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Abstract

In the process of developing a space-based imaging Stokes polarimeter for star-
light polarization measurements, we established a procedure to characterize its
two main optical components: the wave plate and the polarizer. We demonstrate
that a simple optical bench setup combined with a custom calibration procedure
can be used to measure the non-ideality parameters of both the polarizer and the
wave plate. Using this approach, we characterized two high-quality components
for the V-band. We set an upper limit for the cross-polarization of the polarizer,
Cp <1x107%, and a limit of A <2 x 10~ for the transmission imbalance of
the half-wave plate. We show that with these components the setup yields re-
producible measurements at the level of 0.001% for the polarization degree of
a weakly polarized source, and 3’ for the position angle. We also investigate
the performance of the components under tilted incidence, up to 6° off-axis, as
required for a wide-field imaging version of a stellar polarimeter. We find that
within this range, even without any off-axis bias correction, these components en-
able measurements of the polarization degree with an accuracy better than 0.005,
and of the polarization angle with an accuracy better than 1°.

Keywords Polarimetry - Starlight polarization

1 Introduction

The measurement of starlight polarization (see [1-3], and [4] for a review) is a pow-
erful tool to study interstellar dust grains and their distribution, as well as the mag-
netic field of our Galaxy (see e.g. [5] and references therein). Moreover, surveys of
starlight polarization are complementary to measurements of the polarization of the
Cosmic Microwave Background (CMB, see e.g. [6]).
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A Stokes polarimeter [7, 8], consisting of a rotating half-wave plate (HWP) fol-
lowed by a linear polarizer (analyzer) and a power detector, can be used to measure
low levels of linear polarization, especially if the HWP is the first optical element
skyward (see e.g. [9, 10]). In such an instrument, the linearly polarized component
of the brightness is modulated at four times the rotation frequency of the HWP (4f).

The availability of sensitive CCD cameras for visible wavelengths motivates the
development of an imaging version of the Stokes polarimeter, using sufficiently large
optical components (HWP and analyzer) as the first elements in the optical system.
Such an instrument would be well suited for accurate sky surveys of stellar polariza-
tion.These surveys (see e.g. [11-13] and references therein) are usually limited by
photon noise and atmospheric effects, such as seeing. However, in a space-based
implementation of a stellar polarimeter, where stellar fields can be observed for long
periods and atmospheric effects are absent, the main limitation becomes the level of
systematic effects produced in the instrument (see e.g. [14]). This motivated the study
presented here.

Real HWPs and polarizers for the optical band suffer from a number of non-ideal-
ities that affect the performance of the polarimeter (see e.g. [15—18]). As we show in
the theory section, the main systematic effect due to non-idealities in the HWP and
the polarizer in our application is a modulation of the unpolarized brightness at twice
the rotation frequency (2f). This may challenge the dynamic range of the detector in
systems designed to measure very small polarization degrees. For this reason, it is
important to optimize the optical components to minimize their non-idealities and to
characterize their performance with high accuracy.

To this end, we set up an optical bench to characterize the performance of large
(~ 10 cm diameter) HWPs and polarizers for the visual band. For our instrument we
selected high-performance devices with the specifications reported in Table 1.

In the following Sections 2 and 3, we show that our setup can detect transmission
imbalance in the HWP and cross-polarization in the polarizer at sub-percent levels.
For the components we analyzed, we provide stringent upper limits on these param-
eters, demonstrating that they enable measurements of the polarization degree with
an accuracy better than 0.1%, and of the polarization angle with an accuracy of ~ 1°.

Table 1 Specifications for the Polarizer

optical devices (polarizer and
HWP) used in this study
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contrast ratio

beam deviation
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In Section 4, we use the same setup to analyze the response of the Stokes polarimeter,
composed of the HWP and polarizer, to obliquely incident rays.

2 Characterization of the polarizer

In order to characterize the transmission of the analyzer polarizer, we illuminate
it using a polarized source and measure the power received from a power detector
placed behind the analyzer, when the analyzer is rotated around the optical axis.

2.1 Theory

The power detected by a detector that is not sensitive to polarization, receiving radia-
tion from a generic source through a non-ideal analyzer polarizer (a diattenuator) is

(seee.g. [19]):

I
Wy=[1 0 0 0]xD,,x |2 )
v

where I, Q, U,V are the Stokes parameters of the source, and

PA CQ’YAA SQFYAA 0
D 1 CoyA g c%,YPA + s%WXA CoyS2y(Pa—Xa) O o)
AT 5 SoyAa  CayS2y(Pa — X4) s%WPA + C%,YXA 0
0 0 0 Xa

is the Mueller matrix of the analyzer diattenuator A4, in a reference system where z is the
propagation axis and the x and y axes are on the wavefront plane. Here, the polarizer is
rotated by v with respect to the x axis, with ¢, = cos 2, s, = sin 2, and, if p4 , and
DA,y are the transmissions for the electrical field components along the main axis of the
. C 2
polarizer and along the orthogonal axis, it is £a = p,24,x + p124,y’ Ag= p,%m “ DAy
XA =2paupa,. For an ideal polarizer, P, — 1, |A 4| = 1, X4 = 0. The deviation
from these ideal values quantify the non-ideality of the polarizer. Another way to

quantify the non-ideality of the polarizer is to estimate the efficiency of the polarizer
E 4 = /P4 and its cross-polarization C'4, defined as

Pa
C — 7y. 3
A pQA,x ()
so that
1—A4/Pa
Ca= 4
A 1+ A4/Py @
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Here we consider a case with no circular polarization of the source (V = 0), so we
have

1
W, = §[PAI + oy AAQ + 52,A 4 U] (5)

If the source is totally polarized with the electric vector oriented at an angle o with
respect to the x axis, we have

W, = %[PA + (C2yC20 + S24524)A 4] ©)
ie.
W, = %[PA + A4 cos2(a — ’V)H M

In a measurement changing the rotation angle of the polarizer v while the orientation
of the source o remains constant, one measures (Malus law)

W, 14 acos[2(a—7)]

= 8
Winaz 1+a ®)
where
Py ph,+1ph, 1+Ca
Note that
1—a w.
C 4 = = mi b = 10
A 1 + a mn [ 77Lllil)‘| m ( )
so the minimum of the measured normalized data provides an estimate for C'4.
In the case of a partially polarized source, described by the Stokes vector
I 1
Q _ PC2a
Ul =1 |psza (11)
A% 0

where 0 < p < 1 is the polarization degree of the source, we have a detected power

Wa,y = %[PA + pA 4 cos2(a — )] (12)

@ Springer



Experimental Astronomy (2025) 60:21 Page 5 of 28 21
or
W, _ 1+ beos[2(a —7)] (13)
Wmam 1 + b
where
b:pﬁzppi,xipi,y :plch (14)
Py Pan+ DAy 1+Ca
and also
1-b/p
Cy = . 1
AT TF b/p (15)

This means that this measurement alone cannot separate the effect of the polariza-
tion degree of the source from the effect of the cross-polarization of the polarizer.
In Fig. 1 we show the cross-polarization implied by a measured value of b close to

1, for different values of the polarization degree of the source, all close to 1.
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Fig. 1 Cross-polarization implied by a measured value of b close to 1, for different values of the polar-

ization degree p of the source, all close to 1
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Let’s call again m the minimum value of the measured and normalized signal. Here

m = min Wy | _1-b 16)
B max B ]‘+b (

Combining with (15) we find

~ m(l+p)—(1-p)
A=t —m—p) a7

Only if the polarization degree p is very close to 1, such that m(1 4 p) > (1 — p),
then we can approximate

CA:m

1+m(1_p)] ~m. (18)

Roughly speaking, to obtain an univocal determination of C'4 from the measure-
ment, the difference between the polarization degree of the source and 1 should be
much less than the value of C'4. Only under this condition, the measured m is an
estimate of the cross-polarization C'4. Otherwise, m will be an upper limit for the
value of C4. So, in order to measure low-levels of cross-polarization, one has to
use a beam with high polarization degree.

If the source itself is not intrinsically polarization-pure, we can use a first polar-
izer B as a purifying polarizer, and insert the polarizer 4 under test between B and
the detector. B has Mueller matrix D., g, while the polarizer under test A will have
Mueller matrix Dg 4. The signal on the detector in this case will be

I
Ws,=[ 0 0 0]xDgaxD,ypx % (19)
\Y

so that

I
Ws, = 1 PsPp + AAAB(CQﬂCQrY + 52/@827)4-

+ Pa(c2aC2y + S2082v) App+

20
+ (C2aCa2p + $20523)(C5, P + 55, X ) A ap+ (0)

+ (520C28 + C20528)C2yS2+(Pp — XB)Aap

ie.
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I
Wg v = Z PsPp + CQ(B_,Y)AAAB‘i’

s

+ Ca(a—v) PaABDP+

21
+ Ca(p-)C2(a—7) BaPpp+ @b

+ 52(8—7)52(a—) A aXBP

If we align the main axis of the purifying polarizer B to the direction of polarization
of the source, i.e. if we have v = «, then

I
Wsqr =74 [Pa(Pp + App) + 23— Aa(Ap + Psp)] (22)

In this configuration,

Ws  Pa(Pp+ App) + ca3—1)Aa(Ap + Ppp)

Winar  Pa(Ps + App) + Aa(Ap + Ppp) @)
or
Ws.y _ 1+ b ey (24)
Winae 140
where
b Ay Ap+pPp (25)

" Py Pp+pAp

Comparing to (14), we see that this is equivalent to carrying out a measurement of the
polarizer under test 4 using a source with polarization degree

r_ Ap +pPp (26)
Pp + pAp

which is larger than p. If, for example, p = 0.9 and Cp = 0.05, we have already

p’ = 0.995;if p = 0.95 and Cg = 0.01, we have p’ = 0.9995. As expected, adding a

polarizer with its main axis aligned to the source polarization axis purifies the linear

polarization of the beam, thus allowing the measurement of small levels of cross-

polarization in the devices illuminated by the source.
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2.2 Polarizer measurements
2.2.1 Preliminary measurement

The two components we have selected (Table 1) are optimized for the V-band of the
Johnson system. If we remain within the limits of this band, chromatic effects typi-
cal of generic HWP and polarizers (see e.g.[20-22]) are expected to be negligible.
For this reason the measurements are obtained with a setup including either a green
laser diode (model OSRAM PLT3 520FB, A = 520 nm, nominal polarization ratio
> 50:1) or a commercial green LED (Kingbright L53-GD, A = 565 nm, nomi-
nally unpolarized) as sources. The setup is completed by a commercial photo-camera
polarizer (Hama Pol Linear M49) on a rotary stage (to further purify the polariza-
tion state of the laser diode), a lens, a photodiode (model BPW21R from Vishay).
Both the LED and the laser diode source are modulated at 210 Hz, and the measured
signal is the result of synchronous demodulation obtained with a lock-in amplifier
(model MFLI from Zurich Instruments). In this way no correction for dark current is
required, and dark current variations do not affect our results since they are negligible
at the modulation frequency.

The optical setup is sketched in Fig. 2.

The distance between the source and the lens is 1.5 m, and the used diameter of the
lens is 4 cm, so that the maximum off-axis incidence angle at the HWP is of the order
0f 0.75°. We have used the formalism described in [23] (see Appendix A) to estimate
the modulation of the HWP for slightly slant rays contributing to the beam considered
here. Averaging over uniformly weighted rays filling a 1.5 FWHM beam, we find

S PD

PP AP L

Fig. 2 Top: Measurement setup for the preliminary measurement. Bottom: measurement setup for the
characterization of the analyzer polarizer. From left to right: laser diode source (S), purifying polarizer
(PP), analyzer polarizer with its rotary stage (AP), lens (L), photodetector (PD)
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that, during the rotation of the HWP, the maximum deviation of the detected signal
from the one expected for a parallel beam is < 0.3%. This implies an even smaller
bias in the determination of the polarization degree of the source (—0.05%), and a
totally negligible variation of the estimate of its polarization angle. We conclude that
the modulation properties are not significantly affected by the mild beam divergence
used in our setup.

A precision rotation stage is used to step the analyzer polarizer (Section 2.2.2)
or the HWP (Section 3.2) in 11.25° steps, with a positioning error < 1. We mea-
sure a number of orientations larger than the minimum of four normally used for
polarimetry, since in this calibration process we search for small systematic effects
which can produce a polarimetric response with angular dependence deviating
from the standard. Oversampling the orientation angles helps to distinguish the dif-
ferent components of the detected signal, like those depending on ny (see Section
3.1.2), possible drifts due to source intensity variations, and the effects of small
misalignments.

The stability of the system has been tested with the setup sketched in the top panel
of Fig. 2, by acquiring the detected signal under steady conditions (constant ampli-
tude and frequency of the laser diode current, constant angles 6 and 7).

We verify that over a timescale of a few minutes (such as the one required to mea-
sure the Malus law) the system is stable to better than 1 part over 1000. Then, still
with the laser diode source and the setup of the top panel of Fig. 2, we measure the
demodulated output for different orientations of the purifying polarizer, obtaining the
data reported in Fig. 3(black diamonds).

The minimum of the normalized signal is m ~ 3.5%, which, as we have seen,
represents an upper limit for the cross-polarization C'p of the commercial photo-
camera polarizer.

T
1.0 q
F LD + photo pol = 0.035197592 0.100 cross polari; LD + photo pol = 0.035197532
0.8 [ cross\gglarization LD + photo pol + POL = 0.00199997 ] ) £ cross pola LD + photo pol + POL = 0.00199997
x [ X
o o
g€ 0.6 S
S [ >
. g 0.010¢
@ 04 2
0.2
L 0.001 ¢
ool . E . . .
0 20 40 60 80 100 80 85 90 95 100

angle(deq) angle(deq)

Fig. 3 Left: The diamonds with error bars represent the measurements of the normalized detected
power through a commercial polarizer for photo cameras for the configuration sketched in the top
panel of Fig. 2; the best fit of the data is obtained with (13). The triangles with error bars represent the
measurements of the normalized detected power when the analyzer polarizer is illuminated by the same
source, through the commercial polarizer used as a purifying polarizer (configuration sketched in the
bottom panel of Fig. 2). Right: zoom of the same data in the region of minimum transmitted signal.
The cross-polarizations are estimated from the minima using (18).
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2.2.2 Test of the analyzer polarizer

We then orient the purifying polarizer with its main axis parallel to the polariza-
tion direction of the source. We introduce a high quality analyzer polarizer (model
VFM-119mm-UV from Meadowlark Optics - see Table 1) between the purifying
polarizer and the lens, and record the detected power as a function of the angle
B — 7y (see left panel of Fig. 3).

The minimum demodulated signal from the photodiode, normalized to the maxi-
mum, is 2 x 10™%, and the minimum of the best fit, for 3 = v 4+ 7/2is 1 x 1074, so

| Wpg 4
= =1x10 2
m mm[WmaJ X 27

Using (18) and our estimated values for m and P’ we conclude that the cross-polar-
ization of this analyzer polarizer is

Ci<1x107* (28)

The efficiency P4 is estimated from the ratio R of the signal with the analyzer
polarizer and the signal without the analyzer polarizer, when 5 = . Using the
unpolarized LED diode we get R = (0.865 % 0.002). From (22), in this case we
have R = (1+CaCp)p% , ~ p%, since C4 and Cp are both < 1, and thus

Pa~ Ay~ (0.865 % 0.002).

3 Characterization of the HWP

3.1 Theory

3.1.1 HWP model

We model the Mueller matrix of the real HWP as the product of an ideal retarder

matrix R, times a diattenuator matrix D, since in components based on birefringent
materials the extinctions for the fast and slow axes can be different (see e.g. [19]):

100 0

01 0 0

R=10 0 ¢ -5 (29)
00 S C

[Pao o

AP 0 0

D=510 0 x 0 30)
0 0 0 X
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where S = sin(¢), C' = cos(¢), ¢ is the phase delay introduced between the electric field
components aligned to the fast and slow axes of the HWP, P = p2 + pf/, A=p2— p;,

X = 2p;py, with0 < p, < 1and 0 < p, < 1 being the attenuation ¢coefficients for the

electric field components in the fast and slow axes respectively. An ideal HWP would
have P =2, A = 0, X = 2, ¢ = m. The Mueller matrix of the real HWP is

P A 0 0

IfA P 0 0
0 0 SX CX

When the HWP is rotated by an angle 6 we have

H(0) = Mp(—20) x H x Mg(20) =
1 0 0 Oo|[|[P A O 0 1 0 0 0
1 0 Cy —S89 0 A P 0 0 0 Co So 0 _
— 210 S92 Co 0 0 0 CX -5X 0 —S2 C2 o] —
0 O 0O 110 0 SX CX 0 O 0 1 (32)
P ACQ ASQ

1 ACQ PC% + CXS% (P — CX)CQSQ SQXS
2 [Asy (P—CX)sacas Ps2+CXc2 —SXe
0 —595X c2SX cX

where so = sin(20), co = cos(26).
3.1.2 Polarimeter model

In a Stokes polarimeter, the input radiation with Stokes vector S crosses the HWP,
which is followed by an ideal polarizer, whose main axis is either along x or along y,
and finally is detected by an intensity detector with Stokes vector

D=1 0 0 0 (33)

Here we consider the measurement of polarization with is not circularly polarized,
and is linearly polarized with polarization degree p and main axis angle « i.e.

1

. pcos 2«
S=1I psin 2« (34)

0

So the power reaching the detector is

1
P cos 2«
psin 2a
0

We=[1 0 0 0]x P, xH(®) xI, (35)
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where, assuming the main axis of the analyzer polarizer perfectly aligned to the x axis,

Pz = DO,A = 0 0 XA 0 (36)

Computing the products, we get:

W, = Lip,r+

+A[pP4 cos(2(6 — ) + A4 cos(260)]+
+pA[(P cos?(20) + CX sin?(20)) cos(2a)+

+(P — CX) cos(26) sin(26) sin(2«)]

(37

or equivalently

W, = Lip,p —|—p%(P + CX) cos(2a)+
+A[pPa cos(2a) + A 4] cos(20) + A[pPga sin(2a)] sin(20)+  (38)
+pEA (P — CX) cos(40 — 2a)]]

where the 4f signal due to the polarized fraction of the radiation under analysis is
evident in the third line. We also note that, if the HWP transmission is not balanced
(A # 0), there is a spurious 2f modulation of the unpolarized intensity of the source
(second line of (38)). Moreover, if the phase delay introduced by the HWP is not
7 (i.e. —1 < C < 1), the constant term is modified and the modulation efficiency of
the polarized fraction is also reduced (first and last lines of (38)).

From (38) we see that the measurements of W, for different orientations 6 of the
HWP can be described by the function

W, = a+
+b - cos(20)+

+c - sin(20)+ 39
+d - cos(46 — 2a)
where
a=1L [PAP +pEA (P + CX) cos(2a)
b= L A[pPs cos(2a) + A 4] (40)

¢ =L ApP,sin(2a)
d = GpS (P - CX)
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are parameters which, together with «, can be retrieved from a best fit procedure. Since
« is the only parameter appearing in a non-linear way in (39), an efficient way to perform
the fit is to assume a value of « and perform a linear fit of (39) to retrieve the best fit values
for parameters a, b, ¢, d. This process is very fast and can be repeated for a large set of
values of a to find the values a*, a*, b*, c¢*, d* producing the global minimum of the x2.
This will produce our best estimate of the polarization direction of the source

a=a’. (41)

If the polarizer has been thoroughly characterized (i.e. A 4 and P4 are known) and if
deviations from ideality are small, using (40) one can obtain a zero-order estimate of
the polarization degree of the source p from:

Po~ - — (42)

AA a*

In order to obtain further insight on the approximation and on the effect of the non-
ideality parameters, let’s assume that the unbalance of the HWP is small and that the
induced phase delay is close to m, i.e.

P=pi+p,=pi+p(1—¢) =p2(2—¢) 43)
A =p} —p) =pie (44)

X =2pup, ~ 2p2(1 —¢) (45)

C = cos(¢) = cos(m + 6¢) ~ —1 + (6¢)%/2 (46)

with e < 1 and §¢ < 1. Substituting in (40) we get a first order estimate of the polar-
ization degree of the source:

~Pa 4
pl_AA a*

4 4 a

1+ r + (5¢)2] : [1 & cos(2a)H 47)

This means that an error d¢» ~ 6° in the phase delay introduced by the HWP results in less
than 1% error in the zero order estimate of the polarization degree of the source pg, while
an unbalance € ~ 5% of the transmissions of the HWP results in less than 2% error in pq.
The non ideality parameters of the HWP can be retrieved as follows.
Substituting the expressions of (43) and following into (40), we get two zero order
estimates of the HWP trasmission unbalance ¢ , from the ratios b*/a* and ¢*/a*:

€op ~ 2 Z;’: ’ cos(2a)1+AA/PA
L @
Oc

a* ~ psin(2a)
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Depending on the value of «, one or the other equation can be used.

The phase delay error d¢, instead, can be estimated comparing the values for the
average signal «a for totally polarized radiation (p = 1, a1) and for totally unpolarized
radiation (p = 0, ag). Using the approximation of (43) we get

2 alp — Qo 4PA
€+(99) ag  Aacos(2a)

(49)
This is useful to estimate d¢ when the nonideality due to the phase delay is dominant
with respect to transmission unbalance.

Once the parameters describing the components are evaluated, the polarimeter
response to a generic Stokes vector at the input can be derived in matrix form from
(33)-(36). We get:

(50)

s
1
o
(@n)]

2
X
=

8

=

X

< SO~

[RAP + AAACQ] [PAACQ + AA(ch + CX?%)] [PAASQ + AA(P - CX)CzSg] [AASZXS]
_ 1 |{[A4P + PaAcy] [AsAcy + Pa(P+ CXs2)] [AaAsy+ Py(P —CX)ezsy  Pasy XS] |(51)
T2 [XaAs, XA(P - CX)sacs) [X4(Ps3+CXc3) —XaSXe)

[0] [7SQSXXA] [CQSXXA] [CXXA]

is the polarimeter response matrix [14, 24]. When a set of n measurements of the
source is taken for different orientations §; of the HWP, one obtains the modulation
matrix of the measurement:

M, =

| [PaP+ Aadea(00)] [Padcs(6n) + AA(PE(01) + CX52(01)]  [Palsa(r) + Aa(P — CX)ea(th)s2(61]  [Aasa(61)XS) (52)
2 LPaP + ArBes(0)] [Pabes(0n) + Aa(PE(0,) + OXsE0.)] [Padss(8) + Aa(P — CX)er(b)52(6)]  [Aasad) XS]
such that the vector of the measurements can be written
I
W, =M, x |¥ (53)
v

This equation can be inverted to retrieve the Stokes vector of the source from the mea-
surements and to propagate the measurement uncertainties (see [24] for a discussion).
Using the calibration procedure described here, we can constrain the parameters P4,
P, A4, A, C,S, X, (or, in case of small deviations from ideality, the parameters listed
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in (43) and following) so that the polarimeter response matrix and the modulation
matrix of the measurement can be estimated (see Section 3.2.3).

3.2 Measurements
3.2.1 High polarization degree

We setup the Stokes polarimeter on the optical bench used for the polarizer measure-
ments, by adding the HWP on a rotating support between the purifying polarizer and
the analyzer polarizer (see Fig. 4).

In this case we can consider the radiation illuminating the HWP as fully linearly polar-
ized. The signal detected as a function of the rotation angle of the HWP 6 is shown in Fig.
5. The HWP has been rotated in steps of 11.25°, integrating for 3s in each position. To
obtain 5 full rotations of the HWP a total measurement time of ~ 10 minutes is required.

As expected, the signal is modulated at 4f. The total cancellation of the signal at
the minima confirms the very high polarization degree of the laser diode source fol-
lowed by a purifying polarizer. The lack of a 2f'signal confirms a good balance of the
HWP: from the best fit (39), using (42) we estimate

po = 0.9982 + 0.0002 (54)

(1-0 statistical error only) and (43):

AJp2 =e~3x107* (55)
PP HWP ap L
s PD
FWP s L
s PD

Fig.4 Top: Measurement setup for the characterization of the HWP and polarimeter. From left to right:
laser diode source (S), purifying polarizer (PP), Half Wave Plate with its rotary stage (HWP), analyzer
polarizer (AP), lens (L), photodetector (PD). Bottom: Measurement setup for the characterization of
the polarimeter in case the polarization degree of the source is not close to unity. In this case S can be
either a green laser diode or a green LED
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Fig. 5 Measured signal vs rota-
tion angle 6 of the HWP, for a
totally polarized source. The
measured data for 5 full rota-
tions of the HWP are plotted as
squares. The continuous line is
the best fit of the data using (39)
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confirming a very good balance for the transmissions of the fast and slow axes of the

HWP.

In order to test the performance of the polarimeter when the polarization degree of
the source is not very close to 1, we first remove the purifying polarizer. As we have
seen, this leaves us with a source (the green laser diode) which is not totally polarized.
The signal detected as a function of the rotation angle of the HWP @ is shown in Fig. 6.

0.10 ; greeh laser, NO purifigr, LDi\90 , long, drift refnoved —
: alphal0 = ( 47.38 +/— 0.01)) deq
0.08 7| p-0 =\(0.94345 +/+0.00060) ]
SN ]
o 0.06 .
C L -
ey L |
(9] | i
0.04 - m
0.02 .
0.00L \ \ ! /]
0 90 180 270 360
angle (deq)

Fig. 6 Measured signal vs rotation angle 6 of the HWP, for a partially polarized source. The measured
data for 5 full rotations of the HWP are plotted as squares. The partial polarization of the source is evident,
since the minima of the signal do not reach zero. The continuous line is the best fit of the data using (38)
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As we can see, the polarimeter clearly detects partial polarization, since the min-
ima are not reaching zero. Fitting the data with (38) we find a polarization degree of
94% for the laser diode source, which is basically consistent with the specs from the
manufacturer.

3.2.2 Low polarization degree

In order to test the performance of the polarimeter when the polarization degree of
the source is < 1 (which is the relevant case for starlight polarization surveys), we
remove the purifying polarizer, and substitute the green laser diode with a green LED
diode. This has a low degree of linear polarization, depending on the alignment of
the LED plastic enclosure with respect to the optical axis (see e.g. [25]). The detected
signal vs the rotation angle of the HWP is reported in the top panel of Fig. 7.

In addition to the 4f modulation of the signal, which points to a small polariza-
tion degree of the source (as low as p ~ 0.003), we confirm the lack of significant
2f components, while a 1f component producing a signal with amplitude similar to
the one of the 4f component is due to small misalignments in the system. In order to
demonstrate that the 4f component of the signal is intrinsic to the source, we rotate it
around the optical axis and repeat the measurement. The result is plotted in the bot-
tom panel of Fig. 7. As expected, the phase of the 4f component shifts with respect
to the case shown in the left panel. The shift in the other parameters is small and is
likely due to the increase of the polarization degree of the LED when it is not seen
perfectly on-axis [25].

In order to establish the repeatibility of this setup for the measurement of small
polarization degrees, we repeat 20 times the measurement of 5 full rotations of the
HWP (~ 10 minutes), switching off completely the apparatus, realigning the optical
elements, and waiting a warm-up time of 10 minutes prior to each repetition. The
average polarization degree is found to be (p) = 0.9910% with a standard devia-
tion o, = 0.0013% ; for the position angle we find () = 62.352° with a standard
deviation o, = 0.045°. We conclude that the setup is reproducible at the ~ 107°
level for polarization degree measurements, and at a level of ~ 3’ for position angle
measurements.

3.2.3 Polarimeter matrix

In order to estimate the polarimeter matrix we also need a measurement of the HWP
transmission. We use the bottom configuration of Fig. 4, with unpolarized radiation
and removing the analyzing polarizer. The ratio of the signal detected with and with-
out HWP is p2 = (0.917 + 0.003). At this point we can use the results obtained so
far for the components parameters (Pa, A4, p2, €, (§¢)?) and (43) to (51) to write
explicitly the polarimeter matrix. We find

Rz,'rneas =
[0.793140.00012¢2]  [0.00012¢2+0.7931¢Z—0.7930s3] [0.00012s2+1.586¢252] [—0.0040s2]
[0.79314-0.00012¢2]  [0.00012¢2+0.7931c3—0.793053] [0.0001252+1.586¢252] [—0.0040s2] (56)
[1.4x107%s2] [0.00018s2¢5] [9.2x107°52-9.2x107°c3]  [4.6x107 "¢2]
0 [0.00018s2] [4.6x107 ¢ —9.2x107°
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Fig. 7 Top: Measured signal vs rotation angle 6 of the HWP, for a green LED source with a small
polarization degree. The measured data for 5 full rotations of the HWP are plotted as squares. The
continuous line is the best fit of the data using (38) with additional 1fterms. Bottom: Same as the top
figure, after a rotation of the LED source along the optical axis
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Here the numbers in italics represent upper limits (deriving from our upper limits on
A, X 4 and (6¢))?), while the measurement error for the other numbers is of the order
of the least significant digit. Apart from a global efficiency (~ 79%), such a matrix
features only small deviations from the one of the Stokes polarimeter assembled with
ideal components

- e
R;t,ideal = [0] 2 [0] 2 [(2)] 2 [0] (57)
o] [o] 0] [o]

The estimate of R, allows to evaluate the modulation matrix (52) as a function of the
observation strategy (i.e. the set of observed orientations ;) and to optimize the mea-
surement campaign by properly taking into account the propagation of measurement
errors [ 14, 24]. To this purpose several additional factors, like the selected targets, the
observation site, the total survey duration, its efficiency, and the performance of the
detector system must be defined.

4 Response to slant incidence rays

In an imaging Stokes polarimeter, off-axis pixels receive radiation that crosses the
HWP and the polarizer at a slant angle. Under these conditions, projection effects
and the increased optical path through the HWP—introducing a retardance that
deviates from exactly m—slightly reduce the modulation efficiency of the polar-
imeter. This results in a systematic underestimation of the source’s polarization
degree. To assess these effects, we tested the performance of the HWP for tilted
incidence angles i, up to £6° with respect to normal incidence, while keeping the
same source. To better investigate the effects of tilted incidence, we used the polar-
ized laser source without any purifying polarizer, and the instrument configuration
shown in Fig. 8.

We analyzed the data without accounting for slant incidence in the theoretical
model, i.e. using (39), which is strictly valid only for on-axis incidence. The results
are summarized in Table 2 and in Fig. 9. The error bars are dominated by the uncer-
tainty in the incidence angle i in our experimental setup.

We find that applying this simplified analysis procedure (i.e. using the normal-
incidence formulas even for incidence angles up to 6° off-axis) introduces small but
detectable systematic effects in the retrieved polarization properties of the source. We
refer to these effects as the off-axis bias.

Fig. 8 Setup to measure the response of the polarimeter to slant incidence angles i
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Table 2 Retrieved polarization properties of a given source when its light undergoes slant incidence on the

HWP and polarizer, and a simplistic analysis procedure is used

i (%) —6 —3 +3 +6
p (%) 93.77+0.05  94.18+0.02 9434+002  9421+0.02  93.52+0.12
a(9) A758+0.03  47.43+0.02 47374002  4742+0.03  47.64+0.04

The p and « values are retrieved from a best fit using (39), i.e. neglecting slant incidence
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Fig. 9 Left: Retrieved polarization degree of the source versus incidence angle for off-axis incidence
up to +6°. Right: The same for the polarization direction of the source. The error bars are statistical
only. The lines represent the prediction from the theory described in Appendix A

Following the approach described in [23] (see Appendix A), we simulated the
expected modulated signal as a function of the HWP rotation angle for different posi-
tions in the focal plane, and fitted the simulated signal to retrieve the expected biased
estimates of the source polarization properties. These can be compared to the values
reported in Table 2. The measured off-axis bias is consistent with these predictions,
and is small: the largest bias for the polarization degree is of the order of 1% at 6°
off-axis, while the largest bias for the polarization direction is of the order of 0.25°
at 6° off-axis.

Using the approach described in Appendix A we have computed the off-axis bias
for several off-axis directions uniformly distributed across a 10° x 5° field of view
(FOV) and for the source configuration considered in Table 2. The results are shown
in Fig. 10 and can be used to correct for off-axis biases.

Alternatively, the analytical formulas described in Appendix A, can be used to fit
the measured data. Although it comes at the cost of added complexity, this allows the
polarization properties of the source to be retrieved without introducing bias. Since
the deviations are very small, error propagation is essentially the same as for the on-
axis pixel analyzed in detail in the previous sections.

5 Discussion and conclusions
The measurement setup and sequence of measurements described in this paper have
proven to be reproducible at the level of ~ 10~° for polarization degree measure-

ments, and at the level of ~ 3’ for position angle measurements. This setup makes
it possible to assess the performance of a polarizer and an HWP in the visual band,
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Fig. 10 Top: Expected fractional difference between the reconstructed and the input polarization de-
gree of the source, computed as a function of the off-axis angles £ and 7, for a 10° x 5° focal plane
(see Appendix A) . Bottom: The same for the polarization direction

with a sensitivity of ~ 10~% for both the cross-polarization of the polarizer and the
transmission imbalance of the HWP.

We find that the tested components are suitable for measuring polarization degrees
down to p ~ 10~*. This roughly defines the sensitivity target for a stellar polariza-
tion survey using these components. In fact, when applied to starlight polarization
measurements, their optical aperture (~ 10 cm in diameter) allows measurements of
the polarization degree with a sensitivity of ~ 10~2 in 30 seconds of integration for
stars of my ~ 9. If the sky background permits, even longer integrations are possible
before systematic effects become limiting.

The excellent performance at tilted angles (up to 6 off-axis with only a small and
correctable bias in the polarimetry), as described in §4, permits the implementation
of an imaging polarimeter based on these components with a 10° x 5° FOV. Under
these conditions, polarimetric measurements of tens of stars with my < 9 can be
achieved in 30 seconds of integration.

We are currently building a small Stokes polarimeter based on these components
to experimentally test the end-to-end performance, with a view toward a future ultra-
low-background space-based implementation of this instrument concept.
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Appendix A: Response of a Stokes polarimeter for slant incidence

Here, we compute the response of a Stokes polarimeter to slant-incidence rays, fol-
lowing the approach described in [23], but extending the analysis to the case of slant
incidence on both the HWP and the polarizer. To keep the formulas from becoming
unmanageably complex, we assume that both components are ideal, since the actual
components of interest here are indeed very close to ideal. The input Stokes vector in
the 3D formalism (see e.g. [26]) can be defined as:

rl * * * ]
Wei (<E E3) + (B, Ey) + (E-EY)) _ _
=5 (BLE)) +(5,2)) = (BE3) + (B, E)
s 75 (B2 + (B E2) 75 (BB + (5,52)
] ~ ((B.E:) — (EyEL) ; 0
A; 2 —5 (B:E;) — (B, E2)
Sin = 24 = ﬁ( (B,E;)) = \{i
Rs o ) —5 (BoEL) = (ByE})) (A1)
X Vi ((B,E2) + (E.E})) V2 0
Lo e (B-E7) — (B2 EY)) , 0
U - ) |75 (B2 + () |
|5 (B2E2) + (B, B}) — 2(B.E2))

where the rightmost equality is due to the fact that the z axis is aligned with the light
propagation direction in our reference system. The output Stokes vector is:

Sout = Mpol (777 f) : MHWP(U7 fa 9) * Sin (AZ)
where € and 7 are the two angles (azimuth and elevation) defining the off-axis direc-
tion, ¢ is the rotation angle of the HWP (around its symmetry axis), M,.;(n, §) and
Mpwp(n, &, 0) are the matrices describing the response of the tilted ideal polarizer
and HWP. Both matrices for the normal incidence case are obtained from the associ-
ated Jones ones (J) using the Gell-Mann [27] matrices o, :

M =tr(o;-J-0;-J7). (A3)

We obtain
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1 0 0 0 0 0 0 0 0
0 —cos(46) 0 0 sin(40) 0 0 0 0
0 0 cos(20) 0 0 sin (260) 0 0 0
0 0 0 -1 0 0 0 0 0
Mpwp(0) = |0 sin(46) 0 0 cos(46) 0 0 0 0
0 0 sin(20) 0 0 — cos (20) 0 0 0
0 0 0o 0 o0 0 cos(20) —sin(20) 0| (A4)
0 0 0 0 0 0 —sin(20) —cos(20) 0
0 0 0 0 0 0 0 0 1
(L 000 ¥ 00 0 2]
0 0 0 0O 0 00O
0 0 0 0O 0 0 0O
0 0 0 0O 0 00O
Mpr=1| 0001 000 £ (AS)
0 0 0 0O 0 0 0O
0 0 0 0O 0 0 0O
0 0 0 0O 0 0 0O
V2 V3 1
L5 00 0 % 00 0 5 |
Rotation matrices are used to compute the matrices for the tilted incidence case:
Mpol(na g) = R(n, 5) : Mpol : R(—777 _5) (A6)
Muwpn,€,0) = R(n,&) - Muwp(0) - R(—n, =€) (A7)
where the rotation matrix
R(1,€) = MRgotx (1) - MRoty (§) (A8)
is the product of the two rotation matrices
MPRotx (1)
rl 0 0 0 0 0 0 0 0
0 cos(n) 0 0 0 sin(n) 0 0 0
0 0 cos (2n) 0 —3sin (2n) 0 0 0 —@ sin (27)
0 0 0 cos (1) 0 0 0 sin(n) 0
=10 0 1 sin (2n) 0 Lecos?(n)+ 1 0 0 0 —@ sin? (1)
0 —sin(n) 0 0 0 cos(n) 0 0 0 (A9)
0 0 0 0 0 0 1 0 0
0 0 0 —sin (n) 0 0 0 cos(n) 0
L0 0 V3 sin (2n) 0 — L sin? () 0 0 0 —3sin’(n)+1]
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Mpory (€)
B 0 0 0 0 0 0 0 0
0 cos(§) —sin(&) 0 0 0 0 0 0
0 sin(§) cos(€) 0 0 0 0 0 0
0 0 0 cos ( 0 0 —sin(§) 0 0
— |0 0 0 Leos?(§)+1  1sin(2¢) 0 0 3 gin? 3]
0 0 0 —Lsin (26) cos (2€) 0 0 Psin(2) [A10)
0 0 sin (€) 0 0 cos 0 0
0 0 0 0 0 1 0
) 0 0 B2 () —Lsin(26) 0 0 —3sin?(¢)+1

Comparing to the definition of the regular 2D Stokes parameters, we find that the
conventional 2D Stokes parameters are related to the 3D Stokes parameters (optical
ordering) by the following relations:

2 Ag
T=1/2(00+ 22, — Ay, U=A, V=A; (All
\/;< 0+\@) Q 4 1 3. (AlD)

The total intensity measured is then:

W = cosz(f)(avo + CLlAl + a4A4 + CLgAg) (A12)

1 /2
Al3
a0 2\/? (A13)

ay =cos(n) [sin({) sin(n) (1 — cos?(26)) + sin(26) cos(€) cos(20)] (A14)

where

ay = [sin(ﬁ) sin(n) sin(26) cos(€) cos(26) + cos®(€) ( cos®(20) — %)

(A15)

+ = (cos®(§) cos*(n) — 2cos*(n) +1) (1 — c032(29))}

N |

asg =\/§[Sin(£) sin(n) sin(20) cos(§) cos(20) + %COS2(£) cos?(n) (1 — cos?(20))

+ cos?(€) (cos®(20) — %) + (5 - 0032(29)):| (Al6)

Equation (A12) is used to compute the simulated the data presented in Figs. 9 and 10.
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