
Contents lists available at ScienceDirect

Journal of High Energy Astrophysics  

journal homepage: www.elsevier.com/locate/jheap

Letter

Is the BKL map an intrinsic feature of the Quantum Mixmaster Universe? ✩

Simone Lo Franco a, ,∗, Giovanni Montani b,a

a Department of Physics, Sapienza University of Rome, Piazzale Aldo Moro, 2, Rome, 00185, Italy
b ENEA, Fusion and Nuclear Safety Department, C.R. Frascati, Via E. Fermi, 45, Frascati, 00044, Rome, Italy

A R T I C L E I N F O A B S T R A C T 

Keywords:

Quantum cosmology

Canonical quantum gravity

Mixmaster Universe

We study the quantum Mixmaster dynamics by constructing the corresponding Wheeler-DeWitt equation as a 
relativistic quantum theory in a pseudo-Riemannian Mini-superspace. The transition amplitude from a Kasner 
regime to the next one is built via the standard S-matrix of a relativistic scattering, and mediated by a single wall 
potential. We provide a coherent and convincing representation of the original Misner’s idea that quasi-classical 
states can survive arbitrarily close to the cosmological singularity. By constructing a complete set of states, we 
demonstrate that the quasi-classical BKL map is preserved by the resulting transition amplitude to a new state 
when their mean total momentum is high enough (exactly coinciding with Misner’s high occupation numbers). 
This scheme is naturally iterated to the initial singularity without appreciable shape changes. We also clarify the 
role played by the state localization, and, in particular, we outline that when the incoming state is spread, the 
possibility of violating the Kasner map is no longer negligible. Thus, Kasner-like wave packets can approach the 
initial singularity.

1. Introduction

One of the most important results obtained by the Landau School 
concerns the derivation of the oscillatory regime characterizing the 
asymptotic dynamics of the homogeneous Bianchi type VIII and IX mod

els towards the cosmological singularity (Belinskiı̆ et al., 1971; Montani 
et al., 2009, 2008). This achievement acquired particular impact on the 
modern concept of relativistic cosmology because of the generalization 
of Bianchi VIII and IX chaoticity also to small enough spatial paths of a 
generic inhomogeneous cosmology (Belinsky et al., 1982; Kirillov, 1993; 
Montani, 1995; Montani et al., 2009; Belinskij, 1992; Barrow, 2020). Im

mediately after the assessment of these studies, C.W. Misner provided 
a Hamiltonian formulation of the same homogeneous chaotic Bianchi 
IX cosmology, and he dubbed the resulting scheme Mixmaster Universe 
(Misner, 1969a) (see Cornish and Levin, 1997; Imponente and Montani, 
2001 for a covariant formulation of chaos). Also, the Mixmaster formu

lation has been extended to the inhomogeneous sector, as in Kirillov 
(1993); Benini and Montani (2004), so that a point-like 2D Hamiltonian 
dynamics is today a basic feature in the very early Universe description. 
Once B. DeWitt provided the derivation of the canonical formulation 
for quantizing the gravitational field (DeWitt, 1967, 1968a,b), Misner 
himself provided the first implementation of this theory to the Bianchi 
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IX cosmology (Misner, 1969b) (see Benini and Montani, 2006; Antonini 
and Montani, 2019 for an inhomogeneous extension). In this study, Mis

ner treats the cosmological dynamics as that one resembling a pin-point 
particle in a receding well. He also implemented an adiabatic formula

tion, according to which the dependence of the Universe wave function 
on the space volume is weaker with respect to the anisotropy degrees of 
freedom, being the fundamental physical ingredients. Despite this rele

vant modelization of the real canonical quantum dynamics, an outstand

ing result emerged in Misner (1969b): semiclassical states, described by 
high values of the anisotropy occupation numbers, can survive arbitrar

ily close to the initial singularity (being not removed in this context). A 
significant effort to construct a Hilbert space for the Bianchi cosmolo

gies has been performed in Wald (1993); Higuchi and Wald (1995), 
where the pseudo-Riemannian character of the mini-supermetric (Cian

frani et al., 2014) has been implemented, allowing the identification 
of the isotropic Misner variable as a time coordinate. In Giovannetti 
and Montani (2022); Giovannetti et al. (2023); Lo Franco and Montani 
(2024), the standard methodology of a scattering problem in Relativis

tic Quantum Mechanics, as presented in Bjorken and Drell (1964), has 
been implemented in the Mini-superspace, aiming to characterize the 
emerging Big-Bounce as a quantum transition process (Ashtekar et al., 
2010; Barca et al., 2021). In this work, we use the theoretical back
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ground provided in Wald (1993) to describe the quantum Mixmaster 
dynamics as a scattering process. However, differently from the analysis 
of Giovannetti and Montani (2022); Giovannetti et al. (2023); Lo Franco 
and Montani (2024), here we study only transition amplitudes between 
positive frequency solutions. In particular, according to the equilateral 
triangular symmetry of the Bianchi IX potential, the potential mediating 
the scattering between inward and outward states is one characterizing 
a single wall, i.e., a Bianchi II-like spatial curvature. The phenomeno

logical impact of the present study on relativistic cosmology concerns 
the possibility of extrapolating up to the Planck era results that are well 
established on a classical level. The existence of a chaotic dynamics in 
the early Universe evolution influences the nature of the cosmological 
horizon (Misner, 1969a; Kirillov, 1993) and the emergence of a classical 
Universe (Kirillov and Montani, 1997). This information is particularly 
interesting on a phenomenological level since it sheds light on the ini

tial conditions for the inflation scenario (Kirillov and Montani, 2002). In 
other words, the present study validates the cosmological implementa

tion of the well-known achievement of classical primordial cosmology, 
limiting the impact due to the quantum phase of the Universe. The two 
main aims here are: i) studying the conditions under which the reflec

tions against the potential wall follow the quasi-classical BKL map, so 
validating Misner’s idea; ii) determining the existence of non-negligible 
transition amplitudes that, for suitable states, allow the violation of the 
BKL map, stopping the quantum Mixmaster behavior.

2. The Bianchi II model as the building block of Bianchi IX 
Universe

In this section, we present descriptions of the Bianchi IX model and 
how its dynamics is related to that generated by the Bianchi II Universe. 
For this classical system description, we follow the Arnowitt-Deser

Misner formulation of GR in terms of the Misner variables as discussed 
in Misner et al. (1973); Montani et al. (2009). In the ADM formalism, 
the action of the Bianchi IX model in the vacuum reads as Montani et 
al. (2009)

𝐼𝑋 = ∫ 𝑑𝑡 
(
𝑝𝑎 ̇𝑞𝑎 −𝑁(𝑡)𝐼𝑋

)
, (1)

Here, the generalized coordinates 𝑞𝑎 are the three exponential scale fac

tors of the three-metric and 𝑝𝑎 their conjugated momenta. 𝐼𝑋 is the 
Super-Hamiltonian, while 𝑁(𝑡) is the lapse function fixed by the choice 
of reference system. To deal with a diagonal kinetic term in momenta, 
we use the Misner coordinates {𝛼, 𝛽+, 𝛽−}, which are connected to the 
original ones through a canonical transformation (Misner et al., 1973). 
The coordinate 𝛼 is related to the Universe volume while 𝛽± account for 
the spatial anisotropies. Hence, the Super-Hamiltonian reads as

𝐼𝑋 =
𝜒𝑒−3𝛼

3(8𝜋)2
[
−𝑝2𝛼 + 𝑝2+ + 𝑝2− + 𝑢 𝑈𝐼𝑋 (𝛼, 𝛽±)

]
, (2)

where 𝑝𝛼, 𝑝± are the momenta conjugated to the Misner coordinates, 
𝜒 ≡ 8𝜋𝐺∕𝑐4, and 𝑢 ≡ 3(4𝜋)4∕𝜒2. Here, 𝑈𝐼𝑋 is the potential term gener

ated by the spatial curvature of the model, and it is a positive-definite 
potential well having the symmetries of an equilateral triangle. The 
Super-Hamiltonian in Eq. (2) is analogous to that of a particle moving 
in the potential 𝑈𝐼𝑋 with the difference that its kinematical part is not 
positive-definite; this feature will allow us to treat the WDW equation 
of this system as a Klein-Gordon one. We now focus on the features of 
the Bianchi IX Universe near the cosmological singularity. In the regions 
where 𝑈𝐼𝑋 (𝛽±) is negligible, the Universe is described by the usual Kas

ner solution for a Bianchi I model, that in the gauge 𝑁 = 3(8𝜋)2𝑒3𝛼∕(2𝜒)
reads as

𝛼(𝑡) = −𝑝𝛼 𝑡 , 𝛽+(𝑡) = −
𝑝+
𝑝𝛼

𝛼 , 𝛽−(𝑡) = −
𝑝−
𝑝𝛼

𝛼 , (3)

where 𝑝𝛼 = 𝑝+ = 𝑝− = 𝑐𝑜𝑛𝑠𝑡. Denoting with 𝛽′± ≡ 𝑑𝛽±∕𝑑𝛼 the compo

nents of the anisotropy velocity, the well-known condition on the Kas

ner exponents is equivalent to |𝜷′|2 ≡ |𝛽′+|2 + |𝛽′−|2 = 1. As 𝛼 → −∞, 

𝑈𝐼𝑋 ≈ 𝑈𝐼𝐼 = exp [4𝛼 − 8𝛽+]. Therefore, when 𝛽′+ > 1∕2, the contribu

tion from the potential is large enough to influence the dynamics, and 
the Universe will collide with the potential wall. Then, the Universe 
continues evolving in a new Kasner phase until it interacts again with 
the potential. In this way, the Universe follows an infinite sequence of 
collisions (Misner et al., 1973). To investigate the early stages of the 
Universe’s history, we consider the transformation 𝛼 → −𝛼, as the initial 
singularity is now placed at 𝛼 → +∞. Therefore, for a single collision, 
the Bianchi IX Universe is described by the super-Hamiltonian

𝐼𝐼 =
𝜒𝑒−3𝛼

3(8𝜋)2
[
−𝑝2𝛼 + 𝑝2+ + 𝑝2− + 𝑢 𝑒−4𝛼−8𝛽+

]
. (4)

It is possible to simplify Eq. (4) employing the canonical transformation 
(Misner et al., 1973)

⎛⎜⎜⎝
𝛼

𝛽+
𝛽−

⎞⎟⎟⎠ = 1 √
3

⎛⎜⎜⎝
2 −1 0
−1 2 0
0 0 1

⎞⎟⎟⎠
⎛⎜⎜⎝
𝛼̃

𝛽+
𝛽−

⎞⎟⎟⎠ . (5)

Since 𝛽− = 𝛽−, we will often omit the superscript ∼ to keep a lighter 
notation. With this particular choice of variables, the potential term 
appearing in Eq. (4) depends only on the new variable 𝛽+, as the super

Hamiltonian constraint now reads as

𝜒𝑒−3𝛼

3(8𝜋)2
(
−𝑝̃2𝛼 + 𝑝̃2+ + 𝑝2− + 𝑢 𝑒−4

√
3𝛽+

)
= 0 . (6)

Here 𝑝̃𝛼 , 𝑝̃+ are the momenta conjugated to the new variables. From 
Eq. (6), we can notice that both 𝑝̃𝛼 , 𝑝− are constants of motion, while the 
evolution of 𝛽+ is characterized by an elastic collision with the potential. 
The relation that links the anisotropy velocities of initial and final Kasner 
regimes is called BKL map. For this set of coordinates, the map is rather 
trivial and reads as

(𝛽′+)𝑓 = −(𝛽′+)𝑖 , (𝛽
′
−)𝑓 = (𝛽′−)𝑖 , (𝑝̃𝛼)𝑓 = (𝑝̃𝛼)𝑖. (7)

Here, 𝑖 and 𝑓 label the Universe parameters before and after the col

lision. It is possible to check that the usual form of the BKL map is 
recovered using the transformation in Eq. (5). Moreover the relation |(𝜷′)𝑓 |2 = 1 holds as long as |(𝜷′)𝑖|2 = 1. Therefore, the conditions 
needed for a new collision are always ensured.

3. Bianchi II semiclassical evolution

We now move to the quantum mechanical framework and study the 
semiclassical evolution of the Bianchi II model. We rely on the Canonical 
approach to the quantization of gravity, and to be more precise, on the 
analogy between the Wheeler-DeWitt equation and the Klein-Gordon 
equation (Wald, 1993; Higuchi and Wald, 1995). This particular ap

proach allows us to bypass the so-called problem of time by selecting an 
internal degree of freedom as the time variable of the system (Rovelli, 
1991). Generalized coordinates and conjugated momenta are promoted 
to operators acting on the so-called Universe wave functions Ψ(𝛼, 𝛽±). In 
units ℏ = 𝑐 =𝐺 = 1, the super-Hamiltonian constraint (4) gives birth to 
the Wheeler-DeWitt equation[
𝜕2𝛼 − 𝜕2+ − 𝜕2− + 𝑢 𝑒−4𝛼−8𝛽+

]
Ψ(𝛼, 𝛽±) = 0 , (8)

where we denote the partial derivative with respect to 𝛽± as 𝜕±. This 
equation is analogous to a Klein-Gordon equation in the presence of a po

tential, where the isotropic scale factor 𝛼 has the role of a time variable. 
As in the classical case, we can further simplify the equation above by 
considering the coordinate transformation in Eq. (5), which is a Lorentz 
transformation in the Mini-superspace and can be implemented with

out issues under the Lorentz invariance of the KG equation. Therefore, 
Eq. (8) now takes the form[
𝜕2𝛼 − 𝜕2+ − 𝜕2− + 𝑢 𝑒−4

√
3𝛽+

]
Ψ(𝛼̃, 𝛽±) = 0 . (9)
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Similarly to the case of the closed FLRW model studied in Kiefer (1988); 
de Cesare et al. (2016); Lo Franco and Montani (2024), the potential in

volved in Eq. (9) suggests imposing the boundary condition Ψ(𝛼̃, 𝛽±)→ 0
for 𝛽+ → −∞. Hence, the frequency-separated basis solutions of Eq. (9) 
are

𝑓±
𝐤̃
=𝐤̃ 𝑒

±𝑖𝜔𝐤̃ 𝛼̃+𝑖𝑘−𝛽−𝐾 𝑖𝑘̃+
2
√
3

(√
𝑢 
3
𝑒−2

√
3𝛽+

2 

)
(10)

where ̃𝐤 = (𝑘̃+ , 𝑘−), 𝜔𝐤̃ =
√

𝑘̃2+ + 𝑘2−, 𝐾𝜈(𝑧) are the modified Bessel func

tions of the second kind and 𝐤̃ = [𝑘̃+ sinh [𝜋𝑘̃+∕(2
√
3)]∕(4

√
3𝜋3𝜔𝐤̃)]1∕2

is the normalization factor. As the functions 𝐾𝜈 (𝑧) are symmetric with 
respect to 𝜈, 𝑘̃+ is constrained to only real positive values, while 𝑘− ∈ℝ. 
In the region where the potential 𝑈𝐼𝐼 is negligible, the solutions above 
take the form

𝑓±
𝐤̃
≈ 𝑒±𝑖𝜔𝐤̃ 𝛼̃+𝑖𝑘−𝛽−

𝜋
√
2𝜔𝐤̃

sin
[
𝑘̃+

(
𝛽+ −𝐶

)
− 𝛾𝑘̃+

]
, (11)

where 𝐶 ≡ log[
√
𝑢∕(4

√
3)]∕(2

√
3) and 𝛾𝜈 is a real and continuous pa

rameter (Olver, 2010). Therefore, the asymptotically free solutions are 
none other than a superposition of Bianchi I plane waves with opposite 
𝑘̃+. Given two functions 𝑓, 𝑔, we introduce the Klein-Gordon-like inner 
product for Eq. (9) as

(𝑔 , ℎ) = −𝑖∫ 𝑑2𝛽 𝑔∗(𝛼̃, 𝛽±)⃖ ⃖⃖⃗𝜕𝛼 ℎ(𝛼̃, 𝛽±) . (12)

Hence, the solutions in Eq. (10) satisfy the orthonormality relations(
𝑓±
𝐤̃′
, 𝑓±

𝐤̃

)
= ±𝛿(2)(𝐤̃− 𝐤′) , 

(
𝑓±
𝐤̃′
, 𝑓∓

𝐤̃

)
= 0 , (13)

thanks to MacDonald functions’ orthogonality (Passian et al., 2009). 
Regarding the frequency separation of these solutions, the difference 
between positive and negative frequency solutions lies in the differ

ent direction of the internal time arrow (here represented by 𝛼̃) that 
is followed during the semiclassical evolution (Lo Franco and Montani, 
2024). However, the Bianchi II collision does not need to be repre

sented as a quantum transition between opposite frequency solutions, 
as suggested by the fact that the potential in Eq. (9) is independent of 𝛼̃. 
Therefore, no frequency-mixing is allowed, and the quantum collision 
occurs inside the subsets of only positive/negative frequency solutions. 
From now on, we will discuss only positive frequency solutions, rep

resenting the current expansion Branch of the Universe. The first step 
towards deriving the semiclassical evolution of this model is to construct 
localized wave packets in the form

Ψ+(𝛼̃, 𝛽±) = ∫ 𝑑2𝑘̃𝐴(𝑘̃±;𝜇±, 𝜎±)𝑓+
𝐤̃
(𝛼̃, 𝛽±) , (14)

where the coefficients 𝐴(𝑘̃±;𝜇±, 𝜎±) are defined as

𝐴(𝑘̃±;𝜇±, 𝜎±) =
exp

[
− (log 𝑘̃+−𝜇+)2

2𝜎2+
− (𝑘−−𝜇−)2

2𝜎2−

]
√

𝑘̃+𝜎+𝜎−
√
𝜋

. (15)

The reasoning behind this particular form of the coefficients is that they 
satisfy the properties needed to construct well-normalized scattering 
amplitudes (Ishikawa, 2024). Therefore, we can introduce the proba

bility density

(𝛼̃, 𝛽±) = −𝑖 Ψ+∗(𝛼̃, 𝛽±)⃖ ⃖⃖⃗𝜕𝛼 Ψ+(𝛼̃, 𝛽±) . (16)

As long as the wave packets considered are only of positive frequency 
and properly normalized, the quantity above is indeed positive-definite. 
Let us also remark on the fact that, as we are dealing with an exact 
potential instead of infinite barriers, together with considering the rela

tions in Eq. (13) and the coefficients in Eq. (15), the probability density 
is conserved, i.e. ∫ 𝑑2𝛽 (𝛼̃, 𝛽±) is independent of the internal time. In 

Fig. 1. ⟨ ̂̃𝑝+⟩𝛼̃ computed for a wave packet with 𝜇+ = −1, 𝜎+ = 0.5, 𝜇− = 0, 𝜎− =
1, 𝑢 = 1 (purple points). The two red dashed lines represent the mean values 
computed over Bianchi I wave packets with ⟨ ̂̃𝑝+⟩𝐼 ≈ ±0.39.

fact, by combining Eq. (9) with its complex conjugate, and since the po

tential term is real-valued, we obtain the current conservation relation

𝜕𝛼(𝛼̃, 𝛽±) = 𝜕+𝐽+ + 𝜕−𝐽− , (17)

where the ``spatial'' components of the current are

𝐽±(𝛼̃, 𝛽±) = −𝑖 Ψ+∗(𝛼̃, 𝛽±)⃖ ⃖⃗⃖𝜕± Ψ+(𝛼̃, 𝛽±) . (18)

For the total charge ∫ 𝑑2𝛽 (𝛼̃, 𝛽±) to be conserved, the flux of the cur

rent in Eq. (18) must vanish at the boundaries of the 𝛽± space. This 
condition is satisfied by the wave packets in Eq. (14), which are 𝐿2

normalizable functions and decay sufficiently fast for |𝛽±|→∞. By di

rect computation, using Eqs. (16) and (14), we get that ∫ 𝑑2𝛽 (𝛼̃, 𝛽±) =
1. Evidence of the classical BKL map representing the semiclassical evo

lution of the Universe wave function can be provided from the behavior 
of the mean values of the momentum operators. Since the solutions in 
Eq. (10) are eigenstates of both ̂̃𝑝𝛼 , 𝑝̂−, the mean values of such oper

ators are constants in time and determined by 𝜇±, 𝜎±. Regarding the 
operator ̂̃𝑝+, its mean value will depend on the internal time, and it can 
be computed using the probability density in Eq. (16), i.e.

⟨ ̂̃𝑝+⟩𝛼̃ = −𝑖∫ 𝑑2𝛽 Ψ+∗(𝛼̃, 𝛽±)⃖ ⃖⃖⃗𝜕𝛼
[
̂̃𝑝+Ψ+(𝛼̃, 𝛽±)

]
. (19)

In Fig. 1 we show the evolution of ⟨ ̂̃𝑝+⟩𝛼̃ with respect to the internal time 
𝛼̃. Denoting with ⟨ ̂̃𝑝+⟩𝐼 the mean value of ̂̃𝑝+ computed over a Bianchi 
I wave packet with same coefficients 𝐴(𝑘̃±;𝜇±, 𝜎±), we see that ⟨ ̂̃𝑝+⟩𝛼̃
starts at very early times with a value ⟨ ̂̃𝑝+⟩𝐼 , and after the collision it will 
approach asymptotically the value −⟨ ̂̃𝑝+⟩𝐼 . This is indeed the reflection 
law characterizing the classical BKL map. 

4. The Bianchi II collision as a quantum scattering

We now study the collision mechanism of the Bianchi II model as 
a relativistic quantum scattering. We rely on the attempt to extend the 
WDW-KG analogy performed in Giovannetti and Montani (2022); Gio

vannetti et al. (2023); Lo Franco and Montani (2024), implementing the 
propagator scattering theory presented in Bjorken and Drell (1964). As 
we want to investigate the initial stages of the Universe’s thermal his

tory, we consider the scattering between positive frequency solutions 
propagating forward in time. Let us remark on the fact that the identi

fication of the initial singularity at 𝛼̃ → +∞ is justified by the fact that 
after the Lorentz-like transformation in Eq. (5), 𝛼̃ plays the role of time 
variable as 𝛼 do. The transition amplitude reads as Bjorken and Drell 
(1964)

 = lim 
𝛼̃→+∞

−𝑖∫ 𝑑2𝛽 𝜓+∗(𝛼̃, 𝛽±)⃖ ⃖⃖⃗𝜕𝛼 Ψ+(𝛼̃, 𝛽±) . (20)
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Here 𝜓+(𝛼̃, 𝛽±) is a localized wave packet constructed as a superposition 
of positive frequency Bianchi I solutions, while Ψ+(𝛼̃, 𝛽±) is a solution 
of the complete equation. It is important to notice that, by adopting the 
scattering formalism of Relativistic Quantum Mechanics, the role of the 
product in Eq. (12) is different from the one played in the semiclassical 
study of the previous section. Such a formalism has been developed to 
overcome the well-known issues of the probability density in Eq. (16) 
when mixed frequency states are considered (Bjorken and Drell, 1964). 
In principle, as the potential mediating the BKL transition is independent 
of the internal time 𝛼̃, it is not necessary to rely on the scattering theory. 
Nevertheless, we make use of this formalism as it provides a clear inter

pretation of the quantum BKL transition and it allows us to be consistent 
with previous attempts describing cosmological scenarios exploiting the 
WDW-KG analogy (Giovannetti and Montani, 2022; Giovannetti et al., 
2023; Lo Franco and Montani, 2024). Therefore, at this point, we are 
not interested in extracting a probability density from Eq. (12). Still, we 
use it to compute the element of the scattering operator, which links the 
asymptotically free initial and final states interacting with the potential, 
and the scattering probability will be obtained from ||2 . In general, 
 will depend on the choice of parameters that shape the coefficients 
of in/out wave packets (denoted respectively with 𝜇±, 𝜎± and 𝜇′

±, 𝜎
′
±). 

Since this outcoming state will be characterized by some value of ⟨ ̂̃𝑝+⟩𝐼 , 
we can compute the probability of the Universe following the classical 
BKL map at the level of the momentum operators’ mean values. Given 
our choice of wave packets coefficients and requiring that 𝜎′± = 𝜎±, ||2
is a well normalized probability density (i.e., ∫ 𝑑2𝜇′|(𝜇′

±;𝜇±)|2 = 1) 
(Ishikawa, 2024). Now, to compute explicitly ||2, we have to specify 
the form of the in/out states involved in the scattering. The incoming 
states are those in Eq. (14), propagating from 𝛼̃ → −∞ to 𝛼̃ → +∞. 
Given the form of the potential involved in the system, these states are 
well approximated by solutions of the free equation when far from the 
interaction, i.e., when |𝛼̃|→∞. These states are projected near the cos

mological singularity (placed at 𝛼̃ → +∞) over superpositions of Bianchi 
I solutions, being our outcoming states. Hence, for the incoming state, 
we make an approximation suggested by the use of localized wave pack

ets in the scattering amplitude. At the semiclassical level, we still have 
an evolution law valid for the mean value ⟨ ̂̃𝛽+⟩𝛼̃ and we expect the Uni

verse dynamics to be represented by Bianchi I solutions at arbitrarily 
early/late times 𝛼̃. In this sense, we can say that early/late times 𝛼̃ cor

respond to large values of the anisotropy parameter 𝛽+ . Therefore, we 
replace the temporal limit in Eq. (20) with the one 𝛽 → +∞, so that our 
incoming state will be a superposition of solutions in Eq. (11). Regard

ing the outcoming state, we consider a superposition of plane waves 
being characterized by a negative ⟨ ̂̃𝑝+⟩𝐼 . Such a wave packet is in the 
form

𝜓+ = ∫ 𝑑2𝑘̃𝐴(𝑘̃±;𝜇±, 𝜎±)𝑒
+𝑖𝜔𝐤̃ 𝛼̃+𝑖𝐤̃⋅𝛽−𝑖 𝜙𝑘+ . (21)

Here the coefficients 𝐴(𝑘̃±;𝜇±, 𝜎±) are still the same of Eq. (15), while 
𝜙𝑘+

= 𝛾𝑘̃+ +𝐶𝑘̃+ with 𝐶 and 𝛾𝑘̃+ being defined as in Eq. (11). We added 
a 𝑘̃+-dependent complex phase to simplify the phase term in Eq. (11) 
when computing the scattering amplitude, as it does not affect the semi

classical evolution nor modifies the orthonormality relations. Moreover, 
we restrict the domain of 𝑘̃+ to the negative half line to indeed constrain 
the value of ⟨ ̂̃𝑝+⟩𝐼 to only negative values. By substituting these states 
in Eq. (20), we find

|(𝜇′
±;𝜇±)|2 = 𝑒

−
(𝜇′+−𝜇+)2

2𝜎2+
− (𝜇′−−𝜇−)2

2𝜎2−

2𝜋𝜎+𝜎−
, (22)

that is a 2-dimensional Gaussian distribution. Let us briefly comment on 
this result. It is clear that the main effect of the potential in Eq. (9) is 
to mix two different Bianchi I solutions. Moreover, the interaction with 
the potential adds the 𝑘+-dependent phase appearing in Eqs. (11) and 
(21). However, such a complex phase is not relevant when computing 

Fig. 2. 𝑃𝑛𝑐 (𝜇±, 𝜎±) as a function of the initial and final state 𝜎+ = 𝜎−. Purple 
points: 𝜇+ = −0.5, 𝜇− = 0.5; yellow circles: 𝜇+ = 0, 𝜇− = 1; blue points and line: 
𝜇+ = 𝜇− = 2.

the transition probability 2. Therefore, the signature of the BKL tran

sition is encoded in the position of the peak of the probability density, 
that is indeed centered around the classical BKL reflection law 𝜇′

± = 𝜇±. 
Instead, the particular shape of 2 is governed by the variances 𝜎± char

acterizing wave packets. Although the classical configuration is the most 
probable one, we ask ourselves if there is a non-negligible probability of 
the Universe exiting the scattering process in a state that won’t collide 
again with 𝑈𝐼𝑋 . In the classical framework, the potential wall moves 
with an effective velocity |𝜷′

𝑤𝑎𝑙𝑙
| = 1∕2 (Montani et al., 2009). Deal

ing with the quantum mechanical description, the classical quantities 
are replaced by mean values computed over their respective operators. 
Recalling that 𝛽′± = −𝑝±∕𝑝𝛼 , the condition under which the quantum 
Universe collides against the potential reads as1

|𝜷′|2𝑤𝑝 =
(2⟨𝑝̃+⟩+ ⟨𝑝̃𝛼⟩)2 + 3⟨𝑝−⟩2

(2⟨𝑝̃𝛼⟩+ ⟨𝑝̃+⟩)2 ≥ 1
4
. (23)

With Eq. (23), we can identify the subset of the parameter space 𝜇′
± char

acterizing the solutions violating the classical BKL map. By integrating |(𝜇′
±;𝜇±)|2 on this subset, we can compute the probability 𝑃𝑛𝑐(𝜇±, 𝜎±)

of the Universe transitioning to any of the BKL-violating states and 
study its behavior for fixed initial labels 𝜇±, 𝜎± = 𝜎′±. As Eq. (23) is 
implemented for the outcoming states in Eq. (21), it is important to un

derstand the dependence of ⟨ ̂̃𝑝𝛼⟩𝐼 , ⟨ ̂̃𝑝±⟩𝐼 on wave packets’ parameters 
𝜇±, 𝜎±. As the 𝑘−-dependent part of the coefficients 𝐴(𝑘̃±;𝜇±, 𝜎±) is a 
Gaussian distribution, the well-known relations ⟨𝑝̂−⟩𝐼 = 𝜇−, (Δ𝑝̂−)𝐼 ∝
𝜎− hold. These dependencies are less trivial when considering the op

erator ̂̃𝑝+, since the 𝑘̃+-dependent term of 𝐴(𝑘̃±;𝜇±, 𝜎±) is a log-normal 
distribution. Both 𝜇+, 𝜎+ contributes to ⟨𝑝̂+⟩𝐼 , (Δ𝑝̂+)𝐼 , while 𝜎+ alone 
fixes the value of the relative uncertainty (Δ𝑝̂+∕⟨𝑝̂+⟩)𝐼 . In particular, ⟨𝑝̂+⟩𝐼 = −exp[𝜇+ + 𝜎2+∕4]. ⟨ ̂̃𝑝𝛼⟩𝐼 , instead, has been computed using nu

merical integrations. In Fig. 2, we show the results of the computations 
for 𝑃𝑛𝑐(𝜇±, 𝜎±). For small values of 𝜎±, the probability of violating the 
classical BKL map is particularly low, and it increases for larger values 
of 𝜎±. This is a reasonable result as we expect low-variance wave pack

ets to satisfy the condition |𝜷 ′|2𝑤𝑝. As the values of 𝜎± increase more, the 
𝑃𝑛𝑐 reaches a maximum and starts decreasing again. Two arguments can 
clarify such behavior. The first is that large values of 𝜎± can correspond 
to small values of the variance of the position operators 𝛽± . Therefore, 
the classical BKL behavior is expected to be recovered at the level of 
mean values in the coordinate space. The second argument is that large 
values of 𝜎+ also correspond to large values of ⟨ ̂̃𝑝+⟩𝐼 . Hence, we recover 

1 Here we use the Lorentz transformation in Eq. (5), i.e., 𝑝𝛼 = (2𝑝̃𝛼 +
𝑝̃+)∕

√
3 , 𝑝+ = (𝑝̃𝛼 + 2𝑝̃+)∕

√
3 , 𝑝− = 𝑝̃−, to recast the condition |𝜷′|2

𝑤𝑝
= (𝑝2+ +

𝑝2−)∕𝑝
2
𝛼
≥ |𝜷′

𝑤𝑎𝑙𝑙
|2 = 1∕4.
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Fig. 3. Incoming wave packet |𝜷′|2
𝑤𝑝

as a function of 𝜎+ = 𝜎−. Purple points: 
𝜇+ = −0.5, 𝜇− = 0.5; yellow circles: 𝜇+ = 0, 𝜇− = 1; blue points and line: 𝜇+ =
𝜇− = 2.

Misner’s result of high occupation numbers states (here represented by 
high-momenta states) following the classical dynamics (Misner, 1969b). 
This argument is also backed by the behavior of 𝑃𝑛𝑐 when varying 𝜇±. 
We can see that for large values of 𝜇±, corresponding to large values 
of ⟨ ̂̃𝑝±⟩𝐼 , the probability of BKL-violations is reduced drastically. How

ever, in the region where neither the momenta are well localized nor 
the total momentum is high enough, 𝑃𝑛𝑐 assumes non-negligible values. 
To better clarify these results, in Fig. 3, we show the values of |𝜷 ′|2𝑤𝑝
computed over Bianchi I wave packets representing the initial state. As 
we can see, the behavior with respect to 𝜇±, 𝜎± is the same as Fig. 2, 
i.e., |𝜷′|2𝑤𝑝 → 1 for very small/large values of 𝜎± and large values of 𝜇±. 
Therefore, the more classical the initial state is, the less the probability 
of violating the BKL map.

5. Concluding remarks

We analyzed the quantum Mixmaster model using the formalism typ

ical of the relativistic quantum scattering (Bjorken and Drell, 1964), 
basing our formulation on the pseudo-Riemannian character of the Mini

supermetric. We could construct a Klein-Gordon-like representation of 
the Wheeler-DeWitt equation for the Bianchi IX cosmology, which al

lows the construction of suitable Hilbert spaces (Wald, 1993) and the 
determination of transition amplitudes among states. In particular, we 
treated the bouncing of the pin-point particle against a single wall (i.e., 
the exact Bianchi II dynamics) as a quantum scattering onto that poten

tial. Thus, we could calculate the transition amplitude from an initial 
toward a final Kasner regime, including states for which a subsequent 
bounce is forbidden, i.e., the quantum transition violates the BKL map 
(Belinsky et al., 1982), though it remains valid for the mean values. 
The most important result here is the validation of Misner’s original 
idea that quasi-classical states can survive up to the initial singular

ity. In fact, very localized initial states in the momentum space (whose 
uncertainty remains constant in time) have very negligible transition 
amplitudes with states violating the BKL map. This scheme can be iter

ated for an arbitrarily large number of bounces toward the singularity, 
and we thus deal with quantum states that are indefinitely following the 
semi-classical BKL map. This situation also holds for very large values of 
the momentum uncertainties, corresponding to very localized states in 
the anisotropies. However, in such a representation, the possibility of it
erating the picture is unclear since the wave packets naturally spread in 
the anisotropy space. However, the high occupation number, discussed 
by Misner (1969b), clearly corresponds to dealing with high mean val

ues of the anisotropy momenta, and also in this case, the probability 
of violating the BKL map is negligible. It is just this result that sheds 
light on the concept of semiclassical states approaching the initial sin

gularity. Furthermore, when the momentum uncertainty of the initial 
state is large enough, the transition toward no longer bouncing config

urations, as described by the average Kasner regime, takes significantly 
non-zero values. This result could align with the reduction of chaotic

ity presented in Bojowald et al. (2024, 2023); Brizuela and Uria (2022); 
Uria et al. (2023). This is an important issue that clarifies how the quan

tum Mixmaster can be a very different system from a quasi-classical 
chaotic dynamics, as soon as the real quantum nature of the pin-point 
particle is taken into account.
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