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Abstract
Let (M, g) be an incomplete Riemannian manifold of finite volume and let 2 ≤
p < ∞. In the first part of this paper we prove that under certain assumptions the
inclusion of the space of L p-differential forms into that of L2-differential forms gives
rise to an injective/surjective map between the corresponding L p and L2 cohomology
groups. Then in the second part we provide various applications of these results to
the curvature and the intersection cohomology of compact Thom–Mather stratified
pseudomanifolds and complex projective varieties with only isolated singularities.

Keywords L p-cohomology · Stratified pseudomanifolds · Heat semigroup · Kato
class

Mathematics Subject Classification 58A12 · 58A35 · 58J35 · 55N33

Introduction

Let X be either a compact Thom–Mather stratified pseudomanifold or a singular com-
plex projective variety and let us denote with g either an iterated conic metric on
reg(X) or the Kähler metric on reg(X) induced by the Fubini-Study metric, respec-
tively. Since the seminal papers of Cheeger [18] and Cheeger–Goresky–MacPherson
[19] several works have been devoted to show the existence of isomorphisms between
the L p cohomology groups of reg(X), the regular part of X , and some intersection
cohomology groups of X , establishing in this way a sort of L p-de Rham theorem for
an important class singular spaces. Just to mention a small sample of works we can
recall here [12], [13], [31], [38], [39], [45] and [49]. As is well known reg(X) has
finite volume with respect to g and thus there exists a continuous inclusion of Banach
spaces i : Lq�k(reg(X), g) ↪→ L p�k(reg(X), g) whenever p < q. This inclusion is
easily seen to induces amorphism of complexes between (Lq�∗(reg(X), g), d∗,max,q)
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and (L p�∗(reg(X), g), d∗,max,p), where the former complex is the Lq maximal de
Rham complex and the latter is the L p maximal de Rham complex. Put it differently if
ω ∈ D(d∗,max,q), the domain of d∗,max,q : Lq�∗(reg(X), g) → Lq�∗+1(reg(X), g),
then ω ∈ D(d∗,max,p) and i(d∗,max,qω) = d∗,max,pi(ω) in L p�∗+1(reg(X), g).
However,F γ : H∗

q,max(reg(X), g) → H∗
p,max(reg(X), g), the map induced by

i : Lq�k(reg(X), g) ↪→ L p�k(reg(X), g) between the corresponding cohomology
groups, is in general neither injective nor surjective. At this point we can summarize
our main goal by saying that we found some answers to the following question:
Under what circumstances is the map γ : H∗

q,max(reg(X), g) → H∗
p,max(reg(X), g)

injective or surjective or even better an isomorphism?
Let us go now into some more detail by describing the structure of this paper. The

first section contains some background material on L p-spaces, differential operators
and L p-cohomology. In particular its last subsection is devoted to the definition of the
Kato class of a Riemannian manifold, a notion that will play a central role in the rest
of this paper. To state below our main results let us give a brief account on that: given
a possibly incomplete Riemannian manifold (M, g), let Lk denote the curvature term
appearing in the Weitzenböck formula �k = �∗ ◦ � + Lk . We say that the negative
part of Lk lies in the Kato class of M , �−

k ∈ K(M), if

lim
t→0+ sup

x∈M

∫ t

0

∫
M

p(s, x, y)�−(y) dvolg(y)ds = 0 (1)

with �−
k : M → R the function defined as

�−
k (x) := max{−lk(x), 0} and lk(x) := inf

v∈�kT ∗
x M, g(v,v)=1

g(Lk,xv, v).

Moreover in (1) (s, x, y) ∈ (0,∞) × M × M , �F
0 is the Friedrich extension of

the Laplace–Beltrami operator and p(s, x, y) denotes the smooth kernel of the heat
operator e−t�F

0 : L2(M, g) → L2(M, g). In particular, as we will see later, (1) holds
true whenever Lk ≥ c for some c ∈ R. In the second section of this paper we address
the above question in the general setting of incomplete Riemannian manifolds of finite
volume. Although it looks a natural question it seems to our best knowledge that those
of this paper are the first results in the literature that provide some sufficient conditions.
Our first main result shows the existence of an injective map in the opposite direction
of γ between certain reduced maximal L p cohomology groups:

Theorem 0.1 Let (M, g) be an open and incomplete Riemannian manifold of finite
volume and dimension m > 2. Assume in addition that

• We have a continuous inclusion

W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g)

• There exists k ∈ {0, ...,m} such that �−
k ∈ K(M);
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• the operator

�k,abs : L2�k(M, g) → L2�k(M, g) equals �F
k : L2�k(M, g) → L2�k(M, g).

Then for any 2 ≤ p ≤ ∞ we have a continuous inclusion

Hk
2,abs(M, g) ↪→ L p�k(M, g).

Moreover the above inclusion induces an injective linear map

βp : Hk
2,max(M, g) → H

k
p,max(M, g)

for each 2 ≤ p ≤ ∞

Some remarks to the above theorem are appropriate: in the third item above�k,abs and
�F

k are two different self-adjoint extensions of the k-th Hodge Laplacian. The former
is the operator induced by the L2 maximal extension of the de Rham complex whereas
the latter is the Friedrichs extension. Moreover Hk

abs(M, g) denotes the nullspace of

�k,abs that, as we will recall later, is isomorphic to H
k
2,max(M, g). Thus Theorem 0.1

shows that under certain assumptions the reduced maximal L2 cohomology of (M, g)
injects into the reduced maximal L p cohomology of (M, g) for any 2 ≤ p ≤ ∞. In
the second main result we provide conditions that assures the injectivty of γ :

Theorem 0.2 Let (M, g) be an open incomplete Riemannian manifold of dimension
m > 2. Assume that

• volg(M) < ∞;
• There exists k ∈ {0, ...,m} such that �−

k−1, �
−
k ∈ K(M);

• Im(dk−1,max,2) is closed in L2�k(M, g);
• Im(dk−1,max,q) is closed in Lq�k(M, g) for some 2 ≤ q < ∞;

• We have a continuous inclusion W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g);

• The operator

�k,abs : L2�k(M, g) → L2�k(M, g) equals �F
k : L2�k(M, g) → L2�k(M, g)

and analogously the operator

�k−1,abs : L2�k−1(M, g) → L2�k−1(M, g)

equals �F
k−1 : L2�k−1(M, g) → L2�k−1(M, g).

Then the map

γ : Hk
q,max(M, g) → Hk

2 (M, g)
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induced by the continuous inclusion Lq�k(M, g) ↪→ L2�k(M, g) is injective. If
moreover im(dk−1,max,2) is closed in L2�k(M, g) then

γ : Hk
q,max(M, g) → Hk

2 (M, g)

is an isomorphism.

At this point, the reader may wonder why we assumed our manifolds to be incomplete.
The reason lies on the fact that a complete manifold with finite volume that carries
a Sobolev embedding is necessarily compact, see Remark 2.1. Since in the compact
setting the above results are well known (at least for 1 < p ≤ q < ∞) we focused
directly on open and incomplete manifolds of finite volume. Moreover although at a
first glance the above sets of assumptions could appear quite restrictive we will see in
the third section that actually this is not the case, at least for the singular spaces we
are interested in. Concerning the proofs of Theorems 0.1 and 0.2, a key role in both of
them is played by the L p-Lq mapping properties of the heat operator e−t�F

k . In the last
part of the second section we use again these mapping properties to investigate another
question that arises whenever one deals with incomplete Riemannian manifolds: the
L p-Stokes theorem. Briefly we say that the L p-Stokes theorem holds true at the level
of k-forms on (M, g) if dk,p,max equals dk,p,min, see Definition 1.1. Regarding this
question we proved what follows:

Theorem 0.3 Let (M, g) be an open and incomplete Riemannian manifold of
dimension m > 2 such that

• volg(M) < ∞;

• There is a continuous inclusion W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g);

• (M, g) is q-parabolic for some 2 < q < ∞;
• There exists k ∈ {0, ...,m} such that �−

k , �−
k+1 ∈ K(M);

• �k,abs = �F
k and �k+1,abs = �F

k+1 as unbounded and self-adjoint operators
acting on L2�k(M, g) and L2�k+1(M, g), respectively.

Then the Lr -Stokes theorem holds true on Lr�k(M, g) for each r ∈ [2, q].
Finally the third and last section collects various applications of the above theorems

to compact Thom–Mather stratified pseudomanifolds and complex projective varieties
with isolated singularities. Here, we endow the former spaces with an iterated conic
metric while the latters come equipped with the Fubini-Study metric. As we will
see there are many examples of such singular spaces where all the assumptions of
the above theorems except that concerning the negative part of the tensor Lk are
fulfilled. Since in this framework the L p-cohomology is isomorphic to a certain kind
of intersection cohomology the next results show how requiring �−

k in the Kato class of
reg(X) (and so in particular a possibly negative lower bound on Lk) provides already
strong topological consequences. To state these applications we recall briefly that m
stands for the lower middle perversity defined as m(k) := [(k − 2)/2], t is the top
perversity defined as t(k) := k − 2 and finally, for any fixed r ≥ 2, qr (k) is perversity
given by qr (k) := t(k) − pr (k) with pr (k) := [[k/r ]] and [[•]] denoting the biggest
integer number strictly smaller than •. We have now all the ingredient to state the next
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Theorem 0.4 Let X be a compact and oriented smoothly Thom–Mather–Witt stratified
pseudomanifolds of dimension m > 2. Let g be an iterated conic metric on reg(X)

such that d + dt : L2�•(reg(X), g) → L2�•(reg(X), g) is essentially self-adjoint.
We have the following properties:

1. If �−
k ∈ K(reg(X)) for some k ∈ {0, ...,m} then Theorem 0.1 holds true for

(reg(X), g) and k. As a consequence

dim(ImHk(X ,R)) ≤ dim(I qr Hk(X ,R))

for any 2 ≤ r < ∞. If X is also normal then

dim(ImHk(X ,R)) ≤ dim(Hk(X ,R)).

2. Let 2 ≤ r < ∞ be arbitrarily fixed. If �−
k−1, �

−
k ∈ K(reg(X)) for some k ∈

{0, ...,m} then the map

γ : Hk
r ,max(reg(X), g) → Hk

2 (reg(X), g)

is injective, see Theorem 0.2. Consequently

dim(ImHk(X ,R)) = dim(I qr Hk(X ,R))

for any 2 ≤ r < ∞. If X is also normal then

dim(ImHk(X ,R)) = dim(Hk(X ,R)).

3. Assume that there exists r ∈ (2,∞) such that each singular stratum Y ⊂ X
satisfies cod(Y ) ≥ r if depth(Y ) = 1 whereas cod(Y ) > r if depth(Y ) > 1. If
�−
k , �−

k+1 ∈ K(reg(X)) for some k ∈ {0, ...,m} then the Lz-Stokes theorem holds
true on Lz�k(M, g) for any z ∈ [2, r ].
Concerning complex projective varieties with only isolated singularities whose

regular part is endowed with the Fubini-Study metric we have the following

Theorem 0.5 Let V be a complex projective variety of complex dimension v > 1 with
dim(sing(V )) = 0 and let h be the Kähler metric on reg(V ) induced by the Fubini-
Study metric. Assume that �−

k ∈ K(reg(V )) for some k ∈ {0, ..., 2v}, k /∈ {v ± 1, v}.
Then

dim(ImHk(V ,R)) ≤ dim(I t Hk(V ,R)).

If V is normal then

dim(ImHk(V ,R)) ≤ dim(Hk(V ,R)).
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If 1 < k < v − 1 then

dim(H2v−k(V ,R)) ≤ dim(H2v−k(reg(V ),R))

whereas if k = 1 we have

dim(H2v−1(V ),R) = dim(im(H2v−1(reg(V ),R) → H2v−1(V ,R))).

Finally, if we assume that Lk ≥ 0 and Lk,p > 0 for some p ∈ reg(V ), then

ImHk(V ,R) = {0}.
Besides the aforementioned results, the third section contains other applications.

In particular we analyze the case k = 1 that is, when the curvature term in the above
theorems is the Ricci curvature, and we study in detail the case of isolated conical
singularities. For the sake of brevity we refer directly to the third section for precise
statements.

1 Backgroundmaterial

1.1 Lp-cohomology and differential operators

The aim of this section is to recall briefly some basic notions about L p-spaces, differ-
ential operators and L p-cohomology.We refer for instance to [22, 23, 29, 42] and [49].
Let (M, g) be an open and possibly incomplete Riemannian manifold of dimension
m. Throughout the text M will always assumed to be connected. Let E be a vector
bundle over M of rank k and let ρ be a metric on E , Hermitian if E is a complex
vector bundle, Riemannian if E is a real vector bundle. Let dvolg be the one-density
associated to g. We consider M endowed with the canonical Riemannian measure,
see e.g. [28, Th. 3.11]. A section s of E is said measurable if, for any trivialization
(U , φ) of E , φ(s|U ) is given by a k-tuple of measurable functions. Given a measurable
section s let |s|ρ be defined as |s|ρ := (ρ(s, s))1/2. Then for every p with 1 ≤ p < ∞
we define L p(M, E, g, ρ) as the space of equivalence classes of measurable sections
s such that

‖s‖L p(M,E,g,ρ) :=
(∫

M
|s|pρ dvolg

)1/p

< ∞.

For each p ∈ [1,∞) we have a Banach space, for each p ∈ (1,∞) we get a reflexive
Banach space and in the case p = 2 we have a Hilbert space whose inner product is

〈s, t〉L2(M,E,g,ρ) :=
∫
M

ρ(s, t) dvolg .

Moreover C∞
c (M, E), the space of smooth sections with compact support, is dense

in L p(M, E, g, ρ) for p ∈ [1,∞). Finally L∞(M, E, ρ) is defined as the space of
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equivalence classes of measurable sections whose essential supp is bounded, that is
the space of measurable sections s such that |s|ρ is bounded almost everywhere. Also
in this case we get a Banach space. Given any p ∈ [1,∞], s ∈ L p(M, E, g, ρ) and
v ∈ L p′

(M, E, g, ρ), with p′ = p
p−1 if p > 1 whereas p′ = ∞ if p = 1, we have

ρ(s, v) ∈ L1(M, g) and ‖ρ(s, v)‖L1(M,g) ≤ ‖s‖L p(M,E,g,ρ)‖v‖L p′ (M,E,g,ρ)
.

Moreover if p ∈ (1,∞) the map T : L p′
(M, E, g, ρ) → (L p(M, E, g, ρ))∗ given

by

v �→ T v, T v(s) =
∫
M

ρ(v, s) dvolg

is an isometric isomorphism between L p′
(M, E, g, ρ) and (L p(M, E, g, ρ))∗. Con-

sider now another vector bundle F over M endowed with a metric τ . Let P :
C∞
c (M, E) −→ C∞

c (M, F) be a differential operator of order d ∈ N. Then the
formal adjoint of P

Pt : C∞
c (M, F) −→ C∞

c (M, E)

is the differential operator uniquely characterized by the following property: for each
u ∈ C∞

c (M, E) and for each v ∈ C∞
c (M, F) we have

∫
M

ρ(u, Ptv) dvolg =
∫
M

τ(Pu, v) dvolg .

We can look at P as an unbounded, densely defined and closable operator acting
between L p(M, E, g, ρ) and L p(M, F, g, τ ) with 1 ≤ p < ∞. In general P admits
several different closed extensions. For our scopes we recall now the definition of
the maximal and the minimal one. The domain of the maximal extension of P :
L p(M, E, g, ρ) −→ L p(M, F, g, τ ) is defined as

D(Pmax,q) := {s ∈ L p(M, E, g, ρ) : there is v ∈ L p(M, F, g, τ )

such that
∫
M

ρ(s, Ptφ) dvolg

=
∫
M

τ(v, φ) dvolg for each φ ∈ C∞
c (M, F)}. In this case we put Pmax,qs = v.

(2)

In otherwords themaximal extension of P is the one defined in the distributional sense.
The domain of the minimal extension of P : L p(M, E, g, ρ) −→ L p(M, F, g, τ ) is
defined as

D(Pmin,q) := {s ∈ L p(M, E, g, ρ) such that there is a sequence

{si } ∈ C∞
c (M, E) with si → s

123



381 Page 8 of 44 F. Bei

in L p(M, E, g, ρ) and Psi → w in L p(M, F, g, τ ) to some

w ∈ L p(M, F, g, τ )}. We put Pmin,qs = w. (3)

Briefly the minimal extension of P is the closure of C∞
c (M, E) under the graph norm

‖s‖L p(M,E,g,ρ) + ‖Ps‖L p(M,F,g,τ ). Clearly D(Pmin,p) ⊂ D(Pmax,p) and Pmax,ps =
Pmin,ps for any s ∈ D(Pmin,p). Moreover it is easy to check that Ps = Pmax,qs
for any s ∈ C∞(M, E) ∩ D(Pmax,q) and analogously Ps = Pmin,qs for any s ∈
C∞(M, E) ∩D(Pmin,q). In other words the action of Pmax /min,q on smooth sections
lying in D(Pmax /min,q) coincides with the standard one. Another well known and
important property is the following: given 1 < p < ∞ and p′ = p

p−1 we have

(Pp,max)
∗ = Pt

p′,min and (Pp,min)
∗ = Pt

p′,max (4)

that is Pt
p′,min : L p′

(M, F, g, τ ) → L p′
(M, E, g, ρ) is the Banach adjoint of Pp,max :

L p(M, E, g, ρ) → L p(M, F, g, τ ) and similarly Pt
p′,max : L p′

(M, F, g, τ ) →
L p′

(M, E, g, ρ) is the Banach adjoint of Pp,min : L p(M, E, g, ρ) →
L p(M, F, g, τ ). See e.g. [29, Lemma I.22] for a proof of (4) and [32] for the general
notion of Banach adjoint.
In addition, in the case p = ∞ P admits a closed extension Pmax,∞ :
L∞(M, E, ρ) −→ L∞(M, F, τ ) defined as

D(Pmax,∞) := {s ∈ L∞(M, E, ρ) : there is v ∈ L∞(M, F, τ ) such that∫
M

ρ(s, Ptφ) dvolg

=
∫
M

τ(v, φ) dvolg for each φ ∈ C∞
c (M, F)}. In this case we put Pmax,∞s = v.

(5)

Put it differently a measurable section s ∈ L∞(M, E, ρ) lies in D(Pmax,∞) if the
distributional action of P applied to s lies in L∞(M, F, τ ). We collect now some
well-known facts that will be frequently used later.
a) Let 1 ≤ p ≤ q ≤ ∞. Assume that volg(M) < ∞. It is well known that if
s ∈ Lq(M, E, g, ρ) then s ∈ L p(M, E, g, ρ) and that the corresponding inclusion
i : Lq(M, E, g, ρ) ↪→ L p(M, E, g, ρ) is continuous. Then it is immediate to check
that if s ∈ D(Pmax,q) then s = i(s) ∈ D(Pmax,p) and

i ◦ Pmax,q = Pmax,p ◦ i on D(Pmax,q). (6)

Similarly if 1 ≤ p ≤ q < ∞ and s ∈ D(Pmin,q) then s = i(s) ∈ D(Pmin,p) and

i ◦ Pmin,q = Pmin,p ◦ i on D(Pmin,q). (7)

b) Let 1 ≤ p ≤ q < ∞ and assume that volg(M) < ∞. Let {sn}n∈N be any sequence
such that sn⇀s in Lq(M, E, g, ρ) as n → ∞, that is {sn} converges weakly to some
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s ∈ Lq(M, E, g, ρ) as n → ∞. Then

sn⇀s in L p(M, E, g, ρ) (8)

as n → ∞. We refer to [32] for the definition of weak convergence.
c) Let 1 ≤ p ≤ q ≤ ∞ and let U ⊂ M be an open subset. Let s ∈ D(Pmax,p) ⊂
L p(M, E, g, ρ). Then

s|U ∈ D(P|Umax,p) ⊂ L p(U , E |U ) and P|Umax,p(s|U ) = Pmax,ps|U . (9)

d) Let 1 < p < ∞, let p′ = p/(p − 1) and let s ∈ L p(M, E, g, ρ). Then, s ∈
D(Pmax,p) and L p(M, F, g, τ ) � w = Pmax,ps if and only if for any v ∈ D(Pt

min,p′)
we have

∫
M

τ(w, v) dvolg =
∫
M

ρ(s, Pt
min,p′v) dvolg . (10)

Analogously, given an arbitrary s ∈ L p(M, E, g, ρ), we have s ∈ D(Pmin,p) and
L p(M, F, g, τ ) � w = Pmin,ps if and only if for any v ∈ D(Pt

max,p′) we have

∫
M

τ(w, v) dvolg =
∫
M

ρ(s, Pt
max,p′v) dvolg . (11)

e) Let 1 < p < ∞, let p′ = p/(p − 1) and let s ∈ L p(M, E, g, ρ). Then s ∈
ker(Pmax /min,p) if and only if for any v ∈ D(Pt

min /max,p′) we have

∫
M

ρ(s, Pt
min /max,p′v) dvolg = 0. (12)

Given any w ∈ L p(M, F, g, τ ), we have w ∈ im(Pmin /max,p) and if and only if for
any v ∈ ker(Pt

max /min,p′) we have

∫
M

τ(w, v) dvolg = 0. (13)

Finally im(Pmin /max) is closed in L p(M, F, g, τ ) if and only if im(Pt
max /min) is

closed in L p′
(M, E, g, τ ).

f) Consider the case p = 2. The operator S := Pt ◦ P : L2(M, E, g, ρ) →
L2(M, E, g, ρ) is non-negative and formally self-adjoint and it owns at least a
self-adjoint extension: the so called Friedrichs extension. We denote it by SF :
L2(M, E, g, ρ) → L2(M, E, g, ρ) and the corresponding domain is given by

D(SF ) = {ω ∈ D(Pmin) ∩ D(Smax)}
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Equivalently D(SF ) is given by

D(SF ) = {ω ∈ D(Pmin) such that Pminω ∈ D(Pt
max)}. (14)

From now on we focus on the de Rham differential. Consider �kT ∗M , the k-th exte-
rior power of the cotangent bundle, and with a little abuse of notations let us denote
by g the metric induced by g on �kT ∗M . We denote the corresponding L p space as
L p�k(M, g). In the case of the trivial bundle M × R we simply write L p(M, g).
Accordingly to the previous definitions with dk,max /min,q : Lq�k(M, g) →
Lq�k+1(M, g), 1 ≤ q < ∞, we denote the maximal/minimal extension of dk act-
ing on Lq�k(M, g) while with dk,max,∞ : L∞�k(M, g) → L∞�k+1(M, g), we
denote the maximal extension of dk acting on L∞�k(M, g). It is easy to verify that
if ω ∈ D(dk,max /min,p) then dk,max /min,pω ∈ D(dk+1,max /min,p) and the corre-
sponding compositions are identically zero, that is dk+1,max,p ◦ dk,max,p ≡ 0 and
dk+1,min,p ◦ dk,min,p ≡ 0. Analogously dk+1,max,∞ ◦ dk,max,∞ ≡ 0 on D(dk,max,∞).
The L p-maximal/minimal de Rham cohomology of (M, g) is thus defined as

Hk
p,max /min(M, g) := ker(dk,max /min,p)/ im(dk−1,max /min,p)

while the reduced L p-maximal/minimal de Rham cohomology of (M, g) is defined
as

H
k
p,max /min(M, g) := ker(dk,max /min,p)/im(dk−1,max /min,p), (15)

where im(dk−1,max /min,p) is the closure of im(dk−1,max /min,p) in L p�k(M, g)
respectively. Clearly the identity ker(dk,max /min,p) → ker(dk,max /min,p) induces a
surjective map

Hk
p,max /min(M, g) → H

k
p,max /min(M, g).

If 1 < p < ∞ and Hk
p,max /min(M, g) is finite dimensional then im(dk−1,max /min,p)

is closed in L p�k(M, g) and Hk
p,max /min(M, g) = H

k
p,max /min(M, g). When M is

oriented, 1 < p < ∞ and p′ = p
p−1 we have the following important properties: the

bilinear map given by

H
k
p,max(M, g) × H

m−k
p′,min(M, g) → R, ([ω], [η]) �→

∫
M

ω ∧ η (16)

is a well-defined and non-degenerate pairing, see e.g. [21] and [22]. Moreover it is
easy to check that given a formω ∈ L p�k(M, g)we haveω ∈ D(dk,max /min,p) if and
only if ∗ω ∈ D(dtm−k−1,max /min,p′) and dk,max /min,pω = ±dtm−k−1,max /min,p′ ∗ ω

with the sign depending on the parity of k. We give now the following
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Definition 1.1 Let (M, g) be a possibly incomplete Riemannian manifold. Let 1 ≤
p < ∞.Wewill say that the L p-Stokes theoremholds on L p�k(M, g) if the following
two operators

dk,max,p : L p�k(M, g) → L p�k+1(M, g) and dk,min,p :
L p�k(M, g) → L p�k+1(M, g)

coincide.

It is well known that if (M, g) is complete then the L p-Stokes theoremholds true for
any k = 0, ...,m, see [42]. Conversely there are examples of incomplete Riemannian
manifolds where the L p-Stokes theorem fails to be true, see e.g. [26]. In case the L p-
Stokes theorem holds true we will delete the subscript min /max from the operators

and the cohomology groups and we will simply write dk,p, H
k
p(M, g) and Hk

p(M, g).
Consider now the case p = ∞. Similarly to the previous case we have the L∞-de
Rham cohomology and the reduced L∞-de Rham cohomology defined respectively
as

Hk∞(M, g) := ker(dk,max,∞)/ im(dk−1,max,∞)

and

H
k
∞(M, g) := ker(dk,max,∞)/im(dk−1,max,∞). (17)

Clearly, also in this case we have a surjective map

Hk∞,max(M, g) → H
k
∞,max(M, g)

induced by the identity ker(dk,max,∞) → ker(dk,max,∞). For our purposes we need
also to introduce the following variants of the L∞-cohomology. Let (M, g) be an
arbitrary Riemannian manifold. We define �k

s,∞(M, g) := D(dk,max,∞) ∩ �k(M)

and we consider the following complex

...
dk−1→ �k

s,∞(M, g)
dk→ �k+1

s,∞(M, g)
dk+1→ ... (18)

We denote by Hk
s,∞(M, g) the corresponding cohomology groups. Here, the subscript

s emphasizes the fact that the complex is built using smooth forms. In particular for any
ω ∈ �k

s,∞(M, g) we have dkω = dk,max,∞ω. Finally, we conclude with the following

Definition 1.2 Let (M, g) be a possibly incomplete Riemannian manifold. Let q ∈
[1,∞). Then (M, g) is said to be q-parabolic if there exists a sequence of Lipschitz
functions with compact support {φn}n∈N ⊂ Lipc(M, g) such that

1. 0 ≤ φn ≤ 1;
2. φn → 1 almost everywhere as n → ∞;
3. ‖d0φn‖Lq�1(M,g) → 0 as n → ∞.
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We invite the reader to consult [28] and [44] for an in-depth treatment about
q-parabolicity.

1.2 Hodge Laplacian and heat operator

Let us consider again an open and possibly incomplete Riemannian manifold (M, g)
of dimension m and let �k : �k

c(M) → �k
c(M), �k := dtk ◦ dk + dk−1◦dtk−1, be the

Hodge Laplacian acting on smooth k-forms with compact support. It is well known
that�k , viewed as an unbounded and densely defined operator acting on L2�k(M, g),
is formally self-adjoint. Clearly we can rewrite �k as �k = Dt

k ◦ Dk with

Dk := dtk−1 + dk : �k
c(M) → �k−1

c (M) ⊕ �k+1
c (M) and Dt

k := dk−1 + dtk :
�k−1

c (M) ⊕ �k+1
c (M) → �k

c(M).

Hence �k : �k
c(M) → L2�k(M, g) admits at least a self-adjoint extension: the

Friedrichs extension �F
k : L2�k(M, g) → L2�k(M, g). Following [16] we recall

now the definitions of other two important self-adjoint extensions of �k . The first is
the so-called absolute extension, denoted with�k,abs : L2�k(M, g) → L2�k(M, g).
Its domain is given by

D(�abs,k) = {ω ∈ D(dk,max,2) ∩ D(dtk−1,min,2) such that dk,max,2ω ∈ D(dtk,min,2)

and dtk−1,min,2ω ∈ D(dk−1,max,2)}.

The absolute extension is the self-adjoint extension of�k induced by the L2-maximal
de Rham complex. It satisfies the following properties

ker(�k,abs) = ker(dk,max,2) ∩ ker(dtk−1,min) andim(�k,abs) = im(dk−1,max,2) ⊕ im(dtk,min,2)

and for the corresponding L2-orthogonal decomposition of L2�k(M, g) we have

L2�k(M, g) = ker(�k,abs) ⊕ im(�k,abs) = Hk
2,abs(M, g) ⊕ im(dk−1,max,2)

⊕im(dtk,min,2)

where Hk
2,abs(M, g) := ker(�k,abs) = ker(dk,max,2) ∩ ker(dtk−1,min,2). In particular

we have the following isomorphism

Hk
2,abs(M, g) ∼= H

k
2,max(M, g). (19)

Now we pass to the relative extension, denoted with �k,rel : L2�k(M, g) →
L2�k(M, g). Its domain is given by

D(�rel,k) = {ω ∈ D(dk,min,2) ∩ D(dtk−1,max,2) such that dk,min,2ω ∈ D(dtk,max,2)
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and dtk−1,max,2ω ∈ D(dk−1,min,2)}.

It is the self-adjoint extension of �k induced by the L2-minimal de Rham complex.
In analogy to the previous case we have the following properties

ker(�k,rel) = ker(dk,min,2) ∩ ker(dtk−1,max) andim(�k,rel) = im(dk−1,min,2) ⊕ im(dtk,max,2)

and for the corresponding L2-orthogonal decomposition of L2�k(M, g) we have

L2�k(M, g) = ker(�k,rel) ⊕ im(�k,rel)

= Hk
2,rel(M, g) ⊕ im(dk−1,min,2) ⊕ im(dtk,max,2)

whereHk
2,rel(M, g) := ker(�k,rel) = ker(dk,min,2)∩ker(dtk−1,max,2). In particular we

have the following isomorphism

Hk
2,rel(M, g) ∼= H

k
2,min(M, g).

In case �k,abs = �k,rel we will simply denote its kernel with Hk
2(M, g). We refer to

[16] for the above definitions and properties. In the next proposition we collect other
properties concerning these self-adjoint extensions.

Proposition 1.1 Let (M, g) be an open and possible incomplete Riemannian manifold
of dimension m. Then

1. D(�k,abs/rel) is dense inD(dk,max /min,2) with respect to the corresponding graph
norm;

2. dk,max,2 = dk,min,2 if and only if �k,abs = �k,rel;
3. D(�F

k ) is dense in D((dk + dtk−1)min) with respect to the corresponding graph
norm;

4. If (dk + dtk−1)max = (dk + dtk−1)min then �F
k = �k,abs = �k,rel.

5. If �F
k = �k,abs then dk,max,2 = dk,min,2.

Proof The first and the second property are proved in [17, Lemma 3.2]. The third
property follows by [7, Prop. 2.1] and the fourth property is proved in [17, Lemma
3.3]. Finally the fifth property follows by [17, Lemma 3.4]. ��

Finally, we conclude this section with the following property that will be used
frequently later on. For the definition of the heat operator (or heat semigroup) we refer
to [29].

Proposition 1.2 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m. If ω ∈ D(dk,max /min,2) then e−t�k,max /min,kω ∈ D(dk,max /min,2) and

dk,max /min,2e
−t�k,max /min,kω = e−t�k,max /min,k dk,max /min,2ω.

Proof See [29, Prop. XIII.7]. ��
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1.3 The Kato class

In this subsection, we recall briefly the notion of Kato class and some of its properties.
For an in-depth treatment we refer to [29, Chap. VI–VII] and the reference therein.
Let us consider again an open and possibly incomplete Riemannian manifold (M, g)
of dimension m and let f : M → R be a measurable function. We say that f belongs
to the Kato class of (M, g), briefly f ∈ K(M), if

lim
t→0+ sup

x∈M

∫ t

0

∫
M

p(s, x, y)| f (y)| dvolg(y)ds = 0 (20)

with (s, x, y) ∈ (0,∞) × M × M and p(s, x, y) denoting the smooth kernel of the
heat operator e−t�F

0 : L2(M, g) → L2(M, g). According to [29, Lemma VI.3] we
have

L∞(M) ⊂ K(M) ⊂ L1
loc(M). (21)

Moreover if there is a C > 0 and a T > 0 such that for all 0 < t < T one has

sup
x∈M

p(t, x, x) ≤ Ct−
m
2

then it holds

Lq ′
(M, g) + L∞(M) ⊂ K(M) (22)

for any q ′ ≥ 1 if m = 1, and q ′ > m/2 if m ≥ 2, see [29, Prop. VI.10 and Cor.
VI.13]. Let now ∇ : C∞(M, T M) → C∞(M, T ∗M ⊗ T M) be the Levi-Civita con-
nection and with a little abuse of notation let us still label by ∇ : C∞(M,�k(M)) →
C∞(M, T ∗M ⊗ �k(M)) the connection on �k(M) induced by the Levi-Civita con-
nection. We endow T ∗M ⊗ �k(M) with the natural metric induced by g and we
denote by ∇ t : C∞(M, T ∗M ⊗ �k(M)) → C∞(M,�k(M)) the formal adjoint of
∇ : C∞(M, T M) → C∞(M, T ∗M ⊗ T M). Finally let �k : �k(M) → �k(M) be
the Hodge Laplacian acting on k-forms. The well known Weitzenböck formula says
that there exists Lk ∈ C∞(M,End(�k(M))) such that

�k = ∇ t ◦ ∇ + Lk . (23)

Let us define �−
k : M → R as

�−
k (x) := max{−lk(x), 0} (24)

with

lk(x) := inf
v∈�kT ∗

x M, g(v,v)=1
g(Lk,xv, v).
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Note that �−
k (x) ≥ 0 for any x ∈ M . Clearly the following inequality holds true: for

any x ∈ M and v ∈ �kT ∗
x M we have

g(Lk,xv, v) ≥ −�−(x)g(v, v).

If k = 1 it is well known that L1 = Ric where with a little abuse of notation Ric
denotes the endomorphism of T ∗M induced by g and the Ricci tensor. In this case we
will denote �−

1 with ric−.

Definition 1.3 In the setting above we say that the negative part of Lk lies in the Kato
class if

�−
k (x) ∈ K(M).

Note that if Lk ≥ c for some c ∈ R then 0 ≤ �−
k ≤ |c| and thus �−

k ∈ K(M) thanks
to (21). We have the following important result:

Theorem 1.1 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m. Let �k = ∇ t ◦ ∇ + Lk be the Hodge Laplacian acting on k-forms.
If �−

k ∈ K(M) then the following pointwise inequality

|e−t�F
k ω|g ≤ e−t�−

e−t�F
0 |ω|g

holds true for any ω ∈ L2�k(M, g) and x ∈ M.

Proof This is a particular case of amore general result, indeed aKato-Simon inequality
for a large class of Schrödinger operators, proved in [29, Th. VII.8]. ��

With the next result we recall some Lq → Lq and L p → Lq properties of the heat
operator e−t�F

k when �−
k ∈ K(M).

Theorem 1.2 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m such that �−

k ∈ K(M).

1. For any δ > 1 there exists c = c(δ, �−
k ) ≥ 0 such that for all t ≥ 0, q ∈ [1,∞]

and ω ∈ L2�k(M, g) ∩ Lq�k(M, g) one has e−t�F
k ω ∈ Lq�k(M, g) and

‖e−t�F
k ω‖Lq�k(M,g) ≤ δect‖ω‖Lq�k(M,g). (25)

2. If in addition m > 2 and we have a Sobolev embedding

W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g)

then there exist positive constants c1 and c2 such that for any 1 ≤ p ≤ q ≤ ∞,

ω ∈ L2�k(M, g) ∩ L p�k(M, g) and 0 < t ≤ 1 one has e−t�F
k ω ∈ Lq�k(M, g)

and

‖e−t�F
k ω‖Lq�k (M,g) ≤ c1e

c2t t−
m
2 ( 1

p − 1
q )‖ω‖L p�k (M,g). (26)
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Proof For the first property see [29, Cor. IX.4]. Concerning the second property we

first recall that a Sobolev embedding W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g) is equivalent to

saying that there exists a positive constantC such that p(t, x, y), the kernel of e−t�F
0 :

L2(M, g) → L2(M, g), satisfies p(t, x, y) ≤ Ct−m/2 for any (x, y) ∈ M × M and
0 < t ≤ 1, see [5, Th. 6.3.1]. Now the conclusion follows by [29, Th. IX.2 and Lemma
VI.8]. ��

2 Some applications of the heat operator

2.1 Heat operator and Lp-cohomology

We start with the following

Proposition 2.1 Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m > 2. Assume that

• We have a continuous inclusion

W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g); (27)

• There exists k ∈ {0, ...,m} such that �−
k ∈ K(M).

Then we have a continuous inclusion

ker(�F
k ) ↪→ Lq�k(M, g)

for each q ∈ [2,∞].
Proof Let ω ∈ ker(�F

k ). We have ω = e−t�F
k ω and thus, thanks to (26), we have

‖ω‖Lq�k (M,g) = ‖e−t�F
k ω‖Lq�k(M,g) ≤ c1e

c2t t−
m
2 ( 12− 1

q )‖ω‖L2�k (M,g)

for any 0 < t ≤ 1. We can thus conclude that if ω ∈ ker(�F
k ) then ω ∈ Lq�k(M, g)

and the resulting inclusion

ker(�F
k ) ↪→ Lq�k(M, g)

is continuous. ��
Theorem 2.1 In the setting of Proposition 2.1. Assume in addition that (M, g) is
incomplete with finite volume and the operator

�k,abs : L2�k(M, g) → L2�k(M, g) equals �F
k : L2�k(M, g) → L2�k(M, g).

Then, for any 2 ≤ p ≤ ∞ we have a continuous inclusion

Hk
2,abs(M, g) ↪→ L p�k(M, g). (28)
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Moreover, the above inclusion induces an injective linear map

βp : Hk
2,max(M, g) → H

k
p,max(M, g)

for each 2 ≤ p ≤ ∞ and an injective linear map

α∞ : Hk
2,max(M, g) → im(Hk

s,∞(M, g) → H
k
∞,max(M, g)).

Proof Since we required �F
k = �k,abs we have a continuous inclusion

Hk
2,abs(M, g) ↪→ L p�k(M, g) with 2 ≤ p ≤ ∞ thanks to Proposition 2.1. Consider

now a class [ω] ∈ H
k
2,max(M, g) and let ω be the unique representative of [ω] lying in

Hk
2,abs(M, g). Thanks to (28) we know that ω ∈ ker(dk,max,p) for each 2 ≤ p ≤ ∞.

Thus we define βp([ω]) as the class induced by ω, the unique harmonic representative

of [ω], in H
k
p,max(M, g). Clearly βp is well defined and linear. In order to verify that

βp is injective, assume that [ω] = 0 in H
k
p,max(M, g), i.e., that ω ∈ Im(dk−1,max,2),

and let us consider a sequence {φn}n∈N ⊂ D(dk−1,max,p) ⊂ L p�k−1(M, g) such
that dk−1,max,pφn → ω in L p�k(M, g) as n → ∞. Since volg(M) < ∞ we
have {φn}n∈N ⊂ D(dk−1,max,2) ⊂ L2�k−1(M, g) and dk−1,max,2φn → ω in
L2�k(M, g). This implies that ω = 0 as ω ∈ Hk

2,abs(M, g) ∩ Im(dk−1,max,2) and
so we can conclude that βp is injective. Concerning the map α∞ let us consider

again a class [ω] ∈ H
k
2,max(M, g) and let ω be the unique representative of [ω]

lying in Hk
2,abs(M, g). Clearly ω is smooth and closed and thanks to Proposition 2.1

we know that ω ∈ L∞�k(M, g). Thus ω ∈ ker(dk,max,∞) ∩ �k(M). So we define
α∞([ω]) as the class induced by ω, the unique harmonic representative of [ω], in
im(Hk

s,∞(M, g) → H
k
∞,max(M, g)). It is immediate to check that α∞ is well defined

and linear. In order to verify that α∞ is injective we first note that

im(Hk
s,∞(M, g) → H

k
∞,max(M, g))

= (ker(dk,max,∞) ∩ �k(M))/(Im(dk−1,max,∞) ∩ �k
s,∞(M)).

Likewise the previous case let us assume that there exists a sequence {ψn}n∈N ⊂
D(dk−1,max,∞) ⊂ L∞�k−1(M, g) such that dk−1,max,∞ψn → ω in L∞�k(M, g) as
n → ∞. Since volg(M) < ∞ we have {ψn}n∈N ⊂ D(dk−1,max,2) ⊂ L2�k−1(M, g)
and dk−1,max,2ψn → ω in L2�k(M, g). Thereforeω ∈ Hk

2,abs(M, g)∩Im(dk−1,max,2)

and thus ω = 0 as ω ∈ Hk
2,abs(M, g) ∩ Im(dk−1,max,2) = {0}. This shows that α∞ is

injective. ��
Remark 2.1 If (M, g) is non-compact, complete and supports a Sobolev embedding
as (27) then volg(M) is not finite, see [50, Th. 4.1.2] This is why we required (M, g)
to be incomplete in the statement of the above theorem.

Note that without any further hypothesis on (M, g) the requirement �k,abs = �F
k

implies dk,max = dk,min, see Proposition 1.1, which in turn implies Hk
2,max(M, g) =

123



381 Page 18 of 44 F. Bei

im(Hk
2,min(M, g) → Hk

2,max(M, g)) and H
k
2,max(M, g) = im(H

k
2,min(M, g) →

H
k
2,max(M, g)) where on the right hand side of the last two equalities we have the

maps induced by the inclusion of domains D(dk,min,2) ↪→ D(dk,max,2). In the next
corollary we will see how to strengthen the assumptions of Theorem 2.1 in order to

compare Hk
2,abs(M, g) with im(H

k
q,min(M, g) → H

k
q,max(M, g)).

Corollary 2.1 In the setting of Theorem 2.1. Assume in addition that (M, g) is p-
parabolic for some 2 < p < ∞. Then for any q ∈ (2, p] and ω ∈ Hk

2,abs(M, g) we

have βq(ω) ∈ im(H
k
q,min(M, g) → H

k
q,max(M, g)) and the corresponding map

βq : Hk
2,abs(M, g) → im(H

k
q,min(M, g) → H

k
q,max(M, g))

is injective.

Proof First, we remark that im(H
k
q,min(M, g) → H

k
q,max(M, g)) =

ker(dk,min,q)/(Im(dk−1,max,q) ∩ ker(dk,min,q)). Since volg(M) is finite we know
that (M, g) is q-parabolic for any 1 ≤ q ≤ p. Thus, by Proposition 2.1 and
[8, Prop. 2.5] we know that ω ∈ ker(dk,min,q) for any 1 ≤ q ≤ p. Therefore,

βq(ω) ∈ im(H
k
q,min(M, g) → H

k
q,max(M, g)). Moreover by Theorem 2.1 we already

know that ifω ∈ Im(dk−1,max,q) thenω = 0, with q ∈ [2, p]. Sowe can conclude that,
βq : Hk

2,abs(M, g) → im(H
k
q,min(M, g) → H

k
q,max(M, g)) is injective as required.

��
The next one is an obvious consequence of Theorem 2.1.

Corollary 2.2 In the setting of Theorem 2.1.

1. If dim(im(Hk
s,∞(M, g) → H

k
∞(M, g)) is finite dimensional then H

k
2(M, g) is

finite dimensional too and

dim(H
k
2(M, g)) ≤ dim(im(Hk

s,∞(M, g) → H
k
∞(M, g))).

2. If p ≥ 2 and H
k
p,max(M, g) is finite dimensional then H

k
2(M, g) is finite

dimensional too and

dim(H
k
2(M, g)) ≤ dim(H

k
p,max(M, g)).

3. If 2 ≤ q ≤ p, (M, g) is p-parabolic and dim(im(H
k
q,min(M, g) →

H
k
q,max(M, g))) is finite dimensional then H

k
2(M, g) is finite dimensional too

and

dim(H
k
2(M, g)) ≤ dim(im(H

k
q,min(M, g) → H

k
q,max(M, g))).
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In the remaining part of this subsection we investigate a kind of converse of The-
orem 2.1. More precisely assuming volg(M) < ∞ we want to find some sufficient
conditions that guarantee that the map Hk

q,max(M, g) → Hk
2 (M, g) induced by the

inclusion Lq�k(M, g) ↪→ L2�k(M, g) is injective.

Theorem 2.2 Let (M, g) be an open incomplete Riemannian manifold of dimension
m > 2. Assume that

• volg(M) < ∞;
• There exists k ∈ {0, ...,m} such that �−

k−1, �
−
k ∈ K(M);

• Im(dk−1,max,q) is closed in Lq�k(M, g) for some 2 ≤ q < ∞;

• We have a continuous inclusion W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g);

• The operator

�k,abs : L2�k(M, g) → L2�k(M, g) equals �F
k : L2�k(M, g) → L2�k(M, g)

and analogously the operator

�k−1,abs : L2�k−1(M, g) → L2�k−1(M, g)

equals�F
k−1 : L2�k−1(M, g) → L2�k−1(M, g).

Then the map

γ : Hk
q,max(M, g) → Hk

2 (M, g)

induced by the continuous inclusion Lq�k(M, g) ↪→ L2�k(M, g) is injective.

Note that the equalities in the fifth item above implies dk−1,max,2 = dk−1,min,2 and
dk,max,2 = dk,min,2. Hence there is a unique L2-cohomology group at the level of
k-forms that we denote with Hk

2 (M, g).

Proof We start with a remark about the notation. For any 1 ≤ p < ∞ and
ω ∈ ker(dk,max,p) with [ω]p we denote the class induced by ω in Hk

p,max(M, g).
Moreover given any 2 ≤ q < ∞ and an arbitrary class [ω]q ∈ Hk

q,max(M, g) with
ω ∈ ker(dk,max,q) a representative for [ω]q , we recall that γ ([ω]q) is defined as the
class induced by ω in Hk

2 (M, g). In other words γ ([ω]q) := [ω]2. Let us now deal
with the proof of the theorem. Assume that γ ([ω]q) = 0, that is dk−1,2η = ω for some

η ∈ D(dk−1,2) ⊂ L2�k−1(M, g). Since H
k
q,max(M, g) = Hk

q,max(M, g) it is enough
to show that

ω ∈ im(dk−1,max,q) ⊂ Lq�k(M, g).

Let {t j } j∈N be a sequence such that 1 > t j > 0 and t j → 0 as j → ∞. Let
η j := e−t j�k−1,absη. We claim that

{η j } j∈N ⊂ Lq�k−1(M, g) ∩ �k−1(M) ∩ D(dk−1,2).
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The inclusion {η j } j∈N ⊂ D(dk−1,2) ∩ �k−1(M) is clear and follows immediately by
the properties of the heat operator. The remaining inclusion {η j } j∈N ⊂ Lq�k−1(M, g)
follows by (26) as we assumed �k−1,abs = �F

k−1 and �−
k−1 ∈ K(M). Now we want

to show that dk−1η j ∈ Lq�k(M, g). First we point out that dk−1,2e−t j�k−1,absη =
e−t j�k,absdk−1,2η, see Proposition 1.2. The latter equality clearly holds true in
L2�k(M, g). On the other hand, we have smooth k-forms on both sides of the equal-
ity. Therefore dk−1,2e−t j�k−1,absη = e−t j�k,absdk−1,2η in �k(M). In this way we are
in position to conclude that dk−1η j ∈ Lq�k(M, g) in that

‖dk−1η j‖Lq�k (M,g) = ‖dk−1e
−t j�k−1,absη‖Lq�k (M,g) = ‖dk−1,2e

−t j�k−1,absη‖Lq�k (M,g)

= ‖e−t j�k,absdk−1,2η‖Lq�k (M,g) = ‖e−t j�k,absω‖Lq�k (M,g) = ‖e−t j�F
k ω‖Lq�k (M,g) < ∞

(29)

with ‖e−t j�F
k ω‖Lq�k (M,g) < ∞ thanks to (25). We can thus conclude that {η j } j∈N ⊂

D(dk−1,max,q) and dk−1,max,qη j = dk−1η j since η j is smooth. Furthermore we note
that dk−1,2η j = dk−1,max,qη j for each j ∈ N as follows by (6). As a next step consider
the sequence {dk−1,max,qη j } j∈N. We know that it is bounded in Lq�k(M, g) as

‖dk−1,max,qη j‖Lq�k(M,g) = ‖dk−1,2e
−t j�k−1,absη‖Lq�k (M,g)

= ‖e−t j�k,absdk−1,2η‖Lq�k(M,g) =
‖e−t j�F

k dk−1,2η‖Lq�k (M,g) ≤ δet j c‖dk−1,2η‖Lq�k (M,g) ≤ δec‖ω‖Lq�k (M,g)

where in the second to last inequality above we have used (25). By the fact that
Lq�k(M, g) is a reflexive Banach space we know that there exists a subsequence
{tu} ⊂ {t j } such that {dk−1,max,qηu} converges weakly to some ζ ∈ Lq�k(M, g), that
is dk−1,max,qηu⇀ζ as u → ∞. Since volg(M) < ∞ we have a continuous inclusion
Lq�k(M, g) ↪→ L2�k(M, g) and therefore dk−1,max,qηu⇀ζ in L2�k(M, g) as u →
∞, see (8). On the other hand using the fact that e−t�k,abs is a strongly continuous
semigroup of contractions, see [43, Prop. 6.14], and keeping in mind that dk−1,2ηu =
dk−1,max,qηu , we can conclude that dk−1,2ηu → ω in L2�k(M, g) in that

lim
u→∞ ‖dk−1,2ηu − ω‖L2�k(M,g) = lim

u→∞ ‖dk−1,2e
−tu�k−1,absη − ω‖L2�k(M,g) =

lim
u→∞ ‖e−tu�k,absdk−1,2η − ω‖L2�k(M,g) = lim

u→∞ ‖e−tu�k,absω − ω‖L2�k (M,g) = 0.

Thus we deduce that ω = ζ in L2�k(M, g) and so ω = ζ in Lq�k(M, g). We are
finally in position to show that ω ∈ im(dk−1,max,q). Thanks to (13) it is enough to
check that

∫
M
g(ω,ψ) dvolg = 0
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for each ψ ∈ ker(dtk−1,min,q ′) with q ′ = q
q−1 . We have

∫
M
g(ω,ψ) dvolg = lim

u→∞

∫
M
g(dk−1,max,qηu, ψ) dvolg

= lim
u→∞

∫
M
g(ηu, d

t
k−1,min,q ′ψ) dvolg = 0.

We can thus conclude that [ω]q = 0 in H
k
q,max(M, g) = Hk

q,max(M, g) as desired.
��

Corollary 2.3 In the setting of Theorem 2.2. If im(dk−1,max,2) is closed in L2�k(M, g)
then γ : Hk

q,max(M, g) → Hk
2 (M, g) is an isomorphism.

Proof We need to check that γ : Hk
q,max(M, g) → Hk

2 (M, g) is surjective. Let

[ω]2 be an arbitrary class in Hk
2 (M, g). Since im(dk−1,max,2) is closed we know that

Hk
2 (M, g) = H

k
2(M, g) and so there exists a unique representative ω of [ω]2 with

ω ∈ Hk
abs(M, g). Thanks to Theorem 2.1 we know that ω induces a nontrivial class

[ω]q ∈ Hk
q,max(M, g). Clearly γ ([ω]q) = [ω]2 and this leads us to conclude that

γ : Hk
q,max(M, g) → Hk

2 (M, g) is surjective and hence an isomorphism. ��

2.2 Heat operator and Lp-Stokes theorem

The goal of this subsection is to provide some sufficient conditions that imply the
validity of the Lq -Stokes theorem. We start with the next lemma which relies on some
ideas already used in the proof of Theorem 2.2.

Lemma 2.1 Let (M, g) be an open and possibly incomplete Riemannian manifold of
finite volume such that

• There exists k ∈ {0, ...,m} such that �−
k , �−

k+1 ∈ K(M);

• �k,abs = �F
k and �k+1,abs = �F

k+1 as unbounded and self-adjoint operators
acting on L2�k(M, g) and L2�k+1(M, g), respectively.

Given 2 ≤ q < ∞ let

Cq := {e−t�k,absη : η ∈ D(dk,max,q), t ∈ (0, 1]}.

Then for every η ∈ D(dk,max,q) there exists a sequence {η j } j∈N ⊂ Cq such that as
j → ∞

η j⇀η and dk,max,qη j⇀dk,max,qη

in Lq�k(M, g) and Lq�k+1(M, g), respectively.
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Proof Ourfirst aim is to show thatCq ⊂ D(dk,max,q). Letη ∈ D(dk,max,q)be arbitrarily
fixed. Since η ∈ Lq�k(M, g) ↪→ L2�k(M, g) and e−t�k,absη is smooth we have

dke
−t�k,absη = dk,2e

−t�k,absη = e−t�k+1,absdk,2η = e−t�k+1,absdk,max,qη

and thus for the Lq norms we have

‖e−t�k,absη‖Lq�k (M,g) ≤ δetc‖η‖Lq�k (M,g) ≤ δec‖η‖Lq�k (M,g)

and

‖dke−t�k,absη‖Lq�k(M,g) = ‖e−t�k+1,absdk,max,qη‖Lq�k(M,g) ≤
δetc‖dk,max,qη‖Lq�k+1(M,g) ≤ δec‖dk,max,qη‖Lq�k+1(M,g)

where in both lines the last inequality follows by (25). This shows that Cq ⊂
D(dk,max,q). Consider now a sequence {t j } j∈N ⊂ (0, 1] with t j → 0 as j → ∞.
Given any η ∈ D(dk,max,q) let η j := e−t j�k,absη. Then

‖η j‖Lq�k (M,g) ≤ δec‖η‖Lq�k(M,g) and ‖dkη j‖Lq�k+1(M,g) ≤
δec‖dk,max,qη‖Lq�k+1(M,g).

Therefore, both sequences are bounded in Lq�k(M, g) and Lq�k+1(M, g), respec-
tively, and since these are reflexive Banach spaces we get that η j⇀α to some
α ∈ Lq�k(M, g) and dk,max,qη j⇀β to some β ∈ Lq�k+1(M, g), as j → ∞.
On the other hand we know that {η j } j∈N ⊂ D(dk,max,2) and using the fact that both
e−t�k,abs and e−t�k+1,abs are strongly continuous with respect to t , see e.g. [43, Prop.
6.14], we have

lim
j→∞ ‖η − η j‖L2�k (M,g) = lim

j→∞ ‖η − e−t j�k,absη‖L2�k (M,g) = 0

and

lim
j→∞ ‖dk,max,2η − dk,max,2η j‖L2�k+1(M,g) = lim

j→∞ ‖dk,max,2η

− dk,max,2e
−t j�k,absη‖L2�k+1(M,g) =

lim
j→∞ ‖dk,max,2η − e−t j�k+1,absdk,max,2η‖L2�k+1(M,g) = 0.

In such a way, thanks to (8), we can conclude that α = η in L2�k(M, g) and β =
dk,max,qη in L2�k+1(M, g) and therefore α = η in Lq�k(M, g) and β = dk,max,qη

in Lq�k+1(M, g) as desired. ��
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Theorem 2.3 Let (M, g) be an open and incomplete Riemannian manifold of
dimension m > 2 such that

• volg(M) < ∞;

• There is a continuous inclusion W 1,2
0 (M, g) ↪→ L

2m
m−2 (M, g);

• (M, g) is q-parabolic for some 2 < q < ∞;
• There exists k ∈ {0, ...,m} such that �−

k , �−
k+1 ∈ K(M);

• �k,abs = �F
k and �k+1,abs = �F

k+1 as unbounded and self-adjoint operators
acting on L2�k(M, g) and L2�k+1(M, g), respectively.

Then, the Lr -Stokes theorem holds true on Lr�k(M, g) for each r ∈ [2, q].
Proof By the fact that volg(M) < ∞ and (M, g) is q-parabolic we know that (M, g)
is r -parabolic for any r ∈ [1, q]. We will prove the theorem only for the case r = q.
The remaining cases 2 ≤ r < q follow in the same manner. As in the previous lemma
let

Cq := {e−t�k,absη : η ∈ D(dk,max,q), t ∈ (0, 1]}.

As a first step we want to show that Cq ⊂ D(dk,min,q). As explained in the proof of
Lemma 2.1 we know that Cq ⊂ D(dk,max,q). Moreover the assumptions allow us to
use (26) to conclude that Cq ⊂ L∞�k(M, g). Thus we know that Cq ⊂ D(dk,max,q)∩
L∞�k(M, g) and so, by using the fact (M, g) is q-parabolic, we are in position to
use [8, Prop. 2.5] to conclude that Cq ⊂ D(dk,min,q). Let us tackle now the statement
of this theorem. Thanks to (11) it amounts to proving that given any η ∈ D(dk,max,q)

we have
∫
M
g(η, dtk,max,q ′ω) dvolg =

∫
M
g(dk,max,qη, ω) dvolg

for each ω ∈ D(dtk,max,q ′) and q ′ = q
q−1 . So let η ∈ D(dk,max,q) and ω ∈ D(dtk,max,q ′)

be arbitrarily fixed. Thanks to Lemma 2.1, the inclusion Cq ⊂ D(dk,min,q) and (11)
we have

∫
M
g(η, dtk,max,q ′ω) dvolg = lim

j→∞

∫
M
g(η j , d

t
k,max,q ′ω) dvolg =

lim
j→∞

∫
M
g(dk,min,qη j , ω) dvolg = lim

j→∞

∫
M
g(dk,max,qη j , ω) dvolg

=
∫
M
g(dk,max,qη, ω) dvolg

where {η j } j∈N ⊂ Cq is any sequence defined as in Lemma 2.1. We can thus conclude
that

dk,max,q : Lq�k(M, g) → Lq�k+1(M, g)

equals dk,min,q : Lq�k(M, g) → Lq�k+1(M, g)
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as desired. ��

Corollary 2.4 In the setting of Theorem 2.3. We have the following equalities:

H
k
r ,max(M, g) = H

k
r ,min(M, g) and Hk

r ,max(M, g) = Hk
r ,min(M, g)

with 2 ≤ r ≤ q. If in addition M is oriented then the Lr -Stokes theorem holds true on
m − k − 1 forms for each r ∈ [ q

q−1 , 2] and consequently

H
m−k−1
r ,max (M, g) = H

m−k−1
r ,min (M, g) and Hm−k−1

r ,max (M, g) = Hm−k−1
r ,min (M, g)

with q
q−1 ≤ r ≤ 2.

Proof The first statement follows at once by Theorem 2.3. Consider now the sec-
ond assertion. Since r ∈ [ q

q−1 , 2] we know that r ′ = r
r−1 ∈ [2, q]) and so by

applying Theorem 2.3 we know that dk,max,r ′ : Lr ′
�k(M, g) → Lr ′

�k+1(M, g)
equals dk,min,r ′ : Lr ′

�k(M, g) → Lr ′
�k+1(M, g). Clearly, this implies immediately

that dtk,max,r : Lr�k+1(M, g) → Lr�k(M, g) equals dtk,min,r : Lr�k+1(M, g) →
Lr�k(M, g). Since M is oriented we have dtk = (−1)mk+1 ∗ dm−k−1∗ which in
turn is easily seen to imply dtk,min /max,r = (−1)mk+1 ∗ dm−k−1,min /max,r∗. We

can thus conclude that dm−k−1,max,r : Lr�m−k−1(M, g) → Lr�m−k(M, g) equals
dm−k−1,min,r : Lr�m−k−1(M, g) → Lr�m−k(M, g) as desired. Finally the last
assertion follows now immediately from the Lr -Stokes theorem. ��

3 Geometric and topological applications

This last section gathers various applications of the previous results to Thom–Mather
stratified spaces and complex projective varieties with isolated singularities. Due to
the extent of the subject we are forced to recall only what is strictly necessary for
our aims. We start with a brief introduction to smoothly Thom–Mather stratified
pseudomanifolds and intersection cohomology.

3.1 Background on Thom–Mather stratified spaces

Since it will be used in the definition below we start by recalling that, given a topolog-
ical space Z , C(Z) stands for the cone over Z that is, C(Z) = Z × [0, 2)/ ∼ where
(p, t) ∼ (q, r) if and only if r = t = 0. We have now the following
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Definition 3.1 A smoothly Thom–Mather stratified pseudomanifold X of dimension
m is a metrizable, locally compact, second countable space which admits a locally
finite decomposition into a union of locally closed strata G = {Yα}, where each Yα is
a smooth, open and connected manifold, with dimension depending on the index α.
We assume the following:

(i) If Yα , Yβ ∈ G and Yα ∩ Y β �= ∅ then Yα ⊂ Y β

(ii) Each stratum Y is endowed with a set of control data TY , πY and ρY ; here TY
is a neighborhood of Y in X which retracts onto Y , πY : TY → Y is a fixed
continuous retraction and ρY : TY → [0, 2) is a continuous function in this tubular
neighborhood such that ρ−1

Y (0) = Y . Furthermore, we require that if Z ∈ G and
Z ∩ TY �= ∅ then (πY , ρY ) : TY ∩ Z → Y ×[0, 2) is a proper smooth submersion.

(iii) IfW ,Y , Z ∈ G, and if p ∈ TY ∩TZ ∩W and πZ (p) ∈ TY ∩ Z then πY (πZ (p)) =
πY (p) and ρY (πZ (p)) = ρY (p).

(iv) If Y , Z ∈ G, then Y ∩ Z �= ∅ ⇔ TY ∩ Z �= ∅ , TY ∩ TZ �= ∅ ⇔ Y ⊂ Z ,Y =
Z or Z ⊂ Y .

(v) For each Y ∈ G, the restriction πY : TY → Y is a locally trivial fibration with
fibre the cone C(LY ) over some other stratified space LY (called the link over Y ),
with atlas UY = {(φ,U)} where each φ is a trivialization π−1

Y (U ) → U ×C(LY ),
and the transition functions are stratified isomorphisms which preserve the rays of
each conic fibre as well as the radial variable ρY itself, hence are suspensions of
isomorphisms of each link LY which vary smoothly with the variable y ∈ U .

(vi) For each j let X j be the union of all strata of dimension less or equal than j , then

Xm−1 = Xm−2 andX \ Xm−2dense inX

The depth of a stratum Y is largest integer k such that there exists a chain of strata
Y = Yk, ...,Y0 such that Y j ⊂ Y j−1 for 1 ≤ j ≤ k. A stratum of maximal depth
is always a closed subset of X . The maximal depth of any stratum in X is called the
depth of X as stratified spaces. Note that if depth(X) = 1 then for any singular stratum
Y ∈ G the corresponding link LY is a smooth manifold. Consider now the filtration

X = Xm ⊃ Xm−1 = Xm−2 ⊃ Xm−3 ⊃ ... ⊃ X0. (30)

We refer to the open subset X \ Xm−2 as the regular set of X while the union of all
other strata is the singular set of X ,

reg(X) := X \ sing(X) with sing(X) :=
⋃

Y∈G,depth(Y )>0

Y .

The dimension of X is by definition the dimension of reg(X). Given two smoothly
Thom–Mather stratified pseudomanifolds X and X ′, a stratified isomorphism between
them is a homeomorphism F : X → X ′ which carries the open strata of X to the open
strata of X ′ diffeomorphically, and such that π ′

F(Y ) ◦ F = F ◦πY , ρ′
F(Y ) ◦ F = ρY for

all Y ∈ G(X). For more details, properties and comments we refer to [2, 13, 14, 36]
and [46]. We recall in addition that important examples of smoothly Thom–Mather
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stratified pseudomanifolds are provided by complex projective varieties or quotient
spaces M/G without one codimensional strata, with M a manifold and G a Lie group
acting properly on M .

As a next step we introduce the class of smooth Riemmanian metrics on reg(X) we
will work with. The definition is given by induction on the depth of X . We recall first
that two Riemannian metrics g and h on a manifold M are said to be quasi-isometric,
briefly g ∼ h, if there exists a real number c > 0 such that c−1h ≤ g ≤ ch.

Definition 3.2 Let X be a smoothly Thom–Mather stratified pseudomanifold and let
g be a Riemannian metric on reg(X). If depth(X) = 0 that is, X is a smooth manifold,
an iterated conic metric on X is any smooth Riemannian metric on X . Suppose now
that depth(X) = k and that the definition of iterated conic metric is given in the case
depth(X) ≤ k − 1; then we call a smooth Riemannian metric g on reg(X) an iterated
conic metric if it satisfies the following properties:

• Let Y be a stratum of X such that Y ⊂ Xi \ Xi−1; by Definition 3.1 for each q ∈ Y
there exist an open neighbourhood U of q in Y such that

φ : π−1
Y (U ) −→ U × C(LY )

is a stratified isomorphism; in particular,

φ : π−1
Y (U ) ∩ reg(X) −→ U × reg(C(LY ))

is a smooth diffeomorphism. Then, for each q ∈ Y , there exists one of these trivi-
alizations (φ,U ) such that g restricted on π−1

Y (U )∩ reg(X) satisfies the following
properties:

(φ−1)∗(g|
π−1
Y (U )∩reg(X)

) ∼ dr2 + hU + r2gLY (31)

where hU is a Riemannian metric defined over U , gLY is an iterated conic metric
on reg(LY ), dr2 + hU + r2gLY is a Riemannian metric of product type on U ×
reg(C(LY )) and with ∼ we mean quasi-isometric.

Sometimes these metrics are called incomplete iterated edge metrics [2] or wedge
metrics [3]. It is easy to check that (reg(X), g) is an incomplete Riemannian manifold
and that volg(reg(X)) < ∞ in case X is compact. A non obvious property is that
iterated conic metrics do exist. We refer to [2] or [13] for existence results. As we will
recall later the importance of this class of metrics stems from its deep connection with
the topology of X . In particular the L p-cohomology groups of reg(X) with respect to
an iterated conic metric are isomorphic to certain intersection cohomology grups of
X .

3.2 Intersection cohomology and Lp-cohomology

In the first part of this subsection we recall the definition of intersection cohomology
and the corresponding Poincaré duality. We will be very brief and we refer to the
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seminal papers of Goresky and MacPherson [24]- [25] and to the monographs [4, 10]
and [33] for in-depth treatments of this subject. For the sake of simplicity we will
state everything in the setting of smoothly Thom–Mather stratified pseudomanifolds
but we warn the reader that the same results hold true in the more general class of
topologically stratified pseudomanifolds. As a first step we need to recall the notion
of perversity.

Definition 3.3 A perversity is a function p : {2, 3, 4, ..., n} → N such that

p(2) = 0 and p(k) ≤ p(k + 1) ≤ p(k) + 1. (32)

Example of perversities are the zero perversity 0(k) = 0, the top perversity t(k) =
k − 2, the upper middle perversity m(k) = [ k−1

2 ] and the lower middle perversity
m(k) = [ k−2

2 ], with [•] denoting the integer part of •. Note that m(k) = m(k) when
k is even. Consider now the standard i-simplex �i ⊂ R

i+1. The j-skeleton of �i is
the set of j-subsimplices. Given a smoothly Thom–Mather stratified pseudomanifold
X we say that a singular i-simplex in X , i.e. a continuous map σ : �i → X , is
p-allowable if

σ−1(Xm−k − Xm−k−1) ⊂ {(i − k + p(k)) − skeleton of �i } for all k ≥ 2.

Note that to each singular stratum Y ⊂ X p assigns the value corresponding to cod(Y ).
Given a field F , the elements of the space I pSi (X , F) are defined as the finite linear
combinations with coefficients in F of singular i-simplex σ : �i → X such that σ

and ∂σ are both p-allowable. It is clear that (I pSi (X , F), ∂i ) is a complex and the
singular intersection homology groups with respect to the perversity p, I pHi (X , F),
are defined as the homology groups of this complex. One of the main success of the
intersection homology is that it allows to restore a kind of Poincaré duality on singular
spaces:

Theorem 3.1 Let F be a field, X a compact and F-oriented smoothly Thom–Mather
stratified pseudomanifold of dimension n and p, q general perversities on X such that
p + q = t . Then the following isomorphism holds:

I pHi (X , F) ∼= Hom(I q Hn−i (X , F), F). (33)

Proof A proof can be found in [25], [4], [33]. ��
We remark that if we denote with I pHi (X , F) the cohomology of the com-

plex (Hom(I pSi (X , F), F), (∂i )
∗) then, using the fact that F is a field, we have

I pHi (X , F) ∼= Hom(I pHi (X , F), F). This concludes our very succinct summary
on intersection cohomology. Nowwe recall some important results that relate analytic
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data on reg(X), such as the L p-de Rham cohomology and the Hodge-de Rham oper-
ator d + dt , with the intersection cohomology of X . Let X be a compact smoothly
Thom–Mather stratified pseudomanifold of dimensionm and let g be an iterated conic
metric on reg(X). Given 2 ≤ r < ∞ we define the following perversities:

pr (k) := [[k/r ]] and qr = t − pr

with [[•]] denoting the greatest integer number strictly smaller than • and t the top
perversity. It is an easy exercise to check that pr and qr are well defined, that is the
properties required inDefinition 3.3 are fulfilled.Moreover for r = 2we have pr = m,
qr = m while if we define � := max{cod(Y ) : Y ∈ G, depth(Y ) > 0} then for any
r ≥ � we have pr = 0 and qr = t . We have now the following

Theorem 3.2 Let X be a compact smoothly oriented Thom–Mather stratified pseudo-
manifold of dimension m and let g be an iterated conic metric on reg(X). We have the
following isomorphisms for each k = 0, ...,m and 2 ≤ r < ∞:

Hk
r ,max(reg(X), g) ∼= I pr Hm−k(X ,R) ∼= I qr Hk(X ,R).

Proof This first isomorphism is due to Cheeger and Nagase for r = 2 and to Youssin
for 2 ≤ r < ∞, see [18], [38] and [49], respectively. The second isomorphism follows
by Theorem 3.1. ��
Corollary 3.1 In the setting of Theorem 3.2. For any k = 0, ...,m and 2 ≤ r < ∞ we
have the following properties

1. Hk
r ,max(reg(X), g) is finite dimensional;

2. im(dk,max,r ) is closed in Lr�k+1(reg(X), g) and so H
k
r ,max(reg(X), g) =

Hk
r ,max(reg(X), g).

Proof The first property above follows by the fact that X is compact and thus
I qr Hk(X ,R) is finite dimensional. The second property follow by the first one, see
[49, p. 578]. ��
Corollary 3.2 In the setting of Theorem 3.2. For any k = 0, ...,m and 2 ≤ r < ∞ we
have the following isomorphisms

Hk
r ′,min(reg(X), g) ∼= I pr Hk(X ,R) ∼= I qr Hm−k(X ,R).

with r ′ = r
r−1 . Moreover Hk

r ′,min(reg(X), g) is finite dimensional, im(dk,min,r ′) is

closed in Lr ′
�k+1(reg(X), g) and H

k
r ′,min(reg(X), g) = Hk

r ′,min(reg(X), g).

Proof The isomorphisms are a consequence of Theorem 3.2, Corollary 3.1 and
Poincaré duality. More precisely thanks to Theorem 3.2 and Corollary 3.1 we
know that Hk

r ,max(reg(X), g) is finite dimensional and thus im(dk−1,max,r ) is
closed in Lr�k(reg(X), g) for each k = 0, ...,m. As recalled in the introduc-
tion this in turn implies that im(dm−k,min,r ′) is closed in Lr ′

�m−k+1(reg(X), g)
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for each k = 0, ...,m. Now Poincaré duality for the Lr -cohomology
(16) tells us that Hm−k

r ′,min(reg(X), g) ∼= (Hk
r ,max(reg(X), g))∗. Eventually we

proved that Hm−k
r ′,min(reg(X), g) ∼= (Hk

r ,max(reg(X), g))∗ ∼= (I pr Hm−k(X ,R))∗
∼= I pr Hm−k(X ,R) ∼= I qr Hk(X ,R). Equivalently Hk

r ′,min(reg(X), g) ∼=
I pr Hk(X ,R) ∼= I qr Hm−k(X ,R). ��

We have now the following

Definition 3.4 Let X be a smoothly Thom–Mather stratified pseudomanifold. We say
that X is Witt if for any Y ∈ G of odd codimension, i.e. cod(Y ) = 2lY + 1, we have
ImHlY (LY ,R) = 0. We say that X is normal if for any Y ∈ G the corresponding link
LY is connected.

In the next theoremwe collect important properties ofWitt/normal smoothlyThom–
Mather stratified pseudomanifold. In particular we will see that Witt spaces enjoy a
true Poincaré duality:

Theorem 3.3 Let F be a field and let X be a compact and F-oriented smoothly Thom–
Mather stratified pseudomanifold.

• If X is Witt then ImHk(X , F) ∼= Hom(ImHn−k(X , F), F).
• If X is normal then I t Hk(X ,R) ∼= Hk(X ,R) and I 0Hk(X ,R) ∼= Hm−k(X ,R).

Proof For the first property see [4, 25, 33]. For the second one we refer to [24, pag.
153]. ��

Finally we come to the last result of this section. Let

d + dt : �•
c(reg(X)) → �•

c(reg(X))

be theHodge-deRhamoperatorwith d = ⊕m
k=0 dk , d

t = ⊕m
k=0 d

t
k and�•

c(reg(X)) =⊕m
k=0 �k

c(reg(X)):

Theorem 3.4 Let X be a compact, smoothly, Thom–Mather–Witt stratified pseudo-
manifold. Then there exist iterated conic metrics g on reg(X) such that

d + dt : L2�•(reg(X), g) → L2�•(reg(X), g)

is essentially self-adjoint.

Proof See [2, Th. 6.1, Prop. 5.4]. ��

3.3 Applications to Thom–Mather pseudomanifolds

From now on we will always assume that reg(X) is connected. Roughly speaking the
main goal of this subsection is to show how in many cases the existence of an iterated
conic metric on reg(X) with the negative part of Lk , the linear term appearing in the
Weitzenböck formula for the k-th Hodge Laplacian �k , in the Kato class of reg(X)
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yields already strong topological constraints. Since they will be used frequently, we
recall here two important properties enjoyed by compact smoothly Thom–Mather
stratified pseudomanifolds of dimension m whose regular part is endowed with an
iterated conic metric:

• (reg(X), g) is parabolic;

• If m > 2 then f ∈ W 1,2
0 (reg(X), g) implies f ∈ L

2m
m−2 (reg(X), g) and the

corresponding inclusion W 1,2
0 (reg(X), g) ↪→ L

2m
m−2 (reg(X), g) is continuous.

For the former property we refer to [9, Th. 3.4] while the latter is proved in [1, Prop.
2.2]. We are now in position for the following

Proposition 3.1 Let X be a compact and oriented smoothly Thom–Mather stratified
pseudomanifold of dimension m such that �−

k ∈ K(reg(X)) for some k ∈ {0, ...,m}.
Then

dim(ker(�F
k )) ≤ dim(I qr Hk(X ,R))

for each r ∈ [2,∞). If X is also normal then

dim(ker(�F
k )) ≤ dim(Hk(X ,R)).

Proof According to [6, Cor. 18] we know that �F
k : L2�k(reg(X), g) →

L2�k(reg(X), g) is a Fredholm operator on its domain endowed with the graph
norm. In particular dim(ker(�F

k )) < ∞ and im(�F
k ) = im((dk−1 + dtk)2,max)

is closed in L2�k(reg(X), g). Now, consider any ω ∈ ker(�F
k ). Using (14) we

know that ω ∈ ker((dk + dtk−1)2,min) and so ω ∈ ker(dk,min,2). Since �k is an
elliptic operator we know that ω is smooth and by Proposition 2.1 we know that
ω ∈ Lr�k(reg(X), g) for any 2 ≤ r ≤ ∞. Thus, we can deduce thatω ∈ ker(dk,max,r )

for any 2 ≤ r ≤ ∞. On the other hand by the fact that ω ∈ ker(�F
k ) we know that if

ω ∈ im((dk−1+dtk)2,max) thenω = 0. In particular ifω ∈ im(dk−1,2,max) thenω = 0,
in that im(dk−1,2,max) ⊂ im((dk−1+dtk)2,max). Using the fact that volg(reg(X)) < ∞
and arguing as in the proof of Theorem 2.1 we get that ω /∈ im(dk−1,r ,max) for
each 2 ≤ r ≤ ∞. This leads us to conclude that ω induces a non trivial class in
Hk
r ,max(reg(X), g) for any 2 ≤ r ≤ ∞ and the corresponding map ker(�F

k ) →
Hk
r ,max(reg(X), g) is injective. Now the first inequality follows by Theorem 3.2 while

the second one follows by Theorem 3.3 and the fact that qr = t for r sufficiently
big. ��

Some of the most interesting applications concern compact smoothly Thom–
Mather–Witt stratified pseudomanifolds.

Theorem 3.5 Let X be a compact and oriented smoothly Thom–Mather–Witt stratified
pseudomanifolds of dimension m > 2. Let g be an iterated conic metric on reg(X)

such that d + dt : L2�•(reg(X), g) → L2�•(reg(X), g) is essentially self-adjoint.
We have the following properties:
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1. If �−
k ∈ K(reg(X)) for some k ∈ {0, ...,m} then Theorem 2.1 holds true for

(reg(X), g) and k. As a consequence

dim(ImHk(X ,R)) ≤ dim(I qr Hk(X ,R))

for any 2 ≤ r < ∞. If X is also normal then

dim(ImHk(X ,R)) ≤ dim(Hk(X ,R)).

2. Let 2 ≤ r < ∞ be arbitrarily fixed. If �−
k−1, �

−
k ∈ K(reg(X)) for some k ∈

{0, ...,m} then the map

γ : Hk
r ,max(reg(X), g) → Hk

2 (reg(X), g)

is injective, see Theorem 2.2. Consequently

dim(ImHk(X ,R)) = dim(I qr Hk(X ,R))

for any 2 ≤ r < ∞. If X is also normal then

dim(ImHk(X ,R)) = dim(Hk(X ,R)).

3. Assume that there exists r ∈ (2,∞) such that each singular stratum Y ⊂ X
satisfies cod(Y ) ≥ r if depth(Y ) = 1 whereas cod(Y ) > r if depth(Y ) > 1. If
�−
k , �−

k+1 ∈ K(reg(X)) for some k ∈ {0, ...,m} then the Lz-Stokes theorem holds
true on Lz�k(M, g) for any z ∈ [2, r ].

Proof Since d+dt : L2�•(reg(X), g) → L2�•(reg(X), g) is essentially self-adjoint
we know that for each j = 0, ...,m, � j,abs : L2� j (reg(X), g) → L2� j (reg(X), g)
equals �F

j : L2� j (reg(X), g) → L2� j (reg(X), g), see Proposition 1.1. More-

over Corollary 3.1 tells us that dim(H j
r ,max(reg(X), g)) < ∞ and im(d j,max,r ) is

closed in Lr� j+1(reg(X), g) for each j = 0, ...,m and 2 ≤ r < ∞. Now it is
clear that Theorem 2.1 holds true for (reg(X), g) and k. Consequently the inequality
dim(ImHk(X ,R)) ≤ dim(I qr Hk(X ,R)) for any 2 ≤ r < ∞ follows immedi-
ately by Theorems 2.1 and 3.2. Finally if X is also normal, by taking r sufficiently
big and using Theorem 3.3, we have dim(ImHk(X ,R)) ≤ dim(I qr Hk(X ,R))

= dim(I t Hk(X ,R)) = dim(Hk(X ,R)). Concerning the second point we are in
position to apply Theorem 2.2 as (reg(X), g) satisfies all the corresponding assump-
tions. Thus γ : Hk

r ,max(reg(X), g) → Hk
2 (reg(X), g) is injective. This, combined

with the first point and Theorem 3.2, implies immediately that dim(ImHk(X ,R)) =
dim(I qr Hk(X ,R)) for any 2 ≤ r < ∞. In particular when X is also normal, by
taking r sufficiently big, we have dim(ImHk(X ,R)) = dim(Hk(X ,R)). Finally by
the assumptions made in the third point we know that (reg(X), g) is r -parabolic, see
[9, Th. 3.4]. Now the conclusion follows by Theorem 2.3. ��
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We observe that it is already well known that the L2-Stokes theorem holds true on
any compact smoothly Witt–Thom–Mather stratified pseudomanifold without any
assumption on the curvature. See [2] and [18]. The novelty of the third point of the
above theorem lies in the cases (2, r ]. Now we point out that when k = 1 the first two
points of the above theorem simplify considerably:

Corollary 3.3 In the setting of Theorem 3.5. Let 2 ≤ r < ∞ be arbitrarily fixed. If
ric− ∈ K(reg(X)) then Theorems 2.1 and 2.2 hold true for (reg(X), g) and k = 1.
Consequently the map

γ : H1
r ,max(reg(X), g) → H1

2 (reg(X), g)

is an isomorphism and

dim(ImH1(X ,R)) = dim(I qr H1(X ,R))

for any 2 ≤ r < ∞. If X is also normal then

dim(ImH1(X ,R)) = dim(H1(X ,R)).

Proof This follows by Theorem 3.5 in the case k = 1 and the corresponding
Weitzenböck formula. ��

Let us now describe a class of examples to which Corollary 3.3 applies. Let M be a
compact and oriented manifold with boundary N := ∂M and interior M := M \ ∂M .
Let us assume what follows: there exist compact manifolds B and F such that N
is the total space of a fiber bundle p : N → B with fibers F and structure group
G induced by a principal G-bundle p̃ : P → B endowed with an arbitrarily fixed
principal connection θ . Moreover we require that F is either even dimensional or
H f /2(F,R) = 0, with f := dim F , that F carries a Riemannian metric h such
that sech ≥ 1 and that G acts on (F, h) by isometries. From now on we fix a G-
atlas AG on the bundle (N , B, p, F). Let TV N be the vertical tangent bundle of
p : N → B. Note that for any (U , ϕU ), (V , ϕV ) ∈ AG with U ∩ V �= ∅ we have
(ϕ∗

Uh)|p−1(U∩V ) = (ϕ∗
V h)|p−1(U∩V ). Let thus ξ ∈ C∞(N , (TV N )∗ ⊗ (TV N )∗) be

the metric on TV N defined by patching together the local metrics ϕ∗
Uh. Let now gB

be an arbitrary Riemannian metric on B and let W be the horizontal subbundle of
T N induced by θ . In this way we have T N ∼= W ⊕ TV N . Let ρ be the Riemannian
metric on N given by ρ := p∗gB + σ with σ the section of T ∗N ⊗ T ∗N induced
by T N ∼= W ⊕ TV N and ξ . As a next step let us consider the fiber bundle π :
(0, 1) × N → B with π(r , x) = p(x) for each x ∈ N and trivializations {(U , φU )}
with φU : π−1(U ) → (0, 1) × U × F given by φU := (Id, ϕU ) and (U , ϕ) ∈ AG .
We endow (0, 1) × N with the metric τ := π∗gB + dr2 + r2σ̃ , with σ̃ = p∗σ and p :
(0, 1)×N → N the projection on the first factor. Note that both p : (N , ρ) → (B, gB)

and π : ((0, 1) × N , τ ) → (B, gB) become Riemannian submersions with totally
geodesic fibers, see [48, Th. 3.5]. Moreover in the former case (p−1(b), ρ|p−1(b))

is isometric to (F, h) for each b ∈ B while in the latter case (π−1(b), τ |p−1(b)) is
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isometric to ((0, 1) × F, dr2 + r2h) for each b ∈ B. Clearly, the construction of the
metric τ can be performed by replacing h with ch where c is any arbitrarily fixed
positive constant. Finally let g be any Riemannian metric on M such that, for some
collar neighborhood ψ : U → [0, 1) × N , we have ψ∗τ = g|U , with U := U \ ∂U .
Let us now continue by introducing the space X defined as X := M/ ∼ with x ∼ y
if and only if x, y ∈ N and π(x) = π(y). It is easy to check that X becomes a
smooth Thom–Mather–Witt stratified pseudomanifold of depth one with one singular
stratum given by B and corresponding link F . In particular the collar neighborhood
ψ : U → [0, 1) × N and the fiber bundle π : (0, 1) × N → B induce on X an
open neighborhood TB of B and a map πB : TB → B which are a retraction and
a locally trivial fibration over B with fiber C(F), respectively. Note that reg(X) is
diffeomorphic to M and therefore reg(X) inherits the metric g from M . It is easy to
check that (reg(X), g) satisfies Definition 3.2. Summarizing X is a Thom–Mather–
Witt stratified pseudomanifold of depth onewhose regular part reg(X) is endowedwith
a conic metric g (sometimes in this setting it is also called incomplete edge metric or
wedge metric).

Proposition 3.2 Let X and g be as describe above. Then:

1. If we scale the metric h by a suitable constant c then the corresponding Hodge-
de Rham operator d + dt : L2�•(reg(X), g) → L2�•(reg(X), g) is essentially
self-adjoint;

2. For any positive c we have ric− ∈ K(reg(X));

Therefore for k = 1, c suitably fixed and any 2 ≤ r < ∞, Theorems 2.1 and 2.2 hold
true. Consequently the map

γ : H1
r ,max(reg(X), g) → H1

2 (reg(X), g)

is an isomorphism and

dim(ImH1(X ,R)) = dim(I qr H1(X ,R))

for any 2 ≤ r < ∞. If X is also normal then

dim(ImH1(X ,R)) = dim(H1(X ,R)).

Proof By [2, Th. 6.1, Prop. 5.4], see also [15] and [41], we know that by rescaling with
a suitable positive constant c the corresponding Hodge-de Rham operator d + dt :
L2�•(reg(X), g) → L2�•(reg(X), g) is essentially self-adjoint. In order to prove the
second point it is enough to show that there exists a constant γ such that secg ≥ γ on
reg(TB). Since (reg(TB), g|reg(TB )) is isometric to ((0, 1) × N , π∗gB + dr2 + cr2σ̃ )

and π : ((0, 1) × N , π∗gB + dr2 + cr2σ̃ ) → (B, gB) is a Riemannian submersion
with totally geodesic fibers we can use [40] to analyze the sectional curvatures of
(reg(TB), g|reg(TB )). More precisely from the third formula in [40, Cor. 1] we can
deduce that there exists a constant δ such that for any q ∈ (0, 1) × N and any pair
of horizontal tangent vectors u, v ∈ Tq((0, 1) × N ) with |u|τ = |v|τ = 1 and
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τ(u, v) = 0, we have secτ (u, v) ≥ γ . The second formula in [40, Cor. 1] tells us
that secτ (u, v) ≥ 0 whenever u, v ∈ Tq((0, 1) × N ) are a vertical and a horizontal
tangent vector, respectively. We are left to examine the case of two vertical tangent
vectors. We know that (π−1(b), τ |p−1(b)) is isometric to ((0, 1) × F, dr2 + cr2h) for
each b ∈ B. The sectional curvatures of ((0, 1) × F, dr2 + cr2h) are nonnegative, as
a consequence of the fact that secch = sech ≥ 1 and the calculations carried out in
[20, p. 27-28] or [34, App. A]. Since π : ((0, 1) × N , τ ) → (B, gB) is a Riemannian
submersion with totally geodesic fibers we can use the first formula in [40, Cor. 1]
to conclude that secτ ≥ 0 on vertical tangent vectors. Summarizing we showed that
(reg(X), g) has sectional curvatures bounded from below and thus, in particular, we
have ric− ∈ K(reg(X)). The remaining statements of this proposition are now an
immediate consequence of Theorem 3.5 and Corollary 3.3. ��

Furthermore, we point out that other examples of stratified pseudomanifolds carry-
ing an (iterated) conic metric with Ricci curvature bounded from below are discussed
in [37] and [47]. We have now the next:

Corollary 3.4 Let X be a compact and oriented smoothly Thom–Mather–Witt
stratified pseudomanifold of dimension m. Assume that dim(ImH1(X ,R)) �=
dim(I qr H1(X ,R) for some 2 ≤ r < ∞. Then there is no iterated conic metric g
on reg(X) such that both d + dt : L2�•(reg(X), g) → L2�•(reg(X), g) is essen-
tially self-adjoint and ric− ∈ K(reg(X)). In particular there is no iterated conic
metric g on reg(X) such that both d + dt : L2�•(reg(X), g) → L2�•(reg(X), g) is
essentially self-adjoint and Ric ≥ c for some c ∈ R.

Proof The first assertion follows immediately by Corollary 3.3. The second one fol-
lows by the first one and the fact that if Ric ≥ c for some c ∈ R then ric ∈ K(reg(X)).

��
We continue with the following vanishing result.

Proposition 3.3 In the setting of Theorem 3.5. The following properties hold true:

1. If Lk ≥ 0 and Lk,p > 0 for some k ∈ {1, ...,m − 1} and p ∈ reg(X) then
ImHk(X ,R) = {0}.

2. If �−
k−1 ∈ K(reg(X)), Lk ≥ 0 and Lk,p > 0 for some k ∈ {1, ...,m − 1} and

p ∈ reg(X) then I qr Hk(X ,R) = {0} for each 2 ≤ r < ∞.

Proof The proof of the first point follows the well known strategy used in the classical
Bochner-type vanishing theorems. Since the manifold is incomplete, integration by
part necessitates a justification. In virtue of (19) and Corollary 3.1 it is enough to show
thatHk

2,abs(reg(X), g) = {0}.Moreover, sincewe are in position to useProposition 1.1,

the previous equality boils down to showing that ker(�F
k ) = {0}. Letω be any k-forms

with ω ∈ ker(�F
k ). As shown in [7, Prop. 3.5] we know that ω ∈ D(∇min) with

∇min : L2�k(reg(X), g) → L2(reg(X), T ∗ reg(X) ⊗ �k(reg(X)), g)

theminimal extensionof the connection∇ : �k
c(reg(X)) → C∞

c (reg(X), T ∗ reg(X)⊗
�k(reg(X))) induced by the Levi-Civita connection. Moreover, by elliptic regularity
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and Theorem 2.1, we know that ω ∈ �k(reg(X)) ∩ L∞�k(reg(X), g), that is ω is
smooth and bounded. Consider now a sequence {φn}n∈N ⊂ Lipc(M, g) that makes
(reg(X), g) parabolic. We have

〈�F
k ω, φ2

nω〉L2�k(reg(X),g) = 〈∇ t (∇ω) + Lkω, φ2
nω〉L2�k(reg(X),g)

= 〈∇ω,∇(φ2
nω)〉L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g) + 〈Lk(φnω), φnω〉L2�k (reg(X),g)

= 〈∇ω, φ2
n∇ω〉L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g)

+ 〈∇ω, 2φn(d0φn) ⊗ ω〉L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g)

+ 〈Lk(φnω), φnω〉L2�k(reg(X),g).

Using the Lebesgue dominate convergence theorem, the Cauchy-Schwartz inequal-
ity and the inequality

‖(d0φn) ⊗ ω‖L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g) ≤ ‖d0φn‖L2�1(reg(X),g)‖ω‖L∞�k(reg(X),g)

we have

lim
n→∞〈�F

k ω, φ2
nω〉L2�k (reg(X),g) = 〈�F

k ω, ω〉L2�k (reg(X),g) = 0,

lim
k→∞〈∇ω, φ2

n∇ω〉L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g) = 〈∇ω, ∇ω〉L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g),

lim
n→∞〈∇ω, 2φn(d0φn) ⊗ ω〉L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g) = 0.

In this way we know that limn→∞〈Lk(φnω), φnω〉L2�k (reg(X),g) exists and

0 = ‖∇ω‖2L2(reg(X),T ∗ reg(X)⊗�k (reg(X)),g) + lim
n→∞〈Lk(φnω), φnω〉L2�k (reg(X),g).

Since 〈Lk(φnω), φnω〉L2�k(reg(X),g) ≥ 0 for each n ∈ Nwe can immediately conclude
that

lim
n→∞〈Lk(φnω), φnω〉L2�k (reg(X),g) = 0 and ∇ω = 0

and thus, thanks to the Kato inequality, we know that |ω|g is constant. Finally let us
examine the term 〈Lk(φnω), φnω〉L2�k(reg(X),g). We can write it as

〈Lk(φnω), φnω〉L2�k (reg(X),g) =
∫
reg(X)

g(Lkφnω, φnω) dvolg

= ‖g(Lkφnω, φnω)‖L1(reg(X),g)

where in the last equality we used that g(Lkφnω, φnω) ≥ 0. Hence can deduce that

lim
n→∞ ‖g(Lkφnω, φnω)‖L1(reg(X),g) = 0
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which in turn implies

lim
n→∞ g(Lkφnω, φnω) = 0

pointwise almost everywhere on reg(X). On the other hand it is clear that

lim
n→∞ g(Lkφnω, φnω) = g(Lkω,ω)

pointwise almost everywhere on reg(X). Thus we get that g(Lkω,ω) = 0 a.e. on
reg(X). As Lk ≥ 0 and Lk,p > 0, the form ω has to vanish in a neighborhood of
p and finally, using the fact that |ω|g is constant, we can conclude that ω = 0. This
concludes the proof of the first point. The second point follows immediately by the
first one and Theorem 3.5. ��
Corollary 3.5 In the setting of Theorem 3.5. If Ric ≥ 0 and Ricp > 0 for some point
p ∈ reg(X) then ImH1(X ,R) = I qr H1(X ,R) = {0} for any 2 ≤ r < ∞.

Proof This follows immediately by Corollary 3.3 and Proposition 3.3. ��
Now we focus on a special case of compact smoothly Thom–Mather stratified

pseudomanifolds. Let M a compact manifold with boundary. Let us denote with ∂M
andM the boundary and the interior ofM , respectively. Let g be any smooth symmetric
section of T ∗M⊗T ∗M that restricts to a Riemannian metric on M and such that there
exists an open neighborhood U of M and a diffeomorphism ψ : [0, 1) × ∂M → U
such that

ψ∗(g|U ) = dx2 + x2h(x)

with h(x) a family of Riemannian metrics on ∂M that depends smoothly on x up to
0. Finally let X be the quotient space defined by M/ ∼ with p ∼ q if and only if p
and q ∈ ∂M . It is immediate to check that X becomes a compact smoothly Thom–
Mather stratified pseudomanifold with only one isolated singularity whose regular
part is diffeomorphic to M . With a little abuse of notation we still denote with g the
Riemannianmetric that reg(X) inherits from (M, g). Clearly Definition 3.2 is satisfied
by (reg(X), g). As we will see, there are at least two important reasons for an in-depth
examination of this class of singular spaces: first we can drop the Witt assumption in
many cases and moreover the topological implications arising from the curvature are
sometimes given in terms of the usual singular homology.

Proposition 3.4 Let X and g be as above with dim(X) = m > 2 and let ν := m/2 if
m is even while ν := (m − 1)/2 if m is odd. We have the following properties:

1. If �−
k ∈ K(reg(X)) for some k ∈ {0, ...,m}, with k �= ν if m is even whereas

k �= ν, ν + 1 if m is odd, then Theorem 2.1 holds true for (reg(X), g) and k.
Consequently

dim(ImHm−k(X ,R)) ≤ dim(I pr Hm−k(X ,R))
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for any 2 ≤ r < ∞. Furthermore if 1 < k < ν we have

dim(Hm−k(X),R) ≤ dim(Hm−k(reg(X),R))

whereas if k = 1 we have

dim(Hm−1(X),R) = dim(im(Hm−1(reg(X),R) → Hm−1(X ,R))).

2. Let 2 ≤ r < ∞ be arbitrarily fixed. If �−
k−1, �

−
k ∈ K(reg(X)) for some k ∈

{0, ...,m}, with k −1, k �= ν if m is even whereas k −1, k /∈ {ν, ν +1} if m is odd,
then the map

γ : Hk
r ,max(reg(X), g) → Hk

2 (reg(X), g)

is an isomorphism, see Theorem 2.2 and Corollary 2.3. Consequently

dim(ImHm−k(X ,R)) = dim(I pr Hm−k(X ,R)).

In particular if 1 < k < ν then

dim(Hm−k(reg(X),R)) = dim(Hm−k(X ,R)).

3. If �−
k , �−

k+1 ∈ K(reg(X)) for some k ∈ {0, ...,m}, with k, k + 1 �= ν if m is even
whereas k, k + 1 /∈ {ν, ν + 1} if m is odd, then the Lz-Stokes theorem holds true
on Lz�k(M, g) for any z ∈ [2,m].

Proof Thanks to [17, Th. 3.7, Th. 3.8] we know that �F
j equals � j,abs for each

j ∈ {0, 1, ...,m}, with j �= ν if m is even while j /∈ {ν, ν + 1} if m is odd. Therefore
Theorem 2.1 holds true for (reg(X), g) and k and hence, arguing as in Theorem 3.5,
we can conclude that

dim(ImHm−k(X ,R)) ≤ dim(I pr Hm−k(X ,R))

for any 2 ≤ r < ∞. Assume now that 1 < k < ν. As showed in [4, Example 4.1.12]
we have

I pHi (X ,R) ∼=
⎧⎨
⎩

Hi (reg(X),R) i < m − 1 − p(m)

im(Hi (reg(X),R) → Hi (X ,R)) i = m − 1 − p(m)

Hi (X ,R) i > m − 1 − p(m)

(34)

with p any perversity. If we choose r big enough we have pr (m) = 0 and thus we
get I pr Hi (X ,R) ∼= Hi (reg(X),R) with 0 ≤ i < m − 1 and I pr Hm−1(X ,R) ∼=
im(Hm−1(reg(X),R) → Hm−1(X ,R)). On the other hand we have seen that
dim(ImHm−k(X ,R)) ≤ dim(I pr Hm−k(X ,R)) and according to (34) we have
ImHm−i (X ,R) ∼= Hm−i (X ,R) if m − i > m − 1 − [m−1

2 ] that is, if i < 1 + [m−1
2 ].
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Since 1 + [m−1
2 ] = m/2 = ν when m is even whereas 1 + [m−1

2 ] = m+1
2 = ν + 1

when m is odd we can conclude that if 1 < k < ν it holds

dim(Hm−k(X ,R)) ≤ dim(Hm−k(reg(X),R))

whereas if k = 1 then

dim(Hm−1(X ,R)) = dim(im(Hm−1(reg(X),R) → Hm−1(X ,R))).

Concerning the second point we are in position to apply Theorem 2.2 and Corol-
lary 2.3. Therefore γ : Hk

r ,max(reg(X), g) → Hk
2 (reg(X), g) is an isomorphism

and dim(ImHm−k(X ,R)) = dim(I pr Hm−k(X ,R)). In particular if 1 < k < ν,
by choosing r sufficiently big and applying (34), the previous equality becomes
dim(Hm−k(reg(X),R)) = dim(Hm−k(X ,R)). Finallywe tackle the last point. Thanks
to [9, Cor. 3.7] we know that (reg(X), g) is z-parabolic for any z ∈ [1,m]. Now it
is clear that all the assumptions of Theorem 2.3 are fulfilled and so the Lz-Stokes
theorem holds true on Lz�k(M, g) for any z ∈ [2,m]. ��
Also in this case we remark that the L2-Stokes theorem was already known without
curvature assumptions, see [17]. The novelty, likewise Theorem 3.5, lies in the cases
(2,m].
Corollary 3.6 In the setting of Proposition 3.4. The following properties hold true:

1. If Lk ≥ 0 and Lk,p > 0 for some p ∈ reg(X) and k ∈ {1, ...,m − 1}, with k �= ν

if m is even whereas k �= ν, ν + 1 if m is odd, then

ImHm−k(X ,R) = {0}.

2. If �−
k−1 ∈ K(reg(X)), Lk ≥ 0 and Lk,p > 0 for some p ∈ reg(X) and k ∈

{1, ...,m − 1}, with k �= ν if m is even whereas k − 1, k /∈ {ν, ν + 1} if m is odd,
then

I pr Hm−k(X ,R) = {0}

for each 2 ≤ r < ∞. In particular if 1 < k < ν then

Hm−k(reg(X),R) = Hm−k(X ,R) = {0}.

3. If Ric ≥ 0 and Ricp > 0 for some point p ∈ reg(X) then

ImHm−1(X ,R) = I pr Hm−1(X ,R) = im(Hm−1(reg(X),R) → Hm−1(X ,R)) = {0}

for any 2 ≤ r < ∞.

Proof This follows immediately by Propositions 3.3, 3.4 and (34). ��
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Clearly the above results can be used to exhibit examples of compact smoothly
Thom–Mather stratified pseudomanifolds with isolated singularities that do not carry
any conic metric having the negative part of Lk in the Kato class. To this aim we have
the next

Proposition 3.5 Let N be a compact and oriented manifold with dim(H1(N ,R)) > 1.
Let M := N × [0, 1] and let X be the space obtained by collapsing the boundary of
M to a point, see Proposition 3.4. Then there is no conic metric g on reg(X) such
that ric− ∈ K(reg(X)). In particular there is no conic metric on reg(X) with Ricci
curvature bounded from below.

Proof Clearly reg(X) ∼= M × (0, 1) and dim(H1(M × (0, 1),R)) =
dim(H1(M,R)) > 1. By using Lefschetz duality we have H1(M × (0, 1),R) ∼=
Hm−1(M, ∂M,R) and finally, as explained for instance in [33, Rmk. 4.4.2], we have
Hm−1(M, ∂M,R) ∼= Hm−1(X ,R). Eventually we showed that dim(Hm−1(X ,R)) >

1.On the other handwehave dim(Hm−1(reg(X),R)) = dim(H1
c (M×(0, 1),R)) = 1,

see [11, Prop. 4.7], and so, by virtue of Proposition 3.4, we can conclude that there is
no conic metric g on reg(X) such that ric− ∈ K(reg(X)) since dim(Hm−1(X ,R)) >

dim(Hm−1(reg(X),R)). The remaining assertions follow immediately. ��
Corollary 3.7 Let N1, N2 be compact and oriented manifolds with dim(H1(N j ,R) >

0, j = 1, 2. Let N := N1 × N2. Then, with the same notation as in Proposition 3.5,
there is no conic metric g on reg(X) with ric− ∈ K(reg(X)). In particular there is no
conic metric on reg(X) with Ricci curvature bounded from below.

Proof This follows immediately by Proposition 3.5 as dim(H1(N ,R)) > 1. ��
In view of the next corollary we recall that �N , the suspension of N , is defined

as �N := N × [0, 1]/ ∼ with p ∼ q if and only if either p, q ∈ N × {0} or
p, q ∈ N × {1}.
Corollary 3.8 Let N be a compact and oriented manifold with dim(H1(N ,R) > 1.
Then there is no conic metric g on reg(�N ) with ric− ∈ K(reg(�N )). In particular
there is no conic metric on reg(�N ) with Ricci curvature bounded from below.

Proof It is easy to note that �N is the normalization of X , with X defined as in
Proposition 3.4. Since I pHk(X ,R) ∼= I pHk(�,R), see [4, Th. 6.6.6] or [24, pag.
151], the conclusion follows immediately from Propositions 3.4 and 3.5. ��

3.4 Applications to complex projective varities

The last part of this paper contains some applications to complex projective varieties.
For the corresponding definitionswe refer to [27]. Let us consider a complex projective
variety V ⊂ CP

n of complex dimension v and such that dim(sing(V )) = 0. Let us
denote with h the Kähler metric on reg(V ) induced by g, the Fubini-Study metric on
CP

n . We have the following:
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Theorem 3.6 Let V and h be as above with v > 1. Assume that �−
k ∈ K(reg(V )) for

some k ∈ {0, ..., 2v}, k /∈ {v ± 1, v}. Then

dim(ImHk(V ,R)) ≤ dim(I t Hk(V ,R)). (35)

If V is normal then

dim(ImHk(V ,R)) ≤ dim(Hk(V ,R)). (36)

If 1 < k < v − 1 then

dim(H2v−k(V ,R)) ≤ dim(H2v−k(reg(V ),R))

whereas if k = 1 we have

dim(H2v−1(V ),R) = dim(im(H2v−1(reg(V ),R) → H2v−1(V ,R))).

Finally if we assume that Lk ≥ c and Lk,p ≥ c for some p ∈ reg(V ), then

ImHk(V ,R) = {0}.

Proof It is well know that (reg(V ), h) is an incomplete Kähler manifold of finite
volume. For instance this can be easily deduced using a resolution of singularities
π : M → V . Moreover we know that the Sobolev inequality (27) holds true for
(reg(V ), h), see [35, Eq. (5.5)], and �F

j : L2� j (reg(V ), h) → L2� j (reg(V ), h)

equals � j,abs : L2� j (reg(V ), h) → L2� j (reg(V ), h) when j �= {v, v ± 1}, see [26,
Th. 1.2]. Furthermore thanks to [39] we know that H j

2,max(reg(V ), h) ∼= ImH j (V ,R)

for each j = 0, ..., 2v which in turn implies that dim(H j
2,max(reg(V ), h)) < ∞

and im(d j,max,2) is closed in L2� j+1(reg(V ), h) for each j . Hence thanks to Theo-
rem 2.1, Proposition 1.1 and the above remarks we know that α∞ : Hk

2 (reg(V ), h) →
im(Hk

s,∞(reg(V ), h) → H
k
∞,max(reg(V ), h)) is injective. Now using the isomor-

phism H j
s,∞(reg(V ), h) ∼= I t H j (V ,R) for each j = 0, ...2v, see [45, Th. 1.2.2], we

can conclude that

dim(ImHk(V ,R)) ≤ dim(I t Hk(V ,R))

and

dim(ImHk(V ,R)) ≤ dim(Hk(V ,R))

provided V is normal. This shows the first two statements above. Concerning the third
and the fourth onewe know that (34) holds true for V aswell, see [24, § 6.1]. In thisway
wehave H j

2,max(reg(V ), g) ∼= H2v− j (V ,R) for 2v− j > 2v−1−[ 2v−1
2 ], that is j < v,

and H j
s,∞(reg(V ), h) ∼= I t H j (V ,R) ∼= I 0H2v− j (V ,R) ∼= H2v− j (reg(V ),R) when
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1 < j ≤ 2v while H1
s,∞(reg(V ), h) ∼= I 0H2v−1(V ,R) ∼= im(H2v−1(reg(V ),R) →

H2v− j (V ,R). Hence, keeping in mind that (35) holds true for k /∈ {v ± 1, v}, we can
conclude that

dim(H2v−k(V ,R)) ≤ dim(H2v−k(reg(V ),R))

if 1 < k < v − 1 whereas if k = 1

dim(H2v−1(V ,R)) = dim(im(H2v−1(reg(V ),R) → H2v−1(V ,R))).

Finally the last assertion follows using the first assertion of Proposition 3.3. ��
Corollary 3.9 Let V and h be as above with v > 1. The following properties hold true

1. If ric− ∈ K(reg(V )) then

dim(ImH1(V ,R)) ≤ dim(I t H1(V ,R)).

In particular if V is normal then

dim(ImH1(V ,R)) ≤ dim(H1(V ,R)).

2. If Ric ≥ 0 and Ricp > 0 for some p ∈ reg(V ), then

ImH1(V ,R) = I 0H2v−1(V ,R) = im(H2v−1(reg(V ),R) → H2v−1(V ,R)) = {0}.

Proof This follows immediately by Propositions 3.3, 3.6 and (34). ��
Corollary 3.10 Let V be as above. If dim(H2v−1(V ,R)) > dim(im(H2v−1(reg(V ),

R) → im(H2v−1(V ,R)) then there is no Riemannian metric ρ on CP
n with

ric−
σ ∈ K(reg(V )), where σ denotes the Riemannian metric induced by ρ on reg(V ).

In particular there is no Riemannian metric onCPn that induces a Riemannian metric
on reg(V ) with Ricci curvature bounded from below.

Proof This follows immediately by Proposition 3.6, the fact that ρ is quasi-
isometric to the Fubini-Study metric and that the L2-cohomology is stable through
quasi-isometries.

��
Using the above results we construct now some examples of singular projec-

tive varieties with only isolated singularities and such that ric− /∈ K(reg(V )). Let
N ⊂ CP

s be a smooth projective variety of complex dimension n > 1. Assume that
dim(H1(N ,R)) ≥ 1. Let V be the projective cone of N . We recall that V is the
Zariski closure of C(N ) in CP

s+1 and C(N ), the affine cone over N , is defined as
C(N ) = {0, ..., 0} ∪ θ−1(N ) with θ : Cs+1 \ {0, ..., 0} → CP

s the map that sends the
point with affine coordinates (a0, ..., as) to the point with homogeneous coordinates
[a0 : ... : as], see [30, p.12]. Then it is easy to check that V has only one isolated
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singularity sing(V ) = {[0 : ... : 0 : 1]}. Let h be the metric on reg(V ) induced
by the Fubini-Study metric of CPs+1. We want to show that ric− /∈ K(reg(V )). To
this aim we use (35) and we prove that dim(ImH1(V ,R)) > dim(I t H1(V ,R)).

Concerning ImH1(V ,R) we have dim(ImH1(V ,R)) = dim(H1(reg(V ),R)) =
dim(H1(N ,R)) ≥ 1 as N and reg(V ) are homotopically equivalent. For the other
cohomology group, using [24, § 6.1] we have

dim(I t H1(V ,R)) = dim(im(H1
c (reg(V ),R) → H1(reg(V ),R)))

≤ dim(H1
c (reg(V ),R)) =

dim(H2n+1(reg(V ),R)) = dim(H2n+1(N ,R)) = 0.

Note that the equalities in the second line above follow by the fact that N and reg(V )

are homotopically equivalent and that the real dimension of N is 2n. We can thus
conclude that ric− /∈ K(reg(V )) as desired.
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