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Abstract

We discuss isoperimetric inequalities for the magnetic Laplacian on bounded domains
of R? endowed with an Aharonov—Bohm potential. When the flux of the potential
around the pole is not an integer, the lowest eigenvalue for the Neumann and the
Steklov problems is positive. We establish isoperimetric inequalities for the lowest
eigenvalue in the spirit of the classical inequalities of Szegdé—Weinberger, Brock and
Weinstock, the model domain being a disk with the pole at its center. We consider
more generally domains in the plane endowed with a rotationally invariant metric,
which include the spherical and the hyperbolic case.
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1 Introduction

The question of the isoperimetric inequalities for the eigenvalues of the Laplacian (in
particular for the first nonzero eigenvalue) is a long standing problem. Let us give a
short and partial summary in the case of bounded domains of the Euclidean space
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which will be the main topic of the present paper. It began with the celebrated Faber—
Krahn inequality [17]: for Dirichlet boundary conditions, among all bounded domains
of given volume, the first eigenvalue is minimized by the ball. For spaces of constant
curvature the result can be found in [7]. For Neumann boundary conditions, among
all bounded domains of given volume with Lipschitz boundary, the second eigen-
value (i.e., the first nonzero) is maximized by the ball. This is the Szeg6—Weinberger
inequality [23, 24]. This inequality has been extended to bounded domains in spaces of
constant curvature by Ashbaugh and Benguria [3] (see also [4]). For Robin boundary
conditions with positive parameter, the ball also realizes the minimum [8]. For other
operators, similar results exist. For the Steklov problem, the second eigenvalue (the
first nonzero) is maximized by the ball among the bounded open domains of given
volume with Lipschitz boundary: this is the inequality of Brock [5]. However, if we
consider the domains of R? with boundary of given length, the second eigenvalue is
maximized by the disk only among all simply connected domains. This is the inequal-
ity of Weinstock [25]. There exist annuli with larger second eigenvalue. Again, we
refer to [4, 7] for more discussion and generalizations. Note that, even if we will not
go in this direction, the maximization or minimization of higher eigenvalues is inten-
sively studied, see for example [6] for the second nonzero eigenvalue of the Neumann
problem and [14] for the third eigenvalue of the Robin problem.

In this paper we will be mainly concerned with the Neumann problem for the
Aharonov-Bohm magnetic Laplacian on domains of R? (see (1)~(3)) and with the
corresponding Steklov problem (see (1)—(4)).

The problems under consideration are instances of how the Aharonov—Bohm effect
has an influence on the bound states of a quantum particle. Roughly speaking, the
Aharonov—-Bohm effect can be described as follows: consider an impenetrable region
(typically, an ideal solenoid) where a magnetic field is confined, while a charged
quantum particle is placed outside the impenetrable region (i.e., the wave function
describing the particle vanishes near the boundary of the solenoid). It turns out that
the Hamiltonian of the particle is influenced by a vector potential A which generates
the magnetic field, even if the magnetic field vanishes outside the solenoid. This
effect has been predicted by Ehrenberg and Siday [10], and discussed analytically
ten years later by Aharonov and Bohm [1], and has been validated then by a series
of experiments, especially in the framework of the scattering of the electrons from a
magnetic solenoid. The Aharonov—Bohm effects illustrates the physicality of magnetic
potentials (energies) in quantum mechanics, which were classically considered just
mathematical artifices for computational purposes, contrarily to fields (forces), the
core of Newtonian physics. Other theoretical consequences concerning local/global
nature of electromagnetic effects can be deduced. Nevertheless, there have been many
disputes on the effective existence of the Aharonov—Bohm effect, and it has been
argued that experiments (mainly involving scattering situations) do not really confirm
the theory. On the other hand, if we consider the Aharonov—Bohm effect on bound
states, which is the main topic of our paper from a mathematical point of view, there
are no more ambiguities, as discussed in [15, 22]. The mathematical problems which
we study, namely problem (3)—(4) with potential (1), describe the motion of a quantum
particle in a region £2 of a plane perpendicular to a magnetic solenoid of arbitrarily
small radius R (in experiments, smaller that de Broglie wavelength of the electron).
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It turns out that the eigenvalues of the corresponding Hamiltonian feel in some sense
a shift which is related to the flux of the vector potential along closed paths (modulo
integers), as described in [22]. In particular, for Neumann boundary conditions on the
boundary of §2, the ground state needs not to be zero, and this poses fundamental
mathematical questions concerning isoperimetric inequalities and eigenvalue bounds.

In the case of the Neumann problem (3), we will also consider the Aharonov—Bohm
magnetic Laplacian on domains of surfaces of revolution (in particular, the standard
sphere S? and the standard hyperbolic space H?). Most of the time, the first eigenvalue
of this kind of problem is strictly positive and its study difficult. For example, for
the magnetic Laplacian with constant non zero magnetic field and Dirichlet boundary
condition in R?, it is known that the first eigenvalue is minimized by the disk among
all domains of given area: this was shown in [11] and the proof is quite involved. To
our knowledge, a similar result is not known in S? or H2. However, for the magnetic
Laplacian with constant magnetic field and magnetic Neumann boundary condition, it
is no longer true that the disk maximizes the first eigenvalue: even for simply connected
domains, the question is open, see [12, Question 1, Remark 2.4 and Proposition 3.3].
More information can be found also in [13, §4 and §5]. Still for the case of constant
magnetic field, we mention [19, 20] for bounds on Dirichlet and Neumann eigenvalues
of certain families of domains, and [16] for an isoperimetric inequality for the Robin
problem.

In the case of R2, we show that, among all domains of given area, the disk with
the singularity of the magnetic field at the center is the unique maximizer of the first
eigenvalue, which is positive provided that the flux is not an integer. This is a reverse
Faber—Krahn inequality, that we obtain in the spirit of Szego—Weinberger [23, 24]. For
the Steklov problem we prove two isoperimetric inequalities for the first eigenvalue,
which, again, is positive if the flux is not an integer. These correspond to the inequalities
of Weinstock and of Brock [5, 25].

For the Neumann problem, we obtain similar results for domain of S? and H2. The
result will be a consequence of a general isoperimetric inequality for the Schrodinger
operator on a manifold of revolution with radial, non-negative, and radially decreasing
potential, that we will prove here (see Theorem 6).

We finally remark that the Faber—Krahn inequality for the magnetic Dirichlet prob-
lem with Aharonov—Bohm potential is trivial: the first eigenvalue is minimized by
that of the usual Laplacian on the disk, among all bounded domains of given area.
A simple argument to see this comes from the diamagnetic inequality [21, Theo-
rem 7.21], namely |V|u|| < |VAul|, where u is any smooth complex-valued function
in the magnetic Sobolev space associated with the magnetic Dirichlet problem with
Aharonov-Bohm potential A, and V4 u is the magnetic gradient of u (see“Appendix A”
for precise definitions). This pointwise identity implies that the first Dirichlet magnetic
eigenvalue on any domain is lower bounded by the first eigenvalue of the Dirichlet
Laplacian on that domain. Therefore, by the standard Faber—Krahn inequality, it is
lower bounded by the first eigenvalue of the Dirichlet Laplacian on a disk with the
same area.
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2 Notation and Statement of Results

Let £2 be a smooth bounded domain of R? with a distinguished point xo = (a, b) and
consider the one-form

xo—b X1 —a

Ay =
T T a2+ (o — b)2 (X1 —a)? + (x2 — b)2

Xx2. ey

The one-form Ay,,, = vAo will be called Aharonov—Bohm potential with pole xo and
flux v. Note that Ag is smooth, closed, co-closed (hence harmonic) on R? \ {xo}, and
is singular at xq; it gives rise to a zero magnetic field (B = dAy,,, = 0). Recall that
the flux of A around a loop ¢ : [0, L] — R? is

! A = —/ A (1))dt 2)
o
where we assume that c¢ is travelled once in the counterclockwise direction (even
though the direction or the number of turns have no effect on our results). We also say
that a closed form A has flux v around x if the flux of A around any loop enclosing
xo is v: since A closed, this definition does not depend on the loop c. In particular, let
I" be the outer boundary of €2; if xo is inside I', then v is the flux of Ay , around I'.
Let Ay, , be the magnetic Laplacian with potential Ay, ,: it is the operator

Apy = A+ Ay o Pu +2i(Vuu, Ay )

acting on complex valued functions u (the sign convention is that Au = — ). 9 j x] Rz
Of course, we can always assume that x is the origin.

We will also consider the case when the ambient space is a two-dimensional man-
ifold of revolution (M, g) with pole xo and polar coordinates (r, t), where r is the
distance to xg. In this case, we consider the form Ay = d¢, which is harmonic (closed
and co-closed), and with flux 1 around xg.

In this paper, we consider the eigenvalue problem for Ay, , with magnetic Neu-
mann conditions:

Apggott = A, in £2, 3)
(Vu —iuAy, v, N)=0, ondf2,
and also the magnetic Steklov eigenvalue problem:
Apyy ot =0, in £2, @
(Vu —iuAy,, N) =ou, ondf2.

Here N is the outer unit normal to d52. With abuse of notation we still denote by
Ay,,v the potential dual to the 1-form Ay, ,. We also denote by VA0 y the vector
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field
VAXU'”M = Vu — iMAxO,U

which is called magnetic gradient. Therefore, the magnetic Neumann condition reads
(VA0 y, NY = 0, while the magnetic Steklov condition is (VA0 y, NY = ou.

We will prove in “Appendix A” that each of these two problems admits an infinite
discrete sequence of eigenvalues of finite multiplicity. We will denote by A1(£2, Ay, )
the first eigenvalue of Problem (3) and by o (§2, A, ,v) the first eigenvalue of Problem
(4). These two eigenvalues are non-negative for all v € R and are strictly positive if
and only if v ¢ Z (in particular, when xo € £2¢ and the flux of A, , is 0 in £2, we set
v = 0); in particular, when v € Z, the two spectra of problems (3) and (4) reduce to
the corresponding spectra of the Laplacian A (i.e., when Ay, , = 0, see “Appendix
A”).

In the sequel, we will often suppose that v ¢ Z, so A1(§2, Ay,,v) and 01(82, Axy,v)
are both positive.

The first result is a reverse Faber—Krahn inequality for the first eigenvalue of
the Neumann problem whose proof is based on the well-known Szeg6—Weinberger
approach [23, 24].

Through all the paper, by |§2| we denote the Lebesgue measure of a smooth bounded
domain £2, and by |92 the length of its boundary.

Theorem 1 Let 2 be a smooth bounded domain in R? or H?, and let Ayyv be the
Aharonov—Bohm potential with pole at xo and flux v. Let B(xo, R) be the disk with
center xo and radius R such that |B(xg, R)| = |$2|. Then

A1(82, Axo,v) < A (B(xp, R), Axo,v); 4)
if v ¢ Z, equality holds if and only if 2 = B(xg, R).

We will observe that Theorem 1 extends to domains in the manifold (R?, g) where
g is a complete, non-positively curved, rotationally invariant metric around xo, the
pole of the magnetic potential (see Sect. 4.1).

This theorem will be a consequence of a more general result about an isoperimetric
inequality for Schrodinger operators on revolution manifolds with pole x( and radial
potential V that we will present in Sect. 3. In fact, Theorem 1 holds also in this setting,
under suitable hypothesis on the function describing the density of the Riemannian
metric in standard polar coordinates.

The case of the sphere S? is more involved. We are able to show a similar result to
Theorem 1 only if the domain is contained in a hemisphere centered at the pole xg.

Theorem 2 Let $2 be a smooth domain contained in a hemisphere centered at xq, and
let Ay,,v be the Aharonov—Bohm potential with pole at xo and flux v. Let B(xo, R) be
the disk in S? with center xo and radius R such that |B(xq, R)| = |2|. Then

)‘-l(QaAX(),U) S )\I(B(X(L R)vA)C(),U); (6)
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if v & Z, equality holds if and only if 2 = B(xo, R).

Note that the analogous result for the second eigenvalue of the Neumann Laplacian
is proved in [3]. However, for simply connected domains we can do better.

Theorem 3 Let 2 be a smooth simply connected domain in S* with |2| < 2w and
—xo ¢ §2, and let Ay, , be the Aharonov—Bohm potential with pole at xo and flux v.
Let B(xq, R) be the disk in S? with center xo and radius R such that | B(xg, R)| = |£2|.
Then

A1(82, Axo,v) < M (B(xo, R), Axo,v); 7

if v & Z, equality holds if and only if 2 = B(xo, R).

The next result is the analogous of Brock’s inequality [5] for the first Steklov
eigenvalue on planar domains:

Theorem 4 Let §2 be a smooth bounded domain in R* and let A xo,v be the Aharonov—
Bohm potential with pole at xo and flux v. Let B(xq, R) be the disk with center xy and
radius R such that |B(xg, R)| = |$2|. Then

ﬂinﬂv—kl. ®)

o1(52, Axo,v) < o1(B(x0, R), Axo,v) = m oz

If v ¢ 7, equality holds if and only if 2 = B(xo, R).
Finally, we prove the analogue of Weinstock’s inequality [25]:

Theorem 5 Let 2 be a smooth bounded and simply connected domain in R* and let
Ax,.v be the Aharonov—Bohm potential with pole at xo and flux v. Let B(xq, R) be the
disk with center xo and radius R such that |0 B(xg, R)| = |082]|. Then

2 .
01(82, Axg,v) < 01(B(x0, R), Ayxy,v) = 5]l zilen;lv — k. )

Ifv & Z, equality holds if and only if 2 = B(xg, R).

Note that the upper bounds of Theorems 4 and 5 correctly reduce to zero whenever
the flux is an integer.

We stated Theorem 5 for planar, simply connected domains, however it extends to
any Riemannian surface with boundary.

We conclude this section with a few remarks. It is natural to ask what happens for
the second eigenvalue of (3) and (4), at least on planar domains. One immediately
observes that Theorems 1 and 4 no longer hold, in the sense that the ball punctured

’ 2
(Zl—infkezh;—k\,l)

at the origin is not a maximiser. In fact, A2(B(xg, R), Ax,v) = =
@ )?

R2

when v ¢ Z. Here Z;L | denotes the first positive zero of the derivative of the
@ )?

Bessel function J,, (see “Appendix B.3”). We recall that ;éz

is exactly the second
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Neumann eigenvalue of the Laplacian on a ball of radius R. Analogously, we have
| —infyezlv — k| « : . 1.

02(B(xp, R), Axy,v) = —r < % (see “Appendix B.4”), and 5 is the
second Steklov eigenvalue of the Laplacian on B(xg, R). However, for problem (3)
(4), it can be shown that the disjoint union of two balls with suitable radii, and one of
them centered at the pole, and total area 77, has second eigenvalue strictly greater than
that of the standard Neumann (Steklov) eigenvalue on B(0, 1). Therefore we are left
with the following

Open problem 1. Find (if it exists) a maximiser for the second Neumann (Steklov)
Aharonov-Bohm eigenvalue among all smooth bounded domains in R.

As for inequality (9), preliminary calculations show that it holds for all circular
annuli in R2, but it fails in the case of long cylinders. In fact, when £2 = St x (=L, L),
the first Steklov eigenvalue is given by infzez|v — k| tanh (infgcz|v — k|L), hence (9)
does not hold for L > Lo, with L sufficiently large. We are left with the following

Open problem 2. Does inequality (9) hold for all doubly connected domains of
the plane?

The present paper is organized as follows. In Sect. 3 we prove an isoperimetric
inequality for the first (positive) Neumann eigenvalue of the Schrodinger operator
A+ V on domains in manifolds of revolution, under suitable hypothesis on the poten-
tial V and on the density of the Riemannian metric (Theorem 6). In Sect. 4, Theorem
6 is applied to the magnetic Neumann spectrum. In particular, in Sect. 4.1 the reverse
Faber—Krahn inequality is proved for manifolds of revolution (Theorem 9). As a con-
sequence, we prove that it holds for domains in R? and H?, (Corollary 10). In Sect.
4.2 it is proved for spherical domains contained in a hemisphere centered at the pole
(Theorem 12). In Sect. 4.3 we prove the isoperimetric inequality for spherical simply
connected domains with area less than 27 (Theorem 14). In Sect. 5 we prove Brock’s
inequality for planar domains (Theorem 15), and Weinstock’s inequality for planar
domains (Theorem 16).

We have included in this article a quite complete set of appendices, where we discuss
the functional and geometrical setting for the magnetic problems that we consider. In
particular, we will compute explicitly the Neumann and Steklov spectrum for the unit
disk.

In “Appendix A” we provide the basic spectral theory for problems (3) and (4).
“Appendix B” contains a more explicit description of the eigenvalues and the eigen-
functions of the magnetic Neumann and Steklov problems on disks in manifolds of
revolution (see “Appendices B.1”” and B.2). These facts, which have an interest on their
own, are crucial for the proofs of the main Theorems. In “Appendices B.3” and B.4
we describe the eigenfunctions and eigenvalues on disks in R?. Finally, in “Appendix
C” we prove the conformal invariance of the Aharonov—-Bohm energy which is crucial
in the proof of Weinstock’s inequality.
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3 Isoperimetric inequality for Schrodinger operators

In this section, £2 will be a bounded smooth domain in a n-dimensional manifold of
revolution (M, g) with pole xo. With D we denote the diameter of M (which can be
infinite) and with Do we denote the diameter of £2.

We recall that a smooth n-dimensional Riemannian manifold (M, g) with a dis-
tinguished point xo is called a revolution manifold with pole xo if M \ {xo} is
isometric to (0, D] x $"~! whose metric is, in normal coordinates based at the pole,
g = dr2+®(r)2gsn_1,forr € (0, D).Here ®(0) = ©”(0) = 0,0'(0) = 1,and ggu-1
is the standard metric on the n — 1-dimensional sphere. The density of the Riemannian
metric on M in normal coordinates is given by \/detg = @"~1(r) = 6(r).

It is known that, for space forms of constant curvature K = 0, —1, 1 we have:

pn=l if K =0,
@) = §sinh™ () ifK =—1,
sin”~'(r) if K = 1.

In general, we have 6 > 0 on (0, D). We refer to “Appendix B” for more information
on manifolds of revolution.

We discuss here an isoperimetric inequality for the first eigenvalue of the
Schrodinger operator:

Au+Vu=>Aiu, in $2, (10)
(Vu, N) =0, on 052.
Note that the results of this section can be applied to manifolds of revolution of any
dimension n > 2.
Assumptions on the potential V.

1. the potential V is smooth on M \ {x¢}, non-negative and radial with respect to xg,
thatis, V = V(r);

2. V is non-increasing on (0, D) : V/(r) < 0on (0, Dg);

.0’V +2V?0 < 0on (0, R), where R > 0 is such that | B(xq, R)| = |£2];

4. there exists a first eigenfunction u of (10) on B(xg, R) which is non-negative, radial
and non-decreasing in the radial direction: u” > 0.

(O8]

We consider the following number:

2 2
M@, A+V)= inf JoIVul” + Vur. (11
0£ueH} (2) f_q u?
where H‘l,(.Q) ={ue HY(2): V12y € L?(£2)},and H'(£2) is the standard Sobolev
space of square integrable functions with square integrable weak first derivatives. Since
V is non-negative, the infimum in (11) exists and is non-negative. We are ready to
state the main result of this section.
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Theorem 6 Let $2 be a smooth bounded domain in a manifold of revolution M with
pole at xo. Let B = B(xq, R) be the ball centered at xy with the same volume of 2.
Let Assumptions 1-4 hold. Then

(82, A+V) = hi(B(xo, R), A+ V).

Equality holds if and only if 2 = B(xg, R).

If the spectrum of (10) is discrete in its lower portion, the number A1 (£2, A+ V) is
the first eigenvalue. This is the case of regular potentials (e.g., V € L"/? forn > 3 or
V e L', 8 > 0 for n = 2), but also of singular potentials of the form ‘r’—j (inverse-
square potentials). In both these cases, the whole spectrum is purely discrete and made
of non-negative eigenvalues of finite multiplicity diverging to +oc0.

Let now B(xg, R) be the ball of radius R centered at the pole xo and assume
that there exists a first eigenfunction of (10) on B(xg, R) which is non-negative (and
therefore radial, as V is radial) and non-decreasing with respect to r. Let us denote
this function by u = u(r). It satisfies

/

0
" / _ _ :
W'+ 0= V=0, in (0. R), (12)

u'(R) =0,

where A = A1(B(xg, R), A + V) is the first eigenvalue.
In order to prove Theorem 6 we need the following lemma:

Lemma7 Let u = u(r) be a solution of (12) such that u > 0 and u’ > 0 on (0, R).
Let

F(r)=u'(r)? + V(ru@r)?
IfV' <0o0n (0,R) and 0'V' +2V?6 < 0on (0, R), then one has:
F'(ry<o

on (0, R).

Proof One has:

/

6
F' =2u'u" + V'u?> +2Vuu' = 21/( - 51/ —— V)u) + V'u? +2Vuu'
6’ o’
= —2;1/2 — 20 + VP +4vuu < —251/2 + VU +4vud

because # > 0 and u’ > 0. Now:

Vo oN2 V2
71/) —4—y"”,

V'u? +4Vuu' = V/<u +2 v
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and we have:

/ V2 2
/ _ 2 / /
F < 2(—0 +2—V/>u +V (u+2—u) .

As V' < 0 we conclude:

o V3 ,

If0'V’' 4+ 2V?26 < 0 then, dividing by 0V’ (which is non-positive) we indeed have

Z 42— >0
g Tev S

which guarantees that F’ < 0.

Proof (Proof of Theorem 6) Define the radial function f : M — R as follows:

u(r) forr <R,

Fry = {M(R) forr > R.

We note that, by construction, f|, € H‘l, (£2), therefore it is possible to use it as test
function in (11).

We start by observing that, by assumption |2 N B¢| = |£2¢ N B|, so that, since u
is increasing, we have u(r) < u(R) and

/szz/Buz.

In fact:

f f2=/ f2+f f2=/ u® +u(R)*|2 N B°|
2 22NB 2NB* 2NB

=/ u2+u(R)2|.QcﬂB|2/ u2+/ u2=/ ur.  (13)
£22NB $2NB 2¢°NB 2

We have to control the energy. Since F(r) = u2(r) + V(r)u?(r) is decreasing, f
is constant, equal to u(R) on £2 N B¢, V' < 0on (0, Dg), and u(R) < u(r) on B¢:

/ IVf|2+Vf2=u(R)2/ V < u(R2V(R)|2 N B
$2NB¢ 2NB¢

= u(R)2V(R)|R°N B| < F(R)|2°N B| 5/ F, (14)
2¢NB
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where we have used the monotonicity of V in the first inequality and the monotonicity
of F in the last inequality. Therefore, from (13), (14) and from the fact that FF =
IV fI? 4+ Vf% = |Vu|?> + Vu? on B, we deduce:

M(Q,A+V)/uzsm(sz,A+V>/ f2§/|VfI2+Vf2
B 2 2

=/ |Vf|2+Vf2+/ |Vf|2+Vf2§/ F—i—/ F:/F
22NB 2NB¢ 2NB 2¢NB B
:/|Vu|2+Vu2=M(B,A+V)/ u?

B B

and the assertion follows. O

Remark 8 Note that Assumption 3 may look quite involved. However, when we will
apply Theorem 6 to the particular case of the Aharonov—Bohm operator we will choose

V= ;—; and condition 3 will take a simpler and more natural form (see Theorem 9).

4 Application to the Aharonov-Bohm Spectrum of the Neumann
Problem

We apply now the results of Sect. 3 to the lowest eigenvalue of problem (3). We
consider first the general case of manifolds of revolution, then we concentrate on R2,
H? and S2.

4.1 Aharonov-Bohm Spectrum on Domains of Manifolds of Revolution

We take a 2-dimensional manifold of revolution M? with pole xp, and 6 (r) the density
of the Riemannian metric in polar coordinates (r,t) around the pole. The 1-form
Ay,,v = vdtisclosed, harmonic, and has flux v around xo. It will be called Aharonov—
Bohm potential with flux v.

On a smooth bounded domain £2 of M? we have that the spectrum of A Ary.o With
Neumann condition, namely problem (3), is made of an increasing sequence of non-
negative eigenvalues of finite multiplicity diverging to 400 (see “Appendix A”).

For all radial functions u = u(r) we have

2

2 V
|Axo,v| =

7 (Vu, Axy,v) =0,

therefore A4, applied to a real, radial function u = u(r), can be written as:

X(),V

Ap. u=Au+Vu

X(),V

2

v
where V = —.
92
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In “Appendix B.1” we will prove that for a disk centered at the pole B(xg, R) the
spectrum is the union of spectra of a countable family of Sturm—Liouville problems
indexed by an integer k (see Lemma 24). In particular, the first eigenvalue, denoted
by A1(82, Ax,,v), is non-negative, and is positive if and only if v ¢ Z.

As explained in “Appendix B.1”, thanks to gauge invariance we can take v € (O, %]
and in that case the first eigenfunction is real and radial.

We denote it by u = u(r). Moreover, we prove in “Appendix B.1” that u > 0 and
u' > 0forall R € (0, R), where R is the ﬁrzst zero of O’ (see Theorem 28).

We can apply Theorem 6, taking V = ;% The conditions

V<0, 'V +2vV36 <0
reduce to the conditions

0'>0, 07>
Assumption. Through all this subsection, we shall always assume v € (O, %]
We therefore have the following:

Theorem 9 Let 2 be a smooth bounded domain with diameter D¢ in a revolution
manifold M 2 with pole xo, and with density 0, and let B(xo, R) be the disk centered
in xo with the same volume as §2. Assume v € (0, %] If

(i) @ = 0o0n (0, D),
(ii) 6" > v? on (0, R),

then
M2, Axgv) < A1 (B(x0, R), Axyv). (15)

Equality holds if and only if 2 = B(xg, R).

When the flux is 0, inequality (15) reduces to the identity O = O for all domains 2.

Note that Theorem 9 provides sufficient conditions to have a reverse Faber—Krahn
inequality on a manifold of revolution, which are quite simple to understand. Theorem
9 works well, as we shall see, in the case of RZ and H2. However, in some cases (e.g.,
spherical domains), condition (ii) is somehow restrictive. In “Appendix B.1” we prove
Theorem 29, where we show that (ii) can be replaced by some other (more involved)
condition, which, in the case of the sphere, turns out to be less restrictive than (ii).
Nevertheless, we decide to keep Theorem 9 here for two reasons: it is simpler and has
immediate application in many contexts; it is a consequence of a more general result
valid for Schrédinger operators, namely Theorem 6, which we believe has an interest
per se.

We now assume that M2 has infinite diameter, so that we can identify it with the
manifold (R?, g), where g is a complete, rotationally invariant metric around x, and
consider the 1-form A, ,. If 6(r) is the density of the Riemannian measure, then it is
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well-known that the Gaussian curvature of (R?, g) is given by K = —%N. Assuming
K < 0, we will get 8” > 0, and since 0’(0) = 1, we immediately obtain §'(r) > 1
for all r > 0. The assumptions (i) and (ii) of Theorem 9 are met, thus we have the
following:

Corollary 10 Let $2 be a smooth bounded domain in the manifold of revolution (R?, g)
with pole at xo and non-positive Gaussian curvature. Let B(xq, R) be the disk of radius
R centered at xo such that |B(xg, R)| = |§2|. Then

A1(82, Axgv) = A(B(x0, R), Axy,)s

with equality if and only if 2 = B(xg, R).

In particular, Corollary 10 applies to R? with its Euclidean Riemannian metric, and
to H2. Since all points in R? and H? can be chosen as poles of the manifold, this gives
a proof of Theorem 1.

Another consequence of Theorem 9 is the following

Corollary 11 Let B(p, R) be a disk in R* or H?, punctured at xo € B(p, R). Then
)‘-I(B(pﬂ R)7 A)C(),V) S )‘I(B(X(L R)7 Axo,\))a

that is, among all disks of the same measure, the first eigenvalue is maximized by the
disk punctured at its center:

4.2 Aharonov-Bohm Spectrum on Domains of S?
For the standard sphere S? of curvature 1 we have
6(r) = sin(r),

hence a direct application of Theorem 9 is possible only for domains £2 such that
|£2] < |B(xg, 7/3)| and contained in a hemisphere centered at xg.

Assumption. Through all this subsection, we shall always assume v € (O, %]

The condition |£2| < |B(x¢, 7/3)| ensures 0”2 > 12 on B(xg, R), in fact R < %
and then cos(r)? > %.

The condition that §2 is contained in a hemisphere centered at xo ensures that &' > 0
on £2 U B(xo, R).

Note that, restrictions to the class of spherical domains for which one usually
proves isoperimetric inequalities are natural and common. For example, the Szego—
Weinberger inequality for the second eigenvalue of the Neumann Laplacian on
spherical domains is proved under the assumption that the domain is contained in
a hemisphere [3] or that it is simply connected with total area less than 2 [4]. In the
first case, the approach is that of Weinberger for planar domains [24] (which is the one
that we have used up to now), while in the second case the approach is that of Szego
by conformal transplantation [23].
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The hypothesis of Theorem 9 are not sufficient to cover the case of spherical domains
contained in a hemisphere centered at the pole of the magnetic field, which is the natural

counterpart of the results in [3]. However, we prove in Theorem 29 that the function
F(r)=u'(r?+ Q(Vf)zu(r)2 is decreasing in (0, R) for all R € (0, R) under suitable
assumptions, even if 8’ < v. Recall that R is the first zero of #’ and R is such that

B(xg, R)| = |£2|. The fact that F’ < 0, together with 8’ > 0, implies the hypotheses
g p yp
of Theorem 6 for V = 2—2 and henceforth that of of Theorem 10. In particular, the

assumptions of Theorem 29 for S? reduce to
(i) 0" >0,
(i) v(v + DO — 12 +12(0)2 + 160" > 0,
T

which are clearly satisfied as long as R < 7. In view of this, we only need to assume

that £2 is contained in a hemisphere centered at the pole xo. Then we have the expected
result
Theorem 12 Let 2 be a smooth bounded domain contained in a hemisphere centered
at xq. Let B(xq, R) be the disk centered in xo with the same volume as §2. Then

)‘-] (Q’ AX(),I)) S )‘-1 (B(XO, R)a AX(),V)7

with equality if and only if 2 = B(xg, R).

Note that this result coincides with that of Ashbaugh—-Benguria [3].

We also deduce the following
Corollary 13 Let B(p, R) C S? be a spherical disk punctured at xo € B(p, R). If
R < 7, then

)‘-I(B(pﬂ R)7 A)C(),V) S )‘I(B(X(L R)7 Axo,\))a

that is, among all disks of the same measure and radius smaller than %, the first

eigenvalue is maximized by the disk punctured at its center.

4.3 Szego's Isoperimetric Inequality on Spheres

Theorem 12 is valid for all bounded domains which are contained in a hemisphere
centered at the pole xq of A,,,,. We have used the Weinberger’s argument for its proof.
If we take the Szegd’s point of view, we are able to extend the result to the class of
simply connected domains on the sphere with area less than 2. Namely, we have:

Theorem 14 Let §2 be a bounded and simply connected domain in S* with |2| < 2x
and —xy ¢ §2, and let B(xo, R) be the disk in S* centered at xo with | B(xq, R)| = |£2|.
Then

A1(82, Axyv) < A1 (B(x0, R), Axg.v)-

If v ¢ 7, equality holds if and only if 2 = B(xo, R).
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Proof Through the stereographic projection f* we identify a point rel’ e §? (r is the
distance to x¢, and 7 is the angular coordinate) with z = f(re'’) = tan(r/2)e'! € C.
Then, for any function v defined on £2 we have

Lo=[ e :
@ (1+||2>ZZ

Moreover,

4 2
| 82| =/ ———dz, |082] =/ ——dz
r2) (1412122 o) 1+ 1207

Let u be an eigenfunction associated to A1(B(xg, R), Ay,,v). As proved in Theorem

28, we know that u = u(r) is real, radial, and can be chosen such that #, u’ > 0 on
(0, R). In fact, from the our assumptions we have R < 7, thus Theorem 28 applies.

Then, u o f~! is positive and increasing as well.

Let now g : f(B(x0, R)) — f(.Q) be a conformal map with f(0) = 0. To
simplify our notation, we will set Q= f(82) and B = f(B(x0, R)). Note that Bisa
ball centered at O of radius 7 := tan(R/2).

We set

f=uofloglof.
Then 4 is a function defined in £2, the conformal transplantation of u through the map

f~'og™' o f. The conformal invariance of the Aharonov—Bohm energy, proved in
“Appendix C” tells that

/ VAoval? = f VA0,
2 B(xo.R)

thenu € H /1‘ (£2) and it is a suitable test function for the min—max principle (30)
X(),V
for A1 (82, Axy,v). In particular

Jo IVA0r i fpipm V20Ul
Jo @ Jo

f 0’ > / u? (17)
Q B(x0,R)

)"I(Q’Axo,\)) < (16)

It

then we conclude from (16)

) |VAX0’VM|2
2

fB(xo,R

Ai(82, Axg) = = A1 (B(x0, R), Axy,v)

fB(xo,r) u
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which is what we want. Note that (17) is equivalent to

| vigieon = [ va ()
B B
where
U=(@uof')?
and o (z) = m. We note that U" > 0 on (0, T) = (0, tan(R/2)). Let us set

B, = B(0, r) the disk in C centered at 0 of radius r. In particular B = Bt = Bun(r)2)-
We define

a(r)'—/ 1¢'2(0 o g) v(r)—/ o—zn/r bs 4o Snr?
= 5 8 8), = 5, = ) (1+S2)2 —1+r2.

Then, since |£2| = |B(xg, R)|, we have a(T) = v(T).
We write a differential inequality for a(r):

(fos, 1810 0 0)112)°

2rr

d(r) = / g og) > (19)
JB,

If 2, = (goo) ' (B,) € S?, then
192, | =/ 1g'l(o 0 @), 192, =f g0 0g) =a(r).
9B, B,

The isoperimetric inequality |02, |2 > |92, |(47 — |$2,]) holds for spherical domains,
hence from (19)

. anlr —a@)

a'(r) = oy (20)

Then, the function

a(r)
H —
r2(4m — a(r))

is not decreasing as long as a(r) < 4m, just take the derivative and use (20). We see
now that

v(r) _
r24r —v(r))
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for all r, and in particular, since v(T) = a(T),

a(r) _ a(T) .
r2(4n —a(r)) — T?@n —a(T))

and then

()<47U’2 / ")
a(r = o =v(r).
_1+r2 B,

This gives the desired result. In fact, since U is radial with U’ > 0,

T
[ vigieon = [ vmame
B 0
T T
=U(T)a(T) — / U'(ra(r)ydr = U(T)v(T) — / U'(r)a(r)dr
0 0
T
> U(T)v(T) —/ U'(ryv(r)dr = /: Uo. 21
0 B

This proves (18) and then the isoperimetric inequality for A{(§2, Ay, ). Finally, if
equality holds in the isoperimetric inequality for A1(£2, Ay,,,), then equality holds in
the isoperimetric inequality |02, 12 > |92,|(47 — |£2,]) used in (19) for all r, hence
all £2, are spherical disks, and £2 = £27 as well.

O

5 The Magnetic Steklov Problem: Brock’s and Weinstock’s
Inequalities

We now focus on the magnetic Steklov problem on a bounded smooth domain £ € R?,
namely problem (4). The min-max principle for the first eigenvalue reads

. Jo IV4orup?

01(2, Ay) = inf T2 22)
OFueH) (2.0) [y lul

where Hj\m (82, C) denotes the standard magnetic Sobolev space (see “Appendix A”

for the precise definition).
If we consider the maximisation problem for the lowest eigenvalue under volume
constraint, we have Brock’s Theorem for o1(£2, Ay, ):

Theorem 15 Let §2 be a smooth bounded domain in R?, xq € R? a fixed pole, and let
B(xg, r) be the disk with the same measure as §2. Let v € (O, %] Then:

01(82, Axyv) = 01(B(x0, R), Axg) = —-
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Equality holds if and only if 2 = B(xo, r).

Proof From (22) we have:

./_Q |VAM|2

Jog Iul?

forallu € H 1}‘ (£2, C). Then we choose u = r” which is the first eigenfunction for
any disk centered at x( (see “Appendix B.4”"). One has

01(82, Axo,v) =<

|VAU? = 203272,

. . 1
In particular, since v € (0, 5],

/ |IVAu)? = 2v2/ V2 < 2\12/ V=2 = 27 vR?.
2 2 B(0,R)

In fact,
/ P72 < RM722 N B0, R)| = R 712° N B0, R)| < / rv2,
£20B(0,R)° £2¢NB(0.R)
|Q|1/2
Here R = 177 because B(xp, R) has the same volume of £2.

We recall a well-known fact: for all p > 0,

p+1

1-p ptl
/ rP>2772 |22 .
R

When p = 0 thisis just the classical isoperimetric inequality. For p > 0 this inequality
says that the infimum of [ 9 TP among all domains with fixed measure is attained by
the ball centered at xp, which is the unique minimizer. This result is proved in [2].
Using u as test function for o7 (§2, Ay,,») and the isoperimetric inequality above with
p = 2v we obtain

2vw R?Y
01(82, Axov) £ — 357> (23)
T2 |27
that is
121201(82, Axy) < T30, (24)
O

By gauge invariance (see “Appendix A.4”), if v ¢ (O, %], we can replace v in (23)
and (24) by infrez |v — k.

If we consider instead the problem of maximising the lowest eigenvalue under
perimeter constraint, we have Weinstock’s Theorem for o1 (£2, Ay,,0):
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Theorem 16 Let §2 be bounded simply connected domain in R?, xo € R? be a fixed
pole, and let B(xq, r) the disk with the same perimeter of §2. Let v € (O, %] Then:

2
01(82, Axo,v) < 01(B(xp, R), Axo,v) = MV

Equality holds if and only if 2 = B(xp, R).

Proof Assume for simplicity that xg = 0. Take the unique conformalmap @ : 2 — B,
where B is the unit disk centered at the origin, and with @(0) = 0, and fix the
eigenfunction u = r" of the unit disk, associated to o1(B, Ay,,,) = v. We refer to
“Appendix B.4” for more details. We take as test-function

U=uod.

Then:

Gl(Q,A)/ |ﬁ|2=m(9,/$>/ |ﬁ|25f|d/‘ﬁ|2
082 082 2

=/|dAu|2=01(D,A)f [ul?> = 27v
D aD

where on the first line, we used gauge invariance (Lemma 36) and in theA third we used
the conformal invariance of the magnetic energy (Lemma 35). Here A = ®*A. On
the other hand, &z = 1 on 952 so that

/ a)* = 1982
082

The conclusion is

2wy
01(82, Axy,v) < m

as asserted. O
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A Setting

In this section we prove that problems (3) and (4) admit purely discrete spectrum
made of non-negative eigenvalues of finite multiplicity diverging to 4+-oo. Through all
this section £2 will denote a bounded domain in R2. We will also prove the gauge
invariance property of the two problems.

A.1 Functional Setting

Let H'(£2, C) be the standard Sobolev space of complex-valued functions. As for
problem (3), we shall assume that 2 is such that the embedding H 1(!2, C) c
L%(£2, C) is compact. As for problem (4) we shall assume that the trace operator
vo: H 1(2,C) - L2(3R2,0C) is compact. In both cases the compactness is guaran-
teed if §2 is smooth (Lipschitz is enough).

Let xo € R? and let C °°(.Q C) be the space of smooth functions on §2 vanishing

in a neighborhood of x(. We introduce the magnetic Sobolev space H (82, C) defined
as the closure of {u € C?S(.Q, C): VAu,u € L*(£2, C)} with respect to the norm

llull} ;:f IVAul? 4+ |ul?, Vu e C(2,C): VAu, ueL*(£2,0).
2

To simplify the notation, through all this section we shall denote by A the Aharonov—
Bohm potential vA( with pole at xg. We will make use of equivalent norms, suitable to
our problems. One fundamental equivalent norm is given in the following proposition.

Proposition 17 Ifv ¢ Z, the norm ||u| s is equivalent to the following norm:

2
|

Ix —xol?

luell !—/ IVul® + Jul? + ——

If £2 does not contain the pole xo, then the equivalence is immediate to check. In
any case, the proof of Proposition 17 is standard, and follows from the well-known
Hardy-type inequality proved in [18]:

Lemma 18 Forany R > 0 and any u € H'(B(xq, R), C) we have

2
/ IVAuPdx > c2f Lz (25)
B(xo,R) B(xo,R) 1X — Xol

where C = inf{|v — k| : k € Z}. In particular, if v € (0, %] , then C = v.
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Proof Inequality (25) is proved in [18]. We recall briefly here the proof. We use polar
coordinates (r, ) in R? centered at Xo, and express f B(xo.R) |VAu|2dx in this new
coordinate system. We have

R 2 1
/ IVAulPdx = / f <|a,u|2 + — |9gu — ivu|2> rdédr.
B(xo,R) 0o Jo r

We focus on fOZH |9gu — ivu|>d6. We estimate

- [ |9gu — ivu|2do
mn .
0£ueH'E.C) [T r2|u|2do

This infimum corresponds to the first eigenvalue, which we denote by 1, of
82 : 2. _
—0ppu + 2ivdgu + vu = pu

onS!. A set of L2(S!, C)-normalized eigenfunctions is given by Q)12 ke 7,
with corresponding eigenvalue . = (k—v)2.Ifv ¢ Z,then u; = inf{(k—v)? : k € Z}.
This concludes the proof. O

We recall the following well-known result

Lemma 19 Let 2 be a bounded domain in R" with Lipschitz boundary. Then the norm
llue]|? is equivalent to the following norm:

llull? :=/ |W|2+/ lul?, (26)
2 082

for all u € H'(£2,C). With abuse of notation, we write fag lul® in place of
fa_Q |VO(“)|2-

A consequence of Lemmas 17 and 19 is the following

HY(£2,C)

Lemma 20 Forv ¢ Z, the norm ||u| s is equivalent to the following norms:

lull%.s :=/ |vAu|2+/ ul?, 27)
2 482

and

| 2
% —f |Vul* + FErhs m'”'z' (28)

Remark 21 Lemma 17 essentially says that, if v ¢ Z

HY(£2,0) = {u e H'(£2,0): e L*(£2, (C)}.

u
|x — xol
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In particular, H}(22,C) c H' (22, C).

A.2 The Neumann Eigenvalue Problem

Problem (3) is understood in the weak sense, namely, find a function u € H}x (£2,0)
and number A € C such that

/(VAM,V_A(m:,\/ ud, Vo € HY(2,C).
2

2

We rewrite it as
/(VAM,VAQS)—i—/ up = (A+1)/ up, Vo € HY(£2,0). (29)
2 2 2

Since the quadratic form on the left-hand side of (29) is bounded and coercive on
H/}‘ (£2, C) and the embedding H/i (£2,C) c L?(£2,C) is compact, problem (29) is
recast to an eigenvalue problem for a compact self-adjoint operator on the Hilbert space
H )‘ (£2, C). Standard Spectral Theory implies that problem (29) admits a sequence of
eigenvalues

—00 <A =A< A= S ool

Moreover, there exists a Hilbert basis of Hfl‘ (£2, C) of eigenfunctions of (29). The
eigenfunctions can be chosen to form a orthonormal basis of L?(£2, C) as well.
We finally recall the variational characterization of the eigenvalues:

. Jo IVAu)?
A = min = (30)
UcH!(2.C)0#ucU  [q |ul
dim U=k

In particular, Ay > 0. If v ¢ Z and x¢ € §2, we deduce from Lemma 18 that A; > O.
On the other hand, if v € Z, thene'"? € H }‘ (82, C) is an eigenfunction corresponding
to the eigenvalue . = 0. We deduce by gauge invariance (see “Appendix A.4”) that in
this case the eigenvalues of (3) coincide with those of the Neumann Laplacian (i.e.,
v = 0). If xo belongs to the unbounded component of £2¢, then the flux of Ay, , is
zero, hence Ay, , = V¢ with A¢ = 0 on £2, and the eigenvalues of (3) coincide
with those of the Neumann Laplacian. If x¢ belongs to some bounded component of
£2¢, the flux is v, and if it is not an integer, inequality (25) with C > 0 holds with
B(xo, R) replaced by an annular region A C §2 such that xo belongs to the bounded
component of A (one immediately realizes that (25) holds if we replace B(xg, R) by
B(xp, R) \ B(xq,r) forany 0 <r < R). Then A1 > 0.
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A.3 The Steklov Eigenvalue Problem

Problem (4) is understood in the weak sense, namely, find a function u € H/l (£2,0)
and number o € C such that

/(VAM,V_Aq&)zof udp, Vo € HY(2,C).
2

52

We rewrite it as
/<VAu,VA¢>>+f uq‘s=(o+1>/ up, Vo€ Hy(2,C). (31
2 082 082

For the study of problem (31) we consider the space H A(.Q, C) endowed with the
equivalent norm ||u|| 4,5.

Since the quadratic form on the left-hand side of (31) is bounded and coercive on
H)‘ (£2, C) (with the equivalent norm ||u|| 4.5, see Lemma 20) and the trace operator
Y - H)‘(.Q, C) — L%(3£,0) is compact, problem (31) is recast to an eigenvalue
problem for a compact self-adjoint operator on the Hilbert space H )1 (£2, C). Standard
Spectral Theory implies that problem (31) admits a sequence of eigenvalues

—00 <01 <0y <--<0p=<--- / Hoo.

Moreover, there exists a Hilbert basis of H /i 282, C) of eigenfunctions of (31),
where

H} ,(£2,0) = {u € Hi(2,0): f (VAu, VAp) =0, Vo € HX(2,C) : yo(u) = 0} )
2

The eigenfunctions can be chosen to form a orthonormal basis of L2852, C) as well.
We finally recall the variational characterization of the eigenvalues:

: Jo IVAul
o = min max —r———. 32)
UcHY(Q.0)04uel [y o |ul
dim U=k

In particular, o7 > 0. As in the Neumann case, when xo € §2, o7 > 0 if and only
if v ¢ Z.If v € Z or xq belongs to the unbounded connected component of §2¢, the
eigenvalues coincide with those of the usual Steklov problem (i.e., v = 0). If v ¢ Z
and xq belongs to some bounded connected component of £2¢, then o1 > 0.

We finally remark that the discussion contained in this section applies with no essen-
tial modifications to the case of bounded domains in two-dimensional Riemannian
manifolds M2, and also to the case in which multiple singularities (of Aharonov—
Bohm type) occur, i.e., the domain is punctured in many points.
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A.4 Gauge Invariance

Itis well-known that, if Ay, , and A,/ have fluxes v, v/ which differ by an integer, i.e.,
v—1 € Z,then A Axguw and A, , are unitarily equivalent. In fact, one can define a
multivalued function

Y = / (Aupr — Av),
Yo

where yo is any reference point (but not the pole). By the given condition, ¥ is multi
valued but ¢!V is well-defined. Gauge invariance identity is:

AAV,eiiw = AAXO_V_v¢ei¢ = eiiwAAxO,,p
One also observes that, if

VA0 Yy = Vi — iuAy, .,
then one has the identity:

VA0V (e V) = e 71V VA0,

From this one gets easily that, if # is an eigenfunction of the magnetic Neumann
problem (3) associated to A, then e "*¥u is an eigenfunction of the corresponding
problem with potential Ay, , — Vi, associated to the same eigenvalue. The same
assertion holds for the magnetic Steklov problem (4).

Since we are interested in the case v ¢ Z, we can always assume, without loss of

generality, that
1
velo, 1k (33)

B Aharonov-Bohm Eigenvalues in Two-Dimensional Manifolds of Rev-
olution

Let (M?, g) be a 2-dimensional compact manifold of revolution with pole x and
diameter D. We assume that the metric, in polar coordinates (r, t) around the pole, is

given by:
(1 0
§=\o 020,

with 6 (r) smooth and positive. Here r is the distance to xq (i.e., the radial coordinate).
We shall always assume that

6 >0on(0,D), 00 =1.
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We also define
R = min{R : 6/(R) = 0} € (0, D).

If such minimum does not exists, then we set R=D.
If f = f(r,t) the Laplacian writes:

0’ 1 3%f
A = — [ A g—— ; )
f =% 0% 1>
where by f we denote the derivative of f with respect to the radial variable r.
We consider the harmonic 1-form Ay, , which is written in polar coordinates as

Ay = vdt,
where v is the flux around x.
Lemma22 Forany f = f(r,1):
6’ 1 3%2f 2 vaf
A =—f - -+ = f+2—=—.
Ao === 2o T Ty,

If f(r, 1) = u(r)e’* then
i _ ikue! 82—f = —k*ue
Toar?
and therefore:
o’ k—v)? \
Ay f= (—u” - gu/ + vy 62‘}) u> ek,
Proof The magnetic Laplacian writes, for co-closed potentials Ay, ,:

Apy o f = Af + | Axg ol f +2i(df, Agy)-

a 0
Normalizing the basis <a—, E) we obtain the orthonormal basis:
r

e 3 10
ej,e) = —,——
12 ar’ 0 ot

hence we get:
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and

. v af
2Udf . Avg) = 2y

The claim immediately follows. O
Corollary 23 If f(r, 1) = u(r)e'™, then Ay, , f = ) reads:

o' k —v)?

B.1 Eigenfunctions of the Neumann Problem

We consider now problem (3) on disks B(xg, R) of radius R centered at the pole of a
manifold of revolution M2.

Looking for eigenfunctions of the form f(r,t) = u (r)ei ki k e 7, we find, thanks to
(34), that u is a bounded solution of the following singular Sturm—Liouville problem.

(35)

W'+ Gul 4 (3= S ) u =0 in 0, R),
u'(R) = 0.

If v ¢ Z, we see from (35) that necessarily #(0) = 0 (and in fact, any function in
H /i (£2, C) vanishes at xg). If v € Z, we see that any bounded solution of (35) with
v = k satisfies u’(0) = 0, while for v # k, u(0) = 0. This is exactly the case of
the standard Laplacian. The condition u'(R) = 0 is the Neumann condition; in fact,
(VA0ry, NY = (Vu, N) = u’(R)e'* in the case of a disk centered at x.

The associated quadratic form is

R
/ (u’z + Vkuz) 6dr,
0

2
where Vi (r) = (f;;—(‘;)). Note that, if v € (0, %], then V} is increasing in |k|, hence:

Vi > Vo,

for all k.

Lemma24 Let v € (0, %] Then:

(i) For each k € Z, problem (35) admits an infinite sequence of eigenvalues:
O<hl <2< =< A <--- / +00

with associated bounded eigenfunctions uy;. All eigenvalues are simple and uy;
has j zeros in (0, R).
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(ii) If |k| < |h| then:
Akl < Apt.

In particular, ming_j{A¢j} = Ao1.

Proof Point (i) follows from standard theory for singular Sturm—Liouville problems,
since 6 (r) is smooth and positive in (0, R], and 6(r) ~ 6’(0)r as r — 0.

To prove (ii) it is sufficient to consider k = 0. The claim is a consequence of the
fact that V), is increasing in h. Let us take u = uy, an eigenfunction associated to
An1, as test function for Ag; in its variational characterization (which is the analogue
of (11) weighted with 6). We get

R R R R
Aol / W20dr < / (u’2 + V0u2) 0dr < f (:/2 + thz) 0dr = Ay / u26dr.
0 0 0 0

]

Corollary 25 We have
A1(B(x0, R), Axy.v) = o1-

A first eigenfunction is given by ug1(r), and it is real and radial.

Note that A1 (B (xo, R), Ax,,v») is not necessarily simple (this is the case of v = %
and the unit disk, see “Appendix B.3”). At any rate, Corollary 25 states that we can
always find a first eigenfunction which is real and radial. When v € Z, Lemma 24
gives exactly the eigenvalues of the Neumann Laplacian, and in particular 19; = 0.

We have the following result on completeness of the family of eigenfunctions

{ugj (rye*).
Theorem 26 Let
Ui (r, 1) = ug; (r)e’

forall k € Z, j = 1,2,..., where uy; are the eigenfunctions of (35). Then
{Yrj(r, t)}x,j is a complete system in LZ(B(xo, R)).

Proof If v e Z the result is well-known: in fact the eigenfunctions {v;} are the
eigenfunctions of the Neumann Laplacian. Assume then v ¢ Z. Let us assume that

the system of eigenfunctions {v;(r, )}, ; is not complete. Then, there exists an
eigenfunction f of (3) which is orthogonal to the span of all v;, that is:

/ fvn =0 (36)
B(x0,R)
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forallh € Z,i = 1,2... Expand f(r, t) in a Fourier series, for every fixed r, and
get:

.0 = ar(r)e.

keZ

As by assumption f 7# 0, there exists 4 € Z such that a, # 0.
We prove in Lemma 27 here below that, for all k € Z,

ag(r) = cxug i (r) (37)

for some jx = 1,2,...and ¢ € C, ¢x # 0. The conclusion follows from (37). In
fact, we can write

Fo.0 =" curj (e =" i (r. 1)

keZ keZ

and then, by the orthogonality of v ’s:

/ ¥, =cn #0 (38)
B(x0,R)

which contradicts (36). O
Lemma 27 L_et {u;} denote the eigenfunctions of (35) and assume that f(r,t) =
Y kez Gk (r)ek is a nonzero eigenfunction of (3). Then, for all k € 7.

ax(r) = crugj, (r)

for some jr =1,2,...

Proof We show that for each k € Z the function gy : [0, R] — R is a bounded solution
of

af +%al + (x - ("g;)z) ar =0 in (0, R),
a}(R) = 0.

In particular, since v ¢ Z, a;(0) = 0. Hence, since the eigenvalues are simple, for
every k, there exists j = j; and ¢x € C such that

ax(r) = cug i (r), A= Ak jy-
If we assume a; # 0, then ¢ # 0.

First observe that f (xg) = 0 because otherwise f is notin H /1‘ (£2,C) whenv ¢ Z.
Then:

0= f(x0) =Y a(0)e™

keZ
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for all 7. Hence, by multiplying by e~ and integrating on [0, 27 ] we see that ay, (0) =

d
0. Then a; (0) = O for all k. Similarly, the Neumann condition a—(R, t) = 0 implies
r

a;(R) = 0 for all k.
It remains to show that ai is an eigenfunction of the problem (35). First observe
that

2w
ai(r) = / fr, e ™ dr.
0

Hence:

2 2 2w 92

3’ 32 f .
—k%a :/ r t)—e ik dp :/ —= (r, e K 4r
=] enss S
therefore
k2 2 1 82 .
— e—zak = /0 9—2?{(7‘, t)e ikt dr. 39)

Now we know that Ay, , f = A f; hence

1 9%f
92 at2

0’ 2 vaf
N S A 0 2
F=r =gl talftiigs,

so that

2 2 2 2
190 : . .
/ fe—zkt dt = —a fe—zktdt - / f//e—tktdt
0 0

02 312 0
o’ 2w B 1)2 2 ) v 2w 8f )
- e Mt + — e Mdr +2i— [ ——e .
a), T ) TG )
Integrating by parts:

2 2
af _. .
/ OF =ikt 4r — ik / fe ™Mdr = ikay.
o 0f 0

Then:

2 2 / 2
1 o°f _in , 0, v v
L Q—ZWC ! dt:—kak—ak —5ak+9—2ak—2kﬁ

which substituted in (39), gives:

6’ k — v)?
a,g+§a,g+<x—(T")>ak=o
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which is the final assertion.
m}

In the following theorems we collect a few useful properties of the eigenfunction
u = ug; associated with the first eigenvalue A = Agj.

Theorem 28 Ler v € (0, 2] Let . > 0 denote the first eigenvalue of problem (35)

withk = 0and R € (0, R], and let u denote a corresponding first eigenfunction. Then
the following statements hold:

(i) u(0) =0andu # 0 on (0, R). In particular, we can choose u > 0 on (0, R).
(ii) u' > 0on (0, R) and ). > %

(iti) The first eigenvalue X is strictly decreasing in R for R e (0, R). In particular
A > X, where A is the first eigenvalue of (35) with R =

Proof Point (i) has been already discussed in Lemma 24 and follows from standard
Sturm-Liouville theory and the fact that@, 8’ > Oon (0, R),0(r) ~ 6'(0)r asr — 0.
Consider now (ii). Set N(r) := 0()u’(r). Then N(0) = N(R) = 0 and

2
N'(r) = (m — A) B(ru(r).

Since N'(r) > 0 on (0, 8) for some § > 0, we deduce that the function N increases
from zero and decreases to zero. It has only one maximum point in (0, R). In fact,

since 6 and u are strictly positive in (0, R), N'(r) = 0 if and only if A = Since

U2
62(r)
(% is strictly decreasing in (0, R), it vanishes exactly once in (0, R). This implies that
N > 0 on (0, R) and therefore u’ > 0 on (0, R). Moreover N'(R) < 0.

As for (iii), let us write . = A(R) to highlight the dependence on R. Then, as A(R)

is simple, we derive the identity

R R 2
/ uOr(R)dr = / u? + —u®)6dr
0 0 62

N _< v ) 2(R>9(R>
(R) = —M(R)
0%(R) J¥u2edr

and obtain

which is strictly negative by point (ii) as long as ' < 0, that is, R € (0, R). More
details can be found e.g., in [9]. O

Theorem 29 Let v € (0, 2] Let .. > 0 denote the first eigenvalue of problem (35)
withk = 0 and R € (0 R), and let u denote a corresponding eigenfunction. Let

F(r) = /() + 8 f either

(a) 0'(r) >von(0,R), or

@ Springer



Isoperimetric Inequalities for the Magnetic Neumann... Page310f38 285

(b) 202 —v2 +v2(0")2 4+ v00” > 00n (0, R),
then F'(r) < 0 on (0, R). If moreover 6" is a solution to (35) for R = R, then
F'(r) <0on (0, R)
Proof Define
u'(r)

q(r) =06(r) i)

2 2 . .
Then F = u’? + = Z—z(q2 + v?), and with standard computations we see that

2 2
u 2u
F'=2q9' 35 + 25 @ +v)(q = 0.

Since u, 0,60” > 0 on (0, R), the claim follows provided ¢’ < 0 and ¢ < 6’ on (0, R).
We start by proving g’ < 0 on (0, R). We see that
) 2 g2
q =—601r+ 5 R
The local behavior of u near r = 0T depends only on the differential equation (35),
and in particular, using the Frobenius—Taylor expansion, we deduce that u ~ cr” as
r — 0% for some ¢ > 0. Therefore ¢(0) = v, ¢’(0) = 0. Clearly there exists a > 0
such that ¢ # v on (0, a), otherwise ¢’ = —OA # 0on (0, a). Choose then (a possibly
smaller) a > 0 such that ¢, ¢’ have constant sign on (0, a) (in particular, ¢ > 0 on
(0, R)). We have ¢’ < 0in (0, a). Otherwise, ¢ > ¢(0) = v, but then the differential
equation tells then ¢’ < 0. Then ¢ starts decreasing. The same argument shows that
0 < g <von (0, R).If ¢’ changes signin (0, R), letthenb, ¢, d € (0, R),b < ¢ < d,
be such that ¢’(b) < 0, ¢'(c) > 0,¢'(d) < 0and g(b) = g(c) = q(d) = § < v.
Such points exist if ¢’ changes sign since g(R) = 0. We note now that, since 8" > 0
in (0, R),0(c) =t6(b) + (1 —1t)0(d) for some t € (0, 1). Then, from the differential
equation for ¢/, we see that

, VZ_QZ
0<gqg(c)=—-10(c) + 50
1)2 _62 ])2 _62
<t <—)»9(b) + o) )—i— (1—1) <—)»9(d) + o) )

=1q'(b) + (1 —1)q'(d) <0,

a contradiction. Then ¢’ < 0 on (0, R). Note that ¢’ < 0 also in the case R = R.

It remains to prove that g < 6. Note that, if 6" > v on (0, R), since g is decreasing
and ¢(0) = v, we have ¢ < 0’. We have used condition (a). Note that this condition
has already been found in Theorem 10.

Assume now (b) holds. Let R € (0, Ié). In order to conclude, it is sufficient to prove

g <@+38)0 (40)
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on (0, R), for some § € (0, 1 — v). For any § > 0 we have ¢(0) < (v + §)6’(0) and

q'(r)=G(r.q(r),
where G(r, q) is defined as

2 qz
G(r,q) = —-20(@r)+ % — %

Note also that, since R € (0, ﬁ), we have from (iii) of Theorem 28 that A = A+ € for
some € > 0.
Let us compute

2
Gr. (v +8)0' () — (v +8)0' () = —20(r) + ——
0(r)
29/(1’)2 1"
W8 = 80"

= —eO(r) — é (Xez(r) — 2 40%0' () + v9(r)9"(r))
_g (9’(r)2(8 +20) + 9”(r)9(r)) .

The second summand is less or equal than zero by hypothesis, therefore we can choose
6 € (0, 1 — v) arbitrarily small so that

G(r,(v+8)0'(r) —(v+80'(r) <0

on (0, R). From Lemma 30 here below withv = gandw = (v +68)0’,a =0,b = R,
we deduce that

g < (v+8)¢

as claimed. . )
In the case R = R, if u = 0", then ¢ = v’ < 6’ on (0, R). O

Lemma 30 Suppose v, w continuous on an interval [a, b] and differentiable on (a, b],
and let G : (a, b] x R — R continuous. Suppose that

v(a) < w(a)
and
V()= G@r,v@) <w' () —G@r,w(r)) (41)

on (a,b]. Thenv < w on [a, b].

@ Springer



Isoperimetric Inequalities for the Magnetic Neumann... Page330f38 285

Proof Assume that there exists ¢ € (a, b] such that v(c) = w(c) and v — w < 0 on
[a, ¢). Then clearly v'(c) > w’(c). On the other hand, inserting v(c) = w(c) in (41),
we see that v/(¢) < w'(c). A contradiction. O

B. 2 Eigenfunctions of the Steklov Problem

The same results of the previous subsection hold also for the Steklov problem (4). For
the reader’s convenience, we briefly resume them, even if in this note we almost only
consider the Steklov problem for domains in R.

When looking for solutions on B(xg, R) of the form f(r,t) = u(r)e* we get the
following singular Sturm-Liouville problem, for k € Z:

, 2
W+ Gu — S0 =0 in (0. R),

42
u'(R) = ou(R), “2)

with the requirement that a solution is bounded near O (and therefore, that it vanishes
at0 when v ¢ 7).
We have the following

Lemma31 Letv € (O, %] Then problem (42) admits a unique solution uy(r) with
ur(0) =0 forall k € 7. Let us set

_ (R
"= R

If k| < |h| then:

Nk = Nh-

Then the set {ox(B(xg, R), AXO,U)},‘?‘;l of the Steklov eigenvalues on B(xg, R) coin-
cides with {ni}xez. In particular, ming{nx} = no, therefore

o1(B(x0, R), Axo,v) = 1o-
The eigenfunctions corresponding to an eigenvalues o = ny of (4) are given by
Y, 1) = ug(r)e’™.

In particular, an eigenfunction associated to o1(B(xo, R), Ax,,v) is given by yo(r, 1)
which is real and radial. The restrictions of {{r(r, t)}i to d B(xo, R) form a orthonor-
mal system in L?(3B(xq, R)).

Proof The proofis analogous of that of Lemma 24. It is sufficient to note that a bounded
solution of (42) is of the form.

v

o k—v]
ur(r) = elr ow &,
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The last statement is straightforward. O

B.3 The Magnetic Neumann Spectrum of the Unit Disk

We consider the particular case M = B(xg, 1), where B(xg, 1) is the unit disk in R2
centered at xp. We recall that A = vdt and we assume v € (O, %] Here (r, t) are the
standard polar coordinates in R2 centered at xp. In this case 0(r) = r.

We can describe the spectrum of (3) on B(xg, 1) more explicitly:

Theorem 32 Let v € (0, %] Then:

(i) The spectrum of (3) on B(xo, 1) consists of the numbers Aij, k € Z, j =
L,2,..., where \/Ayj = Zik—VI.j and Z;i,j denotes the jth positive zero of
J /; (v/X). Here J, (2) denotes the Bessel function of the first kind and order -
(ii) The eigenspace associated to A is spanned by Vi (r, t) = Jjk—v|(4 /Akjr)e’k’.
(iii) The lowest eigenvalue is A1 (B(xo, 1), Axy,v) = Ao1 and a first eigenfunction is
Yor1(r, t) = Jy(Mro1 ). It is real and radial.
(iv) The set of eigenfunctions {Yy )k, ;j is complete in L2(B(xq, 1)).

Proof We consider (35) with 0(r) = r‘and R = 1. As in Sect. 1, when looking for
solutions of the form f(r,t) = u(r)e’k‘ in polar coordinates (r, t), we obtain the
following differential equation for u:

1 k—=v)?
W+~ + (A—%)u 0. 43)
r r

With the substitution \/Xr = gz, this equation can be recast to a standard Bessel
equation. Therefore, a couple of linearly independent solutions of (43) is given by
J‘k_v|(ﬁr), J_|k_v|(ﬁr), since by hypothesis v ¢ Z. Therefore

u(r) = bt Jg—v| (VAP + bra J_jk—y) (VAr).

Note that, while Jx_,| vanishes at the origin whenever v ¢ Z, the function J_j;_,
is unbounded near r = 0. Any bounded solution of (43) is given by setting by, = O.
Therefore, any solution of (35) with 6(r) = r has the form

ur(r) = bry J|k7v\(\/xr)-

We impose now the Neumann boundary condition u (1) = 0. We recall that for
any i > 0, the function J,, has an infinite set of positive zeroes, denoted by z,,;,
j =1,2,... Moreover, the function J ;l an infinite number of positive zeroes as well,
namely z;”., j=12 ...

Then, points (i)-(iv) follow from Lemma 24 and Theorem 26 with /A;; = z‘/ k—vl, j

and Yy (r,t) = J\k,w(,/)»kjr)eikt. O
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If v € (0, §) then the set {|k — v|}xez is givenby v, 1 — v, 1 +v,2 — v, 2+, ...
For example, when v = 4—1‘ we have }1, %, %, %, L Ifv e (O, %) we immediately see
that A1 (B(xp, 1), Ay,,v) is simple, and a first eigenfunction is real and radial:

Yor(r, 1) = Ju(/ Aorr).

Such function is is positive and increasing on (0, 1).
When v = %, we have that the set of {|k — v|}rez is given by %, %, %, %, ...,and
the first eigenvalue has multiplicity 2 with eigenspace spanned by the eigenfunctions

withk =0and k = 1:

vor(r. ) = J1(VAoir),
UG = JiJrore",

and Ag1 = A1 = 2) | is the first zero of J|.

201 2
B.4 The Magnetic Steklov Spectrum of the Unit Disk

In this section we investigate the spectrum of problem (4) on B(xg, 1) C R2. Also in
this section we assume that v € (0, 1].
We apply the results of Sect. 1 with 6(r) =r and R = 1.

Theorem 33 Ler v € (0, %] Then:

(i) The spectrum of (4) on B(xq, 1) consists of the numbers n, = |k — v|, k € Z.
(ii) The eigenspace associated to ny is spanned by Vi (r,t) = plk—vlgikt
(iii) The lowest eigenvalue is o1(B(xg, 1), Ax,,v) = no = v. A first eigenfunction is
Y1(r,t) = r". It is real and radial.
(iv) The restrictions of {Ykj}k,j to 0 B(xo, 1) is complete in Lz(aB(xo, 1)).

Proof 1t is sufficient to note that any solution to the differential equation (42) is of the
form
up(r) = by 4 bor TV

and in order to have a solution of (42) we need to impose bx> = 0. The theorem now
easily follows from Lemma 31. O

When v € (O, %), the first eigenvalue is v > 0. It is positive and simple and a
corresponding eigenfunction is given by r" and it is radial, positive and increasing on
O, 1).

We can list the Steklov eigenvalues {o} (B (xo, 1), AXO,U)};‘; | as follows:

v,1—v,14+v,2—v,24+0v,...

—1 i i 1133
If v = 5 all eigenvalues are double and are given by 5, 5, 5, 5, ...
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In particular, o1(B(x0, 1), Axy,1/2) = 02(B(x0, 1), Axy12) = % and two lin-

early independent eigenfunctions are u1(x) = /[x[,uz(x) = /[x] ("—1 + ix—z).

|x] |x]
However, also in this case there exist a radial, real eigenfunction associated with
01(B(xp, 1), Axy,v), positive and increasing on (0, 1).

C Conformal Invariance of Magnetic Energy
Let (£21, g), (£22, g) bet two 2-dimensional manifolds, and let

D : (821, 81) — (822, 82)

be a conformal map between them. We can assume then that ®*g, = e2/ g1, where
f is the conformal factor. Let w be a 1-form on §2;. We start from:

Lemma 34 We have

(i) In the above notation
8¢, @*w = e* D* (54, w).

In particular, w is co-closed if and only if ®*w is co-closed.
(ii) For any complex 1-form S2 on §2,, one has:

2 2
|¢*a)|g|d/“l/g1 = / |a)|g2dl’(/g2'
21 §2;

Proof The first fact is standard; for the second, fix a g{-orthonormal basis (e, ¢2) and
let

Ei=d®e fe)), Erx=do /e).
Using these orthonormal frames to compute the norms we end-up with the identity:
2 2f 2
|®*w|g1 =e" (loly, 0 ).

Integrating the identity on £2; and using the change of variables formula, we obtain
the assertion. m|

Now fix a potential one-form A on £2,. We get a potential one-form A=®*Aon
£21 by pull-back. Recall the magnetic gradient on £25:

du =du —iuA
for a complex valued function u on §2;. Consider the function
U=uo® =o*u
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on £21. Then, since d®* = ®*d:
dAi = dP APy = dd*u — i UD*A = q§*<du _ iuA) = d*du.

Applying the L? invariance property to w = d“u we conclude with the following fact,
expressing the conformal invariance of the magnetic energy.

Proposition 35 Let & : §2y — §25 be a conformal map between 2-manifolds, let A
be a potential one-form on §2; and let A = ®* A. For any complex function u on §2;,
letti = u o @. Then we have:

/ dAadu = / a2y,
21 2

C.1 Aharonov-Bohm Potentials

Letnow (2, x¢) be a simply connected plane domain punctured at xo, with Aharonov—
Bohm potential having pole at x¢ and flux v. We can assume without loss of generality
that xg is the origin. Then:

A= 2 (—ydx + xdy). (44)
r

Take the unit disk D centered at the origin. By the standard theory, there is a conformal
map @ : £2 — D fixing the origin. Note that the form @* A on £2 is closed (clear) and
co-closed (from previous section, because @ is conformal). Then, @* A is harmonic.
It is also clear that @* A has flux v around the pole, the origin of R? (by elementary
change of variable in dimension one). It follows that @* A differs from A by an exact
1-form, and gauge invariance applies. Precisely:

Lemma 36 Ler §2 be a plane domain and let D be the unit disk, both punctured at
O € 2. Let ® : 2 — D be the unique conformal map fixing O. If A is the canonical
Aharonov—Bohm potential with pole O and flux v, as in (44), then

ok (82, A) = o) (2, P*A)

forall k.
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