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Abstract
We study the asymptotic behavior of small data solu-
tions to the screened Vlasov–Poisson equation on ℝ𝑑 ×

ℝ𝑑 near vacuum. We show that for dimensions 𝑑 ⩾ 2,
undermild assumptions on localization (in terms of spa-
tial moments) and regularity (in terms of at most three
Sobolev derivatives) solutions scatter freely. In dimen-
sion 𝑑 = 1, we obtain a long-time existence result in
analytic regularity.
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1 INTRODUCTION

This paper is devoted to the study of the stability of vacuum in the screened Vlasov–Poisson
system. This systemmodels the behavior of interacting charged particles in plasmas, where long-
range Coulomb forces are truncated by Debye shielding, see, for instance, [16, Chapter 3] and [13,
Chapter 2]. In addition, as discussed for example in [9, Chapter 5] or [42, Section 2.2], it is also
used in astrophysical contexts to describe self-gravitating systems with gravitational screening,
such as galaxies within dark matter halos.
Here, we study the evolution of initially small particle distribution functions† 𝜇 ∶ ℝ𝑑 × ℝ𝑑 ×

ℝ → ℝ, 𝑑 ⩾ 1, satisfying

𝜕𝑡𝜇 + 𝑣 ⋅∇𝑥𝜇 − ∇𝑥𝜙 ⋅∇𝑣𝜇 = 0,

(1 − Δ)𝜙(𝑥, 𝑡) = 𝜌(𝑥, 𝑡) = ∫ℝ𝑑 𝜇
2(𝑥, 𝑣, 𝑡)𝑑𝑣.

(1.1)

Compared to the classical Vlasov–Poisson system, the standard Coulomb interaction kernel is
replaced by screened interactions. This is particularly relevant from the point of view of ions in
a massless electron approximation [1], for example. In such contexts, a more complicated, non-
linear version of the Poisson equation in the second line of (1.1) is sometimes also considered
(see, e.g., [10, 12, 20, 22, 23, 25, 26]), for which not vacuum but spatially homogeneous (and suit-
ably normalized) solutions can be natural stationary configurations. Our focus, however, is on the
essential features of screening in the absence of homogeneous backgrounds, which are captured
adequately by (1.1).
In contrast to the classical Vlasov–Poisson equations (for electrons, where −Δ𝜙 = 𝜌), screen-

ing de-singularizes the Poisson equation for the potential 𝜙, and is thus generally expected to
lead to “better-behaved” dynamics. Nevertheless, even in the setting of screened interactions the
long-time behavior of solutions to (1.1) is largely unknown. In the special case of dynamics near
vacuum, in a first approximation it is natural to consider linearized dynamics, that is, the behav-
ior of solutions to the free transport equation, and then to ask whether nonlinear effects are of
perturbative nature.‡ The answer to this latter question depends crucially on the time decay rates
of the force field ∇𝑥𝜙 in (1.1), which in turn depend on the dimension and on the form of the
Poisson law in (1.1).
In all this, screened interactions are mathematically of particular interest in low dimensions

𝑑 ⩽ 2 [2, Section 6], where the relevant stability mechanisms are comparatively weak. Indeed, in
such settings, the corresponding classical Vlasov–Poisson equations are ill-understood, even near
vacuum.§ As a consequence,whether or not nonlinear effects are of perturbative nature becomes a
question of a delicate balance between linear decaymechanisms and nonlinear propagation of the

† The corresponding physically relevant, non-negative particle distribution is 𝑓(𝑥, 𝑣, 𝑡) = 𝜇2(𝑥, 𝑣, 𝑡) ⩾ 0. For our argu-
ments, the 𝐿2-based setting for 𝜇 is more technically convenient—see [31] and also [18].
‡Hereby the sign in front of the nonlinear term in the first equation in (1.1) is of no consequence. For simplicity, we have
chosen to stick to the plasma physical convention.
§ In 𝑑 = 2, to the best of our knowledge the strongest result to date concerns long-time (but not asymptotic) dynamics for a
class of symmetry restricted initial data [5], while in 𝑑 = 1we are not aware of results going beyond local well-posedness.
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ingredients (such as localization and regularity) required for their control. In addition to its main
results for (1.1), we hope that this paper will contribute to an improved overall understanding of
the stabilitymechanismsnear vacuum in theunconfined setting, and in particular on the interplay
of dimensions, localization, and regularity.
Our first main result shows that the asymptotic behavior of this system in dimensions 𝑑 ⩾ 2 is

a free scattering dynamic.

Theorem 1.1. Let 𝑑 ⩾ 2. There exists 𝜀0 > 0 such that if 𝜇0 ∶ ℝ𝑑 × ℝ𝑑 → ℝ satisfies

if 𝑑 ⩾ 3 ∶ ‖⟨𝑥⟩𝑚𝜇0‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) + ‖∇𝑥,𝑣𝜇0‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) ⩽ 𝜀 ⩽ 𝜀0, 𝑚 > 𝑑, (1.2)

if 𝑑 = 2 ∶ ‖𝑥𝜇0‖𝐿2𝑥,𝑣(ℝ2×ℝ2) + ‖𝜇0‖𝐻3
𝑥,𝑣(ℝ

2×ℝ2) ⩽ 𝜀 ⩽ 𝜀0, (1.3)

then there exists a unique, global in time solution 𝜇 ∈ 𝐶𝑡(ℝ,𝑊
1,∞
𝑥,𝑣 (ℝ

𝑑 × ℝ𝑑)), 𝑑 ⩾ 3, resp. 𝜇 ∈
𝐶𝑡(ℝ,𝐻

3
𝑥,𝑣(ℝ

2 × ℝ2)) to (1.1) for with𝜇(𝑥, 𝑣, 0) = 𝜇0(𝑥, 𝑣). Moreover, the associated force fields decay
as ‖‖∇𝑥𝜙(𝑡)

‖‖𝐿∞(ℝ𝑑) ≲ 𝜀2⟨𝑡⟩−𝑑−1, 𝑑 ⩾ 3, ‖‖∇𝑥𝜙(𝑡)
‖‖𝐿∞(ℝ2) ≲ 𝜀2⟨𝑡⟩−3+, (1.4)

and𝜇 converges along trajectories of the linearized flow: there exists 𝛾∞ ∈ 𝐿∞𝑥,𝑣(ℝ
𝑑 × ℝ𝑑), 𝑑 ⩾ 3, resp.

𝛾∞ ∈ 𝐻1
𝑥,𝑣(ℝ

2 × ℝ2) such that

𝜇(𝑥 + 𝑡𝑣, 𝑣, 𝑡) → 𝛾∞(𝑥, 𝑣), 𝑡 → ∞, in 𝐿∞𝑥,𝑣 resp. in𝐻
1
𝑥,𝑣. (1.5)

Remark 1.2. We highlight some points of interest:

(1) Decay estimates for small data solutions to the screened Vlasov–Poisson equation in 𝑑 ⩾ 2

go back to [14, 17, 24], where sharp decay was obtained in [17] using the vector fields method
of [39]. In a setting of comparatively high regularity, this implies global stability of vacuum
via decay of the density and its derivatives (compare (2.2)–(2.4), (3.6)–(3.7) and Remarks 2.3,
3.3 with [17, Remark 1.2]). In contrast, this work builds on the approach developed in [18,
31], which allows for weaker assumptions on the initial data and—in our view—clarifies the
relevance of the various moment and derivative controls.

(2) The scattering statement (1.5) corresponds to asymptotics as in the linearized problem and is
thus also known as free scattering. The key stability mechanism in our “unconfined” setting
with 𝑥 ∈ ℝ𝑑 is the dispersive decay of the spatial density 𝜌 and associated field 𝜙 as in the free
transport equation. This occurs at a dimension-dependent rate and requires localization of 𝜇.
As is clear from the point of view of characteristics, free scattering is implied if the force field‖‖∇𝑥𝜙(𝑡)

‖‖𝐿∞ in (1.1) decays at a rate faster than 𝑡−2, which we show in (1.4).
(3) A more precise version of this theorem is given later in Theorem 2.4 for 𝑑 ⩾ 3 and Theo-

rem 3.4 for 𝑑 = 2. We highlight that no velocity moments are necessary, and regularity can
be propagated. In particular, under stronger assumptions on the initial data the scattering
statement holds in a stronger topology and the decay estimate (1.4) can be improved to the
sharp rate ‖‖∇𝑥𝜙(𝑡)

‖‖𝐿∞(ℝ𝑑) ≲ 𝜀2⟨𝑡⟩−𝑑−1, 𝑑 ⩾ 2—see also Remarks 2.3 and 3.3. Moreover, each
derivative of 𝜙 decays at a one order faster rate, provided sufficient regularity and localization
are controlled.

Moreover, recent works for the classical Vlasov–Poisson equations in 𝑑 = 3 suggest that certain spatially homogeneous
configurations may be (quantifiably) “more” stable than vacuum—see, for example, [33].
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4 of 37 IACOBELLI et al.

(4) In the un-screened case, where the potential satisfies −Δ𝜙 = 𝜌 rather than the second
equation in (1.1), the asymptotic behavior near vacuum (under similar assumptions as in
Theorem 1.1) is only understood in dimensions 𝑑 ⩾ 3. For 𝑑 ⩾ 4 this is given by free scattering
[37], whereas 𝑑 = 3 is scattering-critical: along the characteristics a logarithmic in time cor-
rectionwith an asymptotic electric field profile is necessary in order to understand asymptotic
convergence [8, 15, 18, 31]. This is due to theweaker dispersive decay rates ofΔ−1𝑥 𝜌 as compared
to (1 − Δ𝑥)

−1𝜌 and their derivatives—see also the discussion in Section 1.1.1.
(5) It is also natural to consider (1.1) in front of a fixed background,whereby the relevant density 𝜌

is replaced by 𝜌 − 𝑛0 for some constant background density 𝑛0 > 0 (and as alreadymentioned
additional nonlinear terms may be considered to describe ion dynamics more precisely). This
allows for a large family of spatially homogeneous steady states 𝜇(𝑥, 𝑣, 𝑡) = 𝑀0(𝑣). An impor-
tant class within these are the Penrose stable equilibria [38], for which asymptotic stability
results are available in dimension 𝑑 ⩾ 2 [4, 27–29]. Similarly, these rely on dispersive mech-
anisms and establish free scattering of solutions under suitable assumptions on the initial
data.

(6) In the confined setting (𝑥, 𝑣) ∈ 𝕋𝑑 × ℝ𝑑, the free transport dynamics give rise to phasemixing,
whereby regularity of 𝜇 can be traded for decay of 𝜌, 𝜙, etc., independently of the dimension
𝑑. The stability of vacuum (with asymptotic free scattering dynamic) is then a consequence
of the stability of Penrose stable equilibria. In contrast to the present finite regularity setting,
though, this requires analytic-type (Gevrey-3) regularity [3, 21, 32, 34], see also [20] for the
ionic case.

(7) Another interesting perspective concerns the setting of the Vlasov–Riesz system, where the
screened Coulomb kernel of (1.1) is replaced by a Riesz kernel. While this does not affect the
decay rate of the density 𝜌, it leads to a different decay behavior for 𝜙. The recent work [30]
studies this question for a family of such kernels onℝ3 × ℝ3, and even establishes asymptotic
dynamics when a polynomial in time correction to the characteristics is required.

(8) Concerning the final data problem where the asymptotic state is prescribed, in the un-
screened Vlasov–Poisson systemwith 𝑥 ∈ ℝ𝑑, a modified scattering final data result is proved
in [18] for 𝑑 = 3. On the contrary, in the confined case of the torus 𝑥 ∈ 𝕋𝑑 a free scatter-
ing result holds in any dimension requiring analytic-type regularities of the asymptotic state.
While the results in [6, 32] assume final data of small size, the only results available with final
data of size (1) are [7, 11, 19].

In the one-dimensional setting 𝑑 = 1, sharp decay of 𝜕𝑥𝜙 hinges on control of the localization
of a velocity derivative of 𝜇, which seems to lead to a two-fold derivative loss, which stands in the
way of our understanding of asymptotic dynamics. Instead, we obtain the long-time stability of
initially small and analytic solutions:

Theorem 1.3 (Long-time stability in 𝑑 = 1). There exists 𝜀0 > 0 such that the following holds: Given
𝑅 > 0 and 𝜇0 satisfying∑

𝑎∈{0,1}

∞∑
𝑛=0

𝑅𝑛

𝑛!

(‖‖𝜕𝑛+𝑎𝑥 𝜇0
‖‖𝐿2𝑥,𝑣 + ‖‖𝜕𝑛+𝑎𝑣 𝜇0

‖‖𝐿2𝑥,𝑣) ⩽ 𝜀 ⩽ 𝜀0,

there exist𝑇 ≳ 𝑅2𝜀−4 and a unique solution𝜇 ∈ 𝐶𝑡([0, 𝑇], ∩
∞
𝑘=0

𝐻𝑘
𝑥,𝑣(ℝ × ℝ)) to the screened Vlasov–

Poisson equation (1.1) with 𝜇(𝑥, 𝑣, 0) = 𝜇0(𝑥, 𝑣). Moreover, 𝛾(𝑥, 𝑣, 𝑡) ∶= 𝜇(𝑥 + 𝑡𝑣, 𝑣, 𝑡) satisfies

 14697750, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70426 by C

ochraneItalia, W
iley O

nline L
ibrary on [01/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 5 of 37

∑
𝑎∈{0,1}

𝑣[𝜕𝑎𝑣 𝛾(𝑡)] + 𝑥[𝜕𝑎𝑥𝛾(𝑡)] ≲ 𝜀, 0 ⩽ 𝑡 ⩽ 𝑇,

where

𝑣[𝑓] ∶=
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖𝜕𝑛𝑣𝑓‖‖𝐿2𝑥,𝑣 , 𝑥[𝑓] ∶=
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖𝜕𝑛𝑥𝑓‖‖𝐿2𝑥,𝑣 (1.6)

with 𝜆𝑡 = 𝜆𝑡(𝑅, 𝜀) ∶= 𝑅 − 𝐶𝜀2⟨𝑡⟩ 12 and 𝐶 > 0 a universal constant.

Remark 1.4. We comment on some points of relevance:

(1) We work with analytic norms that incorporate a radius of analyticity 𝜆𝑡 that decreases over
time, since this allows for a loss of one derivative in energy-type estimates, enabling us to
improve over the trivial rate 𝑡−1 of decay for the force field 𝜕𝑥𝜙 to obtain the faster rate 𝑡−3∕2.
However, with only energy-type norms at disposal it does not seem feasible to obtain the sharp
decay, and can thus only close an estimate on a finite timescale. This timescale is determined
by the fact that the terms with the slowest time decay are also the ones with highest derivative
loss, and are thus only controlled through an appropriately shrinking radius of analyticity, as
is classical in such arguments [35, 36].

(2) After the publication online of this work, a preprint [43] of Wei appeared, demonstrating a
conjecture that we had formulated in the prior version of this remark: small, Gevrey-2 regular
initial data lead to global solutions with sharp decay ‖‖𝜕𝑥𝜙‖‖𝐿∞ ≲ 𝜀2⟨𝑡⟩−2 and give rise to a
modified scattering dynamic as in the un-screened Vlasov–Poisson equations in 𝑑 = 3.

1.1 Discussion of proofs

To understand the long-time dynamics, it is convenient to filter out the free transport dynamic
𝜕𝑡 + 𝑣 ⋅∇𝑥 in (1.1) and work with the unknown

𝛾(𝑥, 𝑣, 𝑡) ∶= 𝜇(𝑥 + 𝑡𝑣, 𝑣, 𝑡),

which satisfies

𝜕𝑡𝛾(𝑥, 𝑣, 𝑡) = ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}𝛾(𝑥, 𝑣, 𝑡),

(1 − Δ)𝜙(𝑥, 𝑡) = 𝜌(𝑥, 𝑡) = ∫ℝ𝑑 𝛾
2(𝑥 − 𝑣𝑡, 𝑣, 𝑡)𝑑𝑣,

(1.7)

and has the same initial data 𝛾(𝑥, 𝑣, 0) = 𝜇0(𝑥, 𝑣) as (1.1). We will work with this equation to
establish asymptotic resp. long-time dynamics of 𝛾 in 𝑑 ⩾ 2 resp. 𝑑 = 1. The essential mecha-
nism hereby is the decay over time of the spatial density 𝜌 and derived quantities, in particular
the force field ∇𝑥𝜙. In the spatially unbounded setting (𝑥 ∈ ℝ𝑑), such decay occurs due to the
dispersive effects of the free transport equation, at a rate that depends on the dimension 𝑑 and
relies on localization. As is clear from (1.7), the rate of decay plays a decisive role in determining
the time span over which solutions can be controlled. The main challenge is thus to understand
the interplay of the following two key ingredients:
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(1) Linear decay (see also Section 1.1.1). Given a functionℎ ∶ ℝ𝑑 × ℝ𝑑 → ℝ, consider the associated
density and field

𝜌ℎ(𝑥, 𝑡) ∶= ∫ ℎ2(𝑥 − 𝑡𝑣, 𝑣)𝑑𝑣, 𝜙ℎ ∶= (1 − Δ)−1𝜌ℎ,

and quantify requirements on ℎ to obtain (optimal) decay rates of 𝜌ℎ, ∇𝑥𝜙ℎ etc. As is well
known, the underlying mechanisms for decay rely on localization and regularity, which need
to be captured here in a way that is minimally demanding for the nonlinear analysis.

(2) Nonlinear propagation of localization and regularity (see also Section 1.1.2). Consider an ini-
tially small, suitably regular and localized solution 𝛾 to (1.7), and use the linear decay to
propagate localization and regularity of 𝛾. As is apparent from (1.7), one needs to balance
these arguments well, since, for example, velocity regularity of 𝛾 comes at a cost of time decay
for derivatives of∇𝑥𝜙, which in turn require additional velocity regularity of 𝛾. Onwhich time
span can the corresponding bootstrap be closed?
The simplest setting hereby is that of dimensions 𝑑 ⩾ 3. A simple bootstrap involving

uniform (in time) bounds on 𝑥-moments as well as one order of derivatives on 𝛾 and the
comparatively rapid decay of ∇𝑥𝜙 then shows that small initial data in (1.7) lead to solutions
that scatter freely (see Section 2). In contrast, for 𝑑 = 2 the nonlinear arguments are much
more delicate: we obtain a hierarchy of slowly growing bounds for velocity regularity (and 𝑥-
moments) via multilinear, 𝐿2-based estimates as introduced in [31], combined with uniform
control of a lower regularity 𝑍-norm. The associated nonlinear bootstrap just barely closes in
finite regularity 𝐻3

𝑥,𝑣—see Section 3. Finally, in 𝑑 = 1 we are confronted with a dual loss of
derivatives: one required to obtain linear decay and one in the equation for 𝛾. We are then
only able to close a nonlinear bootstrap involving analytic regularity on a finite, but long-time
interval—see Section 4. In particular, we do not obtain sharp decay rates for ∇𝑥𝜙.

We discuss next these two points in some more detail.

1.1.1 Linear decay

A simple change of variables 𝑣 ↦ 𝑥 − 𝑡𝑣 =∶ 𝑎 shows that the density 𝜌ℎ(𝑥, 𝑡) decays at the rate(𝑡−𝑑), that is,
𝜌ℎ(𝑥, 𝑡) = 𝑡−𝑑 ∫ ℎ2

(
𝑎,
𝑥 − 𝑎

𝑡

)
𝑑𝑎, (1.8)

provided that ℎ is suitably localized. Importantly, this formula also shows that higher derivatives
𝜕𝛼𝑥𝜌 of 𝜌 decay at faster rates (𝑡−𝑑−|𝛼|), provided that ℎ is sufficiently regular in 𝑣, for example,

∇𝑥𝜌ℎ(𝑥, 𝑡) = 2𝑡−𝑑−1 ∫ ℎ
(
𝑎,
𝑥 − 𝑎

𝑡

)
∇𝑣ℎ

(
𝑎,
𝑥 − 𝑎

𝑡

)
𝑑𝑎.

In our screened setting, these arguments transfer to 𝜙ℎ, since the map 𝜌ℎ ↦ 𝜙ℎ = (1 − Δ)−1𝜌ℎ
is bounded on 𝐿𝑝(ℝ𝑑), 1 ⩽ 𝑝 ⩽ ∞ (see, e.g., [40, Chapter 5, §3]). Heuristically, one thus expects
that the sharp decay of the force field is ‖‖∇𝑥𝜙ℎ

‖‖𝐿∞ = (𝑡−𝑑−1), which can allow for the right-
hand side of (1.7) to be time integrable whenever 𝑑 ⩾ 2, and hints at the free scattering dynamic.
However, this requires a regime in which one can nonlinearly propagate sufficient regularity and
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 7 of 37

smoothness. It is thus important to establish a larger class of decay estimates that also give slower
decay rates under less restrictive assumptions.
To make these arguments precise, we observe that

𝜙ℎ(𝑥, 𝑡) = (1 − Δ)−1𝜌ℎ(𝑥, 𝑡) = 𝐺𝑑 ∗ 𝜌ℎ(𝑥, 𝑡),

where 𝐺𝑑 is the Green function of (1 − Δ) on ℝ𝑑, given by†

𝐺𝑑(𝑥) ∶=
1

(4𝜋)
𝑑
2
∫

∞

0

𝜒
(
𝑅−

1

2 𝑥
)
𝑒−𝑅

𝑑𝑅

𝑅
𝑑
2

, 𝜒(𝑥) ∶= 𝑒−
|𝑥|2
4 , 𝑥 ∈ ℝ𝑑 ⧵ {0}. (1.9)

In dimension 𝑑 ⩾ 3, a basic estimate (see Lemma 2.1) involving only localization in 𝑥 gives that‖‖∇𝑥𝜙
‖‖𝐿∞ = (𝑡−𝑑). This turns out to be sufficient also for nonlinear arguments, globally in time.

In dimension 𝑑 = 2, a more refined analysis is necessary. To capture the leading order behavior
of (1.8), we follow [31] and introduce the norm

‖ℎ‖𝑍 ∶= ‖ℎ‖𝐿∞𝑣 𝐿2𝑥 , (1.10)

so that

‖‖𝜌ℎ(𝑡)‖‖𝐿∞(ℝ2) ≲ 𝑡−2‖ℎ‖2𝑍 + 𝑜(𝑡−2).

The corresponding sharp estimates for ∇𝑥𝜙ℎ are direct, but not of particular importance for the
nonlinear bootstrap, so instead we focus on decay estimates that give the almost optimal decay
rate under slightly less stringent assumptions: in Proposition 3.1, we show that for 𝛿 > 0 there
holds that

‖‖𝜕𝛼𝑥∇𝑥𝜙(𝑥, 𝑡)
‖‖𝐿∞𝑥 (ℝ2) ≲𝛿 ⟨𝑡⟩−2−|𝛼|+𝛿 min{‖ℎ‖2

𝐿2𝑥𝐻
|𝛼|+1
𝑣

, ⟨𝑡⟩−1‖ℎ‖2
𝐿2𝑥𝐻

|𝛼|+2
𝑣

}
, 𝛼 ∈ ℕ20.

In dimension 𝑑 = 1, weworkwith analytic norms but are not able to obtain estimates that allow
for sharp linear decay (see also the discussion in Section 1.1.2), and instead guarantee bounds of
the order ‖‖‖(𝑡𝜕𝑥)𝑘𝜕𝑥𝜙‖‖‖𝐿∞ = (𝑡− 3

2 ), 𝑘 ∈ ℕ0—see Lemma 4.2.

1.1.2 Nonlinear propagation of localization and regularity

The local well-posedness of (1.7) in the topologies used in this paper is classical, and we thus focus
here on the bootstrap arguments used to establish nonlinear control. We will thus assume that we
are given a solution 𝛾 to (1.7) at time interval [0, 𝑇] that satisfies certain smallness, regularity,
and localization assumptions, and will subsequently show that the corresponding bounds can
be improved, which by continuity implies that the initial assumptions on the solution hold on
a longer time interval. As mentioned before, the crucial step hereby is to obtain suitable decay
bounds for the force field (and its derivatives).
For 𝑑 ⩾ 3, the dispersive decay is rapid enough that a straightforward bootstrap involving on the

simple topology ‖‖⟨𝑥⟩𝑚𝛾(𝑡)‖‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) + ‖‖∇𝑥,𝑣𝛾
‖‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) can be closed globally in time—see

Lemma 2.2.

† This is a particular example of Bessel kernel, see, for example, [40, Chapter 5].
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8 of 37 IACOBELLI et al.

For 𝑑 = 2, the main difficulty is to close estimates for the velocity regularity. For this, we lean
on the approach developed in [31] and establish a hierarchy of bounds, where the 𝐿2𝑥𝐻

𝑗
𝑣, 𝑗 = 2, 3,

energies of 𝛾 grow slowly over time, whereas several lower order quantities including the afore-
mentioned𝑍-norm, an 𝑥-moment, and 𝑥-derivatives remain uniformly bounded, that is, we show
in Proposition 3.2 that the following bounds can be bootstrapped:

‖𝛾‖𝐿2𝑥𝐻3
𝑣
⩽ 𝜀⟨𝑡⟩𝛿, ‖𝛾‖𝑍 + ‖𝛾‖𝐿2𝑣𝐻3

𝑥
+ ‖𝑥𝛾‖𝐿2𝑥,𝑣 ⩽ 𝜀.

The latter bounds follow essentially from the corresponding linear decay estimates, since 𝑥-
derivatives of 𝜙 decay at faster rates. For velocity regularity ‖‖𝛾(𝑡)‖‖𝐿2𝑥𝐻𝑗

𝑣
, 𝑗 = 2, 3, we make use

of the symmetric structure of the energy estimates to carry out a multilinear analysis, relying
also on the precise structure of the screened kernel. A crucial ingredient hereby is a triangular
structure of the system of derivatives in (1.7): for regularity in 𝑣, the highest order terms in 𝑡 are
forced by derivatives in 𝑥, which in turn do not grow over time. The resulting analysis requires
some care, and is detailed in Proposition 3.2 and its proof. We sketch here a simplified picture of
this approach: let us consider a prototypical term that arises in the propagation of two velocity
derivatives 𝜕2𝑣𝑗𝛾 in (1.7) and reads

†

⟨𝜕2𝑣𝑗 (∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡))𝑡∇𝑥𝛾, 𝜕
2
𝑣𝑗
𝛾⟩𝐿2𝑥,𝑣 = 𝑡3⟨𝜕2

𝑥𝑗
∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅∇𝑥𝛾, 𝜕

2
𝑣𝑗
𝛾⟩𝐿2𝑥,𝑣

= 𝑡3∬𝑥,𝑣∈ℝ2 ∫𝑦∈ℝ2 𝜕
2
𝑥𝑗
∇𝑥𝐺2(𝑥 + 𝑡𝑣 − 𝑦)𝜌(𝑦, 𝑡)𝑑𝑦 ⋅∇𝑥𝛾(𝑥, 𝑣, 𝑡)𝜕

2
𝑣𝑗
𝛾(𝑥, 𝑣, 𝑡)𝑑𝑥𝑑𝑣

= 𝑡3∬𝑥,𝑣∈ℝ2 ∬𝑦,𝑤∈ℝ2
𝜕2
𝑥𝑗
∇𝑥𝐺2(𝑥 + 𝑡𝑣 − 𝑦)𝛾2(𝑦 − 𝑡𝑤,𝑤, 𝑡)

⋅∇𝑥𝛾(𝑥, 𝑣, 𝑡)𝜕
2
𝑣𝑗
𝛾(𝑥, 𝑣, 𝑡)𝑑𝑦𝑑𝑤𝑑𝑥𝑑𝑣

= −𝑡−1∬𝑥,𝑣∈ℝ2 ∬𝑦,𝑤∈ℝ2
𝜕2
𝑦𝑗
∇𝑦𝐺2(𝑥 − 𝑦)𝛾2

(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)

⋅∇𝑥𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡
)
𝜕2𝑣𝑗

𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡
)
𝑑𝑦𝑑𝑎𝑑𝑥𝑑𝑏,

(1.11)

where in the last linewe used the dispersive change of variables𝑤 ↦ 𝑦 − 𝑡𝑤 =∶ 𝑎, 𝑣 ↦ 𝑥 − 𝑡𝑣 =∶

𝑏. One may now integrate by parts the derivatives on 𝐺2 to obtain further decay in time, albeit
at the cost of regularity in 𝑣. Notice moreover that in order to close the estimates, the highest
order velocity derivatives in 𝛾 have to be estimated in the corresponding 𝐿2-based spaces, while
for lower orders we have more flexibility and can in particular make use of the boundedness of‖‖𝛾(𝑡)‖‖𝑍 . Amongst others, two integration by parts in 𝑦𝑗 in (1.11) give rise to the contribution|||||𝑡−3∬𝑥,𝑣∈ℝ2 ∬𝑦,𝑤∈ℝ2

∇𝑦𝐺2(𝑥 − 𝑦)𝛾
(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)
𝜕2𝑣𝑗

𝛾
(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)

⋅∇𝑥𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡
)
𝜕2𝑣𝑗

𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡
)
𝑑𝑦𝑑𝑎𝑑𝑥𝑑𝑏

|||||
† This corresponds to the contribution ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ (−𝑡∇𝑥𝛾) on the right-hand side of (1.7), with the derivative 𝜕2𝑣𝑗
landing on ∇𝑥𝜙, paired with 𝜕2𝑣𝑗 𝛾.
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 9 of 37

≲ 𝑡−1‖𝛾‖𝑍‖‖‖‖𝜕2𝑣𝑗𝛾‖‖‖‖𝐿2𝑥,𝑣‖‖∇𝑥𝛾
‖‖𝑍‖‖‖‖𝜕2𝑣𝑗𝛾‖‖‖‖𝐿2𝑥,𝑣 + 𝑙.𝑜.𝑡.

≲ 𝑡−1𝜀2
‖‖‖‖𝜕2𝑣𝑗𝛾‖‖‖‖2𝐿2𝑥,𝑣 + 𝑙.𝑜.𝑡.,

where in the last line we have used the bootstrap assumptions and denoted lower order terms as
l.o.t. Via Grönwall’s inequality this leads to an acceptable contribution.
For 𝑑 = 1, decay of ‖‖𝜕𝑥𝜙‖‖𝐿∞ at the sharp rate 𝑡−2 requires the control of ‖‖𝜕𝑣𝛾‖‖𝑍 , as is clear

from the linear analysis. However, this leads to a double derivative loss, since 𝑍 is not an energy
norm, and precludes a direct nonlinear analysis even in an analytic functional setting. To avoid
this issue, we work exclusively with energy-type norms of analytic regularity and time-dependent
analyticity parameter, as in (1.6). These are not sufficient to obtain sharp decay estimates, and as
a consequence we are not able to understand the asymptotic behavior of solutions. Instead, we
close a nonlinear bootstrap (see Proposition 4.3) on a long time span 𝑇, quantified in terms of the
size 𝜀 of the initial data as 𝑇 ∼ (𝜀−4).

2 FREE SCATTERING IN 𝒅 ⩾ 𝟑

In this section, we establish Theorem 1.1 for 𝑑 ⩾ 3, showing the stability of vacuum in (1.1) under
sufficiently small, smooth and localized perturbations. As discussed in the introduction (see Sec-
tion 1.1), we do this by studying the evolution of the profile 𝛾(𝑥, 𝑣, 𝑡) ∶= 𝜇(𝑥 + 𝑡𝑣, 𝑣, 𝑡), which
satisfies Equation (1.7) with initial data 𝛾(𝑥, 𝑣, 0) = 𝜇(𝑥, 𝑣, 0) = 𝜇0(𝑥, 𝑣). In a first step, in Sec-
tion 2.1 we establish the relevant decay estimates for ∇𝑥𝜙. These are then used in Section 2.2
to establish a bootstrap that globally controls solutions and allows us to deduce the asymptotic
behavior, a free scattering dynamic.

2.1 Linear analysis: dispersive decay estimates

We recall from Section 1.1.1 that the Green function for (1 − Δ) on ℝ𝑑 is given by

𝐺𝑑(𝑥) =
1

(4𝜋)
𝑑

2
∫

∞

0

𝜒
(
𝑅−

1
2 𝑥

)
𝑒−𝑅

𝑑𝑅

𝑅
𝑑

2

, 𝜒(𝑥) = 𝑒−
|𝑥|2
4 , 𝑥 ∈ ℝ𝑑 ⧵ {0},

and will use the notation

𝜌ℎ(𝑥, 𝑡) ∶= ∫ ℎ2(𝑥 − 𝑡𝑤,𝑤)𝑑𝑤, 𝜙ℎ(𝑥, 𝑡) ∶= (1 − Δ)−1𝜌ℎ(𝑥, 𝑡) = (𝐺𝑑 ∗ 𝜌ℎ)(𝑥, 𝑡) (2.1)

for ℎ ∶ ℝ𝑑𝑥 × ℝ𝑑𝑣 → ℝ. We establish the following linear decay estimates:

Lemma 2.1 (Linear decay in 𝑑 ⩾ 3). For𝑚 > 𝑑∕2 there holds that

‖‖∇𝑥𝜙ℎ(𝑥, 𝑡)
‖‖𝐿∞𝑥 (ℝ𝑑) ≲ ⟨𝑡⟩−𝑑‖‖⟨𝑥⟩𝑚ℎ‖‖2𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑), (2.2)

while for𝑚 > 𝑑
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10 of 37 IACOBELLI et al.

‖‖∇𝑥𝜙ℎ
‖‖𝐿∞𝑥 ≲ ⟨𝑡⟩−𝑑−1‖‖⟨𝑥⟩𝑚ℎ‖‖𝐿∞𝑥,𝑣‖‖∇𝑣ℎ

‖‖𝐿∞𝑥,𝑣 , (2.3)

‖𝜕𝑥𝑘∇𝑥𝜙ℎ(𝑥, 𝑡)‖𝐿∞𝑥 ≲ ⟨𝑡⟩−𝑑−1‖⟨𝑥⟩𝑚ℎ‖𝐿∞𝑥,𝑣‖∇𝑣ℎ‖𝐿∞𝑥,𝑣 , 𝑘 ∈ {1, … , 𝑑}. (2.4)

Proof. We assume without loss of generality that 𝑡 ⩾ 1. From (1.9), we obtain after a change of
variables 𝑤 ↦ 𝑥 − 𝑦 − 𝑡𝑤 =∶ 𝑎 that

∇𝑥𝜙ℎ(𝑥, 𝑡) = ∫ℝ𝑑𝑦 ∇𝑥𝐺𝑑(𝑥 − 𝑦)𝜌ℎ(𝑦, 𝑡)𝑑𝑦 = ∬ℝ𝑑𝑦,𝑤

∇𝑦𝐺𝑑(𝑦)ℎ
2(𝑥 − 𝑦 − 𝑡𝑤,𝑤)𝑑𝑦𝑑𝑤

= 𝑡−𝑑
1

(4𝜋)
𝑑
2
∫

∞

0

𝑒−𝑅

𝑅
𝑑+1
2

∬ℝ𝑑𝑦,𝑎

∇𝜒
(
𝑅−

1
2 𝑦

)
ℎ2

(
𝑎,
𝑥 − 𝑦 − 𝑎

𝑡

)
𝑑𝑦𝑑𝑎𝑑𝑅.

(2.5)

It follows that for a given integer𝑚 > 𝑑∕2 there holds that

‖∇𝑥𝜙ℎ(𝑥, 𝑡)‖𝐿∞𝑥 ⩽ 𝑡−𝑑‖⟨𝑥⟩𝑚ℎ‖2
𝐿∞𝑥,𝑣 ∫

∞

0

𝑒−𝑅

(4𝜋)
𝑑

2 𝑅
𝑑+1

2
∬ℝ𝑑𝑦,𝑎

∇𝜒
(
𝑅−

1

2 𝑦
) 𝑑𝑦𝑑𝑎⟨𝑎⟩2𝑚 𝑑𝑅

≲ 𝑡−𝑑‖⟨𝑥⟩𝑚ℎ‖2
𝐿∞𝑥,𝑣 ∫

∞

0

𝑒−𝑅

𝑅
1

2

𝑑𝑅,

where in the first inequality we multiplied and divided by ⟨𝑎⟩2𝑚, taking the 𝐿∞ norm of the𝑚th
spatial moment of ℎ. This yields the bound in (2.2). For (2.3), we observe that an integration by
parts in (2.5) shows that

∇𝑥𝜙ℎ(𝑥, 𝑡) =
𝑡−𝑑−1

(4𝜋)
𝑑

2
∫

∞

0

𝑒−𝑅

𝑅
𝑑

2
∬ℝ𝑑𝑧,𝑎

𝜒
(
𝑅−

1

2 𝑧
)
2ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡

)
∇𝑣ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡

)
𝑑𝑧𝑑𝑎𝑑𝑅,

(2.6)
and thus for𝑚 > 𝑑

‖‖∇𝑥𝜙ℎ
‖‖𝐿∞𝑥 ≲ ⟨𝑡⟩−𝑑−1‖‖⟨𝑥⟩𝑚ℎ‖‖𝐿∞𝑥,𝑣‖‖∇𝑣ℎ

‖‖𝐿∞𝑥,𝑣 .
Regarding (2.4), an analogous computation gives that for 𝑘 ∈ {1, … , 𝑑}

𝜕𝑥𝑘∇𝑥𝜙ℎ(𝑥, 𝑡) =
𝑡−𝑑−1

(4𝜋)
𝑑

2
∫

∞

0

𝑒−𝑅

𝑅
𝑑+1

2

⋅∬ℝ𝑑𝑧,𝑎

∇𝜒
(
𝑅−

1
2 𝑧

)
2ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡

)
𝜕𝑣𝑘ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡

)
𝑑𝑧𝑑𝑎𝑑𝑅,

and the claim follows as above. □

2.2 Nonlinear analysis: bootstrap estimates and free scattering

Next, we establish the nonlinear bootstrap required that will allow us to understand the
asymptotic behavior.
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 11 of 37

Lemma 2.2 (Bootstrap estimate in 𝑑 ⩾ 3). There exists 𝜀0 > 0 such that if 𝛾 is a solution to (1.7) on
[0, 𝑇] satisfying for 0 < 𝜀 < 𝜀0 the initial data bounds (1.2) and

‖⟨𝑥⟩𝑚𝛾(𝑡)‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) + ‖∇𝑥,𝑣𝛾(𝑡)‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) ⩽ 4𝜀, (2.7)

then in fact we have the improved bounds

‖⟨𝑥⟩𝑚𝛾(𝑡)‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) + ‖∇𝑥,𝑣𝛾(𝑡)‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) ⩽ 2𝜀. (2.8)

Proof. Under the assumptions (2.7), we observe that by Lemma 2.1 we have

‖∇𝑥𝜙(𝑥, 𝑡)‖𝐿∞𝑥 (ℝ𝑑) ≲ ⟨𝑡⟩−𝑑𝜀2, ‖𝜕𝑥𝑘∇𝑥𝜙(𝑥, 𝑡)‖𝐿∞𝑥 (ℝ𝑑) ≲ ⟨𝑡⟩−𝑑−1𝜀2, 1 ⩽ 𝑘 ⩽ 𝑑. (2.9)

To prove (2.8), we compute from (1.7) that

𝜕𝑡{𝑥𝑗𝛾} − ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}{𝑥𝑗𝛾} = 𝑡𝜕𝑥𝑗𝜙(𝑥 + 𝑡𝑣, 𝑡)𝛾,

𝜕𝑡{𝜕𝑥𝑗𝛾} − ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}{𝜕𝑥𝑗𝛾} = 𝜕𝑥𝑗∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}𝛾,

𝜕𝑡{𝜕𝑣𝑗𝛾} − ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}{𝜕𝑣𝑗𝛾} = 𝑡𝜕𝑥𝑗∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}𝛾.

The left-hand side of the above equations is conservative, and in particular preserves all 𝐿𝑝
norms.† By (2.7) and (2.9), it follows that for 𝑑 ⩾ 3

‖𝑥𝑗𝛾(𝑡)‖𝐿∞𝑥,𝑣 ⩽ ‖𝑥𝑗𝛾(0)‖𝐿∞𝑥,𝑣 + ∫
𝑡

0

𝑠‖∇𝑥𝜙(𝑠)‖𝐿∞𝑥 ‖𝛾(𝑠)‖𝐿∞𝑥,𝑣𝑑𝑠
⩽ 𝜀 + 4𝜀3 ∫

𝑡

0

𝑠⟨𝑠⟩𝑑 𝑑𝑠
⩽ 𝜀 + 𝐶𝜀3.

(2.10)

For 𝑘 ∈ ℕ, we can reason inductively with

𝜕𝑡{𝑥
𝑘
𝑗
𝛾} − ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}{𝑥

𝑘
𝑗
𝛾} = 𝑡𝑘𝜕𝑥𝑗𝜙(𝑥 + 𝑡𝑣, 𝑡){𝑥𝑘−1

𝑗
𝛾}

and with bounds as in (2.10) to obtain the estimate for the higher moments in (2.8).
Analogously, thanks to (2.9) we obtain uniform estimates for the gradients. We give the details

for the more difficult case of the velocity gradient, since its equation contains an extra growing
factor in time: by (2.7) and (2.9) we have for 1 ⩽ 𝑗 ⩽ 𝑑 that

‖𝜕𝑣𝑗𝛾(𝑡)‖𝐿∞𝑥,𝑣 ⩽ ‖𝜕𝑣𝑗𝛾(0)‖𝐿∞𝑥,𝑣 + ∫
𝑡

0

𝑠‖𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 (‖∇𝑣𝛾‖𝐿∞𝑥,𝑣 + 𝑠‖∇𝑥𝛾‖𝐿∞𝑥,𝑣 )𝑑𝑠
⩽ 𝜀 + 8∫

𝑡

0

𝜀3⟨𝑠⟩𝑑−1 𝑑𝑠 ⩽ 𝜀 + 𝐶𝜀3

which concludes the proof. □

† To put it differently, observe that the vector field 𝑉(𝑥, 𝑣, 𝑡) ∶= (−𝑡∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡), ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡)) is divergence-free.
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12 of 37 IACOBELLI et al.

Remark 2.3. As the above proof shows, spatial moments alone suffice to close a global boot-
strap. With additional regularity, by (2.3) one obtains sharp decay of ∇𝑥𝜙, and uniqueness in a
strong topology.

This bootstrap allows us to construct a global solution satisfying the bounds (2.8), for which we
can now deduce the asymptotic behavior:

Theorem 2.4 (Free scattering in 𝑑 ⩾ 3). Given an integer 𝑑 ⩾ 3, there exists 𝜀0 > 0 such that if for
some𝑚 > 𝑑

‖⟨𝑥⟩𝑚𝜇0‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) + ‖∇𝑥,𝑣𝜇0‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) ⩽ 𝜀 ⩽ 𝜀0,

then there exists a unique solution 𝛾 ∈ 𝐶𝑡(ℝ,𝑊
1,∞
𝑥,𝑣 (ℝ

𝑑 × ℝ𝑑)) of (1.7) with initial data 𝛾(0) = 𝜇0 and
which verifies

‖⟨𝑥⟩𝑚𝛾(𝑡)‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) + ‖∇𝑥,𝑣𝛾(𝑡)‖𝐿∞𝑥,𝑣(ℝ𝑑×ℝ𝑑) ≲ 𝜀, ‖‖∇𝑥𝜙(𝑡)
‖‖𝐿∞ ≲ ⟨𝑡⟩−𝑑−1𝜀2.

In particular 𝜇(𝑥, 𝑣, 𝑡) = 𝛾(𝑥 − 𝑡𝑣, 𝑣, 𝑡) exhibits free scattering: there exists an asymptotic distribu-
tion function 𝛾∞ ∈ 𝐿∞𝑥,𝑣 such that

lim
𝑡→∞

‖𝜇(𝑥 + 𝑡𝑣, 𝑣, 𝑡) − 𝛾∞(𝑥, 𝑣)‖𝐿∞𝑥,𝑣 = 0. (2.11)

Proof. The existence of a unique global solution 𝛾 of (1.7) with the claimed properties follows
from classical well-posedness theory and the bootstrap in Lemma 2.2. It remains to show the free
scattering property (2.11): since the decay estimate (2.9) holds, it follows directly from Equation
(1.7) that

‖𝜕𝑡𝛾‖𝐿∞𝑥,𝑣 ⩽ ‖∇𝑥𝜙‖𝐿∞𝑥 (‖∇𝑣𝛾‖𝐿∞𝑥,𝑣 + 𝑡‖∇𝑥𝛾‖𝐿∞𝑥,𝑣 ) ≲ 𝜀3⟨𝑡⟩𝑑−1 .
It follows that ‖𝛾(𝑡)‖𝐿∞𝑥,𝑣 is Cauchy-continuous in time, and since 𝑑 ⩾ 3 there exists 𝛾∞ ∈ 𝐿∞𝑥,𝑣 such
that 𝛾(𝑡) converges uniformly to 𝛾∞ as 𝑡 → ∞. Translated to the variable𝜇(𝑥, 𝑣, 𝑡) = 𝛾(𝑥 − 𝑡𝑣, 𝑣, 𝑡),
this proves (2.11). □

3 FREE SCATTERING IN 𝒅 = 𝟐

In this section, we establish Theorem 1.1 for 𝑑 = 2. The arguments proceed along broadly simi-
lar lines as in case 𝑑 ⩾ 3, beginning with an analysis of linear decay in Section 3.1, a nonlinear
bootstrap in Section 3.2 and finally the demonstration of free scattering of solutions in Section 3.3,
but require significant refinements. As discussed in the introduction, we rely on a combination
of higher energy norms that are allowed to grow slowly in time with a lower order 𝑍-norm that
captures the sharp decay behavior and remains uniformly bounded.
We begin by recalling from (1.10) the definition of the relevant norm

‖ℎ‖𝑍 ∶= ‖ℎ‖𝐿∞𝑣 𝐿2𝑥 . (3.1)
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 13 of 37

As will be clear below, for certain error terms the following auxiliary norm will be useful:

‖ℎ‖𝑍′ ∶= ‖ℎ‖𝑍 + ⟨𝑡⟩−1
4

(‖ℎ‖𝐿2𝑥𝐻2
𝑣
+ ‖𝑥ℎ‖𝐿2𝑥,𝑣). (3.2)

Its key feature is that

‖‖‖ℎ(𝑎, 𝑥 − 𝑎

𝑡

)
− ℎ

(
𝑎,
𝑥

𝑡

)‖‖‖𝐿2𝑎𝐿∞𝑥 ≲ 𝑡−
1

3

(‖ℎ‖𝐿2𝑥𝐻2
𝑣
+ ‖𝑥ℎ‖𝐿2𝑥,𝑣) ≲ ‖ℎ‖𝑍′ , (3.3)

which can be shown using a standard Littlewood–Paley decomposition in velocity, which (to fix
notation) we write as

ℎ =
∑
𝑀∈2ℤ

ℎ𝑀, ℎ𝑀(𝑥, 𝑣) ∶= −1
𝜂→𝑣

[
𝜓
(
𝑀−1𝜂

)𝑣→𝜂ℎ
]
(𝑥, 𝑣), (3.4)

for ℎ ∶ ℝ2 × ℝ2 → ℝ—see Appendix A for the details.

3.1 Linear analysis

Recall the notations (2.1).

Proposition 3.1 (Linear decay in 𝑑 = 2).We have that

‖‖𝜌ℎ(𝑥, 𝑡)‖‖𝐿∞𝑥 (ℝ2) ≲ ⟨𝑡⟩−2‖ℎ‖2
𝑍′
. (3.5)

Moreover, for any 0 < 𝛿 < 1 and |𝛼| ⩾ 0 there holds that

‖‖𝜕𝛼𝑥∇𝑥𝜙ℎ(𝑥, 𝑡)
‖‖𝐿∞𝑥 (ℝ2) ≲𝛿 ⟨𝑡⟩−2−|𝛼|+𝛿‖ℎ‖2

𝐿2𝑥𝐻
|𝛼|+1
𝑣

, (3.6)

‖‖𝜕𝛼𝑥∇𝑥𝜙ℎ(𝑥, 𝑡)
‖‖𝐿∞𝑥 (ℝ2) ≲𝛿 ⟨𝑡⟩−3−|𝛼|+𝛿‖ℎ‖2

𝐿2𝑥𝐻
|𝛼|+2
𝑣

. (3.7)

Furthermore, for |𝛼| ⩾ 2 we have

‖‖𝜕𝛼𝑥∇𝑥𝜙ℎ(𝑥, 𝑡)
‖‖𝐿2𝑥 ≲ ⟨𝑡⟩−1

2
−|𝛼|‖ℎ‖2

𝐿2𝑥𝐻
|𝛼|
𝑣

. (3.8)

The proof proceeds similarly as in [31, Section 2].

Proof. The change of variables 𝑤 ↦ 𝑥 − 𝑡𝑤 =∶ 𝑎 yields

𝜌ℎ(𝑥, 𝑡) = ∫ℝ2 ℎ
2(𝑥 − 𝑡𝑤,𝑤)𝑑𝑤 = 𝑡−2 ∫ℝ2 ℎ

2
(
𝑎,
𝑥 − 𝑎

𝑡

)
𝑑𝑎

= 𝑡−2 ∫ℝ2 ℎ
2
(
𝑎,
𝑥

𝑡

)
𝑑𝑎 + 𝐽(𝑥, 𝑡),

(3.9)

where

𝐽(𝑥, 𝑡) ∶= 𝑡−2 ∫ℝ2
{
ℎ2

(
𝑎,
𝑥 − 𝑎

𝑡

)
− ℎ2

(
𝑎,
𝑥

𝑡

)}
𝑑𝑎.

 14697750, 2026, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.70426 by C

ochraneItalia, W
iley O

nline L
ibrary on [01/07/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



14 of 37 IACOBELLI et al.

By construction, the leading order term in (3.9) can be bounded using the 𝑍-norm in (3.1)

∫ℝ2 ℎ
2
(
𝑎,
𝑥

𝑡

)
𝑑𝑎 ⩽ ‖‖ℎ(𝑡)‖‖2𝑍,

while the remainder 𝐽(𝑥, 𝑡) satisfies by (3.3) that

|𝐽(𝑥, 𝑡)| ≲ 𝑡−2‖ℎ‖𝐿2𝑥𝐿∞𝑣 ‖‖‖ℎ(𝑎, 𝑥 − 𝑎

𝑡

)
− ℎ

(
𝑎,
𝑥

𝑡

)‖‖‖𝐿2𝑎𝐿∞𝑥 ≲ 𝑡−2−
1

3

(‖ℎ‖2
𝐿2𝑥𝐻

2
𝑣

+ ‖ℎ‖𝑍‖𝑥ℎ‖𝐿2𝑥,𝑣),
since ‖ℎ‖𝐿2𝑥𝐿∞𝑣 (ℝ2) ⩽ ‖ℎ‖𝐿2𝑥𝐻2

𝑣(ℝ
2) by the Sobolev embedding. This gives (3.5).

To bound the force field and its derivatives, we use the Green function (1.9) of the screened
Laplacian to write

∇𝑥𝜙ℎ(𝑥, 𝑡) = ∇𝑥∬𝑦,𝑤∈ℝ2
𝐺2(𝑥 − 𝑦)ℎ2(𝑦 − 𝑡𝑤,𝑤)𝑑𝑦𝑑𝑤

=
1

4𝜋 ∫
∞

0

Φ𝑅(𝑥, 𝑡)𝑒
−𝑅 𝑑𝑅

𝑅
,

(3.10)

where

Φ𝑅(𝑥, 𝑡) ∶= ∬ℝ2𝑦,𝑤

∇𝑥

{
𝜒
(
𝑅−

1

2 (𝑥 − 𝑦)
)}

ℎ2(𝑦 − 𝑡𝑤,𝑤)𝑑𝑦𝑑𝑤.

Given a multi-index 𝛼 ∈ ℕ2
0
, we change variables as in (3.9) and integrate by parts to obtain that

𝜕𝛼𝑥Φ𝑅(𝑥, 𝑡) = 𝑡−2−|𝛼| ∑
𝛼1+𝛼2=𝛼|𝛼1|⩽|𝛼2|

𝑐𝛼1,𝛼2Φ
𝛼1,𝛼2
𝑅

(𝑥, 𝑡), (3.11)

where

Φ
𝛼1,𝛼2
𝑅

(𝑥, 𝑡) ∶= ∬ℝ2𝑧,𝑎

∇𝑧

{
𝜒
(
𝑅−

1

2 𝑧
)}

𝜕
𝛼1
𝑣 ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡

)
𝜕
𝛼2
𝑣 ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡

)
𝑑𝑧𝑑𝑎. (3.12)

We next establish (3.6). If |𝛼| = 0, we have by Hölder’s inequality for 2 < 𝑞 < ∞ that

|||Φ0,0𝑅 (𝑥, 𝑡)
||| ⩽ ‖‖‖∇𝑧

{
𝜒
(
𝑅−

1

2 𝑧
)}‖‖‖𝐿𝑞′𝑧 ‖‖‖ℎ(𝑎, 𝑥 − 𝑧 − 𝑎

𝑡

)‖‖‖2𝐿2𝑎𝐿𝑞𝑧 ,
and similarly if |𝛼| > 0 we get

|||Φ𝛼1,𝛼2𝑅
(𝑥, 𝑡)

||| ⩽ ‖‖‖∇𝑧

{
𝜒
(
𝑅−

1

2 𝑧
)}‖‖‖𝐿𝑞′𝑧 ‖‖‖𝜕𝛼2𝑣 ℎ(𝑎, 𝑥 − 𝑧 − 𝑎

𝑡

)‖‖‖𝐿2𝑎𝐿𝑞𝑧‖‖‖𝜕𝛼1𝑣 ℎ(𝑎, 𝑥 − 𝑧 − 𝑎

𝑡

)‖‖‖𝐿2𝑎𝐿∞𝑧 .
(3.13)

We thus obtain that

|||Φ𝛼1,𝛼2𝑅
(𝑥, 𝑡)

||| ≲𝑞 𝑡 2𝑞 𝑅 1

2
−
1

𝑞 ‖ℎ‖2
𝐿2𝑥𝐻

|𝛼|+1
𝑣

,

where we also used that by Sobolev embedding and since |𝛼1| < |𝛼| there holds that‖‖‖𝜕𝛼2𝑣 ℎ‖‖‖𝐿2𝑥𝐿𝑞𝑣 ≲𝑞 ‖ℎ‖
𝐿2𝑥𝐻

|𝛼2|+1
𝑣

,
‖‖‖𝜕𝛼1𝑣 ℎ‖‖‖𝐿2𝑥𝐿∞𝑣 ≲ ‖ℎ‖

𝐿2𝑥𝐻
|𝛼1|+2
𝑣

⩽ ‖ℎ‖
𝐿2𝑥𝐻

|𝛼|+1
𝑣

.
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 15 of 37

Recalling the expression in (3.10), this gives the claimed bound

‖‖𝜕𝛼𝑥∇𝑥𝜙ℎ(𝑥, 𝑡)
‖‖𝐿∞𝑥 ≲𝑞 𝑡

−2−|𝛼|+ 2

𝑞 ‖ℎ‖2
𝐿2𝑥𝐻

|𝛼|+1
𝑣 ∫

∞

0

𝑅
−
1

2
−
1

𝑞 𝑒−𝑅𝑑𝑅 ≲𝑞 𝑡
−2−|𝛼|+ 2

𝑞 ‖ℎ‖2
𝐿2𝑥𝐻

|𝛼|+1
𝑣

.

The bound (3.7) follows as in (3.13) upon also integrating by parts the gradient on 𝜒(𝑅−
1

2 𝑧) in
(3.12).
Finally, the 𝐿2 estimate (3.8) is obtained by interpolation. On one hand, we bound the 𝐿1 norm

as

‖Φ𝛼1,𝛼2
𝑅

(𝑥, 𝑡)‖𝐿1𝑥 ⩽ ‖‖‖∇𝑧{𝜒(𝑅
−
1
2 𝑧)}

‖‖‖𝐿1𝑧‖‖‖𝜕𝛼2𝑣 ℎ(𝑎, 𝑥 − 𝑧 − 𝑎

𝑡

)‖‖‖𝐿2𝑎𝐿2𝑧‖‖‖𝜕𝛼1𝑣 ℎ(𝑎, 𝑥 − 𝑧 − 𝑎

𝑡

)‖‖‖𝐿2𝑎𝐿2𝑧 ,
Since |𝛼1| ⩽ |𝛼2| ⩽ |𝛼| we get that

‖Φ𝛼1,𝛼2
𝑅

(𝑥, 𝑡)‖𝐿1𝑥 ≲ 𝑡2𝑅
1

2 ‖ℎ‖2
𝐿2𝑥𝐻

|𝛼|
𝑣

so that by (3.11)

‖‖𝜕𝛼𝑥Φ𝑅(𝑥, 𝑡)‖‖𝐿1𝑥 ≲ 𝑡−|𝛼|𝑅 1
2 ‖ℎ‖2

𝐿2𝑥𝐻
|𝛼|
𝑣

. (3.14)

On the other hand, assuming that |𝛼| ⩾ 2we have by Hölder’s inequality with 1

𝑝𝑖
∶=

|𝛼𝑖|
2|𝛼| , 𝑖 = 1, 2,

that‖‖‖Φ𝛼1,𝛼2𝑅
(𝑥, 𝑡)

‖‖‖𝐿∞𝑥 ⩽
‖‖‖‖∇𝑧

{
𝜒
(
𝑅−

1

2 𝑧
)}‖‖‖‖𝐿2𝑧‖‖‖𝜕𝛼1𝑣 ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡

)‖‖‖𝐿2𝑎𝐿𝑝1𝑧 ‖‖‖𝜕𝛼2𝑣 ℎ(𝑎, 𝑥 − 𝑧 − 𝑎

𝑡

)‖‖‖𝐿2𝑎𝐿𝑝2𝑧 ,
which yields ‖‖‖Φ𝛼1,𝛼2𝑅

(𝑥, 𝑡)
‖‖‖𝐿∞𝑥 ≲ 𝑡‖𝜕𝛼1𝑣 ℎ‖𝐿2𝑥𝐿𝑝1𝑣 ‖𝜕𝛼2𝑣 ℎ‖𝐿2𝑥𝐿𝑝2𝑣 ≲ 𝑡‖ℎ‖2

𝐿2𝑥𝐻
|𝛼|
𝑣

by the Sobolev embedding. From (3.11) we conclude that

‖‖𝜕𝛼𝑥Φ𝑅(𝑥, 𝑡)‖‖𝐿∞𝑥 ≲ 𝑡−1−|𝛼|‖ℎ‖2
𝐿2𝑥𝐻

|𝛼|
𝑣

. (3.15)

Interpolating the estimates (3.14) and (3.15) shows that

‖𝜕𝛼𝑥Φ𝑅(𝑥, 𝑡)‖𝐿2𝑥 ⩽ ‖𝜕𝛼𝑥Φ𝑅(𝑥, 𝑡)‖ 1

2

𝐿∞𝑥
‖𝜕𝛼𝑥Φ𝑅(𝑥, 𝑡)‖ 1

2

𝐿1𝑥
≲ 𝑡−|𝛼|−1

2 𝑅
1

4 ‖ℎ‖2
𝐿2𝑥𝐻

|𝛼|
𝑣

,

from which integration over 𝑅 as above yields (3.8). □

3.2 Nonlinear bootstrap

We recall from (1.3) that we shall assume that for 𝜀 > 0 to be determined, the initial datum for
(1.7) verifies

‖𝑥𝛾0‖𝐿2𝑥,𝑣 + ‖‖𝛾0‖‖𝑍 + ‖‖∇𝑥𝛾0
‖‖𝑍 + ‖𝛾0‖𝐻3

𝑥,𝑣
⩽ 𝜀. (3.16)
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16 of 37 IACOBELLI et al.

Proposition 3.2 (Bootstrap estimates in 𝑑 = 2). There exists 𝜀0 > 0 such that if 𝛾 is a solution to
(1.7) on [0, 𝑇] satisfying for 0 < 𝜀 < 𝜀0 the initial data bounds (3.16) and the bootstrap hypotheses

‖𝛾‖𝑍 + ‖∇𝑥𝛾‖𝑍 + ‖𝛾‖𝐿2𝑣𝐻3
𝑥
+ ‖𝑥𝛾‖𝐿2𝑥,𝑣 + ‖𝛾‖𝐿2𝑥𝐻3

𝑣
⩽ 𝜀⟨𝑡⟩𝛿, (3.17)

for some 0 < 𝛿 ≪ 1, then the following improved estimates hold for universal constants 𝑐1, 𝑐2 > 0:

‖𝛾‖𝑍 + ‖∇𝑥𝛾‖𝑍 ⩽ 𝜀 + 𝑐1𝜀
3, (3.18)

‖𝑥𝛾‖𝐿2𝑥,𝑣 + ‖𝛾‖𝐿2𝑣𝐻3
𝑥
+ ‖𝛾‖𝐻2

𝑥𝐻
1
𝑣
⩽ 𝜀 + 𝑐1𝜀

3, (3.19)

‖𝛾‖𝐿2𝑥𝐻2
𝑣
⩽ 𝜀⟨𝑡⟩𝑐1𝜀2 , (3.20)

‖𝛾‖𝐿2𝑥𝐻3
𝑣
⩽ 𝑐2𝜀⟨𝑡⟩𝑐2𝜀2 . (3.21)

The bounds on the 𝑍-norm, spatial regularity and spatial moments are essentially direct con-
sequences of the above decay estimates. The control of velocity regularity is the most delicate part
of the proof and requires a multilinear analysis.

Proof. As a direct consequence of the bootstrap hypotheses in (3.17), by Proposition 3.1 we have
the decay estimates

‖𝜕𝛼𝑥∇𝑥𝜙‖𝐿∞𝑥 ≲𝛿 ⟨𝑡⟩−3−|𝛼|+3𝛿𝜀2, |𝛼| ⩽ 1 (3.22)

‖𝜕𝛼𝑥∇𝑥𝜙‖𝐿∞𝑥 ≲𝛿 ⟨𝑡⟩−4+3𝛿𝜀2, |𝛼| = 2 (3.23)

‖𝜕𝛼𝑥∇𝑥𝜙‖𝐿2𝑥 ≲ ⟨𝑡⟩−7
2
+2𝛿𝜀2, |𝛼| = 3. (3.24)

Moreover, by (3.16) and the conservation of the 𝐿𝑝 norms of 𝛾, it is immediate that ‖𝛾(𝑡)‖𝐿2𝑥,𝑣 ⩽ 𝜀.
We prove the remaining bounds in (3.18)–(3.21) step by step.
Propagation of the 𝑍-norms in (3.18).
From (1.7), integrating by parts, we have

1

2

𝑑

𝑑𝑡 ∫ℝ2𝑥 𝛾
2(𝑥, 𝑣, 𝑡)𝑑𝑥 = ∫ ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅∇𝑣𝛾(𝑥, 𝑣, 𝑡)𝛾(𝑥, 𝑣, 𝑡)𝑑𝑥 +

𝑡

2 ∫ Δ𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡)𝛾2𝑑𝑥.

Integrating in time the previous identity and using Cauchy–Schwarz, we get

∫ℝ2𝑥 𝛾
2(𝑥, 𝑣, 𝑡)𝑑𝑥 ⩽ ∫ℝ2𝑥 𝛾

2
0(𝑥, 𝑣)𝑑𝑥 + 2∫

𝑡

0

‖‖∇𝑥𝜙(𝑠)
‖‖𝐿∞𝑥 ‖‖∇𝑣𝛾(𝑥, 𝑣, 𝑠)

‖‖𝐿2𝑥‖‖𝛾(𝑥, 𝑣, 𝑠)‖‖𝐿2𝑥𝑑𝑠
+ ∫

𝑡

0

𝑠‖‖Δ𝑥𝜙(𝑠)‖‖𝐿∞𝑥 ‖‖𝛾(𝑥, 𝑣, 𝑠)‖‖2𝐿2𝑥𝑑𝑠,
and hence

‖𝛾(𝑡)‖2𝑍 ⩽ ‖𝛾(0)‖2𝑍 + ∫
𝑡

0

‖∇𝑥𝜙(𝑠)‖𝐿∞𝑥 ‖∇𝑣𝛾(𝑠)‖𝑍‖𝛾(𝑠)‖𝑍𝑑𝑠 + ∫
𝑡

0

𝑠‖Δ𝑥𝜙(𝑠)‖𝐿∞𝑥 ‖𝛾(𝑠)‖2𝑍𝑑𝑠.
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 17 of 37

By Grönwall’s inequality, the decay estimate (3.22) and the Sobolev embeddings

‖𝛾‖𝑍 ≲ ‖𝛾‖𝐿2𝑥𝐻2
𝑣
, ‖∇𝑣𝛾‖𝑍 ≲ ‖𝛾‖𝐿2𝑥𝐻3

𝑣
,

this implies the claimed bound for the 𝑍-norm of 𝛾, since ‖‖𝛾0‖‖𝑍 ⩽ 𝜀 by assumption (3.16).
Similarly, since

𝜕𝑡(𝜕𝑥𝑗𝛾) = ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}(𝜕𝑥𝑗𝛾) + 𝜕𝑥𝑗∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}𝛾,

we have

1

2

𝑑

𝑑𝑡 ∫ℝ2𝑥 (𝜕𝑥𝑗𝛾)
2𝑑𝑥 = ∫ℝ2𝑥 ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ 𝜕𝑥𝑗∇𝑣𝛾𝜕𝑥𝑗𝛾𝑑𝑥 +

𝑡

2 ∫ℝ2𝑥 Δ𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡)(𝜕𝑥𝑗𝛾)
2𝑑𝑥

+ ∫ℝ2𝑥 ∇𝑥𝜕𝑥𝑗𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅∇𝑣𝛾𝜕𝑥𝑗𝛾𝑑𝑥 − 𝑡 ∫ℝ2𝑥 ∇𝑥𝜕𝑥𝑗𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅∇𝑥𝛾𝜕𝑥𝑗𝛾𝑑𝑥

=∶ 𝑇1 + 𝑇2 + 𝑇3 + 𝑇4.

(3.25)
To estimate the last three terms 𝑇2, 𝑇3, 𝑇4, a direct estimate suffices and gives

|𝑇2 + 𝑇3 + 𝑇4| ≲ 𝑡‖Δ𝑥𝜙‖𝐿∞𝑥 ‖𝜕𝑥𝑗𝛾‖2𝑍 + ‖𝜕𝑥𝑗∇𝜙‖𝐿∞𝑥 ‖∇𝑣𝛾‖𝑍‖𝜕𝑥𝑗𝛾‖𝑍
+ 𝑡‖𝜕𝑥𝑗∇𝜙‖𝐿∞𝑥 ‖∇𝑥𝛾‖𝑍‖𝜕𝑥𝑗𝛾‖𝑍. (3.26)

To bound the first term𝑇1 in (3.25), we slightly refine these arguments and use a Littlewood–Paley
decomposition to write

𝑇1 =
∑
𝐶1<𝐶2

𝑇
𝐶1,𝐶2
1

+
∑
𝐶1⩾𝐶2

𝑇
𝐶1,𝐶2
1

,

where

𝑇
𝐶1,𝐶2
1

∶= ∫ℝ2𝑥 ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ 𝜕𝑥𝑗∇𝑣𝛾𝐶1𝜕𝑥𝑗𝛾𝐶2𝑑𝑥

and we have used the Littlewood–Paley notation in (3.4). For the first sum above, it follows with
the Bernstein inequalities that∑

𝐶1<𝐶2

|𝑇𝐶1,𝐶2
1

| ⩽ ∑
𝐶1<𝐶2

‖∇𝑥𝜙‖𝐿∞𝑥 ‖𝜕𝑥𝑗∇𝑣𝛾𝐶1‖𝐿∞𝑣 𝐿2𝑥‖𝜕𝑥𝑗𝛾𝐶2‖𝐿∞𝑣 𝐿2𝑥
⩽

∑
𝐶1<𝐶2

‖∇𝑥𝜙‖𝐿∞𝑥 𝐶1‖𝜕𝑥𝑗∇𝑣𝛾𝐶1‖𝐿2𝑥,𝑣𝐶2‖𝜕𝑥𝑗𝛾𝐶2‖𝐿2𝑥,𝑣
⩽ ‖∇𝑥𝜙‖𝐿∞𝑥 ‖𝛾‖𝐻1

𝑥𝐻
1
𝑣
‖𝛾‖𝐻1

𝑥𝐻
2
𝑣
.

(3.27)

If 𝐶1 ⩾ 𝐶2 we integrate by parts to obtain that

𝑇
𝐶1,𝐶2
1

= −∫ℝ2𝑥 𝜕𝑥𝑗∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅∇𝑣𝛾𝐶1𝜕𝑥𝑗𝛾𝐶2𝑑𝑥 − ∫ℝ2𝑥 ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅∇𝑣𝛾𝐶1𝜕
2
𝑥𝑗
𝛾𝐶2𝑑𝑥

=∶ 𝑇1,12
𝐶1,𝐶2 + 𝑇

𝐶1,𝐶2
1,2

.

(3.28)
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18 of 37 IACOBELLI et al.

Reasoning as before, the first term in (3.28) leads to∑
𝐶1⩾𝐶2

|𝑇𝐶1,𝐶2
1,1

| ⩽ ∑
𝐶1⩾𝐶2

‖𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 ‖∇𝑣𝛾𝐶1‖𝐿∞𝑣 𝐿2𝑥‖𝜕𝑥𝑗𝛾𝐶2‖𝐿∞𝑣 𝐿2𝑥
⩽

∑
𝐶1⩾𝐶2

‖𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 𝐶1‖∇𝑣𝛾𝐶1‖𝐿2𝑥,𝑣𝐶2‖𝜕𝑥𝑗𝛾𝐶2‖𝐿2𝑥,𝑣
⩽ ‖𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 ∑

𝐶1⩾𝐶2

(
𝐶2
𝐶1

)‖𝛾𝐶1‖𝐿2𝑥𝐻3
𝑣
‖𝛾𝐶2‖𝐻1

𝑥𝐿
2
𝑣
,

while the second term is bounded similarly as∑
𝐶1⩾𝐶2

|𝑇𝐶1,𝐶2
1,2

| ⩽ ∑
𝐶1⩾𝐶2

‖∇𝑥𝜙‖𝐿∞𝑥 ‖∇𝑣𝛾𝐶1‖𝐿∞𝑣 𝐿2𝑥‖𝜕2𝑥𝑗𝛾𝐶2‖𝐿∞𝑣 𝐿2𝑥
⩽

∑
𝐶1⩾𝐶2

‖∇𝑥𝜙‖𝐿∞𝑥 𝐶1‖∇𝑣𝛾𝐶1‖𝐿2𝑥,𝑣𝐶2‖𝜕2𝑥𝑗𝛾𝐶2‖𝐿2𝑥,𝑣
⩽ ‖𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 ∑

𝐶1⩾𝐶2

(
𝐶2
𝐶1

)‖𝛾𝐶1‖𝐿2𝑥𝐻3
𝑣
‖𝛾𝐶2‖𝐻2

𝑥𝐿
2
𝑣
.

With (3.28) it follows that ∑
𝐶1⩾𝐶2

|𝑇𝐶1,𝐶2
1

| ≲ ‖𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 ‖𝛾‖𝐻2
𝑥𝐿

2
𝑣
‖𝛾‖𝐿2𝑥𝐻3

𝑣
. (3.29)

From (3.27) and (3.29), we thus have

|𝑇1| ≲ ‖∇𝑥𝜙‖𝐿∞𝑥 ‖𝛾‖𝐻1
𝑥𝐻

1
𝑣
‖𝛾‖𝐻1

𝑥𝐻
2
𝑣
+ ‖𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 ‖𝛾‖𝐻2

𝑥𝐿
2
𝑣
‖𝛾‖𝐿2𝑥𝐻3

𝑣
. (3.30)

Collecting the estimates in (3.30) and (3.26), integrating (3.25) in time and using the decay esti-
mate (3.22) and the bootstrap assumptions in (3.17), with the assumption on the initial data in
(3.16) we obtain the boundedness of ‖∇𝑥𝛾‖𝑍 stated in (3.18).
We highlight that in particular it follows with the boundedness of ‖𝛾‖𝑍 + ‖‖∇𝑥𝛾

‖‖𝑍 and the
bootstrap assumptions (3.17) that the 𝑍′-norm from (3.2) remains bounded:

‖𝛾‖𝑍′ + ‖‖∇𝑥𝛾
‖‖𝑍′ ≲ 𝜀. (3.31)

Energy estimates: control of the spatial moments in (3.19). By (1.7), we have that

𝜕𝑡(𝑥𝑗𝛾) − ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}(𝑥𝑗𝛾) = 𝑡𝜕𝑥𝑗𝜙(𝑥 + 𝑡𝑣, 𝑡)𝛾,

and it follows that

𝑑

𝑑𝑡
‖𝑥𝛾‖2

𝐿2𝑥,𝑣
= 𝑡‖𝛾∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ (𝑥𝛾)‖𝐿2𝑥,𝑣 ⩽ 𝑡‖∇𝑥𝜙‖𝐿∞𝑥 ‖𝛾‖𝐿2𝑥,𝑣‖𝑥𝛾‖𝐿2𝑥,𝑣 .

We conclude with Grönwall’s inequality and the decay bound (3.22) that

‖𝑥𝛾‖2
𝐿2𝑥,𝑣

⩽ ‖𝑥𝛾0‖2𝐿2𝑥,𝑣 𝑒∫ 𝑡
0 𝑠‖∇𝑥𝜙(𝑠)‖𝐿∞𝑥 ‖𝛾(𝑠)‖

𝐿2𝑥,𝑣
𝑑𝑠
≲ ‖𝑥𝛾0‖2𝐿2𝑥,𝑣 .
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 19 of 37

Energy estimates: control of spatial regularity in (3.19). Let 𝛼 ∈ ℕ2
0
be a multi-index with

1 ⩽ |𝛼| ⩽ 3. From (1.7) and the Leibniz rule, we get

1

2

𝑑

𝑑𝑡
‖𝜕𝛼𝑥𝛾‖2𝐿2𝑥,𝑣 = ∑

𝛽1+𝛽2=𝛼|𝛽2|<|𝛼|
𝑐𝛽1,𝛽2𝐽

𝛽1,𝛽2
𝛼 ,

with

𝐽
𝛽1,𝛽2
𝛼 ∶= ∬ ∇𝑥𝜕

𝛽1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑣}𝜕

𝛽2
𝑥 𝛾𝜕

𝛼
𝑥𝛾𝑑𝑥𝑑𝑣,

where the case |𝛽2| = |𝛼| in the summation is excluded by the divergence structure of the
nonlinearity. If |𝛽1| ⩽ 2, we will use the direct estimate

|𝐽𝛽1,𝛽2𝛼 | ⩽ ‖∇𝑥𝜕
𝛽1
𝑥 𝜙‖𝐿∞𝑥 (‖∇𝑣𝜕

𝛽2
𝑥 𝛾‖𝐿2𝑥,𝑣 + 𝑡‖∇𝑥𝜕

𝛽2
𝑥 𝛾‖𝐿2𝑥,𝑣)‖𝜕𝛼𝑥𝛾‖𝐿2𝑥,𝑣 ,

so that if 1 ⩽ |𝛼| ⩽ 2 there holds that

𝑑

𝑑𝑡
‖𝜕𝛼𝑥𝛾‖𝐿2𝑥,𝑣 ≲ ∑

𝛽1+𝛽2=𝛼|𝛽1|,|𝛽2|<|𝛼|
‖∇𝑥𝜕

𝛽1
𝑥 𝜙‖𝐿∞𝑥 (‖𝛾‖

𝐻
|𝛽2|
𝑥 𝐻1

𝑣

+ 𝑡‖𝛾‖
𝐻

|𝛽2|+1
𝑥 𝐿2𝑣

)
. (3.32)

On the other hand, when |𝛽1| = 3 (and thus 𝛽2 = 0) we note that

|𝐽𝛽1,0𝛼 | ⩽ ‖‖‖∇𝑥𝜕
𝛽1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}𝛾

‖‖‖𝐿2𝑥,𝑣‖𝜕𝛼𝑥𝛾‖𝐿2𝑥,𝑣
⩽ ‖∇𝑥𝜕

𝛼
𝑥𝜙‖𝐿2𝑥(‖∇𝑣𝛾‖𝐿2𝑣𝐿∞𝑥 + 𝑡‖∇𝑥𝛾‖𝐿2𝑣𝐿∞𝑥 )‖𝜕𝛼𝑥𝛾‖𝐿2𝑥,𝑣 , (3.33)

and thus when |𝛼| = 3 we have that

𝑑

𝑑𝑡
‖𝜕𝛼𝑥𝛾‖𝐿2𝑥,𝑣 ≲ ∑

𝛽1+𝛽2=𝛼|𝛽1|,|𝛽2|<|𝛼|
‖∇𝑥𝜕

𝛽1
𝑥 𝜙‖𝐿∞𝑥 (‖𝛾‖

𝐻
|𝛽2|
𝑥 𝐻1

𝑣

+ 𝑡‖𝛾‖
𝐻

|𝛽2|+1
𝑥 𝐿2𝑣

)

+ ‖∇𝑥𝜕
𝛼
𝑥𝜙‖𝐿2𝑥(‖𝛾‖𝐻2

𝑥𝐻
1
𝑣
+ 𝑡‖𝛾‖𝐻3

𝑥𝐿
2
𝑣

)
.

(3.34)

Since

‖𝛾‖𝐻1
𝑥𝐻

1
𝑣
⩽ ‖𝛾‖ 1

2

𝐻2
𝑥𝐿

2
𝑣

‖𝛾‖ 1
2

𝐿2𝑥𝐻
2
𝑣

, ‖𝛾‖𝐻2
𝑥𝐻

1
𝑣
⩽ ‖𝛾‖ 2

3

𝐻3
𝑥𝐿

2
𝑣

‖𝛾‖ 1

3

𝐿2𝑥𝐻
3
𝑣

,

we obtain the claim by integrating (3.32) resp. (3.34) and using the decay estimates (3.22)–(3.24)
for ∇𝑥𝜙 as well as the bootstrap assumptions (3.17).
Energy estimates: control of velocity regularity in (3.19)–(3.21). We are left to control the

𝐿2𝑥𝐻
|𝛼|
𝑣 , |𝛼| ⩽ 3, and𝐻2

𝑥𝐻
1
𝑣 norms of 𝛾, which we do case by case for |𝛼| ∈ {1, 2, 3}.

Case |𝛼| = 1: here we will establish that ‖𝛾‖𝐻2
𝑥𝐻

1
𝑣
remains uniformly bounded. We give the full

details for the highest order derivatives, as the proof for lower order terms proceeds along similar
but simpler lines.
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20 of 37 IACOBELLI et al.

For |𝛽| = 2, we compute from (1.7) that

1

2

𝑑

𝑑𝑡
‖𝜕𝛽𝑥𝜕𝑣𝑗𝛾‖2𝐿2𝑥,𝑣 = ∑

𝛼1+𝛼2=𝛽|𝛼2|<2
𝑐𝛼1,𝛼2𝑇

𝛼1,𝛼2
1

+ 𝑡
∑

𝛼1+𝛼2=𝛽

𝑐𝛼1,𝛼2𝑇
𝛼1,𝛼2
2

, (3.35)

where

𝑇
𝛼1,𝛼2
1

∶= ∬ 𝜕
𝛼1
𝑥 ∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}𝜕

𝛼2
𝑥 𝜕𝑣𝑗𝛾 𝜕

𝛽
𝑥𝜕𝑣𝑗𝛾𝑑𝑥𝑑𝑣,

𝑇
𝛼1,𝛼2
2

∶= ∬ 𝜕
𝛼1
𝑥 𝜕𝑥𝑗∇𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅ {∇𝑣 − 𝑡∇𝑥}𝜕

𝛼2
𝑥 𝛾 𝜕

𝛽
𝑥𝜕𝑣𝑗𝛾𝑑𝑥𝑑𝑣.

Notice that in the first summation in (3.35) the case |𝛼2| = 2 is excluded by the divergence
structure of the nonlinearity. In particular, there it suffices to bound

|𝑇𝛼1,𝛼2
1

| ⩽ ‖𝜕𝛼1𝑥 ∇𝑥𝜙‖𝐿∞𝑥 (‖𝛾‖
𝐻

|𝛼2|
𝑥 𝐻2

𝑣
+ 𝑡‖𝛾‖

𝐻
|𝛼2|+1
𝑥 𝐻1

𝑣

)‖𝜕𝛽𝑥𝜕𝑣𝑗𝛾‖𝐿2𝑥,𝑣 .
If |𝛼1| < 2 the analogous bound for 𝑇𝛼1,𝛼2

2
reads

|𝑇𝛼1,𝛼2
2

| ⩽ ‖𝜕𝛼1𝑥 𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 {‖𝛾‖𝐻|𝛼2|
𝑥 𝐻1

𝑣
+ 𝑡‖𝛾‖

𝐻
|𝛼2|+1
𝑥 𝐿2𝑣

}‖𝜕𝛽𝑥𝜕𝑣𝑗𝛾‖𝐿2𝑥,𝑣 ,
while if |𝛼1| = 2 (and thus 𝛼2 = 0), we have as in (3.33) that

|𝑇𝛼1,𝛼2
2

| ⩽ ‖𝜕𝛼1𝑥 𝜕𝑥𝑗∇𝑥𝜙‖𝐿2𝑥(‖∇𝑣𝛾‖𝐿2𝑣𝐿∞𝑥 + 𝑡‖∇𝑥𝛾‖𝐿2𝑣𝐿∞𝑥 )‖𝜕𝛽𝑥𝜕𝑣𝑗𝛾‖𝐿2𝑥,𝑣 .
Collecting these estimates, we get

𝑑

𝑑𝑡
‖𝜕𝛽𝑥𝜕𝑣𝑗𝛾‖𝐿2𝑥,𝑣 ≲ ∑

𝛼1+𝛼2=𝛽|𝛼2|<2
‖𝜕𝛼1𝑥 ∇𝑥𝜙‖𝐿∞𝑥 (‖𝛾‖

𝐻
|𝛼2|
𝑥 𝐻2

𝑣
+ 𝑡‖𝛾‖

𝐻
|𝛼2|+1
𝑥 𝐻1

𝑣

)

+ 𝑡
∑

𝛼1+𝛼2=𝛽|𝛼1|<2
‖𝜕𝛼1𝑥 𝜕𝑥𝑗∇𝑥𝜙‖𝐿∞𝑥 (‖𝛾‖

𝐻
|𝛼2|
𝑥 𝐻1

𝑣
+ 𝑡‖𝛾‖

𝐻
|𝛼2|+1
𝑥 𝐿2𝑣

)

+ ‖𝜕𝛽𝑥∇𝑥𝜙‖𝐿2𝑥(‖𝛾‖𝐻2
𝑥𝐻

1
𝑣
+ 𝑡‖𝛾‖𝐻3

𝑥𝐿
2
𝑣

)
.

This yields the claimed bound for ‖𝛾‖𝐻2
𝑥𝐻

1
𝑣
in (3.19) by integrating in time and using the assump-

tion on the initial datum in (3.16), the bootstrap hypotheses in (3.17), the 𝐿∞ decay estimates in
(3.22),(3.23) and the 𝐿2 bound in (3.24).
Case |𝛼| = 2: we compute that

1

2

𝑑

𝑑𝑡
‖𝜕𝛼𝑣 𝛾‖2𝐿2𝑥,𝑣 = ∑

𝛽1+𝛽2=𝛼|𝛽2|<|𝛼|
𝑐𝛽1,𝛽2 𝛽1,𝛽2

1
−

∑
𝛽1+𝛽2=𝛼|𝛽2|<|𝛼|

𝑐𝛽1,𝛽2 𝛽1,𝛽2
2

, (3.36)
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 21 of 37

where

 𝛽1,𝛽2
1

∶= ∬ℝ2𝑥,𝑣

∇𝑥𝜕
𝛽1
𝑣 {𝜙(𝑥 + 𝑡𝑣, 𝑡)} ⋅ 𝜕𝛽2𝑣 ∇𝑣𝛾(𝑥, 𝑣, 𝑡)𝜕

𝛼
𝑣 𝛾(𝑥, 𝑣, 𝑡)𝑑𝑥𝑑𝑣,

𝑇
𝛽1,𝛽2
2

∶= 𝑡∬ℝ2𝑥,𝑣

∇𝑥𝜕
𝛽1
𝑣 {𝜙(𝑥 + 𝑡𝑣, 𝑡)} ⋅ 𝜕𝛽2𝑣 ∇𝑥𝛾(𝑥, 𝑣, 𝑡)𝜕

𝛼
𝑣 𝛾(𝑥, 𝑣, 𝑡)𝑑𝑥𝑑𝑣.

(3.37)

From the decay estimates (3.22) and (3.23), we directly see that the first term gives an acceptable
contribution: ||| 𝛽1,𝛽2

1

||| ⩽ 𝑡|𝛽1|‖𝜕𝛽1𝑥 ∇𝑥𝜙‖𝐿∞𝑥 ‖𝛾‖2
𝐿2𝑥𝐻

|𝛼|
𝑣

≲ 𝜀2𝑡−2+3𝛿‖𝛾‖2
𝐿2𝑥𝐻

|𝛼|
𝑣

. (3.38)

Concerning the term  𝛽1,𝛽2
2

in (3.36), we use amultilinear expansion, replacing 𝜙with the integral
expression 𝐺2 ∗ 𝜌𝛾 given in (2.1), which gives that

 𝛽1,𝛽2
2

= 𝑡|𝛽1|+1 ∫
∞

0

𝐼
𝛽1,𝛽2
𝑅

𝑒−𝑅
𝑑𝑅

4𝜋𝑅
, (3.39)

where

𝐼
𝛽1,𝛽2
𝑅

∶= ∬ℝ2
𝛾2(𝑦 − 𝑡𝑤,𝑤, 𝑡)𝜕

𝛽1
𝑥 𝜕𝑥𝑗

{
𝜒(𝑅−

1
2 (𝑥 − 𝑦))

}
⋅ 𝜕𝑥𝑗𝜕

𝛽2
𝑣 𝛾(𝑥 − 𝑡𝑣, 𝑣, 𝑡)𝜕𝛼𝑣 𝛾(𝑥 − 𝑡𝑣, 𝑣, 𝑡)𝑑𝑥𝑑𝑦𝑑𝑤𝑑𝑣.

From the dispersive change of variables 𝑢 ↦ 𝑦 − 𝑡𝑤 =∶ 𝑎 and 𝑣 ↦ 𝑥 − 𝑡𝑣 =∶ 𝑏 we obtain that

𝐼
𝛽1,𝛽2
𝑅

= 𝑡−4∬ℝ2
𝛾2

(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)
𝜕
𝛽1
𝑥 𝜕𝑥𝑗

{
𝜒(𝑅−

1

2 (𝑥 − 𝑦))
}

⋅ 𝜕𝑥𝑗𝜕
𝛽2
𝑣 𝛾

(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)
𝜕𝛼𝑣 𝛾

(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)
𝑑𝑥𝑑𝑦𝑑𝑎𝑑𝑏.

Next, we integrate by parts in the 𝑦 variable, using

𝜕
𝛽1
𝑥 𝜕𝑥𝑗

{
𝜒(𝑅−

1
2 (𝑥 − 𝑦))

}
= (−1)|𝛽1|𝜕𝛽1𝑦 𝜕𝑥𝑗

{
𝜒(𝑅−

1
2 (𝑥 − 𝑦))

}
,

and obtain that

𝐼
𝛽1,𝛽2
𝑅

= 𝑡−4−|𝛽1| ∑
𝜃1+𝜃2=𝛽1,|𝜃1|⩽|𝜃2|

𝑐𝜃1,𝜃2𝐼
𝜃1,𝜃2,𝛽2
𝑅

,
(3.40)

where

𝐼
𝜃1,𝜃2,𝛽2
𝑅

∶= ∬ℝ2
𝜕
𝜃1
𝑣 𝛾

(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)
𝜕
𝜃2
𝑣 𝛾

(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)
𝜕𝑧𝑗

{
𝜒(𝑅−

1
2 𝑧)

}
⋅ 𝜕𝑥𝑗𝜕

𝛽2
𝑣 𝛾

(
𝑏,
𝑧 + 𝑦 − 𝑏

𝑡
, 𝑡

)
𝜕𝛼𝑣 𝛾

(
𝑏,
𝑧 + 𝑦 − 𝑏

𝑡
, 𝑡

)
𝑑𝑧𝑑𝑦𝑑𝑎𝑑𝑏.

(3.41)
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22 of 37 IACOBELLI et al.

To recap, from (3.39) and (3.40) we have that

 𝛽1,𝛽2
2

= 𝑡−3
∑

𝜃1+𝜃2=𝛽1,|𝜃1|⩽|𝜃2|
𝑐𝜃1,𝜃2 ∫

∞

0

𝐼
𝜃1,𝜃2,𝛽2
𝑅

𝑒−𝑅
𝑑𝑅

4𝜋𝑅
, (3.42)

and it suffices to bound appropriately the quantity 𝐼𝜃1,𝜃2,𝛽2
𝑅

in (3.41), where ||𝛽2|| < |𝛼| = 2 and
𝛽1 + 𝛽2 = 𝛼 by construction (see (3.36)). In what follows, we will show that

|||𝐼𝜃1,𝜃2,𝛽2𝑅

||| ≲ 𝑅
1
2 𝑡2𝜀2‖𝛾‖2

𝐿2𝑥𝐻
2
𝑣

, (3.43)

which by (3.42) implies

||| 𝛽1,𝛽2
2

||| ≲ 𝑡−1𝜀2‖𝛾‖2
𝐿2𝑥𝐻

2
𝑣

.

Together with (3.36) and (3.38), by Grönwall’s inequality and the assumption on the initial datum
in (3.16) we then obtain the slowly growing bound ‖𝛾‖𝐿2𝑥𝐻2

𝑣
stated in (3.20).

To establish (3.43), we start by considering the case 𝛽2 = 0, where 𝛽1 = 𝛼. If 𝜃1 = 0, then 𝜃2 =
𝛽1 = 𝛼 and we see that

|||𝐼0,𝛼,0𝑅

||| ⩽
(‖‖‖‖𝛾(𝑎, 𝑦𝑡 , 𝑡)‖‖‖‖𝐿∞𝑦 𝐿2𝑎 + ‖‖‖𝛾(𝑎, 𝑦 − 𝑎

𝑡
, 𝑡
)
− 𝛾

(
𝑎,
𝑦

𝑡
, 𝑡
)‖‖‖𝐿2𝑎𝐿∞𝑦

)

⋅ ‖‖‖𝜕𝛼𝑣 𝛾(𝑎, 𝑦 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑦,𝑎‖‖‖‖𝜕𝑧𝑗{𝜒(𝑅−1

2 𝑧)
}‖‖‖‖𝐿1𝑧

⋅
(‖‖‖𝜕𝑥𝑗𝛾(𝑏, 𝑧 + 𝑦

𝑡
, 𝑡
)‖‖‖𝐿∞𝑦 𝐿2𝑏 + ‖‖‖𝜕𝑥𝑗𝛾

(
𝑏,
𝑧 + 𝑦 − 𝑏

𝑡
, 𝑡

)
− 𝜕𝑥𝑗𝛾

(
𝑏,
𝑧 + 𝑦

𝑡
, 𝑡
)‖‖‖𝐿2

𝑏
𝐿∞𝑦

)
⋅ ‖‖‖𝜕𝛼𝑣 𝛾

(
𝑏,
𝑧 + 𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

≲ 𝑅
1

2 𝑡2‖𝛾‖𝑍′‖∇𝑥𝛾‖𝑍′‖𝛾‖2𝐿2𝑥𝐻2
𝑣

.

(3.44)
By the boundedness of the 𝑍-norms in (3.18), we get

|||𝐼0,𝛼,0𝑅

||| ≲ 𝑅
1

2 𝑡2𝜀2‖𝛾‖2
𝐿2𝑥𝐻

2
𝑣

.

If 𝛽2 = 0 and ||𝜃1|| = ||𝜃2|| = 1, then by Hölder’s inequality (in the 𝑦-variable) we have

|||𝐼𝜃1,𝜃2,0𝑅

||| ⩽ ‖‖‖𝜕𝜃1𝑣 𝛾(𝑎, 𝑦 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑎𝐿4𝑦‖‖‖𝜕𝜃2𝑣 𝛾(𝑎, 𝑦 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑎𝐿4𝑦‖‖‖‖𝜕𝑧𝑗{𝜒(𝑅−1

2 𝑧)
}‖‖‖‖𝐿1𝑧

⋅
(‖‖‖𝜕𝑥𝑗𝛾(𝑏, 𝑧 + 𝑦

𝑡
, 𝑡
)‖‖‖𝐿∞𝑦 𝐿2𝑏 + ‖‖‖𝜕𝑥𝑗𝛾

(
𝑏,
𝑧 + 𝑦 − 𝑏

𝑡
, 𝑡

)
− 𝛾

(
𝑏,
𝑧 + 𝑦

𝑡
, 𝑡
)‖‖‖𝐿2

𝑏
𝐿∞𝑦

)
⋅ ‖‖‖𝜕𝛼𝑣 𝛾

(
𝑏,
𝑧 + 𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑏,𝑦
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 23 of 37

≲ 𝑅
1
2 𝑡2‖‖∇𝑣𝛾

‖‖2𝐿2𝑥𝐿4𝑣‖‖∇𝑥𝛾
‖‖𝑍′‖𝛾‖𝐿2𝑥𝐻2

𝑣

≲ 𝑅
1

2 𝑡2‖𝛾‖𝐿2𝑥𝐻1
𝑣

‖‖∇𝑥𝛾
‖‖𝑍′‖𝛾‖2𝐿2𝑥𝐻2

𝑣

, (3.45)

where in the last step we have used the Gagliardo–Nirenberg inequality

‖∇𝑣𝛾‖𝐿2𝑥𝐿4𝑣 ≲ ‖𝛾‖ 1
2

𝐿2𝑥𝐻
1
𝑣

‖𝛾‖ 1
2

𝐿2𝑥𝐻
2
𝑣

. (3.46)

By the already established boundedness of ‖∇𝑥𝛾‖𝑍′ in (3.18) resp. (3.31) and of ‖𝛾‖𝐿2𝑥𝐻1
𝑣
in (3.19),

we get

|||𝐼𝜃1,𝜃2,0𝑅

||| ≲ 𝑅
1
2 𝑡2𝜀2‖𝛾‖2

𝐿2𝑥𝐻
2
𝑣

.

It remains to study the case ||𝛽2|| = 1. Here, we have ||𝛽1|| = 1 and 𝜃2 = 𝛽1, 𝜃1 = 0. In this case,
we integrate by parts once more:

𝐼
0,𝛽1,𝛽2
𝑅

= 𝑡−1
∑

(𝜃3,𝜃4)∈{(𝑒𝑗,𝛽1),(0,𝛽1+𝑒𝑗)}

𝑐𝜃3,𝜃4ℑ
𝜃3,𝜃4
𝑅

, (3.47)

where

ℑ
𝜃3,𝜃4
𝑅

∶= ∬ℝ2
𝜕
𝜃3
𝑣 𝛾

(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)
𝜕
𝜃4
𝑣 𝛾

(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)
𝜒(𝑅−

1

2 (𝑥 − 𝑦))

⋅ 𝜕𝑥𝑗𝜕
𝛽2
𝑣 𝛾

(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)
𝜕𝛼𝑣 𝛾

(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)
𝑑𝑥𝑑𝑦𝑑𝑎𝑑𝑏.

(3.48)

When 𝜃3 = 0, |𝜃4| = |𝛼|, we have that
|||ℑ0,𝜃4

𝑅

||| ⩽ ‖‖‖𝛾(𝑎, 𝑦 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿∞𝑦 𝐿2𝑎‖‖‖𝜕𝜃4𝑣 𝛾(𝑎, 𝑦 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑦,𝑎‖‖‖‖𝜒(𝑅−1

2 (𝑥 − 𝑦))
‖‖‖‖𝐿2𝑦

⋅ ‖‖‖𝜕𝑥𝑗𝜕𝛽2𝑣 𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑥,𝑏

‖‖‖𝜕𝛼𝑣 𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑥,𝑏

≲ 𝑅
1
2 𝑡3‖𝛾‖𝑍′‖𝛾‖𝐻1

𝑥𝐻
1
𝑣
‖𝛾‖2

𝐿2𝑥𝐻
2
𝑣

.

By the already proved boundedness of ‖𝛾‖𝑍′ in (3.18) resp. (3.31) and ‖𝛾‖𝐻1
𝑥𝐻

1
𝑣
in (3.19), we

conclude that

|||ℑ0,𝜃4
𝑅

||| ≲ 𝑅
1
2 𝑡3𝜀2‖𝛾‖2

𝐿2𝑥𝐻
2
𝑣

. (3.49)
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24 of 37 IACOBELLI et al.

Similarly, if |𝜃3| = |𝜃4| = 1 we obtain as above

|||ℑ𝜃3,𝜃4
𝑅

||| ⩽ ‖‖‖∇𝑣𝛾
(
𝑎,
𝑦 − 𝑎

𝑡
, 𝑡
)‖‖‖2𝐿2𝑎𝐿4𝑦‖‖‖‖𝜒(𝑅−1

2 (𝑥 − 𝑦)
)‖‖‖‖𝐿2𝑦

⋅ ‖‖‖𝜕𝑥𝑗𝜕𝛽2𝑣 𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑏,𝑥

‖‖‖𝜕𝛼𝑣 𝛾
(
𝑏,
𝑥 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑏,𝑥

≲ 𝑅
1
2 𝑡3‖∇𝑣𝛾‖2𝐿2𝑥𝐿4𝑣‖𝛾‖𝐻1

𝑥𝐻
1
𝑣
‖𝛾‖𝐿2𝑥𝐻2

𝑣

≲ 𝑅
1
2 𝑡3‖𝛾‖𝐿2𝑥𝐻1

𝑣
‖𝛾‖𝐻1

𝑥𝐻
1
𝑣
‖𝛾‖2

𝐿2𝑥𝐻
2
𝑣

,

where we used again (3.46). By the already proved boundedness of ‖𝛾‖𝐻1
𝑥𝐻

1
𝑣
in (3.19), it follows

that |||ℑ𝜃3,𝜃4
𝑅

||| ≲ 𝑅
1
2 𝑡3𝜀2‖𝛾‖2

𝐿2𝑥𝐻
2
𝑣

. (3.50)

Collecting (3.49) and (3.50) inside (3.47), we obtain

|||𝐼0,𝛽1,𝛽2𝑅

||| ≲ 𝑅
1

2 𝑡2𝜀2‖𝛾‖2
𝐿2𝑥𝐻

2
𝑣

,

finishing the proof of (3.43).
Case |𝛼| = 3: we use the decomposition (3.36) and (3.37), and study first  𝛽1,𝛽2

1
. If |𝛽1|, |𝛽2| ⩽ 2,

we can proceed as in (3.38), getting||| 𝛽1,𝛽2
1

||| ≲ 𝜀2𝑡−2+3𝛿‖𝛾‖2
𝐿2𝑥𝐻

3
𝑣

. (3.51)

Otherwise, if all the derivatives fall on ∇𝑥𝜙 (and thus 𝛽1 = 𝛼), we change variables

 𝛼,0
1

= 𝑡|𝛼|−2∬ℝ2𝑥,𝑣

∇𝑥𝜕
𝛼
𝑥𝜙(𝑥 + 𝑡𝑣, 𝑡) ⋅∇𝑣𝛾

(
𝑎,
𝑥 − 𝑎

𝑡
, 𝑡
)
𝜕𝛼𝑣 𝛾

(
𝑎,
𝑥 − 𝑎

𝑡
, 𝑡
)
𝑑𝑥𝑑𝑎

and get

||| 𝛼,0
1

||| ⩽ 𝑡|𝛼|−2‖∇𝑥𝜕
𝛼
𝑥𝜙‖𝐿2𝑥‖‖‖∇𝑣𝛾

(
𝑎,
𝑥 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑎𝐿∞𝑥 ‖‖‖𝜕𝛼𝑣 𝛾(𝑎, 𝑥 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑥,𝑎

⩽ 𝑡|𝛼|−1‖∇𝑥𝜕
𝛼
𝑥𝜙‖𝐿2𝑥‖∇𝑣𝛾‖𝐿2𝑥𝐿∞𝑣 ‖𝛾‖𝐿2𝑥𝐻3

𝑣
≲ 𝑡|𝛼|−1‖∇𝑥𝜕

𝛼
𝑥𝜙‖𝐿2𝑥‖𝛾‖2𝐿2𝑥𝐻3

𝑣

≲ 𝜀2⟨𝑡⟩−3

2
+2𝛿‖𝛾‖2

𝐿2𝑥𝐻
3
𝑣

,

where in the last inequality we used the Sobolev embedding ‖∇𝑣𝛾‖𝐿2𝑥𝐿∞𝑣 ≲ ‖𝛾‖𝐿2𝑥𝐻3
𝑣
and the decay

estimate (3.24).
We now pass to study the term  𝛽1,𝛽2

2
in (3.37). We perform the multilinear expansion as in

(3.42) and we study the term 𝐼
𝜃1,𝜃2,𝛽2
𝑅

in (3.41).
If 𝛽2 = 𝜃1 = 0 and 𝜃2 = 𝛼, then we proceed as in (3.44) and we get

|||𝐼0,𝛼,0𝑅

||| ≲ 𝑅
1
2 𝑡2‖𝛾‖𝑍′‖∇𝑥𝛾‖𝑍′‖𝜕𝛼𝑣 𝛾‖2𝐿2𝑥,𝑣 ≲ 𝑅

1
2 𝑡2𝜀2‖𝛾‖2

𝐿2𝑥𝐻
3
𝑣

. (3.52)
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 25 of 37

If 𝛽2 = 0, |𝜃1| = 1 and |𝜃2| = 2, arguing as in (3.45), we have

|||𝐼𝜃1,𝜃2,0𝑅

||| ≲ 𝑅
1
2 𝑡2‖𝜕𝜃1𝑣 𝛾‖𝐿2𝑥𝐿4𝑣‖𝜕𝜃2𝑣 𝛾‖𝐿2𝑥𝐿4𝑣‖∇𝑥𝛾‖𝑍′‖𝜕𝛼𝑣 𝛾‖𝐿2𝑥,𝑣

≲ 𝑅
1
2 𝑡2‖∇𝑥𝛾‖𝑍′‖𝛾‖ 1

2

𝐿2𝑥𝐻
1
𝑣

‖𝛾‖𝐿2𝑥𝐻2
𝑣
‖𝛾‖ 3

2

𝐿2𝑥𝐻
3
𝑣

where in the last inequality we have used (3.46) for ‖𝜕𝜃1𝑣 𝛾‖𝐿2𝑥𝐿4𝑣 and ‖𝜕𝜃2𝑣 𝛾‖𝐿2𝑥𝐿4𝑣 . By the already
established bounds (3.19) and (3.20), we conclude

|||𝐼𝜃1,𝜃2,0𝑅

||| ≲ 𝑅
1
2 𝑡2𝜀2

[
𝜀
1
2 ⟨𝑡⟩𝐶𝜀2‖𝛾‖ 3

2

𝐿2𝑥𝐻
3
𝑣

]
≲ 𝑅

1
2 𝑡2𝜀2

⎡⎢⎢⎣𝜀2⟨𝑡⟩6𝐶𝜀
2
+

‖𝛾‖2
𝐿2𝑥𝐻

3
𝑣⟨𝑡⟩ 23 𝐶𝜀2
⎤⎥⎥⎦, (3.53)

where in the last step we applied Young’s inequality.
If |𝛽2| = 1, we consider first the subcase 𝜃1 = 0 and thus |𝜃2| = |𝛽1| = 2. We have

|||𝐼0,𝜃2,𝛽2𝑅

||| ≲ ‖‖‖‖𝛾(𝑎, 𝑦 + 𝑧 − 𝑎

𝑡
, 𝑡
)‖‖‖‖𝐿∞𝑦 𝐿2𝑎‖‖‖𝜕𝜃2𝑣 𝛾

(
𝑎,
𝑦 + 𝑧 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿4𝑦𝐿2𝑎‖‖‖∇𝑧

{
𝜒(𝑅−

1

2 𝑧)
}‖‖‖𝐿1𝑧

⋅ ‖‖‖𝜕𝑥𝑗𝜕𝛽2𝑣 𝛾
(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿4𝑦𝐿2𝑏‖‖‖𝜕𝛼𝑣 𝛾
(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

≲ 𝑅
1

2 𝑡2‖𝛾‖𝑍′‖𝜕𝜃2𝑣 𝛾‖ 1

2

𝐿2𝑥,𝑣
‖𝛾‖ 1

2

𝐿2𝑥𝐻
3
𝑣

‖𝛾‖ 1

2

𝐻1
𝑥𝐻

1
𝑣

‖𝛾‖ 1

2

𝐻1
𝑥𝐻

2
𝑣

‖𝛾‖𝐿2𝑥𝐻3
𝑣
,

where in the last inequality we used again (3.46). With ‖𝛾‖𝐻1
𝑥𝐻

2
𝑣
≲ ‖𝛾‖ 1

2

𝐻2
𝑥𝐻

1
𝑣

‖𝛾‖ 1

2

𝐿2𝑥𝐻
3
𝑣

and (3.19),
(3.20) we conclude that

|||𝐼0,𝜃2,𝛽2𝑅

||| ≲ 𝑅
1

2 𝑡2𝜀2
[
𝜀
1

4 ⟨𝑡⟩ 𝐶𝜀22 ‖𝛾‖ 7

4

𝐿2𝑥𝐻
3
𝑣

]
≲ 𝑅

1

2 𝑡2𝜀2
⎡⎢⎢⎣𝜀2⟨𝑡⟩8𝜀

2
+

‖𝛾‖2
𝐿2𝑥𝐻

3
𝑣⟨𝑡⟩ 47 𝜀2
⎤⎥⎥⎦. (3.54)

On the other hand, if |𝛽2| = 1 and |𝜃1| = |𝜃2| = 1, we integrate by parts as in (3.47)–(3.48). In
this case, we have to study ℑ𝜃3,𝜃4

𝑅
with |𝜃3| = 1, |𝜃4| = 2. We get

|||ℑ𝜃3,𝜃4
𝑅

||| ≲ ‖‖‖𝜕𝜃3𝑣 𝛾(𝑎, 𝑥 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑎𝐿4𝑥‖‖‖𝜕𝜃4𝑣 𝛾(𝑎, 𝑥 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑎𝐿4𝑥‖‖‖‖𝜒(𝑅−1

2 (𝑥 − 𝑦)
)‖‖‖‖𝐿2𝑥

⋅ ‖‖‖𝜕𝑥𝑗𝜕𝛽2𝑣 𝛾
(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

‖‖‖𝜕𝛼𝑣 𝛾
(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

≲ 𝑅
1

2 𝑡3‖𝛾‖ 1
2

𝐿2𝑥𝐻
1
𝑣

‖𝛾‖𝐿2𝑥𝐻2
𝑣
‖𝛾‖𝐻1

𝑥𝐻
1
𝑣
‖𝛾‖ 3

2

𝐿2𝑥𝐻
3
𝑣

,

and with (3.19), (3.20) it follows that

|||ℑ𝜃3,𝜃4
𝑅

||| ≲ 𝑅
1

2 𝑡3𝜀2
[
𝜀
1

2 ⟨𝑡⟩𝐶𝜀2‖𝛾‖ 3
2

𝐿2𝑥𝐻
3
𝑣

]
≲ 𝑅

1

2 𝑡3𝜀2
⎡⎢⎢⎣𝜀2⟨𝑡⟩6𝐶𝜀

2
+

‖𝛾‖2
𝐿2𝑥𝐻

3
𝑣⟨𝑡⟩ 23 𝐶𝜀2
⎤⎥⎥⎦. (3.55)
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26 of 37 IACOBELLI et al.

Lastly, if |𝛽2| = 2 then 𝜃1 = 0 and |𝜃2| = 1, and we use again (3.47)–(3.48). There, either |𝜃3| =|𝜃4| = 1 or |𝜃3| = 0, |𝜃4| = 2. If |𝜃3| = |𝜃4| = 1, we obtain as above that

|||ℑ𝜃3,𝜃4
𝑅

||| ≲ ‖‖‖∇𝑣𝛾
(
𝑎,
𝑥 − 𝑎

𝑡
, 𝑡
)‖‖‖2𝐿2𝑎𝐿4𝑥‖‖‖‖𝜒(𝑅−1

2 (𝑥 − 𝑦)
)‖‖‖‖𝐿2𝑥

⋅ ‖‖‖𝜕𝑥𝑗𝜕𝛽2𝑣 𝛾
(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

‖‖‖𝜕𝛼𝑣 𝛾
(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

≲ 𝑅
1

2 𝑡3‖𝛾‖𝐿2𝑥𝐻1
𝑣
‖𝛾‖𝐿2𝑥𝐻2

𝑣
‖𝛾‖𝐻1

𝑥𝐻
2
𝑣
‖𝛾‖𝐿2𝑥𝐻3

𝑣

≲ 𝑅
1

2 𝑡3‖𝛾‖𝐿2𝑥𝐻1
𝑣
‖𝛾‖𝐿2𝑥𝐻2

𝑣
‖𝛾‖ 1

2

𝐻2
𝑥𝐻

1
𝑣

‖𝛾‖ 3

2

𝐿2𝑥𝐻
3
𝑣

,

and hence

|||ℑ𝜃3,𝜃4
𝑅

||| ≲ 𝑅
1

2 𝑡3𝜀
5

2 ⟨𝑡⟩𝐶𝜀2‖𝛾‖ 3

2

𝐿2𝑥𝐻
3
𝑣

≲ 𝑅
1

2 𝑡3𝜀2
⎡⎢⎢⎣𝜀2⟨𝑡⟩6𝐶𝜀

2
+

‖𝛾‖2
𝐿2𝑥𝐻

3
𝑣⟨𝑡⟩ 23 𝐶𝜀2
⎤⎥⎥⎦. (3.56)

If |𝜃3| = 0, |𝜃4| = 2, analogously we obtain

|||ℑ0,𝜃4
𝑅

||| ≲ ‖‖‖𝛾(𝑎, 𝑥 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿∞𝑥 𝐿2𝑎‖‖‖𝜕𝜃2𝑣 𝛾(𝑎, 𝑥 − 𝑎

𝑡
, 𝑡
)‖‖‖𝐿2𝑥,𝑎‖‖‖‖𝜒(𝑅−1

2 (𝑥 − 𝑦)
)‖‖‖‖𝐿2𝑥

×
‖‖‖𝜕𝑥𝑗𝜕𝛽2𝑣 𝛾

(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

‖‖‖𝜕𝛼𝑣 𝛾
(
𝑏,
𝑦 − 𝑏

𝑡
, 𝑡

)‖‖‖𝐿2
𝑦,𝑏

≲ 𝑅
1
2 𝑡3‖𝛾‖𝑍′‖𝛾‖𝐿2𝑥𝐻2

𝑣
‖𝛾‖𝐻1

𝑥𝐻
2
𝑣
‖𝛾‖𝐿2𝑥𝐻3

𝑣
,

and thus

|||ℑ0,𝜃4
𝑅

||| ≲ 𝑅
1

2 𝑡3𝜀
5

2 ⟨𝑡⟩𝐶𝜀2‖𝛾‖ 3

2

𝐿2𝑥𝐻
3
𝑣

≲ 𝑅
1

2 𝑡3𝜀2
⎡⎢⎢⎣𝜀2⟨𝑡⟩6𝐶𝜀

2
+

‖𝛾‖2
𝐿2𝑥𝐻

3
𝑣⟨𝑡⟩ 23 𝐶𝜀2
⎤⎥⎥⎦. (3.57)

Collecting the estimates (3.52)–(3.57), we conclude that

||| 𝛽1,𝛽2
2

||| ≲ 𝑡−1𝜀2
[
𝜀2⟨𝑡⟩8𝐶𝜀2 + ‖𝛾‖2

𝐿2𝑥𝐻
3
𝑣

]
.

Together with (3.51) and the assumptions on the initial data in (3.16), by Grönwall’s inequality we
obtain the claimed bound (3.21). □

Remark 3.3 (Propagation of regularity and sharp decay). Reasoning as in Proposition 3.2, one can
propagate boundedness of higher regularity in 𝑥, 𝑣, and of higher order spatial moments as well.
More precisely, for an arbitrary 𝑛 ∈ ℕ one could propagate 𝐻𝑛

𝑥,𝑣 estimates on 𝛾, with 𝐻
𝑛
𝑥𝐿

2
𝑣 and

𝐿2𝑥𝐻
𝑛−2
𝑣 norms uniformly bounded and 𝐿2𝑥𝐻

𝑛
𝑣 bounds slowly growing. In particular, provided that

at least ‖𝛾‖𝐿2𝑥𝐻3
𝑣
remains bounded, we would obtain the sharp decay estimate for∇𝑥𝜙, since as in

(2.6) we have that

‖‖∇𝑥𝜙
‖‖𝐿∞𝑥 ≲ ⟨𝑡⟩−3‖𝛾‖𝐿2𝑥𝐿∞𝑣 ‖‖∇𝑣𝛾

‖‖𝐿2𝑥𝐿∞𝑣 ≲ ⟨𝑡⟩−3‖𝛾‖2
𝐿2𝑥𝐻

3
𝑣

.
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 27 of 37

3.3 Free scattering

We can now conclude the proof of Theorem 1.1 in the case 𝑑 = 2. We state it here for the unknown
𝛾, and note that the result for 𝜇(𝑥, 𝑣, 𝑡) = 𝛾(𝑥 − 𝑡𝑣, 𝑣, 𝑡) with 𝛾(𝑥, 𝑣, 0) = 𝜇0(𝑥, 𝑣) follows directly.

Theorem 3.4 (Free scattering in 𝑑 = 2). If 𝑑 = 2, there exists 𝜀0 > 0, such that if

‖𝑥𝜇0‖𝐿2𝑥,𝑣 + ‖‖𝜇0‖‖𝑍 + ‖‖∇𝑥𝜇0
‖‖𝑍 + ‖𝜇0‖𝐻3

𝑥,𝑣
⩽ 𝜀 ⩽ 𝜀0,

then there exists a unique, global solution 𝛾 ∈ 𝐶𝑡(ℝ,𝐻
3
𝑥,𝑣(ℝ

2 × ℝ2)) of (1.7) which satisfies moreover

‖𝑥𝛾(𝑡)‖𝐿2𝑥,𝑣 + ‖‖𝛾(𝑡)‖‖𝑍 + ‖‖∇𝑥𝛾(𝑡)
‖‖𝑍 + ‖𝛾(𝑡)‖𝐿2𝑣𝐻3

𝑥
≲ 𝜀, ‖𝛾(𝑡)‖𝐿2𝑥𝐻3

𝑣
≲ 𝜀⟨𝑡⟩𝐶𝜀2 , (3.58)

for a universal constant 𝐶 > 0. Moreover, there exists an asymptotic distribution function 𝛾∞ ∈

𝐻1
𝑥,𝑣 ∩ 𝑍 such that

lim
𝑡→∞

‖𝛾(𝑥, 𝑣, 𝑡) − 𝛾∞(𝑥, 𝑣)‖𝐻1
𝑥,𝑣∩𝑍

= 0. (3.59)

Proof. The existence of a unique global solution 𝛾 of (1.7) as claimed follows by classical local-
wellposedness and by propagation of the bounds on moments and derivatives in Proposition 3.2.
It remains to show the asymptotic convergence property (3.59): from (1.7) and Propositions 3.1 and
3.2, we have by (3.58) that for some 0 < 𝛿 ≪ 1 sufficiently small

‖𝜕𝑡𝛾(𝑡)‖𝑍 ⩽ ‖∇𝑥𝜙(𝑡)‖𝐿∞𝑥 (‖∇𝑣𝛾(𝑡)‖𝑍 + 𝑡‖∇𝑥𝛾(𝑡)‖𝑍)
≲ 𝜀3⟨𝑡⟩−2+𝛿+𝐶𝜀2 ,

‖𝜕𝑡𝜕𝑥𝑗𝛾(𝑡)‖𝐿2𝑥,𝑣 ⩽ ‖‖∇𝑥𝜙(𝑡)
‖‖𝐿∞(‖𝜕𝑥𝑗∇𝑣𝛾(𝑡)‖𝐿2𝑥,𝑣 + 𝑡‖𝜕𝑥𝑗∇𝑥𝛾(𝑡)‖𝐿2𝑥,𝑣 )

+ ‖𝜕𝑥𝑗∇𝑥𝜙(𝑡)‖𝐿∞𝑥 (‖∇𝑣𝛾(𝑡)‖𝐿2𝑥,𝑣 + 𝑡‖∇𝑥𝛾(𝑡)‖𝐿2𝑥,𝑣 )
≲ 𝜀3⟨𝑡⟩−2+𝛿+𝐶𝜀2 ,

‖𝜕𝑡𝜕𝑣𝑘𝛾(𝑡)‖𝐿2𝑥,𝑣 ⩽ ‖‖∇𝑥𝜙(𝑡)
‖‖𝐿∞(‖𝜕𝑣𝑘∇𝑣𝛾(𝑡)‖𝐿2𝑥,𝑣 + 𝑡‖𝜕𝑣𝑘∇𝑥𝛾(𝑡)‖𝐿2𝑥,𝑣 )

+ 𝑡‖𝜕𝑥𝑘∇𝑥𝜙(𝑡)‖𝐿∞𝑥 (‖∇𝑣𝛾(𝑡)‖𝐿2𝑥,𝑣 + 𝑡‖∇𝑥𝛾(𝑡)‖𝐿2𝑥,𝑣 )
≲ 𝜀3⟨𝑡⟩−2+𝛿+𝐶𝜀2 ,

so that 𝜕𝑡𝛾 is time-integrable in 𝐻1
𝑥,𝑣 ∩ 𝑍 and the existence of 𝛾∞ ∈ 𝐻1

𝑥,𝑣 ∩ 𝑍 satisfying (3.59)
follows. □

4 LONG-TIME STABILITY IN 𝒅 = 𝟏

In this section,wework in analytic functional setting. For 𝜆 > 0 and𝑓 ∶ ℝ𝑥 × ℝ𝑣 → ℝwe consider
the spatial and velocity regularity norms
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28 of 37 IACOBELLI et al.

𝜆𝑣 [𝑓] ∶=
∞∑
𝑛=0

𝜆𝑛

𝑛!
‖‖𝜕𝑛𝑣𝑓‖‖𝐿2𝑥,𝑣 , 𝜆𝑥 [𝑓] ∶=

∞∑
𝑛=0

𝜆𝑛

𝑛!
‖‖𝜕𝑛𝑥𝑓‖‖𝐿2𝑥,𝑣 .

The rest of this section is devoted to the proof of Theorem 1.3, which we state here again for
convenience:

Theorem 4.1 (Long-time stability in 𝑑 = 1). There exists a universal constant 𝐶 > 0 such that the
following holds. For given 𝑅 > 0, there exists 𝜀0 ∈ (0, 𝐶−

1

2 𝑅
1

2 ) such that if 𝛾0 satisfies∑
𝑎∈{0,1}

(𝑅𝑥 [𝜕𝑎𝑥𝛾0] + 𝑅𝑣 [𝜕𝑎𝑣 𝛾0]) ⩽ 𝜀 ⩽ 𝜀0, (4.1)

then there exist 𝑇 ≳ 𝑅2𝜀−4 and a unique solution 𝛾 ∈ 𝐶𝑡([0, 𝑇], ∩
∞
𝑘=1

𝐻𝑘
𝑥,𝑣(ℝ × ℝ)) to the screened

Vlasov–Poisson equation (1.7) with 𝛾(𝑥, 𝑣, 0) = 𝛾0(𝑥, 𝑣), which moreover satisfies∑
𝑎∈{0,1}

(𝜆𝑡𝑣 [𝜕𝑎𝑣 𝛾(𝑡)] + 𝜆𝑡𝑥 [𝜕𝑎𝑥𝛾(𝑡)]
)
≲ 𝜀, 𝜆𝑡 = 𝜆𝑡(𝑅, 𝜀) ∶= 𝑅 − 𝐶𝜀2⟨𝑡⟩ 12 , 0 ⩽ 𝑡 ⩽ 𝑇.

We highlight that the time of existence improves as the analyticity-parameter 𝑅 resp. the size 𝜀
of the initial data increases resp. decreases.
The proof of this result proceeds by first demonstrating some linear decay estimates in

Section 4.1, whereupon a bootstrap in Section 4.2 can be established.

4.1 Linear estimates

Toward linear decay estimates, for 𝜆 > 0 we define the analytic norms

 𝜆
𝑣 [𝜙ℎ(𝑡)] ∶=

∞∑
𝑛=0

𝜆𝑛

𝑛!
⟨𝑡⟩𝑛‖‖𝜕𝑛𝑥𝜙ℎ(𝑡)‖‖𝐿∞𝑥 (ℝ), 𝜆

𝑣[ℎ(𝑡)] ∶=

∞∑
𝑛=0

𝜆𝑛

𝑛!
‖‖𝜕𝑛𝑣ℎ(𝑡)‖‖𝐿2𝑥𝐿∞𝑣 ,

where 𝜙ℎ is defined as in (2.1). We highlight that the order of the Lebesgue spaces in (𝑥, 𝑣) in the
definition of the-norm is reversed with respect to the 𝑍-norm defined in (3.1). This allows for
simpler linear estimates, but we underline that in the proof of Theorem 4.1 it will only be used via
embeddings in the 𝐿2-based energy norms: we observe that

𝜆
𝑣[ℎ] =

∞∑
𝑛=0

𝜆𝑛

𝑛!
‖‖𝜕𝑛𝑣ℎ‖‖𝐿2𝑥𝐿∞𝑣 ≲

∞∑
𝑛=0

𝜆𝑛

𝑛!
‖‖𝜕𝑛𝑣ℎ‖‖ 1

2

𝐿2𝑥,𝑣

‖‖‖𝜕𝑛+1𝑣 ℎ
‖‖‖ 1

2

𝐿2𝑥,𝑣
≲ 𝜆𝑣 [ℎ]

1
2 𝜆𝑣 [𝜕𝑣ℎ]

1
2 .

For future reference, we also record some interpolation estimates for mixed derivatives, namely

𝜆𝑥 [𝜕𝑣ℎ] =
∞∑
𝑛=0

𝜆𝑛

𝑛!
‖‖𝜕𝑣𝜕𝑛𝑥ℎ‖‖𝐿2𝑥,𝑣 ⩽ ∞∑

𝑛=0

𝜆𝑛

𝑛!

‖‖‖𝜕𝑛+1𝑥 ℎ
‖‖‖ 𝑛

𝑛+1

𝐿2𝑥,𝑣

‖‖‖𝜕𝑛+1𝑣 ℎ
‖‖‖ 1

𝑛+1

𝐿2𝑥,𝑣

⩽

∞∑
𝑛=0

𝜆𝑛

𝑛!

(
𝑛

𝑛 + 1

‖‖‖𝜕𝑛+1𝑥 ℎ
‖‖‖𝐿2𝑥,𝑣 + 1

𝑛 + 1

‖‖‖𝜕𝑛+1𝑣 ℎ
‖‖‖𝐿2𝑥,𝑣

)
⩽ 𝜆𝑥 [𝜕𝑥ℎ] + 𝜆𝑣 [𝜕𝑣ℎ],

(4.2)
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 29 of 37

and analogously

𝜆𝑥 [𝜕2𝑣ℎ] ⩽ 𝜆𝑥 [𝜕2𝑥ℎ] + 𝜆𝑣 [𝜕2𝑣ℎ]. (4.3)

Our decay estimates read as follows.

Lemma 4.2. For 𝜆 > 0, there holds that

 𝜆
𝑣 [⟨𝑡⟩𝜕𝑥𝜙ℎ(𝑡)] ≲ ⟨𝑡⟩−1∕2(𝜆

𝑣[ℎ]𝜆𝑣 [𝜕𝑣ℎ] + 𝜆𝑥 [𝜕𝑥ℎ]𝜆𝑥 [ℎ]), (4.4)

 𝜆
𝑣 [⟨𝑡⟩2𝜕2𝑥𝜙ℎ(𝑡)] ≲ ⟨𝑡⟩−1∕2𝜆

𝑣[ℎ]𝜆𝑣 [𝜕2𝑣ℎ]+⟨𝑡⟩−1(𝜆
𝑣[𝜕𝑣ℎ]

2 + 𝜆𝑥 [𝜕2𝑥ℎ]𝜆𝑥 [ℎ])+⟨𝑡⟩−3

2 𝜆𝑥 [𝜕𝑥ℎ]2. .

(4.5)

Proof. We begin by proving (4.4). Recalling that 𝜙ℎ = 𝐺1 ∗ 𝜌ℎ with the Green function 𝐺1 from
(1.9), when 0 ⩽ 𝑡 ⩽ 1 we directly obtain that

 𝜆
𝑣 [⟨𝑡⟩𝜕𝑥𝜙ℎ(𝑡)] ≲ 𝜆𝑥 [𝜕𝑥ℎ]𝜆𝑥 [ℎ].

We henceforth assume that 𝑡 ⩾ 1. With the standard dispersive change of variables we have that

𝜙ℎ(𝑥, 𝑡) = ∬ 𝐺1(𝑦)ℎ
2(𝑥 − 𝑦 − 𝑡𝑤,𝑤, 𝑡)𝑑𝑦𝑑𝑤 = 𝑡−1∬ 𝐺1(𝑦)ℎ

2
(
𝑎,
𝑥 − 𝑦 − 𝑎

𝑡
, 𝑡
)
𝑑𝑦𝑑𝑎

and thus

𝑡𝑛+1𝜕𝑛+1𝑥 𝜙ℎ(𝑥, 𝑡) = 𝑡−1
𝑛+1∑
𝑖=0

(
𝑛 + 1

𝑖

)
∫

∞

0 ∬ℝ×ℝ

𝜒(𝑟−
1
2 𝑧)𝜕𝑖𝑣ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
)

⋅ 𝜕𝑛+1−𝑖𝑣 ℎ
(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
)
𝑑𝑧𝑑𝑎

𝑒−𝑟√
4𝜋𝑟

𝑑𝑟.

It follows with the splitting 𝑛 + 1 = (𝑛 + 1 − 𝑖) + 𝑖 that

𝜆𝑛𝑡
𝑛!
𝑡𝑛+1𝜕𝑛+1𝑥 𝜙ℎ(𝑥, 𝑡) = 𝐼1 + 𝐼2,

where

𝐼1 ∶= 𝑡−1
𝑛+1∑
𝑖=1

∬ 𝐺1(𝑧)
𝜆𝑖−1

(𝑖 − 1)!
𝜕𝑖𝑣ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
) 𝜆𝑛+1−𝑖𝑡

(𝑛 + 1 − 𝑖)!
𝜕𝑛+1−𝑖𝑣 ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
)
𝑑𝑧𝑑𝑎,

𝐼2 ∶= 𝑡−1
𝑛∑
𝑖=0

∬ 𝐺1(𝑧)
𝜆𝑖

𝑖!
𝜕𝑖𝑣ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
) 𝜆𝑛−𝑖𝑡

(𝑛 − 𝑖)!
𝜕𝑛+1−𝑖𝑣 ℎ

(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
)
𝑑𝑧𝑑𝑎.

By taking the ‖⋅‖𝐿2𝑥𝐿∞𝑣 norm in the terms in 𝐼1, 𝐼2 with the same amount of derivatives as in the
corresponding factorial, we conclude that

∞∑
𝑛=0

𝜆𝑛

𝑛!

‖‖‖⟨𝑡⟩𝑛+1𝜕𝑛+1𝑥 𝜙ℎ(𝑡)
‖‖‖𝐿∞𝑥 (ℝ)
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30 of 37 IACOBELLI et al.

⩽ 𝑡−
1
2

∞∑
𝑛=0

𝜆𝑛
𝑛+1∑
𝑖=1

‖𝜕𝑖𝑣ℎ‖𝐿2𝑥,𝑣
(𝑖 − 1)!

‖𝜕𝑛+1−𝑖𝑣 ℎ‖𝐿2𝑥𝐿∞𝑣
(𝑛 + 1 − 𝑖)!

+ 𝑡−
1
2

∞∑
𝑛=0

𝜆𝑛
𝑛∑
𝑖=0

‖𝜕𝑖𝑣ℎ‖𝐿2𝑥𝐿∞𝑣
𝑖!

‖𝜕𝑛+1−𝑖𝑣 ℎ‖𝐿2𝑥,𝑣
(𝑛 − 𝑖)!

≲ 𝑡−
1

2𝜆
𝑣[ℎ]𝜆𝑣 [𝜕𝑣ℎ],

where in the last inequality we inverted the order in the summations. This implies the claim.
The estimate (4.5) follows analogously, using for 0 ⩽ 𝑡 ⩽ 1 that

 𝜆
𝑣 [⟨𝑡⟩2𝜕2𝑥𝜙ℎ(𝑡)] ≲ 𝜆𝑥 [𝜕2𝑥ℎ]𝜆𝑥 [ℎ] + 𝜆𝑥 [𝜕𝑥ℎ]2

and for 𝑡 ⩾ 1 that

𝑡𝑛+2𝜕𝑛+2𝑥 𝜙ℎ(𝑥, 𝑡) = 𝑡−1
𝑛+2∑
𝑖=0

(
𝑛 + 2

𝑖

)
∫

∞

0 ∬ℝ×ℝ

𝜒(𝑟−
1

2 𝑧)𝜕𝑖𝑣ℎ
(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
)

⋅ 𝜕𝑛+2−𝑖𝑣 ℎ
(
𝑎,
𝑥 − 𝑧 − 𝑎

𝑡
, 𝑡
)
𝑑𝑧𝑑𝑎

𝑒−𝑟√
4𝜋𝑟

𝑑𝑟.
□

4.2 Nonlinear analysis

We establish the following bootstrap, which readily implies Theorem 4.1.

Proposition 4.3 (Bootstrap estimates in 𝑑 = 1). There exists 𝜀0 > 0 such that if 𝛾 is a solution to
(1.7) satisfying the initial data assumptions (4.1) and∑

𝑎∈{0,1}

(𝜆𝑡𝑣 [𝜕𝑎𝑣 𝛾(𝑡)] + 𝜆𝑡𝑥 [𝜕𝑎𝑥𝛾(𝑡)]
)
≲ 𝜀 ⩽ 𝜀0, 0 ⩽ 𝑡 ⩽ 𝑇, (4.6)

where 𝑇 ≳ 𝑅2𝜀−4, then we have the improved bound∑
𝑎∈{0,1}

(𝜆𝑡𝑣 [𝜕𝑎𝑣 𝛾(𝑡)] + 𝜆𝑡𝑥 [𝜕𝑎𝑥𝛾(𝑡)]
)
⩽ 𝜀 + 𝐶𝜀3, 0 ⩽ 𝑡 ⩽ 𝑇.

Since henceforth all our normswill depend on the same time-dependent analyticity parameter

𝜆 = 𝜆𝑡 ∶= 𝑅 − 𝐶𝜀2⟨𝑡⟩ 12
as in Proposition 4.3 andTheorem4.1, hereafterwewill suppress it to not overburden the notation.

Proof. We first notice that by the bootstrap assumptions (4.6), with Lemma 4.2 we have the
following decay bounds:

𝑣[⟨𝑡⟩𝜕𝑥𝜙(𝑡)] ≲ 𝜀2⟨𝑡⟩−1∕2,
𝑣[⟨𝑡⟩2𝜕2𝑥𝜙(𝑡)] ≲ 𝜀⟨𝑡⟩−1∕2(𝑥[𝜕2𝑥𝛾(𝑡)] + 𝑣[𝜕2𝑣𝛾(𝑡)]) + 𝜀2⟨𝑡⟩−3

2 .

(4.7)
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 31 of 37

I. Control of 𝑥[𝛾] + 𝑣[𝛾]We differentiate

𝑥[𝛾(𝑡)] + 𝑣[𝛾(𝑡)] =
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

(‖‖𝜕𝑛𝑥𝛾(𝑡)‖‖𝐿2𝑥,𝑣 + ‖‖𝜕𝑛𝑣 𝛾(𝑡)‖‖𝐿2𝑥,𝑣)
to get that

𝑑

𝑑𝑡
(𝑥[𝛾(𝑡)] + 𝑣[𝛾(𝑡)]) = 𝜆̇𝑡(𝑥[𝜕𝑥𝛾(𝑡)] + 𝑣[𝜕𝑣𝛾(𝑡)]) +𝑥 +𝑣 (4.8)

with

𝑥 ∶=

∞∑
𝑛=1

𝜆𝑛𝑡
𝑛!

𝑑

𝑑𝑡
‖‖𝜕𝑛𝑥𝛾(𝑡)‖‖𝐿2𝑥,𝑣 , 𝑣 ∶=

∞∑
𝑛=1

𝜆𝑛𝑡
𝑛!

𝑑

𝑑𝑡
‖‖𝜕𝑛𝑣 𝛾(𝑡)‖‖𝐿2𝑥,𝑣 , (4.9)

where we used that ‖𝛾‖𝐿2𝑥,𝑣 is conserved.
Concerning𝑥 in (4.9), from Equation (1.7) for 𝛾 we directly obtain that

1

2

𝑑

𝑑𝑡
‖‖𝜕𝑛𝑥𝛾‖‖2𝐿2𝑥,𝑣 = 𝑛∑

𝑗=1

(
𝑛

𝑗

)
∬ 𝜕𝑛𝑥𝛾𝜕

𝑗+1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕𝑣𝜕

𝑛−𝑗
𝑥 𝛾𝑑𝑥𝑑𝑣

− 𝑡

𝑛∑
𝑗=1

(
𝑛

𝑗

)
∬ 𝜕𝑛𝑥𝛾𝜕

𝑗+1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕

𝑛−𝑗+1
𝑥 𝛾𝑑𝑥𝑑𝑣

=∶ 1 + 2,

with bounds

1 ⩽ 𝑛!‖‖𝜕𝑛𝑥𝛾‖‖𝐿2𝑥,𝑣 𝑛∑
𝑗=1

‖‖‖𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

𝑗!

‖‖‖𝜕𝑣𝜕𝑛−𝑗𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣

(𝑛 − 𝑗)!
, (4.10)

and

2 ⩽ 𝑡𝑛!‖‖𝜕𝑛𝑥𝛾‖‖𝐿2𝑥,𝑣 𝑛∑
𝑗=1

‖‖‖𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

𝑗!

‖‖‖𝜕𝑛−𝑗+1𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣

(𝑛 − 𝑗)!
. (4.11)

Collecting (4.10) and (4.11), we arrive at

𝑥 ⩽

(
∞∑
𝑗=1

𝜆
𝑗
𝑡

𝑗!

‖‖‖𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖𝜕𝑣𝜕𝑛𝑥𝛾‖‖𝐿2𝑥,𝑣
)

+ 𝑡

(
∞∑
𝑗=1

𝜆
𝑗
𝑡

𝑗!

‖‖‖𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑛+1𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣

)
⩽ ⟨𝑡⟩−2𝑣[⟨𝑡⟩𝜕𝑥𝜙(𝑡)]𝑥[𝜕𝑣𝛾(𝑡)] + ⟨𝑡⟩−1𝑣[⟨𝑡⟩𝜕𝑥𝜙(𝑡)]𝑥[𝜕𝑥𝛾(𝑡)].

With the interpolation estimates in (4.2) and the decay bounds (4.7), this yields

𝑥 ≲
(⟨𝑡⟩−5

2 + ⟨𝑡⟩−3

2

)
𝜀3. (4.12)
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32 of 37 IACOBELLI et al.

We next study𝑣. We have

1

2

𝑑

𝑑𝑡
‖‖𝜕𝑛𝑣 𝛾‖‖2𝐿2𝑥,𝑣 = 𝑛∑

𝑗=1

(
𝑛

𝑗

)
∬ 𝜕𝑛𝑣 𝛾𝑡

𝑗𝜕
𝑗+1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕

𝑛−𝑗+1
𝑣 𝛾𝑑𝑥𝑑𝑣

−

𝑛∑
𝑗=1

(
𝑛

𝑗

)
∬ 𝜕𝑛𝑣 𝛾(𝑡𝜕𝑥)

𝑗+1𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕𝑥𝜕
𝑛−𝑗
𝑣 𝛾𝑑𝑥𝑑𝑣

=∶ 1 + 2,
with bounds

1 ⩽ 𝑛!‖‖𝜕𝑛𝑣 𝛾‖‖𝐿2𝑥,𝑣 𝑛∑
𝑗=1

‖‖‖⟨𝑡⟩𝑗𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

𝑗!

‖‖‖𝜕𝑛−𝑗+1𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣

(𝑛 − 𝑗)!
, (4.13)

and

2 ⩽ 𝑛!‖‖𝜕𝑛𝑣 𝛾‖‖𝐿2𝑥,𝑣 𝑛∑
𝑗=1

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

𝑗!

‖‖‖𝜕𝑥𝜕𝑛−𝑗𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣

(𝑛 − 𝑗)!
. (4.14)

Collecting (4.13) and (4.14), we arrive at

𝑣 ⩽

(
∞∑
𝑗=1

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑛+1𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣

)

+

(
∞∑
𝑗=1

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖𝜕𝑥𝜕𝑛𝑣 𝛾‖‖𝐿2𝑥,𝑣
)

⩽ ⟨𝑡⟩−1𝑣[⟨𝑡⟩𝜕𝑥𝜙(𝑡)]𝑣[𝜕𝑣𝛾(𝑡)] +𝑣[⟨𝑡⟩𝜕𝑥𝜙(𝑡)]𝑣[𝜕𝑥𝛾(𝑡)].
By the decay bounds (4.7) and the interpolation estimate

𝑣[𝜕𝑥𝛾] ⩽ 𝑣[𝜕𝑣𝛾] + 𝑥[𝜕𝑥𝛾],
we conclude

𝑣 ≲ ⟨𝑡⟩−3

2 𝜀3 + ⟨𝑡⟩−1

2 𝜀2(𝑣[𝜕𝑣𝛾(𝑡)] + 𝑥[𝜕𝑥𝛾(𝑡)]). (4.15)

Inserting (4.12) and (4.15) in (4.8), there holds that

𝑑

𝑑𝑡
(𝑥[𝛾] + 𝑣[𝛾]) ⩽ (𝜆̇𝑡 + 𝐶𝜀2⟨𝑡⟩−1

2 )(𝑥[𝜕𝑥𝛾] + 𝑣[𝜕𝑣𝛾]) + 𝐶𝜀3⟨𝑡⟩−3

2 ⩽ 𝐶𝜀3⟨𝑡⟩−3

2

upon choosing 𝜆𝑡 = 𝑅 − 𝐶𝜀2⟨𝑡⟩ 12 as in the statement. This gives the claim.
II. Control of 𝑥[𝜕𝑥𝛾] + 𝑣[𝜕𝑣𝛾].
We now study

𝑥[𝜕𝑥𝛾] + 𝑣[𝜕𝑣𝛾] =
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

(‖‖‖𝜕𝑛+1𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣 + ‖‖‖𝜕𝑛+1𝑣 𝛾

‖‖‖𝐿2𝑥,𝑣
)
,
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for which

𝑑

𝑑𝑡
(𝑥[𝜕𝑥𝛾] + 𝑣[𝜕𝑣𝛾]) = 𝜆̇𝑡

(𝑥[𝜕2𝑥𝛾] + 𝑣[𝜕2𝑣𝛾]) + 𝑥 + 𝑣 (4.16)

with

𝑥 ∶=
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

𝑑

𝑑𝑡

‖‖‖𝜕𝑛+1𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣 , 𝑣 ∶=

∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

𝑑

𝑑𝑡

‖‖‖𝜕𝑛+1𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣 . (4.17)

Concerning 𝑥 in (4.17), we get

1

2

𝑑

𝑑𝑡

‖‖‖𝜕𝑛+1𝑥 𝛾
‖‖‖2𝐿2𝑥,𝑣 =

𝑛+1∑
𝑗=1

(
𝑛 + 1

𝑗

)
∬ 𝜕𝑛+1𝑥 𝛾𝜕

𝑗+1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕𝑣𝜕

𝑛+1−𝑗
𝑥 𝛾𝑑𝑥𝑑𝑣

+ 𝑡

𝑛+1∑
𝑗=1

(
𝑛 + 1

𝑗

)
∬ 𝜕𝑛+1𝑥 𝛾𝜕

𝑗+1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕

𝑛+2−𝑗
𝑥 𝛾𝑑𝑥𝑑𝑣.

It follows that

∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

𝑑

𝑑𝑡

‖‖‖𝜕𝑛+1𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣 ⩽ ⟨𝑡⟩−2( ∞∑

𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+2𝜕𝑗+2𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖𝜕𝑣𝜕𝑛𝑥𝛾‖‖𝐿2𝑥,𝑣
)

+ ⟨𝑡⟩−1( ∞∑
𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑣𝜕𝑛+1𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣

)

+ ⟨𝑡⟩−1( ∞∑
𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+2𝜕𝑗+2𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑛+1𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣

)

+

(
∞∑
𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑛+2𝑥 𝛾
‖‖‖𝐿2𝑥,𝑣

)
=∶ 𝐵1 + 𝐵2 + 𝐵3 + 𝐵4.

By the interpolation estimates in (4.2) and (4.3), we get

𝐵1 + 𝐵2 ⩽ ⟨𝑡⟩−2𝑣[⟨𝑡⟩2𝜕2𝑥𝜙](𝑥[𝜕𝑥𝛾] + 𝑣[𝜕𝑣𝛾]) + ⟨𝑡⟩−1𝑣[⟨𝑡⟩𝜕𝑥𝜙](𝑥[𝜕2𝑥𝛾] + 𝑣[𝜕2𝑣𝛾]),
while

𝐵3 + 𝐵4 ⩽ ⟨𝑡⟩−1𝑣[⟨𝑡⟩2𝜕2𝑥𝜙]𝑥[𝜕𝑥𝛾] +𝑣[⟨𝑡⟩𝜕𝑥𝜙]𝑥[𝜕2𝑥𝛾],
so that by (4.7) and (4.6)

𝑥 ≲
(⟨𝑡⟩−1

2 + ⟨𝑡⟩−3

2 + ⟨𝑡⟩−5

2

)
𝜀2
(𝑣[𝜕2𝑣𝛾(𝑡)] + 𝑥[𝜕2𝑥𝛾(𝑡)]) + ⟨𝑡⟩−3

2 𝜀3. (4.18)
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We next study 𝑣 in (4.17). With

1

2

𝑑

𝑑𝑡

‖‖‖𝜕𝑛+1𝑣 𝛾
‖‖‖2𝐿2𝑥,𝑣 =

𝑛+1∑
𝑗=1

(
𝑛 + 1

𝑗

)
∬ 𝜕𝑛+1𝑣 𝛾𝑡𝑗𝜕

𝑗+1
𝑥 𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕

𝑛+2−𝑗
𝑣 𝛾𝑑𝑥𝑑𝑣

−

𝑛+1∑
𝑗=1

(
𝑛 + 1

𝑗

)
∬ 𝜕𝑛+1𝑣 𝛾(𝑡𝜕𝑥)

𝑗+1𝜙(𝑥 + 𝑡𝑣, 𝑡)𝜕𝑥𝜕
𝑛+1−𝑗
𝑣 𝛾𝑑𝑥𝑑𝑣

=∶ 𝐶1 + 𝐶2,

we obtain that

𝐶1 ⩽ ⟨𝑡⟩−1(𝑛 + 1)!
‖‖‖𝜕𝑛+1𝑣 𝛾

‖‖‖𝐿2𝑥,𝑣
𝑛+1∑
𝑗=1

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

𝑗!

‖‖‖𝜕𝑛+2−𝑗𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣

(𝑛 + 1 − 𝑗)!
,

and

𝐶2 ⩽ (𝑛 + 1)!
‖‖‖𝜕𝑛+1𝑣 𝛾

‖‖‖𝐿2𝑥,𝑣
𝑛+1∑
𝑗=1

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

𝑗!

‖‖‖𝜕𝑥𝜕𝑛+1−𝑗𝑣
‖‖‖𝐿2𝑥,𝑣

(𝑛 + 1 − 𝑗)!
,

so that altogether

∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

𝑑

𝑑𝑡

‖‖‖𝜕𝑛+1𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣 ⩽ ⟨𝑡⟩−1( ∞∑

𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+2𝜕𝑗+2𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑛+1𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣

)

+ ⟨𝑡⟩−1( ∞∑
𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑛+2𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣

)

+

(
∞∑
𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+2𝜕𝑗+2𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖𝜕𝑥𝜕𝑛𝑣 𝛾‖‖𝐿2𝑥,𝑣
)

+

(
∞∑
𝑗=0

𝜆
𝑗
𝑡

𝑗!

‖‖‖⟨𝑡⟩𝑗+1𝜕𝑗+1𝑥 𝜙
‖‖‖𝐿∞𝑥

)(
∞∑
𝑛=0

𝜆𝑛𝑡
𝑛!

‖‖‖𝜕𝑥𝜕𝑛+1𝑣 𝛾
‖‖‖𝐿2𝑥,𝑣

)
=∶ 𝐷1 + 𝐷2 + 𝐷3 + 𝐷4.

We have

𝐷1 + 𝐷2 ⩽ ⟨𝑡⟩−1(𝑣[⟨𝑡⟩2𝜕2𝑥𝜙]𝑣[𝜕𝑣𝛾] +𝑣[⟨𝑡⟩𝜕𝑥𝜙]𝑣[𝜕2𝑣𝛾]), (4.19)

while, by interpolation as in (4.2) and (4.3)

𝑣[𝜕𝑥𝛾] ⩽ 𝑣[𝜕𝑣𝛾] + 𝑥[𝜕𝑥𝛾], 𝑣[𝜕𝑥𝜕𝑣𝛾] ⩽ 𝑣[𝜕2𝑣𝛾] + 𝑥[𝜕2𝑥𝛾],
and we thus get

𝐷3 + 𝐷4 ⩽ 𝑣[⟨𝑡⟩2𝜕2𝑥𝜙](𝑥[𝜕𝑥𝛾] + 𝑣[𝜕𝑣𝛾]) +𝑣[⟨𝑡⟩𝜕𝑥𝜙](𝑥[𝜕2𝑥𝛾] + 𝑣[𝜕2𝑣𝛾]). (4.20)
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Collecting (4.19) and (4.20) we obtain that

𝑣 ≲
(⟨𝑡⟩−1

2 + ⟨𝑡⟩−3
2

)
𝜀2
(𝑣[𝜕2𝑣𝛾] + 𝑥[𝜕2𝑥𝛾]) + ⟨𝑡⟩−3

2 𝜀3. (4.21)

Inserting (4.18) and (4.21) in (4.16) shows that for a universal constant 𝐶 > 0 there holds that

𝑑

𝑑𝑡
(𝑥[𝜕𝑥𝛾] + 𝑣[𝜕𝑣𝛾]) ⩽ (𝜆̇𝑡 + 𝐶𝜀2⟨𝑡⟩−1

2 )
(𝑥[𝜕2𝑥𝛾] + 𝑣[𝜕2𝑣𝛾]) + 𝐶⟨𝑡⟩−3

2 𝜀3 ⩽ 𝐶⟨𝑡⟩−3

2 𝜀3

upon choosing 𝜆𝑡 = 𝑅 − 𝐶𝜀2⟨𝑡⟩ 12 as in the statement, whereby the requirement that 𝜆𝑡 > 0 yields
the claimed timescale 𝑇 ≳ 𝑅2𝜀−4. □

APPENDIX A: PROOF OF AN AUXILIARY STATEMENT
Proof of (3.3). For ℎ ∶ ℝ2 × ℝ2 → ℝ we introduce the Littlewood–Paley decomposition

ℎ𝑀(𝑥, 𝑣) ∶= −1
𝜂→𝑣

[
𝜓
(
𝑀−1𝜂

)𝑣→𝜂ℎ
]
(𝑥, 𝑣),

where  is the Fourier transform in the velocity variable, 𝑀 ∈ 2ℤ a dyadic number and 𝜓 a
Littlewood–Paley function, that is, a bump function compactly supported in 2−1 ⩽ |𝜂| ⩽ 2 (see,
e.g., [41, Appendix A]). We see that with ℎ =

∑
𝑀 ℎ𝑀 and

ℎ𝑀

(
𝑎,
𝑥 − 𝑎

𝑡

)
− ℎ𝑀

(
𝑎,
𝑥

𝑡

)
=

2∑
𝑗=1

∫
1

0

𝑎𝑗

𝑡
𝜕𝑣𝑗ℎ𝑀

(
𝑎,
𝑥

𝑡
− 𝜃

𝑎

𝑡

)
𝑑𝜃, (A.1)

there holds that‖‖‖ℎ(𝑎, 𝑥 − 𝑎

𝑡

)
− ℎ

(
𝑎,
𝑥

𝑡

)‖‖‖𝐿2𝑎𝐿∞𝑥 ≲
∑
𝑀∈2ℤ

min
{
𝑡−1𝑀2‖𝑥ℎ‖𝐿2𝑥,𝑣 ,𝑀−1‖ℎ‖𝐿2𝑥𝐻2

𝑣

}
, (A.2)

where the first term inside the minimum is obtained from the r.h.s of (A.1) using that

‖‖‖‖‖
2∑
𝑗=1

∫
1

0

𝑎𝑗

𝑡
𝜕𝑣𝑗ℎ𝑀

(
𝑎,
𝑥

𝑡
− 𝜃

𝑎

𝑡

)
𝑑𝜃

‖‖‖‖‖𝐿2𝑎𝐿∞𝑥 ≲ 𝑡−1‖𝑥𝜕𝑣ℎ𝑀‖𝐿2𝑥𝐿∞𝑣
and then using Bernstein’s inequalities ‖ℎ𝑀‖𝐿2𝑥𝐿∞𝑣 ≲ 𝑀‖ℎ𝑀‖𝐿2𝑥,𝑣 and ‖∇𝑣ℎ𝑀‖𝐿2𝑥,𝑣 ≃ 𝑀‖ℎ𝑀‖𝐿2𝑥,𝑣
(see, e.g., [41]). The second term inside the minimum in (A.2) is obtained from the l.h.s of (A.1)
by using again that ‖ℎ𝑀‖𝐿2𝑥𝐿∞𝑣 ≲ 𝑀‖ℎ𝑀‖𝐿2𝑥,𝑣 ≈ 𝑀−1‖ℎ𝑀‖𝐿2𝑥𝐻2

𝑣
.

For an integer 𝐵 > 0 to be fixed, we get∑
𝑀∈2ℤ

min
{
𝑡−1𝑀2‖𝑥ℎ‖𝐿2𝑥,𝑣 ,𝑀−1‖ℎ‖𝐿2𝑥𝐻2

𝑣

}
≲ 𝑡−1‖𝑥ℎ‖𝐿2𝑥,𝑣 ∑

𝑗⩽𝐵

22𝑗 + ‖ℎ‖𝐿2𝑥𝐻2
𝑣

∑
𝑗>𝐵

2−𝑗.

Optimizing in 𝐵, we conclude (3.3). □
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