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Abstract: Cherkis and Kapustin (Commun Math Phys 218(2):333-371,2001 and Com-
mun Math Phys 234(1):1-35, 2003) introduced periodic monopoles (with singularities),
i.e.monopoles on R? x S! possibly singular at a finite collection of points. In this paper
we show that for generic choices of parameters the moduli spaces of periodic monopoles
(with singularities) with structure group SO (3) are either empty or smooth hyperkéhler
manifolds. Furthermore, we prove an index theorem and therefore compute the dimen-
sion of the moduli spaces.

1. Introduction

Let (X, g) be an oriented Riemannian 3-manifold and P — X a principal G-bundle,
where G is a compact Lie group. Consider the product X x R, endowed with the product
metric, the volume form ds A dvg and the pulled-back G-bundle P. An anti-self-dual
(ASD) connection (or instanton) on P is a connection A such that *F At F; =0.1If

A is R-invariant one can write A = A + ® ® ds for a connection A on P — X and a
section ® of the adjoint bundle ad(P). Monopoles on X are pairs (A, ®) such that A is
an R-invariant ASD connection on X x R. Working directly in 3-dimensions we have
the following definition.

Definition 1.1 (Magnetic). monopoles are solutions (A, ®) to the Bogomolny equation
xFy = dy®. (1.2)

Here = is the Hodge star operator of (X, g); F4 is the curvature of the connection A and
d is called the Higgs field. The moduli space of monopoles on P — X is the space of
equivalence classes of solutions to (1.2) with respect to the action of the gauge group.

An immediate consequence of Eq. (1.2) and the Bianchi identity is

dEda® = 0. (1.3)
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In particular, when X is compact smooth monopoles coincide with reducible (if |®| # 0)
flat connections. In order to find non-trivial solutions to (1.2) one has to consider a
non-compact base manifold X, in the sense that either X is complete or we allow for
singularities of the fields (A, ®), or a combination of the two possibilities, as in this
paper.

The classical case of smooth monopoles on R? and the rich geometric properties
of their moduli spaces have been investigated from many different points of view; a
standard reference is Atiyah and Hitchin’s book [3]. Monopoles with and without singu-
larities have also been studied on 3-manifolds X with different geometries: hyperbolic
monopoles were introduced by Atiyah [2]; Braam reduced the study of monopoles on
an asymptotically hyperbolic manifold X to that of S'-invariant ASD connections on
a conformal compactification [9]; partial results were established by Floer [20,21] for
asymptotically Euclidean X; more recently, Kottke initiated the study of monopoles
on asymptotically conical 3-manifolds [27]. Monopoles with singularities were first
considered by Kronheimer [29]; the virtual dimension of the moduli space of singular
monopoles over a compact manifold X was computed by Pauly [34]; Charbonneau and
Hurtubise considered monopoles with singularities on the product of a compact Riemann
surface with a circle [12].

An important feature of the moduli spaces of monopoles on R? is that they are
hyperkéhler manifolds by virtue of an infinite dimensional hyperkéhler quotient. In
the lowest non-trivial dimension, the Atiyah—Hitchin manifold, i.e., the moduli space of

centred charge 2 SU (2) monopoles on R (or its double cover) is a complete hyperkihler
4-manifold with finite L2-norm of the curvature, a so-called gravitational instanton, with
an interesting asymptotic geometry: the volume of large geodesic balls of radius r grows
like 73; the complement of a large ball is a circle bundle over R3/Z, and the metric is
asymptotically adapted to this circle fibration. We say that the Atiyah—Hitchin metric is
an ALF gravitational instanton.

Pursuing the idea that moduli spaces of solutions to dimensional reductions of
the Yang-Mills ASD equations on R* are “a natural place to look for gravitational
instantons” [13], in [14—16] Cherkis and Kapustin introduced the study of periodic
monopoles, i.e., monopoles on R? x S!, possibly with isolated singularities at a finite
collection of points. They argued that, when 4-dimensional, moduli spaces of periodic
monopoles (with singularities) are gravitational instantons of type ALG: the volume of
large balls grows quadratically and the metric is asymptotically adapted to a fibration
by 2-dimensional tori.

This paper addresses some of the foundational questions opened by Cherkis and
Kapustin’s work. The main results are summarised in the following theorem.

Theorem 1.4. For generic choices of the parameters defining the boundary conditions,
the moduli space M, i of charge k SO (3) periodic monopoles with n isolated sin-
gularities is a smooth hyperkihler manifold of dimension 4k — 4, provided it is not

empty.

Here the charge is a certain topological invariant of a monopole, c¢f. Definition 4.1 for
details. In [22] we construct solutions to (1.2) on R x S! by gluing methods, showing
that M,,  is indeed non-empty.

Plan of the paper. In Sect. 2 we introduce formal aspects of the construction of the mod-
uli spaces M, x and fix some notation. In Sect. 3 we define periodic Dirac monopoles,
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i.e., solutions to (1.2) on R? x S! with structure group U (1) and one isolated singularity.
Following [14,16], we then use this material to define boundary conditions for periodic
monopoles with non-abelian structure group G = SO(3).

Sections 5 and 6 deal with the local analysis in a neighbourhood of the singularities
and on the big end of R? x S!: we introduce weighted Sobolev spaces, prove embedding
and multiplication results and study the mapping properties of the relevant operators.
These analytic results are applied in Sect. 7 to prove that the moduli spaces M,
are smooth hyperkéhler manifolds (when non-empty), provided there are no reducible
solutions of the Bogomolny equation satisfying the given boundary conditions.

The final section contains the proof of the dimension formula, i.e., the computation
of the index of a certain Dirac-type operator. No index theorem available in the literature
applies to the situation at hand and we give a geometric proof of the index formula based
on the excision principle.

2. Preliminaries

In this section, whose purpose is mainly to fix the notation, we recall formal aspects of
the deformation theory of monopoles. In particular, we introduce the relevant elliptic
operators and state Weitzenbock formulas that will be used throughout the paper.

Let X be a non-compact oriented 3-manifold and P — X a principal G-bundle.
Denote by C the infinite dimensional space of smooth pairs ¢ = (A, ®), where A is a
connection on P — X and ® € Q(X;adP) a Higgs field. Since X is not compact,
elements ¢ € C have to satisfy appropriate boundary conditions, which we suppose
to be included in the definition of C. The space C is an affine space. The underlying
vector space is the space of section Q2 (X; adP) = QY (X:adP)® Q' (X; adP) satisfying
appropriate decay conditions. Let G be the group of bounded smooth sections of Aut(P)
which preserve the chosen boundary conditions. Here g € Aut(P) acts on a pair ¢ =
(A, ®) e Cbyc > c+(dig)g™", where

dig = —(dag, [P, g]) € Q(X; adP). 2.1

Consider the gauge-equivariant map W: C — Q!(X;adP) defined by (A, ®)
*F4 — dy®. By fixing a base point ¢ = (A, ®) € C we write V(A +a,d+ ) =
V(c)+dr(a, )+ (a, ) - (a, ) forall (a, ) € Q(X; adP). The linearisation dp of
W at ¢ and the quadratic term are defined by:

dr(a, ) = xdga —dayy + [, al (2.2)
(@, ) - (a,¥) = *la, a] = [a, Y] (23)

The linearisation at ¢ of the action of G on C is the operator d;: Q°(X;ad P) —
Q(X; adP) defined as in (2.1). Couple d> with df to obtain an elliptic operator

D=d &df: Q(X;adP) —> Q(X;adP). (2.4)

The moduli space M of monopoles in C is M = W~!(0)/G. Suppose thatc = (A, ¢)
is a solution to the Bogomolny equation and consider the elliptic complex

QO(X:ad P) %5 Q(X:adP) -2 Ql(X:ad P) (2.5)

(this is acomplex precisely when W (A, @) = 0). Standard theory [18, Chapter 4] implies
that M is a smooth manifold if—after choosing Sobolev completions of the spaces of



354 L. Foscolo

ad(P)-valued forms so that W and the action of gauge transformations G x C — C extend
to smooth maps of Banach spaces and (2.5) is a Fredholm complex—the cohomology
groups of (2.5) in degree 0 and 2 vanish. Then the tangent space 7j.]/M at the point [c]
is identified with ker D, i.e. the cohomology of (2.5) in degree 1.

We can interpret D as a twisted Dirac operator on 2 (X; adP). The Clifford multi-
plication of a 1-form « and a k-form 8 on X is

y@p=arp—a’'ip (2.6)

Define a twisted Dirac operator /)4 on (X ; adP) by
Qe 1 ol g qd XY 2 g o0 &9 o1 g o, @2.7)

The operator D of (2.4)is D = 1) s + [P, - ], where T is a sign operator with T = 1
on 1-forms and t = —1 on O-forms. From this point of view, the product (2.3) is the
multiplication on €2 (X; ad P) obtained combining Clifford multiplication of forms and
the Lie bracket on ad(P). The formal L2-adjoint of Dis D* = D —2[®, -] and we have
the following Weitzenbock formulas.

Lemma 2.8 (See for example [21, Lemma 18]).
DD* =V}Vs — ad(®)* + ¥ + Ric and D*D = DD* +2d,®,
where ¥V = xF4 — da®.

As a final remark in this general setting, observe that if one fixes boundary conditions
so that infinitesimal deformations are L’-integrable, the L2-product restricted to ker D
defines a Riemannian metric on the moduli space M. As in the Euclidean case, if X =
R? x S! this L2-metric is hyperkihler by virtue of an infinite dimensional hyperkihler
quotient [3, Chapter 4, pp. 28-33].

3. Periodic Dirac Monopole

When the structure group G = U (1), the Bogomolny equation (1.2) reduces to a linear
equation. By (1.3) the Higgs field @ is a harmonic function such that *2‘711? represents the
first Chern class of a line bundle. Bounded global solutions are necessarily trivial; on R
they are given by pairs (A, ®) = (0, v) while on R? x S! by (A, ®) = (d +ibdt, v),
where v € R and b € R/Z. We call such pairs flat (or vacuum) abelian monopoles.
Non-trivial abelian solutions are obtained if one allows an isolated singularity.

Definition 3.1. Fix a point ¢ € R and let H, denote the radial extension of the Hopf
line bundle to R3\{g}. Fix k € Z and v € R. The Euclidean Dirac monopole of charge
k and mass v with singularity at ¢ is the abelian monopole (A, ®) on HX, where

o=i(v-525)
=ilv———),
2|x —q]

x € R3, and A is the SO (3)-invariant connection on H(f with curvature *d .
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The connection A exists since ﬁ * d @ represents the first Chern class of the line bundle

Hé‘ on R3\{g} and it is unique up to gauge transformation because R3\{g} is simply
connected.

Periodic Dirac monopoles are defined in a similar way. Fix coordinates (z,t) €
C x R/2n7Z and a point ¢ = (20, 1)) € R? x S!. Line bundles of a fixed degree on
(R? x SM\{q} differ by tensoring by flat line bundles. We can distinguish connections
with the same curvature by comparing their holonomy around loops y, := {z} x S} for
7 # z0. Set 0, = arg(z — zo) and fix an origin in the circle parametrised by 6,,. It follows
from Remark 3.5 below that the holonomy around y; of a connection on a degree k line
bundle over (R% x SH\{g} is of the form e k04 ¢=27ib for some b € R/Z. Denote by
L, the degree 1 line bundle on (R? x SH\{g} with connection A4 whose holonomy
around y; is e % . Any line bundle of degree 1 is of the form L, ® Ly for some flat line
bundle Lp.

Definition 3.2. Fix a point ¢ € R? x S'. The periodic Dirac monopole of charge k € Z,
with singularity at g and twisted by the flat line bundle L, ;, for some v € Randb € R/Z
is the pair (A, ®) on L’; ® Ly b, where

—i® =v+kGy

and up to gauge transformations the connection A = kA, +ibdt. Here G, defined in
(3.3) below is a Green’s function of R? x S! with singularity at g.

In the rest of the section we derive asymptotic expansions for the Green’s function
G, and the connection A, both at infinity and close to the singularity.

3.1. The Green'’s function of R* x S!. By taking coordinates centred at ¢ € R* x S!,
we can assume that the singularity is located at ¢ = 0. We use polar coordinates z =
re'’ € C. Consider the series

1 1
G(z,t) = —= —a s (3.3)
2 YEZ [w/ﬂ +(t — 2mm)? 'm'}
where
1 . logdmr — y
= —if 0 =2—
ml 2|m|m ifm # a0 2

(y is the Euler constant, y = lim,— 22:1 | logn).

Lemma 3.4. The series (3.3) converges uniformly on compact sets of (R* x SH\{0} ro
a Green’s function of R* x S' with singularity at 0.

(i) Whenever z # 0, G can be expressed as
G(z,1) = L1ogr L > Ko(lmlr)e™
’ 2 2 =, ’

where K is the second modified Bessel function.
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(i) There exists a constant C1 > 0 such that

k 1 —r
Vil G(z,t) — — logr )| < Cre
2
forallr >2andk =0,1,2.
(iii) There exists a constant Cp > 0 such that
1
V(G- L4 )| < cpr*
2 2p

forall (z,t) withp = ~r?+1> < T andk =0, 1,2.

Proof. The convergence of (3.3), the expansion in (i) and the estimate in (ii) are proved
in [25, Lemma 3.1 (a), (b)]. (iii) follows from the classical multipole expansion. O

3.2. The connection. Fix a constant v € R and consider the Higgs field ® = iv +iG.
The 2-form i * d G represents the curvature of a line bundle L = L, over (R? x SH\{g}.
A connection A = A, on L is uniquely determined up to the addition of a closed 1-
form. The action of gauge transformations is the addition of exact forms, so the gauge
equivalence class of A is uniquely determined up to the addition of an imaginary multiple
of dt, corresponding to tensoring L by a flat line bundle.

Remark 3.5. In order to calculate the holonomy of A around a loop y, = {z} x Stl
one can use Lemma 3.4.(i) to show that d (fy A) = (fy Fg,) do, + (fy Fr,) dr =

i (fy r(BrG)) dfy —i (fy 89G) dr = idf,. Here, as before, 0, = arg(z — zo) and
r=lz—zolif ¢ = (z0,t0) € R* x SL.

Inaneighbourhood of the singularity L is isomorphic to the Hopf line bundle extended
radially from a small sphere S” enclosing the origin. At infinity L is isomorphic to the
radial extension of a line bundle of degree 1 over the torus T%O. Representatives for the
connection in these asymptotic models are given by:

e Introduce spherical coordinates (z, ) = (p sin ¢ €%, p cos ¢) on a 3-ball B, around
the singularity. The unique connection A? on H with harmonic curvature li dvgp is
defined by %(il — cos ¢)d6 in the standard cover Us = S\ (0, 0, 1) of S2.

e Consider the connection A® = —i ﬁd 6 on the trivial line bundle C over S(lg x R;.
If (¢!, 1,&) € C, the map t(e'?, 1, &) = (¢!, t + 2, €7&) satisfies T A = A,
Define a line bundle with connection over qu ; as the quotient (C, A®)/t.

Any connection A on L with Fs = *d® is asymptotically gauge equivalent to A° as
p — 0.Asr — o0, upto gauge transformations, A is asymptotic to A°+i« dO+ib dt for
some «, b € R/Z. The monodromy of this limiting connection is e ¢ =27 around the
circle {6} x S,l and e/~ 271 around the circle Sé x {t}. While b can be chosen arbitrarily,
« is fixed by the Bogomolny equation (1.2). Indeed, (3.3) implies that 9;G(z,1) = 0
if t € wZ and therefore the connection A restricted to the plane {r = m} is flat. On
the other hand, as we approach infinity the limiting holonomy of A on large circles
{r = const, t = 7} converges to ¢! ™ 27®) Thus o = % modulo Z.
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Lemma 3.6. Fix parameters (v, b) € R x R/Z. Let (A, ®) be a solution to (1.2) with

® =i (v + G) and such that the holonomy of A around circles {re'?} x Stl, r #0,is
e—i@—Znib.

(1) In the region where r > 2 the connection A is gauge equivalent to
i
A°°+§d9+ibdt+a

for a 1-form a such that d*a =0 = 98, _1a and |a| + |Va| = O(e™").
(ii) In a ball of radius 7% centred at the singular point z = 0 = t, A is gauge equivalent
to A° + a’ where |d'| + p|Vd'| = 0(p?) and d*a’ =0 = dpad’.

Proof. In order to prove (i), write ® =i (v + % logr) + 1 and solve (1.2) in a radial
gauge. Write A = A + a, where a = apd6 + a,dt solves da = xdr:

orag = royr
da; = —1Ldy =0
dga; — drag = ro Y

Since || + |Vi| = O(e™"), we can solve the system integrating along rays. Up to

exponentially decaying terms, a has a flat limit a® = ag°d6 + a°dt over the torus at

infinity. By holonomy considerations as above, up to gauge transformations ag° = 5

and a7° = ib. Then set ay — a;° = — froo ro;y and a; = a7°. Using these expressions
one can check that a is a solution to the system above because y is harmonic; moreover,
d*a = 0 because ¥ is independent of 6. Finally, the decay of v and its gradient imply
the desired estimates. (ii) is proved similarly using Lemma 3.4.(iii)). O

3.3. The action of translations, rotations and scaling. Given an arbitrary point g =
(20, fo) in R? x S! the same formulas describe the asymptotic behaviour of the periodic
Dirac monopole (A4, ®,) with singularity at g in coordinates centred at g. It will be
useful to express the behaviour of (A4, @) atlarge distances from ¢ in a fixed coordinate
system.

Lemma 3.7. For r > 2|zg| we have

2
Io+m

1 1 1 20 _2
~®,(z,t) =v+—logr — — Re| — o™ )
i 2w T z

Ay(z, 1) = A® +ibdt +i

d6— —tm (2 ) ar+ 0¢7?).
2 2 Z

Proof. Write z = re'? and 7o = roe'?% and expand the logarithm for r > rg

o0

log|z — z0| = logr —Z

n=1

2
=logr—Re(Z—0)+0(r—g).
Z r

_1 n n
( n) (;»70) cos [2(6 — 60)]
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Together with Lemma 3.4.(ii), this proves the asymptotic expansion for the Higgs field.
In order to derive an asymptotic expansion for the connection A4, solve the abelian
Bogomolny equation (1.2) using this asymptotic expansion for @ as in the proof of
Lemma 3.6.(i). O

The choice of the parameters (v, b) € R x R/Z is related to rotations and dilations.
By arotation in the z-plane, we can always assume that b = 0. On the other hand, given
any A > 0 consider the homothety

hy : R? x R/2nZ — R? x R/27\Z

of ratio . We saw that the Bogomolny equation is the dimensional reduction of the
ASD equation, which is conformally invariant. Then, forcing the Higgs field to scale as
a 1-form, (hA, A h} @) is a monopole on R? x R/2n7Z if and only if (A, ®) solves the
Bogomolny equation on R? x R/27 AZ. Now, given a periodic Dirac monopole (Ag, @)
with mass v, set A = v+ 5. Then as v — oo

1
A o — i (1 — —),
! 24/r2 + 12

i.e.the limit v — oo corresponds to the limit R? x S' — R3 and in this limit a periodic
Dirac monopole converges to an Euclidean Dirac monopole.

4. Boundary Conditions

Having described the abelian periodic solutions to the Bogomolny equation, we proceed
to state and discuss the boundary conditions for periodic monopoles (with singularities)
introduced by Cherkis and Kapustin in [14, 16]. Periodic monopoles will be required to
approach periodic Dirac monopoles of appropriate charges both at infinity and at the
singularities. This boundary behaviour is analogous to the one of SU (2) monopoles on
R3 without singularities: it is well-known (cf. for example [26, Chapter IV, Part I1]) that
every SU (2) monopole on R? with finite energy is asymptotic to an Euclidean Dirac
monopole. Before giving precise definitions, we need to address the issue of which
structure group to consider.

4.1. The structure group: SO(3) vs. SU(2). Limiting ourselves to compact Lie groups
of rank 2, the simplest choice would be to take G = SU(2). However, in order to
introduce singularities of the fields while hoping to obtain smooth and complete moduli
spaces, it is expected to be necessary to pick SO (3) as structure group. For example,
Kronheimer [29] showed that the moduli space of framed monopoles of charge 1 on R3
with one singularity at a point p and structure group G = SU (2) has a singularity of the
form C? /Z». In [16] Cherkis and Kapustin define periodic U (2) and S O (3)-monopoles
with singularities. We briefly discuss the relation between the two choices of structure
group, following Braam—Donaldson [8, §1.1-1.2, Part II] and Donaldson [17, §5.6].
Given a collection S of n distinct points p1, ..., p, € RZxS!, let V — (RZxSH\S
be an SO (3)-bundle. By a result of Whitney [41, §II1.7], isomorphism classes of S O (3)-
bundles over a CW-complex of dimension at most 3 are completely classified by the
second Stiefel-Whitney class w,. The second homology of (R x S')\S is generated
by the classes of 2-spheres Sii each enclosing the point p; € S. We fix the isomorphism
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class of V by requiring that w» (V) - [Sfji] = 1foralli =1,...,n.V does not lift to an
SU (2)-bundle whenever n > 0.
However, V does always lift to a U(2)-bundle E — (R? x SY\S with ¢ (E) =

w7 (V) (mod 2). The adjoint bundle gg splits into a direct sum g = R&® gg) of a trivial

real line bundle, the trace part, and the trace-less part g%o) ~V,aPUR2) ~ SO3)
bundle. A pair (A, ®) on E satisfying the Bogomolny equation induces an abelian
monopole (A, ;) ondet(E) and an S O (3)-monopole (A(O), CD(O)) on V. The moduli
space of U (2) monopoles on E with fixed determinant is a double cover of the moduli
space of SO (3) monopoles on V, with H' (R? x S\ S; Z») ~ 7, as the group of deck
transformations. Very concretely, the Z;-action is given by tensoring E with the flat line
bundle L ! with holonomy —id around circles y, = {z} x Stl.

We conclude that, up to a finite cover, it makes no difference to consider U (2)
monopoles with fixed central part and SO (3) monopoles. Moreover, fixing boundary
conditions resolves this ambiguity. We will work with structure group G = SO(3),
referring the reader to [16] on how to adapt the definitions to the case G = U (2).

4.2. Boundary conditions for S O (3)-monopoles. We begin with some preliminary no-
tational remarks. With the normalisation |A|> = —2 Trace (A?) of the norm on su(2),
the isomorphism s0(3) ~ su(2) via the adjoint representation is an isometry. Observe
that if V. — (R? x S")\S is a rank 3 real oriented Riemannian vector bundle and P
is the principal SO (3)-bundle of orthonormal frames of V, then V =~ ad P. Finally,
a reducible SO(3)-bundle V is an oriented Riemannian rank 3 vector bundle with a
decomposition V >~ R & M for an SO(2)-bundle M. We denote by & the trivialising
unit-norm section of the first factor. We will use the isomorphism V =~ ad P to identify
o with [o03, -], where 03 = ldiag(i , —i), in a local trivialisation ad P >~ U X su, over
an open set U. In this sense we will talk of diagonal and off-diagonal sections of V to
denote the sections of the two factors in the decomposition V >~ R @ M.

Fix a collection § of n distinct points pi, ..., py € R2 x S! and an SO (3)-bundle
V on (R? x S")\ S with the topology described above. We also fix an origin and a frame
in R? x S! and use coordinates (z,t) e Cx R2nZ with z = x + iy = ret? In[14,
§1.4] and [16, §2] Cherkis and Kapustin consider the following boundary conditions for
periodic monopoles (with singularities).

Definition 4.1. Fix a non-negative integer koo € Zx0, parameters (v,b) € R x R/Z
and a point g = (1, @) € R? x S!. When ko = 0 we further assume that v > 0. Let
C=C(pit,---» Pn» koo, v, b, q) be the space of smooth pairs c = (A, ®) of a connection
A on V and a section @ of V satisfying the following boundary conditions.

(1) For each p; € § there exists a ball B, (p;) and a gauge Vg, (p)\(p;} = R ® H),
such that (A, ®) can be written

1
d=——6+y A=A +a
2pi

with € = (a, %) = O(p;"*7) and |VAE| + |[®, &]| = O(p;**") for some rate
T > 0. Here p; is the distance from p; and A is the SO (3)-invariant connection
on Hy,.
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(2) Thereexists R > 0 and a gauge V ~ R & (LgDo ® Lv’b) over (R*\Bg) x S such
that (A, ®) can be written

k k
®= v+ Zlogr— 2Re(E)|6+y
2 2 z

k k
A= |:bdt+kooA°° + 2 (4 7)dO — ~ZIm (ﬁ) dti| 6+a
2 2 z

with & = (a, %) = O~ '77) and |VAE| + |[D, £]| = O (%) for some T > 0.
Here A% is the connection on L, of Lemma 3.6.

We refer to Lemmas 5.7 and 7.11 for some discussion of the optimal rate of con-
vergence of a monopole (A, ®) € C to the asymptotic models. Here we collect some
comments on Definition 4.1.

There is a topological constraint on the choice of the charge at infinity k.. Indeed,
since [T ] is homologous to the sum [S%,l] +--+ [S%,n] and koo (mod 2) is the value of
the second Stiefel-Whitney class w, (V) on [T ], we must have ko, = n modulo 2. The
(non-abelian) charge of an SO (3)-monopole (A, ) € C is the non-negative integer k
defined by 2k = ko + n. In particular, for each charge k the number of singularities
cannot exceed 2k. In the extremal case ko, = 0 we require that v > 0, so that @ still
defines a reduction V >~ R @ M of the structure group to SO(2) both at infinity and
close to the singularities.

The parameter g in Definition 4.1 is referred to as the centre of the monopole. It
is necessary to fix ¢ in order to have L’-integrable infinitesimal deformations. Thus,
differently from the Euclidean case, only moduli spaces of centred periodic monopoles
carry a Riemannian metric induced by the L?-norm of infinitesimal deformations. Notice
that the boundary conditions of Definition 4.1 depend on the choice of an origin and a
frame in R? x S.

Finally, Definition 4.1 implies that non-trivial periodic monopoles have infinite en-

ergy

1
A(A, @) = z/X|FA|2+|dA<1>|2. 4.2)

5. Monopoles with a Dirac-Type Singularity

This and the next section, of a technical nature, are aimed to introduce the analytical
tools needed to work with Definition 4.1. We begin in this section by studying monopoles
on a punctured ball with a Dirac type singularity at the origin. We review the approach
of Kronheimer [29], who showed that the Hopf fibration induces a bijection between
monopoles on R? with Dirac type singularities and S'-invariant instantons on R*. This
discussion will serve as motivation for the singular behaviour imposed in Definition 4.1.
Moreover, in a number of points throughout the paper we will deduce decay properties
of monopoles with Dirac type singularities from the 4-dimensional theory. Next, we
will introduce weighted Sobolev spaces and check that the necessary embedding and
multiplication properties hold. Finally, we will study the mapping properties of the
Laplacian D D*, where D is the Dirac operator of (2.4), in these weighted spaces.
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5.1. Hopf lift of a monopole with a Dirac-type singularity. Let B3> = B, (0) be a ball
in R3. Fix complex coordinates (z1, z2) on C2 ~ R* and consider the Hopf projection
w: B* = B3, (z1,22) = (2117 —|22/%. 22122) € R®C, which exhibits B*\{0} as a cir-
cle bundle over B3\ {0} with fibre-wise circle action e'* - (z1, z0) = (€°z1, e *z). Here
B*=B ﬁ(O) C R*. The Euclidean metric on B*\{0} can be expressed in Gibbons—
Hawking coordinates [23] as

2gps = 1 (h ggs) + 7 (h—l) 02, (5.1)

where £ is the harmonic function & = ﬁ, p is the distance from the origin in R3 and 6

is a connection on 7t with * (xdh) = d6y.
Let V — B3\{0} be an SO(3)-bundle and (A, ) a connection and Higgs field on

V. Define a connection A on 7*V — B*\{0} by
A=n*A—n* (h’1d>) ® bo. (5.2)

Then A is an S'-invariant ASD connection on B*\{0}. The following lemma is proved
by Kronheimer as an application of Uhlenbeck’s Removable Singularities Theorem [40,
Theorem 4.1].

Lemma 5.3 (Proposition 3.7 of [29]). A smooth pair (A, ®) is a monopole on B3\{0}
such that

i) h Y ®| > keNasp— 0, and
(i) [33 lda(h™'®)Ph dvgs < oo

if and only if A defined by (5.2) is gauge equivalent to a smooth S'-invariant ASD
connection on B* and the S'-action on the fibre over the origin of the extension of T*V
has weight k.

Remark. More precisely, Kronheimer states the correspondence with |d4 (A~ ®)| < oo
instead of (ii). However, Uhlenbeck’s Removable Singularities Theorem and the fact
thath € L ll . immediately imply Lemma 5.3.

Example 5.4 (Euclidean Dirac monopole). Consider the model case of an Euclidean
Dirac monopole k(Ag, ) of charge k and vanishing mass on the reducible SO (3)-

bundle V = R @ H* and the corresponding ASD connection A. Writing z; = |z;|e'?,
a simple computation shows that the map

k91(73 3
e iz #0
§= [ek9203 ifzp 20° (5.5)

defines an isomorphism 7*V ~ (B*\{0}) x su(2) such that g(A) = gﬁg’1 —(dg)g™!
is the trivial connection. In this gauge the S!-action is given by

e (21,22, X) = (6”11, ez, Ad (87 X) (5.6)

for (z1,z2) € C? and X € su(2).

In the general case of a monopole (A, ®) with a Dirac type singularity of charge k
we deduce the decay of (A, ®) to the model k(Ag, ) from Lemma 5.3.
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Lemma 5.7 (cf. [16, Appendix Al). Given a monopole (A, ®) on B3\{0} satisfying the
assumptions of Lemma 5.3 there exists a gauge such that

(A, ®) = k(Ag, Do) + O(1).

Proof. Let A be the corresponding smooth S'-invariant connection on B*. By parallel
transport from 0 € B* we can define a trivialisation of B* x su(2) such that

(a) |A| < C|z|, where C depends on || F'; | L and |z] is the Euclidean distance from the
origin in R*:

(b) the S'-action on B* x su(2) takes the standard form (5.6).

Consider the action of the singular gauge transformation (5.5):
g(d) = gAg™' —(dg)g™ = *A -7 D) ® by

and —(dg)g~" = kn*Ag — kn*(h~' ®¢) ® 6y by Example 5.4. Thus we have found a
gauge such that (A, ®) = k(Ag, ®o) + (a, ¥) with 7*a — 7*(h~ ') @ 0y = gAg~".
Computing norms using the expression (5.1) for the Euclidean metric, we find

= (lal + 19?) = 1gAg ™" = 141 = Clzi? = 20h7".

O

Finally, we observe that via the Hopf map the deformation theory of monopoles with
a Dirac type singularity on B3\ {0} corresponds to the one of S!-invariant instantons on
B*. More precisely, the deformation theory of instantons is governed by the Dirac-type
operator

b =24t @ d: Q' (34; n*V) ot (B4; n*V) o Q° (34; n*V) . (5.8)

where QF denotes the space of self-dual forms. Use the Hopf map to define lifts of forms
as follows:

() Ifu € Q¥B*; V)anda € QY(B*; V) set i = w*u and & = 7*(xha) + 7*a A 6.
Observe that |u| = |i| and |&| = |«|.
(i) If & = (a, ¥) € Q(B*; V) define a 1-form & with values in 7*V by:

E=n*a—n*(h""Y) @6 (5.9)

We have already observed that |£|2 = /! (lal* + 1y ?).

Under these identifications the Dirac operator D and its adjoint D* correspond to A~ D
and D*, respectively.
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5.2. Function spaces for Gauge theory. It is therefore possible to study the deformation
theory of monopoles with a Dirac type singularity by studying the deformation theory
of S'-invariant instantons. This is the approach adopted by Pauly [34] to study singular
monopoles on compact 3-manifolds. On the other hand, it also makes sense to work
directly in 3-dimensions using weighted Sobolev spaces and a Dirac monopole as a
background for the analysis. Some advantages of the latter approach are that one can
work with stronger norms in terms of decay at the puncture and with L2-spaces, because
W22 < €Y in 3 dimensions.

The theory of weighted Sobolev spaces is by now a fairly standard tool in many
geometric problems. Classical references are Lockhart—-McOwen’s paper [31] and Mel-
rose’s book [32]. Our analysis is modelled on the work of Biquard [4,5] on singular
connections on punctured Riemann surfaces and the work of Kronheimer—Mrowka [28]
and Rade [36-38] on ASD connections with codimension 2 singularities.

The exposition is standard except for a minor technical difficulty. The choice of weight
function is dictated by two requirements: on one side, we want certain multiplicative
properties to hold; on the other, we have to show that the Dirichlet problem for D D*
can be solved for every appropriate boundary data. At first sight it seems that no choice
of weighted spaces can satisfy both conditions. However, one can exploit the fact that
we work on a reducible SO (3)-bundle V = R @ H to resolve this issue. First, one
defines weighted spaces so that the necessary multiplicative properties hold. The lack
of surjectivity of the operator D D* acting between these spaces is easy to understand:
it is necessary to enlarge the domain by adding constant diagonal sections. After this
modification, it is crucial that the product on sections of V is induced by the Lie bracket
on suy to guarantee that the multiplicative properties are not destroyed.

Definition 5.10. Let B* be the punctured unit ball in R xS! and V — B* aRiemannian
vector bundle endowed with a metric connection A. Given é € R define the space W;’fgp

as the closure of the space of sections u € C°°(B*; V) vanishing in a neighbourhood of
the origin with respect to the norm:

m
p —5=3+4jgi |V
”u”Wm,p ZZ/‘P p ]VAM dVRS

0.8 j=0

We will use the notation Lf)’ s for W/())’ 5

Remark 5.11. (i) p? € ng if and only if 8 > &.

(ii) Pass to the conformal cylinder (0, +00) x S? with metric
dp?

8eyl = d7,'2 + 852 = 7 + 852,

where we set T = —logp. Then u € Wp if and only if e’7u € WC lp, where

the last symbol denotes the standard Sobolev space defined with respect to the
cylindrical metric.

The latter observation and the lemmas below are useful tools to work with these
weighted spaces.

Lemma 5.12 (¢f. [28, Lemma 3.1]). If u € Wl";;p(B*) and ”“”W"’y’ < oo then u €
0,

n,p
Wp_’(3 .
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Lemma 5.13 (cf. [4, Theorem 1.2]). For all § # 0 and u € C3°(B*)

1
ull. 1.0 < —||Vaull,»r .
lullyty < T Valy,

If § > 0 it is not necessary to require that u = 0 on 9 B.

We will now define spaces for gauge theory on the punctured ball modelled on the
spaces W::;Sz. Let V be the reducible SO (3)-bundle V = R® H k s B* endowed with
a pair ¢ = k(Ag, ®g) 6 induced by an Euclidean Dirac monopole of charge k, mass 0
and singularity at the origin. For a V-valued form u we will write u = up + ur in the
decomposition into diagonal and off-diagonal part. We use covariant weighted W;f;sz-
norms for sections of V. Norms of V-valued differential forms are defined similarly by
taking the W,?,Sz norm of each component of the form.

Definition 5.14. Let ¢ = k(Ag, ®g) 6 be a Dirac monopoleon V = R® H¥ — B*and
fix § > 0.

(1) Define the gauge group Qg as the set of automorphisms g of V such that (d;g)g~"

2 2 2
prsfl and Vig € L,O,872'

(i1) Define Cg as the space of configurations ¢ + (a, ¥) on V with (a, ¥) € W[}”gfl.

€

(iii) Define a space sz’§ of infinitesimal gauge transformations as

~22 2 2 2 2 2
W2 ={wpun e 12 @012, Vauell, \ Viuell, o},
endowed with the norm

2 2 2 2
lullzon = llupll;.  +lurll;, +I1Vaull? i,
W5 L5 Los WS

The fact that gg is a group, at the moment unjustified, is Proposition 5.19.(a) below.
J

~ 2)0
the diagonal u p, sz:g can be defined using the equivalent norm

Remark 5.15. Since ® acts by —i 5— on the off-diagonal component #7 and trivially on

Y 2
lullgaz ~ llull g2+ IVaulz 0@ a2 +IVRulz,
Similarly, the Wj:g-norm of a V-valued form u € Q(B*; V) is defined by

2 2 2 2 2
Moo = lullzo  +1Vaulys  +1@ullys  +[Va(D*wI7,
p.8 p,—8 p.8—1 p.8—1 p.8—2

+|[®, D*ulll7, .
p.8—2

If u € QUB*; V), D*(0, u) = —(dau, [P, u]) and this coincides with Definition 5.14.
(iii).

The following lemma helps to understand the definition of the space W;:g.
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Lemma 5.16. Fix 0 < § < % There are continuous embeddings VT’Z? — C°% and

2,2 50 =22
nga — p°C". Moreover, ||u — u(0)||W;,§ < C||u||ﬁ,§:52f0rallu € Wp’s.

Proof. The first claim is proved in three steps:

ey

@

3

Since § > Oand p < 1ifu € VT’Z? then p_8+%VAu € W2 The Sobolev

Embedding Theorem in 3 dimensions implies that p"“%VAu € L? forall 2 <
p =<6.

15
f(z—). Then by Holder’s
p(%-8)+1428

2p

p(%75)+1+25 and o =

Given2 < p < 6setq =

Inequality

—s—1 2 —8+1 p(l—a)
IVaullly < 1o~ 2Vaull S 1o~ 2 Vaull], .

Observe that g is an increasing function of p, withg =2 if p =2 and g = ﬁ

if p=6.Thus Vou € L9 forall 2 < ¢ < 125.

Kato’s inequality and Morrey’s estimate [19, Theorem 4, §5.6.2] imply that u €
Cc%%(B).

The second claim follows from Remark 5.11.(ii) and the Sobolev embedding with respect
to the cylindrical metric.

In order to prove the last claim we use Lemma 5.13 and Step (3) above. Choose a
sequence of radii ¢, — 0 and a sequence of radial cut-off functions with x;(p) = 1 for

p > 2¢€;, xi(p) = 0for p <€ and |Vy;| = O (%) on the annulus {¢; < p < 2¢;}.

Lemma 5.13 applied to the sections x; (u — u(0)) yields

/ X,-2|M — u(0)|2p72‘373 dvps < C/ |VAu|2,072‘371 dvps
B B
+C / Vi P u — u(0)2 o2~ dvgs
326,-\35,-
< C/ [Vaul?p= 2 dvps
B

+Cllulg, / IVil20™ " dvgs
2e¢ €

By

2 2
<C (”VAM”LzS ot ||u||co,5) .
p.8—

By Step (3) above )25 < Cllul| 22 and the proof is complete. O
0,8

C0,6

Thus for every 0 < § < % we have an extension

2,2 72,2 ~
0— Wp,a — WMS — Ro — 0,

where & is a unit-norm section of the trivial factor in the decomposition V = R @ H*.
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Remark 5.17. By the definition of di, g € Gf satisfies Vag € L2 ; |, (gPg™! — ®) €

L%,s—l and Vf‘g € L%,s-z- By Lemma 5.16 g is continuous and has a well-defined limit
over 0 € B; the condition (g<1>g_1 —d) e L%’ s forces this limiting value to lie in the
stabiliser of ®.

Lemma 5.18. Assume that all weighted spaces below are spaces of V -valued forms and
the product on V. > ad(Py) is induced by the Lie bracket of suy. If0 < § < % the
following are continuous maps:
2
M Wys = LS,
@) W23 < C'(B)
2 2
GYWys_ x Wi — L2y,
72,2
B WysxL2s = L2
72,2 72,2 0172,2

© vl/gg ) Wq’g N WMl 2
O Wrs x Wy — W5y

In cases (3) and (6) the maps W;:gfl — L%’sz and VT’;? — W;:§71 obtained by
fixing the second factor are compact.
Proof. The embeddings (1) and (2) follow from the Sobolev embedding theorem with
respect the cylindrical metric and Lemma 5.16, respectively. The continuity of the prod-
ucts in (3)—(6) then follows easily using the embeddings (1)—(2), Holder’s inequality
and the assumption § > 0, as we now briefly explain.

In order to prove (3) observe that by Holder’s inequality

—5+1 —8+1
1§ -nlly2 , =Ilp="2E -ml2 = llp~""2&lsllnllLs = 18N il
and similarly
) PO 1
Inlls < diam(BY ]2, il
p,o—1 p,6—1
The continuity of the product W;:gfl x W2

p.6—
compactness of the induced map W;”gfl — L%’ s_o 18 deduced by writing

L= L%’(sz now follows from (1). The

1§ - =l , < UElgs gy limi = mirliscs,)
+||$”L2‘5_](B\Bg)”m - 77i’||L3(B\Bg)
and using the fact that || €| 6 (B 0 as 0 — 0 together with the compactness of
p.6— o

the embedding W12 — L3,

In view of the embedding in (2), the continuity of the map in (4) is immediate. For
the statement in (5), observe that in the decomposition u = u p + ur the product takes
the form:

(up +ur) - (vp +vr) = (ur -vr) + (Uup - vr +ur - Vp)

Therefore ||(u - v)pll;2 < llullL~llvl;2 and
p,—8 p,—8

167l < V2luplelvrllz, +V2lvpleslurlz .

The rest of the proof of (5) and (6) follows easily making use of (3). O
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Proposition 5.19. Forall 0 < 6 < }

(a) G¥ s 1s a Banach Lle group which acts smoothly on Cg.
(b) The map V: W 5 | — L _, defined by W(§) = xFs —da® +do§ +& -& is
smooth.

5.3. Elliptic theory. The proposition above shows that the spaces Cg and Qg are well-
suited to study gauge theory. The next task is to find a range of values for 6 > 0 such
that the Laplacian D D* (coupled to Dirichlet boundary conditions) is an isomorphism
D*: sz — Lf) s
We continue to work with the reducible pair (A, ®) = k(Ag, p) 6 given by an
Euclidean Dirac monopole of charge k, zero mass and singularity at the origin. By
changing variables to T = —log p the punctured ball B* = B, \{0} becomes the half
cylinder Q = (T, +00) x S?, where T = — log 0. The operator p>D D* has the form

0>DD*u = —ii + 1t + Lu =: Lu (5.20)
where the dots denote derivatives with respect to . L is the positive self-adjoint operator
onS?L = (Agz, ViVa+ 1‘4—2) in the decomposition V = R & H*. Here V3 Va is the
Laplacian of the connection A = kAo on H¥ — S2.

L is atranslation-invariant operator on the cylinder Q. In view of Remark 5.11.(ii), we
want to study its mapping properties between weighted Sobolev spaces £: e %7 nylz —
e”STLgyl. Lockhart-McOwen’s theory [31] deals precisely with this kind of elliptic
operators and their perturbations on cylinders and asymptotically cylindrical manifolds.

Since we will study a boundary value problem, we introduce the appropriate spaces for
the boundary data:

Definition 5.21. Let aW§;§ be the closure of C*°(dB; V|yp) with respect to the norm
222 = inf ||@] 522,
”‘/’”owjj in ||<0||W§;§
where the infimum is taken over all ¢ € C*°(B*; V) such that ¢|yp = ¢.

We associate to the operator £ of (5.20) a discrete set of weights, called excep-
tional, as follows. Since L is a self-adjoint positive operator its eigenvalues form a
discrete sequence 0 < A; < Ay < ... Moreover, we can select an orthonormal basis
of L2(S*; R @ H¥) given by eigensections ¢ ; of L. Every solution to Lu = 0 can be
written

i( THATe Jff)qu

j=1

where yji are the two solutions of y% +y — Aj, Le. yji 1 + ,/ +Aj. Deﬁne the

set of exceptional weights of the operator £ to be the collectlon D(L) of all y B Jj=0.
The relevance of the exceptional weights is that the operator

eTWE — L @ OW],
defined by u —— Lu @ uly¢ is Fredholm for all § ¢ D(L), cf. [31, Theorem 6.3] and

[32, Theorems 5.60 and 6.5]. Here E)va’lz is defined similarly to Definition 5.21.
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Lemma 5.22. The exceptional weights y ji € D(L) are:

. m]
=iy

vp=oioley
for j =0,1,2,3,... each with multiplicity 2j + |m| + 1. Here we take m = 0 for the
operator restricted to the diagonal component and m = k when we restrict L to forms
with values in H*.

Proof. The eigenvalues of the Laplacian V’; V4 of the S O (3)-invariant connection m A
on H™ have been calculated by Kuwabara [30, Theorem 5.1]. They are

1(1+2) —m? . .
— [ =|m|+2j, for j=0,1,2,...

each with multiplicity / + 1. Hence the eigenvalues of L are == D) "where we take m = 0

on the diagonal component and m = k on the off-diagonal part. The Lemma follows.
i

In particular, 0 is an exceptional weight with multiplicity 1 (the constant functions) for
the operator L restricted to the diagonal part, while none of the weights in the interval

(-1— lk‘ |kl) is exceptional for the operator restricted to the off-diagonal part.

Proposition 5.23. Fix 0 < § < min {1, |} The Dirichlet problem

ViVau — ad*(®yu = f
ulpp = ¢

has a unique solution u € szg forall f € wai2 and ¢ € Bﬁfi’g. Moreover there

exists a constant C independent of u, f, ¢ such that

722 < C + = .
luell 22 = (IIfIIL%H |I¢|I3W§:§)

The proposition is proved by separation of variables, see for example [33, Proposition
6.2.1]. Notice that introducing w2 5 , which is an extension of W* s by constant diagonal
sections, is necessary to be able to solve the Dirichlet problem for arbitrary boundary
data.

6. Analysis on the Big End of R? x S!

We move on to discuss the framework to tackle the analysis on the big end of R? x S!.
The local model is provided in this case by a periodic Dirac monopole, or better its
asymptotic form analysed in Lemmas 3.4 and 3.6: we work on the SO (3)-bundle V =
RO (Lyp® LSO") endowed with the reducible pair (A, Po) induced by a periodic
Dirac monopole of centre g, charge ko, and vacuum asymptotic parameters v, b. We
will drop the subscript o, for most of the section.
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Fix R > 0 so that for » > R we can write |®| = v + g—jj logr + O(r~!). Hence we
can find a constant ¢ = ¢(R, v, g) > 0 such that

@] =c [da®| = (6.1)

S o

if r > R (recall that we assume v > 0 if k5o = 0). Let Ug be the open exterior domain

R?\ B; we will drop the subscript g when it is not essential in the discussion. If u is a
section of V we write u = up + ur in the decomposition into diagonal and off-diagonal
part. Then in the region U x S!

(D, ull* > clur|*. (6.2)

By Fourier analysis with respect to the circle variable ¢+ we can further decompose
up = Houp + I up into S'-invariant and oscillatory part. On each circle {z} x Stl the
following Poincaré inequality holds

/|V<mup>|2z/ T upl. (6.3)
St St

The inequalities (6.2) and (6.3) suggest that, via the Weitzenbock formula Lemma 2.8,
we have extremely good control of the off-diagonal and oscillatory piece of u in terms
of DD*u. In order to control the S'-invariant diagonal piece ITou p we introduce appro-
priate weighted spaces. An issue similar to the one encountered in Sect. 5 arises here
when trying to define weighted spaces for which good multiplication properties and the
surjectivity of D D* hold at the same time.

6.1. Function spaces for Gauge theory. Models for our analysis are the paper [7], where
Biquard and Jardim study doubly periodic instantons with quadratic curvature decay.
Fix R > 0 and work on the exterior domain U = Ug C R?. Define a weight function

w(@)=v1+r? (6.4)
Notice that
IVo| <1, —wlo+|Vo|>=2 (6.5)

Animportant consequence of introducing the weight function w is the following Poincaré
inequality.

Lemma 6.6. For all § # 0 there exists a constant C = C(c, R, §) such that

o™V ull 2 < C (lw™ Vaullp2 + o™ [®, ulll2)

or every u € C3° (U) subject to the additional restriction Toup|yy = 0 when § > 0.
0
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Proof. Decompose u = Ioup + [ up +ur. (6.2) and (6.3) imply that if [Toup = 0
we have

—(8+1)

llw ull2 < lw™ Vull 2 + lo™ [@, ulll )

_C
1+ R?

Therefore suppose that u = Iloup. The estimate is analogous to Lemma 5.13 and is
proved by integration by parts, cf. [4, Theorem 1.2]: in polar coordinates (r, #) on R?

1 1 1 d
/w—z(smuz — Y i (Y A kae < _/ u(dyu)
28 w?’ ) raw?s

172 172
C|6|_1 (/ w—2(5+1)u2) (/ w—28|vu|2) .

The first inequality follows because under the hypothesis on u the boundary term is

always non-positive and the second one follows from Holder’s inequality with C =

V2+R2
=

IA

]

Definition 6.7. For a smooth V-valued form u € Q (U x St V) and § € R we define
norms:

@ llull 2, = o™ Dull 2
@) flull?, 0 = @2l + [0 (|Vaul? + [, ull?)
,8

2 2 2 2 * 2
(i) [Ju]l = [lull5, +1Vaul + I[P, ulll + IVa(D* u)||
W{,Z,’j L2 L2 s, LY sy Li,afz

+ 1@, D*ulll?,
,0-2

(V) Nl n = lull?,  +[IVaul? + (D, ulll? +[|Va(D*u)||?
w23 Li,—a cho.S—I ’ Lij—] chu,s—z

,8

®,5—

+[[®, D*ulll3,
®,6—2

The corresponding weighted Sobolev spaces are defined as the closure of the space of
smooth compactly supported forms with respect to these norms.

Remark 6.8. (i) Since (A, ®) is a solution to the Bogomolny equation, the Wi’j—norm of
acompactly supported formu € C§°(U x S') is equivalent to ||u ||L3) .t | D*u ||L3) .
by the Weitzenbock formula Lemma 2.8 for D D*.

(ii) In view of (6.2) and (6.3), if u € W,,'3 then T up, ur € L2 4_,.In particular, the

1

only difference between the spaces Wj% and Wi% consists in the chosen weighted

L?-norm of TTou p. It follows from the proof of Lemma 6.10 below that when § < 0
we have an extension

0— Wf}? — Wf}ﬁ — Ro — 0.
Definition 6.9. Fix § < 0.

(i) G§© is the space of sections g of Aut(V') over U x S! such that (d1g)g ™" € Wcl’%—l'
(ii) C§° is the space of pairs (A, ®) on V of the form (A, o) + (a, ¥), where
£ = (a, V) is a section of (A @& A®) ® V of class Wi)ig_].
(iii) Infinitesimal gauge transformations are elements of Wj:g_z(U x St v).
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Lemma 6.10. Fix§ € (—1,0).
Q) IfeE =Toép + 11 &p +&7 € W:)’%_l is a V-valued differential form then

w P Toép, 0 "' 1 &p, w e € LP
forall 2 < p < 6 and the inclusions are continuous.
(i1) Wi’é < CY is a continuous embedding.
The following products are continuous:
oy 522 ~2,2 2.2
(iii) Ww’ x W, s — Ww,S
- N 2, 2 ,2
(iv) W Wm — W, form =01

w,8—2+m w,
1,2 2
(V)W 3 P X Woso1 = L s

Moreover, the maps W5 — Wa 2+m and W 3 | = Lw s_o induced by (iv) and (v)
by fixing the second argument are compact. Here the products are those induced by the
Lie bracket on su(2) under the identification V >~ ad P.

Proof. (i) It is a consequence of the Sobolev embedding theorem W!? — L%in 3
dimensions and the fact that if £ € W:):§_1 then w1 &p, 00 Er € L2
(i1) Forthe oscillatory and off-diagonal part this is a consequence of the standard Sobolev
embedding W22 < €. In fact we have more: if [Toup = 0 then w~®~Dy € W22
and therefore u € w®~1C°.
Suppose instead that u = Ioup, so that we can work on U C R2. First of all
we can replace w with r because the two weights are equivalent (with a constant

depending on R) on U. If Vu € Wal)’é_l, r*1vy € W2 where the latter is

cy l ’
the standard Sobolev space with respect to the cylindrical metric r2gp2. Thus

rlvy e Lf}l for all p € [2, 00) by the standard Sobolev embedding. By an

inversion r = % we consider the function ﬁ(pem) = u(,o_leie) defined on a
punctured ball By g C RZ. Itis integrable because u € LZ)’_S and§ > —1(5§ > -2

would be enough). Moreover, u has gradient in L? for all p < % Since § < 0
we can choose p > 2 and apply Morrey’s estimate [19, Theorem 4, §5.6.2] to show
that i, and therefore u, is continuous. In particular there exists a well-defined limit
of oo = limy— 00 u(re'?) and, by Lemma 6.6, u — us, € W 5
The rest of the Lemma now follows easily in a way s1m11ar to Lemma 5.18. It is
crucial to observe that terms of the form up - vp do not appear in the products. 0O

Proposition 6.11. For all § € (—1,0), G§° is a Banach Lie group acting smoothly on
COO

Moreover, the map W : C5° — L2 52U x SLAT® V) (A, @) > xFy —da®d is
smooth.

6.2. Elliptic theory. We continue to work with the model configuration (A, ®) =
(Aoo, Pxo) on the exterior domain Ug. We now study the equation DD*u = Vi Vu —

ad(®)?u = f for f € L _,andu € W s 2 with§ < 0 sufficiently close to 0. We will
need the following elllptlc regularlty result
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Lemma 6.12. Forall§ € R there exists a constant C > O suchthatif§ € C3° (UR X Sl)
then

IValz,  + M@ 6l = C(IDEN2, +1l,2 ) (613)
Proof. The Weitzenbock formula for D*D in Lemma 2.8 implies

1
Sd*d (16) = —IVas? = |[@, €17 + (D*DE.§) =2da® - £.6).  (614)

—25+2

Integrate this Bochner-type identity against w and integrate by parts:

[ (wat e oa1?) = [0 206l -2 [0 a0 -6
+2(1 —5)/w—25+1(D§,dw-s>
+2(1 —5)/w—25+1(vAg,dw®g)

+2(1 —a)z/arzﬂgﬁ (6.15)

Consider the term f o P24, - £, E). Since (A, @) is reducible this term only
involve &7. Moreover, by (6.1) w|d4 ®| < c. Then Holder’s and Young’s inequality with

& > 0 imply
_ c _ _
'/w 224, £, Ep)| < E/“’ 28|ET|2+cel/w 242 2

for any ¢; > 0. Moreover, by (6.1)
cer [0 Uerf <o [0 0.1
Secondly, by Holder’s inequality

- _ L 1 _
< o™ DE | allo™ €l 2 < Sl DEIT, + Sl €17,

‘/a)_%H(DE,da)-éj)

because |[dw| < 1 by (6.5). Similarly, for any &7 > 0O:

s+ —s
< o™ Va2 08| 12

‘ / 0 P (Va8 do - £)

1
—5+1 2 552
< eollw™ Va7 + o o872

Now choose €1, &2 < 1 so that the appropriate terms can be absorbed in the LHS of
(6.15) to obtain (6.13). O
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Proposition 6.16. There exists —1 < 80 < 0 such that if § € (8¢, 0) then the followzng

holds. For all f € L? ws—and ¢ € 8W s 2 there exists a unique solution u € W g to
the Dirichlet problem

DD*u=f inUg x S!
u=q on Uk x S!

Moreover for every k > 1 there exists a constant C = C(k, §) > 0 independent of u, f
and R such that

Iyt gz2 < € (17122, + lolly22) (6.17)
Proof Observe that we can always reduce to the case of vanishing boundary datum
= 0 by extending ¢ to ¢ € W s 2 such that ||¢||sz < ||¢||6sz and replacing u with

u —<pandfw1thf — DD*p.

First suppose that f = Iy fp so that we work on the exterior domain Ugr C RZ.
In this case, one can take § € (—1,0) and R > 1 arbitrary and the estimate holds with
k = 1. The proof is by separation of variables as for Proposition 5.23. It is necessary
to consider the extension VTQ%? of Wi§ by the constant functions to be able to solve the
Dirichlet problem for arbitrary boundary data.

Assume instead that ITp fp = 0. Then (6.2) and (6.3) imply

¢ |u|2s/ IV aul? + [, ] 6.18)
St St

Since Li s_2 C L? we obtain a unique weak solution  to the Dirichlet problem by

direct minimisation of the functional % f IVaul? + |[®, u]]? — f (u, f). Moreover there
exists a uniform constant C > 0 such that

+ ||V + [P, < ( + 70, ) .
lell 2 + I Vaull 2 + 1. ullli2 < CAIfNL2  + ol 22
Observe also that [Jul| ;2 s < |lu]l;2 since § < 0 and w > 1. It remains to show that
=22 '
ue W,
Step 1. Since u vanishes on the boundary, an integration by parts yields (all integrals
are taken over Ug x S!):

/ar”(v;;vAu — ad®(®)u, u) = /ar” (|vAu|2+ @, u]|2)

—25/w—23—1<vAu,u®dw>

To control the last term, use Holder’s inequality, (6.5) and (6.18):

‘ZS/w_z‘s_l(VAu, uQ dw)

< Clsllo™ s [ 07 (19auP + 110, 17)

Since w > 1 if |§] is sufficiently small we deduce

\Y + [|[[D < C|DD*
IVaulz, | +0®.ull2 = CIDDull2

In other words, in view of (6.18) and the definition of D*, we proved

u + || D*u < C||D*u < C||DD*u
ll ”LZ).S—I I ||L3.H_ [ ||LZ),871_ | ||Li.872
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Step 2. Set & = D*u. Given x > 1, fix a radial cut-off function y vanishing in a
neighbourhood of dUx with x = 1 on Ugg x S! and |[dx| = O(R™!). In
particular, using Step 1,

2 2 2 *
IDG®IG: | < Nodxli~l€l},  +I1DD"ulz | < CIDENL:, .

By applying (6.13) to x& we obtain the estimate

eyt g2z = € (11122, + llelly22) -

Finally, combining the latter with standard elliptic regularity close to the bound-
ary (cf. for example [24, Theorem 8.12]) guarantees that u € Wig on the whole
of Up x S!. O

Remark. The estimate (6.17) continues to hold with « = 1, but the constant will depend
on R, for example through ||®|/z~ on the annulus {R < r < xR} when appealing to
[24, Theorem 8.12].

7. Construction of the Moduli Spaces

In this section the local analysis of Sects. 5 and 6 is used to prove that moduli spaces
of SO (3) periodic monopoles (with singularities) are, when non-empty, smooth hyper-
kdhler manifolds for generic choices of the parameters defining the boundary conditions
of Definition 4.1. Before proceeding with the proof, we make precise definitions of
the spaces of connections, Higgs fields and gauge transformations combining Defini-
tions 5.14 and 6.9.

Fix a collection S of n distinct points pi, ..., p, € RZ xS!. Let V. — (R?> x SH\§
be an S O (3)-bundle such that wy (V) - [SZ[] = 1. Denote by P the associated principal
SO (3)-bundle. Choose parameters koo € Z>o Withkso = n(mod2)andv, b € RxR/Z,
g € RZx S", withv > 0ifkeo = 0.LetC = C(p1, ..., Pns koo, v, b, q) be the space
of smooth pairs of a connection and a Higgs field on V as in Definition 4.1.

Fix a smooth pair ¢ = (A, ®) € C, which we will refer to as the background pair.
One such pair will be constructed in Sect. 8. We can always assume that there exist
preferred gauges over B, (p;)\{pi} and Ug x S!, for small & > 0 and large R > 0, such
that ¢ coincides with the asymptotic models over these regions. Given ¢, we use it as a
background to define spaces ng;szl and Wﬁ’é of forms with values in V|, (p)\(p;} and
V]yexst asin Definitions 5.10 and 6.7.

Definition 7.1. Given o, R > 0, set Ko,z = (Bg x S') \ U, B (pi)-

(i) A V-valued formu € leo . on (R% x SHL\S belongs to the global weighted Sobolev
space L%al, 5) if, in the preferred gauges around each singularity and at infinity,

u|B, (p\ip:} € Li,ﬁl and uly, s € L(2u,82' We define a norm on L%(Sl,sz) by

taking the maximum of the semi-norms ||M|Bd(pi)\{pi}”l‘f,’51’ luly, st IILi,(52 and
lulkg oyllz2-

72,2 2,2 1,2 . .
The spaces W((S],Sz)’ W(B] 5) and Wi s, are defined in a similar way.
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(i1) Given § > O with § < min{%, 8o}, where & is given by Proposition 6.16, denote
with § the pair (6, —§) and set § —m = (6§ —m, —§ — m) for any integer m. Define
Cs as the space of pairs of a connection and a Higgs field on V of the form ¢ + &
with & € W%,

(iii) The group @g of gauge transformations is defined as the space of sections g of
P xad SO(3) such that ¢ + (d1g)g~" € Cs.

The fact that G is a group of continuous gauge transformations acting smoothly on Cs
follows from Propositions 5.19 and 6.11. Infinitesimal gauge transformations are sections

of V of class VT/(SZ‘Z. Finally, by Propositions 5.19 and 6.11, (A, ®) +> *«F4 —d4 ® defines
a smoothmap W: Cs — L52—2~

The moduli space M,, ; is W1 (0)/ Gs. We will see below that the only singularities of
M,,  arise from reducible monopoles in Cs. Here a pair (A, ®) is said to be reducible if
V ~ R@M foran SO(2)-bundle M — (R?xS')\S and (A, ®) is induced by an abelian
monopole on M. Itis therefore important to understand when reducible monopoles exist.
Denote by ¢, the abelian flat monopole (d +ib dt, v) and with c;, the periodic Dirac
monopole of charge 1 with singularity at p € R? x S!, ¢f. Definition 3.2. Recall that
we defined k = k°°2+” € Z=o as the non-abelian charge of the SO (3)-pair (4, ®) € C;s.

Lemma 7.2. If n < k every monopole in Cs is irreducible.
If n > k, reducible monopoles in Cs are in one to one correspondence with subsets

{Pir, - Pi} of S = {p1,.... pa}) of cardinality k and such that p;, + --- + p;, =
5 (201 i + kooq) in R? x R/27Z.
After reordering the p;’s if necessary, assume that {p1, ..., px} satisfies this condi-

tion. Then the unique reducible monopole corresponding to this choice is

k n
et Sen— S ey
i=1

i=k+1

Proof. If (A, ®) € Cs is a reducible monopole then & = ¢ & for a harmonic function
¢ on (R? x S"\ S with prescribed behaviour at the punctures and at infinity. Here & is
the trivialising unit-norm section of the first factor in the decomposition V >~ R & M.
After possibly reordering the p;’s, ¢ is of the form ¢ = v+ > Gy, — 27,41 Gpi
for some 0 < n’ < n.

To conclude, use Lemmas 3.4, 3.6 and 3.7 to compare the asymptotics of the sum
of Dirac monopoles ¢y + D i Cp — 241 Cp With the boundary conditions of
Definition 4.1: n’ = k because the charge at infinity has to be 2k — n = koo and
Pi+...+pr =% (30| pi +koog) for the terms of order 1 to coincide. O

7.1. The deformation complex. Let (A, ®) = c+& € W1(0) C Cs be a solution to
the Bogomolny equation (1.2). In order to prove that M, x is a smooth manifold in a
neighbourhood of (A, &) we have to show that:

(i) The deformation complex (2.5) defines a Fredholm complex Waz,z — W;’_zl —
5 s 3
L 5.
(ii) If (A, @) is irreducible, i.e. d is injective, then d> is surjective.
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We will need the following elliptic regularity result for the Laplacians of the defor-
mation complex.

Lemma 7.3. Let (A, ®) = c + & € Cs. Then there exists o, R and C depending on &
such that

~ *
lullgze = € (IDD"ulyz , + lullzik, 1)

forallu € Q@ ((R? x SH\S; V).

Proof. Denote with Dg the Dirac operator (2.4) twisted by the background pair c. By
Lemmas 5.18 and 6.10

IDD*u — DoDgull 2 | < CliE N2 llull 2.2 (7.4)

Choose o and R so that [[§ ], (p)\(pi}ll 12 and 1§y, xst 1.2 are sufficiently small.
8—1 §—1

From the estimates in Propositions 5.23 and 6.16 we deduce

_ < * -
||14||W§2 =C (||DD M||Lé2 + ||“|KU.R||W52-2) .

Therefore to prove the Lemma it is enough to show that for all compact sets K’ € K C
(R% x S\ S, there exists C = C(K, K’, ) such that

lullw2zky < C (IDD*ull 2k + Il 2k)) - (7.5)
Here W22 is the unweighted covariant Sobolev norm
lul3ee = lul?s + 1 Vaull3s + 1P, ulll7 + IVA(D* w72 + [P, D*ul]?.

Choose a cut-off function x supported on K and such that x = 1 on K’. Using the
Weitzenbock formula for D D*, we have

/x2(|vAu|2+[<b, u]2)+2/x<vAu,vX ®u>+/<\v-u, xu)
= / (DD*M, qu) 5 ”DD*MHLZ(K)”M”LZ(K)

where W = xF4 — d4®. Now use Young’s inequality with ¢ > 0 to estimate

1
/x<vAu,vX ®u) S82/X2|VAM|2+8—2||M||2L2(K)~
and, together with Holder’s inequality,
1 3
/|W| Ll < 1l lxul o lxull fe < € lxullzs + CellWiga g llxulza
The Sobolev embedding W2 < L% now implies

/|\I1| bxul> < 2l Vaulga + Co(l+ 1W 15 el 72 )
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Choosing & small enough we obtain

IV Aull> gy + 1P, ull oy < CUDD Ul ) + CA+ W7

2
(K) (K))”M”Lz(K)

The second order estimate is obtained in a similar way, restricting to an even smaller
compact set K” C K’ and using the Weitzenbock formula for the operator D*D.
Thus we obtained (7.5) for a constant C depending on [|da ®|| 12k and W2k To

conclude observe that, since (A, ®) = ¢+£&, with ¢ smooth and & € Wal’_z1 (in particular

& e Wllo’f), lda®ll;2 k) and [ W][12(k) are bounded in terms of K, the background ¢
and [|§]l12. O
5—1

7.2. Slice to the action of the Gauge group.

Proposition 7.6. The operator D D*: W;z — L§72 is Fredholm. If (A, ®) is irre-
ducible then D D* is an isomorphism.

Proof. Denote by Dy the Dirac operator associated with the background pair c. By
Propositions 5.23 and 6.16 we obtain inverses of DoDg in a neighbourhood of the
singularities and at infinity by solving Dirichlet problems with vanishing boundary con-
ditions. The fact that DD is a Fredholm operator follows by gluing these inverses
with a parametrix on the compact set K g, ¢f. for example Rade’s [36, Lemma 3.2].
Moreover, by the compactness statements in Lemmas 5.18 and 6.10 D D* differs from
Do D(; by a compact operator and therefore D D* also is Fredholm.

To show that D D* is an isomorphism if (A, ®) is irreducible, we proceed in three
steps.

(1) By the Weitzenbock formula Lemma 2.8, if (A, @) is irreducible then DD* is
injective. Indeed,

0:/(V:ZVAu—ad2(<D)u,u) =/|VAu|2+|[<I>, ull?

If § is in the range specified the integration by parts can be justified using a sequence
of cut-off functions converging to 1. Observe also that, since DD* is injective,
Lemma 7.3 and a standard argument by contradiction using Rellich’s compactness
imply that there exists a constant C > 0 such that ||u/|| 722 < C||DD*u ||L§72. The

Proposition will follow from the fact that the index of D D* vanishes.

(2) Choosing o sufficiently small and R sufficiently large we can deform (A, ®) into a
new pairc¢’ = (A’, ®") = c+x & which coincides with the background pair c outside
of K, r. Here x is a cut-off function with support in K, g. By the compactness
of the products in Lemmas 5.18 and 6.10 the index of D D7, and D D* coincide.
Moreover, since D D:f, is of the form D D* + T, where the operator norm of 7T is
controlled by || (1 — x)& ||Ws1,z] , it follows from Step 1 that D/ D;‘, remains injective

provided o and R are chosen so that ||(1 — x)&|| w2 is sufficiently small.
5—1
(3) For notational convenience we drop the subscript . in the rest of the proof. It re-
mains to be shown that D D* is surjective. Start considering the map D D*: WS2 2

L§_2. Since § and —§ are non-exceptional weights for D D* close to the singulari-

ties and at infinity, standard theory of weighted Sobolev spaces implies that the cok-

ernel of this map is identified with the kernel of D D* in L(%* ,where §* = (—=8—1, )
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(cf. for example [33, Theorem 10.2.1]). Denote this finite dimensional space by
ker (D D*)s+. We claim that there is an injective map ker (D D*) s+ — RA®+D This

can be shown by solving the Dirichlet problem on balls B, (p;)\{p;} andon Ug x st
(for some small o and large R) to write any element u = ug+udx+urdy+usdt €
ker (DD*)sx as

o, A / ~ i
Ug|B, (pi) = _p O +Uy; Ulyexs! = ra,c0(logr) o +uy, o

with u:“ e ng and u[wo 1S Wizag, o = 0,1,2,3. Here 6 stands for the

trivialising section of the diagonal factor in the decomposition V >~ R & M, with
M = Hp, over B;(p)\{pi}and M = L, ® L];“’ on Ug x S'. Since Wéz’2 is
an extension of W82’2 by a 4(n + 1)-dimensional space and D D*: VT’?’Z — L%fz

remains injective by Step 2, we conclude that D D* is an isomorphism. 0O

Remark 7.7. When (A, @) is reducible DD* has a 4-dimensional cokernel. This is a
consequence of the parabolicity of R? x S! (i.e. the fact that every Green’s function
changes sign): a necessary condition to solve Au = f on R? x S! with Vu € L? is that
f has mean value zero.

Observe that if (A, ®) is a monopole D D* acting on Q° @ {0} C € coincides with
did;. Hence standard theory [18, Chapter 4] now implies that

SA, @), = [(A, @)+ (a,¥) | df(a, ¥) =0, ||(a, Vf)”wa‘j < 6]

is a local slice for the action of G5 on Cs.

7.3. Fredholm property of the Dirac operator D.

Proposition 7.8. Let (A, ®) € Cs be a solution to the Bogomolny equation. Then
D: W;‘j — L§72 is a Fredholm operator, surjective when (A, ®) is irreducible.

Proof. The cokernel of D : W;’_zl — L§_2 is identified with ker D*N Lg* C ker DD*N

Lg*, where §* = (—§ — 1, §). By Proposition 7.6 and Remark 7.7 we already know that
this vanishes when (A, ®) is irreducible and is 4-dimensional otherwise.
It remains to show that the image of D: W(sl’_z1 — L%_z is closed and the kernel

finite dimensional. Both statements follow by standard arguments from the estimate (K
a compact subset of X)

I€lyp2 < € (ID81L2, + 1820k - (7.9)
From the estimates in Proposition 5.23 and Lemmas 6.12 and 7.3 we deduce
112 = € (IDENL2, + 10,2 ). (7.10)

We can also fix o, R > 0 as small, large as needed and deform (A, ®) to (A’, ®')
so that it coincides with the model Dirac monopoles on Ba, (p;) and Ug x S'. By
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Lemmas 5.18 and 6.10 such a modification changes D by a compact operator. Moreover,
(7.10) continues to hold.

We proceed with the proof of (7.9). Using a cut-off function we write § = & +&;
with &; supported on Bsy (p;) and Ug x S! and & supported on K o.2r- Notice that if x
is a compactly supported function, then

1Dz, = € (1DEN, + 18 26p1))

With & = &, (7.10) is in fact equivalent to (7.9). Thus we reduced the problem to prove
(7.9) assuming that £ is supported on By, (p;) and Ug x S!. Since (A’, @) is reducible
on the support of &, we decompose & = &p + &7 and study separately the two terms.

(1) Onthe diagonal part we can appeal to standard theory for the Laplacian in weighted
Sobolev spaces. First, by Propositions 5.23 and 6.16 there exists a unique solution

u of
n
Au = D&p on U Bos (pi) U (UR X Sl)
i=1
u=0 on 0Ky 2R
with ||D*u||W1,z < C| D& ||L§ ) Thus &p = D*u + n with Dn = 0. Fix a cut-off
5—1 -

function which vanishes in a}leighbourhood of 0Ky 2g. Since § — 1 and =6 — 1
are non-exceptional weights for the Laplacian and there are no harmonic functions

in W;’j vanishing on 0K, 2
iz | = ClIAGIL: , = Clinllwi2spey
(cf. [33, Proposition 6.2.2]). Therefore by standard elliptic estimates

02 < Clinllwrzepe ) < ClinllLzx
51 PtX )

with K = (Ji_| Bao (pi)\Bs (pi) U (Br+1\Bg) x S'.
(2) In order to prove the estimate for the off-diagonal component on the exterior
domain Ug x S', we exploit the Bochner formula (6.14). By Lemma 6.12

/w25+2 (IVA$T|2 +|[®, ET]Iz) <C (/ w®*?|Der|? +/w26|§T|2) .

The integrations by parts are justified because & € Li,—a—l- Since |[D, &7]| >
clér| by (6.1), we can choose R large enough so that ¢R? > C and therefore

(cR? — c>/w25|sr|2 < c/w””wsﬂz.

(3) Since (A’, ®') coincides with an Euclidean Dirac monopole of mass 0 on the ball
Bys (pi), da(p®) = 0 in this region. In particular, the Weitzenbock formulas of
Lemma 2.8 imply that D(p D*&7) = D*(p DEr). An integration by parts (justified

because &7 € W,;,’gq) yields

/ p 2 D P — / P2 Deg P = 25 / p(D*Er — Der, dp - Er).
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Now use the algebraic identity 2[®, &r] = D&y — D*&Ep:

4|[®, £711* = |D*er|* — | DEr|* + 4(Dér, [, &71)

and therefore
/ p [0, £7]1 = =5 / p ([ @, &), dp - E7) + / p N (Dér, [®, &r)).

Finally, by the Cauchy—Schwarz inequality

/ p~ 2@, &7 < 82 / p B er | + / p =2 D 2.

Conclude using § < § and |[®, &7]| = 3o~ !|&7|. O

In view of Propositions 7.6 and 7.8 and the discussion of irreducibility in Lemma 7.2,
standard theory [18, Chapter 4] implies that the moduli space M; = w=10)/ Gsisa
smooth manifold for generic choices of p1, ..., p,, g € X whenever it is non-empty.

7.4. The L*>-Metric. The final task is to show that the L2-metric is well-defined on M.
We will need the following lemma on the decay at infinity of monopoles in C;s.

Lemma 7.11. Let (A, ®) = ¢ + & € Cs be an irreducible solution to the Bogomolny
equation. Then there exist R > 0 and g e Gs such that on the exterior region Ug x St
we have g(A, ®) = c+&' with§' € W 5 yand &) = o h, & = O(rt) for all
neR.

Proof. The line of proof follows [6, Lemma 5.3].

Step 1. First we put (A, ®) in “Coulomb gauge” with respect to the background pair
¢ near infinity. Fix Ry > 0 and a cut-off function g, = 1 on Bg, x S! and
Xro = 0 on Uzg, X S'. Define a new pair ¢/ = (A, ') = ¢ + XRroE- Then
¢’ =con U, x S'. As in Proposition 7.6, we can choose Ry sufficiently large
so that d{d} : 2 LN L _, remains invertible.

Forall R > Ro cons1der the pair ¢’ + &g defined by &g = (1 — xg)&. Here
Xr 1s a cut-off function with the same properties of xg, but with R in place
of Rg. The Implicit Function Theorem implies that, choosing R large so that
lER ||W51,z1 is sufficiently small, there exists g € Gs such that g(¢’ +&g) = ¢’ +&’
with € € W% and &€’ = 0.

Since ¢’ + g = ¢ + £ on Uag x S!, restricting to this exterior region £’ is a
solution to D&’ + &’ - &’ = 0. Here D is the Dirac operator (2.4) twisted by the
background pair c.

Step 2. Renaming & = &’, we reduced the problem to study the decay of solutions
£ e W1 2 “s_1 to D& = —& -&. We start by proving an initial decay § = O(r~ )
and then improve to the required rate.

Apply D* to the equation and use the Weitzenbock formula Lemma 2.8 to
derive the differential inequality

d*d(&]) S |da®|1E] + (IVaE] + [, 1D [&].
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Step 3.

Step 4.

Step 5.

Hence |£] € W12 is a subsolution to dd*u < (A1+A)u,where A; = |ds®| €
L® and Ay = |V4E| +|[D, &]| € L?. Then Moser iteration on a 3-ball Bi(p)
centred at any point p € Uzg X S! as in [24, Theorem 8.17] yields

sup [£] < ClENL2a ) < Cr°NEN 2
B%(p) @

for a constant C depending on the L°°-norm of A and ||Az||;2. Here we used
that w ~ w(p) ~ r in By (p). Hence || < Cr—% on Usg x S! for a constant C
depending on the background ¢, R and [|§]] 1.2 .

5—1

Recall that the background pair ¢ is abelian on Ug x S!. We decompose 5 =&p+
&r into diagonal and off-diagonal part and exploit the fact that & € W a | =

w % gr € W2 to improve the decay of &7 first in an integral sense, then asa
pointwise statement.

In order to justify the integrations by parts it is necessary to introduce a
sequence of cut-off functions x; vanishing in a neighbourhood of infinity, such
that |dx;| < % and converging to 1 asi — oo. Set & = x; &r; then D§; =
dyi-ér —§ - éft

Ifér € W M | then D§; € qu 24s SINCE @ g o M e 0T €
W'2 and § > —1. Moreover, & € Lw 14 because 6 > —1. The a priori

estimate of Lemma 6.12 now implies &; € Ww —1—6

—an improvement. By
iterating and letting i — o0, we conclude that &7 € Wal)"lzkl for all u €
(—o0, —46].

We repeat the argument of Step 2 with the equation Dé7r = —& - £&7. We have a
differential inequality

d*d(&r]) S 1da®l 1]+ (IVAEI + I[P, E1D |67 | + (IVaér| + ([P, E71D) €]

of the form d*du < Aju+Asu+f,whereu = |&7| € W2, A = |ds®| € L™,
Ay = |VAE| +|[®. €]l € L? and f = (IVaér| + [P, E7])) €] S [Vaér|+
I[®, £7]| € L* by Step 2. Moser iteration and Step 3 yield |&7] = O(r*) on
Usr x S for all u € R.

The diagonal part &p € W 8 | is a solution to the equation

Aép = D* (&7 - ST)ELwM 2

for all © € R. By elliptic regularity £ép € W 5_1 and an argument analo-

gous to the proof of Lemma 6.10.(ii) yields the weighted Sobolev embedding

2,2 —8§—1 0
Ww,_a_lgw C’. O

Remark 7.12. (i) In fact we could say a bit more: |£p| = O (r~?), the rate of decay of

2
Lw

_s_-harmonic functions on R2 x S

(i1) An analogous argument yields the same decay for solutions to D& = 0.

We summarise what we have proved so far in the following theorem.

Theorem 7.13. Choose data v, b, ko, p1, ..., Pn, q defining the boundary conditions
of Definition 4.1. Fix § > 0 sufficiently small and suppose that the parameters koo,
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P1s - - ., Pn, q are chosen so that every monopole (A, ®) € y-! (0) C Cs isirreducible.
Then the moduli space M, i of SO 3) periodic monopoles with non-abelian charge
k= k°°2+", centre q and singularities at p1, ..., py is a smooth manifold, provided it is

non-empty. Moreover, the tangent space of My \ at a point [(A, ®)] is identified with
the L*-kernel of D and the L*-metric is a hyperkdihler metric on M k.

Proof. In view of Proposition 7.8, only the last two statements need justification.
For the first, by (7.10) it is enough to prove that if & € L? satisfies D& = 0 then
Eels |

(i) On a small ball B, (p;), leté be the lift of £ to a 4-ball as in Definition (5.9). Then
£ is a solution to ﬁé = 0, where D is the Dirac operator twisted by the smooth
connection A obtained from (A, @) as in (5.2). By elliptic regularity |§ | = /pl&l
is bounded.

(i) Near infinity we use Lemma 7.11 to write (A, ®) = c+n withn = O(r—%1). Then
& is a solution to D& +n - § = 0, where D is the Dirac operator (2.4) twisted by
the background pair c. It follows that D& € chu’_ s_ponUg x S! for some R large

enough. By Proposition 6.16 we can write £ = &' + D*u, where u € Wézé and

&' e L? with D&’ = 0. Since ¢ coincides with the model periodic Dirac monopole
on Ug x S', the diagonal component of £’ is an L? harmonic function and therefore
En = O(r~?). On the other hand, by Remark 7.12.(ii) & = O(@r*) forall u € R,

Finally, the fact that the L?-metric is hyperkihler is an instance of a hyperkihler
quotient in infinite dimension, cf. [3, Chapter 4, pp. 28-33]. The only analytic point to
be checked is that the equality

(& diu)2 = (di§, u)p2

holds for & € W(sl’_zl and u € Waz 2. This can be verified by using a sequence of cut-off
functions on R? x S! convergingto 1. O

8. The Dimension of the Moduli Spaces

In order to conclude the proof of Theorem 1.4 it remains to calculate the dimension of
the moduli space M,, x. In this section we prove the following index theorem.

Theorem 8.1. Let (A, ®) be a pair in Cs. Then the index of D Wal’_z1 — L(%_z is 4k —4.

The operator D = )4 + [®, -] is of Callias-type, i.e.it is a Dirac operator plus a
potential. Index theorems for such operators on complete odd-dimensional manifolds
have been obtained by Callias [10], Anghel [1] and Réade [35]. The common requirement
of all these results is that the potential term is non-degenerate at infinity. For example,
if we assume that (A, ®) is a periodic charge k SU (2)-monopole without singularities
and we let D act on sections of the associated rank 2 complex vector bundle E, Rade’s
result yields ind(D, E) = 2k.

When we couple D with the adjoint bundle, however, such non-degeneracy condition
doesn’t hold because [®, - ] has a 1-dimensional kernel. One approach to go round this
difficulty is given by Kottke [27] in the case of (smooth) monopoles on asymptotically
conical complete 3-manifolds. In our situation an additional complication arises from
the presence of singularities.
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We will give a direct computation of the index of D using the excision principle, very
much in the spirit of the calculation of the dimension of the moduli space of instantons on
a4-manifold, cf: [18, §7.1]. By the compactness properties of Lemmas 5.18 and 6.10 the
index of D is independent of the pair (A, ®) € Cs. Thus we will carry out the computation
of the index for an explicit smooth pair (A, ®). This is constructed patching together
a sum of periodic Dirac monopoles with an Euclidean charge k monopole. Comparing
the corresponding Dirac operators on R? x S! and R3, the excision principle allows to
compute the index of D as a sum of contributions from the different pieces: on one side,
the index of the Dirac operator twisted by a (smooth) Euclidean monopole has been
calculated by Taubes in [39]; on the other, making the mass of the monopole very large,
one can understand the contribution of the sum of Dirac monopoles.

8.1. Construction of a background pair. As the first step in the proof of Theorem 8.1,
we give the explicit construction of a smooth pair (A, ®). This can be taken to be the
background pair in the definition of the moduli space M, ; at the beginning of Sect. 7.

Fix a collection of n distinct points S = {p1,..., py} in R? x S! and set X =
(Rz X Sl) \S. Choose an additional point ¢ € X such that 2B = B(q) is contained
with its closure in X and set X* = X\{q}. We write X = B U Uy, Where Uext =
X\%B, and X* = B* U Uex, where B* = B\{q}. Similarly, set Y = R3=BU Uly
and Y* = R3\{0} = B* U Ul where B = B;(0) C R? and U, = R3\1B. The
notation suggests that we fix an identification of a neighbourhood of ¢ in R? x S! with
a neighbourhood of the origin in R3.

Next we define SO (3)-bundles with connection and Higgs field on X, X*, Y and
Y*. Over B* and U/, fix the reducible SO (3)-bundle R @ H?¥, where H is the radial
extension of the Hopf line bundle. On this bundle we consider the reducible monopole
induced by an Euclidean Dirac monopole of charge 2k, singularity at the origin and mass
A > 0. We denote by cp+ and cyy,, such pair regarded as a configuration on B* and Ul,,,
respectively.

Over B consider the trivial bundle B x su, and a pair cp defined as follows. Start
with an Euclidean SU (2) monopole of charge k, mass A > 0 and centre at the origin
and the induced S O (3)-monopole on the adjoint bundle. Using a cut-off function x with

x =1on ;llB and x = 0 outside of %B, we modify this initial configuration to define
cp so that it coincides with cp+ on the annulus B\%B. In order to carry out this step, it
is necessary to fix an isomorphism 7: B* x suy — R @ H*.

Finally, over U consider the reducible bundle R @& M, where M = L, ® L?]k ®
R, L;l_l is endowed with the corresponding sum of periodic Dirac monopoles. Here
we choose v so that v+ kag — > /_; G, (q) = A. Furthermore, using a cut-off function
one can modify this initial configuration to define a pair cy,,, that agrees with cg+ on
B\1B.

Using the isomorphism 7, we can now define pairs cy, cy, cx*, cy=. The former
two pairs are smooth configurations on X and Y, respectively; up to the modification
appearing in the definition of cy,,,, the latter two pairs are (sums of) Dirac monopoles
on X* and Y*, respectively.

8.2. Weighted spaces and the Fredholm property. To each of the pairs cy, cy, cx+*, cy*
we associate the corresponding Dirac operator Dy, Dy, Dx*, Dy= acting on section of
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the adjoint bundle. We now introduce weighted Sobolev spaces and prove that these
operators extend to Fredholm operators between these spaces. We begin with R.
Definition 8.2. Let p be the distance from the origin in R>.

(i) Define W!2(Y) to be the closure of the space of smooth compactly supported
sections 2 (R3; sup) with respect to the norm

161212, = 1612 + /Y (14 p?) (IVAEP +11, 1)

(i) We say that a 1-form f with values in the trivial SO (3)-bundle over ¥ = R3 is in
the space L>(Y) if /1 + p2f € L°.

(iii) W2(Y*) is the closure of the space of compactly supported smooth forms with
values in R @ H?¥ over Y* with respect to the norm

€12 1200 = €12 +/y"2 (1Va61 + 1@, £11).

(iv) A 1-form f with values in R @ H?¥ is in L2(Y*) if and only if pf € L>.
In (i) and (iii) (A, ®) = cy and cy+, respectively.
Proposition 8.3. The operator Dy : W'2(Y) — L2(Y) is Fredholm.

Proof. This is essentially Proposition 7.2 in [39], but we give an overview of the proof
since, to be better suited to the presence of singularities, our spaces are slightly different
from the one used by Taubes.

First we show that Dy has finite dimensional kernel and closed range. Both statement
follow once we show that there exists C > 0 and a compact set K C Y such that for all
Ee W)

IEIw12cr) < € (IDE N 2(r) + 1kl .2) - (8.4)
As a preliminary, we claim that there exists C > 0 such that
IENwr2(vy < C (IDEllL20ry + 1611 12) (8.5

forall £ € Cgo. Indeed, use the Weitzenbock formula for D* D to derive the Bochner-
type identity

%d*duaz) = (D*DE,£) — |VAEP? — [[®,E]]° — ((+Fa +da®) - £, ).
Integrating by parts against 1 + p? yields
[ (1VagP +10.67) =2 [ oDs.dp 61+ [ (14 p1DEP
o [aepreEardi) g6 43 [ 12
52/(1+p2>|05|2+a/|s|2.

The constant C = 4+ ||(14p2) (xF4 + ds®) ||~ is bounded because |ds ®| = |Fa| =
0(p™).
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Thus (8.5) is proved and we proceed with the proof of (8.4). Let R > 0 be sufficiently
large and fix a cut-off function x with x = 1 on Y\Bg and x = 0 on Br_1. Write
§ =& +& = x§+ (1 — x)§. Applying (8.5) to & and observing that || D&; || ;2y) <
C (IIEIBR l72+ ||DE||L2(Y)), we reduce to prove

I€1lw12cr) < C (IDE1 I 2y) + €1k 1l 2)

for some C > 0 and compact set K C Y independent of &;.

Since the pair (A, ®) is reducible on the support of £; we decompose into diagonal
and off-diagonal part £ = & p + &1, 7. On the off-diagonal part the estimate follows
from (8.5) provided R is sufficiently large. Indeed, since lim,_, |®| = A, we can

choose R so that | ®|| > % when p > R. Then

A
/(1+p2)|[d>, 1712 > (1+R2>§/|EI,T|2.

Choosing R even larger if necessary, the term ||£ |2 can be absorbed in the left-hand-
side of (8.5) to obtain (8.4). On the diagonal part we can appeal to standard theory
of weighted Sobolev spaces for the scalar Laplacian on R? as in (1) in the proof of
Proposition 7.8.

Finally, we claim that the cokernel of D = Dy is finite dimensional. By duality in
weighted Sobolev spaces, this cokernel is identified with the kernel of D* in /1 + p2L?
and its finite dimensionality follows from the a priori estimate

~1
10+ P 72wl + IV aulZ, + 110, ull, < € (1D%uls + lubssl:) . (86)

by standard arguments. As (8.5), this estimate is obtained integrating by parts the
Weitzenbock formula for DD* in Lemma 2.8. The constant C depends on || * Fq —
dA®|| Lo~ which is supported on the annulus 2B\B. O

Proposition 8.7. The operator Dy+: W'2(Y*) — L*(Y*) is Fredholm.

Proof. 1t is immediate to check that D = Dy is surjective. Indeed, it follows from the
Weitzenbock formula for D D* and the fact that cy+ is a solution to the Bogomolny equa-
tion that elements in the kernel of D* are constant diagonal sections in the decomposition
R @ H?F and these are not in the space p~' L? dual to L>(Y*).

As before, it remains to prove the existence of a constant C > 0 and a compact set
K c R3\{0} such that for all £ € W1-2(Y*)

1€ w12y < C (I1DEN 2y + 11k 11 12) -

This is obtained as in Proposition 8.3. First, observe that an estimate analogous to (8.5)
holds because p?|Fa| = p?|da®| = k everywhere on R3\{0}. In view of the proof of
Proposition 8.3, we only have to explain why there exists o > 0 sufficiently small and
C > 0 such that

IENw12vey < C (IDEN 2y + 1€1B\B, Il 2) (8.8)

forall £ € Cj°(B™).

Since cy= is reducible, we decompose into diagonal and off-diagonal part. On the
diagonal part one can argue as in (1) in the proof of Proposition 7.8 to deduce (8.8) from
the theory of weighted Sobolev spaces for the Laplacian on R3. On the off-diagonal part,
if A vanished we could deduce (8.8) from the arguments of (3) in the proof of Proposition
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7.8. Since A > 0 yields a lower order term in the equation, one can then show that there
exists 0 = o (XA) such that

|I$I|iz<3§) =C ("DEH 27 “E“LZ(B\B ))
O

Definition 8.9. Fix § > 0 with § < min {%, 80} where &g is given by Proposition 6.16.

(i) Set Wh2(Xx) = 1 and L2(X) = L(% 5, with W 1 and L5 , defined in Defini-
tion 7.1.

(i1)) On X* we define W1’2(X *) to be the closure of the smooth compactly supported
forms with values in R & M with respect to the norm defined by the maximum of
the semi-norms:

||§|Uex[||wl,2(x) ||§|B*||W1,2(Y*)

L2(X*) is defined similarly using the L2(X)-norm on Uey and the L2(Y*)-norm
on B*.

By Proposition 7.8 Dy : W'2(X) — L?(X) is a Fredholm operator. Combining the
proof of Propositions 7.8 and 8.7 we deduce the analogous statement for D y.

8.3. Application of the excision principle. The next step in the proof of the index formula
Theorem 8.1 is an application of the excision principle for the index of Fredholm oper-
ators. A proof of the excision principle in the non-compact setting which immediately
applies to the operators Dy, Dy, Dy, Dy= is given by Charbonneau in [11, Appendix
BI].

Lemma 8.10. ind (Dyx+) +ind (Dy) = ind (Dx) +ind (Dy+).

We apply the lemma to prove Theorem 8.1 by computing ind (Dy) and ind (Dx*) —
ind (Dy+).

By [39, Proposition 9.1] ind (Dy) = 4k. Indeed, (8.6) shows thatif (1 +,02)_%§ e L?
and D*& = 0, then V4&, [, €] € L2, i.e.§ € H, in Taubes’s notation. Then, by duality
in weighted Sobolev spaces, ind (Dy) = —lT(D;“) = 4k in the notation of [39].

As for the indices ind (Dyxx), ind (Dy+), since cx+ and cy* are both reducible, we
decompose the problem into diagonal and off-diagonal part. By Definitions 8.2 and 8.9,
it is easy to see that Dy acting on the diagonal component is injective but has a 4-
dimensional cokernel (dual to the subspace spanned by constant O and 1-forms) and that
Dy is an isomorphism when acting on the diagonal components.

It does not seem immediate to calculate the index of Dy+ and Dy acting on off-
diagonal components individually, even if one guesses that they both vanish. However,
we are only interested in the difference between the two indices and we are going to
prove that this is zero. More precisely, we will show that taking A sufficiently large, we
can make sure that

(i) the two operators are surjective;
(ii) elements in their kernels are concentrated in a small neighbourhood of ¢ and 0,
respectively. It follows that the kernels are isomorphic.
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Before embarking in the proof of (i) and (ii) we explain why the index of Dy
and Dys does not depend on the mass A. On R? this is clear by scaling. On R? x S!
we consider the continuous family of Fredholm operators D,y : WLZ(x*) - L2(X*)
defined as follows. Fix positive constants C and R such that |[®| > C when r > R.
If n < 2k we can take C arbitrarily large; if n = 2k we have to assume that C < v.
Define D,y = Dx+ +[¥, -], where ¥,y = x (v —v)6. Here 6 = % and y is a smooth
function x = Owhenr < Rand x = 1ifr > 2R. Dy: Wh2(X*) — L3(X*)isa
bounded Fredholm operator for all v’ € (v — C, v + C). In particular, the index of Dy+
is independent of the mass v € R, subject to the only constraint v > 0 when n = 2k.

8.4. The index of the Dirac operator D twisted by a Dirac monopole. In the rest
of the proof we will assume that A is as large as needed. We want to prove that
Dy+: WI2(X*) — L*(X*)and Dy+: W'2(Y*) — L*(Y*) acting on the off-diagonal
component (i) are surjective and (ii) have isomorphic kernel whenever X is sufficiently
large. The proof is modelled on [18, §7.1.2] and the main technical ingredient is to
exhibit right inverses Qx+: L>(X*) — W12(X*) and Qy+: L*(Y*) — WH2(Y*) of
Dxx and Dy, respectively, which are bounded independently of A.
We collect some important properties of cy= and cxx.

(a) cy= is an exact solution to the Bogomolny equation. On the other hand, if (A, ) =
cx+, ¥ = xFy —da® is supported in the region 2B\ B and | % F4 —ds®| < C for
a constant independent of A.

(b) In both cases, there exists Ag such that if A > Ag then |®| > % outside of %B. On
Y* this is clear because ® = (A — f—))&. On X* the statement is true for the sum
of periodic Dirac monopoles provided A is sufficiently large (this follows from the
maximum principle). In particular, |®| > % on B and outside of 2B. In the annulus
2B\B, ® = (A — %)6 + O(p) and therefore, taking A even larger if necessary,

A
[P = 5.

Lemma 8.11. There exists Lo > 2 and C > 0 such that if A > Ao then the following
holds. For all f = fr € L*(X*) there exists € € W“2(X*) such that Dx+& = f and

IEIw2cxsy < Cl 2 cx-

Proof. We proceed in two steps. First we solve the equation D& = f for & of the
form & = D*u by variational methods. Then we obtain the estimate integrating the
Weitzenbock formula for D* D.

By the Weitzenbock formula DD* = V% V4 — ad(®)? + W and the fact that u = u7
we deduce that ||D*u||i2 is uniformly equivalent to ||VAu||i2 + ||[D, u]||i2 provided A
is sufficiently large. Indeed, we integrate by parts the Weitzenbock formula and use the

inequality
‘ / (W -u,u)

which follows from (a) and (b) above.
To show that ||VAu||i2 + [|[P, u]||i2 is a norm, fix a cut-off function y with y =1

C
< 1 oo Nl lsuppcw) 172 < ~lre, ulll?

on %B and vanishing outside of B. Then by the Poincaré inequality on B and the fact
that |®| > 1 outside of %B, we deduce
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lull2, < lxull?, + 11— xull?, < C (IVaul?, + I[®, ull?,) .
L L L L L

Define H to be closure of smooth compactly supported forms u with values in the
line bundle M with respect to the norm ||VAu||i2 + ||[D, u]||iz. Hardy’s inequality

||p’]u||Lz < 2||Vaul;2 on B and the fact that |®| > cl,ofz in a neighbourhood
of the singularity p; imply that (f, u);> defines a continuous functional on H for all
f € L*(X*). Then a weak solution £ to D& = f with €2 < ClfllL2(x) is found
by minimising the functional % f |D*u|? — (f, u);2on H.

It remains to show the existence of a uniform constant C > 0 such that

IENw120xey < € (IDEN L2 (xey + €N 2) - (8.12)

Fix 0 > 0 such that 2B and B, (p;) are all disjoint. Observe that given a smooth com-
pactly supported function x on X* then || D(x &)l .2(x+) < C1OONE L2+ C2ll DE || 2 (x+)-
Hence to prove (8.12) we can suppose that & is supported on either B, By, (p;) or the
complement U, of %B U U Boy(pi)-

(1) If¢e C(‘)’O(B), as in (8.5) we can find a constant C depending only on ||,02(*FA +
da®)| L~ such that

/p2 (19482 + 119, 61%) = C (loDE 2 + 81 2) -

Since (A, ®) is an Euclidean Dirac monopole up to terms of order O(p),
p2 (xF4 + d4®) is bounded independently of A.

(2) If& € C°(Uy) the estimate is proved in Lemma 6.12 and Proposition 6.16. The
constant is uniform because wd @ is bounded independently of A.

(3) Finally, when £ is compactly supported on Ba, (p;)\{pi} we have to slightly modify
the arguments of (3) in the proof of Proposition 7.8 to show that (8.12) holds with
a uniform constant C.
First, an integration by parts of the Weitzenbock formula yields

_ _s+1 _s+4
/p,- 2ot (|vAs|2+|[<I>,s]|2) < C(||p,~ 2Dg|2, + i, ”sniz)

for a constant C depending only on || ,oizd 4P| L~ and therefore independent of A.

_s+1
It remains to control the weighted norm || p; 2 Ellp2-
Suppose first that (A, ®) coincides with an Euclidean Dirac monopole with
|®| = A+ 2%," Set h = |®| and observe that D(h~'D*¢) = D*(h—! D&) because

ds(h~'®) = 0. Then the identities D*& — D& = —2[®,&] and 4[[®, &]|*> =
|D*£|* — | DE|* + 4(DE, [®, £]) imply
5, —1 —5—1, -4 —5,—1
lo; “h™2[®, Elll 2 < Sllp; * "h™ 282 + [lp; "h2DE|l 2.

Since p; 27! |[®, £ > Lo, #7171 |E1> and 8 < 1 we deduce

'
lo; 2 D&ll 2.

—-5—1 2
. <
lo; " *Elle = T
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Now, the pair (A, ®) agrees with an Euclidean Dirac monopole with |®| =
A+ ﬁ up to bounded terms which only depend on pyq, ..., p, and g. Therefore

we can find 0 > ¢’ > 0 and C > 0 independent of A such that

_ i
/ p; 2! (|vAs|2 + ([P, s]F) <C (up,. 2D, + ||s||iz(a,§pi§(,)) :

Combining (1), (2) and (3) we obtain (8.12) and the Lemma is proved. 0O

The analogous statement for Dy is actually easier to prove: the existence of a week
solution follows immediately from the Hardy inequality, while the analogue of (8.12)
is (8.5) with p in place of /1 + p2. The existence of uniformly bounded right inverses
Qx+ and Qy+ follows.

In order to conclude the proof of Theorem 8.1, we have to show that the kernels of
Dy« and Dy= are isomorphic.

Fix a pair of cut-off functions y and g with y = 1 on %B, y = 0 outside of B,
B = 1 outside of B, B = 0 in %B and 8 = 1 on the support of dy. Notice that
(1 =)z < %”é”wll(x*) if A > A¢. Therefore, taking Ao larger if necessary, we
can improve the estimate in Lemma 8.11 to

IEIwi2cxry < € (IDEN 2 xe) + I1¥E N 12)

(and similarly on Y*).

Now, let & € Wh2(X*) be such that Dx+£ = 0. We define an element in the kernel
of Dy« by &' = y& — Qy+Dy+(y&). We want to show that the map § — &’ is injective.
By contradiction, suppose that there exists & such that y& = Qy=Dy=(y&). Then

lv&l2 < lvEllwrzrs < ClIDy=(¥E)lr2r+ < CIBEN L2

IA

C C
I lwracey = —lvElLe.

If A is sufficiently large we get a contradiction. Exchanging the role of X* and Y*,
we construct injective maps between the kernel of Dx+ and Dy, which are therefore
isomorphic.
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