PHYSICAL REVIEW X 16, 011045 (2026)

Algorithmic Thresholds in Combinatorial Optimization Depend on the Time Scaling
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In the past decades, many efforts have focused on analyzing typical-case hardness in optimization and
inference problems. Some recent work has pointed out that polynomial algorithms exist, running with a
time that grows more than linearly with the system size, which can do better than linear algorithms, finding
solutions to random problems in a wider range of parameters. However, a theory for polynomial and
superlinear algorithms is in general lacking. Here, we examine the performance of the simulated annealing
algorithm, a standard, versatile, and robust choice for solving optimization and inference problems, in the
prototypical random K-SAT problem. For the first time, we show that the algorithmic thresholds depend on
the time scaling of the algorithm with the size of the system. Indeed, one can identify not just one but
different thresholds for linear, quadratic, and cubic regimes (and so on). This observation opens new
directions in studying the typical case hardness in optimization problems.
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I. INTRODUCTION

Computing the performance of algorithms solving opti-
mization and inference problems is crucial for both
fundamental research and real-world applications. In par-
ticular, it is primarily important to identify the so-called
algorithmic threshold, that is, the limit of the region where
a specific algorithm can work efficiently to find a solution
to the problem.

In many relevant problems, the best known algorithmic
threshold is far from the statistical threshold, which can
be obtained by computing the limit of the existence of
solutions. In other words, there exists a region (often very
broad) where solutions are likely to be present, but no
algorithm can find them efficiently. This region is called the
hard phase and it is at the origin of the computational-to-
statistical gap that plagues many optimization and inference
problems. To close this gap, or at least reduce it, one should
move forward the algorithmic threshold.

The vast majority of algorithms whose performances can
be analyzed are linear algorithms, that is, algorithms whose
running time scales linearly with the problem size. This is a
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major limitation in several aspects. First of all, superlinear
but still polynomial algorithms may show better perfor-
mances and may have improved thresholds. Not every
algorithm can be scaled up to a superlinear regime, but even
the scalable ones have not been studied so far. The present
work represents the first systematic study of the superlinear
regime in a general class of algorithms. We expect that it
may open a new approach to the determination of algo-
rithmic thresholds.

Second, the algorithmic threshold for linear algorithms is
often computed via extrapolations from the linear regime as
the point where the time to reach a solution diverges (see,
e.g., insets in Figs. 1 and 5 of Ref. [1]). These estimates
not only require taking the large size and large time limits,
but are unavoidably quite noisy due to the extrapolation
procedure. Here we show how to evaluate algorithmic
thresholds in a much better way by going to the superlinear
regime (in particular, the quadratic regime) and exploiting
well-known techniques from the study of critical phenom-
ena. We consider that this new approach can become the
standard for the determination of algorithmic thresholds.

To achieve the goals stated above, we focus our study on
an algorithm and a problem that are general, representative,
and with nontrivial properties. We analyze the perfor-
mances of algorithms based on Monte Carlo Markov
chains (MC in short), in particular, simulated annealing
(SA) [2] and the zero-temperature (greedy) Monte Carlo
algorithm, in the well-known K-satisfiability (K-SAT)
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problem. Both have widespread applications in many
diverse fields of science and technology.

Despite the robustness and flexibility of MC, properties
that make them reference algorithms in many situations
(especially when real-life instead of random problems are
considered), there are no known works that precisely
identify the thresholds reached by these algorithms on
the prototypical random K-SAT optimization problem.

In the present work, for the first time, we identify
different algorithmic thresholds for MC algorithms,
depending on the scaling of the number of Monte Carlo
sweeps (MCSs) with the problem size N. Since each MCS
is defined as the attempt to change every variable in the
configuration once, it takes N iterations of the algorithm
to complete one MCS. Therefore, a fixed number of MCSs
corresponds to an algorithm linear in N. Leaving the
number of MCSs to grow with N, we get quadratic, cubic,
and other superlinear algorithms. Apart from estimating a
different algorithmic threshold for every scaling regime,
our analysis combining finite-size scaling and simulations
in the large size limit allows us to identify the “ultimate”
algorithmic threshold and the optimal scaling between
times and size to reach it.

Interestingly enough, our results provide an explanation
for earlier empirical observation that the running time must
be scaled cubically with the problem size to achieve the
best performance of specific heuristics in the three-coloring
problem [3]. In recent literature, there have been few works
showing that polynomial algorithms, with running time that
scales at least quadratically with the system size, could beat
very efficient linear-time algorithms in different optimiza-
tion and inference problems [4-7].

MC algorithms are ideal for running such an experiment,
given that one can decide the total number of MCSs before
running the algorithm, and such a number can be varied
when the system size increases.

We expect the behavior we uncover in this work to be
possibly shared by other classes of algorithms. For exam-
ple, neural networks can be trained and tested for a number
of epochs that could be changed accordingly with the size
of the problem. Our work thus opens new perspectives on
the study of typical case hardness: How could we explain
theoretically the presence of different thresholds related to
different polynomial time scaling?

II. K-SAT AND TYPICAL CASE HARDNESS

The K-SAT is a pillar in the theory of algorithmic
complexity. It was the first to be classified as NP complete,
actually, in the same article where Cook introduced the very
concept of NP completeness [8]. The task in K-SAT is to
find an assignment to N boolean variables X = {x|, ..., xy}
that satisfies a set of M clauses that involve K variables
each. In the random K-SAT problem, the K variables in
each clause are chosen at random, and thus the hardness
of the formula is controlled mainly by the parameter

a = M/N. This problem undergoes a SAT-UNSAT tran-
sition at a satisfiability threshold a; [9], such that for a < a;
solutions exist almost surely in the infinite-size limit
(N — o) while for a > @, in the same limit there are
no solutions with high probability: This transition has been
proved to be a sharp one when N — oo [10,11].

One could associate with each configuration of the N
variables a cost function that counts the number of violated
clauses. In this way, the problem of finding a satisfying
assignment is recast as an optimization problem, for
which one wants to identify a configuration of zero cost.
The K-SAT problem is thus seen as the paradigm of
combinatorial optimization problems. For this reason, we
will concentrate our attention on this problem, keeping in
mind that what is discussed in the following is shared by
many other random optimization problems, as we discuss at
the end of the paper, presenting results for a different
random optimization problem.

While the “worst-case” NP completeness of K-SAT
problems was stated many years ago [8], in recent years
many efforts have been focused on studying typical-case
hardness [12-17]. One would like to identify the best
algorithm that can find optimal configurations (i.e., sol-
utions) of the problem within the shortest time in typical
instances of the problem, for which we know that solutions
exist up to a, in the infinite-size limit. However, in practice,
search algorithms are not able to find solutions, although
they do exist, in a region a,, < a < a, [18]. The precise
determination of the threshold a,, in typical instances,
which could be specific to every algorithm, has been the
object of an intense effort in the past decades [1,19-23],
because for practical applications, the algorithmic thresh-
old a,, matters much more than the SAT-UNSAT transi-
tion at a.

Exploiting the so-called one-step replica symmetry
breaking cavity method formalism, theoretical physicists
have characterized different phase transitions in the geo-
metrical structure of the space of solutions [14,16,24]. This
structure is certainly related to the algorithmic complexity
of the problem, but a clear connection is still missing. In the
following, we summarize the phase transitions taking place
in random K-SAT and several conjectures relating phase
transitions to algorithm thresholds.

Increasing «, the first phase transition the model under-
goes is the dynamical transition at ay. Above ay,, the
uniform equilibrium measure over the solutions breaks into
an exponential number of disconnected clusters [13,15,16].
The condensation transition takes place at a. > a,; and
defines the threshold above which the equilibrium measure
is dominated by a subexponential number of clusters [16].
Given that above a, the ergodicity is spontaneously broken
(because of the existence of many clusters separated by
barriers), it was initially conjectured a; to be an upper
bound for the local search algorithms [9]. Later, it was
found that the belief propagation algorithm returns exact
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marginals until @, and consequently, @, was conjectured to
be the algorithmic threshold [16]. This conjecture was
further improved in Ref. [25].

However, there are several observations of local search
algorithms overcoming both bounds a,; and a, [1,19,22]
solving almost all typical instances in a time that scales
polynomially with the problem size for a very close to the
satisfiability threshold a, in some optimization problems
(included the K-SAT problem for small enough K). An
intuitive solution to this contradiction [26] rests on the idea
that some algorithms violate the detailed balance condition
and are completely out of equilibrium. Therefore, they do
not necessarily fit within the hypothesis of the equilibrium
computations that lead to the theoretical thresholds a,; and
a.. Even speaking about algorithms satisfying the detailed
balance condition, like MC algorithms, they are often not
used in the regime of very large times, but on a finite
timescale: In such a regime, the algorithm could be visiting
configurations with a measure different from the equilib-
rium one [27]. This includes both algorithms that we will
study here: SA and the zero-temperature Monte Carlo
algorithm. Their performances are thus not well described
by equilibrium computations.

Forgetting the equilibrium measure, one could “follow”
the states out of equilibrium [28]. By doing so, even above
the clustering threshold, there could exist a phase display-
ing the so-called “canyon-dominated landscape” where
out-of-equilibrium states go down to zero energy with a
large basin of attraction. The region of the parameters
where these canyon states do not exist anymore could
correspond to the hard phase for algorithms. This hypoth-
esis was checked in p-spin glass models for the simulated
annealing algorithm [29]. The canyon-dominated threshold
is upper bounded by the so-called freezing transition, above
which any cluster of solutions contains an extensive number
of variables that are frozen, that is, taking the same value in
all the solutions belonging to the cluster [15,30]. Finding
solutions in frozen clusters is very hard, as no error can be
made for any frozen variable. Since the number of frozen
variables is extensive, the probability of making no error
fixing them goes to zero exponentially fast in the problem
size. For this reason, the freezing transition has been
conjectured to be an upper bound to the algorithmic thresh-
old (again, under the hypothesis that solutions are sampled
according to the equilibrium measure).

A new approach to algorithmic hardness in random
problems was recently introduced: the so-called overlap
gap property (OGP), based on the topology of the solution
space [31]. Such a property, already discovered in
Refs. [13,15] but named OGP only in Ref. [17], allows
one to rigorously demonstrate the ineffectiveness of a large
class of algorithms, named stable algorithms [32], in solving
the corresponding optimization problem. Stable algorithms
include low-degree polynomial algorithms [33-35], approxi-
mate message passing algorithms [36], and Monte Carlo

algorithms run for a fixed (i.e., not growing with N) number
of steps. One could conjecture the OGP to be plausible
evidence for computational intractability, not just for stable
algorithms, but even for more general algorithms. There
are, however, counterexamples: In a recent work [37], it
has been proved that the shortest-path optimization problem
has the OGP in sparse graphs, but it can be solved by
O(log N)-degree (nonstable) polynomial algorithms. Thus,
in this case, the OGP is not predictive of algorithmic
intractability for an average-case optimization problem.
Something similar also happens in the case of the
XOR-SAT problem [38], which displays the OGP [39]
while it is easy to solve through Gaussian elimination
algorithms [40]. Both the exact nature of the stability of the
algorithms and the existence of the OGP are problem
dependent and sometimes extremely technical to prove.

Here, we introduce a new crucial ingredient in the
analysis of these algorithms: the scaling of the running
time with the size of the system. As mentioned before,
when MC are run for a number of MCSs that is fixed with
respect to the size of the problem, the running time scales
linearly with the problem size N. Under these conditions,
one can often demonstrate that MC algorithms are stable
algorithms, and their performances are thus limited by the
existence of OGP [41]. However, MC algorithms have not
been proved to be stable when running for a number of
MCSs that increases with the problem size, and nothing is
known about their performance.

III. METHODS

The standard methodology to determine algorithmic
thresholds measures the time an algorithm needs to find
a solution [in short, time to solution (TTS)] and studies how
it scales with the system size at different values of a.
However, this analysis does not provide a clear estimate for
the algorithmic threshold. Indeed, for the sizes one can
study, TTS(N) makes just a smooth crossover from a
“slow” to a “fast” growth around the algorithmic threshold.

We follow, instead, two other routes for the analysis of
the performance of MC-based algorithms in solving K-SAT
problems and the determination of the algorithmic thresh-
old for SA. Our two methods give consistent results for the
K-SAT problem with K = 3, 4.

First, we use an approach that exploits finite-size effects
to determine the algorithmic threshold ag,, similar to the
approach used to study the critical behavior in statistical
physics models. We run the algorithm (e.g., SA in our case)
for a polynomial time ¢~ N*, where the “dynamical”
exponent z controls the time scaling. Then we examine
the mean extensive energy U reached after a time ¢ or the
probability of solving the problem Pg,t in a time ¢, as a
function of a. Both quantities, U and Pg,t, have a clear
crossing at the same algorithmic threshold ag,, supporting
the scenario that below ag, every problem can be solved in
the large N limit if SA is run for a time = O(N?), while
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none is solvable by SA above ag,. We will show how this
algorithmic threshold depends on the value of z, that is, on
the time scaling chosen for running the algorithm.

Our main results are obtained for z = 2, 3 (i.e., quadratic
and cubic running times). These results provide clear
evidence that the algorithmic threshold depends on the
time scaling.

Determining the SA threshold for times growing less
than quadratic (e.g., linear times) is a more difficult task.
An MCS corresponds to the update of every variable once,
and it takes a time O(N). Thus, the linear-time regime
actually corresponds to running an MC algorithm for a fixed
(not growing with N) number of MCSs. Even below the
algorithmic threshold, it is not surprising that running an MC
algorithm for a fixed number of MCSs makes the success
probability dependent on the system size (the number of
MCSs that are enough for a given problem are probably not
enough for a much larger problem). Indeed, in this linear-
time regime, we find severe finite-size effects that make the
techniques we have used for z = 2, 3 useless. To overcome
this problem, we have studied MC at zero temperature,
which corresponds to a sort of greedy algorithm without
thermal noise, that we find to run in almost linear time.
Results are reported in Appendix A.

As a complementary approach, we also work in the
“large size limit,” where this limit must be understood as
“the system size is large enough that finite-size effects are
negligible.” In this limit, self-averaging quantities have
vanishing fluctuations and concentrate on a unique curve
(and from this unique curve, we need to extract the
requested information). For example, considering the
intensive energy u reached after a running time ¢, one
expects a “relatively fast” decay of u(r) below the algo-
rithmic threshold and a “much slower” decay above the
threshold. We will provide more quantitative statements
below, but in practice, in this limit, the threshold value agy
is defined as the critical value such that u(¢) decays as a
power law of the running time ¢. This is very similar to what
has been observed in Ref. [21] for the hypergraph bicolor-
ing problem. It is worth stressing that in the large size limit,
the time required to solve the problem is always formally
infinite, and this is the reason why the algorithmic threshold
must be estimated from the way the energy decays for large
times, rather than from the time to reach a solution.

IV. SIMULATED ANNEALING ALGORITHM

The hardness of K-SAT is in the structure of the Boolean
formula f, which is the conjunction (logic and) of M
smaller expressions called clauses. A clause is a disjunction
(logic or) of K variables or their negations. The following
simple example has K = 3, M = 2 clauses and only N = 3
variables:

F(x1,x0,x3) = (X1 V X3 V x3) A (=X V =X V x3).

While in this example it is easy to find a satisfying
assignment by simple inspection, this is not necessarily
the case when N and M increase. In the random K-SAT,
the variables entering each clause are randomly chosen
among the N possible ones and negated with proba-
bility 0.5. The parameter « = M /N controls the hardness
of the formulas. Empirical evidence and theoretical studies
[13,14,16,17,24,42] support the existence of a hard phase
before the SAT-UNSAT threshold: In the hard phase,
solutions do exist, but searching algorithms require times
scaling superpolynomially with the problem size to find a
solution.

In combinatorial optimization problems, the most natural
choice for the energy function is the number of unsatistied
clauses U(X). This energy function is bounded between 0
and M, reaching the minimum value U = 0 for every
satisfying assignment.

MC algorithms are the standard technique for sampling
the configuration space of the system according to the
Boltzmann-Gibbs distribution P(¥) = ¢ #V%)/Z. Here,
Z is a normalization factor and f = 1/T is the inverse
temperature. While solutions of the optimization problem
correspond to the equilibrium configurations at 7 =0, a
positive temperature allows uphill moves that facilitate
overcoming the local barriers.

A single MC step implementing the Metropolis dynam-
ics [43] works as follows. Given a configuration X, a new
configuration X' is proposed where a single variable is
flipped. Among the N variables, the one to be flipped is
chosen uniformly at random. The proposed change in
configuration is accepted with probability

T ifAUF>T) <0
r(x d X) — e_/}AU(}E—»)?’) if AU(_)_(" - }/) > 0, ( )

where AU(X - X') = U(XY') — U(X).

The SA algorithm starts implementing MC at a high
temperature (low /), where there are no barriers and the
configuration can be easily updated. Then the temperature
T is slowly decreased, performing some MCSs at each
selected temperature. This can be implemented using
different schemes [44,45]. For simplicity, we restricted
ourselves to the traditional choice of a constant temperature
change AT [2]. The aim is to have an SA algorithm that
keeps sampling equilibrium configurations while decreas-
ing the temperature. If this can be achieved until 7 = 0,
then a solution with U = 0 can be obtained (if it exists). In
practice, when dealing with finite-size systems and finite
running times, we do not expect SA to be able to sample
from the equilibrium distribution at each time. From this
point of view, real-world implementations of SA are
typically out-of-equilibrium processes.

The cooling schedule is the sequence of chosen temper-
atures (7, T4, ..., T,) used by SA and the number of MCSs
the algorithm will take at each temperature. In general, the
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initial temperature 7 is required to be high enough to be in
the ergodic phase and the final temperature 7, should be
(close to) T'= 0. In our simulations, we consider a very
simple schedule (from 7, to 7,=0 with fixed
AT = Ty/n), and one MCS is performed at each temper-
ature, such that the SA algorithm is run for a total of n
MCSs. Although the schedule is probably not the optimal
one, we choose it to be quasiadiabatic (the AT value is the
smallest possible), and we expect that changing 7y and T,
would change only prefactors and not the scaling between
size and time (which is what we are interested in). In general,
it is advisable to use a simple schedule that can provide a
clear indication of the time scaling, although the absolute
running time could be further optimized.

In contrast to our choice, some other implementations of
SA use a schedule that stays more than one MCS at each
temperature [44,45], in an attempt to ensure equilibration
(this is possible only in the ergodic phase @ < a,). In any
case, when jumping from 7 to T,,, the algorithmic
dynamics exhibits a transient regime and then reaches
equilibrium at 7| after a certain number of steps. Thus,
the number of steps 7z spent in this jump must be adjusted so
that 7 is greater than the transient time 7oq (7 = Tyy1).

However, if the difference AT =T, | — T} decreases,
so does 7. In general, when AT — 0, we also have
Teq — 0. That is one of the reasons why, in our schedule,
we follow a different strategy to ensure convergence to
equilibrium at each temperature. By taking AT = Ty/n
equal for all transitions Ty — T, and approaching the
large n limit, we get that AT is so small that a single MCS
must always be enough to equilibrate, provided that one is
in the ergodic phase a < a,; (while for a > @, any schedule
would need a number of steps growing exponentially with
N to reach equilibrium). Even for finite n, we expect that
taking the smallest steps in temperature produces a dynam-
ics that remains closer to equilibrium at each step in the
ergodic phase. Moreover, our choice avoids the introduc-
tion of the parameter 7z that would make the analysis more
cumbersome.

Summarizing, the reason why it is worth studying the SA
algorithm is that it is known to be general (i.e., it can be
used to optimize any energy function) and very robust.
The use of the temperature cooling is a standard approach
when exploring a rough energy landscape to allow for the
bypassing of energy barriers. The slow convergence to
the zero-temperature limit focuses the Gibbs measure on
the solutions to the problem, thus formally ensuring the
optimum could be achieved in the infinite time limit.

V. ALGORITHMIC THRESHOLDS FROM
FINITE-SIZE ANALYSIS

In many cases, the running time of algorithms based
on MC, such as SA, is limited to a fixed number of
MCSs and, therefore, grows linearly with the system size.

1E
=3 N=1024 —
N = 2048 =
0.75 NS N = 4096
= e N=8192
& R N=16384 ——
a X N=32768
05
0.25
t=8nN%---

385 39 395 4 4.05 41 415 42 425

t=2N?—
t=8N2---
10

&l -7
-

N=1024 ——
N =2048 —=—
N = 4096
N=8192 ——
=16 384 ——

N=1
N=32768

385 39 395 4 405 41 415 42 425
o

FIG. 1. Simulated annealing thresholds for quadratic time
scaling in random 3-SAT instances. For several system sizes,
we measure the probability Pgar of finding a solution (upper
panel) and the average extensive energy Uy (lower panel) after
the SA algorithm has been run for a quadratic time, t = AN>. The
cooling schedule starts at 7y = 0.2, and each point represents an
average over 10* different runs. The error bars are reported, but
are smaller than the points. Continuous lines are for A = 2 and
dashed lines are for A = 8. The algorithmic thresholds are af /: =

4.031(2) for A =2 and aly = 4.045(5) for A = 8.

Unfortunately, in this linear time regime, it is not easy to
estimate the algorithmic threshold. We discuss this regime
for SA solving K-SAT in Appendix A. Here, we show how
better algorithmic thresholds can be estimated by going to
superlinear time scalings.

To explore this idea, we ran SA with the schedule
mentioned above for different system sizes N and a number
of MCSs growing linearly in N, implying t = O(N?). As
expected, in the upper panel of Fig. 1, the probability of
finding a solution Pgat decreases as a increases. The drop
in the probability becomes sharper as N increases. All the
curves cross at the same value of a (within the statistical
uncertainty of our data), which represents the algorithmic
threshold ag,. Indeed, we expect the curves to become a
step function in the large N limit, such that Pgap = 1 for
a < agy and Pgar = 0 for a > aga.

The bottom panel of Fig. 1 shows an analogous behavior
in the final mean extensive energy U achieved by SA with
the same quadratic scaling. The final energy grows with a
with a slope increasing with N. Data for different problem
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sizes crosses at the same ag, computed from the crossing of
Pgt curves, providing stronger and consistent evidence for
a sharp algorithmic transition at as, . Indeed, in the large N
limit, U, tends to zero for a < ag,, while it diverges
for a > aga.

It is worth stressing that the nice crossings in Fig. 1 have
never been observed before because MC algorithms (as
many other algorithms) were studied only in the linear
regime. A reliable algorithmic threshold for SA can be
obtained only by scaling times at least quadratically with
the problem size.

The specific value of ag, not only depends on the
quadratic scaling of the running time with the problem size,
t = AN?, but also on the prefactor A, as can be appreciated
in Fig. 1, where data for A = 2 and A = 8§ are reported. Let
us call a}y(A) the algorithmic threshold obtained in the
large N limit, scaling running times as t = AN?. We expect
a range of thresholds for SA running in quadratic times,
als €[ads(0), als(0)]. In particular, the lower value
al+(0) is the algorithmic threshold for SA running in
linear time, which is hard to compute studying the linear
regime, as it needs extrapolations, but is computable
coming from the quadratic regime. The interested reader
can take a look at Appendix B, where we determine the

algorithmic threshold for a small value of the coefficient

(A =27%). The upper value a, (c0) corresponds to the

algorithmic threshold for SA running in quadratic time.
Although it is in practice unreachable, we can get a bound
from the best results in Fig. 1. The scaling t = 8N?
provides oy /:(oo) > 4.045. This critical value has been
computed from the crossings of U, curves, which are, in
general, more accurate and robust with respect to Pgar
data. This value is just a lower bound to the best algorithmic
threshold for SA running in a quadratic time. However, we
have noticed that a’sv ; does not change much by varying the
prefactor A.

A way of getting an upper bound to als\'/i is to study the
performance of SA running in cubic times, t = O(N?). The
results are reported in Fig. 2 for random 3-SAT and random
4-SAT. Data in the upper panel show a clear crossing,

implying a’sv 2 ~4.11 (the threshold depends again on the
prefactor, but such a dependence is very mild, and we
may ignore it for our purposes). Interestingly enough, this
threshold is far beyond the dynamical transition a; = 3.86
[24], and very close to what can be achieved by the best
local search algorithm, focused Metropolis search (FMS),
discussed in Appendix C.

Data in the lower panel of Fig. 2 are for SA solving
random 4-SAT in cubic time and present strong finite-size
corrections that manifest themselves by the large shifting in
the crossing points .. (N,2N) between data of size N
and 2N. The reason for these large finite-size corrections
can be understood by looking at the residual energy U at

100

t= N321?

10 K=3

=

N = 1024 ——

Ur

0.1F

0.01

1000

100 |

Ur

10F

1 . . . . .
9.1 9.2 9.3 9.4 9.5 9.6
a

FIG. 2. Simulated annealing thresholds for cubic time scaling in
random 3-SAT and random 4-SAT. For each system size, we
measure the average extensive energy U, after a running time ¢
scaling cubically with the problem size. The cooling schedule
starts at Ty = 0.2, and each point represents an average over 10*
different runs. The error bars are reported, but smaller than the
points. For K = 3 (top panel) we used ¢t = N3/2!2, while for
K =4 (bottom panel) we have t= N3/2'6. The predicted
algorithmic threshold for K = 3 is located at the crossing points
of the curves in the upper panel, (x’s"; =4.110(4). In random
4-SAT, finite-size effects are strong and estimating the algorith-
mic threshold requires a more accurate analysis and extrapolation
(see text and Fig. 3).

the crossing points. In the random 3-SAT case, the residual
energy at the (unique) crossing point is small, U, = O(1)
(remember we are considering the extensive energy).
Instead, for random 4-SAT, U, at the crossing points
grows to much larger values. This, in turn, requires the
study of larger systems to actually access the relevant
values of Uy at criticality. Hence, the severe finite-size
effects.

A quantitative estimate of the algorithmic thresholds for
K = 4 requires the extrapolation of the crossing points
Qcross (N, 2N) in the large N limit. In the upper panel of
Fig. 3, the crossing points are plotted as a function of the
correction to scaling term N~*. The optimal value for w has
been chosen by minimizing the y? value of the linear fit to
Qcross (N, 2N) versus N~ data (as shown in the inset).
There are two sources of error in this extrapolation. The
crossing values have a statistical uncertainty associated
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FIG. 3. Determination of the algorithmic thresholds for differ-
ent time scalings in the random 4-SAT. We include cubic (top
panel) and quartic (bottom panel) scalings. Each point in the
panels corresponds to the crossing age(N,2N) between the
curves U (a) for sizes N and 2N. For cubic scaling, the data are
shown in the bottom panel of Fig. 2. For quartic scaling, the data
(not shown) includes the sizes N = 8192, 16 384, 32 768, 65 536.
The cooling schedule starts at 7, = 0.2, and each point represents
an average over 10 different runs. The error bars are reported, but
smaller than the points. Continuous lines are linear fits of the type
QAgross (N, 2N) = aga — ¢cN~” made with the optimal exponent »*
that minimizes the quality of the fit y>(w), shown in the insets.
The shaded regions show the uncertainty on the fit considering
statistically acceptable values of @ around @w* (see the text for more

details). Final results are w* = 0.4149 and aISV; =9.665(15) for

cubic scaling and @* = 0.7373 and a}y = 9.650(15) for quartic
scaling.

with the measurement of the energies U (the correspond-
ing error bars are shown in Fig. 3), but these are very small.
The largest uncertainty in the extrapolation comes from the
unknown value of the correction-to-scaling exponent .
For each value of @ we have performed a linear fit to the
data (as shown in Fig. 3) and computed the quality of the
fit through the y? (shown in the inset). The optimal value w*
is the minimizer of y*(w). However, all values of @ such
that y*(w) — y*(w*) < 1 are statistically acceptable. For a
numerical confirmation of the robustness of this extrapo-
lation method, we refer the reader to the Appendix B.
The colored regions in Fig. 3 represent the fits obtained
using these acceptable @ values and provide the correct
uncertainty on the extrapolated value. This procedure

//‘
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1ol t-10N2 A ]
t=100N2--- ;
t = 1000N2 - A s
'S £
L A i |
S 1 ZE('I:’A K’r,_,
¢ N=2048
,« ¥ N=4096
N = 8192 ——
0.1 N=16384 —— 1
N =32768
N = 65 536 ——
N=131072 ——
0.0143 15 12 125 13

FIG. 4. Simulated annealing thresholds for quadratic time
scaling in five-coloring random graphs. For each graph of size
N and mean degree ¢, we measure the average extensive energy
U; after a fixed running time, 1 = AN?, with A = 10,10%,10°
(from left to right). The cooling schedule starts at 7y = 1.0, and
each point represents an average over 10* different runs for
N < 32768, and between 10° and 10* runs for N > 65536. The
crossing point identifies the SA algorithmic threshold.

provides the algorithmic thresholds o, = 9.665(15) and
alsvi =9.650(15) for cubic and quartic scaling, respec-

tively. The observation that )y and ab, are compatible
within errors implies that moving from the cubic to the
quartic scaling there is no improvement. We will come back
later to discuss this point.

To support the robustness of our findings, we consider a
different combinatorial optimization problem, namely, g
coloring of random graphs. Given an Erdos-Rényi random
graph of N nodes and mean degree c, the problem is to
assign to each node a color taking values in {1,2,...,g},
such as to avoid monochromatic edges connecting two
nodes with the same color. The SA can also be applied to
this problem, where the energy function counts the number
of monochromatic edges in a given configuration of the
variables.

Results for ¢ = 5 are reported in Fig. 4, where we plot
the final energy U, reached by SA in a quadratic time,
t = AN?, as a function of graph mean degree c. As in the
K-SAT case, we observe a clear crossing at the algorithmic
threshold ag, (which again depends on the prefactor A).
This confirms what we already obtained from K-SAT as a
more general behavior.

VI. ALGORITHMIC THRESHOLDS IN THE
LARGE SIZE LIMIT

Here, we discuss a complementary estimate of the
algorithmic thresholds for SA in solving random K-SAT
problems obtained in the so-called large size limit. In
practice, we simulate very large instances of size N = 10°

011045-7



M. C. ANGELINI et al.

PHYS. REV. X 16, 011045 (2026)

10° ‘ ‘ ‘ : 10° ‘ 10° ‘ :
RN a=4.26 0 a=9.90- U’ 0=21.00---
a=4.18 — a=9.64 — o =19.68 —
a=4.14 a=9.60 == o=1952 -
a=4.08 =956 — o=19.36 -
a=4.04 — a=944- o=19.20 —
a=3.60 a=9.00 - o=16.50 - - -
3 10" 3 S T
- » .
- 10 N - 10.1
K=3 K=4 N ) K=5
1(:.-21 ‘2 \‘3 ‘4 5 1 2 ‘3 ‘4 - ; 1 ‘2 ‘ ‘3 ‘4 ‘5
10 10 10} 10 10 10 10 10} 10 10 10 10 10, 10 10
FIG. 5. Estimating the algorithmic threshold in the large size limit. Simulated annealing with a linear temperature schedule is run,

starting at T, = 1.0, for n MCS steps to solve very large (N = 10°) random K-SAT instances with K = 3 (left), K = 4 (center), and
K =5 (right). We compute the average of the final intensive energy u, (fraction of clauses violated) as a function of the total number n
of MCSs. Axes are on a logarithmic scale to highlight when the function u,(n) follows a power-law decay at the critical algorithmic
threshold. Green curves decay faster than a power law. Red curves decay slower than a power law. Curves have been rescaled so that they
all start at the same point (1,10) to make their curvature easier to identify. Shaded areas represent the measurement uncertainty (one
standard deviation). The curve for @ = 9.60 in the center panel is colored in black because it is not possible to distinguish it from a
straight line when n is large. Black dashed lines represent the critical power laws us o n~b&) with b(3) = 0.42, b(4) = 0.37, and
b(5) = 0.35. Estimated algorithmic thresholds are a$) (K = 3) =4.11(1), a$} (K = 4) = 9.60(2), and o, (K = 5) = 19.44(3).

for K = 3, 4, 5, such that finite-size effects are negligible.
We run SA as explained above: a linear schedule in
temperature with 7o = 1.0 and 7,, = 0 with 1 MCS per
temperature (the most adiabatic scheduling), for a total of n
MCSs. We measure the final energy Uy, or equivalently its
intensive value uy = U;/N, as a function of the running
time n. The results are presented in a doubly logarithmic
scale in Fig. 5.

For each value of K = 3, 4, 5, we have run simulations in
a range of a values which is fully contained in the SAT
phase (the reader can find the values of the SAT-UNSAT
critical threshold @, in Table I). This means that the
equilibrium energy is exactly zero. However, when the
SA is run for a finite number n of MCSs in a very large
problem (remember we are working in the large size limit),
it will soon or later fall out of equilibrium at low temper-
atures, and the final energy U ;(n) will be strictly positive.

In the large size limit, the intensive energy u,(n) is a
decreasing function of n with practically no fluctuations at

TABLE 1. Summary of thresholds for random K-SAT. The
values for the dynamical transition @, and the condensation
transition a, have been taken from Table 1 in Ref. [24]. The
SAT-UNSAT thresholds «a, are from Ref. [14]. We report the
algorithmic thresholds for SA, obtained from finite-size scaling in
the quadratic regime a’s\i, with a prefactor A €[0.25, 8], from
finite-size scaling in the cubic regime als\'; and in the large size
limit g, .

K g A A aISV/i aISV./: agoA

3 386 3.86 4.267 4.025-4.045 4.1104) 4.11(1)
4 938 9547 9931 9.15-94  9.665(15) 9.60(2)
5 19.16 20.80 21.117 19.44(3)

any finite value of n (this is a consequence of the energy
being a self-averaging quantity). Indeed, curves in Fig. 5,
which have been measured for problems of size N = 10°,
are smooth and very close to the large size limit curve u(n)
(finite-size effects are discussed below when comment-
ing Fig. 6).

In Fig. 5, we plot the data in a doubly logarithmic scale
because we want to stress which curves decay faster than a
power law (green curves) and which ones decay slower
than a power law (red curves). We observe that in a small
range of a the curvature of the data shown in Fig. 5 changes
from negative (green curves) to positive (red curves). This
observation suggests that the energy decays as a power law
up(n) < n™" at a single value of a (or in a very narrow

2222

Qg i1
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©©
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107"}

102 10° 10* 10°

FIG. 6. Finite-size effects on simulated annealing behavior. The
decay measured on problems of size N = 10° persists also for
smaller sizes, N ~ O(10*). On even smaller sizes, the slope
changes a little, but the curvature is preserved, thus making the
proposed procedure to estimate ag, robust. Error bars are
reported only for the largest size with a shadowed area.
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interval of a values). Let us call critical such a value (or
interval of).

We argue that the algorithmic threshold ag, corresponds
to the critical @ value (or to the upper limit of the critical
interval). Our argument goes as follows: First, we prove
that at criticality the time to find a solution by SA in a
problem of size N scales like a power law, t ~ N'+1/?; then,
we prove that for @ > g, the time to find a solution scales
superpolynomially.

At a critical a value, we have uy(n) « n™" in the large
size limit. Thus, the typical time to reach a solution in a
problem of size N, which is finite, but large enough, is
given by the n value such that uy(n) ~1/N. Indeed, u; =
a/N implies Uy = a, and if a < 1, then there is a nonzero
probability that SA finds a solution (to have a mean
extensive energy equal to Uy = a < 1, at least a fraction
1 — a of samples must have zero energy, given the energy
takes only integer values). This argument states that SA
finds solutions with a nonzero probability if run with n ~
N'/6 MCSs, which requires a time ¢ ~ N¢ with a dynamical
exponent z = 1 + 1/b, considering that every MCS takes a
time O(N).

For a > a$) the curve u,(n) has a positive curvature (in
a log-log scale), which means that the local slope decreases
as n grows. We can use again the argument above, but now
the effective b exponent becomes smaller for larger n, and
eventually goes to zero for n — oo. This implies that the
typical time to reach a solution grows faster than any power
law, thus proving SA is a superpolynomial algorithm in this
regime.

We estimate the algorithmic thresholds for SA in the large
size limit ad) (K) by bounding the critical & values. In Fig. 5
we report data for u,(n) measured with K = 3, 4, 5 (panels
from left to right). In each case, the critical a value is
between the higher green curve and the lower red one. The
estimated algorithmic thresholds are a$)(3) =4.11(1),
a (4) =9.60(2), and ag (5) = 19.44(3).

From the power-law decay at criticality, we can estimate
the dynamical exponent z(K) ruling the scaling of times
with problem size, r  N<. Our estimates are z(3) = 3.4(3),
z(4) =3.7(2), and z(5) = 3.9(1). We note that all expo-
nents are between 3 and 4 (and this is an argument
supporting the lack of any gain in going from the cubic
to the quartic scaling, observed in Fig. 3 and discussed in
more detail below).

The procedure we have proposed and used to estimate
ag, assumes finite-size effects are somehow benign. We
check our assumption in Fig. 6 through the study of the
decay of us(n) in the large n regime for very different
problem sizes N. The largest size reported, N = 10°, is the
same one used in Fig. 5 to estimate o, and comes with a
shaded area representing the statistical uncertainty (one
standard deviation). The first important observation is that
the data collected in solving problems of a size smaller by

an order of magnitude, N ~ O(10%) still follow closely the
decay observed for larger sizes. The second observation
is that, for even smaller problems, although finite-size
effects are visible, the curvature (in a log-log scale) is
preserved, i.e., it is negative for a < ag), and positive for
a > ag)y. These observations imply our procedure to
estimate ag, is robust and can be applied even on problems
of a modest size.

VII. SUMMARY AND DISCUSSION

We start by summarizing our results. The numerical
values of the algorithmic thresholds we have estimated are
reported in Table I, together with other relevant thresh-
olds obtained from the thermodynamic solution to the
random K-SAT problem [14,16,24] and described in the
Introduction.

The algorithmic thresholds for SA in solving random
K-SAT problems can be well defined only for superlinear
regimes (we discuss in Appendix A the linear regime). The
estimates for ag, in the quadratic and the cubic regimes
are clearly different, as can be seen from the thresholds
summarized in Table I. This key result requires a revision of
the concept of algorithmic threshold, which can no longer
be considered unique, given the problem and the algorithm,
but it can depend on the scaling between the problem size
and the resolution time.

The algorithmic threshold grows when moving from a
quadratic to a cubic scaling regime. However, as shown in
Fig. 3, going to a quartic scaling regime is not helpful. A
possible explanation for this observation comes from the
estimates we got via the analysis of the large size limit. Let
us consider that the algorithmic threshold g, obtained
from the latter provides the largest threshold for any poly-
nomial scaling regime; that is, for & > ag), the SA running
times grow superpolynomially. Given that at o, the SA
running times scale like r « N* with z < 4 (for the K values
studied), then running SA for a time growing quartically
with N cannot push the algorithmic threshold beyond ag, .

Moreover, since ag) is statistically compatible with &, , we
conclude that thresholds in the cubic and quartic regimes
should be statistically compatible. Remarkably, this is not
the only case in the literature where an exponent between
z =3 and z =4 arises naturally from the running times.
While analyzing the results of another efficient algorithm in
the three-coloring problem, the authors of Ref. [3] noted
that O(N3?) update steps were enough for them to obtain
accurate statistics on the set formed by all the solutions to
the problem, once one of them was found.

Among all possible polynomial time regimes, we
observe the cubic one to be optimal. This is again related
to the exponent z measured at criticality in the large size
limit, which is slightly larger than 3. The optimal agp
thresholds can be compared with the phase transitions in
the structure of solutions. For every value of K studied, the
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optimal ag, is located well above the dynamical transition
a,. This is a nontrivial observation. Indeed, given that at a,
the ergodicity of MC-based algorithms is broken, one could
imagine a, to be the algorithmic threshold for SA and any
MC-based algorithm [9,16]. However, the ergodicity break-
ing happening at a; is related to the sampling of the
equilibrium measure, which is uniformly distributed over
all the solutions. By sampling solutions according to a
nonuniform measure, it is well known that the dynamical
threshold can change [21,46]. The observation that SA can
efficiently solve random K-SAT instances well beyond a,
implies SA is not sampling solutions uniformly, but in a
more efficient way that accesses a subset of solutions even
beyond ay.

Although we have chosen to study the SA algorithm for
its generality, rather than for its performance, it is still worth
comparing it to the best local search algorithm, FMS,
discussed in Appendix C. FMS thresholds in the linear
regime are apys = 4.205(5) for K =3 and apyg =
9.615(5) for K =4, and grow to apyg ~4.22 for K =3
and apys ~ 9.7 for K = 4 in a quadratic regime. Compared
to the FMS thresholds, the performance of SA is sub-
optimal (as expected) but not too far from optimality. Thus,
restricting our study to the SA algorithm has not been a too
detrimental choice in terms of performance.

We discuss now two fundamental questions. Why is the
optimal performance of SA (and probably of many other
algorithms) achieved in a superlinear regime, with running
times scaling with a nontrivial power of the problem size,
t ~ N*? How can several critical regimes with different time
scaling (e.g., quadratic and cubic) coexist? These questions
are nontrivial because, in the simplest scenario, one could
imagine the existence of just two phases separated by an
algorithmic threshold a,,: an “easy” phase for a < ay, with
no algorithmic barriers, where the algorithm converges to a
solution quickly [47], and a “hard” phase for & > a,,, where
the presence of algorithmic barriers impedes fast conver-
gence to a solution and requires superpolynomial times (e.g.,
when an extensive free-energy barrier needs to be surpassed
by a stochastic algorithm satisfying detailed balance). In this
simple scenario, the algorithmic threshold ay, is unique for
any polynomial scaling.

The results presented in this work reveal a novel
scenario, where the easy phase is itself divided into
different regions that are accessible only by scaling running
times with the proper power law of the problem size.
Roughly speaking, we can say that the easy phase gets
broken into easier and less easy phases. Every transition
between two of these polynomially accessible phases
corresponds to a different algorithmic threshold between
polynomial regimes, while the largest among these thresh-
olds corresponds to the ultimate transition to a super-
polynomial regime.

We conjecture that some (if not all) of these polyno-
mially accessible phases are controlled by entropic barriers.
Indeed, as shown in Appendix A, there are greedy
algorithms that are not allowed to climb over energetic
barriers and still find solutions in the region accessible by
SA, scaling times quadratically with the problem size. This
observation strongly suggests that, in this “quadratic”
region, solutions are difficult to access by SA only because
the stochastic dynamic has to find the right path in a
complex energy landscape with many apparently equiv-
alent directions (i.e., an entropic barrier).

Increasing «, the energy landscape may become more
and more complicated to explore for purely entropic
reasons, even without developing relevant energetic bar-
riers. So, a plausible explanation for the many different
algorithmic thresholds we have found is that, even when
some solutions are polynomially accessible, these are
few and connected by tiny “corridors” to the rest of the
configurational space, so as to make it very hard to find
them, especially by a purely stochastic algorithm, like SA
(we discuss in Appendix C that a focused algorithm
performs much better, probably because it can enter in
these tiny and rare corridors more easily).

The picture we have in mind for the space of solutions in
these polynomially accessible phases above «, is similar to
the one found in other models, where it has been proved
that regions exist such that the majority of solutions are
clustered and cannot be sampled efficiently, but a sub-
dominant subset of solutions can be algorithmically
achieved. This is the case, for example, of the binary
perceptron, where the majority of solutions are isolated and
unaccessible [48,49], but algorithms can still work [50] by
reaching the few accessible states, which are “flat” minima
of very large local entropy connected by paths of low
probability [48-54].

A scenario in which the accessible states that can be
algorithmically reached are flat, i.e., marginal, is very
common in disordered systems [55]. Assuming such a
scenario, the timescale needed to solve a problem by SA
(or by any other algorithm) is likely to be related to the
entropic difficulty of finding a descending path in a very
flat landscape, rather than to the hardness of jumping over
an energetic barrier. In such a scenario, the dynamical
exponent z ruling the scaling between problem size and
time to find a solution is probably related to the dimension
of the marginal manifold where the searching dynamics is
taking place and the dimension (i.e., the number) of
descending directions that eventually lead to a solution.
Future studies will better clarify this relation. However, it
should be noted that SA is often out of equilibrium and
does not sample solutions according to the uniform
measure [21]. Thus, analytic computations are much harder
than in equilibrium statistical physics.
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We conclude by remarking that the methodology pre-
sented in this work can be easily applied to any other
combinatorial optimization problem. For example, although
the formulations of both K-SAT and ¢ coloring include only
local constraints, it is possible to go beyond and study
problems with mixed local and global constraints, such as
planted clique, where MC algorithms have also been
successfully used [56]. We hope that it will become the
standard procedure for computing the algorithmic thresholds
in several problems solved by different algorithms.

Among the problems to which our procedure can be
extended, it is worth pointing out artificial neural networks.
Indeed, in this class of problems, both the training time and
the inference time can be scaled with the problem size to
achieve optimal performances [57,58], but to the best of our
knowledge a systematic study of different time-scaling
regimes is lacking.

Another interesting case is inference problems, which
can be recast as optimization problems with a known
optimum (corresponding to the signal to be inferred).
Recent findings in the literature rigorously proved that,
in some cases, superlinear algorithms can do better than
linear ones, the latter also including message-passing
algorithms whose running times typically scale like
O(Nlog(N)) [4-6,59]. The results in the present work
strongly suggest that the optimal algorithmic performance
requires higher-order time scaling (e.g., quadratic or cubic
in N) in random optimization problems. It would be very
interesting to extend the present study to the determination
of thresholds for MC algorithms run at different timescales
in solving inference problems.

We hope that our work can help in building a new
general framework to explain these results. We point out
that the recent OGP theory for algorithmic hardness [31] is
not enough, because MC algorithms running in superlinear
time have not been proved to be stable algorithms, and thus
their performances are not ruled by the OGP.
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APPENDIX A: ESTIMATING ALGORITHMIC
THRESHOLDS IN THE (QUASILINEAR TIME
REGIME

Here we first provide evidence that studying the perfor-
mance of SA in the linear time regime, i.e., when SA is run
for a fixed number of MCSs, is complicated and does not
provide a clear estimate for the algorithmic threshold. Then
we show that a greedy version of the MC sampling, where
the temperature is set to zero and the algorithm can never
increase the energy, can still find solutions in almost
linear time.

In Fig. 7 we plot the probability that SA finds a solution
after being run for a fixed number of MCSs, that is, for a
time growing linearly with the problem size N. We notice
that both for K = 3 (upper panel) and K = 4 (lower panel)
the curves move leftward when the problem size is
increased. The explanation for this observation is straight-
forward: The same number of MCSs may be enough to

t =65 536N
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| N=32768
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FIG.7. Performances of simulated annealing in solving random
K-SAT problems in linear time. The probability that SA finds a
solution in a fixed (2'®) number of MCSs is plotted as a function
of a for K = 3 (upper panel) and K = 4 (lower panel). The curves
move to the left by increasing system size and have no crossing at
all, thus making it hard to estimate the corresponding algorithmic
threshold.
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solve a smaller problem, but may not suffice to solve a
larger problem. As a consequence, the data plotted in Fig. 7
show no crossing at all and just provide upper bounds to the
actual algorithmic threshold in the linear regime. A more
precise estimate for such a threshold would require uncon-
trolled extrapolations (there is no theory for these finite-size
corrections) and would eventually provide an estimate with
a large systematic error.

This is the reason why we started exploring superlinear
regimes in SA solving random K-SAT. We discovered that
clear algorithmic thresholds for SA can be obtained only in
these regimes (and this is the main point of our work).

1. Performances of a quasilinear greedy algorithm

Let us consider now the limit 7 — 0, or equivalently
p — oo, in Eq. (1). The resulting Metropolis algorithm
will evolve the configuration without ever increasing the
system energy. This greedy algorithm is known as zero-
temperature Monte Carlo (ZTMC) algorithm, and it also
has a special role in the interplay between statistical physics
and combinatorial optimization [9,61,62].

For several values of @ and N with both K =3 and
K = 4, we have run the ZTMC algorithm until convergence
to a solution (since we restrict ourselves to the SAT phase,
this will happen sooner or later). The results have been
averaged over 10* problems for each value of a and N, but
for the largest size (N = 819200), in which case, only 500
problems were studied.

In Fig. 8, we report some results obtained by running
ZTMC at areasonably large value of  (a few percent below
the estimated algorithmic threshold a;) for both K =3
(upper panel) and K = 4 (lower panel). In the main panels
and for a fixed value of a, one can see that the cumulative
distribution F(z,) of the times to reach a solution shifts to
the right when the system size is increased. Both the
median and the mean time to reach a solution scale with a
small power of In(N). Since the time unit we use is a
Monte Carlo sweep, which already scales linearly with N,
the average solution time 7, for the ZTMC grows slightly
faster than linearly in N.

We observe that, also in this case, the estimation of the
algorithmic threshold requires some extrapolation, given
that the curves in Fig. 8 move right without any crossing.
So, to estimate the algorithmic threshold, we assume
that the mean time to solution follows the law 7, ~
(InN)°(a — a;)~¢ with fixed exponents & and & for every
K value. In the insets of Fig. 8, we plot 7 scaled by (In N)®
such that, for every value of «, data at different values of N
perfectly collapse. The collapsed data can be further scaled
(by raising it to the power 1/&) such that they align well and
can be safely interpolated by a linear fit. We estimate the
algorithmic threshold for the ZTMC algorithm by the point
where the linear fit extrapolates to zero. The best estimates
are ag ~4.04 using 6§ =2.5 and € = 2.9 for K = 3, and
og~8.83 using 6 = 1.5 and ¢ = 2.7 for K = 4.
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FIG. 8. Algorithmic threshold for the greedy zero-temperature

Monte Carlo algorithm in solving random K-SAT problems with
K = 3 (top panel) and K = 4 (bottom panel). The main panels
show the cumulative distribution of the time 7, needed to reach a
solution. In both cases, the a value has been chosen to be a few
percent below the algorithmic threshold. By increasing the
problem size, at a fixed a value, the mean time 7, grows like
(In N)?. In the insets, we report the fits estimating the algorithmic
threshold g, assuming the mean value follows the law
7, ~ (InN)?(a — a;)~¢. Best-fit parameters are ag =~ 4.04 with
0=25and e =2.9 for K = 3, and a; ~ 8.83 with § = 1.5 and
e =27 for K =4.

Now, where does the (InN)® factor come from in an
algorithm without any thermal noise? If the ZTMC were
always taking steps to decrease the energy, it would not
take more than linear time to find a local energy minimum.
Indeed, the initial energy of a random configuration is
2-KaN. If the ZTMC algorithm would always decrease the
energy at every step, it would reach the energy minimum in
linear time. However, the ZTMC algorithm can also move
between configurations with the same energy. When the
algorithm reaches a region with many flat directions, it may
take some time before finding a good direction to decrease
further the energy. We numerically find that this time scales
like (InN)°. So, even with a greedy algorithm, it is not
possible to find a solution in linear time because of the
existence of entropic barriers (flat regions of the energy
landscape).

Although the ZTMC algorithmic threshold for K = 4 is
below a,; and well below the best results of SA, it is
surprising that for K = 3 this greedy algorithm goes well
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beyond «, and its threshold is comparable, within the error,
with that for the SA algorithm run with quadratic time
scaling. The different behavior between K =3 and K = 4
could be due to the different type of clustering transition in
the two cases, continuous for K = 3 and discontinuous
for K = 4 [24].

APPENDIX B: ROBUSTNESS OF ALGORITHMIC
THRESHOLDS OBTAINED EXTRAPOLATING
THE CROSSING POINTS

The ideal scenario to determine the algorithmic thresh-
olds from a finite-size analysis is the one in Fig. 1, with
one single crossing point (@gogs» U}) for all system sizes.
We can simply report aj; = Qg5 On the other hand, the
bottom panel of Fig. 2 shows a more delicate case where the
Crossings [@eross (N, 2N), U3 (N, 2N)] depend on the size N.
To estimate the algorithmic threshold in the large N from
this data, we assume the usual correction to scaling
Aeross (N, 2N) = @y — ¢cN™”, with ¢ > 0 and @ > 0, and
extrapolate to get the limit limy_, o, Geroes (N, 2N) = @qq-

Figure 3 illustrates two cases in which we determine the
algorithmic threshold by extrapolation. This is done for the
SA algorithm applied to the 4-SAT problem with cubic and
quartic time scalings, where, for computational reasons, we
are limited to using very small coefficients A for the time
scalings #(N) = AN*. However, the extrapolated thresholds
are consistent with the independent estimate given in the
central panel of Fig. 5.

To corroborate the validity of the method based on the
extrapolation of the crossing points and help the reader
understand how to use it in other problems, we apply this
method to a more controlled scenario: SA solving the
3-SAT problem with quadratic scaling. Figure 1 gives us,
without extrapolation, the thresholds o, = 4.031(2) for
A =2 and af, = 4.045(5) for A = 8. Now, we set up a
much smaller coefficient A = 27, which provokes stronger
finite-size effects and makes extrapolation necessary. Here,
we show that the new a’svji is consistent with the other
thresholds and highlight some practical aspects of the
method.

Figure 9 is analogous to Fig. 3 in the main text. We run
SA for different system sizes N = 2k with k = 10, ..., 20,
in each case for a time #(N) (measured in MCSs) assigned
by the aforementioned quadratic scaling. We can obtain the
algorithmic threshold ags by fitting the crossing points
of the curves for the extensive energies Uy to the law
Qeross (N, 2N) = agpy — cN®. However, the selected coeffi-
cient A = 275 causes SA to spend too few iterations in a
small system [for example, N = 1024 will get as few as
t(N) = 32 MCSs]. It is thus natural that we have to discard
the crossings s (N, 2N) that are produced running SA
for too short times #(N).
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FIG. 9. Extrapolation of the crossing points to get the algo-
rithmic threshold for quadratic scaling with small coefficient
A =27 and K = 3. In the top panel, each point corresponds to
the crossing aoss (N, 2N) between the curves U ;(a) for sizes N
and 2N. The data include the sizes N = 2%, with k = 10, ..., 20.
Continuous lines are linear fits of the type g oss (N, 2N) = aga —
c¢N~® made with the optimal exponent @* that minimizes the
quality of the fit y?(w). The fit is done with the points marked in
red. We set a minimum number of iterations #(N) = 1024 and
discard the data obtained by running SA for fewer iterations. The
shaded regions show the uncertainty on the fit considering
statistically acceptable values of w around w*. The inset is an
enlargement of the red points. Final results are w* = 0.7638 and
aly = 4.0292(18) (for A = 275). In the bottom panel, each point
corresponds to a different fit, done by setting a different minimum
number of iterations #(N). The main graphic shows the y? of the
fits, which cross the horizontal line at 1 when we pass #(N) =
1024 (marked with a red square). In the inset, the corresponding
errors on the estimated algorithmic threshold grow rapidly for
times longer than #(N) = 1024 (marked with a red square).

The best fit is obtained considering only the data from
t(N) > 1024. In the upper panel of Fig. 9, the points used in
the fit are marked in red, while the discarded points are
marked in black. The result is agy = 4.0292(18), a thresh-
old that is smaller and compatible with those for larger
coefficients A = 2 and A = 8, presented in Fig. 1.

To select the minimum time #(N;,), we performed the
fits with all possible N, values. The main graphic in the
bottom panel of Fig. 9 shows that the y?> of the fit
QAeross (N, 2N) = agp — cN® is large when (N, ) is small.
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When we remove points, the value of y> decreases because
the points are closer to each other, and it is easier to find a
value of the exponent @ such that they lie in a straight line.
But having fewer points for the fit means, in general, more
uncertainty in the determination of the algorithmic thresh-
old, as can be checked in the inset. We need to balance this
trade-off by selecting an acceptable value of y> to be
reached. After setting y> = 1 as our goal, we determine that
the best fit is the one marked with a red square both in the
main panel and the inset in the bottom panel of Fig. 9. The
best minimum time is #(N;,) = 1024. In effect, taking
t(Nmin) shorter than that, y*> becomes too large. Taking
{(Nmin) longer than that, the error in the algorithmic
threshold considerably increases.

The criterion of choosing a minimum time for the data to
be included in the extrapolation should not be restricted to
this specific case. It is particularly important for our SA, for
which a short number of iterations means taking large steps
in temperature, driving the algorithm strongly out of
equilibrium even for high temperatures. We should remark
that both extrapolations in Fig. 3 are done considering also
{(Nmin) = 1024. The reader should note that a different
time scaling might reach the same #(N,,) for a different
value of N,;,. For example, for the cubic and quartic
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scalings in Fig. 1 we have N ;, = 8192, while for Fig. 9 we
used N,,;, = 32768. In all cases, however, the fits achieve
reasonable values of the y> (not much bigger than one) and
the corresponding errors in the estimation of the algorith-
mic threshold are all in the third or fourth significant digit.
This reinforces the idea that #(N,,;,) = 1024 is a proper
choice across different time scalings.

APPENDIX C: ALGORITHMIC THRESHOLDS
OF FOCUSED METROPOLIS SEARCH

Focused Metropolis search is a well-known efficient
algorithm introduced in Ref. [19] to solve K-SAT instances.
It has been shown [19] to perform on par with the best
versions of the famous WalkSAT [63-65].

Each iteration of FMS starts by selecting an unsatisfied
clause in the Boolean formula, uniformly at random among
all unsatisfied clauses. Then, the algorithm chooses a
variable x; inside that clause also uniformly at random
and computes the change AU in the energy that would be
provoked by flipping x;. If AU <0, the flip is always
accepted; if AU > 0, the flip is accepted with probability
7~V Here, 7 € [0, 1] is an algorithmic parameter interpreted
as the level of noise in the dynamics. The reader should
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FIG. 10. Focused Metropolis search with linear and quadratic time scalings in random K-SAT. For several system sizes N, we plot the
probability Pga to find a solution to random K-SAT instances (K = 3 in left-hand panels and K = 4 in right-hand panels) by running
FMS for a time scaling linearly (upper panel) and quadratically (lower panel) with N. We used the algorithmic parameter n = 0.37 for
K =3 and = 0.293 for K = 4. For the linear scaling, the algorithmic thresholds are o = 4.205(5) for K = 3 and s = 9.615(5)

for K = 4.
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note that, once the variable x; is selected, FMS follows the
Metropolis rule with 7 = e™” [see Eq. (1)].

Remarkably, the numerical results presented in
Refs. [1,19] indicate that FMS is able to solve random
K-SAT instances in linear time even beyond the conden-
sation transition a... This is achieved once the algorithmic
parameter # is properly tuned to its optimal values. We
chose 7 =0.37 and n=0.293, for K =3 and K =4,
respectively, which are close or exactly equal to the optimal
parameters reported in Refs. [1,19].

These two works also study the divergence of the time to
solution, which could allow the authors to locate the
algorithmic threshold. The authors of Ref. [19] estimate
the value a,,,x = 4.24 as the limit of the linear regime for
K = 3. On the other hand, the data presented in Ref. [1]
would suggest a divergence between @ = 9.6 and @ = 9.65
for K = 4. However, methods based on extrapolations may
be quite noisy. In these contributions, the larger values of a
where FMS is reliably shown to find the solution in linear
time are @ = 4.2 for K =3 and a = 9.6 for K = 4.

Here, we estimate FMS thresholds using the more
accurate method introduced in the main text. The upper
panels of Fig. 10 show the results with a linear time scaling.
For different system sizes, N, we measured the probability
that FMS finds a solution in no more than 5 x 10* MCSs.
The curves have nice crossings at ajyq = 4.205(5) for
K =3 and a5 = 9.615(5) for K = 4. Note that FMS can
solve random 3-SAT in linear time in almost all the SAT
phase (a < a, = 4.267), outperforming SA with super-
linear time scalings. For K = 4, on the other hand, running
FMS in linear time achieves a performance similar to that of
running SA in superlinear time. Both estimates are com-
patible with the mentioned data in Refs. [1,19].

The quadratic scaling, t = 16N?, shown in the bottom
panels of Fig. 10, appreciably improves the performance
obtained with a linear scaling. For K = 4 and N = 16384,
FMS solves almost half of the instances with @ = 9.7, an
outstanding result for a local search algorithm in random
K-SAT. Determining the corresponding algorithmic thresh-
olds is more difficult in this case because of strong finite-
size effects.

The results in this appendix illustrate the generality of
our method to estimate the algorithmic thresholds in hard
combinatorial optimization problems. The more efficient
FMS algorithm displays the same phenomenology dis-
cussed in the main text for the SA algorithm, with
algorithmic thresholds depending on the time scaling.
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