at zero lag (i.e. the covariance matrix). Let
us note that the translational invariance of the GNM
does not allow to apply directly formula (13) to com-
pute the response functions, as the invariant PdF,
Ps(x) = Ps(r1,r2, . . . ,rN), cannot exist because is not
normalizable. However, we can use equation (14),
providing to employ the pseudoinverse of C(0).

The explicit expression of the response in
equation (10) is obtained by the representation
R(t) = Ue−µKtUT, which in matrix elements reads

Rij(t) =
1

N
+

N∑
k=2

ui(k)uj(k)e
−µλ(k)t. (15)

6
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In equation (15), the term 1/N corresponds to the
vanishing eigenvalue λ(1) = 0, indeed because of the
translation invariance, the zero-mode is the uniform
vector with components ui(1) = 1/

√
N, for all i. As

a consequence, Rij(∞) = 1/N, while, by definition,
in the opposite limit R(0) coincides with the identity
matrix, Rij(0) = δij.

3.3. Transfer entropy
According to the definition (3) the explicit TE expres-
sion between residues j→ i, with τ = 0, is the quantity

TEj→i(t) =

〈
log

P[xi(t)|xi(0),xj(0)]
P[xi(t)|xi(0)]

〉
(16)

where the angular-brackets indicate the average over
the joint probability density P[xi(t),xi(0),xj(0)] and
P[xi(t)|xi(0),xj(0)], P[xi(t)|xi(0)] are the conditional
probability densities of xi(t) conditioned to the
previous values xi(0) and xj(0). Obviously, TE is
not symmetric, TEj→i ̸= TEi→j, and identically van-
ishes for i= j as P[xi(t)|xi(0),xj(0)] coincides with
P[xi(t)|xi(0)]. Notice that the asymmetry of TE stems
from the presence of conditional probabilities, for
which the conditioning and conditioned variables (or
events) cannot be exchanged because they do not play
equivalent roles.

For a Gaussian system like the GNM, there is a
simple way to evaluate the TE among residues by
using the correlations [58], equation (12),

Tj→i(t) =−1

2
ln

(
1−

αij(t)

βij(t)

)
(17)

where

αij(t) = [Cii(0)Cij(t)−Cij(0)Cii(t)]
2, (18)

and

βij(t) = [Cii(0)Cjj(0)−C2
ij(0)][C

2
ii(0)−C2

ii(t)], (19)

see [58] and appendix for a sketch of the deriva-
tion. Formula (17) is a more compact notation of the
expression reported in [33].

The asymmetry αij(t) ̸= αji(t) and βij(t) ̸= βji(t)
is an immediate consequence of the TE asymmetry
emerging also in the Gaussian formulation.

It is immediate to show, that Tj→i(∞) = 0,
either by definition equation (16) invoking the inde-
pendence of events far away in time, or using the
correlation decay at large times in equation (17).
Analogously, one expects Tj→i(0) = 0.

In the following, we perform correlation analysis,
response analysis, and transfer–entropy analysis of
the GNM of the Ub, and when possible, we shall
attempt a critical comparison among them.

4. Correlation analysis

Figure 3 reports the equilibrium residue–residue cov-
ariance matrix for Ub in Pearson’s form, (i.e. normal-
ized by the variances)

cij =
Cij(0)√

Cii(0) Cjj(0)
(20)

using a temperature color code. The positive and neg-
ative correlations are plotted separately to facilitate
the analysis. High values correspond to hotter and
low values to darker colors. The lighter regions of the
density plots show that positive correlations ‘nucleate’
around the native contacts, panel (a) of figure 3. In
particular, the region around the residues Glu24 and
Gly53 shows a correlation presumably driven by the
native contacts in those segments of the protein. Also,
the region around 40–70 results highly correlated
and it involves the residues around the hydrophobic
patch (HP) (Leu8-Ile44-Val70) [59]. This may sug-
gest a sort of concerted motion among the elements
of the HP associated with the binding to enzyme E1
[59]. Anti-correlated motion seems to involve mainly
residues that are not in native contact and spatially
distant, green and red regions of figure 3(b). Figure 4
reports the time behavior of pairwise correlations
among residues of ASet that are considered inter-
esting to the allosteric communication in Ub. Since
these residues do not form any native contact with
each other, for comparison, we also report the cor-
relation between sites Ile23-Gly53, forming a native
contact. The slowest and fastest autocorrelation decay
(not shown), Ci,i(t)∼ exp(−t/τi), allows us to select
the interval of time, 0.065⩽ τi ⩽ 0.726, which can be
considered the optimal time range for sampling the
observables, because fluctuations are to be considered
still active (see the vertical dashed lines in figure 4).
In the following, we shall choose the sampling times
t= (0.20,0.25,0.30,0.35) that are equally spaced in
this interval.

In allosteric communication it is common to
define source (allosteric site that binds the effector)
and the target or active site. Similarly, we consider
the allosteric regulation of Ub, as a propagation of
perturbation from a couple of aminoacids (24, 53)
(source) to the couple (35, 49) (target), which parti-
cipate in the binding interface Ub-USP. Accordingly,
figure 5 plots the correlation profiles,Cp,j(t), from the
sites in ASet to every site j = 1, . . . ,N= 76 of the Ub,
at different times to monitor the evolution of the cor-
relation spreading through the protein structure. The
times at which the profiles are sampled are such that
the correlations are still significantly different from
zero.

The peaks of figure 5 indicate the sites that
are mainly correlated, and obviously, the highest
peak refers to autocorrelation Cp,p(t) that decays as
Cp,p(t)∼ exp(−t/τp) at large time.
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Figure 3. Density plot of equation (20). Panel (a) reports positive residue-residue correlations, black dots represent the native
contacts for a direct comparison. Panel (b) shows the negative residue-residue correlations. This splitting should reveal correlated
and anti-correlated residue motion. Generally, positive correlations emerge from native contacts. In particular, the region around
40–70 results in high correlations and corresponds to the residues around the HP Leu8-Ile44-Val70.

Figure 4. Instances of time behavior of correlations from equation (12) between residues that are considered relevant for the Ub
allosteric properties. The correlation of the native contact 23–53 (dashed) is included for comparison. Vertical dashed lines bound
the range defined by the slowest and fastest time of auto-correlation decay. In this range, we assume that fluctuations are still
active.

In the chosen time interval, the global structure
of the profile remains stable during the time evolu-
tion, including positive and negative correlations. For
example from the top panel, a positive correlation
Glu24-Gly53 is always established, whereas Glu24 is
mainly negatively correlated with Thr9, Gln40, and
the C-terminus tail 70–76.

5. Response analysis

The correlation analysis of the previous section
identifies the presence of simultaneous coordinated
displacements among residues, however, it says noth-
ing about their effective dependencies. A better indic-
ator for such a purpose is the response function. In

8
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Figure 5. Correlation profiles Cp,j(t) for sites indicated as connected allosterically by experiments [40], p= {24,35,49,53}, to the
other sites of the Ub. The peaks locate regions of high correlation.

analogy with correlation analysis, we plot in figure 6.
the time-behavior of the responses Rij(t) among
the usual set of residues of ASet. The threshold
1/N in equation (13) identifies two behaviors of
response: a class of curves that grow monotonic-
ally in time to 1/N from below, e.g. Glu24-Gly35,
Glu24-Gln49, Gly35-Gln49, and Gly35-Gly53, non-
monotonic responses which may exhibit either a
single or double peak. All the native responses show
a common pattern with either a single pronounced
peak or a less pronounced maximum at short times
and a broader maximum at larger times. However,
also a pair of sites not in contact can show a peaked
response, as there could be a path of native contacts
connecting them, but their peak is always smaller than
the peak associated with a native pair. This is an obvi-
ous consequence of the ‘causal nature’ of the response
which is more sensitive to direct interactions. We can
say that the sites which can be really considered act-
ive from a response scenario are those with responses
crossing the line 1/N, reaching the maximum and
decaying to 1/N from above.

Likewise to correlation analysis, to understand
how a perturbation in a site ‘p’ spreads through
the Ub structure, it is convenient to plot the pro-
file Rp,j(t)≡ Rj,p, for j = 1, . . .,N= 76. These pro-
files for the residues ASet are shown in figure 7,
at the same four times sampled in the correlation
study (figure 5). A common feature of such pro-
files is the presence of a sort of ‘response localiza-
tion’ generating peaks that survive at different times

assessing the robustness of the scenario. Obviously,
the most pronounced peak corresponds to the site
‘p’ where the perturbation is initially applied. This
peak decays exponentially and spreads in time, since
the perturbation naturally propagates along the back-
bone, covering a region of about ten sites centered
on p, an immediate effect of the chain connectivity.
To verify how the Ub backbone drives the response
propagation, we turned off all the non-bonded inter-
actions so that theUbbecomes a pure harmonic chain
with nearest-neighbor interactions only. The gray-
shadowed regions in figure 7 indicate the spreading
of the perturbation along such a harmonic chain.

As already noticed, only the sites with peaks above
the threshold 1/N (indicated by a dashed horizontal
line) are considered to develop a significant response
to the perturbation.

If the site p = Glu24, which is a source in
Ub allosteric control, is perturbed, the maximum
of the response is felt by the other source site
Gly53, in agreement with NMR relaxation dispersion
experiments [40].

With reference to the target sites Gly35 andGln49,
we can say that they do not have a reciprocal response
action, however, the target Gln49 has a causal link
with both sources Glu24 (actually site ‘23’) and Gly53
which is included in the peak around Gln49.

Gln49, in turn, responds to perturbation of Gly53
either via the backbone or through the path Gln49-
Tyr59-Gly53, in which only the link Gln49-Tyr59 is a
native contact.

9
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Figure 6. Time-behavior of the response functions Rij(t) for the sites involved in Ub allostery. The horizontal line with the arrow
marks the threshold 1/N (N= 76) below which the responses are considered irrelevant. The response peaks (dots) select the
times t∗ij which allow the propagation of the perturbations to be traced, see figure 6. The response for the native contact
Ile23-Gly53 is reported for comparison, to show that native responses are generally higher than responses between residues not in
direct interaction: response is more sensitive to direct causation. Vertical dashed lines bound the range of interesting time, as
describe in the caption of figure 4.

Figure 7. Profiles of response Rp,j(t), for sites p={24, 35, 49, 53} at different times to assess the robustness of the scenario. In each
panel, the dashed line marks the 1/N threshold below which the response is considered ‘uneffective’. The gray-shadowed regions
show the spreading of the perturbation along the chain representing the Ub harmonic backbone.

10
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Figure 8. Density plot in temperature color-code of the time t∗ij , at which each response function Rij(t) attains its maximum,
providing a view of how the response spans the Ub structure. The response propagates by nucleation either from native contacts
or from the backbone, and coalescence, see for instance the block, 1 ⩽ i ⩽ 30 and 50 ⩽ j ⩽ 70. The coalescence process involves
the strands S1, S2 and S5 of the secondary structure reported in figure 2.

A perturbation on the site Gly35 involves mainly
sites Ile13 and Leu71, although the meaning of this
interplay is not biologically clear. This might induce
us to suppose that the site Gln49 is somehow more
relevant in the allosteric response than Phe35.

To provide a global view of how the elastic
network of interactions supports the spreading of
response across the Ub structure, we compute the
time at which each response Rij(t) becomes maximal:
t∗ij = {t |Rij(t) =Max}, see figure 6 for the definition
of t∗ij . The result reported in figure 8 shows that the
response propagates along the proteins by nucleation
from native contacts and from the backbone region
as well, then it expands across the structure, giving
rise to a sort of coalescence process among certain sec-
ondary structure elements. In particular in the region
1⩽ i⩽ 30 and 50⩽ j⩽ 70, such a response coales-
cence involves the strands S1, S2 and S5 of the second-
ary structure depicted in figure 2. Interestingly, the
coalescence puts in connection the two clusters, CluA
and CluB, in which Ub is structurally partitioned
[55, 60].

6. Transfer-entropy analysis

Response functions are indicators that are easily inter-
preted in terms of causal dependencies, however in a
GNM model at equilibrium, responses are symmet-
ric (likewise correlations) and cannot distinguish the
role of source and target of causation. For this reason,

it is natural to complement response analysis with
TE computation, equation (17), that is becoming an
increasingly popular tool for characterizing the role
of coordinated fluctuations in allostery processes [33,
34]. The behavior of some representative TEs as a
function of the time-lag is reported in figure 9. Since
by definition, TEi→j is different from TEj→i, thus dis-
criminating the concept of ‘donor’ and ‘acceptor’ of
entropy, we consider both curves for each couple of
residues already considered in figures 4 and 6.

This asymmetry has been used in [33]. to give
each residue of the pair i− j the role of ‘driver’ or
‘driven’, depending if the difference TEi→j −TEj→i

is positive (i driver, j driven) or negative (j driver, i
driven).

The plots exhibit a typical skewed bell shape
growing from zero at t= 0 and decaying to zero as
t→∞, as discussed in section 3.3, and character-
ized by a single well-defined peak. Moreover, TEs
between two residues that are in native contact (23-
53) are larger than TEs of nonnative couples. The
dependence of TEs on the time-lag can raise ambi-
guities in their comparison or ranking, which can be
strongly affected by the chosen time interval. Since
every choice of an optimal time can be questioned,
it is necessary to repeat the analysis at different stages
to confirm that the ranking is conserved at different
times.

Instead of plotting the dominant direction of
information flow TEp→j −TEj→p as suggested in [33,
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Figure 9. Time behavior of the entropy transfer between the sites underlying the allosteric communication of Ub according to
experiments. Note that, unlike correlations and responses, TEj→i ̸= TEi→j, i.e. TE by definition is not symmetric.

34], we prefer to report in figure 10 the profiles TEp→j

and TEj→p separately, assuming that the reference site
‘p’ can act as a source (donor) or target (acceptor)
of information transfer, respectively. In our case, this
choice is due to the high sensitivity of TE differences
from the sampling times, which prevents their robust
interpretation.

The TEp→p is trivially zero by definition, while
just below and above p, the profiles show peaks cor-
responding to a significant flow of entropy associated
with the activity of the backbone.

The TE analysis basically confirms the scenario
drawn from the response functions, i.e. Gly53 and
Glu24 are linked both as donors and acceptors of
entropy. However, a new feature is highlighted by
the TE, as the region around 1–20 (strands S1-S2 of
figure 2(b)) and the C-terminal tail 70–76 displays a
sensible entropy transfer, a detail not accounted for by
the response analysis. This aspect is important since,
as we will see in the following, such residues particip-
ate in formations of the complex Ub-USP and their
capability of entropy transfer is dramatically affected
by binding. The presence of humps of TE at the level
of C-terminal tail might be relevant since this is the
binding region of the Ub-activating enzymes, the tail
fluctuations are thus expected to be tightly regulated
by the allosteric switching.

Concerning Gly35 and Gln49, we can say that
these two residues show a distributed entropy
exchange over many segments of the Ub, includ-
ing the terminal and interface region of the Ub-USP

complex. In particular, panel (b) of figure 10. seems to
suggest a sort of causal control betweenGly35 and the
wide region 45–68 of Ub, comprising the secondary
motifs S4-H2-S5 of figure 2(b). Unfortunately, this
connection remains unexplained in terms of mere
structural properties. Conversely, Gln49 exchanges
entropy with a large portion of the N-terminal
region S1–S2 and with Tyr59, where there is a
hump.

The profile analysis seems to indicate that TE is
more sensitive than response function to the details
of bothmolecular structure andmodeling, so TE pre-
dictions need careful pondering.

7. Ubiquitin in complex with ubiquitinase:
Ub-USP

In this section, we consider the complex Ub-USP
to show how the behavior of the above indicat-
ors modifies upon binding and check whether this
affects the role of source (24, 53) and target (35,
49) residues. While the molecular switch (peptide
bond between Asp52-Gly53 and Glu24) is internal in
the Ub and does not participate in the binding pro-
cess, the residues Gly35 and Gln49, modulated by the
switch, belong to the interface region Ub-USP, and
thus are expected to undergo a higher perturbation
due to the binding.

The GNM is applied to the full structure Ub-
USP (pdb-id: 2IBI) that has been reconstructed via
Modeller [61] because in the pdb-file 2IBI there were
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Figure 10. Profiles of transfer entropy TEp→j (donor) and TEj→p (acceptor) for sites p= {24, 35, 49, 53}, sampled at the same
times of figures 5 and 7.

three gaps (three missing residues) Ser382, Tyr450,
Asn537. The three gaps were filled using a homology
modeling approach whereby the available structure
USP was used as a template to model the conform-
ation of the whole USP sequence (including the three
residues whose structure was not resolved in the PDB
file). Even if ourGNManalysis involves thewholeUb-
USP complex, we only present the results restricted to
the Ub chain.

In the Ub-USP complex the correlation pro-
file of the considered Ub residues becomes positive
(figure 11), while in the isolated Ub, these residues
were positively and negatively correlated with the rest
of the molecule (figure 5). This evident difference
in correlation behavior among internal Ub residues
when coupled to USP can be explained by observing
that correlations are sensitive to the collective fluc-
tuations of the whole complex. Except for this shift
toward positive values, a comparison of figure 11(a)
with the profiles in figure 5(b) suggests that the land-
scape of correlations established by residue Glu24
with the rest of the Ub remains basically unaltered,
the same happens for Gly53, not shown, since such
two residues do not participate in the binding sur-
face. On the contrary, the profiles of residue Gly35
and Gln49 are significantly modified in the bonded
Ub with respect to the case of free Ub.

The inspection of the response profile of Ub
within the complex Ub-USP in figure 12 does not
show relevant differences with respect to the profiles

Figure 11. Correlation profiles of Ub residues extracted
from the complex Ub-USP for sites p= {24,35}, sampled at
representative four times.

in figure 7. The scenario is qualitatively reproduced,
except for the intensity of the peaks and some small
and irrelevant details.
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Figure 12. Response profiles of Ub residues p= {24,35},
panel (a) and (b) respectively, when Ub is bonded to USP.
The comparison with the corresponding profiles for the
free Ub, figures 7(a) and (b) shows a qualitative agreement,
suggesting that response is less affected by the collective
effects of the coupling.

We can conclude that, unlike correlations, the
responses only vary because of the new interactions
established by Ub with USP, most of them located
at the interface Ub-USP. Thus in the Ub-USP, the
response functions of the internal sites of Ub are
only slightly modified by the presence of the USP,
which acts as an external common driving. This is
a further indication that the response function is
less affected by spurious effects. In summary, one
can conclude that correlations are also sensitive to
long-range effects carried by collective fluctuations,
whereas responses are expected to be more suscept-
ible to relatively short paths of direct interactions.

8. Conclusions

The common use of correlation-based methods for
inferring functional modes among the coordin-
ated fluctuations of biomolecular systems, although
favored by its ease of implementation, is limited by the
fact that correlation not necessarily implies causation.

Therefore, especially to understand allosteric con-
trol, it could be convenient to go beyond correlation
through the employment of response-function and
transfer-entropy that have the advantage of inferring
the causal relationships among source and target sites.

In this work, we compared correlation, response
and entropy-transfer analysis taking as a benchmark
the ubiquitin protein that is widely studied andwhose

allosteric regulation has been recently discovered. The
purpose was to test the capability of these three indic-
ators to recognize the relationships among residues
identified in the experiments as underlying the Ub
allosteric behavior.

To make this comparison free from the artifacts
of poor statistics, we describe the Ub fluctuations
around its native state through the GNM [41] that,
being solvable, provides exact expressions for any
observable, easily accessible to the numerical com-
putation. GNM is considered a reasonable coarse-
grained approximation of the all-atom NMA, as it is
able to capture the relevant features of slowest func-
tional modes in proteins and enzymes [43, 44].

Here, to partially include the effects of the side
chains, we used the atom-wise definition of the
GNM connectivity matrix, termed heavy-atom con-
tact map, see equation (6). Of course, this represents
only a caricature of the real side-chain effects which
nevertheless improves the GNM reliability.

The analysis of correlation within the GNM
suggests a scenario in agreement with the allosteric-
switchmechanism triggered by the flipping of Asp52-
Gly53 peptide bond that modulates the interaction of
ubiquitin and ubiquitinase. The correlation profiles
along the Ub chains show several positive and negat-
ive peaks that identify a certain set of residues includ-
ing those involved in the allosteric process. However,
this positive result obtained by correlations could not
be considered conclusive and required validation and
further insight from response theory. Response-based
analysis localizes on a subset of the positive and neg-
ative peaks present in the correlation profiles. These
represent the pair of residues in which the correl-
ated motion can be safely associated with a causal
relationship.

However, the responses of a GNM at equilib-
rium are symmetric, therefore they do not distinguish
whether a residue behaves as a driver (donor) or is
driven (acceptor). Therefore it has been necessary to
complement response results with the TE analysis.

The TE profiles indicate that the status of donor
and acceptor for a residue is not intrinsic, but may
depend on the time lag between two consecutive
observations. A comparison of response and TE pro-
files shows that TE is more sensitive than response to
the finer details of the molecular structure and to the
modeling approach, thus making the interpretation
of the results quite delicate.

It is important to observe that when the estima-
tion of TE has to be carried out from data, the res-
ults can be affected by various factors, such as: the
dimension of the space of states, the length of time-
series of data, and the procedure adopted to estimate
high-dimensional conditional probabilities [62–64].
In addition, TE might be altered by spurious inform-
ation arising from shared or common external inputs
and drivings. Estimation of response instead is less
affected by the above factors, and formula (14) allows
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us to have a proxy of the response from an easy re-
elaboration of the observed correlations of a system,
thus reconciling the observational and interventional
definitions of causation.

We remark that our comparison of causal indic-
ators has been carried out in the case of harmonic
approximations through NMA, however, there are
frequent cases in which the nonlinear effects in allos-
teric processes are so important that NMA cannot
be representative. In these conditions, the statist-
ical indicators have to be estimated from very long
molecular dynamics simulations in their atomistic
[33, 65, 66] or coarse-grained [67, 68] formulation.

Finally, we can conclude that the best strategy
to gain insight into allosteric sites and pathways
on protein structures is a proper combination of
response and transfer-entropy analysis, where correl-
ation could represent a preliminary but unnecessary
step.
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Appendix. Derivation of the Gaussian TE

This appendix briefly shows how equation (17) for
the TE is derived in the assumption of stationary
Gaussian systems. The starting point is the entropy
of a Gaussian vector x= {x1, . . .xn},

H(x) =
1

2
lndet[2πeΩ]

where Ω= ⟨x(t) xT(t)⟩ is the covariance matrix of
x(t). When computing the TE, we refer to the fol-
lowing coupling between the processes xi(t) and xj(t),
represented schematically as follows

{xi(0),xj(0)} −→ xi(t)

xj(0)−→ xj(t)

where the arrows indicate that not only the ith vari-
able, but also the jth variable is able to influence

the future state xi(t). In the following, for the sake
of shorthand notation, we set, x+i = xi(t), xi = xi(0)
and xj = xj(0).

The Gaussian formulation is defined once the
covariance matrix is specified

Ω[x+i ,xi,xj] =

 Cii(0) Cii(t) Cij(t)

Cii(t) Cii(0) Cij(0)
Cij(t) Cij(0) Cjj(0)

 (A.1)

where Cµν(0)=⟨xµ(t)xν(t)⟩=⟨xµ(0)xν(0)⟩ denotes
the correlation at equal times (zero-lag) for a sta-
tionary process, while, Cµν(t) = ⟨xµ(t)xν(0)⟩=
⟨xµ(0)xν(t)⟩ is the correlation at lag t, which, at equi-
librium, is symmetric under index exchange. For
convenience of notation we drop the argument ‘0’ in
the zero-lag correlations by defining: Cµν(0) = σµν .

Using the definition of conditional distribution of
a multivariate Gaussian process, we can express the
TE in the form

TE(xj → xi) =
1

2
ln

Det
(
Ω[x+i |xi]

)
Det

(
Ω[x+i |xi,xj]

) (A.2)

where Ω[x+i |xi] and Ω[x+i |xi,xj] are the covariance
matrices of the conditioned Gaussian distribution,
also termed conditioned covariance matrices, that
can be expressed via the fundamental identity for
Gaussian variables [69],

Ω(a|b) = Ω(a,a)−Ω(a,b) Ω−1(b,b) Ω(b,a).

With reference to matrix (A.1) we have, Ω(a,a) = σii
and Ω(a,b) = [Cii(t),Cij(t)], moreover

Ω(b,a) =

[
Cii(t)
Cij(t)

]
and Ω(b,b) =

[
σii σij
σij σjj

]
In explicit form we can write

Ω[x+i |xi,xj] = σii − [Cii(t),Cij(t)]

[
σii σij

σij σjj

]−1[
Cii(t)

Cij(t)

]
.

(A.3)

Analogously using the conditional variance, we can
write in equation (A.2)

Ω[x+i |xi] = σii −
C2
ii(t)

σii
. (A.4)

Finally the inversion of the matrix Ω(b,b),

Ω−1(b,b) =
1

σiiσjj −σ2
ij

[
σjj −σij

−σij σii

]

and the explicit computation of the matrix products
provide the result

Ω[x+i |xi,xj]

= σii −
σjjC2

ii(t)− 2σijCii(t)Cij(t)+σiiC2
ij(t)

σiiσjj −σ2
ij

.
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thus

TEj→i

=
1

2
log

(σiiσjj −σ2
ij) [σii −C2

ii(t)/σii]

σii(σiiσjj −σ2
ij)−σjjC2

ii(t)+ 2σijCii(t)Cij(t)−σiiC2
ij(t)

.

Nowby adding and subtracting the term σ2
ijCij(t) to the

denominator of the above expression, and by defining

αij(t) = [σiiCij(t)−σijCii(t)]
2

βij(t) = (σiiσjj −σ2
ij) [σ

2
ii −C2

ii(t)],

we can recast TEj→i in the form (17).
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