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Abstract: This paper presents an approach to damage identification in beams by modal curvatures
based on the use of beamforming algorithms. These processors have been successfully used in
acoustics for the last thirty years to solve the inverse problems encountered in source recognition
and image reconstruction, based on ultrasonic waves. In addition, beamformers apply to a broader
range of problems in which the forward solutions are computable and measurable. This especially
concerns the field of structural vibrations, where the use of such estimators has not received attention
to date. In this paper, modal curvatures will play the role of replica vectors of the imaging field. The
choice to use modal curvatures is motivated by means of numerical studies and experimental tests
on a steel beam. Furthermore, we compare the performance of the Bartlett and minimum variance
distortionless response (MVDR) beamformers with an estimator based on the simple minimization
of the difference between model and measured data. The results suggest that the application of the
MVDR beamformer is highly effective, especially in cases of slight damage between two sensors.
MVDR enables both damage localization and quantification.

Keywords: damage identification; modal curvature; beamforming algorithms; MVDR

1. Introduction

Non-destructive damage evaluation gathers several techniques based on the observa-
tion of structural response following applied stimuli. The tests that are presently in use can
be of a static [1,2] or dynamic nature, employing modal analysis. Over the years, the detec-
tion and identification of damage in structures by the inspection of modal quantities has
proven to be a very effective strategy for structural health monitoring [3]. Indeed, the litera-
ture in this field covers a wide range of applications, ranging from mechanical to aerospace
and civil structures. Applications to rotating machinery, roller bearings, large-span bridges,
aqueducts and monuments are present [4–7].

The accuracy of the identification procedure depends on several factors, among which
are the quality of measurements, the effectiveness of the mathematical representation of the
damaged structure, and the adequacy of the means that provide the descriptive parameters
of damage [8]. The former has prompted researchers to search for the modal quantities
which are the least sensitive to environmental effects, as it may not always be possible to
perform the tests in laboratory conditions [9]. A review of different techniques and new
developments in vibration-based identification studies may be found in [10].

Among the different modal quantities used in damage identification procedures, natu-
ral frequencies are universally recognized as easily and reliably measurable, although they
have limited sensitivity to damage at an early stage. In fact, temperature and humidity can
affect frequencies with changes that are of the same order of magnitude as those due to
damage. Modal curvatures have recently attracted a great deal of interest from researchers
who claimed that curvatures are a highly effective option because of their limited sensitivity
to environmental factors. Indeed, it has been shown that they can be used successfully in
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real engineering structures to localize damage in operational conditions [11–14]. In fact,
they are local quantities which have remarkable sensitivity to damage [11,15], especially in
the vicinity of the damage itself. However, employing curvatures for full damage identifi-
cation (i.e., define location and quantification) poses a number of problems, among which
is the need for a high density of sensors to ensure measurement in close proximity to dam-
age [16,17]. This is due to curvature variation spreading to undamaged parts, especially in
the case of non-localized damage [18,19]. This calls for an investigation to better exploit
the properties of curvatures while minimizing their drawbacks [20]. Indeed, contrasting
views are presented in the literature, concerning the use of modal curvatures to quantify
damage. On the one hand, according to some research, modal curvatures are not a reliable
quantity [21], and it is argued that the identification and quantification of damage should
be treated separately. This is because an index of localization may not perform well in
quantification and vice versa [22]. On the other hand, theoretical evidence of the possibility
of using modal curvatures for quantifying damage has been reported [23].

The solution of the related inverse problem is yet another crucial aspect of damage
identification and quantification procedures. The most established approaches rely on the
minimization of an objective function, which measures the difference between the chosen
modal quantities and the same quantities provided by a mathematical or numerical model.
These are, in turn, functions of descriptive damage parameters. With the necessary and
sufficient number of observations, free of any type of experimental errors and a perfect
numerical model, a unique solution for the set of damage parameters is expected, as it is
observed in many instances [24,25]. However, in case of applications to real structures,
not only can the uniqueness of the inverse solution be lost but also the estimated damage
parameters may be highly misleading due to uncertainties. Therefore, the application of a
robust estimator (or processor) to the data obtained experimentally may improve the quality
of the solution to the inverse problem, especially when in the presence of disturbance due
to operating and environmental conditions, noisy data, and modeling errors.

A beamformer is an operator which enables the comparison of a set of data received by
an array of sensors to model data, called the replica vector. In ocean acoustics, the operation
is named acoustic beamforming, in short, beamforming, and is used to spatially filter the
data set to estimate the location of the source of the signal, providing the look direction.
Dating back to the end of the first half of the 20th century, beamforming received much
attention and has been applied to many different fields, from neurology to diagnostics
in mechanics [26]. Interested readers can refer to review papers [27,28], which cover the
history and evolution of beamforming algorithms. In this paper, our focus is the application
of beamformers, which have been successfully used in ocean acoustics, to identify damage
using modal curvatures. This is because these algorithms were formulated to detect sources
in space, which makes them good candidates to be applied in solving problems where local
response changes have to be detected.

Apart from the seminal work by Turek and Kuperman [29], beamforming has received
limited attention to date in the field of structural identification, despite its success in
a variety of applications. In this paper, we investigate possible enhancements in the
accuracy of damage localization and quantification in beam-type structures by applying
beamforming algorithms, using modal longitudinal strains measured on the surface of the
beam. These response quantities directly relate to curvatures and do not require the use of
finite differences in calculating curvatures—one of the main sources of errors, especially in
quantification problems. In this paper, we do not address issues related to the number and
location of the sensors, which are distributed uniformly along the beam axis and are in a
fixed number of seven.

We compare the performance of beamformers against a traditional algorithm used
in damage identification, based on the minimization of an objective function. The beam-
forming algorithms considered are Bartlett and minimum variance distorsionless response
(MVDR), and are introduced in Section 2. We utilize a finite element method (FEM) software
package to build a data set of replica vectors and to investigate the sensitivity of modal
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quantities to damage. The determination of the modal quantities is referred to as a direct or
forward problem. An investigation of the changes due to damage is addressed in Section 3,
with a comparison between the numerical and experimental frequencies, mode shapes and
modal curvatures. In Section 4, by means of a numerical study, we show that the MVDR
processor is superior in sensitivity to damage parameters when compared to estimators
based on the simple minimization of the difference between the model and measured data.
In particular, this applies when dealing with critical cases, such as slight damage and dam-
age located between two sensors. To further validate the present approach, we carry out a
series of experiments on free–free beams with different damage intensities and locations,
including cases of damage below a sensor and in-between two sensors. The proposed
approach can be applied to other boundary conditions, provided that the corresponding
replica vector is employed.

2. Application of MFP Algorithms to Damage Identification

In this section, we provide the fundamentals of the application of conventional beam-
formers, also called matched field processing (MFP) algorithms, to damage identification
problems in beam structures. Since these algorithms are widely used for source localization
in acoustics, it will be useful to present a one-to-one correspondence between the notions
and the quantities used in the field of source localization and those of damage identification.
The source is defined by its coordinates only, which are the arguments of a suitable function
(i.e., Dirac delta function), and the measured quantity is the time history of the response of
the field/continuum. The identification is carried out by means of matching the simulated
data to the measurements, which match perfectly in an ideal case and when the source is
at the exact point where one “looks”. In this sense, the “look direction” is often used to
describe the correct parameters of the source, that is, its position. In the case of damage
identification, we replace the response of the system with the modal curvatures of the beam.
The reason for this particular selection is discussed in Section 3. The “source” in our case
is not the force acting on the beam but the damage itself; therefore, the parameters of the
source function are the damage parameters, which are its location along the beam axis,
and its severity. Therefore, the so-called “look direction” in our problem corresponds to
damage location and severity.

A means of forward solution provides the replica vector χi(x) ∈ Rm, which is a
vector whose components are the mass-normalized modal curvatures of the i-th mode at m
sensor locations for given damage parameters listed in the vector x. Beamformers operate
comparing the replica vector to the data vector di ∈ Rm, which is a vector that collects the
i-th mass-normalized experimental modal curvature, obtained through a modal analysis of
the responses recorded by m sensors. The comparison can be extended to as many modes
as we can rely on. Sweeping the damage parameters over chosen intervals provides the
set of replica vectors. An estimate of the damage parameters is then obtained by applying
suitable means of correlation between the set of replica vectors and the data vector.

The original contribution of this paper consists of the proof that both the damage
location and intensity can be identified based on the use of modal strains experimentally
measured with strain gauges as related to modal curvatures. Moreover, it provides an
extension to the vibration data of algorithms that are popular in acoustics.

2.1. Bartlett Beamformer

The Bartlett beamformer is the simplest of all beamformers. It has been utilized
in almost all studies on MFP, mostly for validation and comparison purposes. It is the
projection of the data vector onto the replica vector

BBart,i(x) = |χ̄T
i (x)di|2, (1)

for the i-th mode. Note that in Equation (1), we used the unit-normalized replica vector
χ̄i(x) = χi(x)/||χi(x)||. This is necessary in beamformers because spatial sampling alters
the modulus of the replica. Using a unit-normalized replica serves to avoid errors caused
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by vectors with different lengths and different angles to have the same projection onto the
data vector. Using the cross-spectral density matrix of data (CSDM) [29], Ki = di(di)

T ,
the Bartlett beamformer can be expressed in quadratic form as

BBart,i(x) = χ̄T
i (x)Kiχ̄i(x). (2)

It is known that this processor has many side lobes, even when using noise-free pseudo-
experimental data [29], that is, numerically generated data which simulate experimental
data. To overcome the drawback of sidelobes, different processors operating with various
types of filters, called weights in imaging, have been proposed and utilized.

2.2. Minimum Variance Distortionless Response (MVDR) Beamformer

To suppress sidelobes and then improve estimates, adaptive methods were introduced.
In adaptive methods, data are weighted with weights which depend on the data themselves.
One of the most effective methods among the adaptive algorithms is the minimum variance
distortionless response processor (MV, MVD, or MVDR), which is utilized in many different
applications [29–31].

The MVDR processor looks for a replica vector χT
i,MVDR such that when applied to

CSDM, the beamformer output is minimized, with the exception of the look direction.
That is [32],

minimize χT
i,MVDRKiχi,MVDR

subject to χT
i,MVDRχ̄i(x) = 1.

(3)

This is achieved by minimizing the following functional:

F = χT
i,MVDRKiχi,MVDR + λ(χT

i,MVDRχ̄i(x)− 1), (4)

where λ is the Lagrange multiplier. The minimization procedure [32] provides

λ = −2
(

χ̄i(x)
TK−1

i χ̄i(x)
)−1
⇒ χi,MVDR =

K−1
i χ̄i(x)

χ̄i(x)TK−1
i χ̄i(x)

(5)

in which the dependence of the sought weights on the received data is apparent. By insert-
ing Equation (5) into the objective function of Equation (3), we obtain

BMVDR,i(x̄) =
[
χ̄T

i (x)K
−1
i χ̄i(x)

]−1
, (6)

which requires the solution of the forward problem, and the received data. The drawback
of this expression is that the CSDM is usually ill conditioned, and therefore its inverse is not
reliable. There are, of course, a few ways o solve this problem, such as truncated singular
value decomposition or the use of diagonal loading for the regularization of CSDM. We
use the latter and write

K̃i = Ki + εI, (7)

where I is an m×m identity matrix and ε is a scalar, which is at the same time sufficiently
large to ensure that K̃i is invertible, and small enough not to cause a blurring effect on the
beamformer. In our case, we took ε = 10−6 × trKi.

3. Direct Problem

The direct problem consists of a FE modal analysis of a 2D model in a state of plane
stress, representing a damaged free–free beam of span L with a rectangular cross-section
of base B and a height HU (see Figure 1). The damage is of notch-type and has a small
fixed extension bD, consisting of a localized reduction of the cross-section of the height HD.
It is described by two nondimensional parameters, collected in the vector x̄ = {sD, hD}T ,
where the overbar indicates the actual damage parameters, which are the location of its
middle axis sD = SD/L, and the relative residual height hD = HD/HU . The reduction
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of bending stiffness is quantified by the parameter β = (1− EID/EIU), where E is the
Young’s modulus of the constitutive material, and ID and IU are the moments of inertia of
the damaged and undamaged cross-sections, respectively. A sketch of the damaged beam
is reported in Figure 1, which also lists the main mechanical and geometrical parameters.

B

HUHD

S 
D bD L

d1=65 mmL=520 mm B=30 mmHU=15 mm
E= 2.13*1011 N/m2 ρ=7860 kg/m3

#1 #2 #3 #4 #5 #6 #7d1 d1 d1 d1 d1 d1 d1 d1

bD=1 mm

S

Figure 1. Schematic representation of the beam longitudinal view (left) and of its cross section (right).

In slender beams, whose cross-section is assumed to remain a plane and rotate about
the neutral axis, the longitudinal strains vary linearly about the cross-section. In this
case, curvatures χ are related to the strains on the top flange ε by the law χ = 2ε/HU . It
should be noticed that the results presented could be extended to different shapes of cross-
sections and even to laminated beams, considering β instead of hD as damage parameter.
Incidentally, we should note that the coefficient β is not affected by a change in E. In cases
when the neutral axis does not coincide with the middle of the beam, the conversion
between ε and χ will have to account for the appropriate distance from the center of mass
to the top or bottom flange, depending on where the strain gauges are installed.

3.1. Sensitivity of Modal Quantities to Local Damage and Generation of the Replica Vector

To investigate the effects of damage on the modal properties of the beam, a total of
eight damage scenarios are investigated. The cases under consideration include one beam
with a notch located at sD = 0.25 (cases A), below sensor #2, and a second one with notch
at sD = 0.4375 (cases B), between sensors #3 and #4. In both cases the notch has a fixed
extension bD = 1 mm. A total of four increasing stiffness reductions are considered for each
of the two locations. The reference labels of the different damage scenarios are reported
in Table 1, along with locations, residual heights of the cross-section, and percent stiffness
reductions. The cases under study correspond to four damage depths, starting from a small
reduction of the height of the cross-section (12.5%), associated with the damage depth
of 2.5 mm.

Table 1. Labels of the damage scenarios with location (sD), nominal height of the damaged cross-
section (HD), and percent stiffness reduction (β).

D1.A D2.A D3.A D4.A D1.B D2.B D3.B D4.B

sD 0.25 0.25 0.25 0.25 0.4375 0.4375 0.4375 0.4375

hD 0.875 0.750 0.625 0.500 0.875 0.750 0.625 0.500

β 33.0 57.8 75.6 87.5 33.0 57.8 75.6 87.5

As a first step, natural frequencies are observed. The frequencies of the first three
modes (i = 1, 2, 3) of undamaged (U) and damaged (D) beams in the eight damage scenar-
ios are reported in Table 2, along with their percent reduction ∆ fi = ( f U

i − f D
i )/ f U

i with
respect to the undamaged state. Despite the fact that the reduction of the bending stiffness
is significant even in the mildest damage cases D1.A and D1.B (β = 33%), the variation
of frequencies is rather small, ranging from 0.25% to 1.23%, depending on the mode and
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location of the damage. Only in the most severe cases D4.A and D4.B, associated with a
stiffness reduction of almost 90%, the frequency reductions are in fact significant, ranging
from 3.54% to 12.60%.

Table 2. Numerical natural frequencies ( fni) [Hz] of the first three modes (i = 1, 2, 3) and their
percent variation (∆ fni) due to damage.

U D1.A D2.A D3.A D4.A

fn1 298.96 298.23 296.12 292.06 284.09

∆ fn1 0.25 0.95 2.31 4.98

fn2 817.12 811.67 796.67 769.99 725.52

∆ fn2 0.67 2.50 5.77 11.21

fn3 1582.02 1572.86 1549.21 1512.15 1546.32

∆ fn3 0.58 2.07 4.23 7.39

U D1.B D2.B D3.B D4.B

fn1 298.96 295.28 290.78 279.95 261.29

∆ fn1 1.23 2.73 6.36 12.60

fn2 817.12 810.97 809.69 800.44 785.54

∆ fn2 0.75 0.91 2.04 3.87

fn3 1582.02 1570.62 1568.89 1552.45 1525.23

∆ fn3 0.72 0.83 1.87 3.59

Figure 2 reports, for cases A, the variation due to damage of modal displacements
(∆φi = φiD − φiU , a, b, c) and modal curvatures (∆χi = χiD − χiU , d, e, f) of the first three
modes as a function of the nondimensional longitudinal abscissa s = S/L (Figure 1). Modal
displacements are the amplitudes of vertical displacements of the i-th mode measured on
the top flange. Both modal amplitudes and modal curvatures are normalized with respect to
the mass distribution. It is obvious that the differences between undamaged and damaged
modal displacements (Figure 2a–c) are distributed all over the entire beam length, while
differences between modal curvatures (Figure 2d–f) tend to concentrate near the notch,
especially for low-order modes. In all cases, the variation of modal displacements and
curvatures increases monotonically with the increase of damage. It should be noted that the
change of modal curvature at damage location always remains a global maximum [19,20,33],
although it percentually decreases when the mode order increases, when compared to other
local maxima. Conversely, in modal displacements variations, for higher-order modes,
global maxima do not necessarily appear where damage is located, but can be observed
elsewhere. Similar results are obtained for the damage position B but are not reported
for the sake of brevity. These observations hint at the fact that modal curvatures could be
more effective in detecting damage than other modal quantities, such as mode shapes and
natural frequency variations.

The matrix of replica vectors includes the components of modal curvatures of the
first three modes at seven equally spaced locations (Figure 1), which coincide with the
strain gauges. These values of modal curvatures were derived from the longitudinal modal
strains on the top flange averaging over a length of 6 mm (Figure 1), which corresponds to
the length of the grid of the strain gauges used in experiments. The replica vectors include
all the cases generated by scanning the ranges of possible damage parameters over discrete
locations and discrete height reductions. Location increments of dS = 1 mm were used,
corresponding to a nondimensional increment ds = dS/L = 0.002, with positions ranging
from sD = 0.04 to 0.96, for a total of 48 steps. The discrete height reduction increment
was dhD = 1/32, from a residual height equal to 0.97HU to 0.06HU , in 30 steps. These



Appl. Sci. 2023, 13, 10557 7 of 21

values correspond to a reduction of the bending stiffness β, respectively, ranging from 9.10%
to 99.98%.
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Figure 2. Variation of modal displacements (a–c) and modal curvatures (d–f) in the four damage
scenarios of location A, for the first (a,d), second (b,e) and third (c,f) mode.

3.2. Comparison between Numerical and Experimental Results

Experiments were carried out using the setup of Figure 3. The steel beam has free–free
end conditions to avoid uncertainties in the constraint behavior that can arise from friction
and other imperfections. This setup enables a better evaluation of the different estimators.
The response was measured in damaged and undamaged conditions using seven strain
gauges equally spaced along the beam axis and two accelerometers, whose mass (12 g each)
was included in the FE model. The beam was dynamically excited by an impulse force
generated by an instrumented hammer by hitting point #8 or #9, and repeating the test ten
times per each point of application of the forcing function. The applied impulse force is
capable of exciting frequencies up to 2500/3000 Hz, which enabled the determination of
the first three natural frequencies. Accelerometers were placed at points #8 and #9 for the
sake of modal curvature normalization.

The frequency response function measured at the abscissae si = id1 (Figure 1), with
i = 1...7, for a point force applied at the abscissa sj where j can be equal to 8 or 9, is
Hij(ω) = Ui(ω)/Pj(ω), where Ui(ω) and Pj(ω) are the Fourier transforms of the response
output and of the force input, respectively. Note that we can express the frequency response
function in terms of curvatures as

Hij(ω) =
∞

∑
k=1

χk(si)φk(sj)/(ρLω2||φk||2)
1− (ω2

k + iηkω2
k)/ω2

(8)
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where ωi is the i-th natural frequency, and χi stands for the second spatial derivative
of the i-th mode shape φi, that is, the modal curvature. The comparison of numerical
and experimental quantities requires using the same normalization: numerical modal
curvatures are derived by a standard modal analysis [34], where modes are normalized with
respect to the mass distribution. For the experimental results, as evident in Equation (8), it
is possible to adopt the same normalization, provided that the acceleration where the force
is applied is known as already observed in [16]. This is the reason why two accelerometers
are placed at points #8 and #9 (see Figure 3) and their response is used for normalization.

The geometrical properties of the real system differ slightly from the nominal ones,
and were therefore measured in the laboratory with a caliber. This applies in particular
to the base B, the height HU , and the residual heights HD. To further improve the match
between the experimental and numerical data, the beams were also weighted to evaluate
their mass density ρ. Young’s modulus was determined by minimizing the difference
between the experimental and numerical frequencies of the undamaged beam. All these
geometrical and mechanical properties are reported in Table 3, including the stiffness
reductions β, and Table 4. The largest value of residual height under consideration (D1.A
and D1.B) relates to the smallest damage that can be accurately saw cut with our equipment.

Tables 5 and 6 report the experimental values of the first three natural frequencies ( fe)
of the undamaged and damaged beams, together with the related percent changes due
to damage (∆ fe). The experimental frequencies are averaged over ten repetitions. Their
percent coefficient of variation (standard deviation/average) is extremely limited, always
smaller than 0.02%. The expected monotonic reduction of frequency due to increasing
damage is evident. The tables also report the values of frequencies ( fn) and their percent
variations (∆ fn) obtained from a model where damage depths were updated according
to Tables 3 and 4. The observed experimental frequency variations are smaller than 0.8%
for a 30% variation in stiffness reduction, and reach 10% only for a stiffness reduction
of 87%. Furthermore, it should be noted that while the numerical frequencies of the
undamaged beam (Table 2) compare well to the experimental ones, those of the damaged
model do so to a lesser extent. In fact, in the majority of cases, the resulting frequency
changes experimentally observed are smaller than the analytical ones. This calls for further
investigations of the appropriate damage models.

Table 3. Damage scenarios with measured heights of the damaged cross section (HD [mm]), and per-
cent stiffness reduction (β).

D1.A D2.A D3.A D4.A D1.B D2.B D3.B D4.B

HD 13.3 11.3 9.6 7.6 13.2 11.0 9.4 7.5

β 30.3 57.2 73.8 87.0 31.9 60.6 75.4 87.5

Table 4. Geometrical and mechanical properties of the beams used in cases A and B.

H [mm] B [mm] SD [mm] E [GPa] ρ [kg/m3]

A 15.40 30.12 130.0 206.5 7504.5

B 15.40 30.20 227.5 209.0 7656.8
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#1 #2 #3 #4 #5 #6 #7

d1=65 mm

d1 d1 d1 d1 d1 d1 d1 d1

Force

d3=357.5 mm

d2

strain gauge accelerometer

d2=162.5 mm

d3

#8 #9

(a)

(b)

Figure 3. Schematic representation of the experimental setup (a) and image of the beam in laboratory
conditions (b).

We recall here that the numerical values of the modal curvatures were averaged
over a length of 6 mm, that is, the length of the grid of the strain gauges used in the
experiments. Figure 4 (cases A) and Figure 5 (case B) report numerical and experimental
modal curvatures of the first, second and third modes and their variations in the four
damage states. Experimental modal curvatures are averaged over the ten test repetitions.
Note that modal curvatures present a higher coefficient of variation, which can reach 10%.
Figure 4 shows that a remarkable variation of curvature is detected at sensor #2, where
damage is located. However, variations take place all along the beam span, with a number
of nodes increasing along with the mode order, as is apparent also in Figure 2d–f. On the
contrary, when damage is located between sensors #3 and #4, as reported in Figure 5
(case B), the observed curvature variations are considerably smaller in value than those in
case A, and are distributed all along the beam axis. No remarkable peak can be observed.
The variation of modal curvatures increases monotonically with the increase in damage
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and with the mode order. In all cases considered, the pattern of experimental curvatures is
quite similar to the numerical one, although the experimental values and their variation
below the cut (#2) appear to be smaller than the numerical ones. This is similar to what was
observed for frequency variation. Regarding case B, which fit the numerical results to a
lesser extent, the coefficient of variation of their modal curvatures was generally higher than
in case A, which leads to greater uncertainty in the definition of the experimental curvature.

Table 5. Case A: experimental ( fei) and numerical ( fni) natural frequencies [Hz] of the first three
modes (i = 1, 2, 3), and their percent variation (∆ fei, ∆ fni) due to damage.

fe1 ∆ fe1 fe2 ∆ fe2 fe3 ∆ fe3

U 298.8 813.52 1589.8

D1.A 298.2 0.21 810.5 0.38 1584.6 0.32

D2.A 296.8 0.68 797.8 1.98 1561.3 1.79

D3.A 294.1 1.58 784.5 3.57 1540.3 3.11

D4.A 288.7 3.40 753.2 7.41 1497.6 5.80

fn1 ∆ fn1 fn2 ∆ fn2 fn3 ∆ fn3

U 298.8 814.5 1588.3

D1.A 298.2 0.17 810.6 0.47 1581.8 0.41

D2.A 296.5 0.75 798.1 2.00 1561.6 1.68

D3.A 293.7 1.69 779.1 4.34 1533.5 3.45

D4.A 288.0 3.61 744.3 8.62 1489.4 6.23

Table 6. Case B: experimental ( fei) and numerical ( fni) natural frequencies [Hz] of the first three
modes (i = 1, 2, 3), and their percent variation (∆ fei, ∆ fni) due to damage.

fe1 ∆ fe1 fe2 ∆ fe2 fe3 ∆ fe3

U 297.7 809.8 1584.5

D1.B 295.5 0.73 808.3 0.19 1579.0 0.35

D2.B 287.8 3.33 803.5 0.78 1564.1 1.29

D3.B 282.1 5.23 799.0 1.34 1549.6 2.20

D4.B 267.6 10.12 790.0 2.45 1521.5 3.97

fn1 ∆ fn1 fn2 ∆ fn2 fn3 ∆ fn3

U 297.5 811.2 1582.6

D1.B 295.1 0.83 808.9 0.28 1578.7 0.26

D2.B 288.1 3.16 802.6 1.06 1567.5 0.96

D3.B 279.1 6.19 794.9 2.01 1553.5 1.85

D4.B 265.7 10.68 784.3 3.32 1534.2 3.06
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Figure 4. Case A: experimental (e) and numerical (n) modal curvatures (first (a), second (b) and third
(c) mode) and their variations due to damage (first (d), second (e) and third (f) mode).
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Figure 5. Case B: experimental (e) and numerical (n) modal curvatures (first (a), second (b) and third
(c) mode) and their variations (first (d), second (e) and third (f) mode) due to damage.
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4. Inverse Problem

The inverse problem entails estimation of the damage parameters by means of a suit-
able operator, which compares the replica vector to pseudo-experimental or experimental
data. A simple and widely used approach to the solution of this inverse problem consists
of the minimization of an objective function H, which measures the difference between
numerical and measured modal curvatures as a function of the damage parameters x:

H(x) =
3

∑
i=1
||χ̄i(x)− di||. (9)

Here, our aim is to compare the performance of different approaches to the solution
of the inverse problem. The approaches include the objective function (9), as well as the
Bartlett and the MVDR beamformers. The contributions of the first three modes will be
superimposed in order to ensure a unique value of the beamformer:

BBartlett(x) =
3

∑
i=1

BBart,i(x)

BMVDR(x) =
3

∑
i=1

BMVDR,i(x).
(10)

In order to evaluate the performance of the different estimators (9) and (10) in locating
and quantifying damage, both numerical and experimental data are used. Notches with
different depths and locations, either coinciding with the sensor position or in between two
sensors, are considered.

4.1. Pseudo-Experimental Data

In this section, we compare the performance of the objective function of Equation (9) to
that of Bartlett and MVDR beamformers (10) using pseudo-experimental data (numerical)
as the measured response quantities, free of any measurement errors, that is, by taking

di = χ̄i(x̄), i = 1, 2, 3 (11)

where x̄ lists the given damage parameters. The analysis is categorized into damage at
a sensor point and damage in between sensors because these two cases are, respectively,
the best- and worst-case scenarios in terms of difficulty. In fact, curvatures give rise to a
very large local variation where damage is located as it is clearly shown in Figure 2. When
curvatures are measured only at a discrete number of points, it can happen that no sensor
is placed exactly there, which places additional difficulties in the damage identification
based only on this modal quantity.

4.1.1. Damage Located at a Sensor Point

In this test case, we discuss only the second damage scenario D2.A, in which case the
notch is located at sD = 0.25 below sensor #2, and its depth is 0.25HU (the residual height
is hD = 0.75). This enables capturing the large peak of curvature variation at the damage
location. Similar results are obtained for other residual heights and are not reported here
for the sake of brevity.

Note that the minimization of the objective function in Equation (9) refers to mini-
mization of the distance; therefore, the identified damage parameters correspond to its
minimum. Conversely, the beamformers are a measure of the match between measured and
replica vectors; hence, the identified damage parameters are the coordinates of its maxi-
mum. In the contour plots, light colors indicate small values, while dark colors indicate
large values. Therefore, the estimate of the objective function appears as the lightest color,
while the estimate of the beamformers appears as the darkest.

Figure 6 presents the contour plots of the objective function, including one modal
curvature only (a i = 1, b i = 2, c i = 3) and their superposition (i = 1, 2, 3) for damage
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scenario D2.A. As the input data derive from the forward solution, the estimate matches
the exact damage parameters sD and hD, which are indicated by a circle in all the following
figures. There are, however, several other local minima, which, in the presence of errors,
could lead to incorrect results.

(a) (b) (c) (d)

Figure 6. Contour plots of the objective function including one ((a) i = 1, (b) i = 2, (c) i = 3) and three
numerical modal curvatures ((d) i = 1, 2, 3) (coordinates of the circle are sD and hD for D2.A).

The contour plots of the Bartlett processor for the different modes and their superpo-
sition are plotted in Figure 7. The processor has unsatisfactory resolution both in terms
of damage depth and location. Even though the position estimate is correct in this case,
it may be strongly influenced by measurement and modeling errors. In fact, several local
maxima, called sidelobes, are apparent, even though their magnitude is smaller than the
global maximum. This is consistent with the results reported in the literature [29].

(a) (b) (c) (d)

Figure 7. Contour plots of the Bartlett beamformer including one ((a) i = 1, (b) i = 2, (c) i = 3) and
three numerical modal curvatures ((d) i = 1, 2, 3) (coordinates of the circle are sD and hD for D2.A).

The contourplots of the MVDR processor are provided in Figure 8. This beamformer
suppresses the sidelobes and therefore the local maxima, clearly pointing to the damage
parameters. The use of the MVDR processor in this damage scenario provides a very clear
maximum for the first three modes individually, as well as for their superposition.

In conclusion, all three processors provide a unique solution, even when using a single
mode, although the sensitivity of the estimators to the two damage parameters is different.
In fact, the values of the estimators vary considerably with sD, which hints at the high
sensitivity of the estimator to this parameter. On the contrary, both the objective function
and Bartlett beamformer have limited sensitivity to variations in hD, while the sensitivity of
MVDR is high with regard to this parameter. This is particularly relevant for the early-stage
identification of damage.
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(a) (b) (c) (d)

Figure 8. Contour plots of the MVDR beamformer including one ((a) i = 1, (b) i = 2, (c) i = 3) and
three numerical modal curvatures ((d) i = 1,2,3) (coordinates of the circle are sD and hD for D2.A).

4.1.2. Damage Located in-between Sensors

In this section, we consider damage located in between sensors #3 and #4. The exact
damage location is sD = 0.442, which is slightly closer to the 4th sensor, and hD = 0.75.
In this case, the peak of the modal curvature variations cannot be captured by the sensors.

Figure 9 shows the contour plots of the objective function together with its minimum,
indicated by a circle. Compared to the case of the damage below sensor #2 (Figure 6),
the minimum is located in a wider and flatter valley, which results in a higher sensitivity to
measurement and modeling errors.

The contour plot of the Bartlett beamformer is presented in Figure 10. The sidelobes
are even more apparent and higher than in Figure 7, and there are several local maxima.
The superposition of the contributions of individual modes reveals that the third modal
curvature variation is dominant over the first and second since it has a distinct maximum
with regard to the damage location. This is due to the shape of the third modal curvature,
which has a very steep variation near the damage location considered. Additionally, note
that the resolution of the damage depth is not satisfactory.

Figure 11 shows the contour plots of the MVDR processor. Remarkably, both the
damage location and severity are clearly pinpointed, as in the case with damage below
sensor #2.

(a) (b) (c) (d)

Figure 9. Contour plots of the objective function including one ((a) i = 1, (b) i = 2, (c) i = 3) and three
numerical modal curvatures ((d) i = 1, 2, 3) (Circle: Correct damage parameters).
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(a) (b) (c) (d)

Figure 10. Contour plots of the Bartlett beamformer including one ((a) i = 1, (b) i = 2, (c) i = 3) and
three numerical modal curvatures ((d) i = 1, 2, 3) (circle: correct damage parameters).

(a) (b) (c) (d)

Figure 11. Contour plots of the MVDR beamformer including one ((a) i = 1, (b) i = 2, (c) i = 3) and
three numerical modal curvatures ((d) i = 1, 2, 3) (circle: correct damage parameters).

Similar to the case of damage located below one of the sensors, all three processors
provide a unique solution even when using a single mode. However, the sensitivity of the
estimators to location is much higher than that to intensity. In all cases, these sensitivities are
lower than when the curvature below the damage is included in the measurements. This can
be understood from the width of valleys and peaks in the contourplots (Figures 9 and 10).
The sensitivity of MVDR is highly improved with regard to both parameters. This is
particularly relevant for both the early-stage identification of damage and for the limitation
in the number of sensors to be installed.

From comparing the results of the different processors used, it can be concluded that
the MVDR processor shows its superiority in eliminating sidelobes and local maxima which
may appear as candidate points for damage. This result applies both to cases with damage
located in between sensors and below one sensor.

4.2. Experimental Tests

In this section, we compare the performance of the beamformers and of the traditional
minimization procedure using experimental data; that is, the vectors di are determined by
the set of experiments described in Section 3.2 with the damage scenarios in Tables 3 and 4.
In all cases, the first three modal curvatures are included in the summation of the estima-
tors. As pointed out in Section 3.2, for each damage scenario, the dynamic response was
measured ten times. The estimates of curvatures of the m-th test are dm

i , and the values of
estimators are calculated by summing the estimates from single tests taken individually:

H(x) = ∑10
m=1 ∑3

i=1 ||χ̄i(x)− dm
i ||

BBartlett(x) = ∑10
m=1 ∑3

i=1 Bm
Bart,i(x)

BMVDR(x) = ∑10
m=1 ∑3

i=1 Bm
MVDR,i(x).

(12)
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4.2.1. Damage Located at a Sensor Point: Case A

The contour plots and damage estimates of the minimization procedure, Bartlett beam-
former, and MVDR processor for the four damage scenarios D1.A–D4.A (damage below
sensor #2) are presented in Figures 12–15. The actual values of the damage parameters are
indicated by circles, while the estimates are indicated by crosses. The errors on the identi-
fied damage parameters are reported in Table 7, which shows that the damage location is
identified exactly by all the estimators, apart from the objective function in the mildest case,
D1.A. In all cases, the objective function and the Bartlett processor admit numerous local
extrema and sidelobes, while MVDR eliminates the local maxima (or minima), provides
much clearer estimates, and improves resolution both in location and intensity. This is
especially true with regard to residual height: as evident from the pseudo-experimental
analysis, the estimators have lower sensitivity to this parameter than to location. The
reported contour plots make it obvious that the MVDR beamformer has the highest sen-
sitivity with regard to hD. On comparing the errors in Table 7 with those obtained from
other identification methods based on frequency variations [35], it can be concluded that,
on measuring the curvature below the damage, comparable errors are obtained in the
identification of the damage location and residual height.

(a) (b) (c)

Figure 12. Contour plots of the estimators for damage scenario D1.A ((a) objective function, (b) Bartlett,
(c) MVDR) (circle: correct damage parameters; cross: identified parameters).

(a) (b) (c)

Figure 13. Contour plots of the estimators for damage scenario D2.A ((a) objective function, (b) Bartlett,
(c) MVDR) (circle: correct damage parameters; cross: identified parameters).
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(a) (b) (c)

Figure 14. Contour plots of the estimators for damage scenario D3.A ((a) objective function, (b) Bartlett,
(c) MVDR) (circle: correct damage parameters; cross: identified parameters).

(a) (b) (c)

Figure 15. Contour plots of the estimators for damage scenario D4.A ((a) objective function, (b) Bartlett,
(c) MVDR) (circle: correct damage parameters; cross: identified parameters).

Table 7. Error % on the identified damage parameters for damage case A.

D1.A D2.A D3.A D4.A

sD hD sD hD sD hD sD hD

H 100 −12.7 0.0 6.9 0.0 11.3 0.0 14.3

Bartlett 0.0 5.8 0.0 6.9 0.0 11.3 0.0 14.3

MVDR 0.0 5.8 0.0 6.9 0.0 11.3 0.0 14.3

4.2.2. Damage Located in between Sensors: Case B

In the four scenarios D1.B–D4.B, the damage is located in between sensors #3 and #4.
The contourplots and estimates obtained from the objective function, Bartlett beamformer,
and MVDR processor are presented in Figures 16–19. The errors on the identified damage
parameters are reported in Table 8. Since damage is in between sensors, no sharp peak of the
curvature can be captured, which makes the identification of the correct damage parameters
more difficult than in case A. This time, the estimation is based on the curvatures away
from damage, which differ slightly from the undamaged value as shown in Figure 2d–f.
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Table 8. Error % on the identified damage parameters for damage case B.

D1.B D2.B D3.B D4.B

sD hD sD hD sD hD sD hD

H 9.1 −21.6 4.6 −5.5 4.6 0.0 0.0 0.0

Bartlett 9.1 −18.2 4.6 −1.4 0.0 0.0 0.0 0.0

MVDR 9.1 −8.0 4.6 −1.4 0.0 0.0 0.0 0.0

Figures 16–19 show that the damage location is identified clearly by the MVDR
processor and, to a lesser extent by the Bartlett beamformer and by the objective function.
In all cases, sidelobes and local minima are present, although MVDR manages to suppress
them, especially in the more severe damage cases. The errors in residual height are
reasonably small for all the estimators when damage is intense, while MVDR performs
better in cases of slight damage (D1.B and D2.B).

(a) (b) (c)

Figure 16. Contour plots of the estimators for damage scenario D1.B ((a) objective function, (b) Bartlett,
(c) MVDR) (thick circle: correct damage parameters; cross: identified parameters).

(a) (b) (c)

Figure 17. Contour plots of the estimators for damage scenario D2.B ((a) objective function, (b) Bartlett,
(c) MVDR) (thick circle: correct damage parameters; thin concentric circles: identified parameters).
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(a) (b) (c)

Figure 18. Contour plots of the estimators for damage scenario D3.B ((a) objective function, (b) Bartlett,
(c) MVDR) (thick circle: correct damage parameters; thin concentric circles: identified parameters).

(a) (b) (c)

Figure 19. Contour plots of the estimators for damage scenario D4.B ((a) objective function, (b) Bartlett,
(c) MVDR) (circle: correct damage parameters; cross: identified parameters).

5. Conclusions

This paper presented an approach to damage identification based on the use of modal
curvatures as an observed response quantity. Three different estimators were compared:
the classical objective function, based on comparison between numerical and experimental
measurements, and two beamformers, which are Bartlett and MVDR, based on projection
of measurements onto the replica vector. To date, these two beamformers have primarily
been applied to inverse problems concerning source identification in acoustics. Instead, we
applied them to structural vibration problems in beams.

Modal curvatures are highly reputed for being locally sensitive to damage, especially
at an early stage. In fact, it was made evident in this paper that the use of curvatures also
has some drawbacks. These include small variations away from the damaged area, and the
use of accelerometers in measurements, to enable curvature normalization and subsequent
comparison between analytical and experimental results. We considered cases of free–free
beams with different damage depths and locations (i.e., below a sensor and in between
two sensors), both numerical and experimental. In all cases, the pattern of experimental
curvatures was quite similar to the numerical one, although the experimental variations
below the cut appeared to be smaller than the numerical ones, similar to what was observed
for frequency variation. This hints at a possible overestimation of the effect of damage with
the model presently in use.
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All the three processors provided a unique solution even when using one single modal
curvature, both using experimental and pseudo-experimental data. All the processors
showed high sensitivity to the damage location but lower sensitivity to the damage depth,
with MVDR showing sensitivity regarding both parameters. This is particularly relevant
for the early-stage identification of damage. It was also evident that MVDR can deter-
mine the damage depth and location with an accuracy comparable to methods based on
frequency variation.

Overall, the MVDR beamformer appeared as the most robust estimator among those
investigated. It provides a clear and stable indication of damage parameters, with very limited
sensitivity to error, enabling to identify damage by employing modal curvatures. It then gives
the opportunity to take advantage of the strengths of this modal quantity, among which are
its limited sensitivity to environmental factors, and high local sensitivity to damage. This
property is, however, twofold. In fact, on the one hand, it ensures large and easy-to-measure
changes; on the other hand, it requires sensors in close proximity to the damage. Also in
this regard, the MVDR beamformer has proven its effectiveness in the worst-case scenario
of damage located in between two sensors. Issues that will have to be addressed in future
work concern the minimum number of measurements needed to obtain a unique solution,
more complex damage scenarios, including more than one notch, as well as a more detailed
damage description, for instance, including the width.
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