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Abstract

Contrast Trees are an iterative input space partition technique introduced by
[Friedman(2020)] in order to automatically uncover regions in the input space
itself where two target variables differ the most. In case inaccuracies are detected,
Estimation Contrast Boosting can be used in order to reduce differences. The
Distribution Contrast Boosting provides an assumption-free method of estimating
the full probability distribution of an outcome variable on the same input space.

By applying for the first time such techniques in the context of mortality modeling,
the aim of this work is threefold. Firstly, to test if Contrast Tree based diagnostic
can be applied to mortality description and projection models, and if results obtained
from this new technique are consistent with those give by some traditional indicators.
Secondly, to utilize Estimation Contrast Boosting techniques for building mortality
tables for small populations. Thirdly, to generalize the Italian actuarial practice
for building company mortality tables, which is based on reproportioning mortality
rates. Such generalization can be obtained using both Estimation Contrast Boosting
and Distribution Contrast Boosting.
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Chapter 1

Mortality modeling and
Contrast Trees

1.1 Introduction

Since 1980, innovative approaches and developments in mortality modeling have been
constantly proposed. Mortality analysis has received a considerable contribution
from statistical science, building solid foundations for studying the evolution of
mortality and longevity trends. Estimating these phenomena is not a trivial task;
accuracy depends on the particular situation or trend, and figuring out if or when a
certain method will be effective is not straightforward. Indeed, when a new mortality
model appears in literature, it may take years before they it be fully evaluated.
As stated by [Booth and Tickle(2008)], the accuracy of mortality estimates should
be regularly tested to assess the improvement evidence. Researchers appear to be
more focused on technical progress of a method rather than on the accuracy of the
estimation provided, focusing on minimizing the bias.

Several approaches have been used to model mortality surfaces, determining how
death rates change over time. Until the 1980s, relative simplicity and personal judg-
ment were common features of mortality models (see [Pollard(1987)] for a detailed
review on this aspect). Since then, mortality data became more easily available,
which, jointly with the development of a wider array of statistical-mathematical
tools, led to the creation of increasingly complex mortality models. According to
[Booth and Tickle(2008)], three main paradigms for demographic modeling can be
identified.

The first one (explanation) is based on structural or epidemiological models from
certain causes of death: a widely known example is the connection between lung
cancer and tobacco smoking. Expectation, the second paradigm, relies on expert
opinion and involves varying degrees of formality. Finally, making use of the regular
structures typically found in age patterns and trends over time leads to the widely
adopted extrapolative paradigm. This last approach includes the more complex
stochastic mortality models such as the Lee-Carter ([Lee and Carter(1992)]) and,
more generally, the Generalized Age Period Cohort (GAPC) model. Despite the
Lee-Carter model being recognized as one of the most influential proposals for
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mortality modeling and forecasting, in recent years scholars suggested additional ap-
proaches that sparked interest in actuarial and demographic literature as in the works
from [Brouhns et al.(2002)], [Renshaw and Haberman(2006)], [Cairns et al.(2006)]
and [Cairns et al.(2009)].

1.2 Main frameworks for mortality modeling

Models like the Lee-Carter and its variants have been widely used, becoming a bench-
mark for many newly proposed methodologies, but they present several shortfalls.
In this line, [Cairns et al.(2008)] tried to address the issue of what would be the best
way to estimate mortality, exhibiting interesting criteria that a good mortality model
should hold. They referred to good-practice guidelines such as the consistency with
historical data and the long-term dynamics, biologically reasonable. Following this
line of research, recent longevity literature stimulated the use of machine learning
techniques in demographic research allowing the integration of stochastic models
into a data-driven approach.

Machine learning techniques can support and integrate traditional mortality
models in order to significantly reduce forecasting errors, both for application
and research purposes. Main contributions in this area, from [Deprez et al.(2017),
Levantesi and Pizzorusso(2019), Levantesi and Nigri(2020)], make use of machine
learning algorithms to improve the fitting accuracy of canonical models. That is
to say, the mortality surface produced by standard stochastic mortality models
is corrected by adjusting mortality rates estimated by the original model. Such
adjustments are obtained calibrating a machine learning estimator. As shown by
these authors, machine learning better captures complex patterns that traditional
models fail to identify.

The need for new tools for comparing models’ performances is evident to under-
stand mortality evolution more accurately.

1.3 Traditional diagnostic tools

In the following, we briefly mention some traditional diagnostic tools that are often
used in the literature to assess the goodness-of-fit of a mortality model.

o Analysis of mortality residuals (or standardized mortality residuals) calculated
as the difference between the crude estimate of mortality rate by age and year
based on observed data and the corresponding estimated mortality rate using a
specified mortality model. For example, [Cairns et al.(2010)] verified that they
are consistent with the hypothesis of i.i.d. N(0,1) and have zero correlation
both across adjacent ages and across adjacent years.

« Proportion of variance explained (R?) by the model or the parameters of the
model (see, e.g., [Bongaarts(2005)])

o Model selection criteria that penalize the log-likelihood with the increase in
number of parameters: Akaike Information Criterion (AIC), Schwarz-Bayes
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Criterion (SBC) (or Bayes Information Criterion (BIC)) and Likelihood-ratio
test (LRT) [Li et al.(2009)]. Note that in this case the evaluation of the
goodness-of-fit is given on the basis of the log-likelihood.

o Qualitative model selection criteria: [Cairns et al.(2008)] provide a list of
criteria that might be considered desirable in a mortality model, such as, e.g.,
ease of implementation, parsimony, and transparency. Relating to the fitting
ability to the observed data, the model should be consistent with historical
data, and parameter estimates should be robust relative to the range of data
used. For example, [Djeundje et al.(2022)] consider consistency, stability, and
parsimony in addition to standard goodness-of-fit indices (deviance residual,
BIC, and residual patterns).

e Checking for the absence of autocorrelation in the residuals of the model by
the Portmanteau test (see, e.g., [Torri(2011)]).

1.4 Contrast Trees and associated boosting techniques

Contrast Trees (CT) are an innovative approach that, leveraging tree-based machine
learning techniques, allows for deeply assessing differences between two output vari-
ables, be them predictions resulting from different models models or the observed
outcome data, by identifying where they most differ. Specifically, the goal of the
Contrast Trees method is to uncover regions in the predictor variables space pre-
senting very high values of some difference between two arbitrary outcome variables
defined on the same space, quantified by a discrepancy measure [Friedman(2020)].

Suppose to have a system under study, with p associated variables X1, Xo, ..., X,.
Given an observed value of the predictor variable vector x = (z1, z2, ..., xp), the goal
of the study is to estimate the unknown value of some target variable or of some
property of its distribution, such as the mean or median. For each observed value
X, let y and z be the associated observed values for two outcome variables: these
can be predictions for the quantity of interest, resulting from different models or
methodologies, or observed values for the target variable. The data then consists
of N observations of the form {x;;;, zi}X;: every value of the predictor vector is
associated with the corresponding couple of observed outcome variables. The aim
of the Contrast Tree procedure is to find those values of x for which the respective
distributions of y|x and z|x, or some statistics such as mean or quantiles, are most
different. Depending on the nature of y and z outcome variables, CTs can be used
to uncover regions of the input space where the predictions from two models differ
the most, or where the prediction of a model is most distant from the corresponding
observed values for the outcome variable, thus highlighting high error regions and
providing a diagnostic tool for assessing lack-of-fit.

Essentially, Contrast Trees can be used to investigate differences between any
observed or predicted variable defined on a given predictor space. If differences be-
tween such variables are found to be significant fot the problem at hand, a CT-based
boosting technique called Estimation Contrast Boosting can be applied in order
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to reduce them. A special case of it, called Distribution Boosting, can be used to
estimate the full conditional distribution of one target variable starting from data
values available for the other.

Before applying CTs in the context of mortality modeling, the splitting algorithm
and its associated boosting procedures will be now described in detail.

1.4.1 Contrast Trees

Following the terminology from [Hastie et al. (2009)], in the remainder of this thesis
variables X1, Xo,..., X, will be called interchangeably inputs, predictors or features,
while variables Y and Z will be referred to as outputs, responses or outcomes.

Discrepancy measures

Any subset X* of the input space is associated to a discrepancy measure between
the corresponding y and z values:

d= D({yi}xiGX*a {zi}XiEX*)

The choice of the discrepancy measure depends on the problem to be solved,
allowing Contrast Trees to be applied to a variety of problems [Friedman(2020)]:
in this sense, they are similar to loss criteria in prediction problems. However,
in the context of Contrast Trees there is no requirement that they be convex or

even differentiable. Moreover, they need not be expressible as a sum of terms each
involving a single observation.

In the remainder of this work, the following discrepancies will be used:

1. Mean absolute difference discrepancy:
n_ 1
D = 57~ > lyi— il (1.1)
m T;ERm

where N,, in the number of observations in region R,,.

2. Empirical cumulative distribution discrepancy:

. 2N —1 ‘Fy(t(’i)) — Fz(t(i))‘

a2l —
™ Ny — 1 ; i 2Ny — 1)

(1.2)

where ;) is the ith value of ¢ in sorted order, and ﬁ’y and F, are the respective
empirical cumulative distributions of y and z. It should be noted that, since
dﬁ] is defined region-wise on certain points of input space, the empirical
cumulative distribution of y and z have the same support by construction. See
[Friedman(2020)] for further possible discrepancy functions.
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Iterative splitting procedure

Once a suitable discrepancy function has been chosen, the algorithm for building
Contrast Trees can be described as follows:

1.

At the beginning of the iterative procedure, no splitting has been performed
yet. Therefore, at 0-th iteration, all input space is contained within a single
region.

. Suppose to have performed M splits: so, at M-th iteration, the input space

is partitioned into M disjoint regions {R,,}}_,, each containing a subset
{xi,yi, zi} of the data. Within each region, the discrepancy measure between y
and z values is calculated for each specified subset of the data {x;, yi, zi }z,cRr,,:

dm = D({yi}xieRm; {Zi}xiERm) (13)

. In order to perform the next partition, at the M + 1-th iteration each region

R,, is provisionally partitioned into two sub-regions R%) and R(mr), with corre-
sponding discrepancy d%) and d,(f;). As in ordinary regression trees for numeric
variables (see [Breiman et al.(1984)] for more details), splits involve one of the
predictor variables, x; and are specified by a split point s. The provisional

sub-regions are defined by:

xERm/\xjgsixERﬁ,?
X € Ry Azj>5=x € R

. Within each region, the quality of the split into sub-regions is defined as:

Qult,) = (£ £ - mase (a0, )" (14)

In the first factor, designed to penalize highly asymmetrical splits, qui) and f,(,f)
are the fraction of observations in region R,, associated with each provisional
sub-region. The second factor attempts to isolate sub-regions with high
discrepancy. Parameter 3 regulates the relative influence of the two factors
but, as stated by [Friedman(2020)], results are insensitive to its value. In the
following, 5 will be held fixed to 2.

. Within each region R,, all possible splits are performed. The one maximizing

equation 1.4, with associated sub-region discrepancies d;*é” and d;*,?"), is then
associated with the region itself.

. Discrepancy improvement for the m-th region is then defined as

I, = max (d*(l), d*<’">) —dy

m m

The region whose associated split maximizes I, is then replaced by its associ-
ated sub-regions, thus partitioning the input space in M + 1 regions.
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7. The iterative splitting procedure stops when at least one of the following
conditions is met:

— I, < 0 Vm i.e., discrepancy improvement is negative for all regions
resulting from the iterative split procedure;

— when the tree reaches a specified size, given by the number of disjoint
regions produced;

— when the observation count within all regions is below a specified thresh-
old.

Tree size is generally specified by the user and involves a trade-off between
fineness and interpretability. The smaller the trees, the larger the regions
(defined by simple rules and thereby easier to be interpreted). The larger the
trees, the higher the potential to uncover small high discrepancy regions (defined
by complex rules). Pruning strategies analogous to those in classification and
regression trees based on cross-validation can also be employed to guide choice
of tree size.

Lack-of-fit contrast curves

Overall results from a Contrast Tree can be summarized in a lack-of-fit contrast
curve (more briefly, LOF-curve), which associates to the m-th region the following
point coordinates:

- 1 Zd->dm dij
(fm; dm) = N Z Nj; ZJ_—N
d;>dm dj>dm *'J

where d,, is the average discrepancy across all regions with discrepancy greater or
equal to d,,, weighted with the number of observations within each of these regions,
N; and f,, is the fraction of observations within those same regions.

T

Discrepancy
- of the largest
discrepancy

region i
Discrepancy
averaged over
all regions

Sy
3

3
>

T
0 1

f m

Figure 1.1. Example of a lack-of-fit contrast curve

From the above expressions, it can be deduced that the lack-of-fit curves are by
construction decreasing. By way of example, we show a typical pattern of this curve
in Fig. 1.1, where the leftmost point on the abscissa-axis provides the fractions of
observations that fall into the region with the higher discrepancy, while the rightmost
point corresponds to all the observations (f,, = 1). Looking at the ordinate-axis, the
leftmost point on each curve represents the d,,, value of the largest discrepancy region
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of its corresponding tree; the rightmost point provides the d,, value across all regions.
Points in between give a d,,, value over the regions with the highest discrepancy that
contain the corresponding fraction of observations [Friedman(2020)].

1.4.2 Estimation Contrast Boosting

As explained above, Contrast Trees can be used as a diagnostic tool to exam-
ine the lack of accuracy of predictive models. To improve the model reliability,
[Friedman(2020)] proposes a contrast-boosting technique that enables models to
provide more accurate predictions, by means of an iterative procedure that reduces
uncovered errors and calculates an additive correction. Estimation Contrast Boosting
(ECB) gradually modifies a starting value of z using an additive term, reducing
its discrepancy with y. The resulting prediction for z is then adjusted accordingly.
Please note that in Estimation Contrast Boosting, the two response variables are
not equivalent: response y is taken as the reference, while response z is adjusted.

In this section z is supposed to be an estimate of a parameter of the full conditional
distribution of a target variable given a set of predictor variables, p,(y|x), such as
e.g. the distribution expected value. The algorithm can be described as follows:

1. A Contrast Tree of y versus z is estimated using discrepancy 1.1. M regions
{RSL)}{VI are then identified on the input space. The z values within each
region are then updated with an additive term 6%), so that the discrepancy in
that region results zero, , i.e. d,, = 0 in Eq. 1.3. The updated z(!) values are
then:

20— 60 x e RO

2. The update predictions z() have zero discrepancy in the regions {Rg)}{v" ,
but there may be other partitions of input space producing regions where
calculated discrepancy is not small. Updated 2 are then contrasted again
with g, in order to produce a second Contrast Tree. A second update 5@ is
then calculated in order to have zero discrepancy in regions identified by this
second tree.

3. The procedure is then iterated at most K times in total, until a stopping
condition on the magnitude of §; updates is met.

4. Following considerations on Gradient Boosting algorithm from [Friedman(2001)],
performance accuracy can be improved at the expense of computational cost
by introducing a learning parameter o that modulates the update s.t.:

where ]l <k < Kand 0< a<1.

Any point x in the input space lies within a single region my(x) of each tree
(k)

my(x)

with its calculated update &
given by:

. Given an initial value z(x), the estimate 2(x) is

K
B(x) = 2(x) + Y o) (1.5)
k=1
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1.4.3 Distribution Contrast Boosting

Distribution Contrast Boosting (DCB) is an application of Contrast Trees that pro-
vides an assumption-free method for estimating the full probability distribution of
an outcome variable given a set of predictor input variable values ([Friedman(2020)]).

Both z and y are considered observed values for random variables Y and Z
generated from respective conditional distributions p,(y|x) and p.(z|x). Contrast
Trees are used to identify regions where the two distributions differ the most, in
order to estimate a transformation gx(z), different for each value of x s.t.:

Do (9x(2)[x) = py(y[x)

So, the estimated function gx(z) can be used to estimate the distribution of ¥ given
a value of X.

The algorithm can be described, with the same symbols a of previous sections,
as follows:

1. A Contrast Tree of y and z with discrepancy 1.2 is estimated in order to

identify M regions. In each region R%), z values are transformed using;:

20 =gy xe rW

s.t. that discrepancy 1.2 is zero within the region. The transformation ensuring
this is:

with F,(y) being the empirical cumulative distribution of y and F,(z) the

corresponding empirical cumulative distribution of z for x € Rq(%). This
transformation is graphically represented by the quantile-quantile plot of y
versus z within R,%).

2. The distribution of the updated variable z() can be used to produce a Contrast
Tree of y and z(!), using the same discrepancy. So, another set of regions
{R%)}{V[ is produced, where a new transformation gﬁ,f) (z) can be defined.

3. Such a process can be iterated K times until a stopping condition on discrepancy
between y and z(¥) is met.

4. As for Estimation Contrast Boosting, using a learning rate a to shrink the
k-th transformation towards the identity increases accuracy by increasing the
number of transformations:

g (z) = (1= @)z +ag) (z)

The distribution p,(y|x) can be estimated using a sample {z;}} drawn from the

distribution of z. This will lie within Rfrlli ») tree region for the first iteration, Rg; (x)
for the second iteration and so on. Within each of these regions, a corresponding
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gjlz (x) is defined. Then, a starting value z can be transformed

into an estimated value § = gx(z) as follows:

transformation function g

A K K-
35(2) = Gy, 00 © Trne o) © " © I3 (2) (1.6)

If the overall estimation of jx(z) can be held accurate, the distribution of the trans-
formed sample {g; = gx(z;)}T can be considered an approximation to that of y, for
a given value of x: so, statistics calculated from the values of §j can be selected as
good estimates for the corresponding quantities for distribution py(y|x).
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Chapter 2

Mortality diagnostic using CTs

Contrast Trees will now be employed in the in the context of mortality models. The
response variable, unless otherwise specified, will be the central mortality rate. A
common choice (see e.g. [Pitacco(2009)]) for predictor variables in dynamic mortality
models, both likelihood-based and machine-learning based, is to use as predictors
the age of death, the birth year (cohort) and the calendar year of death. Regions
resulting from Contrast Trees will be graphically represented on the Lexis diagram.
In this context, the input space generated by the Age and Year predictor variables
will be called Lexis space. Given this predictor choice, partition along Lexis space
can happen only in three directions: along ages (vertical split), along calendar years
(horizontal split) or along cohort (diagonal split).

In the context of mortality modeling diagnostics, the main feature that dis-
tinguishes Contrast Trees from the traditional diagnostic methods mentioned in
section 1.3 is the ability to automatically identify the regions in which a given
model provides a high error for certain combinations of ages and calendar years.
Furthermore, Contrast Trees have the advantage of being easy to interpret and can
be used as a diagnostic tool to detect the inaccuracies of every kind of model, such
as those whose parameters estimate are based on a likelihood function and those
based on machine learning algorithms.

This chapter presents two applications of Contrast Trees to mortality models.
In sections 2.1, 2.2 and 2.3 CTs are used in the context of mortality description to
assess performances from both machine learning and likelihood based models within
a single framework. Estimation Contrast Boosting is then applied to predictions in
order to test its effect on model performances.

In sections 2.4 and 2.5 the tools provided by Contrast Trees are applied to
mortality projections obtained using Generalized Age-Period-Cohort models.

2.1 Method and data

In the following sections, Contrast Trees will be employed to assess the lack-of-fit
relative to four models: two pertaining to the extrapolative approach recalled in
section 1.1 and two machine-learning-based. Firstly, a model calibration is carried
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out for each model, producing estimated values for the central death rate. For each
model, a Contrast Tree is produced, contrasting the model-predicted central death
rate to the observed data. The response variable, in this case central death rate,
and discrepancy is the same for all CTs. In this way, each Contrast Tree checks
discrepancy between model predictions and observed data, allowing for a unified
comparison.

The analyses are carried out using Italian mortality data available in the Human
Mortality Database (HMD) over the period 1950-2018, relative to male population
aged 0-90. Calculations are performed separately for age groups 0-29, 30-60, and
61-90 to provide further evidence of the differences in mortality that characterizes
the younger ages, the adult ages, and the older ages.

A bit of care must be taken in order to avoid terminological confusion when
splitting the data between training and test set : a subset Sp of the data, containing
70% of the data is used in order to calibrate the models. The remaining 30% of the
data, along with models’ predictions for central death rates, is used to train and
validate Contrast Trees: this fraction of the data is further split in half, to create two
subsets So and S3. These are used to respectively train CTs and produce CT-related
quantities, such as LOF-curves. From the perspective of the mortality model, S is
the training set, while S U S3 is the test set. From the perspective of the Contrast
Tree, which is in itself a machine learning method, Sy is the training set and S5 is
the test set. The training set 5] is used solely to calibrate mortality models and
obtain the parameters’ estimate of each model. The estimates are then used to
evaluate the out-of-sample performance. Finally, out-of-sample errors are calculated
using data from the test set. The dataset is partitioned using the dissimilarity-based
compound selection proposed in [Willett(1999)].

Mortality rate
The central death rates m,; for each age x and year ¢ are calculated according to

the following formula:

o dz,t
Myt = E,,
"E7

(2.1)

Where d,; is the number of deaths aged x in year ¢, and E,; are the central
exposures-to-risk aged x in year t.

2.2 Models for mortality description

Contrast Trees will now be applied to mortality models. At this stage, such mortality
models are used descriptively: their goal is to describe mortality synthetically without
considering rates’ projections. In this sense, the data can be considered stationary,
as the calendar year is treated as any other variable and non-stationarity does not
constitute an issue. The purpose of the analysis is to evaluate models’ quality of fit
against each other in a unified framework provided by Contrast Trees. It should be
underlined that, in the context of this thesis, emphasis is not on placed upon the mod-
els’ accuracy. The main objective here is to analyze CTs application in the context of
mortality models and not to produce state-of-the-art models. Moreover, the Contrast
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Tree partition algorithm, exposed in section 1.4.1, does not make any assumption
about the reliability of the values y; or z; or even about the way they are obtained, as
long as the data can be expressed in the form {x;;y;, z;}2¥;. Should the response val-
ues differ from each other, CTs are designed specifically to highlight those differences.

In the following, four models to which the Contrast Tree methodology is applied
are briefly reviewed. The first two models used to produce death rates’ estimates
belong to the family of generalized age-period-cohort (GAPC) that are expressed in
a regression framework to be suitable for applying Contrast Trees, which requires
data organized in columns. The last two are well-known machine learning techniques
also used for regression tasks.

Lee-Carter model

The extension of the Lee-Carter (LC) model[Lee and Carter(1992)] proposed by
[Brouhns et al.(2002)] is considered. This assumes that the number of deaths
is a Poisson random variable. The Lee-Carter model under the specification of
[Brouhns et al.(2002)] describes the logarithm of the central death rate at age « and
time ¢ as:

IOg (mx,t) =y + 5{17’%75 (22)

The age-specific parameter «, provides the average age profile of mortality, the
age-period term [, - k; describes the mortality trends, with x; the time index and
B modifying the effect of x; across ages. The model is subject to the following
constraints on x; and fB;: >,k = 0 and ), B, = 1. Future mortality rates are
obtained by modeling the time index k; through an autoregressive integrated moving
average (ARIMA) process. In general, a random walk with drift properly fits the data.

This model can be reformulated into a Generalized Non-linear Model (GNM)
framework, as in [Villegas et al.(2018)]. The authors use a GNM and apply the
maximum likelihood method to fit the model to historical data. Under this
specification, the LC model can be seen as a non-linear regression model where

mortality rates are the target variable, predicted using features (age and time)
[Richman and Wiithrich(2021)].

Age-Period-Cohort model

The Age-Period-Cohort (APC) model has been reformulated into a Generalized
Linear Model (GLM) framework in a work by [Alai and Sherris(2014)]. Their new
reformulation assumes that random number of deaths follows a Poisson distribution
and adopts a logarithmic link function:

log (my1) = Bo + Br.e + Bai + B31—2 (2.3)

Where the regression coefficients (1, B¢, B3,:— represent respectively the age
trend, the period trend and the cohort trend (¢ — x represents the year of birth).
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Gradient Boosting Machine

A Gradient Boosting Machine (GBM) is a tree-based algorithm proposed by [Friedman(2001)]
that uses fixed-size decision trees as weak learners. The prediction is obtained by a
sequential approach, where each decision tree uses the information from the previous

one to improve the current fit. Given a current model fit, F,,(x), the algorithm
provides a new estimate, F,,+1(x) = Fp,(X) 4 h(x), where hy,(x) is the weak learner

fitted on the model residuals y — F,,(x) with y target variable. Hyperparameter
calibration has been performed using a manual grid search.

eXtreme Gradient Boosting Machine

Extreme Gradient Boosting Machine (XGBM) is an efficient implementation of
gradient boosting decision trees proposed by [Chen et al.(2015)], and designed to
be fast to execute and highly effective. To verify if a simple data preprocessing has
some meaningful effect on the quality of models, we apply XGBM to both raw and
preprocessed data: the latter is obtained by centering and scaling the raw data using
mean and standard deviation. Implementation was performed using R package caret
([Kuhn(2020)]). Hyperparameters were chosen using a grid search with a 10-fold
cross-validation repeated 5 times.

2.3 Numerical results

The Contrast Tree analyses have been implemented using the conTree R package
developed by [Friedman and Narasimhan(2020)]. The minimum number of points
falling in a leaf is set to 20, while maximum tree size, corresponding to the maximum
number of regions, is set to 100. This choice was made to ensure the production of
regions large enough to be interpreted with ease, without limiting the growth of the
tree (being the Lexis space composed by 1456 observation for the described data,
one can expect at most 72 leaves, therefore the stopping condition for maximum
tree size is never met). A manual grid search was performed to assess how tuning
these hyperparameters would affect the resulting Contrast Trees, but no noticeable
effect was observed.
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Figure 2.0. Lack-of-fit contrast curves in the log scale for APC, LC, GBM, XGBM and
XGBM_ preproc by age group. Left panels: base models; Right panels: boosted models.

Predicted values from each model have been contrasted with the corresponding
observed values using discrepancy 1.1, thus producing five Contrast Trees with
corresponding input space partitions. Estimation Contrast Boosting has been then
performed, using observed values of the central death rate as responses and ad-
justing central death rates predicted from the models. The maximum number of
iterations K has been set to 20, which was deemed sufficient since most of the
discrepancy reduction has been seeing happening in the first 10 iterations. Results
are summarized in the lack-of-fit contrast curves, shown in Fig. 2.0 for the three
different ages groups analyzed. Panels (a), (c) and (e) of these figures refer to the
lack-of-fit curves obtained without applying the Estimation Contrast Boosting (Base
models), while panels (b), (d) and (f) refer to the lack-of-fit curves obtained after
applying Estimation Contrast Boosting to the output of the models (Boosted models).

Lack-of-fit curves relative to both likelihood-based models and machine-learning
valuations can be compared directly. For the 0-29 age group (Fig. 2.0, panel (a)
and (b)), both APC and XGBM model have the lowest discrepancy values for each
fraction of observations, providing the best fitting. The average discrepancy for this
age group is higher than for the 30-60 age group. The 0-29 age group is known to be
characterized by high accidental mortality, the so-called “accident hump” around age
20-25, due to accidental deaths or suicides caused by increased risk-taking behavior.
Mortality at age 0-29 is therefore hard to predict, and Contrast boosting is not able
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to actually reduce the average discrepancy.

For the 30-60 age group (Fig. 2.0, panel (c¢) and (d)), the APC model seems to
best perform across all regions since the discrepancy values are consistently lower
than those of the other models. For the XGBM models, we can observe that the
model applied to preprocessed data (XGBM__preproc) performs better in the regions
with the highest average discrepancy with respect to the model applied to raw data.
From the scale of the plots, we can see that Contrast boosting reduces discrepancy
across almost all regions for the GBM and LC models, where the relative effect of
boosting is particularly apparent.

For the 61-90 age group (Fig. 2.0, panel (e) and (f)), the GBM model seems
by far the worst performing model. Albeit the application of Contrast boosting
significantly reduces the discrepancy, the GBM continues to be less accurate than
the other models. It should also be noted that the effect of Contrast boosting in
high-discrepancy regions for the other models is negligible, except for the APC.

Model Age 0-29 Age 30-60 Age 61-90

Base  Boosted % A Base Boosted % A Base Boosted % A
APC 0.000410  0.000409 0%  0.000145 0.000141 -3% 0.002142 0.001948 -9%
LC 0.000571 0.000568 0%  0.000231 0.000232 0% 0.002395 0.002314 -3%
GBM 0.000473  0.000459 -3% 0.000320 0.000225 -30%  0.006525 0.003238 -50%
XGBM 0.000417  0.000415 0%  0.000240 0.000233 -3% 0.001916  0.001940 1%

XGBM_p 0.000500 0.000493 -1%  0.000268  0.000265 -1%  0.002003  0.002005 0%

Table 2.1. Values of the average discrepancy d,, calculated on Mg, in the test set.

Table 2.1 reports the values of the average discrepancy measure across all regions
for both the base and the boosted models considered in the analysis. The APC and
the XGBM base models provide the lowest average discrepancy values (0.000410 and
0.000417, respectively), which remain substantially unchanged after the Contrast
boosting procedure. The APC model shows the lowest value of d,, also for the age
group 30-60, in line with the dynamics of the lack-of-fit curves depicted in panels
(b) and (e) of Fig. 2.0. However, the lack-of-fit curves provide more structured
information than the average discrepancy, in particular, regarding how and how much
d,, varies across the input space. For example, for the age group 61-90 in the base
model (panel (c)), we can appreciate that the main difference among models (except
for GBM, which is out of range) measured by the average discrepancy is caused by
the high discrepancy regions (where the fraction of observation is less than about
0.20). For ages 61-90, the GBM base model shows the worst fitting to the observed
mortality data. Although Contrast boosting produces a strong improvement in the
discrepancy measure, GBM remains the worst model in terms of discrepancy. Con-
trast boosting is very effective also for the GBM model in the age group 30-60, as it
heavily lowers (-30%) the average discrepancy between observed and estimated values.

For a comparison with the average discrepancy, Root Mean Square Error (RMSE)
and Mean Absolute Percentage Error (MAPE) are also calculated for both the base
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Error Model Age 0-29 Age 30-60 Age 61-90
Base  Boosted % A Base  Boosted % A Base  Boosted % A
APC 0.002040  0.002039 0%  0.000264 0.000263 0%  0.004260  0.004139 -3%
LC 0.003471  0.003471 0%  0.000491  0.000496 1%  0.004258  0.004363 2%
RMSE GBM 0.001648  0.001647 0% 0.000640 0.000455 -29%  0.012248 0.005439 -56%
XGBM 0.001517 0.001515 0% 0.000342  0.000338 -1%  0.003260  0.003278 1%

XGBM_p 0.001939 0.001935 0% 0.000391 0.000386  -1%  0.003339 0.003345 0%
Table 2.2. Values of the RMSE calculated on m; in the test set.

Error Model Age 0-29 Age 30-60 Age 61-90
Base Boosted % A Base Boosted % A Base Boosted % A
APC 14.7% 14.5% -1% 4.5% 4.3% -3% 3.9% 3.4% -14%
LC 14.2% 13.8% -3% 7.2% 7.1% -1% 4.9% 4.9% 0%
MAPE GBM 23.4% 18.8% -20% 13.0% 7.6% -41% 18.3% 9.2%  -50%
XGBM 15.9% 15.3% -3% 6.9% 6.2% -10% 3.7% 3.8% 2%
XGBM_p 20.0% 18.2% -9% 7.3% 7.2% -1% 3.6% 3.6% 0%

Table 2.3. Values of the MAPE calculated on m ¢ in the test set.

model and the boosted one. Given the N estimates of central death rates 7, and

their corresponding observed values mglfts, RMSE and MAPE are calculated as:

RMSE = %Z (e - mg’j;f

x,t
MAPE — i Z ‘mgl,)f - mw,t‘
B N x,t mg{)ts

Intuitively, all three measures d,,, RMSE, and MAPE quantify the "distance"
between the estimates and the actual observations. However, while RMSE and MAPE
are commonly used error measures calculated on the overall input space without
region partitioning, the average discrepancy is an innovative measure summarizing
the discrepancy over all the regions identified by the Contrast Trees.

Model Age 0-29 Age 30-60 Age 61-90

Base Boosted % A Base Boosted % A Base Boosted % A
APC 0.149906  0.148218 -1%  0.040837  0.040276 -1%  0.036633  0.035584 -3%
LC 0.151968  0.149051 2%  0.066676  0.070489 6%  0.042757 0.039114 -9%
GBM 0.292233  0.260784 -11%  0.109899  0.052510 -52%  0.118491 0.052240 -56%
XGBM 0.195720 0.191478 2%  0.066986  0.062600 7% 0.036712  0.036779 0%

XGBM_p 0.207129 0.186137 -10% 0.072703 0.072571 0%  0.035729  0.035505 -1%

Table 2.4. Values of the average discrepancy d,, calculated on log (mg,) in the test set.

By comparing Tables 2.2 and 2.3 showing the values of RMSE and MAPE with
Table 2.1 reporting the values of the average discrepancy, a greater convergence
of the error measures in the boosted models rather than in the base models can
be noted . This result is intuitively straightforward since the boosted models are



18 2. Mortality diagnostic using CTs

Error Model Age 0-29 Age 30-60 Age 61-90
Base  Boosted % A Base  Boosted % A Base  Boosted % A
APC 0.197670  0.197502 0% 0.062659  0.062708 0%  0.049847  0.049678 0%
LC 0.237064  0.232791 2% 0.101946  0.106096 4%  0.060798  0.056322 -1%
RMSE GBM 0.707561  0.694538 2% 0.182743  0.071172 -61% 0.233815 0.081485 -65%
XGBM 0.503457  0.496244 -1%  0.089719  0.084808 -5%  0.053659  0.053511 0%

XGBM_p 0.306517 0.272596 -11%  0.096897 0.097073 0% 0.048344 0.048111 0%
Table 2.5. Values of the RMSE calculated on log (m) in the test set.

Error Model Age 0-29 Age 30-60 Age 61-90
Base Boosted % A Base Boosted % A Base Boosted % A
APC 2.1% 2.2% 0% 0.8% 0.8% 0% 1.4% 1.2% 1%
LC 2.1% 2.1% 2%  1.2% 1.3% 5% 1.6% 1.6% 1%
MAPE GBM 3.5% 3.1%  -12%  1.9% 0.9% -52% 4.7% 5.6% 2%
XGBM 2.6% 2.5% -1% 1.2% 1.1% -4% 1.2% 1.3% 1%
XGBM_p 2.8% 2.7% 3% 1.2% 1.2% 0% 1.2% 1.2% 1%

Table 2.6. Values of the MAPE calculated on log (m;) in the test set.

obtained by just reducing the discrepancy measure.

Average discrepancy, RMSE, and MAPE are also calculated for the logarithm of
the central death rates (Tables 2.4-2.6). These measures assign a relatively large
weight to errors at young ages, while error measures calculated on the central death
rates assign a large weight to errors at older ages. Indeed, for the age group 0-29, all
the errors reported in Tables 2.4-2.6 are significantly higher than those in Tables 2.1-
2.3. The errors calculated on the logarithm of the central death rates highlight the
ability of Contrast boosting to reduce the inaccuracy of GBM and XGBM_ preproc
in fitting observed mortality at ages 0-29.

The most interesting feature of the application of Contrast Trees to the field of
mortality estimates is the automatic identification of the regions of the predictors’
space where a given model provides high discrepancy values for certain combinations
of ages-years obtained by comparing the model estimates with the observed mortality
rates. These regions can be easily detected and possibly interpreted, providing a
further explanation of the model performances as well as helping to assess whether a
model can be reliable or not. Moreover, they are a direct result of the Contrast Tree
machine learning procedure and do not depend on a subjective judgment, unlike e.g.
graphical residuals’ analysis for Generalized Linear Models. Fig. 2.1 and Fig. 2.2
show the heatmap of all the error regions for the base model and the boosted one,
respectively. Low discrepancy regions are painted in green, while high discrepancy
regions are painted in red. For the sake of plot readability, the regions presenting a
discrepancy value exceeding 3e-04, 6e-04, and 0.008 for the age groups 0-29, 30-60,
and 61-90, respectively, are colored in purple. Again, all quantities produced by
the Contrast Trees (in this case, discrepancies and region boundaries) are directly
comparable, thus allowing for an easy assessment of model performances, regardless
of any of the models’ characteristics.
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The regions’ width and shape change from model to model. Some regions show
remarkable mortality estimation errors in specific age groups, others in specific
intervals of years, others in a specific range of cohorts. All the models considered
show high discrepancy values in the first year of age (Fig. 2.1, age group 0-29, left
panels), confirming the difficulty of adequately estimating the mortality of newborns.
This situation remains unchanged after the application of Contrast boosting, which,
in this case, seems to be not effective (Fig. 2.2, age group 0-29, left panels). For the
age group 30-60 in the base model (Fig. 2.1, central panels), the two XGBM models
show high discrepancy values after age 45-46, while GBM in the years 2000-2018. The
LC model instead evidences high errors in estimating the mortality of cohorts born
between 1920 and 1932. Considering the 61-90 age group (Fig. 2.1, right panels), it
can be noticed that the GBM model continues to fail in estimating mortality rates
in the years 2000-2018, while the LC model (and also APC) mortality rates in the
cohorts born between 1920 and 1932. By comparing the results for the base models
(Fig. 2.1) with those for the boosted ones (Fig. 2.2), a clear effect of boosting is
shown on the GBM model for the 30-60 and 61-90 age groups and the XGBM for
the 30-60 age group.
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Figure 2.1. Contrast Tree regions, Base model. Years 1950-2018. Regions presenting a
discrepancy value exceeding 3e-04 (age 0-29), 6e-04 (age 30-60), and 0.008 (61-90) are
colored in purple.
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Figure 2.2. Contrast Tree regions, Boosted model. Years 1950-2018. Regions presenting a
discrepancy value exceeding 3e-04 (age 0-29), 6e-04 (age 30-60), and 0.008 (61-90) are
colored in purple.
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2.4 GAPC mortality models

Several works tried to find similarities between stochastic mortality models pertaining
to the extrapolative paradigm in section 1.1. For example [Hunt and Blake(2015)]
describe a model structure based on Age-Period-Cohort regressors that includes a
majority of stochastic mortality models. A contribution from [Currie(2014)] shows
that many widely used mortality projection models can be described using standard
terminology for linear and non-linear models.

In a work from [Villegas et al.(2015)] Generalised Age-Period-Cohort (GAPC)
stochastic mortality models are defined, similarly to Generalised Linear Models from
[McCullagh and Nelder(1989)].

Let D, ; indicate the random number of deaths in a certain population for individ-
uals aged x in calendar year t; E%t and Egt indicate respectively the corresponding
initial and central numbers of exposed to risk. A GAPC mortality model is described
by its four components:

1. Random component: it’s assumed that random number of deaths D, ; follows
a Poisson or Binomial distributions, s.t.:

D, ~ Pois (Egtﬂx,t) or D~ Bin (E%t; %,t)
2. Systematic component: the effects of Age z, Period ¢, and Cohort c =t —
variables are described through a predictor 7, ;:

N
Net = Qz + Zﬁg)n(l)t + 8O0y
i=1

where « is a function of the age describing the general shape of mortality, the
N age-period terms are composed of a time index (" and a modulating factor
,Bg(f) function of age and ~;_,;, also modulated by a function of age, describes
the cohort effect.

In the GAPC model family it is assumed that both period indexes and cohort
index are stochastic processes, in order to allow for mortality projection,
while the age-modulating terms can either be specified functions of age or
non-parametric terms.

3. Link function: associates random component and systematic component as

follows:
D,
El=—]| =
gl (Eﬂ)] ot

It is often advantageous to choose the canonical link, thus using a logarithm
function in case of poissonian random component and a logit link in the case
of a binomial random component.

4. Parameter constraints: such constraints are necessary in most of stochastic
mortality models in order to ensure identifiability and therefore unique param-
eter estimates. In the context of GAPC mortality models, they are expressed
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in terms of a constraint function that maps a vector of parameters 6 into
a transformed vector of parameters 6 s.t. using 6 or 6 produces the same
predictor 7 ¢

R A G R N S

The parameter vector 6 can be estimated via log-likelihood maximization, given,
in case of Poisson death distribution, by:

,C dCC t dzt wat ( xtlog Jx,t — cfm — logd%t!)

while, in case of binomial death distribution, by:

detdwt wat[

C?:c t 0 Eg t dx t EO t
L (Y, — dyy)log [ =2t @
Eg,t * wt ) 10g Eg,t * dy t

where w; ¢ is a 0-1 valued weight used to include or omit data cells.

Similarly to section 2.2, six widely used stochastic mortality models will be now
briefly reviewed within the framework of GAPC models, describing random and
systematic components for each one.

Lee-Carter model

In the Lee-Carter (LC) projection model reformulation by [Brouhns et al.(2002)],
the random number of deaths is assumed to follow a Poisson distribution, with a log
link function. The predictor is:

Nat = Oz + /Ba(rl)’%gl)

As in the original Lee-Carter formulation, index mgl)is modeled and forecasted
using ARIMA processes.

Renshaw-Haberman model

Renshaw-Haberman (RH) model is proposal for a generalization of the Lee-Carter
model which include a cohort effect ([Renshaw and Haberman(2006)]). A Poisson
distribution of deaths is assumed, alongside a log link function. The predictor is:

nxt_a56+ﬁ:1: +’7 —x

Mortality projections make use of ARIMA processes, assuming independence between
period and cohort effect.

Age-Period-Cohort model

Age-Period-Cohort (APC) model model was introduced as a sub-model to the RH
model ([Currie(2006)]), where ﬁg) =1 and ﬁéo) = 1. The predictor is thus:

Nyt = Qg + ’{gl) + M-z
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Cairns-Blake-Dowd model

Cairns-Blake-Dowd (CBD) model was proposed with pre-specified age modulating

parameters ﬁg) =1 and 65;2) = — Z, with  being the average age in the data. No
static age function nor cohort effect are considered. The linear predictor is then:

Mot = hy) + (@ — 2)m(?
A binomial distribution for deaths and subsequently a logit link function are
assumed ([Haberman and Renshaw(2009)]). The mortality projections are obtained

(1)

using a bivariate random walk with drift for x;’ and nﬁz) ([Cairns et al.(2006)])

M7 model

Cairns-Blake-Dowd model was extended ([Cairns et al.(2009)]) by adding a cohort
effect and a quadratic age effect to the predictor:

Mot = K\ + (x — 2)r + [(x —z)? - 52} £ 4y

Plat model

This model ([Plat(2009)]) combines elements of CBD and LC models. A poissonian
number of death with a log link function is assumed. The predictor is given by:

1 .\ (2 - 3
Mot = Iig )y (x — $)li,§ ) + (x — :c)+/$§ )y Vi—a
It has three age-period terms, with the third being modulated by the positive part
of x — z. If only older ages are of interest, it is suggested to drop the third term
from the predictor, obtaining;:

Net = /ﬁ;gl) + (z — a_:)/ﬁ?) + Vs

2.5 Assessment of GAPC projected mortality models

In this section, Contrast Trees will be used to confront and assess performances of
mortality projections obtained from the models recalled in section 2.4. For each
model, an unweighted Contrast Tree will be trained, contrasting the projected value
of the central death rate for each model with its observed value, similarly to section
2.3.

Data

Again, the analysis will be performed on Italian male population data from HMD
aged 30-90, without separating age groups. Data will be split into training and
test set according to a temporal criterion: data from calendar years 1950-1999 will
be used for mortality models calibration while data referring to 2000-2019 period
will be used for model comparison. In turn, as explained in section 2.1, solely for
Contrast Tree estimation and evaluation, test set data will be split in half using
maximum dissimilarity approach.
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Methodology

The analysis has been conducted as follows: data from time period 1950-1999 were
used to calibrate six GAPC mortality models (LC, RH, APC, CBD, M7, reduced
Plat), in order to obtain projected central death rates relative to the period 2000-2019.
The implementation was performed using R package StMoMo.

These projected rates have then been compared to those observed for the same
period of time, by means of RMSE, MAPE and CTs. As in section 2.1, six Contrast
Trees were produced, each one contrasting the projected valued for central death
rates with corresponding observed values. The analysis was carried out using dis-
crepancy 1.1, both for linear and logarithmic scale. As before, maximum number of
leaves was set to 100, while minimum number of points in a leaf was fixed to 20. A
second discrepancy, based on Kullbach-Leibler divergence, was then introduced and
used to build other Contrast Trees where possible.

As in previous sections, choosing the same response variable and discrepancy
allows for a straightforward assessment of models’ performances. While all GAPC
models, as apparent from equation 2.4, belong to the likelihood-based mortality
models’ paradigm, they are not expressed in terms of the same response variable:
CBD and M7 models assume a binomial distribution with logit link function, there-
fore use death probabilities g, ; as response. By assuming, as usual in actuarial
applications, a constant force of mortality (see e.g. chapter 2 from [Pitacco(2009)]),
central death rates m,; can be obtained as follows:

Mgt = — log(l - Qx,t)

Central death rates obtained from this transformation for CBD and M7 models can
subsequently be employed as response variable in a Contrast Tree.

Numerical results

Figure 2.3 reports lack-of fit curves for both scales. It can be seen that differences
between models linear scale are not so apparent, while applying Contrast Trees on
a logarithmic scale does a better job at differentiating model performances. It’s
interesting to observe that CBD model seems to have bad performances both in
linear and logarithmic scale in terms of RMSE and MAPE, but not in terms of
average discrepancy. On the other hand, APC and L.C model perform quite well
on logarithmic scale but are among the least-performing models in linear scale.
Conversely, Renshaw-Haberman model has the better performance in linear scale
and, at the same time, the second-worst in logarithmic scale.

These observation are consistent with performance statistics reported in table 2.7.
For linear scale Contrast Trees, all indicators result quite similar, without a clear
indication of a best-performing model. For logarithmic scale, instead, Cairns-Blake-
Dowd model is consistently pointed out as the worst-performing, while Lee-Carter
and Renshaw-Haberman models, as expected from figure 2.3, seems to project central
death rates closer to observed ones.
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Figure 2.3. Lack-of-fit curves from Contrast Trees for the GAPC models used

(a) Linear scale (b) Logarithmic scale
Model RMSE MAPE ‘verase Method RMSE MAPE “verage
discrepancy discrepancy
LC 0,03316 0,67198 0,02144 LC 1,13610 0,26675 0,01583
RH 0,02975 0,69585 0,02040 RH 1,26654 0,27916 0,01422
APC  0,03382 0,65997 0,02160 APC 1,10150  0,26364 0,01590
CBD  0,03400 0,70701 0,01633 CBD 1,33658 0,28919 0,01633
M7 0,02974 0,67287 0,01418 M7 1,17185 0,26457 0,01418
Plat 0.03346 0.67461 0.02161 Plat 1,15157 0,27172 0,01582

Table 2.7. Performance statistics for GAPC models.

Discrepancy regions on Lexis space are reported in figures 2.4 and 2.5 for linear
end logarithmic scale respectively. As can be seen in figure 2.4, all GAPC models
considered produce very similar regions in linear scale, essentially agreeing on the
lacking projection capability in elder ages for the GAPC used for mortality projection.
In figure 2.5, the logarithm tends to penalize differences in the neighborhood of
my; = 1, thus indicating, quite surprisingly, high discrepancy regions for younger ages:
this is especially apparent for Cairns-Blake-Dowd model. Here, it can be pointed out
that, while lack-of-fit curves are useful to assess the behavior of a model throughout
the whole input space, the regions originating similar x-axis coordinates are not nec-
essarily near to each other in any sense (see e.g. regions for CBD and M7 in figure 2.5).

Discrepancy based on Kullbach-Leibler Divergence

While utilizing Contrast Trees to confront mortality models can provide a simple
and unified framework, discrepancy 1.1 has no statistical meaning, simply account-
ing for the absolute difference between predicted central death rates and observed
ones. Kullbach-Leibler divergence (also known as relative entropy) is a statisti-
cal distance that measures how a probability distribution of a random variable
of interest [ is different from the distribution of a reference random variable R
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(d) CBD (e) M7

Figure 2.4. Regions in the Lexis space for Contrast Trees in linear scale.

([Kullback and Leibler(1951)]). It seems then natural, for diagnostics applications,
to build a discrepancy measure based on Kullback-Leibler divergence in order to
build Contrast Trees based on it.

In the case of two discrete probability distributions p’(z) and ¢**(z) on the same
sample space x, the Kullbach-Leibler (KL) divergence is defined as:

_ I Pl(m)
Dir(I||R) = p'(x)log () (2.5)

rEX

The meaning of this quantity can be better understood using the language of statisti-
cal hypothesis testing. Let H; be the hypothesis that a certain observed value z has
been drawn from probability distribution p’(x) and Hp the hypothesis that it has
been drawn from probability distribution pf(z). Then the logarithm of likelihood
ratio, log (511(%)) can be thought as the information in z for discriminating in favor of
Hj against Hp. So, Kullbach-Leibler divergence represents the expected information
per observation for discriminating in favor of Hy against Hp (see [Kullback(1959)]
for more details).

Assuming that the number of deaths for Italian male population is drawn from

a Poisson distribution with expected value Ap = Egtmgl,}@, where mE}AD is the

value for central death rate resulting from HMD data and that the projected central
(k)

death rate for model k, m, ;,

specifies a Poisson distribution with expected value
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i

(d) CBD (f) Plat

Figure 2.5. Regions in the Lexis space for Contrast Trees in logarithmic scale.

A= Egtm;’? , KL divergence can be calculated in closed form.
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So, a Kullbach-Leibler divergence based discrepancy can be defined as follows:

1
dii = 5 3~ Drwu(I|R) (2.6)

m T;ERm

This discrepancy is asymmetric, as the divergence it derives from, since Dy (I||R) #
Dgr(R||I). This is not a critical point when defining a divergence, but requires
attention from an interpretative point of view. When Contrast Trees were ap-
plied above for diagnostic applications y and z responses were perfectly equivalent,
since discrepancy 1.1 is symmetrical, but now this property does no hold anymore.
Nevertheless, in diagnostic applications, it is natural to impose that the variable rep-
resenting observed values should be the reference one, while the quantity of interest
should be represented by the model predictions. Moreover, as for discrepancy 1.2,
support for the distribution of I and R is the same by construction.

Four Contrast Trees have been estimated using the same data and input structure
as before, using discrepancy 2.6: in order to be consistent with Poisson assumption,
only LC, RH, APC and Plat models have been compared.

The average discrepancy resulting for the different trees is reported in table 2.8,
while the respective lack-of-fit curves are reported in figure 2.6. Renshaw-Haberman
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Model “verage
discrepancy

LC 281.95

RH 273.45

APC  285.32

Plat 292.11

Table 2.8. Average discrepancy for trees with KL-based discrepancy

1000

[
o
o
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[e)]
o
o

0.00 0.25 0.50 0.75 1.00
Fraction of observations

Figure 2.6. Lack-of-fit curve for trees with KL-based discrepancy

model seems to be the best performing one across all input space, in accordance
with results for linear scale. Kullbach-Leibler based divergence, however, has a
statistical meaning, discriminating between probability distributions, while in the
previous analysis just the mean absolute differences of central death rates (or of
their logarithms) were investigated.

The regions identified by the tree in the Lexis space denote a worse performance
of all four models as age gets higher. This result is again in accordance with what
was found in linear scale and in contrast with results for logarithmic scale.
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Figure 2.7. Regions in the Lexis space for Contrast Trees with Kullbach-Leibler based
discrepancy.

2.6 Discussion

Evaluating, and thus eventually improving, the fit of mortality models is crucial
for both demographers and actuaries. Indeed, in particular situations, common in
actuarial practice, data quality can turn the mortality estimate difficult. A prime
example is the case of small subpopulations where a common method such as the
Lee-Carter may not guarantee a reliable estimation. In mortality modeling, the
objective of diagnostic checking is to ascertain whether the model fits the historical
data by obeying an underlying probabilistic hypothesis. This procedure is carried
out using residuals diagnosis checking with a Gaussian or more often a Poisson
assumption (see, e.g., [Renshaw and Haberman(2006)]).

Contrast Trees consist of a general method based on machine learning that can be
applied to any model, expressed as a regression model, to evaluate the goodness of fit
and identify the worst-performing regions in the input space. The main characteristic
that discriminates this method from traditional diagnostic tools is the automatic
identification of the regions in input space, as seen in section 2.3. Well-known diag-
nostic tools often used in the literature to assess the goodness-of-fit of a mortality
model, such as BIC and AIC, require the definition of a likelihood function, which
is not available for machine learning models. Therefore, Contrast Trees provide a
unified approach for assessing and comparing the accuracy of traditional mortality
models with machine learning algorithms.
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In Contrast Trees, the detection of the regions in which a model worse performs
can be considered an evolution of the standard analysis on residuals, in which
the detection of the highest residuals is typically assigned to graphical analyses
using heatmaps and scatter plots [Cairns et al.(2009), Villegas et al.(2018)], and of
summary measures like RMSE and MAPE calculated on the overall input space.
Conversely, the decision tree structure of Contrast Trees enables the quantification
of discrepancy between estimates provided by a model and the actual observations
in each region identified by the Contrast Tree itself.

In addition, a Contrast Tree based approach can be applied also when assessing
quality of stochastic mortality models’ projections: in this case local results provided
by the procedure allow for a deeper understanding of the model performances. It
must be noted, however, that results are quite heavily influenced both by choice of
discrepancy measure and of scale (in the case presented, linear or logarithmic): thus
the choice of a discrepancy fit for the problem at hand is particularly important.
Moreover, the applications of Contrast Trees in the context of mortality models
have been limited to Italian data: this should suggest caution when generalizing
the results. The analyses could have benefitted from an extension of the data e.g.
to Italian female population or to other European countries, in particular when
assessing sensitivity of the results to the choice of hyperparameters.
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Chapter 3

Estimation boosting in the
context of mortality projection

3.1 Mortality projection for small populations

In actuarial science and demography, improving the accuracy of mortality projections
is often of great importance in order to predict death rates for selected groups, such
as elderly or regional populations, and to construct policyholders’ death tables for an
insurance company. In small populations, mortality rates tend to be characterized
by high volatility, scarce availability in temporal terms and missing data.

Therefore, as found by [Booth et al.(2006)], identifying underlying trends in
mortality patterns can be difficult even using long-established models, such as the
Lee-Carter projection model. Furthermore, due to the short-period availability
of data, projections are quite uncertain and sensitive to the fitting period: plain
extrapolation of historic trends could produce questionable results and unrealistic
death tables [Jarner and Kryger (2011)]. In such cases, standard mortality models
may not be relevant and the resulting mortality rates could be unreliable.

The issue of mortality models for small populations has been the subject of
several works, mostly based on the widely known observation that socially and
economically similar populations can be jointly modeled, thus borrowing information
from the larger population in order to overcome the limitations of small-populations
data. Many different approaches may be taken when dealing with small demographic
data, based e.g. on an optimum mixture of mortality data from other populations,
such as in [Ahcan at al.(2014)]. A comparative study of mortality models for two
populations has been developed by [Villegas et al.(2017)]: here the larger and smaller
population are respectively named "reference" and "book" populations. Of particular
interest are works from [Jarner and Kryger (2011)], [Wan and Bertschi(2015)] and
[Menzietti et al.(2019)], who use a two-step method in which they initially model the
mortality of the reference population and then estimate the parameter of mortality
spread between the book and reference populations.

In the following sections this last approach will be adapted in order to make
use of estimation boosting, starting from a standard mortality model for the book
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population and then boosting such mortality with the target variable taken as the
mortality of the book population. Data and methodology are described in section
3.2.1 , while numerical results are be presented and discussed in section 3.2.4.

3.2 Estimation Contrast Boosting for mortality spread
modeling

3.2.1 Methodology

The estimation boosting procedure described in section 1.4.2 can be utilized to
build mortality tables for small populations following the two-step approach briefly
outlined in the previous section.

Let Q%t and Q)B;t be some quantity describing mortality in terms of a predictor
matrix X and calendar year t, respectively for reference and book populations,
available for observation years 1,...,T. These quantities could be, for example, the
central death rates, the force of mortality or the death probabilities, while variables
age, period and cohort could be used to build matrix X. Estimation Contrast
Boosting (ECB) can be used in conjunction with some projection technique, such as
a well-established model like, e.g., the Lee-Carter model. The boosting procedure can
be applied in order to reduce discrepancy between Q%t and Q’;}’t, thus estimating
the value of an additive update dx (i . 7). Using notation from section 1.4.2 this
means:

Y= Qg,t z = Q?,t
A shift in the target of the Estimation Contrast Boosting procedure must be
emphasized: in [Friedman(2020)] the updates 57(5) were just instrumental to reduce
discrepancy between y and z, with the purpose of producing an updated estimate
Z. Here the objective is to obtain the updates 57(5) themselves, so that, alongside
some additional assumptions, they can be used to transform the projected quantity
of interest for the reference population into that relative to the book population.

‘ Observed Qf},t

‘ Boosted Qf}’t

y input to ECBl

z input to ECBT L
Projection

‘ Observed Q%t }/\t{ Projected Q;}’t

Figure 3.1. The Contrast Tree boosting process outlined in section 3.2.1. Quantities in red
refer to calendar years 1,...,T, while those in blue refer to calendar years T'+ 1, ...
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On the other hand, the quantity of interest for the reference population Qf},t
can be projected to calendar years T+ 1,... using. This is feasible since the
reference population is large enough to allow the use of standard mortality projection
models. Thus, projected estimates Qﬁt for the quantity of interest, relative to
reference population and (future) calendar years from 7"+ 1, can be obtained.
Some assumptions on how to extend the updates dx (1. 1) to future calendar years
T +1,... must then be made. The extended updates dx (741,..) can then be applied
to projected estimates for the reference populations in order to obtain boosted
estimates Q’;t for the book population relative to calendar years T+ 1,. ...

Note that is not requested to book population to be similar to reference popu-
lation in terms of geographical, historical or socio-economical features. It can be
expected, however, that the Estimation Contrast Boosting will converge faster when
considering populations which share some kind of similarity.

3.2.2 Reference and book populations

Data used for numerical evaluation are taken from the Human Mortality Database.
French and Italian male populations have been considered as reference populations.
For each of these, three book male populations are considered, respectively Belgium,
Luxembourg, Lithuania and Austria, Slovenia, Lithuania. In both cases the first
two book populations can be considered close, at least in geographical terms, to
the respective reference population. On the contrary, the Lithuanian population
has been selected in order to investigate the behavior of the Estimation Contrast
Boosting procedure when book and reference populations differ substantially. .

Country Start Year Notes
Austria 1947

Starting 1 January 2010, the resident population
includes asylum seekers.

Detailed data (e.g., by single years of age) never publi-
shed during the Soviet period (except for census years)

Belgium 1841

Lithuania 1959

Luxembourg 1960
Ten Days War resulted in relatively few civilian and

Slovenia 1983 military deaths

Table 3.1. Data availability for book populations

During the aforementioned periods of time, none of the considered population
underwent any important change to its composition, such as one caused by a change
in borders: however, it must be noted that both Lithuania and Slovenia were affected
by considerable political changes in 1990-1991.

In order to have at least a qualitative approach for evaluate the similarity be-
tween the mortality of the considered two groups of populations, and following
[Menzietti et al.(2019)], direct standardization is performed. The standard popula-
tion age structure is given, respectively, by the two reference populations (see chapter
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4 in [Keyfitz and Caswell(2005)] for more details). Standardized Death Rates (SDR)

for country I, ages ranging from as to a., relative to reference population R are

defined as:

Qe

T=as
Qe
Tr=ag

R 1
Ea:,tmz,t

SDR! =
t7a/ 7a R
s,0e Eac,t

The calculation of such standardized rates are performed on the time period 1950-
1999 in two steps: initially for all the ages taken into account and then separately for
age groups 30-50, 50-70 and 70-90: results are represented in figures from 3.2 to 3.5.
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o s [a]
® 0.025 \/\ i EEA ® 0.025
: y LUX :
0.020 0.020
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
Calendar Year Calendar Year
(a) FRA (b) ITA
Figure 3.2. SDR for ages 30-90
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Figure 3.3. SDR for ages 30-50

It can be observed that French and Belgian mortality are overall quite close
and present the same trend, as can be seen in both separate and joint age groups.
Luxembourger mortality presents a more irregular pattern in respect to French one,
but it can be said that the trend can be considered generally similar, especially from
1960, when mortality seems to decrease for all the three countries. Both Belgian
and Luxembourger mortality tend to be higher than the French one. On the other
hand, Lithuanian mortality exhibits a completely different pattern, being smaller
the the french until year 1975 due to ages from 50 to 90, then steadily increasing
until year 1990 and eventually decreasing again.

As for the second population group, Austria and Italy show the same similarities
as France and Belgium, while Slovenian trend seems a bit irregular. It can be seen
that Slovenian data is available only from a much later date, while mortality pattern



3.2 Estimation Contrast Boosting for mortality spread modeling 37

0.030 0.030

| Country 0.025 \ g /\
o 0025 A/\/\ S A BEL VA W AUS
: T Y s g
a 0.020 \ =
0.020 LUX SLO
0.015 \

DR

0.015
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
Calendar Year Calendar Year
(a) FRA (b) ITA
Figure 3.4. SDR for ages 50-70
0.12
0.1
Country Country
BEL AUS
- FRA - ITA
- LIT - LIT
LUX SLO
.07
1950 1960 1970 1980 1990 2000 1950 1960 1970 1980 1990 2000
Calendar Year Calendar Year
(a) FRA (b) ITA

Figure 3.5. SDR for ages 70-90

from Lithuanian population is quite different from the Italian one.

To more clearly asses the closeness of the mortality of a population to that of a
reference one, [Menzietti et al.(2019)] define a Relative Measure of Mortality (RMM)
as follows:

Zae Ealc%,tmf

I T=as x,t

RMM == 2 =
t,as,0e a E,/‘R R

:cezas m,t”la:,t

The nearer RRM value is to 1, the closer the mortality of the book population is to
that of the reference population.

In both population groups, we can observe from figure 3.6 that the mortality of
the reference populations tends to be the lowest within the group themselves. The
only difference seems to be that Italian mortality evolves similarly to that of Austrian
and Slovenian male populations, while French mortality seems to be improving faster
than that of Belgium and Luxembourg. Lithuanian relative mortality dynamics
behaves in both cases differently than that of the other book populations: while
initially lower than that of the reference populations, it goes higher and higher from
the mid-sixties to the mid-nineties, and then decreases again. This suggests to use
caution when using data from the entire period 1950-1999 for estimate the boosting
updates dx (7.41,...) for Lithuanian book population, since this may produce a biased
estimate of the updates.
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Figure 3.6. Relative Mortality measure for ages 30-90

3.2.3 Extension of ECB updates

The methodology for update extension from dx 1.7y to dx (741,..) hasn’t been
specified. Three possible approaches are investigated:

1. a first, verbatim, application of the Estimation Contrast Boosting algorithm
on all three Age, Period and Cohort variables. The updates are taken to be
the same from period 1950-1999 to period 2000-2019, s.t.

0(A,P,C);(1950—1999) = 0(A,P,C);(2000—2019) (3.1)

ECB-based procedure using this update extension will be referred to as APC-
based boosting or APC boosting. Such APC approach may lead to poor results,
due to the lack of a mechanism to account for extending the updates, who
have been estimated on the whole period 1950-1999, to years following 2000.
In fact, one could say that such an approach makes use of a tree-like algorithm
to model a phenomenon that is much likely non-stationary;

2. extending just the update from the last calendar year used for estimation, i.e.
1999.

0(4,1999,0);(1950~1999) = 0(A,P,C);(2000—2019) (3.2)

This essentially means to assume that the updates referred to the last calendar
year are extended to projection years, without any projection procedure.
ECB-based procedure using this update extension will be referred to as 1999
correction. This approach essentially assumes that ECB updates do not
depend on time (in the sense that they are the same as in the last year used for
calibrating them), thus avoiding non-stationarity issue, and could be reasonable
when projecting mortality over a short time horizon;

3. In order to produce updates that can be extended more straightforwardly to
projection years, the estimation boosting can take into account a reduced form
of the input design matrix, thus being applied just to age and cohort variables,
or just to age or cohort.

8(4,0):(1950—1999) = O(A,0);(2000—2019) (3.3)
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(A);(1950—1999) = O(A);(2000—2019) (3.4)

5(0);(195071999) = 5(0);(200072019) (3.5)

This is a workaround to deal with non-stationarity issues: it assumes that the
time-dependance of ECB updates can be estimated in terms of just Age or
Cohort variables, hence removing the necessity for ECB update projection.
ECB-based procedures using these update extensions will be referred to as,
respectively Age-Cohort-based, Age-based or Cohort-based boosting (or, more
briefly AC, a or C boosting).

3.2.4 Numerical results

The Estimation Contrast Boosting procedure was calibrated as follows. The quantity
of interest to be projected and boosted is the central death rate s.t.:

Qx,t <+ Mgy

Time period from 1950 to 1999 was chosen to estimate parameters for reference
populations’ mortality projections, over ages from 30 to 90. Estimation Contrast
Boosting updates are estimated, when possible, to the same period (see table 3.1
for availability of calendar year data for book populations), and using book popula-
tion central exposed-to-risk as weights. Central death rates were projected using
Lee-Carter mortality projection model, adopting a random walk with drift to model
the random process of k; coefficients, as suggested by [Tuljapurkar et al.(2000)] for
countries within the G7 group, as is the case for both reference populations taken
into account. Mortality projection was applied to calendar years from 2000 to 2019
and ECB updates were extended to the same period.

The methodology summarized in figure 3.1 has been replicated for each of the
ECB extensions described in equations from 3.1 to 3.5 and for each reference-book
populations couple.

The boosted values mﬁt obtained for each book population are represented in
figures from 3.7 to 3.12, at different future calendar years 2000, 2010, 2019. In
each plot, mortality profiles (z,mg;) for reference population and those obtained
from each of extensions in section 3.2.3 are represented. The mortality profile for
book populations is also reported, in order to more easily understand how well
the updated mortality rates approximate those of the book population: it must be
recalled, however, that mortality rates for book populations in projection years were
not used in the boosting update procedure and therefore constitute out-of-sample
data.

It can be seen from figures 3.7 and 3.8 that the only update extension seemingly
bringing French mortality near to Belgian or Luxembourger one is the 1999 correction.
All other updates, except Cohort-based boosting, produce an updated book mortality
population lower than that of the reference population, which is clearly in contrast
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Figure 3.7. Updated m, ; for Belgian population, starting from French mortality.
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Figure 3.8. Updated m,; for Luxembourgish population, starting from French mortality.

to what figure 3.6 suggested. Contrast boosting based on update 3.5 produces an
even lower updated book population mortality and must therefore be regarded as
an unreliable result.
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AC boost 0.20 AC boost ' AC boost
Aboost Aboost ‘Aboost
0.15| C boost 0.15 C boost 0.15 C boost
ur T ur
£0.10 F £0.10 FRA go.10
0.05| 0.05 0.05
0.00 ——— 000 = = 0.00 .
40 0 80 a0 50 80 40 50 80
Age Age Age
(a) Year 2000 (b) Year 2010 (c) Year 2019

Figure 3.9. Updated m, ; for Lithuanian population, starting from French mortality.

For the Lithuanian book population in figure 3.9, similar considerations hold: it
should be noted the odd behavior for m,; produced by Age-based boosting: this
could come from the peculiar Lithuanian mortality history in years from 1950 to
1970, highlighted in figures from 3.3 to 3.6.

Similar observations can be repeated for Italian reference population group. From
figure 3.10 and 3.11 it can be seen that Cohort-based boosting tends to overestimate
mortality for younger ages. Another point of attention is the domain of updated
mg: as can be seen for Cohort-based boosting in figure 3.12, updated mortality
rates for book population can be negative. In this case, use of Estimation Contrast
Boosting technique of section 3.2.1 for Lithuanian data must be discarded.
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Figure 3.12. Updated m, ; for Lithuanian population, starting from Italian mortality.
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Result assessment using CTs

In order to investigate the performances of methodology outlined in section 3.2.1,
estimates m‘;}’t are compared to values m])%t available from the HMD for all book
populations. As in section 2.3, performance assessment will be carried out using
Contrast Trees for diagnostics, contrasting predicted m,; with observed m,; for
each book population, using mean absolute difference discrepancy as in eq. 1.1
and weights given from the central exposure to risk for book populations. Each
tree had maximum size set to 100 and minimum number of points in a leaf fixed
to 20. Training and test set were obtained splitting in half data relative to the
projection time interval using maximum dissimilarity approach. Results from CTs
have also been compared to classical MSEP and MAPE prediction error estimators,
also weighted using central exposure to risk for book populations.
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Figure 3.13. Lack-of-fit curves from Contrast Trees for the two populations groups

Lack-of-fit curves resulting from different boosting approaches for each couple
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reference-book population are reported in figure 3.13.
Three kinds of behavior can be distinguished for all six book populations:

1. As immediately apparent, the best boosting approach for both French and
Italian population groups seems to be the extension from the last year used
for projection. It can also be seen that the performance of such correction
remains consistently good across all input space: this suggests that using a
subset of the time period from 1959 to 1999 may yield better results compared
to using the whole period as input for the boosting procedure.

2. APC boosting, AC boosting and A boosting yield a very similar LOF curve:
this is due to the fact that, for models including the age variable, the iterative
tree partition operates mainly using age variable, thus leading to similar
updates and similar boosting performances.

3. Estimation boosting based on the cohort variable exhibits a peculiar behavior.
It can however be concluded, on the basis of the LOF curve, that other boosting
approach lead to better results, except in some of the worst performing regions.
It can be noted that from the curves in figure 3.13 the unacceptability of some
results (e.g. negative my; for C boosting from Italian to Lithuanian mortality)
can’t be inferred.

The comparison between these results and classical MSEP and MAPE indicators,
reported alongside average discrepancy in table 3.2, brings similar conclusions. From
the RMSE perspective, the 1999 correction seems almost always the best approach
to extend d(4pc;1950—1999) to calendar years 2000-2019: interestingly enough, this
doesn’t hold for MAPE in the case of Lithuanian book population, both for French
and Italian reference population. For Italian reference population the value of RMSE
is particularly low. It can also be noted that MAPE value for Cohort boosting is
much greater than that relative to other boosting approaches.

When comparing MAPE between Italian and French reference populations, it
appears that the estimation boosting procedure yields better results when using
Italian mortality as a starting point. This may be due to the fact that, as pointed
out in figure 3.6, the relative levels of mortality for Italy and its corresponding book
population remains steady for the 1950-1999 period, contrary to those of France.

Moreover, as expected from the lack-of-fit curves, APC-based boosting, Age-
Cohort-based boosting and Age-based boosting all tend to lead to similar results in
terms of RMSE, MAPE and average discrepancy.

Regions in the Lexis space uncovered by the diagnostic Contrast Trees are re-
ported in figures from 3.14 to 3.19 to investigate where performance drops. The
scale is the same for all boosting approaches and populations, in order to allow a
direct comparison. It can be said that higher age regions in general are affected by
the worst performance. For Cohort boosting, average discrepancy is greater across
all the Lexis space, while 1999 correction manages to keep average discrepancy low
also for elderly ages.
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(a) FRA to BEL

(b) ITA to AUS

Boosting RMSE  MAPE A.voragc Boosting RMSE MAPE Aycrago
approach discrepancy approach discrepancy
APC boosting  0,0180 0,8069  0,0082 APC boosting  0,0168 0,4119  0,0059

1999 correction 0,0024 0,1433 0,0011 1999 correction 0,0060 0,2869  0,0023

AC boosting 0,0183 0,8081 0,0083 AC boosting 0,0168 0,4140  0,0059

A boosting 0,0188 0,8312 0,0084 A boosting 0,0167 0,4119  0,0058

C boosting 0,0239 11,3908 0,0116 C boosting 0,0192 4,3572 0,0108

(c) FRA to LUX (d) ITA to SLO

Boosting RMSE  MAPE A.voragc Boosting RMSE MAPE Ayerage
approach discrepancy approach discrepancy
APC boosting  0,0159 0,5836  0,0062 APC boosting  0,0157 0,2958  0,0045
1999 correction 0,0040 0,2783  0,0019 1999 correction 0,0063 0,2119  0,0022

AC boosting 0,0159 0,5844  0,0062 AC boosting 0,0157 0,3046  0,0046

A boosting 0,0157  0,5790  0,0062 A boosting 0,0148 10,2915  0,0043

C boosting 0,0208 8,0705 0,0154 C boosting 0,0348 13,6714 0,0346

(e) FRA to LIT (f) ITA to LIT

Boosting RMSE  MAPE A.vcragc Boosting RMSE MAPE A.vcrago
approach discrepancy approach discrepancy
APC boosting  0,0295 0,6234 0,0134 APC boosting  0,0002 0,7844 0,0118
1999 correction 0,0132 0,6487 0,0103 1999 correction 0,0146 0,6808  0,0076

AC boosting 0,0301 0,5612 0,0146 AC boosting 0,0307 0,4785 0,0120

A boosting 0,0304 0,6008 0,0152 A boosting 0,0316 0,5478 0,0133

C boosting 0,0456  3,2876  0,0382 C boosting 0,0446  3,0950 0,0352

Table 3.2. Performance statistics for different boosting approaches.
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3.3 Discussion

In this chapter, a general methodology for mortality spread modeling through Es-
timation Contrast Boosting has been proposed. One of the possible choices for
this methodology application has been applied to two population groups, each
constituted by one reference population and three book populations. Results show
that particular care must be taken when examining results, since the boosting
procedure does not necessarily yield acceptable boosted estimates for book popu-
lations mﬁ 4, since equation 1.5 doesn’t impose any bound on the updated values 2(x).

Another point worthy of attention is the choice of extension for Estimation
Contrast Boosting updates dx ¢, since the definition of a procedure to project such
updates , which are obtained using a tree-based algorithm, is not trivial. While
A and AC boosting feature ease of projection, the fact that the extension of 1999
correction still yields better results suggests that using not all data available from
calendar years 1950-1999, but a more recent subset, could maybe lead to better
performing ECB mortality spread modeling.

It can also be concluded that, since the boosted estimate from APC, AC, and
A boosting procedure tend to overlap, the prevailing variable in determining the
partitions of input space used to calculate the updates is variable age: therefore, when
applying the procedure of section 3.2.1 to the populations analyzed, an age-based
Estimation Contrast Boosting could be adopted for the sake of variable parsimony.
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Chapter 4

Adapting mortality tables using
CTs

4.1 Mortality modeling in Italian insurance companies

In Italian actuarial practice, the assessment of mortality in life insurance companies
is quite impacted from ISVAP Regulation N.22 of 4th April 2008 and its successive
modifications'. Article 23-bis, comma 9 of the regulation states that "The Insur-
ance company conducting life business presents to IVASS the comparison between
technical bases, different from interest rates, used for the calculation of technical
provisions, and the results of direct experience". This happens trough the filling
of table 1/1 of Module 41 contained in the Additional Information to Financial
Statements ("Informazioni aggiuntive al bilancio d’esercizio”).

The module is organized separately by risk type (longevity or mortality), product
typology and age range: these features define the risk classes to be considered. The
underlying idea, common in actuarial mathematics, is to perform the assessment
separately for groups defined by known risk factors, so that individual composing
these groups can be considered homogeneous from the point of view of probabilistic
evaluation. The comparison between direct experience and technical bases requested
by the Regulation consists in reporting the expected number of deaths in the company
portfolio, the expected sum of benefit to be paid, the actual number of deaths and
the actual paid sum of benefits. Expected number of deaths Jg and expected sum
of benefit to be paid BS are defined as follows:

df = ¢V «n{ BY =gV« ST
where ng is the number of insureds of age « in risk cluster C' at the beginning of the
year, S¢ is the total insured sum for insureds of age z in cluster C' at the beginning
of the year and qg(cl) is the probability of death between ages z and x + 1, usually
dependent on sex. The table {qg(cl)}f‘)’ constitutes part of the prudential technical

!Provvedimento ISVAP of 29 January 2010 N. 2771, Provvedimento ISVAP of 17 November 2010
N. 28452, Provvedimento IVASS of 6 December 2016 N. 53, Provvedimento IVASS of 14 February
2018 N. 68.
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basis used for pricing purposes or, in Italian actuarial terminology, "Base tecnica del
primo ordine" (First-order technical basis). The time period to which all quantities
refer is the solar year of the Financial Statements in consideration.

While not strictly required by Solvency II directive, in Italian actuarial practice
a very similar approach is adopted in order to produce the mortality hypotheses
to be used in the calculation of best estimate liabilities and, more generally, to
estimate company mortality tables. In this case, given a certain risk cluster C
usually described by sex, risk type and product type, an adaptation coefficient a® is
calculated as:

C Zm qf(E2)ng

af = =2 ——% 4.1)
U S e (
or, using the sum of benefits as a reference:
(2) gC
C Z:p dx Sx
ap = =2 —=% (4.2)
by B

where d is the observed number of deaths for age = in cluster C, BS is the sum of
benefits paid for insureds deceased at age = in cluster C' and q;gz) is the probability of
death, distinct by sex, from some reference mortality table, usually a national table

of some sort (e.g. SIM2011 table or one ISTAT tables for people residing in Italy).
The table {q§;2)}‘5 is a demographic realistic technical base that can be updated over
time ("Base tecnica del secondo ordine" - Second order technical basis).
The adapted death rates qu or qg’x which will constitute the company life table
are then calculated as follows:
G =g 45, = agqd” (4.3)
In conclusion, this procedure scales death rates in order to reproduce the total
number of deaths or the total benefits paid. Data used for the calculation in-
clude observations from the last calendar years. The number of calendar years
used is usually around ten, in order to have a sufficiently stable output without
having to resort to data from much earlier calendar years, which is often not available.

While this method is quite simple in its implementation, it has the disadvantage of
applying the same adaptation coefficient to all ages, thus creating a mortality profile
which has the same shape as the reference one, while the company underwriting
process may affect each age group differently.

4.2 A proposal for extension using CTs

The methodology from section 3.2.1 may be modified as follows in order to produce
an extended version of the adaptation procedure explained in section 4.1.

Suppose to fix a risk cluster C, for example Male insureds for Term Life Insurance.
In order to mimic the process outlined in the previous section, the quantity of interest
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qf,t for boosting ‘ Boosted cjgt ’

y input to ECB ‘

A Boosting extension

z input to ECB

LC
qﬁt for boosting ’ [qﬁt for projectionH Projected (jﬁt

Figure 4.1. The Estimation Contrast Boosting process outlined in section 3.2.1 adapted to
the generalized procedure outlined in section 4.1. Cells in red refer to calendar years
t1,...,ta; cells in pink refer to calendar years tg,...,ts, with tg < t1, while cells in blue
refer to years to +1,....

will be the probability of death ¢, for reference (national) and book (company)
populations, s.t.:

B B. PR R
QX+t Gops QXp ¢ Qe

Age boosting, similarly as equation 3.4, will be adopted as the boosting approach
for update extension, in order to apply corrections 0, (4, . t,) = Oz(t,,...) that depend
exclusively on age but are not necessarily held fixed for all values of x: such updates
will be estimated using data from calendar years t1,...,ts. In order to obtain more
reliable results, mortality projection for reference population could make use of a
data series longer than that used for estimation boosting, since it’s not necessary
that reference population data for mortality projection and update extension to
refer to the same time span. Calendar years t, ..., to, with ¢ty < ¢1, will be used to
calibrate mortality projections models.

Being the reference population a national one, a classical projection method,
such the Lee-Carter model, may be applied to chosen data. Since such methods may
apply to central death rate m,, constant force of mortality will be assumed (see
[Pitacco(2009)] for more details), so that:

Qut =1—e "t (4.4)

The process is illustrated in figure 4.1.

4.3 Numerical results

In this section results from the procedure outlined in section 4.2 will be presented.
Company data would be required in order to asses the feasibility of this new exten-
sion: since no such data were available during the writing of this work, the same
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data described in section 3.2.2 will be used. The results of the procedure will then
be compared to those obtained by applying the adaptation procedure for the number
of deaths as in equation 4.1.

The time period for calibrating mortality projection is chosen to be from 1980
to 1999, while the calendar years used to calculate Estimation Contrast Boosting
boosting updates and death rates adaptation are from 1990 to 1999. Estimation
Contrast Boosting has been performed using mean absolute difference discrepancy
1.1, using the number of individuals in book populations as weights. Central mortal-
ity rates, and subsequently death rates, have been projected to period 2000-2019
and compared to observed result using, as usual by now, Contrast Trees, RMSE and
MAPE.

Figures from 4.2 to 4.7 reports observed values for g, relative to the book
population, projected g, ; for the reference population, adapted ¢, ; obtained from
the rescaling procedure described in section 4.1 and updated ¢, from the boosting
procedure outlined in section 4.2. For the sake of presentation simplicity, just results
for calendar years 2000, 2010 and 2019 are reported.

0.20 Book gqx Book gx 0.15| Book qx
oosted gx oosted qx | oosted qx
B d 0.15 B d B d
- Adapted gx Adapted gx Adapted gx
0.15] Projected gx Projected qx | Projected gx

40 60 80 40 60 80 40 60 80

Age Age Age
(a) Year 2000 (b) Year 2010 (c) Year 2019
Figure 4.2. Updated and adapted ¢,: for Belgian population, starting from French
mortality.
0.20,
0.20] |
B o e B o5 B,
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50.10 5010 Unm;
0.05| 0.05 005%
0.00 = 0.00, —— — 000i — e
40 60 80 40 60 80 40 60 80
Age Age Age
(a) Year 2000 (b) Year 2010 (c) Year 2019

Figure 4.3. Updated and adapted g, ; for Luxembourgish population, starting from French
mortality.

It is clear, from each figure, the effect of g, adaptation: the death rate curve
for reference population is simply rescaled and the output curve will never cross
the initial death rate projected curve. In this case, being ag > 1 for every book
population, this means that adapted book mortality will be higher than reference
population mortality for every age. On the contrary, the effect of estimation boosting
is not always proportional: this can be seen e.g. in figure 4.16a where the boosting
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Figure 4.4. Updated and adapted ¢, ; for Lithuanian population, starting from French
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Figure 4.5. Updated and adapted ¢, for Austrian population, starting from Italian
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Figure 4.6. Updated and adapted ¢, for Slovenian population, starting from Italian
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Figure 4.7. Updated and adapted g, ; for Lithuanian population, starting from Italian

mortality.
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effect in ages 80-90 is clearly lower than that in ages 70-80. The non-proportionality
of the affect can also be seen in figure 4.6b where the curves for adapted and boosted
g intersect.

It can be observed that, while output death rates are higher than those resulting
from reference population projection, all procedures tend to underestimate book
death rates, especially at elder ages. Two patterns can be discerned:

o In the case of Belgian, Luxembourger, Austrian and Slovenian book populations,
¢, from boosting procedure seem to approach book population observed death
rates more closely across almost all age groups, with some exceptions at elder
ages.

e For Lithuanian population, both in case of French and Italian reference pop-
ulations, q, resulting from boosting methodology consistently seem a better
approximation to observed ones until age 75-80, also with a reduced underesti-
mation effect. Then the effect of rescaling gets stronger, resulting in a higher
adapted ¢, for elder ages.

As in the previous chapter, results from adaptation and boosting methods are

compared using Contrast Trees. Each set of estimated death rates is contrasted
with corresponding observed values using discrepancy 1.1. Maximum tree size is
set to 100, minimum number of objects in a tree is set to 20, weights are equal
to the number of individuals in book populations. Training and test set for CT
procedure were obtained splitting in half data referring to time period 2000-2019
with maximum dissimilarity approach.
Lack-of-fit curves are presented in figure 4.8. For book populations different from
Lithuania, the estimation boosting method for ¢, seems to consistently yield better
results across all input space. The situation is reversed for Lithuania: while in
low-performing (elder age) regions, discrepancy is much lower for adapted mortality
rates, the difference between the two methodologies reduces until, for average dis-
crepancy around 0.4, the trend reverses, thus resulting in an average discrepancy
that supports the estimation boosting approach. This suggests that for Lithuanian
book population, the process should be split in two: adaptation for older ages and
estimation boosting otherwise.

Performance indicators reported in table 4.1 confirm the previous observations.
RMSE and average discrepancy for all book populations suggest the ¢, adaptation
boosting as the best-performing methodology. Here the usefulness of the lack-of-fit
curve can be appreciated: by looking at the average values in the tables, the effect
of different performances between elder ages and all other age classes for Lithuania
would not be discernible.

The regions identified by Contrast Trees for g, resulting from the two method-
ologies are reported in figure 4.9. For all book populations except Lithuania, both
adaptation and boosting have far worse performances for elder ages. While this also
hold for Lithuania, the effect for adaptation is scattered among all ages greater than
60, instead of being noticeable at age 75-80.
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(a) FRA to BEL (b) ITA to AUS
Method ~ RMSE MAPE ‘\veraee Method ~ RMSE MAPE verage
discrepancy discrepancy
Adaptation 0,0156 0,6146  0,0137 Adaptation 0,0149 0,6699 0,0117
Boosting 0,0125 0,8590 0,0116 Boosting 0,0132 0,4888 0,0101
(c¢) FRA to LUX (d) ITA to SLO
Method ~ RMSE MAPE *Verase Method ~ RMSE MAPE Verase
discrepancy discrepancy
Adaptation 0,0135 0,5655 0,0150 Adaptation 0,0148 0,6682 00,0163
Boosting 0,0104 0,7544 0,0117 Boosting 0,0109 0,3010 0,0112
(e) FRA to LIT (f) ITA to LIT
Method RMSE MAPE ‘lerage Method RMSE MAPE . Verage
discrepancy discrepancy
Adaptation 0,0178 0,7455 0,0175 Adaptation 0,0191 0,7901 0,0191
Boosting ~ 0,0150 0,2880 0,0146 Boosting  0,0173  0,2773  0,0164

Table 4.1. Performance statistics for the two methods.
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4.4 Distribution Contrast Boosting applied to mortality
projection
Now a variant of the methodology explained in section 4.2 will be described and

tested. The variant will make use of Distribution Contrast Boosting (DCB) of
section 1.4.3, while data structure will remain the same as section 3.2.2.

5 B

dz,t Slm

Observed m2P 1= "4 Simulated mgflm

oy Sim ? to DCB

Observed mg’t(’bs - \‘{ Simulated mffm ‘ ‘ mﬁfbs for projection Projected mZ%,

Figure 4.10. The Estimation Contrast Boosting process outlined in section 3.2.1 adapted
to the generalized procedure outlined in section 4.4. Cells in red refer to calendar years
t1,...,ts; cells in pink refer to calendar years tg,...,ts, with ¢ty < ¢y, while cells in blue
refer to years to +1,....

For every data cell in Age-Period-Cohort input space, and in accordance with
distributions for GAPC models, a given distribution for number of deaths will be
assumed, with appropriate parameter values depending on cell. Starting from data
for both reference and book populations, the distributional assumption will be
utilized in order to create simulated data both for book and reference populations:
these will to be used as input for some Distribution Contrast Boosting procedure,
obtaining Distribution Boosting transformation gy (,...1,) as in equation 1.6.

On the other hand, mortality projection will be performed by means of a Gener-
alized Age-Period-Cohort model chosen in order to be consistent with distributional
hypotheses: projected mortality rates will then be transformed accordingly to an
extension gy (;,41,..) of Distribution Boosting transformation, in order to obtain
boosted mortality rates. The procedure is summarized in figure 4.10.

For each data cell, 150 simulated rows will be created, having same x value as
the starting row, while the simulated value for central death rate mi“{l is obtained

from simulating death numbers from a Poisson distribution with parameter Eg tmg‘f,
where mgbts is the observed value for central death rate from HMD and Eg ; is the
corresponding value of central exposed to risk. Based on the considerations in
sections 3.2.4 and 4.2, the Distribution Boosting approach based on Age variable
will be considered, in order to extend the distribution boosting transformation in

the following way, similar to extensions 3.3 and 3.4:

94;(1990—-1999) = 9.4;(2000—2019) (4.5)
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DCB-based procedure using this extension will be referred to as Age Distribution
Boosting or A distribution boosting.

Data from calendar years 1990-1999 are used for both Poisson simulation and
distribution boosting. Central death rates mﬁt will be obtained from a GAPC
Lee-Carter model, whose death distribution assumption is the same used for data
simulation, calibrated on calendar years 1980-1999. While the methodology can be
used to obtain the whole distribution of central death rates for book populations
in calendar years 2000-2019, in this procedure only the median will be considered,
due to computational limitations. It can be recalled that, for Poisson distributions
having mean parameter large enough, the median is a good approximation of the
average (see e.g. [Choi(1994]).

In order to assess performances of this whole procedure, boosted mﬁt will be
compared to those obtained from the adaptation procedure described in section
4.1, whose resulting mortality rates have been converted to central death rates
using formula 4.4. Calendar years from 1990 to 1999 are used in order to estimate
adaptation coefficients.

In order to visualize the effect of Distribution Contrast Boosting, in figures from
4.11 to 4.16 the estimated values of mﬁt are reported for calendar years 2000, 2012,
2019 and for each of the six book population. For the sake of figure readability,
only ages from 40 to 80 are reported. it can be seen that, for each book population,
mortality rates calculated from the adaptation procedure seem to better approximate
actual m,; for the book populations. This effect can be seen, e.g. in figures 4.11c,
4.12a and 4.15b. It’s also apparent that the effect of Distribution Contrast Boosting
is not proportional.
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0.075 Aboost.
Adaptation
mx_BEL

Roont Rioost
Gos s
Adaptation 0.04 Adaptation
mx_BEL mx_BEL
% 0.050|
E

0.025; 0.02
/

0.000 E— 0.00} — 0.00|

40 50 50 70 80 40 50 50 70 80 40 50 60 70 80
Age Age Age

(a) Year 2000 (b) Year 2010 (c) Year 2019

Figure 4.11. 1, adapted and obtained from Age Distribution Boosting for Belgian
population, starting from French mortality.

As usual by now, diagnostics were performed by means of Contrast Trees. As
before, trees were built using discrepancy 1.1, with maximum tree size set to 100,
minimum number of objects in a tree set to 20 and weights equal to the number
of individuals in book populations. Training and test set for CT procedure were
obtained splitting in half data relative to calendar years from 2000 to 2019 using
maximum dissimilarity approach.

Figure 4.17 report the lack-of-fit curves for both boosting and adaptation pro-
cedures. As suggested by figures from 4.11 to 4.16, the m,; adaptation procedure
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Figure 4.12. 1, ; adapted and obtained from Age Distribution Boosting for Luxembourger
population, starting from French mortality.
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Figure 4.13. 1, adapted and obtained from Age Distribution Boosting for Lithuanian
population, starting from French mortality.
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Figure 4.14. 7, adapted and obtained from Age Distribution Boosting for Austrian
population, starting from Italian mortality.
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Figure 4.15. 1, ; adapted and obtained from Age Distribution Boosting for Slovenian
population, starting from Italian mortality.
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0125,
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Figure 4.16. m,; adapted and obtained from Age Distribution Boosting for Lithuanian
population, starting from Italian mortality.

(a) FRA to BEL (b) ITA to AUS
Method RMSE MAPE verage Method RMSE MAPE Average
discrepancy discrepancy
A boosting 0,0176  2,0924 0,0153 A boosting 0,0291 7,962 0,0216
Mx adaptation  0,0019  0,1727  0,0016 Mx adaptation  0,0041 0,11  0,0028
(c) FRA to LUX (d) ITA to SLO
Method RMSE MApPE verage Method RMSE MAPE Averase
discrepancy discrepancy
A boosting 00172 2,7919  0,0152 A boosting 0,0337 10,1777 0,025
Mx adaptation 0,0032 0,2992  0,0027 Mx adaptation 0,0105 0,1642  0,0072
(e) FRA to LIT (f) ITA to LIT
Method RMSE MAPE verage Method RMSE MAPE Averase
discrepancy discrepancy
A boosting 0,0251 2,2556  0,0236 A boosting 0,0415 19,1179 0,0346
Mx adaptation  0,0137 0,5278  0,0125 Mx adaptation  0,0203 1,1076  0,0174

Table 4.2. Performance statistics for the two methods.

performs consistently better across all input space. The only exception happens
when adapting Lithuanian mortality: in this case the A boosting procedure produces
better results for high-discrepancy (in this case, for elder ages) regions.

Finally, results in table 4.2, who reports the usual performance indicators, are
consistent with graphical analysis: in all cases and for all three indicators, the
adoption of m;; adaptation procedure is suggested.
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Figure 4.17. Lack-of-fit curves from Contrast Trees for the two methodologies
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4.5 Discussion

In actuarial practice, the estimation of company mortality tables is of particular
importance, in order to correctly evaluate mortality (and longevity) risk. In the
Italian actuarial context, a death rate adaptation procedure inspired by authority
regulations to adapt mortality tables is often adopted. While being very easily
implementable, the downside of this procedure lies in the assumptions that mortality
at all ages is affected in the same (multiplicative) way.

In order to allow for more detailed corrections, Estimation Contrast Boosting can
be utilized within the context of a more general procedure. A wide array of choices
is available in terms of both mortality projection models and update extensions,
though, for the sake of projection simplicity, Lee-Carter model and extensions 3.4
and 3.3 have been chosen to conduct the analysis. Estimation of future mortality
rates for book populations via Estimation Boosting seems to consistently provide
more accurate result in respect to simpler mortality adaptation. Moreover, lack-of-fit
curves can be used to asses which methodology yields better results in a certain
region of the input space. While these results may appear promising, caution is
advised since no company data were available for testing the procedure.

Application of a Distribution Contrast Boosting method for building mortality
tables for small populations, while feasible, does not lead to an improvement in
prediction accuracy compared to the traditional mortality adaptation method. The
analysis presented in this work, however, is affected by several limitations. First of
all, due to computational constraints, the simulation was limited to 150 rows for each
data point. Moreover, and more importantly, the key feature of Distribution Contrast
Boosting, which is its capability to provide an estimate for the whole distribution
of the quantity of interest, was not taken advantage of. Also, it would have been
interesting to extend the results from methodology of section 4.4 using different
extensions, such as a.g. an Age-Cohort extension. Again, hardware constraints did
not allow for more in-depth analysis.






65

Conclusions

Leveraging [Friedman(2020)], who introduces Contrast Trees to estimate the full
conditional probability distribution without any parametric assumptions, an appli-
cation to mortality description models is proposed, with particular regard to the
intersection of machine learning and mortality modeling fields. In this sense, this
novel application fills the gap between mortality modeling and model diagnostics,
providing a unified framework for assessing nontraditional machine learning models
and extrapolative likelihood based ones. Contrast Trees can be applied to both
purely descriptive models and stochastic mortality projection models, providing
a new set of diagnostic instruments, that can be utilized to assess the behavior
of models in automatically produced subsets of the input space. In particular, in
the context of modelization of mortality models on Age-Period-Cohort input space,
such subsets are easily representable on the Lexis diagram, allowing for ease of
interpretation and association with points in lack-of-fit curves.

The Estimation Contrast Boosting procedure, which in the original work of
[Friedman(2020)] was geared towards discrepancy reduction between a quantity of
interest and some reference quantity, is then applied to the problem of mortality
modeling for small populations. Book population mortality tables are produced
using updates estimated by the boosting procedure to modify the mortality rates
of a reference, much larger, population, whose mortality can be projected using
well-attested models. This allows for a great flexibility in the choice of discrepancy,
update extension mechanism and mortality projection model. While some care
should be taken in assessing results from the estimation boosting procedure and in
selecting the mechanism to extend the updates to projection years, this methodology
can be used to produce mortality tables for small populations.

Finally, taking into account Italian actuarial practice, Estimation Contrast Boost-
ing has been used to generalize the mortality adaptation technique for estimating a
realistic demographic technical basis often used within insurance companies. This
new procedure seems to lead to better estimation results compared to those obtained
with the traditional techniques and also allows to overcome the limitation of the
latter to apply the same adaptation coefficient to all ages. A similar methodology,
using Contrast Distribution Boosting to estimate a function for calculating book
population mortality , can be applied but, at the moment, does not seem to allow
for an improvement in mortality prediction.






List of acronyms

67

APC Age-Period-Cohort (could refer to a mortality projection model or to a

predictor structure). 13, 23, 38

CBD Cairns-Blake-Dowd (mortality projection model). 24

CT Contrast Tree. 3
DCB Distribution Contrast Boosting. 8, 58

ECB Estimation Contrast Boosting. 7, 34, 38

GAPC Generalised Age-Period-Cohort (mortality projection models). 22

GBM Gradient Boosting Machine. 14

GLM Generalized Linear Model. 13
HMD Human Mortality Database. 12, 24
KL Kullbach-Leibler (divergence). 27

LC Lee-Carter (mortality projection model). 13, 23

LOF Lack-Of-Fit (contrast curve). 6
MAPE Mean Absolute Percentage Error. 16

RH Renshaw-Haberman (mortality projection model). 23
RMM Relative Measure of Mortality. 37

RMSE Root Mean Square Error. 16
SDR Standardized Death Rates. 36

XGBM eXtreme Gradient Boosting Machine. 14
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