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Abstract Classical theory of elasticity fails to reflect the true behaviour of solids
with internal material organization when internal and external length scales are
of comparable orders. This drawback leads to emergence of non-classical con-
tinuum theories which are offered to be distinguished as ‘implicit’/‘weak’ and
‘explicit’/‘strong’ non-local models according to different interpretations of the
incorporation of characteristic length scales. As an extension of recent works of
authors, the presented chapter is focused on the correspondence between ‘implicit’
type Cosserat (micropolar) and ‘explicit’ type Eringen’s two-phase local/non-local
models, in terms of characteristic quantities. To this end, an example problem of
practical importance; a plate with a circular hole, is studied by employing standard
displacement based finite element method. The non-locality of Eringen’s model is
optimized regarding stress concentration factors reported for infinite Cosserat plates.
The analysis of Eringen’s model is repeated by adopting both Euclidean and geodeti-
cal distance during incorporation of long range interactions. According to the results,
stress fields of explicitly and implicitly non-local models seem to be in a very good
agreement considering plates with large scale ratios, as the missing neighbour rela-
tions appeared at domain boundaries of Eringen’s model are not effective at the
vicinity of the hole. Yet, obtaining different ‘explicit’ material parameters for each
sample problem reveals that it is unlikely to have a unified relationship between
characteristic quantities of Cosserat’s and Eringen’s models.
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1 Introduction

It is well-known that when internal (atomic/granular distance, size of heterogeneities,
etc.) and external (sample length, wavelength, etc.) scales become comparable (e.g.
L/ l ∼ 1), the discrete and heterogeneous nature of underlying material organization
starts to play a fundamental role on its gross mechanical behaviour. Although, such
structures can be reduced toCauchy continua in certain limits (L/ l � 1), they cannot
be describedwithin the scope of classical elasticity [1, 2]. Hence, in such cases, either
discrete modelling techniques [3–6] or non-classical continuummodels that account
for size effects [7–13] must be resorted depending on the specificity of the problem.

In discrete modelling, the structure is assumed as an assembly of explicitly mod-
elled rigid bodies connected by inter-particle potentials. Despite their capabilities of
representing the actual behaviour of the media, direct discrete modelling techniques
(e.g. limit analysis, molecular dynamics simulations, etc.) are not very practical
due to their computational expense, which rapidly increases with total number of
degrees of freedom (DOFs). Therefore, when a coarse modelling is to be preferred,
it is useful to resort equivalent continua formulations to satisfactorily replicate the
overall mechanical behaviour of discrete assembly.1 Indeed, discrete to continuum
approaches dates back to 19th century to the works of French scientists Navier [15],
Cauchy [16], Poisson [17, 18], who tried to derive the constitutive equations of a
classical continua starting from the description of lattice systems, later abandoned
in the favour of energetic-continuum approach proposed by Green [19, 20]. Among
them, contributions by Voigt [21, 22] and [23] who introduced particle rotations,
couple interactions, and multi-body connections should be quoted.2 On the track of
Voigt’s approach, systematic treatise of the Cosserat brothers [27] on the deformable
bodies with both the translational and rotational degrees of freedom appeared to be
the basis of historically first enriched non-classical continuum model followed by
emergence of many other non-local theories.

Although any continua with presence of internal lengths and spatial disper-
sion properties are referred as non-local [28, 29], the theories offered to represent
their behaviour are distinguished as ‘implicit’/‘weak’ or ‘explicit’/‘strong’ models
depending on the mathematical interpretation of non-locality [10, 12, 14, 28]. In the
so-called implicit non-local models (e.g. micromorphic theory, microstretch theory,
micropolar theory, couple stress theory), also known as multifield continua, the body
is treated as a collection of deformable or rigid particles that are endowed with addi-
tional degrees of freedom [12, 30–32]. As a result of newly introduced kinematical
descriptors, which are used for representation of material microstructure, advanced
strain and stress measures are emerged. Since size effects are incorporated through
those non-standard primal fields, the theories belong to family of ‘implicit’ non-local
models possess a ‘weak’ non-local character. On the other hand, in ‘explicit’/‘strong’
non-local models, the primal kinematic and work-conjugated dynamic descriptor of
classical theoryof elasticity are preserved,while equations contain different operators

1These approaches are explained in detail in Ref. [14].
2A general survey about the original molecular models can be found in Refs. [24–26].
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in spatial field [13].As non-local parameter that includes information aboutmaterial’s
internal length is directly linked to the bulk properties, this kind of theories possess
a ‘strong’ non-local character. Among many different models of both classes, the
focus of the present chapter will be on implicit type Cosserat [9, 12, 33, 34] and
explicit type Eringen’s non-local [13, 35] models.

Micropolar theory, which was first developed by Cosserat brothers [27], and fur-
ther improved by many others as Nowacki [33] and Eringen [12, 36], corresponds
to an assembly of rigid particles that are subjected to independent displacements
and rotations, and interact through forces and couples. The theory has been widely
employed in describing heterogeneous materials with microstructures, in particular
block assemblies; granular rock, masonry, particle composites, etc. [1, 37, 38]. Due
to the presence of relative rotation between micro (rotation of individual material
points) and macro (local rigid) rotations, it is specifically suitable to investigate the
behaviour of anisotropic/orthotropic media [1, 39–41]. The theory can be reduced to
the couple stress in casemicro rotations are forced to follow themacro rotation, while
via further statical restriction on couples, the classical theory of elasticity should be
recovered [37].

On the other hand, Eringen’s non-local theory, which was first introduced in [42–
45] and further improved by Eringen and Edelen [35], and Eringen [13, 46–51], is
concerned with the physics of material bodies whose behaviour at a material point
is influenced by the state of all points of the body. The theory covers long-range
interactions by relating stress at a point to the strain of entire domain through an
attenuation-type kernel function. Hence, it has been widely employed in investi-
gation of the mechanical behaviour of nano/micro sized structures such as; carbon
nanotubes, graphene sheets, atomic chains/arrays, etc. [52, 53].

Although constitutive relation in Eringen’s theory is originally introduced in an
integral form [13, 35], for specific kernel functions, it is later transformed to a
differential form leading to easier handling of the problem mathematically [50].
Shortly after, bymixture of local and non-local constitutive relations through aweight
regulating coefficient, another version of constitutive equation, also known as two-
phase local/non-local form is proposed [51, 54].

All these forms of Eringen’s non-local model with their enhanced versions have
been constructed on mathematical and physical grounds, and employed by many
researchers over the years [55–78]3; yet, they may also have some drawbacks, espe-
cially in computational terms. For instance, differential form of constitutive equation
has been shown to fail in representing actual mechanical response of bounded struc-
tures for some boundary conditions, such as cantilevered beams [79–85] while the
original integral form may lead to ill-posed mathematical description that induces
existence and uniqueness issues for some boundary conditions. [71, 86–88]. How-
ever, it has also been shown that the effect of ill-posedness is limited, even vanishes
practically for physically reasonable (small) values of non-local parameter (κ/L).

3It should be noted that beyond this limited number of cited research, and researchers, there is an
excessive literature.
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This may also be pointed out by comparison of solutions of pure non-local model to
those of two-phase model provided by [71] which is not ill-posed [88].

Although the application fields of Cosserat (micropolar) and Eringen’s theories
seem to be quite different due to distinct kinematic and dynamic descriptors they
possess, comparison between various non-classical theories has the utmost signifi-
cance in increasing the accuracy and precision of the modelling and design studies.
Following the previous works of authors [89, 90], the possible correspondences and
differences between ‘implicit’ type Cosserat and ‘explicit’ type Eringen’s non-local
models are investigated through a different example problem of pratical importance;
a plate with a circular hole subjected to tensile loads. The results are obtained by
employing standard displacement based finite element method (FEM) within the lin-
earised kinematical framework. To study scale effects on solutions, the dimension
of circular hole is fixed while the edge length of plates vary. The material parame-
ters related to size effects are assumed to be known for ‘implicit’ model, while the
non-locality of ‘explicit’ model is optimized with using an evolutionary optimization
algorithm so that stress concentration factor (SCF) obtained for infinite plates will
be coincide for both non-local models regarding the current problem under inves-
tigation. As tailoring non-locality through fraction coefficient is quite convenient
computationally, two-phase local/non-local form of Eringen’s constitutive relation
is employed in the present work, while a bi-exponential type kernel function is pre-
ferred due to its wide range application in literature and its ease on implementation
to FE algorithm. Moreover, since in the vicinity of voids (hole, crack, etc.), the
geodetical distance, which is defined as the length of shortest path connecting two
points without intersecting the boundaries [55], does not equal to Euclidean distance,
the analysis of Eringen’s model is performed adopting both distances. At last, the
stress fields of both ‘implicit’ and ‘explicit’ type non-local models are compared
with discussing possible improvements.

2 Materials and Methods

In this section, the continuum theories presented in the study are briefly explained for
isotropic, homogeneous and linear elastic bodies, and corresponding displacement-
based finite element (FE) formulations are derived regarding two-dimensional plane-
strain problems within the linearised kinematical framework. A special attention has
devoted on corresponding integration scheme, which is particularly challenging for
Eringen’s theory of elasticity due to its convolution type constitutive equation. For
Eringen’s model, FE formulation is implemented with developing an in-house Wol-
fram Mathematica code, while Cosserat model is implemented within the environ-
ment of the software COMSOLMultiphysics. The superscripts E and M that refer to
Eringen’s and Cosserat models, respectively, are used to distinguish the parameters
appearing in both theories, and possessing different interpretations.

In two-dimensional framework the body under investigation can be assumed as a
set of material points in 2D Euclidean space, occupying a domain � ∈ {x, y} with a
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uniform thickening of h, enclosed with a boundary, � which is subjected to traction
vector, t̄, and couple traction vector, m̄ (considered for Cosserat media only).

The FE formulation is derived using the principle of minimum total potential
energy, where for the static analysis, total potential energy functional, �, which is
written in terms of total elastic strain energy, U , and external work potential, W , as
in the form; � = U + W must be minimum for equilibrium.

∂� [d]
∂di

= 0, i = 1, 2, . . . , Ntotal (1)

where

� [d] =
Ntotal∑

i=1

�i (2)

with Ntotal being the total number of elements, and di and d respectively referring to
nodal unknowns vector of an element i , and the whole model. One can see that, as a
result of ‘weak’ non-local character of constitutive equation for micropolar model,
total potential energy of an element i depends only on its own displacement/rotation
field:

�M
i = �M

i

[
dM
i

]
, i = 1, 2, . . . , Ntotal (3)

which resulting Eq. (1) to be simplified into following form,

∂�M
1

∂dM
1

= ∂�M
2

∂dM
2

= . . . = ∂�M
Ntotal

∂dM
Ntotal

= 0 (4)

with the remaining terms (i.e. ∂�M
i

/
∂dM

j for i �= j) vanish.

On the other hand, due to ‘strong’ non-local character of Eringen’s model, which
accounts for long range interactions, total potential energy of an element i depends
not only on its displacement field, but also to displacement fields of all other elements.

�E
i = �E

i

[
dE
1 ,dE

2 , . . . ,dE
Ntotal

]
, i = 1, 2, . . . , Ntotal (5)

Hence all derivatives in Eq. (1) are recovered:

∂�E
i

∂dE
1

= ∂�E
i

∂dE
2

= . . . = ∂�E
i

∂dE
Ntotal

= 0, i = 1, 2, . . . , Ntotal (6)
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2.1 Micropolar Model

Micropolar theory belongs to a class of generalized continua, that, using the definition
Kunin [28], Maugin [10], Eringen [12], Trovalusci [14], called as ‘implicit’ non-
local model. As the material particles that constitute the continuum are described in
terms of both their positions and orientations, in 2D media each particle possess two
in-plane displacement components along x and y directions (ux , uy), and one out-
of-plane micro-rotation component along z direction (φz) [9, 12, 33], which leads
to following linearised kinematic relations:

εMi j = ui, j + ei jkφk, χk j = φk, j (7)

with i, j = x, y and k = z. Here, comma symbol in the subscript stands for partial
derivative operations, and εi j and χk j denote the components of strain and curvature
tensors, respectively, while ei jk is the usual third order permutation tensor. In case
the micro-rotations are constrained to follow the local rigid (macro) rotations, the
classical kinematic relations, i.e., εi j = (ui, j + u j,i )/2, are recovered and the theory
becomes couple stress [30, 37, 91].

From balance considerations, each component of surface traction, t Mi , and sur-
face couple-traction, mk , are described in terms of non-symmetric stress tensor, σM

i j ,
couple stress tensor, μk j , and unit outward normal vector, n j , as follows:

t Mi = σM
i j n j , mk = μk j n j (8)

with subscripts referring to their components. If body forces and body couples are
neglected, the equilibrium equations take the following form.

σM
i j, j = 0, μk j, j − ei jkσ

M
i j = 0 (9)

Considering linear elasticity, the stress-strain relation of an isotropic micropolar
continua can be represented as:

σM
i j = λεMkkδi j + (μ + χ)εMi j + μεMji ,

μk j = αχi iδk j + βχ jk + γχk j

(10)

which requires, six independent elastic material constants for the complete descrip-
tion. Here λ and μ refer to Lame’s constants, while α, β, γ and χ are constants
related to micropolar theory. Note that, although for first Lame’s constant the well-
known relationship; λ = Eν/((1 + ν)(1 − 2ν)) is valid, second Lamé’s constants,
μ, is not equal to shearmodulus,G, as in the classical convention, but holds following
relation:

μ = G − χ

2
(11)

while Poisson’s ratio, ν, is described as follows.
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ν = λ

2(λ + G)
= λ

2λ + 2μ + χ
(12)

Equation (10) can be rewritten in matrix form as following

σM = DM
ε εM , μ = DM

χ χ (13)

with elasticity matrices being

DM
ε =

⎡

⎢⎢⎣

λ + 2G λ 0 0
λ λ + 2G 0 0
0 0 G + χ

/
2 G − χ

/
2

0 0 G − χ
/
2 G + χ

/
2

⎤

⎥⎥⎦ , DM
χ =

[
γ 0
0 γ

]
(14)

Since size effects and relative rotations are incorporated through an internal char-
acteristic length, lc, and a coupling number, N , with following relations hold [92]:

l2c = γ

2(2μ + χ)
, N 2 = χ

2(μ + χ)
(15)

constants appearing inDM
ε do not retain the memory of internal lengths, while bend-

ing moduli DM
χ is responsible for scale effects. In case, lc and N are taken small

enough, the Cosserat effects become negligible, and the body behaves as Cauchy
continua only if the material under investigation belongs at least to orthotetragonal
symmetry class as in the presented study [1, 37].

2.1.1 Finite Element Formulation

For FE modelling, the field variables within an element e (ue, φe) are approximated
considering a natural coordinate system, ζ, η, and using related interpolation function
matrices:

ue = NM
u dM

eε, φe = Nφ dM
eφ (16)

Here,NM
u is employed for interpolation of nodal in-plane displacements and con-

sists of quadratic interpolation functions,whileNφ is employed for nodal out-of-plane
micro-rotations, and includes linear type shape functions

NM
u =

[
N 1
u 0

0 N 1
u

· · · N 9
u 0

0 N 9
u

]
, Nφ = [

N 1
φ . . . N 4

φ

]
(17)

with considering following representation of nodal unknowns vectors for nine-node
Lagrange element.

dM
eε = {

ũ1x ũ1y . . . ũ9x ũ9y
}T
e

, dM
eφ = {

φ̃1
z · · · φ̃4

z

}T
e

(18)
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Fig. 1 For micropolar
model, a 9-node Lagrange, b
4-node quadrilateral element
in natural coordinate system

The over tilde symbol is used to indicate the nodal values and the superscripts
refer to node numbers in an element.

As clearly seen from Fig. 1a and Eqs. (17) and (18), all the nodes of the nine-node
Lagrange element possess displacement-type DOFs, whereas micro-rotation DOFs
are attached only to the four corner nodes.

> Important

Considering nine-node Lagrange element, the use of a lower interpolation order for micro-
rotations (as depicted in Fig. 1a) allows an optimal compromise between numerical accuracy
and computational efficiency to be achieved. In other words, the adoption of the same inter-
polation functions for both displacements and micro-rotations usually leads to negligible
accuracy improvements against a notable increase in the number of DOFs [93].

In case a four-node linear element is considered for discretization, then both
displacement and rotation DOFs are attached to same (corner) nodes as illustrated
in Fig. 1b while Nu includes linear interpolation functions.

Nu =
[
N 1
u 0

0 N 1
u

· · · N 4
u 0

0 N 4
u

]
(19)

According strain and curvature fields that are ordered in vectors;

εM
e = [

εMxx εMyy εMxy εMyx
]T
e

, χe = [
χzx χzy

]T
e (20)

are obtained as follows for nine-node Lagrange element

εM
e = LMNM

u dM
eε + MNφdM

eφ = [
LMNM

u MNφ

] { dM
eε

dM
eφ

}
= BM

eεd
M
e ,

χe = ∇
(
NφdM

eφ

)
= [

0 ∇Nφ

] { dM
eε

dM
eφ

}
= BM

eχd
M
e

(21)
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with dM
e =

{
ũ1x ũ1y . . . ũ9x ũ9y φ̃1

z . . . φ̃4
z

}T

e
, and LM , M, ∇ respectively being the

differential matrix operator, permutation vector and gradient operator:

LM =

⎡

⎢⎢⎣

∂
∂x 0
0 ∂

∂y
∂
∂y 0
0 ∂

∂x

⎤

⎥⎥⎦ , M =

⎡

⎢⎢⎣

0
0

+1
−1

⎤

⎥⎥⎦ , ∇ =
[ ∂

∂x
∂
∂y

]
(22)

Hence for a FE model, Eq. (13) takes the following form

σM
e = DM

eεB
M
eεd

M
e , μe = DM

eχB
M
eχd

M
e (23)

where σM
e and μe vectors are described as;

σM
e = [

σM
xx σM

yy σM
xy σM

yx

]T
e

, μe = [
μzx μzy

]T
e (24)

Note that, the derivations inBM
eε andB

M
eχ matrices should be performed using chain

rule and inverse Jacobianmatrix of corresponding element e, J−1
e , as the interpolation

function matrices are represented in terms of natural coordinate system.
Finally, formulation of mth element is derived as below according to principle of

minimum total potential energy given in Eq. (4).

fMm =
⎛

⎝h

1∫

−1

1∫

−1

(
BM
mε

)T
DM

mε B
M
mε det |Jm | dζ dη

⎞

⎠

︸ ︷︷ ︸
kM
mε

dM
m

+
⎛

⎝h

1∫

−1

1∫

−1

(
BM
mχ

)T
DM

mχ B
M
mχ det |Jm | dζ dη

⎞

⎠

︸ ︷︷ ︸
kM
mχ

dM
m

fMm = (
kM
mε + kM

mχ

)
dM
m

(25)

By performing proper assemblage operations, the well-known linear equation
system is achieved:

KM dM = fM (26)

where KM refers to global stiffness matrix and fM is the global nodal force vector
of discretized 2D micropolar media.
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! Attention

The integration operations in Eq. (25) can be performed either analytically or using a numer-
ical integration scheme. Here Gauss Quadrature (GQ) method is employed. For first order
elements with linear shape functions, 2 × 2, for second order elements with quadratic shape
function, 3 × 3 Gauss sampling points are adequate to capture the exact value of correspond-
ing integral. Hence, stiffness matrix of nine-node Lagrange element illustrated in Fig. 1a can
be calculated as;

kMm = h

NGQ3∑

j=1

NGQ3∑

i=1

wiw j

(
BM
mε

(
ζi , η j

))T
DM
mε B

M
mε(ζi , η j ) det

∣∣Jm(ζi , η j )
∣∣

+h

NGQ2∑

s=1

NGQ2∑

r=1

wrws

(
BM
mχ (ζr , ηs)

)T
DM
mχ BM

mχ (ζr , ηs) det |Jm (ζr , ηs)|
(27)

where NGQ2 and NGQ3 refer to number of Gauss sampling points (GP) in an element, and
equal to 2 and 3, respectively. Since DOFs related to micro-rotations are attached only to
corner nodeswith a curvature field approximated using linear shape functions, it is convenient
to calculate the integration of kMmχ using 2 × 2 GP, while kMmε requires 3 × 3 GQ due to

existence of quadratic shape functions inBM
mε.Here ζi , η j , ζr , ηs stand for natural coordinates

with wi , w j , wr , ws being the Gauss weights of the corresponding GP.

2.2 Eringen’s Non-local Model

Eringen’s theory of elasticity is considered as an ‘explicit’ non-local model [10,
12, 14, 28], where stress is calculated by integrating the multiplication of strain
field with an attenuation-type kernel function, which contains information about
underlying discrete material organization, over the entire domain [13]. This theory
is built upon eight fundamental axioms of constitutive equations which makes it one
of the best candidates to explain the true nature of the matter among others, at least,
at continuum level. This is the main reason why Eringen’s theory will be utilized
in this chapter. In this theory, primal fields of classical elasticity are conversed and
following kinematical relations are obtained within the linearised framework:

εEi j = 1

2

(
ui, j + u j,i

)
(28)

with i, j = x, y for a 2D media. Correspondingly, each point contains two DOFs:
in-plane displacement components ux and uy along x and y directions. Here εEi j refers
to components of the symmetric strain tensor.
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For the continuum to be in balance, interactions between material points, that are
characterized through traction forces only, tE , can be described in terms of symmetric
stress tensor, σE , and unit normal vector, n, as follows:

t Ei = σE
i j n j (29)

Since the axiom of objectivity provides the vanishing of non-local body force
residuals, while strain-rate dependent non-local energy residual dies out under the
quasi-static condition [13, 59, 94], in the absence of body forces, following equilib-
rium equation is carried out, similar to classical (local) elasticity theory.

σE
i j, j = 0 (30)

Stress-strain relation of two phase local/non-local model is then written as follows
for a linear elastic and isotropic 2D body [51, 54]:

σE = ξDEεE + (1 − ξ)

∫

A

τ (r(x̄, x),κ)DEεE (x̄) d A(x̄) (31)

with elasticity matrix being

DE =
⎡

⎣
λ + 2G λ 0

λ λ + 2G 0
0 0 G

⎤

⎦ (32)

Here x (or x̄) refers to xi = {xi , yi } which represents the coordinates of any point
i . As one can see, two additional parameters, ξ and κ, both of which attribute to non-
local character of the structure, are introduced with Eringen’s two phase local/non-
local theory. Here ξ refers to fraction coefficient and controls the weight of local
and non-local parts in the constitutive equation. As decreasing values imply more
pronounced non-locality, assuming ξ equal to unity yields full local model while 0
corresponds to full non-local case, inwhichproblems regarding existence andunique-
ness of solution may arise. Meanwhile, non-local parameter κ, includes information
about material’s internal structure and defines the intensity of the kernel function
(τ ), according to which, the link between source point x and remaining points x̄ are
identified. Although for a 2D domain, many different types of kernel function (e.g.
error function, bell shape, conical shape, bi-exponential) exist [50, 55, 95], all of
them have to fulfil the following requirements [50]:

1. Kernel function should be a positive decaying function with a maximum value at
x̄ = x.

2. Considering regions sufficiently away from boundaries, kernel function should
return to Dirac delta function for κ → 0, in which case the classical theory of
elasticity must be recovered.
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Fig. 2 Plots of attenuation functions

3. Eringen’s non-local theory should approximate to lattice dynamics when
κ/L → 1.

4. Kernel function should satisfy the following normalization condition on V∞.

∫

V∞

τ (r(x̄, x),κ) dV = 1 (33)

Due to the decaying nature of kernel function, the effects of long range interactions
practically vanish beyond a certain limit. This limit is called as influence zone, and
defined with a radius (RI ) since the projection of any isotropic kernel function on
2D domain is circular. In Fig. 2, the cross section views of different attenuation
functions are plotted for a non-local parameter κ = 0.05L , where RI is determined
as; τ |r→RI

= 0.0065τ |r→0. Here L refers to external length of the 2D structure.
In accordance with literature [66], a bi-exponential type kernel function (τ3 in

Fig. 2) is used for calculations due to following reasons. First, the implementation
of partitioned type kernel functions (e.g. bell shape, canonical shape, etc.) would
require an additional loop in the algorithm, and increases the computational burden.
Second, kernel functions with relatively narrow influence zone have a rapid decaying
character, which drastically increases the number of Gauss sampling points for a
good approximation of integration operations. Although the proper choice of kernel
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function is discussed in terms of computational expense only, it actually must be
selected based on experimental data.

> Important

Distance measure r appeared in kernel functions is generally defined as the length of a
straight line that connects source point, x, and all other points, x̄ such that; r = |x̄ − x|, while
Polizzotto [55] proposed a more refined model that considers the existence of cracks and/or
holes in the body. Accordingly, it was suggested that, the distance r of any pair (x, x̄) ∈ V
should depend on geodetic path, r (x, x̄), not to Euclidean distance, |x̄ − x|. Here geodetic
distance is submitted as theminimum length that connects two points without intersecting the
boundary surface of the body. Hence, it is clear that, for domains without voids the geodetical
distance equals to Euclidean one (r (x, x̄) = |x̄ − x|), while r (x, x̄) ≥ |x̄ − x| relation holds
for any domain.4

Considering our example problem possessing a hole (see Fig. 3b), the effect of
geodetical distance on stress field should be studied. To this end, the analysis of
Eringen’s model is performed adopting both Euclidean and geodetical distances.
Here, the geodetical path between two points is determined by following the steps
listed below:

1. Tangents of corresponding points are obtained.
2. Among each pair of tangent lines, the ones that are closer to the other point are

detected.
3. The intersection points of corresponding tangent lines are found.
4. The arc in between interaction points are identified.

According distances illustrated at Fig. 3b are calculated as following:

Euclidean : |xA − xD| =
√

(xA − xD)2 + (yA − yD)2

Geodetical : r (xA, xD) = |xA − xB| + aθBC + |xC − xD| (34)

where a refers to radius of hole and θBC denotes the angle between intersection points
(B and C) of each tangent line.

2.2.1 Finite Element Formulation

For FE modelling of 2D non-local media, the domain is discretized using stan-
dard four-node linear elements where displacement field within an element e (ue)
is approximated using nodal displacement vector, dE

e , and interpolation matrix, Nu ,
(see Eq. (19)) such that; ue = NudE

e .

4It is important to note that, although the geodetical distance between two points is unique, the
geodetical path may sometimes be nonunique [55].
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Fig. 3 a Illustration of influence zone ofmth element (Elements that fall within the zone are shown
in grey). b Geodetical path and Euclidean distance between source and neighbour points

> Important

Even though second-order elements clearly suppress the first-order ones in problems with
high gradients (e.g. stress concentration), it is not preferred herein as the integration of
multiplication of quadratic shape functions and exponential type attenuation function would
drastically increase the computational burden.

Corresponding strain field within an element e, i.e., εE
e = [

εExx εEyy 2ε
E
xy

]T
e
, is

then defined as:
εE
e = LENudE

e = BE
e dE

e

LE =

⎡

⎢⎢⎢⎢⎢⎣

∂

∂x
0

0
∂

∂y
∂

∂x

∂

∂y

⎤

⎥⎥⎥⎥⎥⎦

dE
e = {

ũ1x ũ1y ũ
2
x ũ2y ũ

3
x ũ3y ũ

4
x ũ4y

}T
e

(35)

with LE being the differential matrix operator. As previously mentioned, the deriva-
tions inBE

e is performed using chain rule and inverse Jacobian matrix of correspond-
ing element e, J−1

e , as the interpolation functions are represented in terms of natural
coordinate system.

The constitutive relation given in Eq. (31) is then transformed to following for an
element e:
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σE
e = ξe DE

e B
E
e d

E
e + (1 − ξe)

Ntotal∑

i=1

1∫

−1

1∫

−1

e− r
κ

2πκ2
DE

i B̄
E
i d

E
i det

∣∣J̄i
∣∣ dζ̄ dη̄ (36)

while stress tensor, σE
e , is described as below:

σE
e = [

σE
xx σE

yy σE
xy

]T
e

(37)

Here the over bar denotes that, the related matrix is written in terms of ζ̄, η̄ as a
requirement of Eringen’s constitutive relation, hence, should not be confused with
overbars in prescribed surface traction and surface couple-traction.

According to principle of minimum total potential energy given in Eq. (6), for-
mulation of mth element is derived as below.

f Em = ξmkE
md

E
m + (1 − ξm)

⎛

⎝kE
mmd

E
m +

Ntotal∑

n=1, n �=m

kE
mnd

E
n

⎞

⎠

+ (1 − ξn)

Ntotal∑

n=1, n �=m

(
kE
nm

)T
dE
n

(38)

where

kE
m = h

1∫

−1

1∫

−1

(
BE
m

)T
DE

m BE
m det |Jm | dζ dη

kE
mm = h

1∫

−1

1∫

−1

1∫

−1

1∫

−1

e− r
κ

2πκ2

(
BE
m

)T
DE

m B̄E
m det

∣∣J̄m
∣∣ det |Jm | dζ̄ dη̄dζ dη

kE
mn = h

2

1∫

−1

1∫

−1

1∫

−1

1∫

−1

e− r
κ

2πκ2

(
BE
m

)T
DE

n B̄
E
n det

∣∣J̄n
∣∣ det |Jm | dζ̄ dη̄dζ dη

(39)

The term with coefficient ξ represents the local part of two-phase model, while
the terms with coefficient 1 − ξ correspond to the non-local part.5 In the non-local
part, the first term stands for the contribution of the mth element to its own energy,
while second and third terms account for the influence exerted on the mth element
by the remaining elements, and the influence exerted by the mth element to other
elements, respectively. Second and third terms in the non-local part, which expand
element stiffness matrix to overall dimension and called as cross-stiffness matri-
ces, are equal to each other only for homogenous material properties such that;
kE
mn = (

kE
nm

)T
for DE

n = DE
m .

5One can see that, Eqs. (38) and (39) have the same nature with the corresponding ones reported in
[60].
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To reduce the computational burden, only the elements inside the influence zone
(see Fig. 3a) are assumed to contribute to cross-stiffness matrices kE

mn and kE
nm ,

while the effect of others practically vanish due to the decaying nature of attenuation
function, as previously described.

Here we designate the influence zone of an element by setting the corner nodes as
centre points of the corresponding circle. Even if a very limited part of neighbouring
elements reside to that zone, its contribution is included into the calculations. With
this way, the zone has been extended as much as possible without compromising
from computational efficiency. Please note that, after this point, the Ntotal expression
in Eqs. (36) and (38) is replaced with total number of elements reside in the influ-
ence zone of corresponding element, Ntotalm . The above mentioned simplification
inherently leads to some sort of banding of the global stiffness matrix, KE during
assemblage operations.

Finally, linear equation system is obtained:

KE dE = f E (40)

with f E being the global nodal force vector of discretized 2D Eringen media.

! Attention

The integration operations given in Eq. (39) are performed using GQ method. Although
for local part (kEm ), 2 × 2 Gauss sampling points (GP) are sufficient regarding 4-node ele-
ments, for non-local part, the number of GP varies depending on the ratio between non-local
parameter and element length as well as calculated part of stiffness matrix. As the κ/ le ratio
decreases, more Gauss points are needed in order to capture the trend of exponential func-
tion in integration, while cross stiffness matrices (kEmn , k

E
nm ) requires less GP than kEmm .

Accordingly, the number of GP is arranged such that the relative difference between stiffness
matrices obtained via GQ method and other numerical integration schemes embedded in
commercial programs (e.g. Mathematica) remains below a prescribed limit (2%).
Below calculation of kEmn matrix of mth element is given.

kEmn = h

2

NGQb∑

s

NGQb∑

r

NGQa∑

i

NGQa∑

j

wswrwiw j
e− r

κ

2πκ2

(
BE
m (ζr , ηs)

)T
DE
m B̄

E
n
(
ζ̄i , η̄ j

)
det

∣∣J̄n
(
ζ̄i , η̄ j

)∣∣ det |Jm (ζr , ηs)|
(41)

As previously mentioned, NGQb and NGQa refer to number of GP in mth and nth elements,
respectively. Accordingly, ζ̄i , η̄ j stand for natural coordinates of nth element with wi , w j
being theGaussweights of the correspondingGP.A similar description holds formth element,
and ζr , ηs , wr , ws .
If r is considered as Euclidean distance following relation holds

r =
√(

Xm (ζr , ηs) − X̄n
(
ζ̄i , η̄ j

))2 + (
Ym (ζr , ηs) − Ȳn

(
ζ̄i , η̄ j

))2 (42)
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where Xm(n) = {
Xm(n)(ζ, η), Ym(n)(ζ, η)

}
defines coordinate mapping between physical

and natural coordinate system of mth element. However, in case the Euclidean path between
GPs of mth and nth elements transits through the hole as illustrated in Fig. 3b, geodetical
distance defined in Eq. (34)2 should be used to account for long-range interactions.

3 Differential Evolution Method

Differential Evolution method (DEM) was proposed in 1997 by Storn and Price [96]
as a heuristic numerical optimization approach. It ensures good convergence prop-
erties with requiring only a few control parameters. Each iteration of the algorithm
consists of three steps; mutation, crossover and selection. Below, these steps are
briefly explained for a function with N0 parameters to be optimized.6

First of all, an initial vector population, p, is created. This population can be
chosen either randomly or uniformly, and must cover the entire parameter space.

pJ
i = [

pJ
i,1 pJ

i,2 . . . pJ
i,N0

]T
, i = 1, 2, . . . , NP (43)

Here superscript J stands for generation number while NP refers to number of
vectors at each population, and is one of the control parameters. According to Storn
and Price [96] a reasonable choice for NP is between 5 × N0 and 10 × N0 which
cannot be altered during the optimization process.7

After formation of initial vector population, the generation of mutant vectors,m,
takes place. To this end, the weighted difference between randomly selected two
target vectors are added to a third one, and as a result, a mutant vector is created for
each target vector:

mJ+1
i = pJ

r1 + F
(
pJ
r2 − pJ

r3

)
, i = 1, 2, . . . , NP (44)

with r1, r2, r3 ∈ {1, 2, . . . , NP} and r1 �= r2 �= r3 �= i being hold. F is another con-
trol parameter, and regulates the amplification of differential variation. Its value
varies between 0 and 2, while 0.5 is suggested as a good initial choice. If the popula-
tion converges too soon F should be increased with keeping in mind that the values
greater than 1 are occasionally effective.

In order to increase the diversity of parameter vectors, the crossover step is intro-
duced. The crossover (trial) vector;

cJ+1
i = [

cJ+1
i,1 cJ+1

i,2 . . . cJ+1
i,N0

]T
, i = 1, 2, . . . , NP (45)

6For more information about the algorithm, the readers are referred to [96].
7NP must be taken at least 4 to fulfil the requirement in mutation step.
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is determined by comparing each term of target and mutation vectors according to
following criteria:

cJ+1
i, j =

{
mJ+1

i, j → rand ( j) ≤ CR
pJ
i, j → rand ( j) > CR

}
, j = 1, 2, . . . , N0 (46)

where rand( j) indicates the j th evaluation of a uniform randomnumber generator that
has an outcome between 0 and 1, while CR corresponds to third control parameter
and ∈ [0, 1]. Accordingly large values of CR accelerates the convergence, yet 0.1 is
suggested as a good first choice by [96].

In the last step, the trial vector, cJ+1
i , is compared with the target vector, pJ

i , to
decide whether or not it is suited to become a member of generation J + 1. This is
achieved by comparing the objective functions, OF, which is aimed to be minimized.

pJ+1
i =

{
cJ+1
i → OF

(
cJ+1
i

) ≤ OF
(
pJ
i

)

pJ
i → OF

(
cJ+1
i

)
> OF

(
pJ
i

)
}

, i = 1, 2, . . . , NP (47)

The convergence is assumed to be fulfilled either the total number of stall iterations
exceeds 50, or the objective function is minimized up to 0.001%.

4 Numerical Simulations

This section is concerned with the comparison of ‘implicit’ Cosserat and ‘explicit’
two-phase local/non-local Eringen’smodels through numerical examination of linear
elastic plate with a circular hole, under uniform tensile stress (Fig. 4).

Fig. 4 Geometry, boundary
and loading conditions of
example problem
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As loading condition, a constant stress of σ0 = 100 (MPa) is applied to left and
right vertical boundary edges, while boundary conditions are imposed by constrain-
ing the horizontal and vertical displacements of vertical and horizontal axes located
in the middle, respectively. All the analyses are performed regarding the full domain
since in the context of Eringen’s non-local theory, imposing symmetry is much more
complicated than only considering the symmetric part of the model as a result of the
missing neighbour elements that should have contributed to cross stiffness matrices
[65, 97].

In accordancewith authors’ previous publication [89], the simulations are repeated
considering two different mesh configurations of different refinement (see Fig. 5),
both characterized by three different scale ratios: L/a = 3.0 (Model 1), L/a = 10.0
(Model 2) and L/a = 20.0 (Model 3). The radius of hole, a, equals to 0.05 (m), while
thewidth of the plate (structural/macro length), L , is modified in size to consider both
finite and infinite domains. To study the effect of non-locality on solutions and to
examine the correspondences and differences between ‘implicit’ and ‘explicit’ non-
local continuum models, the analysis are repeated by modelling the plate as Cauchy,
Cosserat and Eringen continua. For simulations, the non-locality of Eringen’s model
is optimized by tailoring the fraction coefficient ξ, while non-local parameter κ/a

Fig. 5 Mesh configuration (top: coarse, bottom: fine) of models with a circular hole
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equals to 0.2 in accordance with [66]. For this value of κ/a, the radius of influence
zone (RI ) is taken as 0.05 (m). For optimization, Differential Evolution Method [96]
is used with the following objective function (OF) to be minimized, while trial and
error method could also be preferred:

OF =
∣∣∣∣
SCFE (ξ)

SCFC
− 1

∣∣∣∣
L/a→∞

(48)

where 0.0 < ξ ≤ 1.0 and SCF = œmax/œ0 = œA/œ0. According to Eq. (48), the
numerical value of fraction coefficient is arranged such that, the stress concentration
factor (SCF) obtained for Eringen’s non-local theory based FE model (for L/a =
20.0) should be in accordance with the one reported for infinite Cosserat plates [98].
With regard to latter convergence criteria described in previous section, the optimum
fraction coefficient is obtained as ξopt = 0.3315 with a convergence rate illustrated
at Fig. 6.

> Important

In post processing, nodal stresses are attained by using direct evolution method, in which
case, stress components of each node is calculated by substituting its physical coordinates
to stress field equation of corresponding element (Eq. (23) for Cosserat model, Eq. (36) for
Eringen’s model). For nodes that are shared by multiple elements, a single stress value is
obtained by averaging contribution of surrounding elements.

After non-local material parameters of Eringen’s model are fixed, the FE analysis
are performed for all theories, scale ratios and discretization. The numerical values
of parameters used for calculations can be found in Table 1, while corresponding
SCFs are listed in Table 2.

Fig. 6 Rate of convergence during optimization of fraction coefficient
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Table 1 Numerical values of material properties

G
(GPa)

ν κ/a ξ μ (GPa) lc (m) N χ (GPa) γ (kN)

Local 1.0 1/3 – – – – – – –

Cosserat 1.0 1/3 – – −3.263 0.05 0.9 8.5263 104

Eringen 1.0 1/3 0.2 0.3315 – – – – –

Table 2 Stress concentration factors and sensitivity analysis

Models
(L/a)

Theories Analytical
results

4-node element 9-node element

Coarse Fine �m (%) Coarse Fine �m (%)

3 Local – 4.37129 4.50118 2.89 4.38496 4.26706 2.76

Cosserat – 2.49640 2.48677 0.39 2.42046 2.42384 0.14

Eringen – 3.13088 3.16843 1.19 – – –

Eringen* – 3.13043 3.16812 1.19 – – –

10 Local – 3.27776 3.35637 2.34 3.30622 3.26048 1.40

Cosserat – 2.28474 2.29861 0.60 2.22525 2.22562 0.02

Eringen – 2.20737 2.23867 1.40 – – –

Eringen* – 2.20700 2.23831 1.40 – – –

20 Local 3.00000 3.09164 3.30288 6.40 3.30066 3.15742 4.54

Cosserat 2.16544 2.27173 2.26422 0.33 2.22491 2.20055 1.11

Eringen – 2.10095 2.16544 2.98 – – –

Eringen* – 2.10036 2.16507 2.99 – – –

The effect of discretization is studied by calculating the relative differences
between both mesh configuration (�m = |SCFcoarse/SCF f ine − 1|), while super-
script * in Table 2 is used to indicate the results obtained by adopting geodetical
distance.

According to the results, following interferences can be made. Even though for
models with high non-locality, the correction of r through determining geodetical
path will become indispensable, for the presented κ/a ratio and example problem,
solutions are practically not altered, as the SCFs reported for both cases suggest (i.e.
Euclidean (Eringen) vs geodetical (Eringen*) path).

For all scale ratios, the presence of internal lengths leads to a decrease in stress
concentration factor, which features the importance of using non-classical theories
for cases with accountable size effects. This is also evident from comparative contour
plots of normal stresses depicted in Fig. 7,8 and 3D plots illustrated in Fig. 8, where
the maximum stress reduces at least about %28.

8To achieve smooth and physically meaningful stress fields, the discontinuity of stress among linear
elements are averaged by performing linear interpolation.
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Fig. 7 Zoom-in looks of contour plots of normal stress field for 4-node, finemeshedLocal, Cosserat
and two-phase local/non-local Eringen’s models

Similar to ones reported in [89], the dependence of SCFs on spatial discretiza-
tion is weakened for models with size effects, especially for Cosserat continuum.
Although, the results of second order elements are less dependent on discretization,
and also closer to the analytical expressions, adopting first order elements still seems
to provide a good approximation.

Aside similar diffusive character of ‘explicit’ two-phase local/non-local Eringen’s
and ‘implicit’ Cosserat non-local models, the variation of L/a ratio seems to have
different effects on SCFs. This discrepancy can be attributed to the missing long
range interactions around domain boundaries of Eringen’s model (boundary effects),
the effect of which is extended to around the hole for L/a = 3.0. As one can clearly
see from the first rows of Figs. 8 and 9a, the reduction of stress close to upper and
lower boundaries acts as an additional source of stress concentration for ‘explicitly’
non-local Eringen’s model.

As the last point, it should be mentioned that, the results in the interior domain,
sufficiently away from boundaries and hole, expected to be close to that of local elas-
ticity as κ/L (or lc/L) ratios are indeed small, while κ/a = 0.2 provides relatively
high value of non-local parameter, evidenced by the discrepancy in stress distribution
around the hole.
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Fig. 8 Zoom-in looks of 3D plots of normal stress field for 4-node, fine meshed Local (green),
Cosserat (orange) and Eringen (yellow) models

5 Conclusion

Employing non-classical continuum theories that are able to retain the memory of
internal material organization with particular reference to the material’s character-
istic length is favourable for structures with accountable size effects. According to
the works Kunin [28], Maugin [10], Eringen [12], Trovalusci [14], these theories
can be distinguished as ‘implicit’/‘weak’ and ‘explicit’/‘strong’ non-local models
depending on the interpretation of internal scale parameters. As understanding their
capabilities has the utmost significance in increasing the accuracy and precision of
the modelling and design studies, the present chapter focused on the comparison of
two popular non-local theories; the ‘implicit’ Cosserat (micropolar) and ‘explicit’
Eringen’s models through an example problem of practical importance. The calcula-
tions are performed by employing standard finite element method, while the domains
are discretized using quadrilateral elements.

The material parameters of ‘implicit’ model are assumed to be known while the
non-locality of ‘explicit’ model is modified to attain a stress concentration factor
that is in accordance with infinite Cosserat plate. Although for larger scale ratios,
the results of both non-local models are in a very good agreement, the stress field
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Fig. 9 a Zoom-in and b zoom-out looks of contour plots of normal stress field for 4-node, fine
meshed Cosserat’s and Eringen’s models

at the vicinity of the hole is disturbed for L/a = 3.0, in which case the boundary
effects of Eringen’s model are evident in the entire domain. This indicates that when
pores, voids or any other defects are close to boundaries, Eringen’s model estimates
a higher stress concentration factor than Cosserat model. Nevertheless, the critical
decrease in SCFs with respect to Cauchy model features the importance of adopt-
ing a non-local theory for problems with accountable size effects. Yet, obtaining
a different optimum fraction coefficient than the one reported in matrix inclusion
problem [89] indicates the fact that for each sample problem the non-locality must
be tailored to have some kind of equivalency between ‘implicit’ and ‘explicit’ non-
local models. For considered non-local parameter, adopting Euclidean or geodetical
distance during formation of the cross stiffness matrices does not change the results
considerably. However, for larger RI /a ratios, the correction of distance measure
through determining the geodetical path may become very significant.

In terms of computational efficiency, the coding and implementation of Eringen’s
theory is relatively challenging with respect to Cauchy and Cosserat models. The
necessity of accounting for the contribution of elements to each other due to Eringen’s
cumulative type constitutive relation intensively extends the calculations. Moreover,
a special attention must be paid for numerical integration.
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Although, in this study, a single parameter turns out to be suggestive enough to
look for possible hints on equivalencies of both non-local models, other strategies
considering global behaviour are possible, such as minimizing the differences of
strain energy.
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