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A B S T R A C T

In this study we consider a spline-based collocation method to approximate the solution of
fractional convection–diffusion equations which include fractional derivatives in both space
and time. This kind of fractional differential equations are valuable for modeling various real-
world phenomena across different scientific disciplines such as finance, physics, biology and
engineering.

The model includes the fractional derivatives of order between 0 and 1 in space and time,
considered in the Caputo sense and the spatial fractional diffusion, represented by the Riesz–
Caputo derivative (fractional order between 1 and 2). We propose and analyze a collocation
method that employs a B-spline representation of the solution. This method exploits the
symmetry properties of both the spline basis functions and the Riesz–Caputo operator, leading to
an efficient approach for solving the fractional differential problem. We discuss the advantages
of using Greville Abscissae as collocation points, and compare this choice with other possible
distributions of points. Numerical experiments are presented to demonstrate the effectiveness
of the proposed method.

1. Introduction

Fractional differential equations (FDEs) have emerged as powerful tools in modern scientific and engineering disciplines,
capturing the attention of researchers due to their exceptional ability to model complex phenomena. Unlike traditional differential
equations, which involve integer-order derivatives, FDEs employ derivatives of non-integer order, allowing for the incorporation of
memory and hereditary properties inherent in many natural and engineered systems [1–6]. This nonlocal characteristic of fractional
derivatives enables a more accurate and comprehensive description of processes that exhibit anomalous diffusion, long-range
interactions, and spatial heterogeneity.

In this work, we will focus on the space–time fractional convection–diffusion problems; this kind of FDEs are particularly valuable
for modeling real-world phenomena across different scientific disciplines such as hydrology (e.g. to model the transport of pollutants
in groundwater, where the heterogeneity of porous media leads to anomalous diffusion), finance (to describe asset price dynamics),
physics (for the dynamics of complex fluids), environmental science (to better understand the atmospheric dispersion of pollutants
spread in urban environments or natural settings where traditional Gaussian plume models are inadequate).

Various types of fractional operators can be considered, depending on the circumstances and requirements. The fractional Riesz
derivative is a good choice when it is necessary to incorporate contributions from both sides of the domain, reflecting properties
typical of diffusive processes [2,7]. While the Riesz derivative, defined by the right and left Riemann–Liouville derivatives, is
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commonly used to model fractional diffusion, the Riesz–Caputo derivative is seen as a more suitable alternative to avoid non-
physical issues, as discussed in [8]. Previous studies on the fractional convection–diffusion problems have considered either the
Caputo fractional derivative in both space and time [9,10] or the Caputo fractional derivative in time and the Riemann–Liouville
in space (see [11] and references therein). Therefore, this paper focuses on a convection–diffusion problem using the Riesz–Caputo
erivative in space for the anomalous diffusion (fractional order between 1 and 2) and the left-Caputo derivative of order between
 and 1 in space and time. Specifically, the paper aims to introduce a collocation method based on the optimal B-spline bases to
pproximate the solution of the convection–diffusion model under consideration. A similar method has been presented in [12] for

a diffusion problem, so the aim of this paper is to extend the previous work to the convection–diffusion equation. In this paper
e will also focus on comparing different possible choices for the collocation points, understanding the size of the linear systems

generated, the computational costs involved and the corresponding efficiencies.
The paper is structured as follows: the mathematical model is introduced in Section 2, in Section 3 we define the optimal B-spline

asis functions and give the analytical expressions to compute the fractional derivatives; in Section 3 we also compare different
hoices for the collocation points. In Section 4, we validate by numerical experiments the proposed method and in Section 5 we

summarize the conclusions and outline directions for future work.

2. Mathematical model

We consider the space–time fractional differential problem for 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑇 ] together with the initial and boundary
conditions [3,9]:

⎧

⎪

⎨

⎪

⎩

𝐿𝐷𝛽
𝑡 𝑢(𝑥, 𝑡) + 𝑐(𝑥, 𝑡) 𝐿𝐷𝛾

𝑥𝑢(𝑥, 𝑡) = 𝑑(𝑥, 𝑡) 𝑅𝐶𝐷𝛼
𝑥𝑢(𝑥, 𝑡) + 𝑓 (𝑥, 𝑡), 𝑥 ∈ [0, 𝐿], 𝑡 ∈ [0, 𝑇 ]

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ [0, 𝐿]
𝑢(0, 𝑡) = 𝑔1(𝑡), 𝑢(𝐿, 𝑡) = 𝑔2(𝑡), 𝑡 ∈ [0, 𝑇 ]

(1)

where 1 < 𝛼 < 2, 0 < 𝛽 < 1, 0 < 𝛾 ≤ 1. For simplifying the analysis we will consider only constant convections 𝑐(𝑥, 𝑡) = 𝑐 and
iffusions 𝑑(𝑥, 𝑡) = 𝑑. The extension to general functions is trivial.

Here 𝑅𝐶𝐷𝛼
𝑥𝑢(𝑥, 𝑡) denotes the Riesz–Caputo fractional derivative in space defined as [13–15]

𝑅𝐶𝐷𝛼
𝑥𝑢(𝑥, 𝑡) ∶=

1
2
(𝐿𝐷𝛼

𝑥 + (−1)𝑚 𝑅𝐷𝛼
𝑥)𝑢(𝑥, 𝑡), (2)

where the left and right Caputo derivatives are defined by:
𝐿𝐷𝛼

𝑥𝑢(𝑥, 𝑡) ∶=
1

𝛤 (𝑚̃) ∫

𝑥

0

1
(𝑥 − 𝜉)1−𝑚̃

𝜕𝑚𝑢(𝜉 , 𝑡)
𝜕 𝜉𝑚 𝑑 𝜉 (3)

𝑅𝐷𝛼
𝑥𝑢(𝑥, 𝑡) ∶=

1
𝛤 (𝑚̃) ∫

𝐿

𝑥

(−1)𝑚

(𝜉 − 𝑥)1−𝑚̃
𝜕𝑚𝑢(𝜉 , 𝑡)
𝜕 𝜉𝑚 𝑑 𝜉 , (4)

with 𝑚 being the integer such that 𝑚 − 1 ≤ 𝛼 < 𝑚, 𝑚̃ = 𝑚 − 𝛼 and 𝛤 the Euler gamma function.
The time-fractional derivative appearing in (1) is the same as the one defined in (3) with the obvious difference in the integration

variable.

3. Materials and methods

3.1. The optimal B-spline basis and its fractional derivatives

A spline is a piecewise polynomial function utilized in computational mathematics for curve-fitting and numerical approximation.
On the real line splines can be written as linear combination of the translate of cardinal B-splines, which are compactly supported
piecewise polynomials having breakpoints at the integers. The cardinal B-spline 𝑁𝑛 of integer degree 𝑛 ≥ 0 can be defined as

𝑁𝑛(𝑥) = (𝑛 + 1)[0, 1,… , 𝑛 + 1](𝑦 − 𝑥)𝑛+, (5)

where 𝑥𝑛+ ∶= max(0, 𝑥)𝑛 is the truncated power function and [𝑥0, 𝑥1,… , 𝑥𝑛+1]𝑓 denotes the divided difference of the function 𝑓 on
the sequence of knots {𝑥0, 𝑥1,… , 𝑥𝑛+1}. On a finite interval splines can be represented as linear combination of the optimal basis,
having equispaced knots (of multiplicity one inside the interval and multiplicity 𝑛 + 1 at the endpoints [16,17]). Optimality refers
to a set of properties, such as compact support, high smoothness, endpoint conditions, partition of unity and numerical stability,
that make these bases ideal for approximating functions [17].

The optimal basis 𝑛 =
{

𝑁𝑗 ,𝑛(𝑥), 0 ≤ 𝑗 ≤ 𝐿 + 𝑛 − 1} on the interval [0, 𝐿] has 𝐿 + 𝑛 basis functions. The 2𝑛 functions 𝑁𝑗 ,𝑛
and 𝑁𝐿+𝑛−1−𝑗 ,𝑛, 0 ≤ 𝑗 ≤ 𝑛 − 1, are respectively the left and right boundary functions. The 𝐿 − 𝑛 functions 𝑁𝑗 ,𝑛, 𝑛 ≤ 𝑗 ≤ 𝐿 − 1,
re the internal functions (see [18] for more details).

We observe that the optimal basis is centrally symmetric and fulfills the endpoint conditions

𝑁𝑗 ,𝑛(0) = 𝛿𝑗0 , 𝑁𝐿+𝑛−1−𝑗 ,𝑛(𝐿) = 𝛿𝑗0 , (6)

where 𝛿𝑗0 denotes the Kronecker symbol. The optimal basis 𝑛 can be refined by dilation [16,17]. Let ℎ be the refinement step,
hat is, the distance between the refined knot sequence:
2 
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Fig. 1. Collocation points when 𝑛 = 4 and ℎ = 𝑘 = 1
8
: equidistant points in black, Chebyshev–Gauss points in red and Greville Abscissae in blue.

𝑥0,ℎ = 𝑥1,ℎ = ⋯ = 𝑥𝑛,ℎ = 0; 𝑥𝑗 ,ℎ = 𝑗 ℎ − 𝑛 , for 𝑛 + 1 ≤ 𝑗 ≤ 𝑀 − 𝑛 − 1; 𝑥𝑀ℎ−𝑛,ℎ = 𝑥𝑀ℎ−𝑛+1,ℎ = ⋯ = 𝑥𝑀ℎ ,ℎ = 𝐿 ,
where 𝑀ℎ = 𝐿∕ℎ + 𝑛. The refined basis ℎ,𝑛 = {𝑁𝑗 ,ℎ,𝑛(𝑥), 0 ≤ 𝑗 ≤ 𝑀ℎ} , 𝑥 ∈ [0, 𝐿], has 𝐿∕ℎ − 𝑛 internal functions and 2𝑛 boundary
functions. We notice that refining the knots only leads to an increase in the number of internal functions, while the number of
boundary functions remains unchanged.

In this paper we will use these basis functions to represent the approximated solution of a fractional differential problem. Another
great advantage of using such a representation is that fractional derivatives of the optimal B-spline basis functions can be computed
analytically using the explicit formula provided in [18,19] and by leveraging the symmetry properties of the Riesz–Caputo operator
and the basis functions together. Specifically [19]:

Proposition 1. Let 𝛷 = {𝜙𝑗 (𝑥), 0 ≤ 𝑗 ≤ 𝑀} be a centrally symmetric basis function in the interval [0, 𝐿], i.e., 𝜙𝑗 (𝑥) = 𝜙𝑀−𝑗 (𝐿 − 𝑥),
or 0 ≤ 𝑗 ≤ 𝑀 and 𝑥 ∈ [0, 𝐿]. Then, the left and right Caputo derivatives of the basis function 𝛷 satisfy the following symmetry properties:
𝑅𝐷𝛼

𝑥𝜙𝑗 (𝑥) = 𝐿𝐷𝛼
𝐿−𝑥𝜙𝑗 (𝐿 − 𝑥), for 0 ≤ 𝑗 ≤ 𝑀 .

3.2. The collocation method

Using the optimal B-spline basis and its fractional derivatives introduced in Section 3.1, we can approximate the solution of the
differential problem (1) as a tensor product of univariate splines of degree 𝑛 and 𝑚:

𝑢(𝑥, 𝑡) ≈ 𝑢ℎ,𝑘(𝑥, 𝑡) =
∑𝑀ℎ

𝑖=0
∑𝑀𝑘

𝑗=0 𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝑥)𝑁𝑗 ,𝑘,𝑚(𝑡) , (7)

where ℎ and 𝑘 are respectively the space and time refinement step. Inserting (7) in (1), we obtain:

𝐿𝐷𝛽
𝑡

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝑥)𝑁𝑗 ,𝑘,𝑚(𝑡) + 𝑐 𝐿𝐷𝛾

𝑥

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝑥)𝑁𝑗 ,𝑘,𝑚(𝑡) = 𝑑 𝑅𝐶𝐷𝛼

𝑥

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝑥)𝑁𝑗 ,𝑘,𝑚(𝑡) + 𝑓 (𝑥, 𝑡)

that reads as
𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝑥)𝐿𝐷

𝛽
𝑡 𝑁𝑗 ,𝑘,𝑚(𝑡) + 𝑐

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑗 ,𝑘,𝑚(𝑡)𝐿𝐷𝛾

𝑥𝑁𝑖,ℎ,𝑛(𝑥) = 𝑑
𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑗 ,𝑘,𝑚(𝑡)𝑅𝐶𝐷𝛼

𝑥𝑁𝑖,ℎ,𝑛(𝑥) + 𝑓 (𝑥, 𝑡), (8)

so we are left with computing fractional derivative (in space and time) of the B-splines.
To compute the unknown coefficients {𝑐𝑖,𝑗 , 0 ≤ 𝑖 ≤ 𝑀ℎ, 0 ≤ 𝑗 ≤ 𝑀𝑘} of the spline approximation (7) we use a collocation method.

To this end we can use different sets of nodes 𝜉𝑟,ℎ and 𝜏𝑠,𝑘 with 1 ≤ 𝑟 ≤ 𝑁𝑟, 1 ≤ 𝑠 ≤ 𝑁𝑠, where 𝑁𝑟, 𝑁𝑠 are the number of collocation
points respectively in space and time. Evaluating Eq. (8) at these points, we obtain the following linear system:

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝜉𝑟,ℎ)𝐿𝐷

𝛽
𝑡 𝑁𝑗 ,𝑘,𝑚(𝜏𝑠,𝑘) + 𝑐

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑗 ,𝑘,𝑚(𝜏𝑠,𝑘)𝐿𝐷𝛾

𝑥𝑁𝑖,ℎ,𝑛(𝜉𝑟,ℎ)

= 𝑑
𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑗 ,𝑘,𝑚(𝜏𝑠,𝑘)𝑅𝐶𝐷𝛼

𝑥𝑁𝑖,ℎ,𝑛(𝜉𝑟,ℎ) + 𝑓 (𝜉𝑟,ℎ, 𝜏𝑠,𝑘),
(9)

in the unknowns 𝑐𝑖,𝑗 , where 𝑟 = 1,… , 𝑁𝑟 and 𝑠 = 1,… , 𝑁𝑠. Observe that to fulfill the initial and boundary conditions of Eq. (1) the
following equations must be added to the linear system (9):

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝜉𝑟,ℎ)𝑁𝑗 ,𝑘,𝑚(0) = 𝑢0(𝜉𝑟,ℎ) , 1 ≤ 𝑟 ≤ 𝑁𝑟 , (10)

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(0)𝑁𝑗 ,𝑘,𝑚(𝜏𝑠,𝑘) = 𝑔1(𝜏𝑠,𝑘) ,

𝑀ℎ
∑

𝑖=0

𝑀𝑘
∑

𝑗=0
𝑐𝑖,𝑗𝑁𝑖,ℎ,𝑛(𝐿)𝑁𝑗 ,𝑘,𝑚(𝜏𝑠,𝑘) = 𝑔2(𝜏𝑠,𝑘) , 1 ≤ 𝑠 ≤ 𝑁𝑠 . (11)

In this paper we will compare the following types of collocation points (see Fig. 1):

• equidistant knots by dilation ℎ and 𝑘 for space and time respectively, defined as:

𝑥𝑖 =
𝐿 𝑖

𝑀ℎ + 1 , 𝑖 = 0,… , 𝑀ℎ + 1; 𝑡𝑖 =
𝑇 𝑖

𝑀𝑘 + 1 , 𝑖 = 0,… , 𝑀𝑘 + 1. (12)
3 
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• Chebyshev–Gauss points, defined as [20]:

𝜉𝑖,ℎ =
𝑥𝑖+1 + 𝑥𝑖

2
+

𝑥𝑖+1 − 𝑥𝑖
2

𝑅, 𝑖 = 0,… , 𝑀ℎ + 1; 𝜏𝑖,𝑘 =
𝑡𝑖+1 + 𝑡𝑖

2
+

𝑡𝑖+1 − 𝑡𝑖
2

𝑅, 𝑖 = 0,… , 𝑀𝑘 + 1; (13)

where 𝑥𝑖 and 𝑡𝑖 are given in (12) and 𝑅 = 𝑐 𝑜𝑠
(

𝜋
2

)

.

• Greville Abscissae [16,17,21], defined as:

𝜉𝑖,ℎ =
𝑥𝑖,ℎ +⋯ + 𝑥𝑖+𝑛−1,ℎ

𝑛
, for 0 ≤ 𝑖 ≤ 𝑀ℎ , 𝜏𝑖,𝑘 =

𝑡𝑖,𝑘 +⋯ + 𝑡𝑖+𝑛−1,𝑘
𝑛

, for 0 ≤ 𝑖 ≤ 𝑀𝑘 . (14)

When equidistant points and Chebyshev–Gauss nodes are employed, the system generated is over determined due to the geometry
of the collocation points (see Eqs. (12) and (13)). However, these distributions of points are not optimal, and can indeed generate a
ectangular system which is rank deficient, as shown in Section 4. On the contrary, the Greville Abscissae are specifically chosen to

be the average of consecutive knots. This placement optimally represents the ‘‘center’’ of each B-spline’s influence. Since B-splines
re piecewise polynomials with compact support, the Greville points tend to lie where the B-splines are most active, leading to
ore accurate and stable approximations [16]. It is also important to underline that using Greville Abscissae results in a square

linear system because the number of collocation points (Greville Abscissae) depends on and matches the number of B-spline basis
functions, creating a system with the same number of equations as unknowns (see Eq. (14)). This setup eliminates the need for
approximation techniques used for rectangular systems (e.g. least squares methods), thereby eliminating any additional error that

ight arise from approximations.

4. Numerical experiments

We will now apply the collocation method described in Section 3.2 to solve the fractional problem (1). Without loss of generality,
e will set 𝐿 = 𝑇 = 1 and use the same B-spline degree to construct the bases in the spatial and temporal directions. The number
f functions in both space and time is 𝑀 = 𝛿−1 + 𝑛 + 1 where ℎ = 𝑘 = 𝛿 so that the dimension of the linear system generated is
𝑀 + 2)2 ×𝑀2 for the equidistant and Chebyshev–Gauss points and 𝑀2 ×𝑀2 for the case of the Greville Abscissae; we will vary 𝛿
o show the convergence of the method.

All the numerical results are computed using MATLABR2021a on a computer with Intel Xeon E5-2696 v4 processor running at
2.20 GHz using 16.0 GB of RAM, with OS Windows version 11 Pro.

In order to evaluate the performance of the collocation method, we compare the numerical approximation with the analytical
olution1 of (1) set to be 𝑢(𝑥, 𝑡) = 𝑥𝑠 + 𝑡𝜇 in the interval [0, 1] × [0, 1], setting 𝑐 = 0.5 and 𝑑 = 1.

The numerical error is defined as:

‖𝑒(𝑥, 𝑡)‖∞ = ‖𝑢(𝑥, 𝑡) − 𝑢ℎ,𝑘(𝑥, 𝑡)‖∞, (15)

where ‖𝑒(𝑥, 𝑡)‖∞ = max𝑥∈[0,𝐿] max𝑡∈[0,𝑇 ] |𝑒(𝑥, 𝑡)|.
We now consider the case with 𝑠 = 2.6, 𝜇 = 2.3 with 𝛼 = 1.5, 𝛽 = 0.25, 𝛾 = 0.9 and compare the error and CPU time to

olve the linear system generated by the different collocation points introduced in Section 3.2; the results in Table 1 show the
good performance and the convergence of the collocation method based on Greville Abscissae. We can observe that when the linear
system grows, the rectangular systems generated by the equidistant points or by the Chebyshev–Gauss nodes do not always provide
an accurate result. This is due to the fact that in those cases the system results to be rank deficient, so that the numerical solution
is not accurate. This cannot happen in the case of the Greville Abscissae, where the points are chosen to optimize the conditioning
of generated system. We can also observe an increasing of the CPU time in the first two cases, as expected and observed in the
previous section.

5. Conclusion and future work

The growing adoption of fractional differential equations is a testament to their versatility and effectiveness in describing real-
world phenomena more accurately than conventional models. As the field continues to evolve, FDEs promise to unlock new frontiers
n scientific research and technological innovation, paving the way for advancements that address some of the most intricate
hallenges in various domains.

In this work we have presented a collocation method based on the optimal B-spline basis function to approximate the solution
of the space–time fractional convection–diffusion problem. We compare different choices for the collocation points, and we show
how the Greville Abscissae are preferred due to the optimal alignment of the Greville nodes with the B-spline basis functions, the
reduced CPU time, the avoidance of boundary effects, and the resulting well-conditioned square linear system. These advantages
make Greville Abscissae a more effective choice for accurate and stable spline approximation in practical applications.

1 𝑓 (𝑥, 𝑡) is computed accordingly and is given by

𝑓 (𝑥, 𝑡) = 𝛤 (𝜇 + 1)𝑡𝜇−𝛽
𝛤 (𝜇 + 1 − 𝛽)

+ 𝑐
𝛤 (𝑠 + 1)𝑥𝑠−𝛾
𝛤 (𝑠 + 1 − 𝛾)

− 1
2

[

𝑥𝑠−𝛼
(

𝛤 (𝑠 + 1)
𝛤 (𝑠 + 1 − 𝛼)

+
𝑠(𝑠 − 1) 𝛤 (𝛼 − 𝑠)

𝛤 (2 − 𝑠)

)

−
𝐿𝑠−𝛼𝑠(𝑠 − 1)

(𝛼 − 𝑠)𝛤 (2 − 𝛼) 2𝐹1

(

𝛼 − 𝑠, 𝛼 − 1; 𝛼 − 𝑠 + 1; 𝑥
𝐿

)

]

,

where 𝐹 indicate the Hypergeometric function.
2 1

4 
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Table 1
Error (as defined in (15)), CPU time [s] and Condition number (𝐿2 norm) for the parameters 𝛼 = 1.5, 𝛽 = 0.25, 𝛾 = 0.9, 𝜇 = 2.3 𝑠 = 2.6.

Equidistant points

Error CPU time Condition number

n/𝛿 1/8 1/16 1/32 1/64 1/8 1/16 1/32 1/64 1/8 1/16 1/32 1/64

3 1.8e−04 4.4e−05 8.6e−06 1.3e−06 0.0010 0.0054 0.0677 4.5000 9.4e+02 5.9e+03 1.1e+05 3.7e+08
4 5.8e−05 1.3e−05 1.4e−05 1.4e+00 0.0013 0.0061 0.0764 5.0200 2.9e+03 9.8e+04 2.5e+09 5.4e+15
5 2.4e−05 6.3e−06 1.6e−01 1.7e+00 0.0015 0.0087 0.0904 5.5100 9.6e+03 1.1e+07 4.2e+13 2.8e+17

Chebyshev–Gauss points

Error CPU time Condition number

n/𝛿 1/8 1/16 1/32 1/64 1/8 1/16 1/32 1/64 1/8 1/16 1/32 1/64

3 1.7e−04 4.6e−05 1.5e−05 4.5e−06 0.0078 0.0071 0.0623 4.5000 8.4e+02 3.2e+03 1.4e+04 6.9e+04
4 7.1e−05 2.2e−05 6.8e−06 2.0e−06 0.0014 0.0062 0.0752 5.0000 2.1e+03 1.1e+04 1.2e+05 9.1e+06
5 4.2e−05 1.3e−05 3.8e−06 2.3e−01 0.0014 0.0076 0.0853 5.5700 5.8e+03 5.8e+04 3.7e+07 7.5e+13

Greville Abscissae

Error CPU time Condition number

n/𝛿 1/8 1/16 1/32 1/64 1/8 1/16 1/32 1/64 1/8 1/16 1/32 1/64

3 2.3e−04 5.1e−05 1.1e−05 2.2e−06 0.0004 0.0016 0.0205 0.3320 8.9e+02 3.2e+03 1.2e+04 4.5e+04
4 5.3e−05 1.4e−05 3.7e−06 1.0e−06 0.0007 0.0023 0.0219 0.3530 2.4e+03 8.2e+03 3.0e+04 1.1e+05
5 2.8e−05 7.6e−06 2.1e−06 6.0e−07 0.0006 0.0028 0.0259 0.3970 5.8e+03 1.9e+04 7.0e+04 2.6e+05

In the next future we will also consider a weak formulation to solve the space–time fractional diffusion problem; in this context,
the analytical expressions of the refinable functions obtained in [22] will enable an efficient and accurate evaluation of the integrals
needed to compute the connection coefficients in the Galerkin method.
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