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Abstract

Let (M, g) be an incomplete Riemannian manifold of finite volume and let 2 <
p < oo. In the first part of this paper we prove that under certain assumptions the
inclusion of the space of LP-differential forms into that of L2-differential forms gives
rise to an injective/surjective map between the corresponding L? and L? cohomology
groups. Then in the second part we provide various applications of these results to
the curvature and the intersection cohomology of compact Thom—Mather stratified
pseudomanifolds and complex projective varieties with only isolated singularities.

Keywords L7”-cohomology - Stratified pseudomanifolds - Heat semigroup - Kato
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Introduction

Let X be either a compact Thom—Mather stratified pseudomanifold or a singular com-
plex projective variety and let us denote with g either an iterated conic metric on
reg(X) or the Kéhler metric on reg(X) induced by the Fubini-Study metric, respec-
tively. Since the seminal papers of Cheeger [18] and Cheeger—Goresky—MacPherson
[19] several works have been devoted to show the existence of isomorphisms between
the L? cohomology groups of reg(X), the regular part of X, and some intersection
cohomology groups of X, establishing in this way a sort of L”-de Rham theorem for
an important class singular spaces. Just to mention a small sample of works we can
recall here [12], [13], [31], [38], [39], [45] and [49]. As is well known reg(X) has
finite volume with respect to g and thus there exists a continuous inclusion of Banach
spaces i : L7 Qk(reg(X), g) — LPQkK (reg(X), g) whenever p < ¢. This inclusion is
easily seen to induces a morphism of complexes between (L9 Q* (reg(X), g), dx, max,q)
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and (LPQ*(reg(X), 8), ds,max, p), Where the former complex is the L9 maximal de
Rham complex and the latter is the L” maximal de Rham complex. Put it differently if
@ € D(dy,max,q)> the domain of dy max,q : LIQ* (reg(X), g) — LI (reg(X), g),
then w € D(dy, max, p) and i(dy max,q@) = ds max,pi(w) in L”Q*+l(reg(X), g).
However,F y q max(1eg(X), 8) — H» (reg(X), g), the map induced by
i LIQK (reg(X), g) — L? Qk (reg(X), g) between the corresponding cohomology
groups, is in general neither injective nor surjective. At this point we can summarize
our main goal by saying that we found some answers to the following question:
Under what circumstances is the map y : q max (reg(X), g) — H ;‘ max (reg(X), g)
injective or surjective or even better an isomorphism?

Let us go now into some more detail by describing the structure of this paper. The
first section contains some background material on L?-spaces, differential operators
and L”-cohomology. In particular its last subsection is devoted to the definition of the
Kato class of a Riemannian manifold, a notion that will play a central role in the rest
of this paper. To state below our main results let us give a brief account on that: given
a possibly incomplete Riemannian manifold (M, g), let L denote the curvature term
appearing in the Weitzenbock formula Ay = A* o A + Lj. We say that the negative
part of Ly lies in the Kato class of M, £, € K(M), if

p,max

t
lim sup/ / p(s, x, )~ (y) dvolg(y)ds =0 (D
M

>0t yem
with Ek_ : M — R the function defined as

£ (x) == max{—[x(x),0} and [x(x):= inf g(Li.xv,v).
veEAKTEM, g(v,v)=1 '

Moreover in (1) (s,x,y) € (0,00) x M x M, AO]: is the Friedrich extension of
the Laplace—Beltrami operator and p(s, x, y) denotes the smooth kernel of the heat
operator AT L*(M,g) — L*(M, g).In particular, as we will see later, (1) holds
true whenever L; > ¢ for some ¢ € R. In the second section of this paper we address
the above question in the general setting of incomplete Riemannian manifolds of finite
volume. Although it looks a natural question it seems to our best knowledge that those
of this paper are the first results in the literature that provide some sufficient conditions.
Our first main result shows the existence of an injective map in the opposite direction
of y between certain reduced maximal L? cohomology groups:

Theorem 0.1 Let (M, g) be an open and incomplete Riemannian manifold of finite
volume and dimension m > 2. Assume in addition that

o We have a continuous inclusion
1,2 2m_
Wy (M, g) — Ln-2(M, g)
o There exists k € {0, ..., m} such that £, € K(M),;
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e the operator
Ak abs L*Qk M, g) — L2QK (M, g) equals A]Z: S L2QN M, Q) — L*QkMm, 2).
Then for any 2 < p < 00 we have a continuous inclusion
HE s (M. 8) — LPQN(M, o).

Moreover the above inclusion induces an injective linear map

—k —k
:8]7 :H2,max(Ma g)_> Hp)max(Mvg)
foreach2 < p < oo

Some remarks to the above theorem are appropriate: in the third item above A aps and
Ak}— are two different self-adjoint extensions of the k-th Hodge Laplacian. The former
is the operator induced by the > maximal extension of the de Rham complex whereas
the latter is the Friedrichs extension. Moreover H];bs (M, g) denotes the nullspace of

A abs that, as we will recall later, is isomorphic to H’;max (M, g). Thus Theorem 0.1

shows that under certain assumptions the reduced maximal L? cohomology of (M, g)
injects into the reduced maximal L?” cohomology of (M, g) for any 2 < p < oo.In
the second main result we provide conditions that assures the injectivty of y:

Theorem 0.2 Let (M, g) be an open incomplete Riemannian manifold of dimension
m > 2. Assume that

e volg (M) < oo;
o There exists k € {0, ..., m} such that £;_,, £, € K(M);
o Im(dy_1.max.2) is closed in L>QK(M, g);
o Im(dk—1,max,q) is closed in LIQk(M, g) for some 2 < g < oo;
2m
e We have a continuous inclusion Wé’z(M, g)— Lmn2(M,g);
e The operator
Apabs : L2QK(M, g) - L2QF (M, g) equals AL : L2QFM, ) - L2QF (M, ¢)
and analogously the operator
Ap—rabs 1 L2 (M, g) — L@ (M, g)
equals A | : L*QF (M, g) — L2Q (M, g).
Then the map

v Hp (M. 8) > Hy (M, g)

@ Springer



381 Page4of44 F. Bei

induced by the continuous inclusion L1Q¥(M, g) — L?*QK(M, g) is injective. If
moreover im(di—1,max.2) is closed in Lsz(M, g) then
Y Hy max (M, 8) — Hy(M, g)

,max

is an isomorphism.

At this point, the reader may wonder why we assumed our manifolds to be incomplete.
The reason lies on the fact that a complete manifold with finite volume that carries
a Sobolev embedding is necessarily compact, see Remark 2.1. Since in the compact
setting the above results are well known (at least for | < p < g < o0) we focused
directly on open and incomplete manifolds of finite volume. Moreover although at a
first glance the above sets of assumptions could appear quite restrictive we will see in
the third section that actually this is not the case, at least for the singular spaces we
are interested in. Concerning the proofs of Theorems 0.1 and 0.2, a key role in both of
them is played by the L”-L? mapping properties of the heat operator e’ A7 In the last
part of the second section we use again these mapping properties to investigate another
question that arises whenever one deals with incomplete Riemannian manifolds: the
LP-Stokes theorem. Briefly we say that the L”-Stokes theorem holds true at the level
of k-forms on (M, g) if di, p max €quals di, p min, see Definition 1.1. Regarding this
question we proved what follows:

Theorem 0.3 Let (M, g) be an open and incomplete Riemannian manifold of
dimension m > 2 such that

volg (M) < 0o;
2m
e There is a continuous inclusion WOI’Z(M, g)— Lm2(M,g);
(M, g) is g-parabolic for some 2 < g < 00;
o There exists k € {0, ..., m} such that ¢;_, ¢, | € K(M);
Ag abs = Ak}— and Agy1abs = Aka as unbounded and self-adjoint operators
acting on L*QX(M, g) and L*Q¥tY (M, g), respectively.

Then the L' -Stokes theorem holds true on L™ Q% (M, g) foreachr € [2, q].

Finally the third and last section collects various applications of the above theorems
to compact Thom—Mather stratified pseudomanifolds and complex projective varieties
with isolated singularities. Here, we endow the former spaces with an iterated conic
metric while the latters come equipped with the Fubini-Study metric. As we will
see there are many examples of such singular spaces where all the assumptions of
the above theorems except that concerning the negative part of the tensor L; are
fulfilled. Since in this framework the L?-cohomology is isomorphic to a certain kind
of intersection cohomology the next results show how requiring £, in the Kato class of
reg(X) (and so in particular a possibly negative lower bound on L) provides already
strong topological consequences. To state these applications we recall briefly that m
stands for the lower middle perversity defined as m(k) := [(k — 2)/2], ¢ is the top
perversity defined as 7 (k) := k — 2 and finally, for any fixed » > 2, g, (k) is perversity
given by g, (k) := t(k) — p,(k) with p, (k) := [[k/r]] and [[e]] denoting the biggest
integer number strictly smaller than e. We have now all the ingredient to state the next
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Theorem 0.4 Let X be a compact and oriented smoothly Thom—Mather—Witt stratified
pseudomanifolds of dimension m > 2. Let g be an iterated conic metric on reg(X)
such thatd + d' : L*Q* (reg(X), g) — LQQ'(reg(X), g) is essentially self-adjoint.
We have the following properties:

L If £, e K(reg(X)) for some k € {0, ...,m} then Theorem 0.1 holds true for
(reg(X), g) and k. As a consequence

dim(IZH*(X,R)) < dim(I% H*(X, R))
forany?2 <r < oo. If X is also normal then
dim(IZH* (X, R)) < dim(H*(X, R)).

2. Let 2 < r < 00 be arbitrarily fixed. If £;_,, ¢, € K(reg(X)) for some k €
{0, ..., m} then the map

Y HY Lo reg(X), g) — HE (reg(X), g)
is injective, see Theorem 0.2. Consequently

dim(I2H* (X, R)) = dim(I% H*(X, R))
forany 2 <r < oo. If X is also normal then

dim(IZH* (X, R)) = dim(H* (X, R)).
3. Assume that there exists r € (2, 00) such that each singular stratum Y C X

satisfies cod(Y) > r if depth(Y) = 1 whereas cod(Y) > r if depth(Y) > 1. If
4o by € K(reg(X)) for some k € {0, ..., m} then the L*-Stokes theorem holds

true on LZSZk(M, g) forany z € [2,r].

Concerning complex projective varieties with only isolated singularities whose
regular part is endowed with the Fubini-Study metric we have the following

Theorem 0.5 Let V be a complex projective variety of complex dimension v > 1 with
dim(sing(V)) = 0 and let h be the Kdhler metric on reg(V') induced by the Fubini-
Study metric. Assume that £;_ € K(reg(V)) for some k € {0, ..., 2v}, k ¢ {v £ 1, v}.
Then

dim(I™H*(V,R)) < dim(I' H*(V,R)).
If V is normal then
dim(I2H*(V,R)) < dim(H*(V, R)).
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If1 <k <v—1then
dim(Hzy—(V, R)) < dim(Hzy—x (reg(V), R))
whereas if k = 1 we have
dim(Hzy—1(V), R) = dim(@im(Hzy—1 (reg(V), R) — Hzy—1(V, R))).
Finally, if we assume that Ly > 0 and Ly , > 0 for some p € reg(V), then
I"H*(V,R) = {0}.

Besides the aforementioned results, the third section contains other applications.
In particular we analyze the case k = 1 that is, when the curvature term in the above
theorems is the Ricci curvature, and we study in detail the case of isolated conical
singularities. For the sake of brevity we refer directly to the third section for precise
statements.

1 Background material
1.1 LP-cohomology and differential operators

The aim of this section is to recall briefly some basic notions about L”-spaces, differ-
ential operators and L”-cohomology. We refer for instance to [22, 23, 29, 42] and [49].
Let (M, g) be an open and possibly incomplete Riemannian manifold of dimension
m. Throughout the text M will always assumed to be connected. Let E be a vector
bundle over M of rank k and let p be a metric on E, Hermitian if E is a complex
vector bundle, Riemannian if E is a real vector bundle. Let dvolg be the one-density
associated to g. We consider M endowed with the canonical Riemannian measure,
see e.g. [28, Th. 3.11]. A section s of E is said measurable if, for any trivialization
(U, ¢)of E, ¢(s|y) is given by a k-tuple of measurable functions. Given a measurable
section s let |s|, be defined as |s|, := (o (s, $))!/2. Then for every p with 1 < p < co
we define L? (M, E, g, p) as the space of equivalence classes of measurable sections

s such that
1/p
IsllLrm,E.g,p) = (/ |s|f dvolg> < 00.
M

For each p € [1, co) we have a Banach space, for each p € (1, co) we get a reflexive
Banach space and in the case p = 2 we have a Hilbert space whose inner product is

(S, 1) 12(M,E,0.p) :=/ p(s,t)dvolg .
M

Moreover C°(M, E), the space of smooth sections with compact support, is dense
in LP(M, E, g, p) for p € [1,00). Finally L>*(M, E, p) is defined as the space of
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equivalence classes of measurable sections whose essential supp is bounded, that is
the space of measurable sections s such that |s|, is bounded almost everywhere. Also
in this case we get a Banach space. Given any p € [1,00],s € LP(M, E, g, p) and
ve L (M,E, g, p),withp' = % if p > 1 whereas p’ = oo if p = 1, we have

1
p(s,v) € L' (M, @) and [Ip(s, )Liar.gy < IslLocnn, .6 IVl a1 gy

Moreover if p € (1, 00) the map T : L”,(M, E,g,p) > (LP(M,E, g, p))* given
by

v~ Tuv, Tv(s) :f p(v, s)dvolg
M

is an isometric isomorphism between L”,(M, E,g,p)and (LP(M, E, g, p))*. Con-
sider now another vector bundle F over M endowed with a metric . Let P :
CX(M,E) — C°(M, F) be a differential operator of order d € N. Then the
formal adjoint of P

P':CX¥(M,F) — CX(M, E)

is the differential operator uniquely characterized by the following property: for each
u € CX(M, E) and for each v € C°(M, F) we have

/ p(u, P'v)dvoly = / T(Pu, v) dvol, .
M M

We can look at P as an unbounded, densely defined and closable operator acting
between L? (M, E, g, p) and LP (M, F, g, t) with 1 < p < oo. In general P admits
several different closed extensions. For our scopes we recall now the definition of
the maximal and the minimal one. The domain of the maximal extension of P :
LP(M,E, g, p) — LP(M,F,g,7)isdefined as

D(Pmax,q) ={s € LP(M,E, g, p) : thereisve L’(M, F, g, 1)
such that /M p(s, P'¢)dvol,
= / 7(v, ¢) dvol, foreach ¢ € C°(M, F)}. In this case we put Ppax 45 = v.
" (2)
In other words the maximal extension of P is the one defined in the distributional sense.
The domain of the minimal extensionof P : LP(M, E, g, p) — LP(M, F, g, 1) is

defined as

D(Prinyg) =15 € L?(M, E, g, p) such that there is a sequence
{si} € C°(M, E) with s; — s
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inLP(M,E,g,p)and Ps; — win L?(M, F, g, ) to some
we LP(M, F,g,1)}. We put Ppin g5 = w. 3)

Briefly the minimal extension of P is the closure of C2°(M, E) under the graph norm
”S”LP(M,E,g,p) + ”Ps”L"(M,F,g,T)' Clearly D(Pmin,p) C D(Pmax,p) and Pmax,ps =
Prin, ps for any s € D(Pmin,p). Moreover it is easy to check that Ps = Prax g
for any s € C®(M, E) N D(Ppax,q) and analogously Ps = Py 4s for any s €
C>® (M, E) N D(Pmin,q)- In other words the action of Pax / min,q On Smooth sections
lying in D(Pmax /min,q) coincides with the standard one. Another well known and

important property is the following: given 1 < p < oo and p’ = % we have
(Pp.max)™ = Py i and (Pp,min)™ = Py 1oy )
that is P;’,’min : LP/(M, F,g,7) —> L/’/(M, E, g, p)is the Banach adjoint of Pp max :

LP(M,E,g,p) - LP(M,F,g,t) and similarly P;),‘max : Lp,(M, F,g,t) —>

LP(M,E,g, p) is the Banach adjoint of P,mn : LP(M,E,g p) —
LP(M, F, g, ). Seee.g. [29, Lemma 1.22] for a proof of (4) and [32] for the general
notion of Banach adjoint.

In addition, in the case p = oo P admits a closed extension Ppax co
L®(M, E, p) —> L°°(M, F, 1) defined as

D(Pmax,00) := {5 € L°(M, E, p) : there is v € L°°(M, F, t) such that
/ p(s, P'¢)dvol,
M
= / 7(v, ¢) dvol, foreach ¢ € C°(M, F)}. In this case we put Prax 008 = V.
M
(5
Put it differently a measurable section s € L°°(M, E, p) lies in D(Pmax,c0) if the
distributional action of P applied to s lies in L°°(M, F, t). We collect now some
well-known facts that will be frequently used later.
a)Let 1 < p < g < oo. Assume that volg(M) < oo. It is well known that if
s € LYM,E,g,p)thens € LP(M, E, g, p) and that the corresponding inclusion
i:L9(M,E,g,p) — LP(M,E,g, p) is continuous. Then it is immediate to check
thatif s € D(Ppax,q) then s = i(s) € D(Ppax,p) and
io Pmax,q = Pmax,p oi on D(Pmax,q)~ (6)
Similarly if I < p < g < oocand s € D(Pin,g) then s =i(s) € D(Pyin,p) and

i 0 Pning = Pmin,p 0l on D(Pmin,q)- @)

b) Let 1 < p < g < oo and assume that vol, (M) < oo. Let {s, },en be any sequence
such that s,—s in LY(M, E, g, p) as n — 00, that is {s,,} converges weakly to some
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selL1(M,E,g,p)asn — oo. Then
SnAS in LP(M’ E’ gv 10) (8)

as n — 0o. We refer to [32] for the definition of weak convergence.
¢)Letl < p < g < ooandlet U C M be an open subset. Let s € D(Prax,p) C
LP(M,E, g, p). Then

slu € D(Plumax.p) € LP(U, Ely) and Plumax p(sl0) = Praxpslu. ()

d)Letl < p <oo,letp’ = p/(p—1)andlets € LP(M,E, g, p). Then, s €
D(Prax,p) and LP(M, F, g, T) 3 w = Pma, ps if and only if for any v € D(PL. )

in, p
we have

/ 7(w, v)dvolg = / o(s, Px;in p,v) dvolg . (10)
M M ’

Analogously, given an arbitrary s € LP(M, E, g, p), we have s € D(Ppin,p) and
LP(M, F,g,7) 3w = Pnyin,ps if and only if for any v € D(an ,) we have

ax, p

/ T(w, v) dvol, = / p(s, Pl ) dvolg. (11)
M M ’

e)letl < p <oo,letp = p/(p—1)andlets € L’ (M,E, g, p). Thens €

ker(Pmax / min, p) if and only if for any v € D(Pr;in / max p,) we have

/ p(s, Prtnin/max’p,v) dvolg = 0. (12)
M

Given any w € L?(M, F, g, 7), we have w € im(Pnin / max, p) and if and only if for

any v € ker(P[fm/min ) We have
/ 7(w, v) dvolg = 0. (13)

M
Finally im(Pnin/max) is closed in LP(M, F, g, 7) if and only if im(Pr;ax/min) is

closed in LP/(M, E, g, 1)

f) Consider the case p = 2. The operator S := P’ o P : L2(M, E,g,p) —
L>(M,E,g,p) is non-negative and formally self-adjoint and it owns at least a
self-adjoint extension: the so called Friedrichs extension. We denote it by sF
L2(M, E,g, p)— L2(M, E, g, p) and the corresponding domain is given by

D(ST) = {© € D(Panin) N D(Smax)}
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Equivalently D(S7) is given by
D(S7) = {w € D(Puin) such that Ppinw € D(PL, O} (14)

From now on we focus on the de Rham differential. Consider A*T* M, the k-th exte-
rior power of the cotangent bundle, and with a little abuse of notations let us denote
by g the metric induced by g on A¥T*M. We denote the corresponding L” space as
LPQK(M, g). In the case of the trivial bundle M x R we simply write LP (M, g).
Accordingly to the previous definitions with di max/ming : LY QkM,g) —
LIQM1 (M, g), 1 < g < oo, we denote the maximal/minimal extension of dj act-
ing on LIQF(M, g) while with di max.co : LP°QK(M, g) — L®Q1(M, g), we
denote the maximal extension of di acting on L®QK(M, g). It is easy to verify that
if @ € D(dk,max /min,p) then di max/min,p@ € D(dik41,max /min,p) and the corre-
sponding compositions are identically zero, that is di41,max,p © dk,max,p = 0 and
di+1,min, p © di,min,p = 0. Analogously dj11,max,co © dk,max,co = 0 0n D(dk, max,00)-
The L”-maximal/minimal de Rham cohomology of (M, g) is thus defined as

H;,max/min(M’ 8) = ker(dk, max / min, p)/ iM(dk—1,max / min, p)

while the reduced L?-maximal/minimal de Rham cohomology of (M, g) is defined
as

—k 5
Hp,max/min(M’ g) = ker(dk,max/min,p)/lm(dk—l,max/min,p)a (15)

where im(dj—1,max /min,p) 1S the closure of im(dk—1 max/min,p) i LPQk(M,g)
respectively. Clearly the identity ker(di, max /min,p) —> Ker(dk,max /min,p) induces a
surjective map

k —k
Hp,max/min(M’ g — Hp,max/min(M’ 8)-

Ifl < p <ooand H;f (M, g) is finite dimensional then im(dk—1,max / min, p)

is closed in LPQF(M, g) and Hﬁ,max/min(M, g) = El;’max/min(M, g). When M is
oriented, 1 < p < oo and p’ = # we have the following important properties: the

bilinear map given by

,max / min

A M, 0) x A (ML ) > R, (o], [n]) — / oAn  (6)
M

is a well-defined and non-degenerate pairing, see e.g. [21] and [22]. Moreover it is
easy to check that given aformw € L? Qk (M, g) we have @ € D(dk, max / min, p) if and
only if xw € D(drtn—k—l,max/min,p’) and dk,max/min,pa) = :l:drtn—k—l,max/min,p’ *w
with the sign depending on the parity of k. We give now the following
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Definition 1.1 Let (M, g) be a possibly incomplete Riemannian manifold. Let 1 <
p < 00. We will say that the L”-Stokes theorem holds on L? QK (M, g) if the following
two operators

dimax.p  LPQEK(M, g) — LPQM (M, g)  and  di min,p
LPQK(M, g) — LPQ* (M, g)

coincide.

Itis well known that if (M, g) is complete then the L”-Stokes theorem holds true for
any k = 0, ..., m, see [42]. Conversely there are examples of incomplete Riemannian
manifolds where the L”-Stokes theorem fails to be true, see e.g. [26]. In case the L”-
Stokes theorem holds true we will delete the subscript min / max from the operators
and the cohomology groups and we will simply write dy, », El; (M, g)and H ,’,‘ (M, g).
Consider now the case p = oco. Similarly to the previous case we have the L°°-de
Rham cohomology and the reduced L°°-de Rham cohomology defined respectively
as

H;(o(M, g) = ker(dk,max,oo)/ im(dkfl,max,oo)

and

H (M, g) = ker(dk,max,00) /iM(dk—1,max,o0)- a7

Clearly, also in this case we have a surjective map

—k
I—Ic];o,max(ju7 8 — Hoo,max(M’ g)

induced by the identity ker(dk max.co) — Ker(dk max.oc). For our purposes we need
also to introduce the following variants of the L°°-cohomology. Let (M, g) be an
arbitrary Riemannian manifold. We define Qf’oo(M, g) = D(dk,max,00) N Qk (M)
and we consider the following complex

di— d
LB Mo B aktim, o) L (18)

5,00
We denote by H, Sk oM, g) the corresponding cohomology groups. Here, the subscript
s emphasizes the fact that the complex is built using smooth forms. In particular for any
w € Q’S‘ o (M, g) we have dyw = di max,cow. Finally, we conclude with the following

Definition 1.2 Let (M, g) be a possibly incomplete Riemannian manifold. Let ¢ €
[1, o0). Then (M, g) is said to be g-parabolic if there exists a sequence of Lipschitz
functions with compact support {¢,},en C Lip.(M, g) such that

1. 0< ¢n <1
2. ¢, — 1 almost everywhere as n — 00;
3. ”d0¢n||Lq§21(M,g) — 0asn — o0.
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We invite the reader to consult [28] and [44] for an in-depth treatment about
g-parabolicity.

1.2 Hodge Laplacian and heat operator

Let us consider again an open and possibly incomplete Riemannian manifold (M, g)
of dimension m and let Ay : QX(M) — QK(M), Ay := d! o dy + dx_10d},_,, be the
Hodge Laplacian acting on smooth k-forms with compact support. It is well known
that A, viewed as an unbounded and densely defined operator acting on L>QK (M, g),
is formally self-adjoint. Clearly we can rewrite Ay as Ay = D} o Dy with

Dii=d_ +di: QM) > Q) @ (M) and DL = diy +d!
Qi @ Qi (M) — Qkm).

Hence Ay : QIC‘ (M) — L*QF(M, g) admits at least a self-adjoint extension: the
Friedrichs extension Akf : LZQ"(M ,8) — L2Qk (M, g). Following [16] we recall
now the definitions of other two important self-adjoint extensions of Ay. The first is
the so-called absolute extension, denoted with Ay ups : L2Q% (M, g) — L2QK(M, ).
Its domain is given by

D(Aabs,k) ={we D(dk,max,Z) N D(dli—l,minl) such that dk,max,2w € D(d]t(,min,z)

and dli—l,min,Za) € D(dk—1.max.2)}-

The absolute extension is the self-adjoint extension of A induced by the L2-maximal
de Rham complex. It satisfies the following properties

ker(Ak,abs) = ker(dk,max,Z) n ker(d/t(_l.min) andim(Ak,abs) = im(dk—l,max,Z) @ im(dlﬁ.min,z)
and for the corresponding L2-orthogonal decomposition of LZQ¥(M, g) we have

L*QN (M, g) = ker(Ag aps) ® im (A abs) = H5 s (M. &) @ im(di—1.max.2)
69iIn(d/i,min,Z)

where Héyabs(M, g) = ker(Ag.abs) = ker(dk,max,2) N ker(d,i_l’min’z). In particular
we have the following isomorphism

~ 5k
HE aps (M. 8) = Hy o (M, g). (19)

Now we pass to the relative extension, denoted with Aj o : L2Qk M,g) —
L>QK(M, g). Its domain is given by

D(Arel,k) ={we D(dk,min,2) N D(dli—l,max,Z) such that dk,min,2w € D(dli,max,Z)
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t
and dk_l’max’2a) S D(dk—l,min,2)}-

It is the self-adjoint extension of A induced by the L?-minimal de Rham complex.
In analogy to the previous case we have the following properties

ker (A rel) = ker(dy min2) Nker(dj_y o) andim(Ag rel) = im(dk—1,min 2) ® im(dj.

max.2)
and for the corresponding L?-orthogonal decomposition of L2QK (M, g) we have

L*QF(M, g) = ker(A re1) @ im (A re1)
= H5 1 (M. 8) ® im(dy—_1.min,2) ® im(d] .. )

where ’Hé’rel(M, g) = ker(Ay re1) = ker(di min,2) ﬂker(d,ifl’max’z). In particular we
have the following isomorphism

~ 5k
HE (M, 8) = Hy in (M, 8).

In case Ay abs = Ak rel We will simply denote its kernel with Hé (M, g). We refer to
[16] for the above definitions and properties. In the next proposition we collect other
properties concerning these self-adjoint extensions.

Proposition 1.1 Ler (M, g) be an open and possible incomplete Riemannian manifold
of dimension m. Then

L. D(Ap,abs/rel) is dense in D(dk max / min,2) With respect to the corresponding graph
norm;

2. dk,max,Z = dk,min,Z if and only ifAk,abs = Ak rel;

3. D(Akf) is dense in D((dy + d,i_l)min) with respect to the corresponding graph
norm;

4. If (d + d/ifl)max = (dr + d/ifl)min then Ak]: = Ag,abs = A rel-

5. IfAk]: = Ak,abs then dk,max,Z = dk,min,2~

Proof The first and the second property are proved in [17, Lemma 3.2]. The third
property follows by [7, Prop. 2.1] and the fourth property is proved in [17, Lemma
3.3]. Finally the fifth property follows by [17, Lemma 3.4]. O

Finally, we conclude this section with the following property that will be used
frequently later on. For the definition of the heat operator (or heat semigroup) we refer
to [29].

Proposition 1.2 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m. If @ € D(dk max / min,2) then eI Bkmax/mink g € D(dy,max / min,2) and

—tA ink —tAy .
dk,max/min,2e k.max/mm,kw —¢ I\,max/mm,kdk’max/minyza).

Proof See [29, Prop. XIIL.7]. m|
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1.3 The Kato class

In this subsection, we recall briefly the notion of Kato class and some of its properties.
For an in-depth treatment we refer to [29, Chap. VI-VII] and the reference therein.
Let us consider again an open and possibly incomplete Riemannian manifold (M, g)
of dimension m and let f : M — R be a measurable function. We say that f belongs
to the Kato class of (M, g), briefly f € K(M), if

t
lim Sup/O fM p(s, x, MIf(y)ldvolg(y)ds =0 (20)

t—>0% yepm

with (s, x,y) € (0,00) x M x M and p(s, x, y) denoting the smooth kernel of the
heat operator e"AUf : LZ(M, g) — LZ(M, g). According to [29, Lemma VI1.3] we
have

L®(M) C K(M) C L .(M). (1)
Moreover if thereisa C > 0 and a T > O such that for all 0 < ¢t < T one has

sup p(t, x,x) < Ct™ 2
xeM

then it holds
LY (M, g) + L®(M) C K(M) (22)

forany ¢’ > 1ifm = 1, and ¢’ > m/2 if m > 2, see [29, Prop. VI.10 and Cor.
VI.13].Letnow V : C®°(M,TM) — C®°(M,T*M ® T M) be the Levi-Civita con-
nection and with a little abuse of notation let us still label by V : C*°(M, Ak (M)) —
C®(M, T*M ® A*(M)) the connection on AX(M) induced by the Levi-Civita con-
nection. We endow T*M ® AK(M) with the natural metric induced by g and we
denote by V! : C®(M, T*M @ AX(M)) — C®(M, A¥(M)) the formal adjoint of
V:C®M, TM) — C®(M,T*M ® TM). Finally let A : QX(M) — QK(M) be
the Hodge Laplacian acting on k-forms. The well known Weitzenbodck formula says
that there exists Ly € C®°(M, End(Ak(M))) such that

Ay =V' oV 4+ L. (23)
Let us define £, : M — R as
£, (x) := max{—I(x), 0} 24)
with
lr(x) = inf g(Lk.xv, V).

veAKTEM, g(v,v)=1

@ Springer



LP-Cohomology, Heat Semigroup Page 150f44 381

Note that £, (x) > 0 for any x € M. Clearly the following inequality holds true: for
any x € M and v € AFT*M we have

gLk xv,v) = =€ (x)g(v, v).

If kK = 1 it is well known that L; = Ric where with a little abuse of notation Ric
denotes the endomorphism of 7* M induced by g and the Ricci tensor. In this case we
will denote £, with ric™.

Definition 1.3 In the setting above we say that the negative part of Ly lies in the Kato
class if

€ (x) € K(M).

Note that if Ly > ¢ for some ¢ € R then 0 < £, < |c| and thus £, € K(M) thanks
to (21). We have the following important result:

Theorem 1.1 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m. Let Ay = V' o V + Ly be the Hodge Laplacian acting on k-forms.
If €, € K(M) then the following pointwise inequality

—tAF 0= g AF
|€ tAkw|g§etfetAO|w|g

holds true for any w € L>*Q*(M, g) and x € M.

Proof This is a particular case of a more general result, indeed a Kato-Simon inequality
for a large class of Schrodinger operators, proved in [29, Th. VILS]. O

With the next result we recall some LY — L9 and L? — L7 properties of the heat
operator ¢~ when £ € K(M).

Theorem 1.2 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m such that £;, € K(M).

1. For any § > 1 there exists c = c(8, £; ) > 0 such that for allt > 0, g € [1, 0]
and w € L2QK(M, 2N LIk (M, g) one has e*’Akfw e LIQKM, g) and

_AF
le™ 2% wll Lagrur.g) < 8¢ loll Lagku,g)- =

2. Ifin addition m > 2 and we have a Sobolev embedding
1,2 2m
Wy ™ (M, g) — Lm-2(M, g)

then there exist positive constants c1 and ¢y such that forany 1 < p < q < 09,
we L2QKM, g2) NLPQK(M, g)and(0 <t < 1 one has M w e LIQKM, g2)
and

m(i_l

—_tAT
le™ 2 ol Lggkar.) < €161 207D 0l gk a1.)- (26)
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Proof For the first property see [29, Cor. IX.4]. Concerning the second property we

first recall that a Sobolev embedding W(}’z(M ,8) — L% (M, g) is equivalent to

. . .. F
saying that there exists a positive constant C such that p(t, x, y), the kernel of e * Ay .

L*(M,g) — L*(M, g), satisfies p(t, x,y) < Ct™™/? for any (x, y) € M x M and
0 <t < 1,seel5, Th. 6.3.1]. Now the conclusion follows by [29, Th. IX.2 and Lemma
VI1.8]. O

2 Some applications of the heat operator
2.1 Heat operator and L?-cohomology

We start with the following

Proposition 2.1 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m > 2. Assume that

o We have a continuous inclusion
1,2 2m
Wy ™ (M, g) — Lmn2(M, g); 27

o There exists k € {0, ..., m} such that £, € K(M).

Then we have a continuous inclusion
ker(A]) <= LIQ(M, g)
foreach q € [2, o).

Proof Letw € ker(Akf ). We have @ = e ™' Akfa) and thus, thanks to (26), we have

cztt*%(j*;

—tATF l)
lollpagkm,g) = lle ™ ollLagr,g) = c1e loll 20k, g)

for any 0 < ¢ < 1. We can thus conclude that if w € ker(A,Z:) then w € LIQK(M, g)
and the resulting inclusion

ker(A]) — LIQY(M, g)

is continuous. O

Theorem 2.1 In the setting of Proposition 2.1. Assume in addition that (M, g) is
incomplete with finite volume and the operator

Apaps : L2Q5(M, g) — L*QX(M, g) equals A} : L’QF(M, g) — L*Q%(M, ).
Then, for any 2 < p < oo we have a continuous inclusion

HE (M, g) < LPQX (M, g). (28)
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Moreover, the above inclusion induces an injective linear map

—k —k
IBP : HZ,max(M7 g) g Hp,max(Mv g)

for each 2 < p < oo and an injective linear map
—k . —k
oot Hy oy (M, g) — im(HE (M, g) = Hyg (M, 8)).

Proof Since we required Ak]: = Akas we have a continuous inclusion
'Héyabs(M, g) — LPQI‘(M, g) with 2 < p < oo thanks to Proposition 2.1. Consider

now aclass [w] € ﬁg max (M, g) and let w be the unique representative of [w] lying in
Héyabs(M, g). Thanks to (28) we know that @ € ker(dg max,p) foreach2 < p < oo.
Thus we define B, ([w]) as the class induced by w, the unique harmonic representative

of [w], in ﬁ];,max(M , 8). Clearly B, is well defined and linear. In order to verify that
k

Bp is injective, assume that [w] = 0 in ﬁp,max(M, g), i.e., that w € Im(dk—1 max,2)-
and let us consider a sequence {¢y}nen C D(dk—1.max,p) C LPQ*"1(M, g) such
that di—1,max,p®n — @ in LPQK(M, g) as n — oo. Since volg(M) < oo we
have {¢nlren C D(di—1max2) C L*Q'(M,g) and di—1max20n — o in
Lsz(M, g). This implies that ® = 0 as w € le"abs(M, g) N Im(dk—1 max,2) and
so we can conclude that 8, is injective. Concerning the map oo let us consider
again a class [w] € H;,max(M , &) and let w be the unique representative of [w]
lying in H’i abs (M, &). Clearly w is smooth and closed and thanks to Proposition 2.1
we know that w € L*QK(M, g). Thus w € ker (di. max,00) N Qk(M). So we define
oo ([w]) as the class induced by w, the unique harmonic representative of [w], in

im(HS]foo M, g) — ﬁl;o,max (M, g)). Itis immediate to check that oo, is well defined

and linear. In order to verify that o, is injective we first note that

im(HE (M, g) — Hag max(M, 2))
= (ker(di,max,00) N X (M) /(M (dk—1.max,00) N Qf,oo(M)l

Likewise the previous case let us assume that there exists a sequence {{,},en C
D(di—1.max.00) C LXQK1(M, g) such that di_1 max.co¥n — @ in LQ*(M, g) as
n — 00. Since volg (M) < 0o we have {¥,}nen C D(dk—1,max2) C L2QK1(M, g)
and di— | max 2Yn — @in L?QK(M, g). Thereforew € H5 (M, @)NIm(dk—1,max.2)
andthusw =0asw € Hé,abs(M’ g) NIm(dk—1,max,2) = {0}. This shows that o is
injective. O

Remark 2.1 If (M, g) is non-compact, complete and supports a Sobolev embedding
as (27) then vol, (M) is not finite, see [50, Th. 4.1.2] This is why we required (M, g)
to be incomplete in the statement of the above theorem.

Note that without any further hypothesis on (M, g) the requirement Ay aps = Ak]:
implies dx max = dk,min, see Proposition 1.1, which in turn implies Hé‘)max M, g) =
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—k ==k
(M, g)) and H2,max(M’ g) = 1m(H2’min(M, g) —
ﬁ;max(M , 8)) where on the right hand side of the last two equalities we have the

maps induced by the inclusion of domains D(dk min,2) <> D(dk,max,2)- In the next
corollary we will see how to strengthen the assumptions of Theorem 2.1 in order to

ey o 7k —k
compare Hé,abs(M’ g) with im(H g yin(M, 8) > Hy pax (M, 8)).

im(Héc,min(Mv g — H2k,max

Corollary 2.1 In the setting of Theorem 2.1. Assume in addition that (M, g) is p-
parabolic for some 2 < p < o0o. Then for any q € (2, p] and w € ’Hé’abs(M, g) we

have By (w) € im(ﬁ];’min M, g) — ﬁ;max(M, g)) and the corresponding map
.~k —k
qu : Hé,abs(Mv g — lm(Hq,min(M’ g — Hq,max(M’ g))
is injective.

. .=k —k
Proof First, we remark that 1m(Hq’mm(M, g - Hq’maX(M, g) =

ker (di,min,q )/ Am(dk—1,max,q) N ker(dk min,q)). Since voly, (M) is finite we know
that (M, g) is g-parabolic for any 1 < ¢ < p. Thus, by Proposition 2.1 and

[8, Prop. 2.5] we know that @ € ker(di min,g) for any 1 < g < p. Therefore,
By(w) € im(ﬁg’min(M ,8) — ﬁ’;max (M, g)). Moreover by Theorem 2.1 we already
know thatif @ € Im(dx_1 max,q) thenw = 0, withg € [2, p]. So we can conclude that,

By : le"abs(M, g) — im(ﬁ;min(M, g) — ﬁs,max(M, g)) is injective as required.
O

The next one is an obvious consequence of Theorem 2.1.
Corollary 2.2 In the setting of Theorem 2.1.

1. If dim(im(HE (M, g) — Hao(M, g)) is finite dimensional then H(M, g) is
finite dimensional too and

dim(H>(M, g)) < dimGm(HX (M, g) — Ha(M, 2))).

2.If p = 2 and ﬁl;’max

dimensional too and

(M, g) is finite dimensional then ﬁ;(M, g) is finite

dim(H5(M, g)) < dim(Hy oy (M, 8)).

3.If 2 < q < p, (M,g) is p-parabolic and dim(im(ﬁ;min(M, g) —
ﬁk (M, g))) is finite dimensional then ﬁ];(M, g) is finite dimensional too

g,max
and

.5k . g7k —k
dlm(HZ(Mv g)) S dlm(lm(Hq,min(Mv g) - Hq,max(M7 g)))
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In the remaining part of this subsection we investigate a kind of converse of The-
orem 2.1. More precisely assuming vol, (M) < oo we want to find some sufficient
conditions that guarantee that the map H;’max M, g) - Hf(M , &) induced by the

inclusion LIQK(M, g) — L*QF(M, g) is injective.

Theorem 2.2 Let (M, g) be an open incomplete Riemannian manifold of dimension
m > 2. Assume that

e volg (M) < oo;
o There exists k € {0, ..., m} such that {;_, £, € K(M);
o Im(di_1 max,q) is closed in L4 Qkm, g) for some 2 < g < oo;
2m

o We have a continuous inclusion W01’2(M, g)— Lm2(M,g);
e The operator

Agabs : L*QK(M, g) — L*QX(M, g) equals A] : L*QF(M, g) — L*Q*(M, g)

and analogously the operator

Ar—rabs 1 L@ (M, g) > L@ (M, 9)
equalsA? | : L2Q (M, g) — L*QF' (M, g).
Then the map

v Hy (M, 8) > Hy (M, g)

induced by the continuous inclusion L1 Qkm, g) — L2Qk (M, g) is injective.

Note that the equalities in the fifth item above implies dx—1 max.2 = dk—1,min,2 and
dk.max,2 = dk min,2. Hence there is a unique L?-cohomology group at the level of
k-forms that we denote with Hé‘ M, g).

Proof We start with a remark about the notation. For any 1 < p < oo and
w € ker(dk max,p) With [w], we denote the class induced by w in Hg’maX(M, g).

Moreover given any 2 < g < oo and an arbitrary class [w]; € H;“max (M, g) with
€ ker(dy,max,q) a representative for [w],, we recall that y ([w],) is defined as the
class induced by w in sz (M, g). In other words y ([w],) := [w]z. Let us now deal
with the proof of the theorem. Assume that y ([w];) = 0, thatis dy 1,27 =  for some

n € D(di_12) C L>Q~1(M, g). Since ﬁ;max(M, ) = HE ..(M, g) itis enough
to show that

® € IM(dr—1.max.qg) C LIQK(M, g).

Let {t;}jen be a sequence such that 1 > ¢; > Oand t; — O as j — oo. Let
nji=eli Ak-Labsy We claim that

(nj}jen € LIQE"1 (M, ) N Q1 (M) N D(dy—1 ).
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The inclusion {1} jen C D(dr—1,2) N Q=1 (M) is clear and follows immediately by
the properties of the heat operator. The remaining inclusion {1} jeny C LIQF1(M, g)
follows by (26) as we assumed Ag_1 abs = Akf_l and £,_; € K(M). Now we want
to show that dy_1n; € L9 Qk(M, g). First we point out that dk_l,ze_’fAk*LabSr; =
e lifkabsdy_y 5n, see Proposition 1.2. The latter equality clearly holds true in
L>QK(M, g). On the other hand, we have smooth k-forms on both sides of the equal-
ity. Therefore dj_ pe™li8-1absy = e~!iBkavsdy 1 5n in QF(M). In this way we are
in position to conclude that dy_1n; € L9 Qk (M, g) in that

—1j Ak—1,abs

N
ld—1mjll Laqrar,g) = ldk—1e™ 7250l g e (ar, gy = lldk—1,2€ NllLaqkm,g)

—t;A Ny —t; AT
= [e7"i Thabs IR ol gk m,g) = €77 wllpagrm, gy < ©

(29)

di—120ll Lagk (v, = lle

with ||e™" AlwaLmk(M’g) < 00 thanks to (25). We can thus conclude that {n;};jen C
D(dj—1,max,q) and dx—1,max,gNj = dix—17; since n; is smooth. Furthermore we note
thatdy 121 = dr—1,max,q0; foreach j € Nas follows by (6). As anext step consider
the sequence {di—1,max,q7;}jen. We know that it is bounded in L9 Qk (M, g) as

B TTAY
dk—1.max.qj | Lok (aa.g) = lldk—1.2¢ 7T ¥=15 0l g ok (ag g
—1; Ak abs
= lle™ V2 dk 1ol La gk (m, ) =

i AT '
lle™ %% dk—12nl Lagrm.g) < 3 lldk—1.21ll Lagrm,g) < S€ N0l Lagr(pr g)

where in the second to last inequality above we have used (25). By the fact that
LIQK(M, g) is a reflexive Banach space we know that there exists a subsequence
{t.} C {t;} such that {dx_1 max,q7u} converges weakly to some ¢ € L9 Qk(M, g), that
i8S di—1,max,¢Mu—>¢ as u — o0. Since volg (M) < 0o we have a continuous inclusion
LIQK(M, g) — L?>QF(M, g) and therefore dx_1 max g u—¢ in L2QX(M, g) asu —
00, see (8). On the other hand using the fact that e /2 is a strongly continuous
semigroup of contractions, see [43, Prop. 6.14], and keeping in mind that dx_j 27, =
di—1,max,qu» We can conclude that dx 1 21, — @ in LZQI‘(M, g) in that

—ty Ak—],abs

MILH;O ldk—1.2mu — w”LZQk(M,g) = ulggo ldk—1.2€ U 60||L2Qk(M,g) =

lim || uBkabs gy _ —w = lim [e Akabsgy — o =0.
o l k—1,27 ||L29k(M,g) - l ||L2§zk(M,g)

Thus we deduce that w = ¢ in LZ2QX(M, g) and so w = ¢ in LIQK(M, g). We are
finally in position to show that @ € im(dkx—1,max,q)- Thanks to (13) it is enough to
check that

/ g(w, ¥)dvol, =0
M
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for each ¢ € ker(d; _, ... ) With q = qu. We have

/ g(w, ¥) dVO]g: lim / g(dk—l,max,qnuv ¥) dVOlg
M u—00 [y,

= lim gy, d,iil’min’q,lﬂ) dvol, = 0.
M

u— 00

We can thus conclude that [w]; = 0in ﬁ;max M, g) = H;‘

,max

(M, g) as desired.
O

Corollary 2.3 In the setting of Theorem 2.2. If im(dk—1,max,2) is closed in L2QK(M, g)
then y : Hé‘ M, g) — Hé‘ (M, g) is an isomorphism.

,max

Proof We need to check that y : Hé"max(M ,8) — Hé‘ (M, g) is surjective. Let
[w]2 be an arbitrary class in Hf (M, g). Since im(dkx—1 max,2) is closed we know that

H2k(M ,8) = ﬁ;(M , 8) and so there exists a unique representative w of [w], with

w € Hﬁbs(M , &). Thanks to Theorem 2.1 we know that @ induces a nontrivial class

[w]; € H[’[‘,max(M ,8). Clearly y([w];) = [w]2 and this leads us to conclude that
Y H(jmax(M, g) — Hé‘(M, g) is surjective and hence an isomorphism. O

2.2 Heat operator and LP-Stokes theorem

The goal of this subsection is to provide some sufficient conditions that imply the
validity of the L7-Stokes theorem. We start with the next lemma which relies on some
ideas already used in the proof of Theorem 2.2.

Lemma 2.1 Let (M, g) be an open and possibly incomplete Riemannian manifold of
finite volume such that

o There exists k € {0, ..., m} such that £, EI:H e K(M);
® Ajabs = Akf and Agy1.abs = Akfﬂ as unbounded and self-adjoint operators
acting on L*QX (M, g) and L*Q¥tY (M, g), respectively.

Given2 < g < oo let
Cq = {e_tAk’ﬂbsn : 1 € D(dk,max.q), t € (0, 1]}

Then for every n € D(di max,q) there exists a sequence {n;}jen C Cq4 such that as
j — 00

ni—n and  di max,gMj—k max,gN

in L1QK(M, g) and L4 Qkl(m, g), respectively.
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Proof Our firstaimis to show thatCy C D(dk,max,q)- Letn € D(dk max,q) be arbitrarily
fixed. Since n € LIQ¥(M, g) — L*QK(M, g) and e~2kabsy is smooth we have

dke_fAk,absn — dk’ze_tAk,absn — e_tAkJrl,absdk,zn — e—tAkJrl,absdkymaX‘qn

and thus for the L9 norms we have

—tA t .
lle k'abSU”LqQk(M,g) <de c”n”LqQk(M’g) = aeCHnHLCIQk(M,g)

and

—tA —t Ak
lde™ 0l Lagram,g) = lle™ 1 dimax, g Ml Lok, g) <

se' | dk,max.q ||LqQk+l(M,g) < 8e° | dk,max.g Ml Laqr+1 (M,g)

where in both lines the last inequality follows by (25). This shows that C;, C
D(dk,max,q)- Consider now a sequence {¢;}jen C (0, 1] with t; — 0 as j — oo.
Given any 7 € D(dk,max,q) let nj := e~i%absy. Then

”nj”[j]Qk(M’g) = 56C||77||ngzk(M,g) and ||dk'7j||LqQk+1(M,g) =
Sec||dk,max,q77”LqQkH(M,gy

Therefore, both sequences are bounded in L4 QF (M, g)and LY Qk+1 (M, g), respec-
tively, and since these are reflexive Banach spaces we get that n;—a to some
a € LIQK(M, g) and dy max,qn;—B to some B € LIQKI(M, g), as j — oc.
On the other hand we know that {1} jen C D(dk,max,2) and using the fact that both
e~ !Akabs and e~!Ak+Labs are strongly continuous with respect to 7, see e.g. [43, Prop.
6.14], we have

*tj Ak,abs

lim —n; = lim —e =0
j—)oo“n il 20k (M. g) ,~_>oo”’7 Nl 220k v, g)

and

lim [|dj,max,21 — dk,max,277j||L2gzk+1(M,g) = lim ||dk,max,2n
j—oo j—o0

—tjA abs —
— d,max,2¢ k"bsn”LZQk“(M,g) -

. N
lim ||dk max.2n — e~ k“'absdk,max,ﬂ’/||L2Qk+1(M,g) =0.
j—o00

In such a way, thanks to (8), we can conclude that « = n in L*QK(M, g) and B =
dimax.gn in L2Q*T1 (M, g) and therefore @ = nin LIQ¥(M, g) and B = di max.q7
in LIQM (M, g) as desired. ]
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Theorem 2.3 Let (M, g) be an open and incomplete Riemannian manifold of
dimension m > 2 such that

volg (M) < 0o;
2m
There is a continuous inclusion WOI’Z(M, g) — Lm2(M,g);
(M, g) is g-parabolic for some 2 < g < 00;
There exists k € {0, ..., m} such that £, £, | € K(M);
Aj abs = A,Z: and Ag41abs = Ak};l as unbounded and self-adjoint operators
acting on L>QX(M , g) and L*Q*' (M, g), respectively.

Then, the L"-Stokes theorem holds true on L™ QX(M, g) foreachr € [2, q].

Proof By the fact that volg (M) < oo and (M, g) is g-parabolic we know that (M, g)
is r-parabolic for any r € [1, g]. We will prove the theorem only for the case r = q.
The remaining cases 2 < r < g follow in the same manner. As in the previous lemma
let

Cq = {e_tAk’absn : 1 € D(dk,max.q), t € (0, 1]}

As a first step we want to show that C; C D(dj,min,q)- As explained in the proof of
Lemma 2.1 we know that C; C D(dk max,q)- Moreover the assumptions allow us to
use (26) to conclude that C;, C L®QK(M, g). Thus we know that Cy C D(dk,max,q) N
LOQk (M, g) and so, by using the fact (M, g) is g-parabolic, we are in position to
use [8, Prop. 2.5] to conclude that C; C D(dk,min,q)- Let us tackle now the statement
of this theorem. Thanks to (11) it amounts to proving that given any 1 € D(dk max,q)
we have

/g(n,d,i’max’q,a))dvolg:/ 8(dk, max,q 1, @) dvolg
M M

for each w € D(d! k max.q Nand g’ = q 7-Soletn € D(dk max,q) and w € D(d! e max.q’ )
be arbitrarily fixed. Thanks to Lemma 2.1, the inclusion C; C D(dk,min,q) and (11)
we have

/ g(n,d,i’max,q,a)) dvol, = lim / g(nj,d,i’maxﬁq/a)) dvol, =
M ]I M
lim | g(dk,mingnj, @) dvolg = lim / 8(dk,max,q7j, ) dvolg

= / g(dk.max,qfl, w) dVOlg
M

where {n;};en C Cy is any sequence defined as in Lemma 2.1. We can thus conclude
that

dimax.g 1 LIQN(M, g) — LIQ (M, g)
equals  diming : LIQK(M, g) — LIQI(M, g)

@ Springer



381 Page24of44 F. Bei

as desired. O

Corollary 2.4 In the setting of Theorem 2.3. We have the following equalities:

rde(M g) rmm(M g) and rde(M g) rmln(M g)

with2 <r < q. Ifin addition M is oriented then the L"-Stokes theorem holds true on
m — k — 1 forms for each r € [qu, 2] and consequently

H Mo =H" "M, o) and  H"KN(M,g) = H"*(M, )

r,max r,min r,max r, min

Proof The first statement follows at once by Theorem 2.3. Consider now the sec-

ond assertion. Since r € [ 7> 2] we know that ¥’ = =5 € [2,¢]) and so by

applying Theorem 2.3 we know that di max ' : L’,Qk(M, g) — L”Qk“‘l(M, g2)
equals di_min,» : L’/Qk(M, g) — L’/QkH(M, g). Clearly, this implies immediately
thatdj . - L"QN(M, g) — L"QK(M, g) equals df . : L"Q(M, g) —
L"QK(M, g). Since M is oriented we have d,i = (=1)"k*1 « d,_r_1* which in
turn is easily seen to imply dli,min/max,r = (=1)mktl 4 dm—k—1,min / max,r*. We
can thus conclude that dy, g1 max.r : L"Q" ¥ 1 (M, g) — L"Q" % (M, g) equals
dn—k—1miny @ L'Q" (M, g) — L'Q"K(M, g) as desired. Finally the last
assertion follows now immediately from the L"-Stokes theorem. O

3 Geometric and topological applications

This last section gathers various applications of the previous results to Thom—Mather
stratified spaces and complex projective varieties with isolated singularities. Due to
the extent of the subject we are forced to recall only what is strictly necessary for
our aims. We start with a brief introduction to smoothly Thom—Mather stratified
pseudomanifolds and intersection cohomology.

3.1 Background on Thom-Mather stratified spaces
Since it will be used in the definition below we start by recalling that, given a topolog-

ical space Z, C(Z) stands for the cone over Z thatis, C(Z) = Z x [0, 2)/ ~ where
(p,t) ~ (g, r) if and only if »r = r = 0. We have now the following
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Definition 3.1 A smoothly Thom—Mather stratified pseudomanifold X of dimension
m is a metrizable, locally compact, second countable space which admits a locally
finite decomposition into a union of locally closed strata & = {Y,}, where each Y is
a smooth, open and connected manifold, with dimension depending on the index «.
We assume the following:

(i) f Yo, Yp e Band Y, NYp #WthenY, C Yy

(i1) Each stratum Y is endowed with a set of control data Ty, wy and py ; here Ty
is a neighborhood of Y in X which retracts onto Y, wry : Ty — Y is a fixed
continuous retraction and py : Ty — [0, 2) is a continuous function in this tubular
neighborhood such that p, 1(0) = Y. Furthermore, we require that if Z € & and
ZNTy # @then (y, py) : TyNZ — Y x [0, 2) is a proper smooth submersion.

(i) W, Y,Ze B, andifpe TyNTzNWandrz(p) € TyNZ thenty (rz(p)) =
my (p) and py (mz(p)) = py(p). .

vy fY,Ze®,thenYNZ #D S TyNZ#D,TyNTz #0 &Y CZ,Y =
ZorZcCY.

(v) For each Y € @, the restriction 7y : Ty — Y is a locally trivial fibration with
fibre the cone C (Ly) over some other stratified space Ly (called the link over Y ),
with atlas Uy = {(¢, U)} where each ¢ is a trivialization 71;1 (U) — U xC(Ly),
and the transition functions are stratified isomorphisms which preserve the rays of
each conic fibre as well as the radial variable py itself, hence are suspensions of
isomorphisms of each link Ly which vary smoothly with the variable y € U.

(vi) Foreach j let X; be the union of all strata of dimension less or equal than j, then

Xm—1=Xm—andX \ X,,_2denseinX

The depth of a stratum Y is largest integer k such that there exists a chain of strata
Y =Y, ..,YpsuchthatY; C Y; g for1 < j < k. A stratum of maximal depth
is always a closed subset of X. The maximal depth of any stratum in X is called the
depth of X as stratified spaces. Note that if depth(X) = 1 then for any singular stratum
Y € & the corresponding link Ly is a smooth manifold. Consider now the filtration

X=X 2DXn-1=Xmn—2DXyu-3D..D Xo. 30)

We refer to the open subset X \ X,,_» as the regular set of X while the union of all
other strata is the singular set of X,

reg(X) := X \ sing(X) with sing(X) := U Y.
Y €®,depth(Y)>0

The dimension of X is by definition the dimension of reg(X). Given two smoothly
Thom-Mather stratified pseudomanifolds X and X', a stratified isomorphism between
them is a homeomorphism F : X — X’ which carries the open strata of X to the open
strata of X’ diffeomorphically, and such that ”}(Y) oF =Fomy, ,0;, o F = py for
all Y € &(X). For more details, properties and comments we refer to [2, 13, 14, 36]
and [46]. We recall in addition that important examples of smoothly Thom—Mather
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stratified pseudomanifolds are provided by complex projective varieties or quotient
spaces M /G without one codimensional strata, with M a manifold and G a Lie group
acting properly on M.

As a next step we introduce the class of smooth Riemmanian metrics on reg(X) we
will work with. The definition is given by induction on the depth of X. We recall first
that two Riemannian metrics g and 4 on a manifold M are said to be quasi-isometric,
briefly g ~ h, if there exists a real number ¢ > 0 such that c™'h < g < ch.

Definition 3.2 Let X be a smoothly Thom—Mather stratified pseudomanifold and let
g be a Riemannian metric on reg(X). If depth(X) = 0 that is, X is a smooth manifold,
an iterated conic metric on X is any smooth Riemannian metric on X. Suppose now
that depth(X) = k and that the definition of iterated conic metric is given in the case
depth(X) < k — 1; then we call a smooth Riemannian metric g on reg(X) an iterated
conic metric if it satisfies the following properties:

e LetY beastratum of X such that Y C X;\ X;_;; by Definition 3.1 foreachq € Y
there exist an open neighbourhood U of g in Y such that

¢, (U) — U x C(Ly)
is a stratified isomorphism; in particular,
¢ 7y (U) Nreg(X) —> U x reg(C(Ly))

is a smooth diffeomorphism. Then, for each g € Y, there exists one of these trivi-
alizations (¢, U) such that g restricted on 77y, ! (U)Nreg(X) satisfies the following
properties:

@ Gl e ~ 477+ hu + 1281, 31)

where iy is a Riemannian metric defined over U, gy, is an iterated conic metric
onreg(Ly), dr® 4+ hy + r’gy, is a Riemannian metric of product type on U x
reg(C(Ly)) and with ~ we mean quasi-isometric.

Sometimes these metrics are called incomplete iterated edge metrics [2] or wedge
metrics [3]. Itis easy to check that (reg(X), g) is an incomplete Riemannian manifold
and that volg(reg(X)) < oo in case X is compact. A non obvious property is that
iterated conic metrics do exist. We refer to [2] or [13] for existence results. As we will
recall later the importance of this class of metrics stems from its deep connection with
the topology of X. In particular the L?-cohomology groups of reg(X) with respect to
an iterated conic metric are isomorphic to certain intersection cohomology grups of
X.

3.2 Intersection cohomology and LP-cohomology

In the first part of this subsection we recall the definition of intersection cohomology
and the corresponding Poincaré duality. We will be very brief and we refer to the
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seminal papers of Goresky and MacPherson [24]- [25] and to the monographs [4, 10]
and [33] for in-depth treatments of this subject. For the sake of simplicity we will
state everything in the setting of smoothly Thom—Mather stratified pseudomanifolds
but we warn the reader that the same results hold true in the more general class of
topologically stratified pseudomanifolds. As a first step we need to recall the notion
of perversity.

Definition 3.3 A perversity is a function p : {2, 3, 4, ..., n} — N such that

p(2) =0and p(k) < ptk+1) < p(k) + 1. (32)

Example of perversities are the zero perversity 0(k) = 0, the top perversity (k) =
k — 2, the upper middle perversity m (k) = [%] and the lower middle perversity
m(k) = [%], with [e] denoting the integer part of e. Note that m(k) = m (k) when
k is even. Consider now the standard i-simplex A; C Ri*!. The j-skeleton of A; is
the set of j-subsimplices. Given a smoothly Thom—Mather stratified pseudomanifold
X we say that a singular i-simplex in X, i.e. a continuous map o : A; — X, is
p-allowable if

o Xt — Xm—i—1) C{Gi —k+ p(k)) — skeleton of A;} for all k£ > 2.

Note that to each singular stratum Y C X p assigns the value corresponding to cod(Y).
Given a field F, the elements of the space 17 S; (X, F) are defined as the finite linear
combinations with coefficients in F of singular i-simplex o : A; — X such that o
and do are both p-allowable. It is clear that (/7 S;(X, F), 9;) is a complex and the
singular intersection homology groups with respect to the perversity p, I” H; (X, F),
are defined as the homology groups of this complex. One of the main success of the
intersection homology is that it allows to restore a kind of Poincaré duality on singular
spaces:

Theorem 3.1 Let F be a field, X a compact and F-oriented smoothly Thom—Mather
stratified pseudomanifold of dimension n and p, q general perversities on X such that
p + q = t. Then the following isomorphism holds:

I’H;(X,F) ZHom(I?H,_;(X, F), F). (33)

Proof A proof can be found in [25], [4], [33]. O

We remark that if we denote with 7”7 H! (X, F) the cohomology of the com-
plex (Hom(I/?S;(X, F), F), (3;)*) then, using the fact that F is a field, we have
IPH (X, F) = Hom(I” H;(X, F), F). This concludes our very succinct summary
on intersection cohomology. Now we recall some important results that relate analytic
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data on reg(X), such as the L”-de Rham cohomology and the Hodge-de Rham oper-
ator d + d', with the intersection cohomology of X. Let X be a compact smoothly
Thom—Mather stratified pseudomanifold of dimension m and let g be an iterated conic
metric on reg(X). Given 2 < r < oo we define the following perversities:

pr(k) == [[k/r]] and g, =1—p,

with [[e]] denoting the greatest integer number strictly smaller than e and ¢ the top
perversity. It is an easy exercise to check that p, and g, are well defined, that is the
properties required in Definition 3.3 are fulfilled. Moreover for r = 2 we have p, = m,
qr = m while if we define £ := max{cod(Y) : Y € &, depth(Y) > 0} then for any
r > £ we have p, = 0 and ¢, = t. We have now the following

Theorem 3.2 Let X be a compact smoothly oriented Thom—Mather stratified pseudo-
manifold of dimension m and let g be an iterated conic metric on reg(X). We have the
following isomorphisms for eachk =0, ...,m and2 <r < oo:

HY s (reg(X), 8) = 17 Hyy (X, R) = I HY (X, R).

Proof This first isomorphism is due to Cheeger and Nagase for » = 2 and to Youssin
for2 <r < oo, see [18], [38] and [49], respectively. The second isomorphism follows
by Theorem 3.1. O

Corollary 3.1 In the setting of Theorem 3.2. Foranyk =0, ....m and2 < r < 00 we
have the following properties

1. (reg(X), g) is finite dimensional;

r max
2. im(dk max.r) is closed in L™ Q (reg(X), g) and so ﬁf,max(reg(X),g) =
HY max (1eg(X), 8).

Proof The first property above follows by the fact that X is compact and thus
19" H*(X, R) is finite dimensional. The second property follow by the first one, see
[49, p. 578]. O

Corollary 3.2 In the setting of Theorem 3.2. Forany k =0, ...,m and2 <r < 0o we
have the following isomorphisms

HY in(reg(X), 8) = 17 HY(X, R) = 17 Hyy (X, R).

with v’ = 7= Moreover Hrk mm(reg(X) g) is finite dimensional, im(dy min,,) IS

closedin L" QH] (reg(X), g) and Hr min(eg(X), &) = r/ min (€2(X), 8).

Proof The isomorphisms are a consequence of Theorem 3.2, Corollary 3.1 and
Poincaré duality More precisely thanks to Theorem 3.2 and Corollary 3.1 we
know that Hr max (1€g(X), g) is finite dimensional and thus im(dk—1 max,r) IS

closed in Ler(reg(X),g) for each k = 0,...,m. As recalled in the introduc-
tion this in turn implies that im(dy,—k min,r) is closed in L” Q" (reg(X), g)
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for each k = 0,..,m. Now Poincaré duality for the L"-cohomology
(16) tells us that Hﬁ:n’i‘n(reg(X),g) = (HF pax(reg(X), g))*. Eventually we
proved that H' % (reg(X).8) = (Hf pp(reg(X). 8)* = (I”" Hp i(X.R))*

r

I H*(X,R) & 19 H,,_ (X, R). o

~ r —k >~ r 1 k =~
= IPH™Y(X,R) = 17 H(X,R). Equivalently H,’min(reg(X),g) =

We have now the following

Definition 3.4 Let X be a smoothly Thom—Mather stratified pseudomanifold. We say
that X is Witt if for any ¥ € & of odd codimension, i.e. cod(Y) = 2ly + 1, we have
I™H' (Ly, R) = 0. We say that X is normal if for any ¥ € & the corresponding link
Ly is connected.

In the next theorem we collect important properties of Witt/normal smoothly Thom—
Mather stratified pseudomanifold. In particular we will see that Witt spaces enjoy a
true Poincaré duality:

Theorem 3.3 Let F be afield and let X be a compact and F -oriented smoothly Thom—
Mather stratified pseudomanifold.

o If X is Witt then I"Hy(X, F) = Hom(/™H,_;(X, F), F).
e If X is normal then I' Hy (X, R) = Hy(X,R) and I°Hy (X, R) = H™ k(X R).

Proof For the first property see [4, 25, 33]. For the second one we refer to [24, pag.
153]. O

Finally we come to the last result of this section. Let
d+d :Qreg(X)) — Qb (reg(X))

be the Hodge-de Rham operator withd = @@ di,d' = Py di and Q2 (reg(X)) =
Do Q2 (reg(X)):

Theorem 3.4 Let X be a compact, smoothly, Thom—Mather-Witt stratified pseudo-
manifold. Then there exist iterated conic metrics g on reg(X) such that

d+d : L’Q*(reg(X), g) — L*Q*(reg(X), g)
is essentially self-adjoint.
Proof See [2, Th. 6.1, Prop. 5.4]. O
3.3 Applications to Thom-Mather pseudomanifolds
From now on we will always assume that reg(X) is connected. Roughly speaking the
main goal of this subsection is to show how in many cases the existence of an iterated

conic metric on reg(X) with the negative part of L, the linear term appearing in the
Weitzenbock formula for the k-th Hodge Laplacian Ag, in the Kato class of reg(X)
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yields already strong topological constraints. Since they will be used frequently, we
recall here two important properties enjoyed by compact smoothly Thom—Mather
stratified pseudomanifolds of dimension m whose regular part is endowed with an
iterated conic metric:

e (reg(X), g) is parabolic;
2m
e If m > 2 then f € Wé’z(reg(X),g) implies f € Lm-2(reg(X), g) and the

2m
corresponding inclusion W(}’z(reg(X ), &) — Lm=2(reg(X), g) is continuous.

For the former property we refer to [9, Th. 3.4] while the latter is proved in [1, Prop.
2.2]. We are now in position for the following

Proposition 3.1 Ler X be a compact and oriented smoothly Thom—Mather stratified
pseudomanifold of dimension m such that £;, € K(reg(X)) for some k € {0, ..., m}.
Then

dim(ker(Ak]:)) < dim(I* H*(X, R))
foreachr € [2,00). If X is also normal then
dim(ker(A7)) < dim(H*(X, R)).

Proof According to [6, Cor. 18] we know that Ak}— : L2Qk(reg(X), g) —
L>QK(reg(X), g) is a Fredholm operator on its domain endowed with the graph
norm. In particular dirn(ker(Ak}—)) < o0 and im(Ak}—) = im((dx_1 + d]i)Z,max)
is closed in LZQk(reg(X), g). Now, consider any w € ker(Ak]:). Using (14) we
know that w € ker((dy + d}ifl)lmin) and so w € ker(dk min2). Since Ay is an
elliptic operator we know that @ is smooth and by Proposition 2.1 we know that
w e L™Qk (reg(X), g) forany 2 < r < oo. Thus, we can deduce that w € ker(dk max,r)
for any 2 < r < oo. On the other hand by the fact that w € ker(Ak}— ) we know that if
w € im((dy—1 +d,’<)2,max) then @ = 0. In particular if w € im(dx—1,2,max) thenw = 0,
in that im(dk—1.2,max) C im((dx—1 +d,i)2,max). Using the fact that volg (reg(X)) < oo
and arguing as in the proof of Theorem 2.1 we get that @ ¢ im(dk—1 r max) for
each 2 < r < oo. This leads us to conclude that w induces a non trivial class in
H,’imax(reg(X), g) for any 2 < r < oo and the corresponding map ker(Ak]:) —
Hﬁ max (reg(X), g) is injective. Now the first inequality follows by Theorem 3.2 while
the second one follows by Theorem 3.3 and the fact that g, = ¢ for r sufficiently
big. O

Some of the most interesting applications concern compact smoothly Thom—
Mather—Witt stratified pseudomanifolds.

Theorem 3.5 Let X be a compact and oriented smoothly Thom—Mather—Witt stratified
pseudomanifolds of dimension m > 2. Let g be an iterated conic metric on reg(X)
such that d + d' : L*>Q°*(reg(X), g) — L?Q*(reg(X), g) is essentially self-adjoint.
We have the following properties:

@ Springer



LP-Cohomology, Heat Semigroup Page310f44 381

1. If £, € K(reg(X)) for some k € {0, ...,m} then Theorem 2.1 holds true for
(reg(X), g) and k. As a consequence

dim(IZH*(X,R)) < dim(I% H*(X, R))
forany?2 <r < oo. If X is also normal then
dim(I2H* (X, R)) < dim(H* (X, R)).

2. Let 2 < r < 00 be arbitrarily fixed. If £,_,,£, € K(reg(X)) for some k €
{0, ..., m} then the map

Y ¢ HE oy (reg(X), g) — Hj (reg(X). g)
is injective, see Theorem 2.2. Consequently
dim(IZH* (X, R)) = dim(I% H*(X, R))
forany?2 <r < oo. If X is also normal then
dim(IH* (X, R)) = dim(H*(X, R)).

3. Assume that there exists r € (2,00) such that each singular stratum ¥ C X
satisfies cod(Y) > r if depth(Y) = 1 whereas cod(Y) > r if depth(Y) > 1. If
4o by € K (reg(X)) for some k € {0, ..., m} then the L*-Stokes theorem holds
true on L*QX(M, g) for any z € [2, r].

Proof Sinced+d' : LZQ'(reg(X), g) — L2Qe (reg(X), g) is essentially_ self-adjoint
we know that for each j =0, ..., m, Aj aps : L2QJ (reg(X), g) — L2QJ (reg(X), g)
equals Ajj.: © L?Q/ (reg(X), g) — L*Q7(reg(X), g), see Proposition 1.1. More-

over Corollary 3.1 tells us that dim(H,{max(reg(X), g)) < oo and im(d; max,r) 1S
closed in L’Qj+1(reg(X),g) foreach j = 0,...,m and 2 < r < oo. Now it is
clear that Theorem 2.1 holds true for (reg(X), g) and k. Consequently the inequality
dim(/2H*(X,R)) < dim(I% H*(X,R)) for any 2 < r < oo follows immedi-
ately by Theorems 2.1 and 3.2. Finally if X is also normal, by taking r sufficiently
big and using Theorem 3.3, we have dim(IﬂHk(X,R)) < dim(Iq’Hk(X,R))
= dim(I' H*(X,R)) = dim(H¥(X,R)). Concerning the second point we are in
position to apply Theorem 2.2 as (reg(X), g) satisfies all the corresponding assump-
tions. Thus y : H,’fmax(reg(X), g) — Hé‘ (reg(X), g) is injective. This, combined
with the first point and Theorem 3.2, implies immediately that dim(/™H k (X,R)) =
dim(/% H*(X, R)) for any 2 < r < oo. In particular when X is also normal, by
taking  sufficiently big, we have dim(/:H*(X,R)) = dim(H¥(X, R)). Finally by
the assumptions made in the third point we know that (reg(X), g) is r-parabolic, see
[9, Th. 3.4]. Now the conclusion follows by Theorem 2.3. m]
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We observe that it is already well known that the L2-Stokes theorem holds true on
any compact smoothly Witt—-Thom—Mather stratified pseudomanifold without any
assumption on the curvature. See [2] and [18]. The novelty of the third point of the
above theorem lies in the cases (2, 7]. Now we point out that when k = 1 the first two
points of the above theorem simplify considerably:

Corollary 3.3 In the setting of Theorem 3.5. Let 2 < r < 00 be arbitrarily fixed. If
ric™ € K(reg(X)) then Theorems 2.1 and 2.2 hold true for (reg(X), g) and k = 1.
Consequently the map

Vi H i (reg(X), g) — Hj (reg(X), g)
is an isomorphism and
dim(IZH"'(X,R)) = dim(I% H (X, R))
forany?2 <r < oo. If X is also normal then
dim(I/™H'(X,R)) = dim(H (X, R)).

Proof This follows by Theorem 3.5 in the case k¥ = 1 and the corresponding
Weitzenbock formula. O

Let us now describe a class of examples to which Corollary 3.3 applies. Let M be a
compact and oriented manifold with boundary N := M and interior M := M \ M.
Let us assume what follows: there exist compact manifolds B and F such that N
is the total space of a fiber bundle p : N — B with fibers F' and structure group
G induced by a principal G-bundle p : P — B endowed with an arbitrarily fixed
principal connection . Moreover we require that F is either even dimensional or
H/?2(F,R) = 0, with f := dim F, that F carries a Riemannian metric 4 such
that sec;, > 1 and that G acts on (F, h) by isometries. From now on we fix a G-
atlas Ag on the bundle (N, B, p, F). Let Ty N be the vertical tangent bundle of
p : N — B. Note that for any (U, ¢y), (V,py) € Ag with U NV # () we have
(oM p-1wnvy = @yMlp-1wav)- Let thus & € CP(N, (Ty N)* ® (Ty N)*) be
the metric on Ty N defined by patching together the local metrics ¢;;/. Let now gp
be an arbitrary Riemannian metric on B and let W be the horizontal subbundle of
T N induced by 6. In this way we have TN = W @ Ty N. Let p be the Riemannian
metric on N given by p := p*gp + o with ¢ the section of T*N ® T*N induced
by TN = W @ Ty N and &. As a next step let us consider the fiber bundle 7 :
0,1) x N - B with n(r, x) = p(x) for each x € N and trivializations {(U, ¢y)}
with ¢y : 771(U) = (0,1) x U x F given by ¢y := (Id, gy) and (U, ¢) € Ag.
We endow (0, 1) x N with the metric 7 := 7*gp + dr? +r26, withé = p*o and p :
(0, 1) x N — N the projection on the first factor. Note thatboth p : (N, p) — (B, gB)
and 7 : ((0,1) x N, 1) — (B, gp) become Riemannian submersions with totally
geodesic fibers, see [48, Th. 3.5]. Moreover in the former case (p’l(b), ,0|p—l(b))

is isometric to (F, h) for each b € B while in the latter case (w1 (b), T|p—](b)) is
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isometric to ((0, 1) x F, dr? + r2h) for each b € B. Clearly, the construction of the
metric T can be performed by replacing & with ch where c is any arbitrarily fixed
positive constant. Finally let g be any Riemannian metric on M such that, for some
collar neighborhood ¥ : U — [0, 1) x N, we have ¥*1t = g|y, with U := U \ aU.
Let us now continue by introducing the space X defined as X := M/ ~ with x ~ y
if and only if x,y € N and w(x) = m(y). It is easy to check that X becomes a
smooth Thom—Mather—Witt stratified pseudomanifold of depth one with one singular
stratum given by B and corresponding link F. In particular the collar neighborhood
¥ : U — [0,1) x N and the fiber bundle 7 : (0,1) x N — B induce on X an
open neighborhood Tp of B and a map np : Tp — B which are a retraction and
a locally trivial fibration over B with fiber C(F), respectively. Note that reg(X) is
diffeomorphic to M and therefore reg(X) inherits the metric g from M. It is easy to
check that (reg(X), g) satisfies Definition 3.2. Summarizing X is a Thom—Mather—
Witt stratified pseudomanifold of depth one whose regular part reg(X) is endowed with
a conic metric g (sometimes in this setting it is also called incomplete edge metric or
wedge metric).

Proposition 3.2 Let X and g be as describe above. Then:

1. If we scale the metric h by a suitable constant c then the corresponding Hodge-
de Rham operator d + d' : L2Q'(reg(X), g) — LZQ'(reg(X), g) is essentially
self-adjoint;

2. For any positive ¢ we have ric™ € K(reg(X)),

Therefore for k = 1, ¢ suitably fixed and any 2 < r < 0o, Theorems 2.1 and 2.2 hold
true. Consequently the map

Yo H o (reg(X), g) — Hj (reg(X). g)
is an isomorphism and
dim(IZH'(X,R)) = dim(I% H (X, R))
forany 2 <r < oo. If X is also normal then
dim(/™H'(X,R)) = dim(H' (X, R)).

Proof By [2, Th. 6.1, Prop. 5.4], see also [15] and [41], we know that by rescaling with
a suitable positive constant ¢ the corresponding Hodge-de Rham operator d + d' :
LzQ‘(reg(X ), 8) — L29‘(reg(X ), g) is essentially self-adjoint. In order to prove the
second point it is enough to show that there exists a constant y such that sec, > y on
reg(Tp). Since (reg(Tp), &lreg(Ty)) is isometric to ((0, 1) x N, w*gp + dr? + cr?é)
and 7 : ((0,1) x N, w*gp + dr? + cr2&) — (B, gp) is a Riemannian submersion
with totally geodesic fibers we can use [40] to analyze the sectional curvatures of
(reg(TB), glreg(Ts)). More precisely from the third formula in [40, Cor. 1] we can
deduce that there exists a constant § such that for any ¢ € (0, 1) x N and any pair
of horizontal tangent vectors u,v € T,((0,1) x N) with |u|; = |v[; = 1 and
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t(u,v) = 0, we have sec; (4, v) > y. The second formula in [40, Cor. 1] tells us
that sec; (u, v) > 0 whenever u, v € T,((0, 1) x N) are a vertical and a horizontal
tangent vector, respectively. We are left to examine the case of two vertical tangent
vectors. We know that (7 ! (b), 7| ,-1(p)) 1s isometric to ((0, 1) x F, dr? + cr’h) for
each b € B. The sectional curvatures of ((0, 1) x F, dr? + cr2h) are nonnegative, as
a consequence of the fact that sec.;, = sec, > 1 and the calculations carried out in
[20, p. 27-28] or [34, App. A]. Since 7 : ((0, 1) x N, t) — (B, gp) is a Riemannian
submersion with totally geodesic fibers we can use the first formula in [40, Cor. 1]
to conclude that sec; > 0 on vertical tangent vectors. Summarizing we showed that
(reg(X), g) has sectional curvatures bounded from below and thus, in particular, we
have ric™ € K(reg(X)). The remaining statements of this proposition are now an
immediate consequence of Theorem 3.5 and Corollary 3.3. O

Furthermore, we point out that other examples of stratified pseudomanifolds carry-
ing an (iterated) conic metric with Ricci curvature bounded from below are discussed
in [37] and [47]. We have now the next:

Corollary3.4 Let X be a compact and oriented smoothly Thom—Mather—Witt
stratified pseudomanifold of dimension m. Assume that dim(I-H'(X,R)) #
dim(I% H' (X, R) for some 2 < r < oo. Then there is no iterated conic metric g
on reg(X) such that both d + d' : LZQ'(reg(X), g) — LZQ'(reg(X), g) is essen-
tially self-adjoint and ric™ € K(reg(X)). In particular there is no iterated conic
metric g on reg(X) such that both d + d' : L>*Q°®(reg(X), g) — L>Q*(reg(X), g) is
essentially self-adjoint and Ric > ¢ for some ¢ € R.

Proof The first assertion follows immediately by Corollary 3.3. The second one fol-
lows by the first one and the fact that if Ric > ¢ for some ¢ € R thenric € K(reg(X)).
O

We continue with the following vanishing result.

Proposition 3.3 In the setting of Theorem 3.5. The following properties hold true:

1. If Ly > 0and Ly, > 0 for some k € {1,....m — 1} and p € reg(X) then
I"H*(X,R) = {0}.

2. If ¢, € K(reg(X)), Ly > 0 and Ly, > O for some k € {1,...,m — 1} and
p € reg(X) then 19" HK (X, R) = {0} for each 2 < r < oc.

Proof The proof of the first point follows the well known strategy used in the classical

Bochner-type vanishing theorems. Since the manifold is incomplete, integration by

part necessitates a justification. In virtue of (19) and Corollary 3.1 it is enough to show
that H’i abs T€2(X), g) = {0}. Moreover, since we are in position to use Proposition 1.1,

the previous equality boils down to showing that ker(Ak]: ) = {0}. Let w be any k-forms
with w € ker(Akf). As shown in [7, Prop. 3.5] we know that @ € D(Vpin) with

Viin : L?QF (reg(X), g) — L*(reg(X), T* reg(X) ® AF(reg(X)), g)

the minimal extension of the connection V : Qlf (reg(X)) — C°(reg(X), T* reg(X)®
A¥(reg(X))) induced by the Levi-Civita connection. Moreover, by elliptic regularity
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and Theorem 2.1, we know that w € Qk(reg(X)) N L‘X’Qk(reg(X), g), that is w is
smooth and bounded. Consider now a sequence {¢,},en C Lip.(M, g) that makes
(reg(X), g) parabolic. We have

(AL @, r0) 20k (rea(x).) = (V! (VO) + Li@, $20) 120k (reg(x). )
= (Vo, V($r0)) 12 reg(x). T+ reg(X)@ Ak (re(X)).8) + (LA (@n®) ) 120k rea(x).0)
= (V, $ VO) 12 reg(x),T* reg(X)@ Ak (reg (X))
+ V@, 2¢n(dodn) ® @) 12 (reg(x), T+ reg(X)@ A (reg(X)), £)
+ (Li(Pn®), $n®) 120k (reg(X), 0)-

Using the Lebesgue dominate convergence theorem, the Cauchy-Schwartz inequal-
ity and the inequality

[(don) @ @l 12(reg(x), T* reg(xX)@ A (reg(X)),g) = 140Pn Il 201 (reg(x),0) 10Nl Lok (reg(x), 8)

we have

L NF 2 F
nlggomk @, G W) 120k (reg(X),) = (Dk @, O 120k (reg(x),0) = 0

. 2
Jm (V. ¢, Vo) 12 reg(x), 7* reg(X) @ A (reg(X)).0) = (VO VO L2 reg(X), T reg ()@ Ak (reg(X)). )

Jim (Vo, 26, (dogn) ® @) 12 reg(x), T reg(X)@ Ak (reg(X)).5) = O-

In this way we know that lim,,—, oo (L ($n®), $n®) 20k (reg(x),¢) EXists and

Vol :
0= IVON L2 eqx) 7+ rear@nt g0, + Lk (00 Pn®) 1208 g ). 0)-

Since (Li(¢n®), n®) 120k (reg(x),q) = 0foreachn € N we can immediately conclude
that

nli)ngQ(Lk(¢n(1)), ¢na))L29k(reg(X)’g) =0 and Vo =0

and thus, thanks to the Kato inequality, we know that ||, is constant. Finally let us
examine the term (L (¢n®), $n®) 120k (reg(X),g)- WE Can write it as

(Li(¢nw), ¢na)>L29k(reg(X),g) = /

reg(X
= ||g(Lkpnw, pnw) 1 (reg(X).g)

g(Lipnw, ppw) dVOlg
)

where in the last equality we used that g(Li¢p,w, ¢,w) > 0. Hence can deduce that
nll)ngo ||g(Lk¢l’lw7 ¢nw) ”Ll (reg(X),g) = 0
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which in turn implies
lim g(Lipnw, ppw) =0
n—o0
pointwise almost everywhere on reg(X). On the other hand it is clear that
lim g(Lignw, ppw) = g(Lkw, )
n—o0

pointwise almost everywhere on reg(X). Thus we get that g(Lyw, w) = 0 a.e. on
reg(X). As Ly > 0 and Li , > 0, the form w has to vanish in a neighborhood of
p and finally, using the fact that ||, is constant, we can conclude that « = 0. This
concludes the proof of the first point. The second point follows immediately by the
first one and Theorem 3.5. O

Corollary 3.5 In the setting of Theorem 3.5. If Ric > 0 and Ric, > 0 for some point
p € reg(X) then I"H'(X,R) = 19" HY (X, R) = {0} forany 2 < r < 0.

Proof This follows immediately by Corollary 3.3 and Proposition 3.3. O

Now we focus on a special case of compact smoothly Thom—Mather stratified
pseudomanifolds. Let M a compact manifold with boundary. Let us denote with M
and M the boundary and the interior of M, respectively. Let g be any smooth symmetric
section of T*M ® T*M that restricts to a Riemannian metric on M and such that there
exists an open neighborhood U of M and a diffeomorphism v : [0, 1) x dM — U
such that

V*(gly) = dx* + x*h(x)

with & (x) a family of Riemannian metrics on M that depends smoothly on x up to
0. Finally let X be the quotient space defined by M/ ~ with p ~ ¢ if and only if p
and g € dM. It is immediate to check that X becomes a compact smoothly Thom-
Mather stratified pseudomanifold with only one isolated singularity whose regular
part is diffeomorphic to M. With a little abuse of notation we still denote with g the
Riemannian metric that reg(X) inherits from (M, g). Clearly Definition 3.2 is satisfied
by (reg(X), g). As we will see, there are at least two important reasons for an in-depth
examination of this class of singular spaces: first we can drop the Witt assumption in
many cases and moreover the topological implications arising from the curvature are
sometimes given in terms of the usual singular homology.

Proposition 3.4 Let X and g be as above with dim(X) = m > 2 and let v := m /2 if
m is even while v := (m — 1)/2 if m is odd. We have the following properties:

1. If £, € K(reg(X)) for some k € {0, ..., m}, with k # v if m is even whereas
k # v,v+ 1 if mis odd, then Theorem 2.1 holds true for (reg(X), g) and k.
Consequently

dim(I™ Hy (X, R)) < dim(I”" Hy (X, R))
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forany 2 <r < oo. Furthermore if | <k < v we have
dim(H;,—x(X), R) < dim(H,,—(reg(X), R))
whereas if k = 1 we have
dim(H,,—1(X), R) = dim(im(H;,—1 (reg(X), R) = H,—1(X, R))).
2. Let 2 < r < 00 be arbitrarily fixed. If £,_,,£, € K(reg(X)) for some k €

{0, ...,m}, withk — 1,k # v ifm is even whereask — 1,k ¢ {v, v+ 1} ifmis odd,
then the map

y  Hf pax(reg(X), ) — Hj (reg(X), )
is an isomorphism, see Theorem 2.2 and Corollary 2.3. Consequently
dim(I™ Hp—1 (X, R)) = dim(I”" H,_ (X, R)).
In particular if 1 <k < v then
dim(Hp—k (reg(X), R)) = dim(Hy—k (X, R)).
3l € K(reg(X)) for some k € {0, ..., m}, with k., k + 1 # v if m is even
whereas k, k + 1 ¢ {v,v + 1} if m is odd, then the L*-Stokes theorem holds true
on L*QK (M, g) forany z € [2, m].
Proof Thanks to [17, Th. 3.7, Th. 3.8] we know that AZ equals Aj aps for each
j€{0,1,...,m}, with j # v if m is even while j ¢ {v, v + 1} if m is odd. Therefore

Theorem 2.1 holds true for (reg(X), g) and k and hence, arguing as in Theorem 3.5,
we can conclude that

dim(I™ Hy, - (X, R)) < dim(I7" Hy,— (X, R))

for any 2 < r < o0o. Assume now that 1 < k < v. As showed in [4, Example 4.1.12]
we have

H;(reg(X), R) i<m—1—p@m)
IPH;(X,R) = { im(H;(reg(X),R) > H(X,R))i=m —1—pm) (34)
H;(X,R) i>m—1— p@m)

with p any perversity. If we choose r big enough we have p,(m) = 0 and thus we
get IP"H;(X,R) = H;(reg(X),R) with 0 < i < m —1and I”H,_1(X,R) =
im(Hy—1(reg(X),R) — H,;—1(X,R)). On the other hand we have seen that
dim(I"H,,_;(X,R)) < dim(I”" H,_;(X,R)) and according to (34) we have
I"Hy (X, R) = Hyyy (X, R) ifm —i > m — 1 — [5 ] thatis, if i < 1+ [251].
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Since 1 + ['"T_l] = m/2 = v when m is even whereas 1 + [%] = mTH =v+1

when m is odd we can conclude thatif 1 < k < v it holds
dim(Hp—x (X, R)) < dim(H—i (reg(X), R))
whereas if k = 1 then
dim(Hy,—1(X, R)) = dim(im(H,,—1(reg(X), R) - Hp,—1(X, R))).

Concerning the second point we are in position to apply Theorem 2.2 and Corol-
lary 2.3. Therefore y : H,’fmax(reg(X), g) — H2k (reg(X), g) is an isomorphism
and dim(I™ H,,—1(X,R)) = dim(I? H,_(X,R)). In particular if 1 < k < v,
by choosing r sufficiently big and applying (34), the previous equality becomes
dim(H,, ¢ (reg(X), R)) = dim(H,,—¢ (X, R)). Finally we tackle the last point. Thanks
to [9, Cor. 3.7] we know that (reg(X), g) is z-parabolic for any z € [1, m]. Now it
is clear that all the assumptions of Theorem 2.3 are fulfilled and so the L*-Stokes
theorem holds true on L*QF (M, g) for any z € [2, m]. O

Also in this case we remark that the L>-Stokes theorem was already known without
curvature assumptions, see [17]. The novelty, likewise Theorem 3.5, lies in the cases

@2, m].

Corollary 3.6 In the setting of Proposition 3.4. The following properties hold true:

1. If Ly > 0and Ly, > 0 for some p € reg(X) and k € {1, ...,m — 1}, withk # v
if m is even whereas k # v, v + 1 if m is odd, then

I"Hyp_i (X, R) = {0}.

2. If 4, € K(reg(X)), Ly > 0 and Ly, > 0 for some p € reg(X) and k €
{1,...,m — 1}, with k # v if m is even whereas k — 1,k ¢ {v,v + 1} if m is odd,
then

1P Hy (X, R) = {0}
foreach2 <r < oo. In particular if 1 <k < v then
Hy i (reg(X), R) = Hpu— (X, R) = {0}.

3. IfRic > 0 and Ric, > 0 for some point p € reg(X) then
" Hyy— (X, R) = I7" Hyy_1 (X, R) = im(Hy, 1 (reg(X), R) > Hy_1 (X, R)) = {0}
forany?2 <r < oo.

Proof This follows immediately by Propositions 3.3, 3.4 and (34). O
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Clearly the above results can be used to exhibit examples of compact smoothly
Thom—Mather stratified pseudomanifolds with isolated singularities that do not carry
any conic metric having the negative part of L in the Kato class. To this aim we have
the next

Proposition 3.5 Let N be a compact and oriented manifold with dim(HY(N,R)) > 1.
Let M := N x [0, 1] and let X be the space obtained by collapsing the boundary of
M to a point, see Proposition 3.4. Then there is no conic metric g on reg(X) such
that ric™ € K(reg(X)). In particular there is no conic metric on reg(X) with Ricci
curvature bounded from below.

Proof Clearly reg(X) = M x (0,1) and dim(H'(M x (0,1),R)) =
dim(H'(M,R)) > 1. By using Lefschetz duality we have H'(M x (0, 1), R) =
Hy_1(M,dM,R) and finally, as explained for instance in [33, Rmk. 4.4.2], we have
H,_1(M,dM,R) = H,_;(X,R). Eventually we showed that dim(H,,_ (X, R)) >
1. On the other hand we have dim (H,,,— (reg(X), R)) = dim(HC1 (Mx(,1),R)) =1,
see [11, Prop. 4.7], and so, by virtue of Proposition 3.4, we can conclude that there is
no conic metric g on reg(X) such that ric™ € K(reg(X)) since dim(H,,—1(X, R)) >
dim(H,,—1(reg(X), R)). The remaining assertions follow immediately. O

Corollary 3.7 Let Ny, N> be compact and oriented manifolds with dim(H ' (N;,R) >
0, j = 1,2. Let N := N1 X N». Then, with the same notation as in Proposition 3.5,
there is no conic metric g on reg(X) withric™ € K(reg(X)). In particular there is no
conic metric on reg(X) with Ricci curvature bounded from below.

Proof This follows immediately by Proposition 3.5 as dim(H LN, R)) > 1. ]

In view of the next corollary we recall that ¥ N, the suspension of N, is defined
as XN = N x [0,1]/ ~ with p ~ g if and only if either p,qg € N x {0} or
p.q € N x{1}.

Corollary 3.8 Let N be a compact and oriented manifold with dim(H' (N, R) > 1.
Then there is no conic metric g on reg(XN) with ric™ € K(reg(X N)). In particular
there is no conic metric on reg(X N) with Ricci curvature bounded from below.

Proof 1t is easy to note that XN is the normalization of X, with X defined as in
Proposition 3.4. Since I” H(X,R) = I? H (2, R), see [4, Th. 6.6.6] or [24, pag.
151], the conclusion follows immediately from Propositions 3.4 and 3.5. O

3.4 Applications to complex projective varities

The last part of this paper contains some applications to complex projective varieties.
For the corresponding definitions we refer to [27]. Let us consider a complex projective
variety V. C CP" of complex dimension v and such that dim(sing(V)) = 0. Let us
denote with £ the Kéhler metric on reg(V') induced by g, the Fubini-Study metric on
CP". We have the following:
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Theorem 3.6 Let V and h be as above with v > 1. Assume that £, € K(reg(V)) for
some k € {0, ...,2v}, k ¢ {v£1,v}). Then

dim(IH*(V,R)) < dim(I' H*(V, R)). (35)

If V is normal then
dim(IH*(V,R)) < dim(H*(V, R)). (36)
If1 <k <v—1then
dim(Hay—(V, R)) < dim(Hpy—k (reg(V), R))
whereas if k = 1 we have
dim(Hzy—1(V), R) = dim(im(H2y—1 (reg(V), R) — Hzy—1(V, R))).
Finally if we assume that Ly > ¢ and Ly , > c for some p € reg(V), then
"™H*(V,R) = {0}.

Proof 1t is well know that (reg(V), k) is an incomplete Kéhler manifold of finite
volume. For instance this can be easily deduced using a resolution of singularities
mw : M — V. Moreover we know that the Sobolev inequality (27) holds true for
(reg(V), h), see [35, Eq. (5.5)], and Af : Lzﬁj(reg(V), h) — Lzﬁj(reg(V), h)
equals Aj gps : L?QJ (reg(V), h) — L2Q) (reg(V), h) when j # {v, v £ 1}, see [26,
Th. 1.2]. Furthermore thanks to [39] we know that sz;max(reg(V), h) = I™HI(V,R)
for each j = 0, ...,2v which in turn implies that dim(sz’max(reg(V), h)) < oo
and im(d max,2) is closed in L2/t (reg(V), h) for each j. Hence thanks to Theo-

rem 2.1, Proposition 1.1 and the above remarks we know that o : H;‘ (reg(V), h) —

im(Hﬁm(reg(V), h) — Eléo’max(reg(V), h)) is injective. Now using the isomor-

phism H{ o (reg(V), h) = I'H/(V, R) for each j = 0, ...2v, see [45, Th. 1.2.2], we
can conclude that

dim(IH*(V,R)) < dim(I' H*(V, R))
and
dim(IZ2H*(V,R)) < dim(H*(V, R))

provided V is normal. This shows the first two statements above. Concerning the third
and the fourth one we know that (34) holds true for V as well, see [24, § 6.1]. In this way

wehavc? H{’max(reg(V), g) = Hpy—j(V,R)for2v—j > 2v—1—[2”2_1],thatisj <,

and H{ 5 (reg(V), h) = I'H/(V,R) = I°Hy,_ j(V,R) = Hy,_j(reg(V), R) when
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1 < j < 2v while Hsl,oo(reg(V), h) = IOH2,,_1(V,]R) = im(Hpy—1(reg(V),R) —
H,_;(V,R). Hence, keeping in mind that (35) holds true for k£ ¢ {v £ 1, v}, we can
conclude that

dim(Hzy—(V, R)) < dim(Hay—k (reg(V), R))
ifl <k <v—1whereasifk =1
dim(Hzy—1(V, R)) = dim(@im(Hay—1(reg(V), R) — Hzy—1(V, R))).

Finally the last assertion follows using the first assertion of Proposition 3.3. O

Corollary 3.9 Let V and h be as above with v > 1. The following properties hold true
1. Ifric™ € K(reg(V)) then

dim(I™H'(V,R)) < dim(I'H'(V,R)).
In particular if V is normal then
dim(I™H'(V,R)) < dim(H'(V, R)).
2. IfRic > 0 and Ric,, > 0 for some p € reg(V), then
I"H'(V,R) = I"Hy,_1(V, R) = im(Ha,—1 (reg(V), R) — Ha,—1(V, R)) = {0}.

Proof This follows immediately by Propositions 3.3, 3.6 and (34). O

Corollary3.10 Let V be as above. If dim(Hpy—1(V,R)) > dim(im(Hoy—1(reg(V),
R) — im(Hzy_1(V,R)) then there is no Riemannian metric p on CP" with
ric, € K(reg(V)), where o denotes the Riemannian metric induced by p on reg(V).
In particular there is no Riemannian metric on CP" that induces a Riemannian metric
on reg(V') with Ricci curvature bounded from below.

Proof This follows immediately by Proposition 3.6, the fact that p is quasi-
isometric to the Fubini-Study metric and that the L?-cohomology is stable through
quasi-isometries.

O

Using the above results we construct now some examples of singular projec-
tive varieties with only isolated singularities and such that ric™ ¢ K(reg(V)). Let
N C CP® be a smooth projective variety of complex dimension n > 1. Assume that
dim(H'(N,R)) > 1. Let V be the projective cone of N. We recall that V is the
Zariski closure of C(N) in CP**! and C(N), the affine cone over N, is defined as
C(N) = {0, ...,00U0~ 1 (N) with 6 : C**1\ {0, ..., 0} = CP* the map that sends the
point with affine coordinates (ao, ..., as) to the point with homogeneous coordinates
[ao : ... : as], see [30, p.12]. Then it is easy to check that V has only one isolated

@ Springer



381 Page42of44 F. Bei

singularity sing(V) = {[0 : ... : 0 : 1]}. Let & be the metric on reg(V) induced
by the Fubini-Study metric of CP**!. We want to show that ric™ ¢ K(reg(V)). To
this aim we use (35) and we prove that dim(/2H'(V,R)) > dim(I'H'(V,R)).
Concerning IH'(V,R) we have dim(I2H'(V,R)) = dim(H!(reg(V),R)) =
dim(H'(N,R)) > 1 as N and reg(V) are homotopically equivalent. For the other
cohomology group, using [24, § 6.1] we have

dim(I'H'(V,R)) = dim(im(H} (reg(V), R) — H'(reg(V), R)))
< dim(H} (reg(V), R)) =
dim(Hz,41(reg(V), R)) = dim(Hz,1+1(N, R)) = 0.

Note that the equalities in the second line above follow by the fact that N and reg(V)
are homotopically equivalent and that the real dimension of N is 2n. We can thus
conclude that ric™ ¢ K(reg(V)) as desired.
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