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1 | INTRODUCTION

This paper is devoted to the study of the stability of vacuum in the screened Vlasov-Poisson
system. This system models the behavior of interacting charged particles in plasmas, where long-
range Coulomb forces are truncated by Debye shielding, see, for instance, [16, Chapter 3] and [13,
Chapter 2]. In addition, as discussed for example in [9, Chapter 5] or [42, Section 2.2], it is also
used in astrophysical contexts to describe self-gravitating systems with gravitational screening,
such as galaxies within dark matter halos.

Here, we study the evolution of initially small particle distribution functions” u : R% x R% x
R — R, d > 1, satisfying

atlu+v’vxl"‘_vx¢'vv:u:0’

(1.1)
Q= A)p(x,t) = p(x,t) = /uq;d w2 (x, v, Hdv.

Compared to the classical Vlasov-Poisson system, the standard Coulomb interaction kernel is
replaced by screened interactions. This is particularly relevant from the point of view of ions in
a massless electron approximation [1], for example. In such contexts, a more complicated, non-
linear version of the Poisson equation in the second line of (1.1) is sometimes also considered
(see, e.g., [10, 12, 20, 22, 23, 25, 26]), for which not vacuum but spatially homogeneous (and suit-
ably normalized) solutions can be natural stationary configurations. Our focus, however, is on the
essential features of screening in the absence of homogeneous backgrounds, which are captured
adequately by (1.1).

In contrast to the classical Vlasov-Poisson equations (for electrons, where —A¢ = p), screen-
ing de-singularizes the Poisson equation for the potential ¢, and is thus generally expected to
lead to “better-behaved” dynamics. Nevertheless, even in the setting of screened interactions the
long-time behavior of solutions to (1.1) is largely unknown. In the special case of dynamics near
vacuum, in a first approximation it is natural to consider linearized dynamics, that is, the behav-
ior of solutions to the free transport equation, and then to ask whether nonlinear effects are of
perturbative nature.* The answer to this latter question depends crucially on the time decay rates
of the force field V,¢ in (1.1), which in turn depend on the dimension and on the form of the
Poisson law in (1.1).

In all this, screened interactions are mathematically of particular interest in low dimensions
d < 2[2, Section 6], where the relevant stability mechanisms are comparatively weak. Indeed, in
such settings, the corresponding classical Vlasov-Poisson equations are ill-understood, even near
vacuum.’ As a consequence, whether or not nonlinear effects are of perturbative nature becomes a
question of a delicate balance between linear decay mechanisms and nonlinear propagation of the

TThe corresponding physically relevant, non-negative particle distribution is f(x,v,t) = u>(x,v,t) > 0. For our argu-
ments, the L?-based setting for y is more technically convenient—see [31] and also [18].

¥ Hereby the sign in front of the nonlinear term in the first equation in (1.1) is of no consequence. For simplicity, we have
chosen to stick to the plasma physical convention.

§In d = 2, to the best of our knowledge the strongest result to date concerns long-time (but not asymptotic) dynamics for a
class of symmetry restricted initial data [5], while in d = 1 we are not aware of results going beyond local well-posedness.

A 'T ‘9202 ‘0SLL69VT

)"00SYIRLPUO /SNy WO |

8518017 SUOLILLOD 3AIERID) 3|edl|dde 3y} Aq pauAob afe Sao1e O ‘SN JO S3nu 10} A1Riq1T8UIIUO A8|IA UO (SUORIPUD-PUE-SWULBY /W00 A3 | IMAlelq1BuIjuO//SdIY) SUONIPUOD PUe W | 8y} 89S *[9202/20/T0] Uo AiqITauliuo AB|1m ‘1l eURILR0D Aq 9210, SWII/ZTTT 0T/I0p/W00 A8 |Im A



ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION | 3 of 37

ingredients (such as localization and regularity) required for their control. In addition to its main
results for (1.1), we hope that this paper will contribute to an improved overall understanding of
the stability mechanisms near vacuum in the unconfined setting, and in particular on the interplay
of dimensions, localization, and regularity.

Our first main result shows that the asymptotic behavior of this system in dimensions d > 2 is
a free scattering dynamic.

Theorem 1.1. Let d > 2. There exists €, > 0 such that if i, : R? x RY - R satisfies

lfd 2 3: ||<x>mﬂ0||L;?U(Rded) + ”VX,UIMOHL;?U(RdXRd) < 3 S Eo, m > d, (12)

ifd=2: lxpollz mexme) + 1Mol (m2xw2) < € < €0, (1.3)

then there exists a unique, global in time solution u € C;(R, W}C’f(Rd X R%)), d >3, resp. u €
C,(R,H2 (R* X R%))to(1.1) forwith u(x,v,0) = py(x, v). Moreover, the associated force fields decay
as

[Vl pomay SO A 23, VO] o) S O, (1.4)

and u converges along trajectories of the linearized flow: there exists y ., € L;"U([Rd x R%), d > 3, resp.
Yoo € H, (R* X R?) such that

u(x +tU,0,8) = Yo (x,0), — 00, IinLy resp.in H}C - (1.5)

Remark 1.2. We highlight some points of interest:

(1) Decay estimates for small data solutions to the screened Vlasov-Poisson equation in d > 2
go back to [14, 17, 24], where sharp decay was obtained in [17] using the vector fields method
of [39]. In a setting of comparatively high regularity, this implies global stability of vacuum
via decay of the density and its derivatives (compare (2.2)-(2.4), (3.6)—(3.7) and Remarks 2.3,
3.3 with [17, Remark 1.2]). In contrast, this work builds on the approach developed in [18,
31], which allows for weaker assumptions on the initial data and—in our view—clarifies the
relevance of the various moment and derivative controls.

(2) The scattering statement (1.5) corresponds to asymptotics as in the linearized problem and is
thus also known as free scattering. The key stability mechanism in our “unconfined” setting
with x € R is the dispersive decay of the spatial density p and associated field ¢ as in the free
transport equation. This occurs at a dimension-dependent rate and requires localization of .
As is clear from the point of view of characteristics, free scattering is implied if the force field
[[V1#()|| . in (1.1) decays at a rate faster than t~2, which we show in (1.4).

(3) A more precise version of this theorem is given later in Theorem 2.4 for d > 3 and Theo-
rem 3.4 for d = 2. We highlight that no velocity moments are necessary, and regularity can
be propagated. In particular, under stronger assumptions on the initial data the scattering
statement holds in a stronger topology and the decay estimate (1.4) can be improved to the
sharp rate ||Vx¢r(t)||Lm(Rd) S €2(t)~91, d > 2—see also Remarks 2.3 and 3.3. Moreover, each
derivative of ¢ decays at a one order faster rate, provided sufficient regularity and localization
are controlled.

Moreover, recent works for the classical Vlasov-Poisson equations in d = 3 suggest that certain spatially homogeneous
configurations may be (quantifiably) “more” stable than vacuum—see, for example, [33].
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(4) In the un-screened case, where the potential satisfies —A¢ = p rather than the second
equation in (1.1), the asymptotic behavior near vacuum (under similar assumptions as in
Theorem 1.1) is only understood in dimensions d > 3. For d > 4 this is given by free scattering
[37], whereas d = 3 is scattering-critical: along the characteristics a logarithmic in time cor-
rection with an asymptotic electric field profile is necessary in order to understand asymptotic
convergence [8, 15,18, 31]. This is due to the weaker dispersive decay rates of A;l p ascompared
to (1 — A,)~!p and their derivatives—see also the discussion in Section 1.1.1.

(5) Itisalso natural to consider (1.1) in front of a fixed background, whereby the relevant density p
isreplaced by p — n, for some constant background density n, > 0 (and as already mentioned
additional nonlinear terms may be considered to describe ion dynamics more precisely). This
allows for a large family of spatially homogeneous steady states u(x, v, t) = M(v). An impor-
tant class within these are the Penrose stable equilibria [38], for which asymptotic stability
results are available in dimension d > 2 [4, 27-29]. Similarly, these rely on dispersive mech-
anisms and establish free scattering of solutions under suitable assumptions on the initial
data.

(6) Intheconfinedsetting (x,v) € T4 x R, the free transport dynamics give rise to phase mixing,
whereby regularity of i can be traded for decay of p, ¢, etc., independently of the dimension
d. The stability of vacuum (with asymptotic free scattering dynamic) is then a consequence
of the stability of Penrose stable equilibria. In contrast to the present finite regularity setting,
though, this requires analytic-type (Gevrey-3) regularity [3, 21, 32, 34], see also [20] for the
ionic case.

(7) Another interesting perspective concerns the setting of the Vlasov-Riesz system, where the
screened Coulomb kernel of (1.1) is replaced by a Riesz kernel. While this does not affect the
decay rate of the density p, it leads to a different decay behavior for ¢. The recent work [30]
studies this question for a family of such kernels on R X R3, and even establishes asymptotic
dynamics when a polynomial in time correction to the characteristics is required.

(8) Concerning the final data problem where the asymptotic state is prescribed, in the un-
screened Vlasov-Poisson system with x € RY, a modified scattering final data result is proved
in [18] for d = 3. On the contrary, in the confined case of the torus x € T¢ a free scatter-
ing result holds in any dimension requiring analytic-type regularities of the asymptotic state.
While the results in [6, 32] assume final data of small size, the only results available with final
data of size ©O(1) are [7, 11, 19].

In the one-dimensional setting d = 1, sharp decay of 9, ¢ hinges on control of the localization
of a velocity derivative of ¢, which seems to lead to a two-fold derivative loss, which stands in the
way of our understanding of asymptotic dynamics. Instead, we obtain the long-time stability of
initially small and analytic solutions:

Theorem 1.3 (Long-time stability in d = 1). There exists €, > 0 such that the following holds: Given
R > 0 and u, satisfying

[se]
Rl’l
Y Y (e enolly +lort roll, ) <e <
a€{0,1}n=0 " ’ '

thereexist T 2 R*¢~* and a unique solution u € C,([0,T], n]‘f:oH )Ig (R X R)) to the screened Vlasov-

Poisson equation (1.1) with u(x,v,0) = uy(x, v). Moreover, y(x,v,t) := u(x + tv, v, t) satisfies
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Y &%)+ £ 6%y M) Se,  0<ELT,

ae{0,1}
where
24 S
Elf1 =3 tlosfll »  &lfT = X IO e, (16)
n=0 """ ' n=0 "~ ,

1
with 1, = 2,(R,¢) := R — Ce*(t)2 and C > 0 a universal constant.

Remark 1.4. We comment on some points of relevance:

(1) We work with analytic norms that incorporate a radius of analyticity 4, that decreases over
time, since this allows for a loss of one derivative in energy-type estimates, enabling us to
improve over the trivial rate t~! of decay for the force field d,,¢ to obtain the faster rate t=3/2.
However, with only energy-type norms at disposal it does not seem feasible to obtain the sharp
decay, and can thus only close an estimate on a finite timescale. This timescale is determined
by the fact that the terms with the slowest time decay are also the ones with highest derivative
loss, and are thus only controlled through an appropriately shrinking radius of analyticity, as
is classical in such arguments [35, 36].

(2) After the publication online of this work, a preprint [43] of Wei appeared, demonstrating a
conjecture that we had formulated in the prior version of this remark: small, Gevrey-2 regular
initial data lead to global solutions with sharp decay |8, ¢||;~ < €*(t)~% and give rise to a
modified scattering dynamic as in the un-screened Vlasov-Poisson equations in d = 3.

1.1 | Discussion of proofs

To understand the long-time dynamics, it is convenient to filter out the free transport dynamic
d; + v -V, in (1.1) and work with the unknown

y(x,v,t) := u(x + tv, v, t),
which satisfies

0,y(x,v,t) =V, p(x + tv,t) - {V, =tV Jy(x,v,1),

1.7)
1= A)p(x,t) = p(x,t) = / y2(x — vt,v, t)dv,

Rd

and has the same initial data y(x,v,0) = u,(x,v) as (1.1). We will work with this equation to
establish asymptotic resp. long-time dynamics of y in d > 2 resp. d = 1. The essential mecha-
nism hereby is the decay over time of the spatial density p and derived quantities, in particular
the force field V,¢. In the spatially unbounded setting (x € R%), such decay occurs due to the
dispersive effects of the free transport equation, at a rate that depends on the dimension d and
relies on localization. As is clear from (1.7), the rate of decay plays a decisive role in determining
the time span over which solutions can be controlled. The main challenge is thus to understand
the interplay of the following two key ingredients:

A 'T ‘9202 ‘0SLL69VT

)"00SYIRLPUO /SNy WO |

851801 SUOLILLOD 3AIIERID) 3|eal|dde 3y} Aq peuob afe Sao1e O ‘SN JO S3jnu 10} A#Riq1T8UIIUO A8|IA UO (SUORIPUD-PUE-SWLLBYWI0D" A3 | IMAlelqBUIjuO//SAIY) SUONIPUOD PUe SWd | 3y} 89S *[9202/20/T0] Uo AiqiTauliuo AB|Im ‘B1feleURILR0D Aq 9210, SWII/ZTTT 0T/I0p/Woo A8 M Ariq)
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(1) Lineardecay (see also Section1.1.1). Given a function & : R% x R? — R, consider the associated
density and field

pp(x,t) 1= /hz(x — tv,v)dv, ¢, =1 - A)_lph,

and quantify requirements on h to obtain (optimal) decay rates of p,, V¢, etc. As is well
known, the underlying mechanisms for decay rely on localization and regularity, which need
to be captured here in a way that is minimally demanding for the nonlinear analysis.

(2) Nonlinear propagation of localization and regularity (see also Section 1.1.2). Consider an ini-
tially small, suitably regular and localized solution y to (1.7), and use the linear decay to
propagate localization and regularity of y. As is apparent from (1.7), one needs to balance
these arguments well, since, for example, velocity regularity of y comes at a cost of time decay
for derivatives of V¢, which in turn require additional velocity regularity of y. On which time
span can the corresponding bootstrap be closed?

The simplest setting hereby is that of dimensions d > 3. A simple bootstrap involving
uniform (in time) bounds on x-moments as well as one order of derivatives on y and the
comparatively rapid decay of V¢ then shows that small initial data in (1.7) lead to solutions
that scatter freely (see Section 2). In contrast, for d = 2 the nonlinear arguments are much
more delicate: we obtain a hierarchy of slowly growing bounds for velocity regularity (and x-
moments) via multilinear, L2-based estimates as introduced in [31], combined with uniform
control of a lower regularity Z-norm. The associated nonlinear bootstrap just barely closes in
finite regularity H i,v—see Section 3. Finally, in d = 1 we are confronted with a dual loss of
derivatives: one required to obtain linear decay and one in the equation for y. We are then
only able to close a nonlinear bootstrap involving analytic regularity on a finite, but long-time
interval—see Section 4. In particular, we do not obtain sharp decay rates for V ¢.

We discuss next these two points in some more detail.

1.1.1 | Linear decay

A simple change of variables v = x — tv =: a shows that the density p,(x, t) decays at the rate
O(t~9), that is,

op(x,t) =t7¢ / h2<a, d ; a >da, (1.8)

provided that h is suitably localized. Importantly, this formula also shows that higher derivatives
0% p of p decay at faster rates O(t~4-12l), provided that h is sufficiently regular in v, for example,

V. pn(x,t) = 2t‘d_1/h<a,x—:a)vvh<a,x—:a)da.

In our screened setting, these arguments transfer to ¢, since the map p;, — ¢, = (1 —A)"1p,
is bounded on LP(R%), 1 < p < oo (see, e.g., [40, Chapter 5, §3]). Heuristically, one thus expects
that the sharp decay of the force field is ||V, ¢ ||, = O@~¢1), which can allow for the right-
hand side of (1.7) to be time integrable whenever d > 2, and hints at the free scattering dynamic.
However, this requires a regime in which one can nonlinearly propagate sufficient regularity and
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smoothness. It is thus important to establish a larger class of decay estimates that also give slower
decay rates under less restrictive assumptions.
To make these arguments precise, we observe that

¢h(xﬁt) = (1 - A)_lph(x’ t) = Gd * Ph(x’t):

where G, is the Green function of (1 — A) on R¢, given by

|x[2

Gy(x) := 1 - / )((R_%x)e_Rd—lf, x(x) = e_xT, x € RY \ {0}. (1.9)
(4m)2 /0 Rz

In dimension d > 3, a basic estimate (see Lemma 2.1) involving only localization in x gives that
[Vl e = O@=9). This turns out to be sufficient also for nonlinear arguments, globally in time.

In dimension d = 2, a more refined analysis is necessary. To capture the leading order behavior
of (1.8), we follow [31] and introduce the norm

IRllz 2= Il er2, (110)
so that

100 (Ol poez) S 2RI + 0.

The corresponding sharp estimates for V¢, are direct, but not of particular importance for the
nonlinear bootstrap, so instead we focus on decay estimates that give the almost optimal decay
rate under slightly less stringent assumptions: in Proposition 3.1, we show that for § > 0 there
holds that

—2— S i 2 -1 2 2
195V 1, Dl oy S5 (02190 mm{nhuL%lem ||h||L2Hm+z}, @ e,

Indimension d = 1, we work with analytic norms but are not able to obtain estimates that allow
for sharp linear decay (see also the discussion in Section 1.1.2), and instead guarantee bounds of

the order ”(tax)kaxgb = (D(t_%), k € Ny—see Lemma 4.2.

1

1.1.2 | Nonlinear propagation of localization and regularity

The local well-posedness of (1.7) in the topologies used in this paper is classical, and we thus focus
here on the bootstrap arguments used to establish nonlinear control. We will thus assume that we
are given a solution y to (1.7) at time interval [0, T] that satisfies certain smallness, regularity,
and localization assumptions, and will subsequently show that the corresponding bounds can
be improved, which by continuity implies that the initial assumptions on the solution hold on
a longer time interval. As mentioned before, the crucial step hereby is to obtain suitable decay
bounds for the force field (and its derivatives).

Ford > 3, the dispersive decay is rapid enough that a straightforward bootstrap involving on the
simple topology [|{x)"y(t)|| 155 (Rixwd) + V7|l 12, (Redxidy CAN be closed globally in time—see
Lemma 2.2.

fThis is a particular example of Bessel kernel, see, for example, [40, Chapter 5].
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8 of 37 | IACOBELLI ET AL.

For d = 2, the main difficulty is to close estimates for the velocity regularity. For this, we lean
on the approach developed in [31] and establish a hierarchy of bounds, where the LfCH{, j=2,3,
energies of y grow slowly over time, whereas several lower order quantities including the afore-
mentioned Z-norm, an x-moment, and x-derivatives remain uniformly bounded, that is, we show
in Proposition 3.2 that the following bounds can be bootstrapped:

)
Wiz < €O rllz + Pl + Iyl <.

The latter bounds follow essentially from the corresponding linear decay estimates, since x-
derivatives of ¢ decay at faster rates. For velocity regularity ||y(t)||,2,,;» J = 2,3, we make use
of the symmetric structure of the energy estimates to carry out a multilinear analysis, relying
also on the precise structure of the screened kernel. A crucial ingredient hereby is a triangular
structure of the system of derivatives in (1.7): for regularity in v, the highest order terms in ¢ are
forced by derivatives in x, which in turn do not grow over time. The resulting analysis requires
some care, and is detailed in Proposition 3.2 and its proof. We sketch here a simplified picture of
this approach: let us consider a prototypical term that arises in the propagation of two velocity
derivatives 65jy in (1.7) and reads’

(85, (Vo + 10, 0)1V,7, 83 )2 | = 1307, Vi +10,8) - V7,0, V)12
=t // / 82,V,Gy(x + tv — y)p(y, )dy - V,y(x,v,0)37 y(x, v, t)dxdv
xver? Jyerz ¥ vj

¢ // 2 // , 5§jvaz(x +to— Yy — tw,w, 1)
X, VER Y, WeR:

-V, y(x,0,082 y(x,v, )dydwdxdv
J

) y—a
_t 1// // 82,9, - (@, 220
X,VER2 y,wemzy" y o y)y ;

V(b xt;b )82 (b, xT‘b t)dydadxdb,

(L.11)

where in the last line we used the dispersive change of variablesw — y — tw =: a,v — x — tv =:
b. One may now integrate by parts the derivatives on G, to obtain further decay in time, albeit
at the cost of regularity in v. Notice moreover that in order to close the estimates, the highest
order velocity derivatives in y have to be estimated in the corresponding L?-based spaces, while
for lower orders we have more flexibility and can in particular make use of the boundedness of
[l¥(®)]| ;- Amongst others, two integration by parts in y; in (1.11) give rise to the contribution

t‘3// // Vsz(X—y)y<a,u,t)ai.y(a,y;a,t>
x,vER? JJ y,weRr? t J t

V(b xt;b,t>agjy<b, #,t)dydadxdb‘

This corresponds to the contribution V,¢(x + tv,t) - (=tV,y) on the right-hand side of (1.7), with the derivative ag_
J
landing on V¢, paired with 82 y.
j
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+ lo.t.

-1
Syl

2 2
a”j 4 f:.)”j Y 12

X,0

vl

5 2
o,y

J

< t7le? +lot.,

X,

where in the last line we have used the bootstrap assumptions and denoted lower order terms as
l.o.t. Via Gronwall’s inequality this leads to an acceptable contribution.

For d = 1, decay of ||3,¢||; at the sharp rate t~* requires the control of ||3,y||,, as is clear
from the linear analysis. However, this leads to a double derivative loss, since Z is not an energy
norm, and precludes a direct nonlinear analysis even in an analytic functional setting. To avoid
this issue, we work exclusively with energy-type norms of analytic regularity and time-dependent
analyticity parameter, as in (1.6). These are not sufficient to obtain sharp decay estimates, and as
a consequence we are not able to understand the asymptotic behavior of solutions. Instead, we
close a nonlinear bootstrap (see Proposition 4.3) on a long time span T, quantified in terms of the
size ¢ of the initial data as T ~ O(s™%).

2 | FREESCATTERINGINd > 3

In this section, we establish Theorem 1.1 for d > 3, showing the stability of vacuum in (1.1) under
sufficiently small, smooth and localized perturbations. As discussed in the introduction (see Sec-
tion 1.1), we do this by studying the evolution of the profile y(x,v,t) := u(x + tv,v,t), which
satisfies Equation (1.7) with initial data y(x,v,0) = u(x,v,0) = uy(x,v). In a first step, in Sec-
tion 2.1 we establish the relevant decay estimates for V,¢. These are then used in Section 2.2
to establish a bootstrap that globally controls solutions and allows us to deduce the asymptotic
behavior, a free scattering dynamic.

2.1 | Linear analysis: dispersive decay estimates

We recall from Section 1.1.1 that the Green function for (1 — A) on R? is given by

[e5] x2
Gy(x) = 1 - / )((R_%x>e_Rd—1;, x(x) = e_%, x € RY \ {0},
(4m)z 70 R2

and will use the notation
pp(x,t) = /hz(x — tw, w)dw, Gn(x,0) = (A= A)p,(x, 1) = (Gy * pp)(x,t)  (2.1)
for h : RY x RY — R. We establish the following linear decay estimates:
Lemma 2.1 (Linear decay in d > 3). For m > d /2 there holds that
V28X, Dl poo(ay S <t>_d||<x>mh||i§U(RdXRd)’ 22)

while form > d
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10 of 37 TACOBELLI ET AL.

IVadnllie s O G Rl Vol » 2.3)
19, Vb (6, Ol SO ) Ry IVohllys,, k€11, d}. (24)

Proof. We assume without loss of generality that ¢ > 1. From (1.9), we obtain after a change of
variablesw — x —y — tw =: a that

Vanen = [ ViGar=en0dy = [V, 6,00 -y =, widydu
y y,w

e‘_i //Rja V)((R_%y>h2<a, #)dydadR.

It follows that for a given integer m > d /2 there holds that

(2.5)

_ —d
=t 5
(47)>

e

© ek _1 \dyda
IV (6 Dl < G Rl / —d+1// VX(R 23’) yzde
*0Jo (4m)aR =z MR, (a)

<k, [ Cadr

SR, [
where in the first inequality we multiplied and divided by (a)?™, taking the L® norm of the mth
spatial moment of h. This yields the bound in (2.2). For (2.3), we observe that an integration by
parts in (2.5) shows that

V.g0et = L 1/ _R// R iz 2h< #)V,}l(a,x_f—_a)dzdadR,

(47)2
(2.6)
and thus for m > d
IVignlle < O™ ) Rl Vol -
Regarding (2.4), an analogous computation gives that for k € {1, ..., d}
(—d-1 [ ,-R
V. dp(x, 1) = —— / ¢
(4m)2 R
_1 X—z-— X—z—a
. //Rga V(R iz)2h(a, 2220 t )3, (a. f)dzdadze,
and the claim follows as above. [l

2.2 | Nonlinear analysis: bootstrap estimates and free scattering

Next, we establish the nonlinear bootstrap required that will allow us to understand the
asymptotic behavior.
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION | 11 of 37

Lemma 2.2 (Bootstrap estimate in d > 3). There exists €, > 0 such that if y is a solution to (1.7) on
[0, T] satisfying for 0 < € < g, the initial data bounds (1.2) and

||<x>m7(t)||L;?U(Rded) + ||Vx,uy(t)||L;§U(Rd><Rd) < 4, (2.7)
then in fact we have the improved bounds
Y™ Y (Oll 5, ety + 1V 0¥ Oll s, ety < 2€. 28)
Proof. Under the assumptions (2.7), we observe that by Lemma 2.1 we have
IVpC, Ollpeomay S (6% 118y, Vip(x, Dllpsoay S (07471 1<k<d. (29)
To prove (2.8), we compute from (1.7) that
04Xy} = Vip(x + tv, 1) - {V, =tV }{x;7} = 19, $(x + tv, 1)y,
810 7} = Va(x +10,6) - {V, — V0, vk = 0, V,$(x + t0,0) - {V, — 1V, )y,
8,18, b= Vo b(x + t0,0) - {V, = 1V, H0, y} = 18, V,$(x +v,0) - {V, — 1V .

The left-hand side of the above equations is conservative, and in particular preserves all LP
norms.” By (2.7) and (2.9), it follows that for d > 3

t
7 Ollz, < 57Ol + [ IVl Ol ds
, L+ .

¢
<e+4e / ﬁds (210)
o S

<e+Ce.
For k € N, we can reason inductively with
at{x;‘y} -V, ¢(x+tv,t)-{V, — th}{xj.‘y} = tkaxjgb(x + tu, t){x;.‘_ly}

and with bounds as in (2.10) to obtain the estimate for the higher moments in (2.8).

Analogously, thanks to (2.9) we obtain uniform estimates for the gradients. We give the details
for the more difficult case of the velocity gradient, since its equation contains an extra growing
factor in time: by (2.7) and (2.9) we have for 1 < j < d that

t
1180, 7Dl < 116,70l +/ sl19x, Vidllre UIVoyllre, +sIViyllre, )ds
, , o . ,
t 83
<s+8/ —  ds<e+Cé
0

(S)d—l

which concludes the proof. O

To put it differently, observe that the vector field V(x,v,t) : = (—tV,p(x + tv, 1), V (x + tv, 1)) is divergence-free.
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12 of 37 | IACOBELLI ET AL.

Remark 2.3. As the above proof shows, spatial moments alone suffice to close a global boot-
strap. With additional regularity, by (2.3) one obtains sharp decay of V, ¢, and uniqueness in a
strong topology.

This bootstrap allows us to construct a global solution satisfying the bounds (2.8), for which we
can now deduce the asymptotic behavior:

Theorem 2.4 (Free scattering in d > 3). Given an integer d > 3, there exists €, > 0 such that if for
somem > d

||(x>m#o||Lfv(Rded) + ||Vx,vMo||L;?U(Rd><Rd) SE< g,

then there exists a unique solutiony € C,(R, W}C”l‘f’(le x RY)) of (1.7) with initial data y(0) = Ho and
which verifies

||<X>m7/(t)||L;?u(Rded) + IIVx,Uy(t)HL;?U(Rded) <S¢, ||Vx¢(t)||Loo < (1412,

In particular u(x,v,t) = y(x — tv, v, t) exhibits free scattering: there exists an asymptotic distribu-
tion functiony, € LY such that

tlim [luCx + tv,v,t) — Y (x, v)||L§oU =0. (2.11)

Proof. The existence of a unique global solution y of (1.7) with the claimed properties follows
from classical well-posedness theory and the bootstrap in Lemma 2.2. It remains to show the free
scattering property (2.11): since the decay estimate (2.9) holds, it follows directly from Equation
(1.7) that

&3

<t>d—1'

18,711z, < IV, Bl (IVuplle, + EIV7lls) S

It follows that ||y (¢)]| L, is Cauchy-continuous in time, and since d > 3 there exists y,, € LY’ such
that y(t) converges uniformly to Yo a8t — oo.Translated to the variable u(x, v, t) = y(x — tv, v, t),
this proves (2.11). O

3 | FREESCATTERINGINd =2

In this section, we establish Theorem 1.1 for d = 2. The arguments proceed along broadly simi-
lar lines as in case d > 3, beginning with an analysis of linear decay in Section 3.1, a nonlinear
bootstrap in Section 3.2 and finally the demonstration of free scattering of solutions in Section 3.3,
but require significant refinements. As discussed in the introduction, we rely on a combination
of higher energy norms that are allowed to grow slowly in time with a lower order Z-norm that
captures the sharp decay behavior and remains uniformly bounded.

We begin by recalling from (1.10) the definition of the relevant norm

1Al = Il 31
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION | 13 of 37

As will be clear below, for certain error terms the following auxiliary norm will be useful:

_1
IRl = il + (675 (Al 2 + 1Rz, ). (32)
Its key feature is that
X—a X _1
(@ 5% ) (@ ) ope S 175 (Welliziz + Nchlsz, ) S il (33)

which can be shown using a standard Littlewood-Paley decomposition in velocity, which (to fix
notation) we write as

h= Yy, hy(xv) i=FL [$(M ') F,,h] (x,0), (3.4)
Me2?

for h : R? x R? -» R—see Appendix A for the details.

3.1 | Linear analysis
Recall the notations (2.1).

Proposition 3.1 (Linear decay in d = 2). We have that

o Ol L2y S (O 1R, (3.5)
T (R?)

Moreover, forany 0 < § < 1and || > O there holds that

165706 Dll ey S5 ORI, s (36)
6%V .1, (x, 1) <s (1) 7319 2 (3.7)
x Y x¥Ph\As LP(R2) ~§ r2pplal+2: .

Furthermore, for || > 2 we have
_1_
185V 1 Cx. Ol 2 S (1) 72 lal ”h”igH;“" (3.8)
The proof proceeds similarly as in [31, Section 2].

Proof. The change of variables w — x — tw =: a yields

on(x,t) = / h(x — tw, w)dw = t'z/ h2<a, x—a >da
RZ R2 t

=t /[RZ h2<a, %)da +J(x, 1),

(3.9)

where

J(x,t) :=t72 /[R2 {hz(a,x:a> —h2<a,%>}da.
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14 of 37 | IACOBELLI ET AL.

By construction, the leading order term in (3.9) can be bounded using the Z-norm in (3.1)

X
/R2 r(a,% )da < [,

while the remainder J(x, t) satisfies by (3.3) that

e 01 S Cale [p(a 22 ) = (e )|, 0 7275 (102

t t +lIRlZlxhlz, ),

27172
L2L® sH;

a-'x

since ||l ;2o (m2y < 1Rl 2122y bY the Sobolev embedding. This gives (3.5).
To bound the force field and its derivatives, we use the Green function (1.9) of the screened
Laplacian to write

Vodur.t) = V, // Gy(x — Y2y — tw, w)dydw
y,WER2

(3.10)

[ee)
=L Dp(x, t)e‘Rd—R,
47 Jo R

where
@p(x,t) 1= //R2 Vx{)(<R_%(x - y)) }hz(y — tw, w)dydw.

Given a multi-index o € N(z), we change variables as in (3.9) and integrate by parts to obtain that

B p(x, 1) =771 N e @R, D), (311)

aj+a,=a
[y 1<l

where
0,0 . -1 }al X—Z—0a)\ X—z—a
DL (x, 1) = //Rz VZ{)(<R :z) orh(a, e )aih(a. == )dzda.  (312)
We next establish (3.6). If || = 0, we have by Holder’s inequality for 2 < g < oo that
o] < (51 o 2222)

t
and similarly if || > 0 we get

2

/ 5

r2rd

a-'z

L4

z

ool <. fe(i i), (e 2220)

t

affzh<a, x-z-a ‘f‘ a)

121>

a~z

(3.13)

.4

z

1715
‘We thus obtain that

2 1 1
B, 0| Sg LR 7 k2

chHLaH—l ’
where we also used that by Sobolev embedding and since |«; | < || there holds that
a;°h

3,'h Al

|

121 Sq 1l e 21 SR 2 etz < MRl et

A 'T ‘9202 ‘0SLL69VT

)"00SYIRLPUO /SNy WO |

851801 SUOLILLOD 3AIIERID) 3|eal|dde 3y} Aq peuob afe Sao1e O ‘SN JO S3jnu 10} A#Riq1T8UIIUO A8|IA UO (SUORIPUD-PUE-SWLLBYWI0D" A3 | IMAlelqBUIjuO//SAIY) SUONIPUOD PUe SWd | 3y} 89S *[9202/20/T0] Uo AiqiTauliuo AB|Im ‘B1feleURILR0D Aq 9210, SWII/ZTTT 0T/I0p/Woo A8 M Ariq)
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Recalling the expression in (3.10), this gives the claimed bound

o 1 1 2
« —2—|al+2 3 -1 —2—|a|+2 2
182V, $n e, ) o0 g TR, o [ RO AT AR 5 ¢ 2 h|

2 ppla|+1°
LyH,

1
The bound (3.7) follows as in (3.13) upon also integrating by parts the gradient on y(R 2z) in
(3.12).
Finally, the L? estimate (3.8) is obtained by interpolation. On one hand, we bound the L' norm
as

195, 0l 1 < ||VZ{X(R-%Z)} a;’,‘Zh(a, X-z-a a) ag‘lh(a, x-z-a “)

L t L3L? t Ly’
Since || < |a,| < || we get that
1
25 G, 0l S PR AP, |,
so that by (3.11)
1

[|0% @k (x, t)||L)lc < t71elR2 ”h”izH'a" (3.14)
On the other hand, assuming that || > 2 we have by Holder’s inequality with ﬁ = % i=1,2,
that

ot,0ty < { ( -1 )} o ( x—z—a) a, ( x—z—a)
o5 e o S|V x(RE p R () | P
which yields
e RC R i Y i P LT
by the Sobolev embedding. From (3.11) we conclude that
-1- 2

”a;q)R(x’ t)”L;‘) s t lalllh”Lsz- (315)

Interpolating the estimates (3.14) and (3.15) shows that
1 1 Zjal=1 1 )
105 @r(x, Dl 2 < |I5§¢R(x,t)llffllaj'c‘%(x, t)llz}( St T 2RE ||h”L§H'U“"

from which integration over R as above yields (3.8). O

3.2 | Nonlinear bootstrap

We recall from (1.3) that we shall assume that for € > 0 to be determined, the initial datum for
(1.7) verifies

Ixrollzz, + Iroll + IV avoll + ol <. (3.16)
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16 of 37 | IACOBELLI ET AL.

Proposition 3.2 (Bootstrap estimates in d = 2). There exists €, > 0 such that if y is a solution to
(1.7) on [0, T] satisfying for 0 < € < g, the initial data bounds (3.16) and the bootstrap hypotheses

Il + 1Vl + W7z + vl + 17l < EC0°, (3.17)

forsome 0 < § < 1, then the following improved estimates hold for universal constants c¢;,c, > 0:

lyllz + IVyll; <€+ ce, (3.18)
lorllz, + I lzes + 17 lg2ey <€+ e, (3.19)
7l 25 < (0, (3.20)

7l < ee(0). (3.21)

The bounds on the Z-norm, spatial regularity and spatial moments are essentially direct con-
sequences of the above decay estimates. The control of velocity regularity is the most delicate part
of the proof and requires a multilinear analysis.

Proof. As a direct consequence of the bootstrap hypotheses in (3.17), by Proposition 3.1 we have
the decay estimates

185V @l S5 (127191367, Jaf <1 (3.22)
185V @l S5 ()%, Jal =2 (323)
« ~1425 2

105 Vidllr2 S(6)" 2%, Ja| =3. (3.24)

Moreover, by (3.16) and the conservation of the LP norms of y, it is immediate that ||y(¢)|| 2, SE
We prove the remaining bounds in (3.18)—(3.21) step by step. ’
Propagation of the Z-norms in (3.18).
From (1.7), integrating by parts, we have

1d

T yi(x,v,)dx = / V. p(x +tv,t) - Vyy(x,v, Hy(x,v, t)dx + é / A $(x + to, Hy?dx.
R}

Integrating in time the previous identity and using Cauchy-Schwarz, we get

t
/R2 y2(x,v, )dx < /R2 Yo(x,v)dx + 2/0 ||Vx¢(s)||L;o||Vvy(x,v,s)||L)26||y(x,v,s)||L)2(ds

P X

t
+ [ SI80@ g I o ds,
0 P

and hence

t t
Iyl < IIV(0)||§+/O IIVx¢(S)IIL;oIIVUV(S)IIzIIV(S)IIzdS+/0 sI1A ()l 7 (15 ds.
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ON THE STABILITY OF VACUUM IN THE SCREENED VLASOV-POISSON EQUATION 17 of 37

By Gronwall’s inequality, the decay estimate (3.22) and the Sobolev embeddings

Wrliz S Wllzgzs  IVoyllz S W7lic2mss

this implies the claimed bound for the Z-norm of , since ||y, , < € by assumption (3.16).
Similarly, since

at(axjy) =V, p(x+1tv,t)-{V, - th}(ijy) + axj V. p(x +tv,t)-{V, —tV, }y,

we have

2 T / (6x]y)2dx = / V., p(x +tv,t) - 0, Vvyax ydx + = > /[R2 Ap(x + tv,t)(axjy)2dx

+ / V, 0, ¢(x +tv,t) - V,yd, ydx — t/ V, 0, ¢(x +tv,t) - V,y0, ydx
RY ! ! R2 ! J

=. T1+T2+T3+T4.
(3.25)
To estimate the last three terms T',, T'5, T, a direct estimate suffices and gives

Ty + Ts + Tul S tIABllL0l10, 117 + 165, VIl IV, 1110y 7l
(3.26)
+ 110, Vol IVyliZII0x Y1l

To bound the first term T, in (3.25), we slightly refine these arguments and use a Littlewood-Paley
decomposition to write

C,C C,C
ZTl 2+ZT12
C<C,
where

Cr.Ca o _
T,V = /u; V, p(x +tv,t) - 6ijUyC16xij2dx

X

and we have used the Littlewood-Paley notation in (3.4). For the first sum above, it follows with
the Bernstein inequalities that

C1,C
XTI Y IVl 10y Vore, o210, ve, g2
€1<C, C1<C;

D, IVl Cilldy Vore, Iz Calld v, Iz, (3.27)
C,<Cy ' '

< ||Vx¢||L;°||7||H)1CH$||V||H)1CH5-
If C; > C, we integrate by parts to obtain that
C1.C5

= —/ 0, Vid(x +tu, 1) - Vyye 9y v, dx —/ V., $(x +1tv,8) - Vyye 05 ye, dx
Ry ' R ' (3.28)

=: 7,200 + T L

T
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18 of 37 | IACOBELLI ET AL.

Reasoning as before, the first term in (3.28) leads to

C1,C
2T Y 18y Vil IVre lpsor2 185 v, lpsor
C12C, C12C,

< D 18 Vidllie CillVire, Nz Calldy ve, Iz,
C12C,

c
<“axjvx¢”L§° Z <C_2>”J/Cl”L,ZCH,f”‘)/Cz”H}CLg’

C12C, 1

while the second term is bounded similarly as

C1,C 2
2 TS X IVl IVore, sz 197 ve, e
C12Cy C12Cy

2
< Y IV.BllisCillVire, iz Calle? ye, sz,
C,>C,

G
<10y, Vil > <C—>IIYCIIILgCHgIIchIIHng-

C;2C, 1

With (3.28) it follows that

C,,C
AT S 106y, Vbl 1722 171253 (3.29)
C,>C,

From (3.27) and (3.29), we thus have
T2 S Vbl 17l 17 Dz + 19, Vel 17l 22 7l 2. (3.30)

Collecting the estimates in (3.30) and (3.26), integrating (3.25) in time and using the decay esti-
mate (3.22) and the bootstrap assumptions in (3.17), with the assumption on the initial data in
(3.16) we obtain the boundedness of |V, y||, stated in (3.18).

We highlight that in particular it follows with the boundedness of |ly|l; + ||V,7||,, and the
bootstrap assumptions (3.17) that the Z’-norm from (3.2) remains bounded:

Illiz +[|Ver|l o Se (3.31)
Energy estimates: control of the spatial moments in (3.19). By (1.7), we have that
0,(xj¥) = Vid(x + tv,1) - {V,, =tV }(x;¥) = 10, ¢(x + tv, 1)y,
and it follows that
%uxynjiu = tllyVopCx + 10,0 - Pz <Vl livliz Ixyllz
We conclude with Gronwall’s inequality and the decay bound (3.22) that

Jy SVl 9l 2 ds

2 2 2
X < lx e < lx .
erl, < lerolly, lerolly,
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Energy estimates: control of spatial regularity in (3.19). Let o € Ng be a multi-index with
1 < || < 3. From (1.7) and the Leibniz rule, we get

1d ,
SO, = N e a2
' B1+By=a

1B2I<lal

with
BB . _ B ) _ B2, 50
T =[] V0 e(x + tu,t) - {V, — £V, }0,°y0S ydxdu,

where the case |3,| = |¢| in the summation is excluded by the divergence structure of the
nonlinearity. If | 3;| < 2, we will use the direct estimate

25 < IV, 80 Bl (V857 1,2, + 19,027z YISz,

so that if 1 < |a| < 2 there holds that

07, S IVl (Il ey + eIy )- (332)
’ ﬁ1+ﬁ2=a X v X v

1811182 1<l

4,
dt

On the other hand, when |3;| = 3 (and thus 8, = 0) we note that

,0
E < || ViR g0 + 0,0V, =V 3|, 1971z,
(3.33)
<V, (V7 lzie + 1V gz 10T Iz
and thus when || = 3 we have that

d a < ﬁl

TI0 iz, S Y IV Bl (Il gy + 7l )
B1+By=a
1B1LIBzI<et] (3.34)

V.20 2 (17 sy + E1 22 ).

Since

2
3

3r2
Hva

1

3
27732

LyHy

1 1

P irzary < NP o 171 WMz < I P
we obtain the claim by integrating (3.32) resp. (3.34) and using the decay estimates (3.22)-(3.24)
for V¢ as well as the bootstrap assumptions (3.17).

Energy estimates: control of velocity regularity in (3.19)—(3.21). We are left to control the
LJZCHL"", la| < 3, and HZH, norms of y, which we do case by case for |a| € {1,2,3}.

Case |a| = 1: here we will establish that ||y|| ;21 remains uniformly bounded. We give the full
details for the highest order derivatives, as the pFO(')Jf for lower order terms proceeds along similar
but simpler lines.
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For |B| = 2, we compute from (1.7) that

1d,.8 ” - -
321007l = D T Y e o TH (3.35)
’ “?+0|fzzﬁ a+a,=p
oy l<

where
T = // 85 V(x + t0,0) - {V,, = 1V,}85%8,, ¥ 976, ydxdv,
Tgl’az = // a;‘laxj Vx¢(x + tv, 1) - {VU - tvx}ayoclzy afavjdedU'

Notice that in the first summation in (3.35) the case |a,| = 2 is excluded by the divergence
structure of the nonlinearity. In particular, there it suffices to bound

TS < NSE VBl (It + Yo 10500 P2
If |, | < 2 the analogous bound for T Z 1% reads

T2 <0858, Vil gty + C e 2 HIOE3, P2
while if |; | = 2 (and thus «, = 0), we have as in (3.33) that

TSP < 1850, Ve (V¥ iz + V¥ llzps 1658, 72,

Collecting these estimates, we get

d
T80, 7z, € X Vel (171 e o + £ o0 )

aj+a,=p
lay|<2

a
HEY 1020, Vbl (171 ey + P )

aj+a,=4
oty [<2

105V llz (17 ll2zy + PNz )-

This yields the claimed bound for ||y || ;2,1 in (3.19) by integrating in time and using the assump-
tion on the initial datum in (3.16), the lgoz)tstrap hypotheses in (3.17), the L*® decay estimates in
(3.22),(3.23) and the L? bound in (3.24).

Case |a| = 2: we compute that

1d 2 B1:B B1.B
55”55‘7”@0 =ﬁ ; N _ﬁ ; g T (3.36)
' 1Hp=a 1+By=a
1B2<lal 1B 1<lal
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where

7«1ﬁ1ﬁz — //RZ anfl{da(x+tv,t)}-552V0y(x,U,f)ag}’(x’v’t)dx‘iv’
(3.37)
ToF2 = //R ] V, 05 (x + tv, 0} - 92V y(x, v, 8%y (x, v, )dxdv.

From the decay estimates (3.22) and (3.23), we directly see that the first term gives an acceptable
contribution:

S 2720y |2 (3.38)

BB 181111 AR 2
|77 < 0P8 v Bl I, T

2 7lal
v

Concerning the term Tf 182 in (3.36), we use a multilinear expansion, replacing ¢ with the integral
expression G, * p, given in (2.1), which gives that

[So]
The el / Ilglﬁze_stz_R;z’ (3.39)
0

where
1
2% o= ] ro-nwwoodo, (& -y
. |

. axjafzy(x —tv,v,1)d;y(x — tv,v, t)dxdydwdv.

From the dispersive change of variablesu — y —tw =: aand v — x — tv =: b we obtain that

[ o //R a0k, (xR i -y

x—>b

: axjany<b, ,t>agy<b, x—:b t>dxdydadb.

Next, we integrate by parts in the y variable, using

300, {x®3(x =y} = —0PIge, {x® -y},

and obtain that
BBy _ —a— 61,68
IRl 2 — ¢ 181 Z Cel’ezIRl 22 ‘10
61+6,=p1, (3.40)
[611<16,]
where

0,.6,6, . 6 y—a 0 y—a -1
IRI 252'=//Rzavly(a’ " ,t>avzy(a, ; ,t>6zj{)((R zz)}

—b —b
: 6xjdfzy(b, Z++ z)agy(b, Z++,t dzdydadb.

(3.41)
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22 0f 37 | IACOBELLI ET AL.

To recap, from (3.39) and (3.40) we have that

T’ﬁl’ﬁz _ t_3 Z c “ 191762’52e—R dR (3 42)
2 = 916, f TR AR’ ’
61+6,=F1.
16:11<16,|

and it suffices to bound appropriately the quantity 1}631’62”6 ? in (3.41), where |,| < |a| =2 and
B1 + B, = a by construction (see (3.36)). In what follows, we will show that

1
12| < R2 212, ., (3.43)
which by (3.42) implies
72| s eI,

Together with (3.36) and (3.38), by Gronwall’s inequality and the assumption on the initial datum
in (3.16) we then obtain the slowly growing bound ||y || 1212 stated in (3.20).
To establish (3.43), we start by considering the case §, = 0, where 3; = a. If 6; = 0, then 6, =

B; = a and we see that
LgL;°>
-1
62.{)((R 22)}H
J L;

)< ([p(o L)+l 252 =r(o 22
LPL2 t t
z+y—-b>b z+Yy
5xjy<b,—t ,t>—6xjy<b,—t ,t) LW)

(o)
' < ’t>”L;°L§ *

(e,

1
542 2
SR IV 1 o
X v

2
Lo

z+y

axjy<b,

(3.44)
By the boundedness of the Z-norms in (3.18), we get

1
SRitE?|y|?

’IO,oc,O
272"
R LXHU

If 3, =0and |6,| = |6,| = 1, then by Hélder’s inequality (in the y-variable) we have

frr(a 22 )] oo (a 2220)

|161 ,6,5,0
t t

R

<

L3Ly 3Ly

5., { )((R_%z)}HL;

z+y z+y—>b z+y
(e (b 02 s # oy (3 2220 ) = (5. 2220) o, )
Moy (5 2EY =0
owr(n=52)
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1

1
SRl | Var |1, o (3.45)

where in the last step we have used the Gagliardo-Nirenberg inequality

1 1
IV llzis S W17, D71, (3.46)

By the already established boundedness of ||V, 7|, in (3.18) resp. (3.31) and of ||y|| 121! in (3.19),
we get

1
SRz ||y

LiHy

6,.8,,0
1

It remains to study the case |8,| = 1. Here, we have |8,| = 1 and 6, = 8;, 6; = 0. In this case,
we integrate by parts once more:

563’94

0’:6 ’ﬁ -
10FFe = > Co,0,9R 47
(63,64)€{(ej,51),(0.61+¢))}

where

63,64 . _ 03 y—a 64 y—a _1 _
gpé = [ (e el (0 2 aw e - )

. axja{fzy<b, X - b,t>agy<b, X - b,t>dxdydadb.

(3.48)

When 65 =0, |8, = ||, we have that

KR (x — )

0,6 y—a
5% < (e ==1))
‘ RIS t LI

6xj652y<b, o b,t)

1

543 2
S R 17 g 17112, o
X0

0 y—a
504)/((1, ¢ ,t) L2
y.a

agy<b, x:b,t>
x,b

2
Ly

2 2
nyb L

By the already proved boundedness of ||y||, in (3.18) resp. (3.31) and ||y|| HIH in (3.19), we
conclude that

1
SRSy (3.49)

0,6
S .
| R LHG
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Similarly, if |6;] = |64] = 1 we obtain as above

%] < V(e 2=0)

x—>b
xjafzJ,(b,T,t) s

1
<Rit3 2
S Rat IIVUVIILiLﬁIIVIIHngIIVIIL)zCHg

2

274
L2L}

)((R_%(x —y))”L2

aij<b, x—;bt>
b,x

2 2
b,x L

1
543 2
SRl 1l 17112,
P )

where we used again (3.46). By the already proved boundedness of ||y || HIH] in (3.19), it follows
that

SRy

| G0 (3.50)

L2HY

Collecting (3.49) and (3.50) inside (3.47), we obtain

SRSy

IO 51 sﬁZ
L2H?’

finishing the proof of (3.43).
Case |a| = 3: we use the decomposition (3.36) and (3.37), and study first Tl'gl’ﬁz. If 151,18, <2
we can proceed as in (3.38), getting

|Tﬁl’ﬁz| < E = 2+35”y” (351)

L2H3'

Otherwise, if all the derivatives fall on V¢ (and thus 8, = «), we change variables

= tlal- 2// V,05é(x + tu,t) - VU)/( >6°‘ ( Ta,t>dxda

and get

a,0
ke

-2
< 191721V, 354,

xX—a a( x—a >
Vuy<a,—t ,t) L2 9,7\ a — ,t

<tNVLOTBI 2 IV e I 2 pe S EHIVBEN 2 NIy

2
Lx,a
L2H3

28
SO IR,
where in the last inequality we used the Sobolev embedding ||V, y|l;2; S lI7ll, 23 and the decay
estimate (3.24).
We now pass to study the term Tf P2 in (3.37). We perform the multilinear expansion as in
(3.42) and we study the term 1131,92,5 2in (3.41).
If 3, =6, = 0and 6, = «a, then we proceed as in (3.44) and we get

1
127 S R 2W Il 185712, S RECEIy I (3:52)

L2H3'
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IfB,=0,|9,] =1and |6,| = 2, arguing as in (3.45), we have

8,6 1500 0
g °| s R2t ||avly||L§Lg||aU2y||L§Lﬁ||vxy||Zf||affy||L§U

RthIIVxJ/IIerIVII IIJ/IILzHZIIJ/II

L2H]} L2H}
where in the last inequality we have used (3.46) for ||551y|| 124 and ||652y|| 214 By the already
established bounds (3.19) and (3.20), we conclude

lyIl*
< R11262| 2(1)5C 4 ) (3.53)
) 03 | |

61,6,,0 2.2 Ce?
’[ 152 <R2t 3 [El(t) ¢ ||V||L2H3

where in the last step we applied Young’s inequality.
If |3,| = 1, we consider first the subcase 8; = 0 and thus |6,| = |3;| = 2. We have

_ - 1
’Iz,ezﬁz‘ < Hy<a’ y+z a’t> 5527<a,y +z a,t> VZ{)((R_EZ)}

lL;

472
t LPL2 t LyLa
y—b —b
v y<b, ” t) 2 <b ; t) z,
5 P 1 1
Clrliz eIy, Wi sz”Y“H 0 172
where in the last inequality we used again (3.46). With ||y H2 S ”y”HZHl ||)/||L2H3 and (3.19),
(3.20) we conclude that
ll%,
0,0,, 1 2 LiH;
'I P2 <R2t2 2[E4<t> > ”y“LZH3 SthZEZ 32<t>SE +<>—552 . (354)
t)y7

On the other hand, if |5,| = 1 and |6, | = |6,| = 1, we integrate by parts as in (3.47)-(3.48). In
this case, we have to study 510;3,94 with |6;5] = 1, |6,| = 2. We get

e3< x—a ) 04 x—a ) L )
r(a ==t 6uy<a, ! )((R 2(x—y) 2

a y_b
LZb aUy<b7 t ,t> L;)b

Wy lz2e2 17 2 2 IIVII

' 9394

L2

a™—x

y—>b
(522

<Rzl‘3|I)/||

L3Ly

L2H)} L2HY’

and with (3.19), (3.20) it follows that

yiiz,
l LXHU
<RIBS 2(1)6C ¢ — 0| (3.55)

|(~93’64) < R332 [EZ(t)CE Iy II?
<t>§C5

L2y
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26 of 37 | IACOBELLI ET AL.

Lastly, if |3,] = 2 then 8; = 0 and |6,| = 1, and we use again (3.47)—(3.48). There, either |05| =
[64] =1or|0;5] =0,|0,] =2.1f |65] = |8,4] = 1, we obtain as above that

03,0 X—a 2 -1
33"‘<‘V <a,—,t) <sz_ >
y—b y—>b
: axaﬁzy<b,—,t> a"‘y<b,—,t>
j v t L}Z},b v t Lib
1
SRZI3|IV|IL§H5II}’IIL;HgIIYIIH}CHgIIVIIL)chg
L5 1 3
< 5 2 2
SRt IIVlngHgIIVIIL)chgIlJ/IIH)zCHéIIVllLng,
and hence
2
1, s 3 ) I, s
|88%) S R W TIIE,, L S RICE] X0+ —2 | (3:56)
LXHU <t>§CE

If |65] =0, |64] = 2, analogously we obtain

Gl

0,9, 0, xX—a
|SR a, y(a, ,t)

X ~a t

o (n 22 o (2

1
543
SRz 1 2 7 W2

-1
L®L2 Lyzc,a X(R Z(x_y))HLJZC

X

and thus
2
1 s 3 1 ”y||L2,H3
|87 | S RPN, SRS (0 + —— (3.57)
LiH] <t>§C52

Collecting the estimates (3.52)—(3.57), we conclude that

|Tzﬁl’ﬁz S l'_lE2 |:5.2<t>8C£2 + “y”2 ]

L3H;

Together with (3.51) and the assumptions on the initial data in (3.16), by Grénwall’s inequality we
obtain the claimed bound (3.21). O

Remark 3.3 (Propagation of regularity and sharp decay). Reasoning as in Proposition 3.2, one can
propagate boundedness of higher regularity in x, v, and of higher order spatial moments as well.
More precisely, for an arbitrary n € N one could propagate H Q,u estimates on y, with H QLIZJ and
L2H!"~? norms uniformly bounded and L2H" bounds slowly growing. In particular, provided that
at least ||y ||;2 3 remains bounded, we would obtain the sharp decay estimate for V¢, since as in
(2.6) we have that

IV:dllie SO MW lizrg Iy iz S O M1, e
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3.3 | Free scattering

We can now conclude the proof of Theorem 1.1 in the case d = 2. We state it here for the unknown
v, and note that the result for u(x, v, t) = y(x — tv, v, t) with y(x, v, 0) = u,(x, v) follows directly.

Theorem 3.4 (Free scattering in d = 2). If d = 2, there exists ¢, > 0, such that if
Ixsollzz, + [liollz + [ Vabollz + kolly: | <€ <&,

then there exists a unique, global solutiony € C,(R,H )3C U(IR2 x R?)) of (1.7) which satisfies moreover

Iy Ollz, + Ol + [VrOll, + Ol S& Oz S€0°, (.58

for a universal constant C > 0. Moreover, there exists an asymptotic distribution function y., €
H N Zsuchthat

tlil};lo ||J/(x9 v, t) - yOo(xa U)”H)lc,vnz = 0 (359)

Proof. The existence of a unique global solution y of (1.7) as claimed follows by classical local-
wellposedness and by propagation of the bounds on moments and derivatives in Proposition 3.2.
It remains to show the asymptotic convergence property (3.59): from (1.7) and Propositions 3.1 and
3.2, we have by (3.58) that for some 0 < § <« 1 sufficiently small

18 yOllz < IV Ol (VO z + LIV (Ol 2)

< E3<t>—2+5+Cez’
10,65, YOl 2, < IVab(®)l oo U105, Vor Ol + £10,, Vir®ll2 )
110, Vil IVoyllz2  + tIViy Ol )
< £3<t>—2+6+C52,
18,84, 7Ol 2, < V()]s (184, Vor Oll2, +£100, Vor Ol 2 )
+ £116,, V@Ol IV, 7Ol 2+ V@Ol 2 )

< E3<t>—2+5+C£2’

so that 9,y is time-integrable in H. N Z and the existence of y,, € H. N Z satisfying (3.59)
follows. U

4 | LONG-TIME STABILITYINd =1

In this section, we work in analytic functional setting. For A > Oand f : R, X R, — R we consider
the spatial and velocity regularity norms
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< A an < A
Ef =Y loss N, & = X 8k e

n=0 n=0
The rest of this section is devoted to the proof of Theorem 1.3, which we state here again for

convenience:

Theorem 4.1 (Long-time stability in d = 1). There exists a universal constant C > 0 such that the
1 1
following holds. For given R > 0, there exists €, € (0,C™ 2R2) such that if y, satisfies

Y (ER8%yol + E81037o)) <€ < &, (4.1)
a€{0,1}

then there exist T 2 R*¢=* and a unique solution y € C,([0,T], n°° Hk »(R X R)) to the screened
Vlasov-Poisson equation (1.7) with y(x, v, 0) = y,(x, v), which moreover satisﬁes

> (&Nl + X6y 0]) S A =AR.e) :=R-Ce1)3, 0<t<T.
aef0,1}

We highlight that the time of existence improves as the analyticity-parameter R resp. the size ¢
of the initial data increases resp. decreases.

The proof of this result proceeds by first demonstrating some linear decay estimates in
Section 4.1, whereupon a bootstrap in Section 4.2 can be established.

4.1 | Linear estimates

Toward linear decay estimates, for A > 0 we define the analytic norms

S A" g R WL
NHgn®)] :z,;ﬁm 167 8n Ol oy MELRCO)] .=r§m||avh(r)||L§Lgo,

where ¢, is defined as in (2.1). We highlight that the order of the Lebesgue spaces in (x, v) in the
definition of the M-norm is reversed with respect to the Z-norm defined in (3.1). This allows for
simpler linear estimates, but we underline that in the proof of Theorem 4.1 it will only be used via
embeddings in the L?-based energy norms: we observe that

3 VITREPY| :
2, S EN[h]2E][d,h]3.

co
=0

/‘ln o /‘ll’l l
MRl = Y N85kl < X L lIOTRIL,
n n=0 X,

For future reference, we also record some interpolation estimates for mixed derivatives, namely

X an X an 1
fi[avh] = Z %”ava;h”Liv < Z /:l_ aVH'lh n+1 an+1h £+1
n=0 ° ’ n=0 xv X0
S ﬂ n n+1 1 n+1 (4.2)
< ,Z() n! < % Lio " h 2,

< EMo ] + EM0, A,

x
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and analogously
242 A142 A[A2
&l h] < EL[0Lh] + E][d; h]. 4.3)
Our decay estimates read as follows.
Lemma 4.2. For A > 0, there holds that

N8, b,(O] S (6)V2(MA[RIEHN S, h] + X hIENR]), (4.4)

NA2820,(0] S (6 V2 MARIENG2R]+(t) " MA[B, h]? + EX[G2RIEN[h]) +(t) ™2 €26, h]%.
(4.5)

Proof. We begin by proving (4.4). Recalling that ¢, = G, * p;, with the Green function G, from
(1.9), when 0 < t < 1 we directly obtain that

N0, ¢ (D] S EXOAIEMh].
We henceforth assume that ¢ > 1. With the standard dispersive change of variables we have that
#1x.0= [ GOk =y = tww dydw =17 ] 6,090 (@, T2, 1 )ayda

and thus

"ot g (x, ) =171 Z (n + 1)/ // x(r~ zz)a h( t)
RXR

. ag“—ih(a, x—z—a t>dzda €
4rr

—-r

dr.

It follows with the splittingn + 1 = (n + 1 — i) + i that

n

A
t 1 1
Et”" Mt (x,t) =1, + I,

where

n+1 Al

e -1 X—z—a ¢ 1 X—-z—a
I =t iz://Gl(z) i (e 2=2 t>(n+1_l)'6v h(a, ==—2=2.1)dzda,
x—z-—a A X—z—a
e 41 l — 4 3 n+1-i — 4
L=t iz //Gl(z) ' n : ,t>(n_i)!6v h(a, == ,t)dzda.

By taking the ||-||;2;~ norm in the terms in I;, I, with the same amount of derivatives as in the
corresponding factorial, we conclude that

i%”awﬂa;%h(t)”

LY ®)
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BT e 1= e 1=y 1 PR | hIILzLoo llog+t= lhll 2
YA Y —= YAy
= g @G- (n+1-0) = = ! (n—i)!

< 73 MA[h]EN S, ],

where in the last inequality we inverted the order in the summations. This implies the claim.
The estimate (4.5) follows analogously, using for 0 < ¢ < 1 that

N2 $,(1)] S EMI2hIEXR] + EX[8,h]?

and for ¢t > 1 that

n+2

(26m2¢, (x, 1) = 71 Z <”+2> / // F(Fi2)d! h( x—z-—a
RXR

—r

~

0120, 2220 1) dzda——ar.

t Arcr [l
4.2 | Nonlinear analysis

We establish the following bootstrap, which readily implies Theorem 4.1.

Proposition 4.3 (Bootstrap estimates in d = 1). There exists €, > 0 such that if y is a solution to
(1.7) satisfying the initial data assumptions (4.1) and

> (el @)+ exlely®]) se <, 0<<T, (46)
a€e{0,1}
where T 2 R*c™*, then we have the improved bound
A 3a AirAa
Y (5 [099()] + £X[8 y(t)]) e+C,  0<t<T.

a€{0,1}

Since henceforth all our norms will depend on the same time-dependent analyticity parameter
2 l
A=21; ;=R —Ce*(t)2
asin Proposition 4.3 and Theorem 4.1, hereafter we will suppress it to not overburden the notation.

Proof. We first notice that by the bootstrap assumptions (4.6), with Lemma 4.2 we have the
following decay bounds:

N, [(6)0,p(D)] S e2(t)~1/2,
4.7)

N[220 S ()72 (E.[03r (D] + £,[87y(D]) + (1),
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I Control of €, [y] + &,[y] We differentiate

[s.0] /‘I'Vl
eyl + &1 = 3 55 (19Ol + 1807 0lz, )
to get that
%(& [r(O] + E,[¥(O]) = L, (E [0, 7 (O] + E,[B,y(D]) + Ay + A,
with
9 /‘ln ; el Al d n
Ay = Z Loy lle s A= 21 —ra 1o @l

where we used that ||y||;2 is conserved.
Concerning A, in (4.9)’, from Equation (1.7) for y we directly obtain that

1d -
s lleril: = <3‘> // 9"yal ¢(x + tv,0)8,8% 'ydxdv
=1

—t Z < > // o" 6}];+1¢>(x + tv,t)az_jﬂydxdv

=: B, + B,,
with bounds
w19 Pl 3 L2,
B, \n!”a;lJ/”Lg,vj; 7 TR
and
x Pl o Lo
B, < tnl||8%y “L2 ; j! - (n—j) ’

Collecting (4.10) and (4.11), we arrive at

[e5) AJ (e
Ay < (Z o e, )( ||a vz )
=g =
< /1? n+l
o )(gﬁ % Mz,

_ ai+1¢

+if Y £
(27

<N PDONE[8,7(D] + (6) T N () PDE [0,y (D)].

With the interpolation estimates in (4.2) and the decay bounds (4.7), this yields

A5 (077 + @073

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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We next study A,,. We have

n
sl = %, (?) // 81 yt/8 ™ g(x + to, 08 ydxdo

Jj=1

n
- Z <7> // 5Zy(t5x)j+1¢(x +tv,1)8,0, ydxdv
j=1

with bounds
‘(t)faﬁlqﬁ“ " ]+1y .
n!||a” 4.13
” “L2 ; j! (n—j)! ( )
and
<t>j+1a)j;+l . n—j L
' n X X,U
C, < n'”aUy”Li,u ; i CE (4.14)

Collecting (4.13) and (4.14), we arrive at

n+1

© 4]
A, < (Z % sl 3ty
=R

.
JEr )
(o) (S e, )

<(OTND3PDIE[8,7(D] + N, [(1)8, $(DIE, [0, 7 (D]-

By the decay bounds (4.7) and the interpolation estimate

E 07 < E0,7] + E.[0,7],

we conclude
Ay S (6726 + ()32, [8,7(D] + E.19,7(D)). (4.15)

Inserting (4.12) and (4.15) in (4.8), there holds that

L eyl + ElyD) < Gy + CEWTELN] + £,[8,7D + CEW 3 <Cen) ™

1
upon choosing A, = R — Ce%(t)2 as in the statement. This gives the claim.

IL. Control of €,[0,y] + &,[0,7]
We now study
’ L>

an+1 an+1

12

X,0

[o+] /‘ln
gx[axy] + gv[auy] = 2 n_t|<
n=0 "
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for which

4
dt

with

n
n+1 /l_l
n!

d
“ an+l
dt

d o0
Z:: n_td_ L)Zw’ Z::

Concerning 7, in (4.17), we get

2
LX,U

1d

an+1
2dt

X

2 n+1 ) .
M. =2 <nJ-rl> // 0"+ yal  g(x + tv, 13,07 Tydxdv
L “ j

X,

n+1

+t Z <” + 1) // 0" yal M p(x + tv, )3 ydxdv.

i <<r>‘2( oot )( . a"rn,,z)

[e5) An
BHEREY

x n=0

+(t)_1 ||<t>]+2aj+2¢|| - ﬂ o
On'
a /11 o X AN

: (2 ffora N(E k)

By the interpolation estimates in (4.2) and (4.3), we get

It follows that

io: Ei an+1
- n! dt
n=0

x 7

oo 4]
" (t)_1<2 %”(l)jﬂdi*'%
=0 J*

L>
L>

n+1

14

n+2
X

By + B, < ()N [(1)°0501(Ec[0,7] + E,[8u7]) + (1) "N [(1)3, B (Ec[057] + £,[6771),
while
By + B, < (1) ' N, [(1)23291€,[8,7] + N, [(1)8, $1E,[327],

so that by (4.7) and (4.6)

T 5 (07 + (07 + 073 @& 01 + £ ON + (0738 @)

(Ex[0,7]+ E,[0,7]) = A, (E.[027] + E,[027]) + T + T, (4.16)

(4.17)

A 'T ‘9202 ‘0SLL69VT

)"00SYIRLPUO /SNy WO |

851801 SUOLILLOD 3AIIERID) 3|eal|dde 3y} Aq peuob afe Sao1e O ‘SN JO S3jnu 10} A#Riq1T8UIIUO A8|IA UO (SUORIPUD-PUE-SWLLBYWI0D" A3 | IMAlelqBUIjuO//SAIY) SUONIPUOD PUe SWd | 3y} 89S *[9202/20/T0] Uo AiqiTauliuo AB|Im ‘B1feleURILR0D Aq 9210, SWII/ZTTT 0T/I0p/Woo A8 M Ariq)



34 of 37 | IACOBELLI ET AL.

We next study 7, in (4.17). With

n+l
1d 2 n+1 y »
2dt oy 2, Z( j )//5S+1ytjai+1¢(x+tv,t)al’}+2 Jydxdv
X, U j=1
n+1 1
_ z <}’l+ >//6"+1)/(t6 )f+1¢(x+tv t)a an+1 Jydxdv
=1
=. C1 + C2,

we obtain that

ntl ||<r>f+1al+1¢|| 3|,
C, < () Yn + 1||on+? . -,
1 < > [ y L)Zg,uj; j' (n+1_])'
and
) (ORLA N LR
C, < (n+1)|o"+!
2<n+ ) L2JZ{ j! (n+1—))
so that altogether
- /1? d n+1 < /1n
T a j+237+2 7t || gn+1
2 e ], <o ||<r> A I | DY i
n=0 j—O n=0 ’
11 < /1?
+<t>_1< “<t>]+laj <;5” )( ? an+2y " )
0 X,0
S A | easie2 o A
+
H Zlerase] . ) Zplesrl,
Jj=0 * n=0 """
+1 S /1?
J+13J _t n+1
(5o, ) (., )
=: D, + D, + D; +D,.
We have
D1+D2 <t> ( U[<t>za)2c¢]8v[av7/]+Nu[<t>ax¢]‘€v[ag7/])s (4-19)

while, by interpolation as in (4.2) and (4.3)
&0 ] < &0, + 0yl E,10:0,7] < E,[0y] + Ecl037],
and we thus get

D; + Dy < Ny[(1)*0381(E. 10,71 + E,[0,7]) + N, [(1)0,B1(E (6371 + €, 1657 (4.20)
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Collecting (4.19) and (4.20) we obtain that
-1 -3\ 2 2 2 33
T, 5 (072 + 0722 (8,001 + £821) + ()¢ (@.21)

Inserting (4.18) and (4.21) in (4.16) shows that for a universal constant C > 0 there holds that

d ; 2/ —1 2 2 -3 3 S
a(fx[axy] +E,[0,7]) < (A, + Ce(t) " 2) (E,[03y] + &,[07]) + C(t) 26> < C(t) 2¢

upon choosing 4; = R — Caz(t)% as in the statement, whereby the requirement that 4, > 0 yields
the claimed timescale T > R%?c~%. O

APPENDIX A: PROOF OF AN AUXILIARY STATEMENT
Proof of (3.3). For h : R? X R? —» R we introduce the Littlewood-Paley decomposition

hage0) = 7L [ (M) k] G, 0)

where F is the Fourier transform in the velocity variable, M € 2 a dyadic number and ¢ a
Littlewood-Paley function, that is, a bump function compactly supported in 27! < || < 2 (see,
e.g., [41, Appendix A]). We see that with h = ), h,,; and

hM<a,¥>—hM(a,%>=g Ola—a hM< )t‘ 6%>d6, (A1)
there holds that
| (a u) —h(a,%) i ,SMZ‘;Z min{t_1M2||xh||L)zC’U,M_1||h||L)ch3}, (A2)

where the first term inside the minimum is obtained from the r.h.s of (A.1) using that

1q.
Lo, (X —6%)ds|| St a0 byl 2y
o t ' t t X0

LGLY

and then using Bernstein’s inequalities ||hM||LzLoo pS M||hM||L2 and ||V, hM||L2 ~ M||hM||L2
(see, e.g., [41]). The second term inside the minimum in (A.2) i is obtalned from the Lh.s of (A. 1)
by using again that ||hM||L§Lg° < M||hM||L)zw ~ M~ 1||Ile\,,||L)chg.

For an integer B > 0 to be fixed, we get ,

X min {7 M2kl 2 M il | S E kil Y 22 + Al Y 2.

Me2? J<B j>B
Optimizing in B, we conclude (3.3). O
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