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Abstract

We study the validity of the comparison and maximum principles and their relation with
principal eigenvalues, for a class of degenerate nonlinear operators that are extremal among
operators with one-dimensional fractional diffusion.
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1 Introduction

The fractional Laplacian is a singular integral operator defined, e.g., by

sy o 1 o(u, x,y)
(—A) M(X) .= _ECN’S /RN Wd

with s € (0, 1) and
o(u, x,y) = u(x +y) + u(x — y) — 2u(x),

so that the value of (—A)*u at x depends on the value of u in the whole of RY. But, of
course, it is possible to define singular integral operators that depend only on subdimen-
sional sets of RY. For example, one can consider one-dimensional sets, fixing a direction
& € RY and letting
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T 8(u,x, 7€)
Igu(x) = CSA vdf

Here C; = C ; so that Z.u(x) acts as the 2s-fractional derivative of u in the direction &.
Hence, we can denote V), the family of k-dimensional orthonormal sets in R” and define the
following nonlocal nonlinear operators

k
Z:u(x) L=sup ZI&M(X) : {gj}f;] € Vk
i=1

k
T u(x) = inf ZI;_M(X) : {51‘}?:1 €Vs
i=1

These operators have been very recently considered in [7], where representation formulas
were given, and in [12], where the operators I;—L are shown to be related with a notion of
fractional convexity. These extremal operators, even for k = N, are intrinsically different
from the fractional Laplacian and we will show some new phenomena arising. We concen-
trate in particular on exterior Dirichlet problems in bounded domains.

Precisely, for Q a bounded domain of RY, we will study:

Tru(x) + c(u(x) = f(x) in Q
u=0 in RM\Q. (.

The first difference we wish to emphasize is that, in general, these operators are not con-
tinuous, precisely, even if u is in C*(£2) and bounded, Il'fu(-) may not be continuous. What
is required in order to have continuity, or lower or upper semicontinuity, is a global condi-
tion on the regularity of u; this will be shown in Proposition 3.1. This is a striking differ-
ence with respect to the case of nonlinear integro-differential operators like, e.g., the ones
considered in [10], which are continuous once C!! regularity holds in the domain Q. These
continuity properties play a key role in the arguments used for the proofs of the comparison
principle, Alexandrov—Bakelman—Pucci estimate, and the Harnack inequality, showing that
the setting we are interested in deviates in a substantial way from [10].

Nevertheless, we will show that the comparison principle still holds for Z in any
bounded domain; we recall that a comparison principle for If was also proved in [12], but
under the assumption that the domain is strictly convex. We wish to remark that in fact the
comparison principle here is very simple compared to the local case. As it is well known,
in the theory of viscosity solutions the comparison principle for second order operators
requires the Jensen-Ishii’s lemma, see [11], which in turn lies on a remarkably complex
proof that uses tools from convex analysis. Here, instead, the proof is completely self-con-
tained and uses only a straightforward calculation, somehow more similar to the case of
first order local equations, where just the doubling variable technique is used.

Via an adaptation of the Perron’s method by [11], the comparison principle allows
to prove existence of solutions for (1.1). Let us mention that existence in a very general
setting that includes elliptic integro-differential operators was proved in [2, 3]. How-
ever, the approach we use is quite immediate, and it seemed to us simpler and friendlier
to the reader to just give the proof then checking if we fit into the general Barles—Chas-
seigne-Imbert setting.

We conclude with the proof of Holder estimates for 7} in uniformly convex domains
and the validity of maximum principle for the operators
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:Z‘-](:'+H‘

with u below the generalized principal eigenvalues, which, adapting the classical definition
in [4], we set as

uE = sup{p : Iv € LSC(Q) N L (RY),v > 0in Q,v > 0in RV, T:v + pv < 0in Q}.

Let us mention that with our choice of the constant C,, the operators Z;° converge to the
operators P, the so called truncated Laplacians, defined by

N k
PIDY)(x) = Y A(Du(x) = max {Z(D%(x);.,gi) R (A L= Vk}
1

i=N—k+1 i=

and

i=1 i=1

k k
P (D*u)(x) := 2 A,(D*u(x)) = min { Z(Dzu(x)fi,fi) C &Y eV }

where A,(D?u) are the eigenvalues of D?u arranged in nondecreasing order, see [5, 6, 9, 15].
Of course there are other classes of nonlocal operators that approximate P,:-’(Dzu)(x), as can
be seen in [7]. But we have concentrated on those that are somehow more of a novelty.

In general, we wish to emphasize that in this setting we have differences both with
the local equivalent operators and with more standard nonlocal operators. We have
already seen that they are in general not continuous, also it is immediate that even when
k = N, which in the local case gives P;(Dzu)(x) = 77;,(D2u)(x) = Au, it is not true that
T, is equal to I;; or that it is equal to the fractional Laplacian. But there are other differ-
ences, for example, regarding the validity of the strong maximum principle, see Theo-
rem 4.3 and Proposition 4.7, or regarding the fact that for P the supremum (infimum)
among all possible k-dimensional frames is in fact a maximum (minimum), while here
the extremum may not be reached as it is shown in the examples before Proposition 3.1.
Hence we encourage the reader to pursue her reading in order to see all these fascinating
differences.

This paper is organized as follows.

After a preliminary section, in Sect. 4 we study continuity properties of Z7. We will
first give counterexamples showing that in general these operators are not continuous,
and then we prove that they preserve upper (or lower) semicontinuity under some global
assumptions. As a related result, we also show that the supremum and the infimum in
the definitions of Ik—* are in general not attained.

Section 5 is devoted to the proof of the comparison principle. We investigate the
validity and the failure of strong maximum/minimum principles for these operators.
Moreover, we prove a Hopf-type lemma for Z, and I;: .

In Sect. 6, we exploit the uniform convexity of the domain Q to construct first barrier
functions, then solutions for the Dirichlet problem by using the Perron’s method [11].

Section 7 is devoted to the analysis of validity of the maximum principle for Z;" - +p-,
and to the relation with principal eigenvalues.

Finally, Holder estimates for solutions of I]iu =finQ, u=0inRY \Q, where Q is a
uniformly convex domain, are proved in Sect. 8.

We will use them in Sect. 9 to prove existence of a positive principal eigenfunction.
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Notations
B,.(x) ball centered in x of radius r
Sh-1 unitary sphere in RV
{e}Y, canonical basis of RV
d(x) = inf,¢yq |x — yl, the distance function from x € Q to 0Q
LSC(Q) space of lower semicontinuous functions on Q
USC(Q) space of upper semicontinuous functions on Q
o(u, x,y) = u(x +y) + u(x —y) — 2u(x)
T u(x) =C, f0+°° % dr, where ¢ € S and C, is a nor-
malizing constant

X ==

x|

— (a1 b1

B(a,b) = [y A —-nbdr
Vi the family of k-dimensional orthonormal sets in RY

2 Preliminaries

We recall the definition of viscosity solution in this nonlocal context [2, 3]. For definitions
and main properties of viscosity solutions in the classical local framework, we refer to the
survey [11].

Henceforth, we consider bounded functions u : RY — R which are measurable along
one-dimensional affine subspaces of RY. That is for every x € R" and & € SV e require
the map

TER b ulx+ 7€)

to be measurable. In the rest of the paper we shall tacitly assume such condition with-
out mentioning it anymore and, with a slight abuse of notation, we shall simply write
u € L2(RM).

Definition 2.1 Given a function f € C(Q xR), we say that u € L®(RV) N LSC(Q)
(respectively, USC(RQ)) is a (viscosity) supersolution (respectively, subsolution) to

I]:ru + f(x,u(x)) =0in Q 2.1

if for every point x;, €  and every function ¢ € C*(B »(X0)), p > 0, such that x; is a mini-
mum (resp. maximum) point to u — ¢, then

Z(u, @, xq, p) +f(xg, u(xp)) <0 (resp. > 0) 2.2)
where
k P +oo
8(@, Xy, TE)) / o(u, xy, 7&;)
I(u, @, xy,p) =C. s ——dr + ——drt ).
(U, @,x4, p) s {lj,.:lepVA ; </0 R T ; T T
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We say that a continuous function u is a solution of (2.1) if it is both a supersolution and a
subsolution of (2.1). We analogously define viscosity sub/super solutions for the operator
T, taking the infimum over ), in place of the supremum.

Remark 2.2 We stress that the definition above is inspired by —(—A)* and not by (—A)*, that
means, in a certain sense, that a minus sign in front of the operator is taken into account.

Remark 2.3 In the definition of supersolution above, we can assume without loss of gener-
ality thatu > @ in B,(x))\{x,}, and @(x;) = u(x,). Indeed, let us assume that for any such ¢

k

’ 5((,07)507 Tfi) /+°° 5(“’x()s T‘fi)
C, su —dt + ————dt | +f(xp, u(x)) <0
s {&lka ; </0 1425 z : T142s T ) + f(xg, ulxg))
is satisfied, and consider a general @ € CZ(B,,(xO)) such that ¥ — @ has a minimum in Xx,,.
We take for any n € N
- ~ 1 2

@,(x) = P(x) + u(xy) — Pxy) — 0 |X - xOl s

and notice that u(x,) = @,(xy), and since u(xy) — @(x;y) < u(x) — @(x),

0, (%) < u(x) - %|x — x| < u)

for any x € B ,(xg)\{xy}. Also, for any n € N,
k

7 6(p,x), 7&) o 5w, xp, TE,)
C, sup </ —ldr+/ A X0 Ted) 4
S (gtey, ; o Tl ) 7142

kp2—Zs

n(l—s)’

and the conclusion follows taking the limit n — oo.

+f(x09 M()CO)) S C5

Remark 2.4 We point out that if we verify (2.2) for p,, then it is also verified for any
Py > py, since

I(M, (p7 xO? pz) S I(M, (p’ xO’ pl)

Remark 2.5 The operators I]'f satisfy the following ellipticity condition: if

Vi, W, € C%(B p(xo)) N L®(RM) for some p > 0 are such that y; — y, has a maximum in X0
then
Trwi (%) < T (xp).
Indeed, if w, (x,) — wr(xg) = w;(x) — w,(x) for all x € RY, then
oy, xg, 7&;) < 6(yr, Xo, TE;)

which yields the conclusion.
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Remark 2.6 Notice that in the definition above we assumed u € L®(RY), as this will be
enough for our purposes, however, one can also consider unbounded functions u with a
suitable growth condition at infinity, see [7].

3 Continuity

In this section, we study continuity properties of the maps x + Z u(x). We start by show-
ing that the assumption u € C2(Q) N L®(R") which ensures that Ikiu(x) is well defined, is
in fact not enough to guarantee the continuity of Z; u(x) with respect to x. What is needed is
a more global assumption as it will be shown later.

Let u be the function defined as follows:

_ 0if |x] <lor{x,ey) <0
) = { —1 otherwise.

3.1
Set = B,(0). The map
x€Q I u(x)

is well defined, since u is bounded in RY and smooth (in fact constant) in . We shall prove
that it is not continuous at x = 0 when k < N.
Let us first compute the value I]:r u(0). Since u < 0in RV it turns out that for any || = 1

+oo _
T.u(0) = cs/ Mrd) 1) o <
0 T +2s
Hence,
k
sup ) T, u(0) < 0. (3.2)
(&) eV i=l
On the other hand, choosing the first k-unit vectors e, ..., e, of the standard basis, we
obtain that
Ie]u(()) == Ieku(O) =0. (3.3)
Hence, by (3.2)-(3.3)
I;u(O) =0.

Now we are going to prove that

limsupI;u(leN> <0
n

n—+oo

where ey = (0, ...,0,1). Fix any [£| = 1. Since Z.u =Z_.u, we can further assume that
(&,ey) = 0. Then, for any n > 1,
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| o u(sey + 1) + U ey — 78)
I,:u(—eN> =C, dr
n 0

T142s

OB +oo —1 + ”(,l,ezv — 7€) 34
=Cs —/T](n) Tl+25 dT+A(H) le’
2
n(n)=—<§’eN> +\/(<§’e’v>> -+
n n n
2
= B0 J(Ge0Y
n n n

Notice that if r <7,(n) then * ~ey té e B,(0) 100),ifr € (Tl (n), T(n)] ther then L ~ey — té e B,(0) 10),
however * ~ey + ¢ & B,(0). Fmally, if 7 > 7,(n), then * ~ey ¢ & B,(0), see also Fig. 1.
Usmg u<0we obtaln from (3.4) that

A ! <-C . d
iu(ﬁel\’>—_ s T 4T

where

and

7y(n)

Moreover, since 7,(n) < /1 — iz, we infer that
n

RN—I

Fig.1 We represent with P, the point ieN + 7,(n)¢, whereas P, = ie,v - 1,(n)é
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+o0 1 1

1
L (Ze"’> <G /\/q s 4= _C‘vzs(l _1y (3.5)

for any || = 1. Then,

fu(leN) < _—Zs(lkfslz)s

and

. 1 kC
| T+ <_ >< BRIy
imsup Tiu( —ey ) < ——

n—+oo

as we wanted to show.
A slight modification of the function u in (3.1) allows us to show that the map

x € Q> Thu(x)

is also, in general, not continuous.
Consider the function

. N-1
u(x) = 0 if |x| < 1, or (x,ey) <0or Y. _ (x,e)* =0
—1 otherwise.

As before, using the fact that u < 0in RY and that

Z,u0) = - =7, u(0) =0,
we have
Zyu(0) = 0.
Moreover, for any |£| = 1 such that (&, ey) € [0, 1), then (3.5) still holds. Since for any
orthonormal basis {fl s §N} there is at most one &; such that (§;, ey ) = 1, then
I;u<leN) < _CSN;IIS

and

lim supIX,u(leN) < —CSN_ 1.
n

n—+o0o 2s

A further consequence of the lack of continuity is that the sup or inf in the definition of ZF
are in general not attained under the only assumption u € C*(Q) N L*(R"). As an exam-
ple, take

_f0  iflx|<Tor(xey) <0
u(x) = { e~®ev) otherwise.

Then
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+0o0 _
Tiu0) = sup Z,0) = €, sup [ M g
[él=1 [gl=1Jo Tl+es

Since Z.u(0) = Z_;u(0), we can assume without loss of generality that (&, ey) €10,1].

Thus,
+o00
fuo=c, s [
[E|=1,(&,en)20 J 0 rl+es

Notice that

/+oo u(‘r-f)d _Jo if (& ey) =0

o T F(E, ey)) if (£,ey) € (0,1],
where

+oo 1y
o) = £ ar
| rl+2s 77
which is continuous and monotone decreasing and

+o0 1
sup f(y)=f(0)=/1 md‘i-

ye(0,1]

Therefore, we deduce

+o0 1
THu(0) = C, / —dr
1

Tl42s !

However, there does not exist any & such that ITM(O) = Z:u(0).
Let us now consider the case I,f with 2 < k < N. We take into account the function

_ e i TN e)? = 0, (ney )2 + (rey)? > 1, (xey) > 0
u(x) = |
0 otherwise.

In this case,

I,:ru(O) = sup (Im u(0) + Inzu(O)),
0€[0.7/2]

where
n =(,...,0,cos0,sin8), #n,=(0,...,0,—sin6,cos0).
Thus, one has

+oo e~Tsing  ,-rcosd

’ = dr if0 € (0,7/2)
T

Z,, u(0) + Z, u(0) =

+00 _—
e .
CS/ i dr if@=0o0r6=unx/2

Now, let us compute the supremum of the function
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too _zsing —7cos 6 +oo 2]
F(B):/ el g emret f(z,0)
1

rl+2s i rl+2s
Observe that
f@.0) _ 2 |
0< T1+2s = T1+2s € L (1, +00),
and that
1 af — 1 —7zsiné —7cos0 3 2 1
mﬁ —ﬁ—e cosf +e sin 6 S;EL(L"'OO)’

ass > 1/2. By (3.6) and (3.7), F() € C'(0, #/2) and

(3.6)

3.7

to &
ro= [ 2
Moreover,
aZf 2 —7sinf 2 —7sinf _; 2 —tcosf 3.2 —7cosf
ﬁ=re cos” 0 + re sinf + 77e sin“ 0 + te cosf >0 (3.8)

forall 7 > 1and 6 € (0, z/2). Also,

%(T, z/4)=0.

Combining (3.8) and (3.9), we conclude
F'(0)<0,if0e€©,x/4), F(@)>0,if0 € (x/4,x/2).
Finally,

+ _
S N
rl+2s

fin F0)= 1m0~ [

which implies

+00 —r
sup F(6) = / 1+ o
1

0<f<7/2 Tl+2s

Therefore,

+o0 —r
IZu(O)=CS/ L+e? 4

. T142s
however there does not exists 6 € [0, /2] such that

+00 _
l1+e”
Tl+25

dr.

7, u0) + 7, u(0) = CS/
1

Proposition 3.1 Let u € C2(Q) N L®(RN) and consider the maps
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P8 eQxS o Tu
Tiu : x € Q= Tru(x).

Ifu € LSC(RY) (respectively, USC(RN), C(RN)) then

() W e LSC(QxS¥™Y (respectively, USC(Q x S¥~1), C(Q x SV 1),
(i) Ikiu € LSC(Q) (respectively, USC(Q2), C(Q2)).

Proof

(i) Let(x,.&) - (x.&) € QxS 'as n — +o0. Fix R > 0 such that B(x,) C Q and

set M = max (Dzu(x)H. For p € (0, %) it holds that B, (x) C By(xy) and, for n

xGER (xp)

sufficiently large and any 7 € [0, p), that x, + 7&, € B,,(x,). By a second-order Tay-
lor expansion, we have

M2—25 +°°6u’x,7: +°°6u,x,'r
e Cs/ (u,x,,7&,) . S/ (u, x9, 7)) dr
l1—=5 » Tl+2s » 142

dr-C

Ignu(xn) - Zénu(xo) > -C,

Since u(x,) — u(x,) as n — +o0, because of the continuity of « in €, then using the
lower semicontinuity of u in RY we have

liminf 6(u, x,,, 7&,) > 6(u, xy, T&;)

n—+o00o
for any 7 € (0, 4+00). Moreover, taking into account that p > 0 and u € L*(RN), by

means of Fatou’s lemma we also infer that

E Mp2—2.v
l}lrll:gf[ffnu(x,,) = I, u(xp)] > _C.vﬁ~

Since p can be chosen arbitrarily small, we conclude that

lierinf‘P(xn, &) > P(xy, &y)-

n—+oo
In a similar way one can prove that ¥ € USC(2 X S Y if u € USCRY). In par-
ticular ¥ € C(Q x S¥~!) when u is continuous in R¥.

(ii) By the assumption u € C*(Q) N L*(RY), we first note that, for any x € Q, Teu(x)is
uniformly bounded with respect to & € SV ~!. Hence,

—oo < T, u(x) < I:u(x) < +o00.
Moreover, for any compact K C € there exists a constant M such that
—My < T u <Tju < My.

Henceforth, we shall consider I]: , the other case being similar.
Let x, —» xy € Qasn — +oo and let € > 0. By the definitions of lower limit and 7, u, there
exist a subsequence (x,, ),, and k sequences (&;(m)),, C SV'i=1,...,k, such that for any
meN
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k
liminf 7 u(x,) + 2& > I,:u(xnm) +e2> z ‘I‘(xnm, &(m)). (3.10)

n—+oo 4
i=1

Up to extract a further subsequence, we can assume that &;(m) — Ei, as m — +oo, for any
i=1,...,k Since ¥ € LSC(Q x 8"~ ") by i), we can pass to the limit as m — 4o in (3.10)
to get

k
lim inf 7, u(x,) + 2¢ > D W, &) > Toulxy).
i=1
This implies that Z, u(x) € LSC(€2) sending £ — 0.
The proof that 7, u(x) € USC(L2) under the assumption u € USC(RY) is more standard
since T, u(x) = inf{;}’k:levk Zf;l Y(x, &) and P(x, &;) € USC(Q) by 1).

Lastly if u € C(R"), by the previous cases 7, is in turn a continuous function in €.

O
4 Comparison and maximum principles
We consider the problems
Tru+ c(u = f(x) in QN @
u=0 in RY\Q

Theorem 4.1 Let Q C RN be a bounded domain and let c(x),f(x) € C(Q) be such that
el < €2 (diam(@) 7. If u € USCQ) NLY(RY) and v € LSC(Q) N L*(RY) are,

respectively, sub- and supersolution of (4.1), thenu < vin Q.
Proof We shall detail the proof in the case I;: , the same arguments applying to 7" as well.
We argue by contradiction by supposing that there exists x, € € such that

I%a}/x(u —v) = u(xy) — v(xy) > 0.

Doubling the variables, for n € N we consider (x,,,y,) € Q x Q such that

max(u(x) — v(y) — nlx = y|*) = u(x,) = v(y,) — nlx, = y,I*

max = u(xp) — v(xo). 4.2

Using [11, Lemma 3.1], up to subsequences, we have

ngglw(xil’yil) = (x, )_C) eQxQ 4.3)
and
nl_i>r+noo u(x,) = u(x), n1—i>£—noo v(x,) =v(x), u) —vXx) = ulxy) — vixy). (4.4)
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By semicontinuity of # and v we can find moreover € > 0 such that
u(x) < ulxy) —vixy) Vx € Q, 4.5)
and also

—v(x) < ulxy) —v(xy) Vx € Q, (4.6)
where Q, = {x eQ: dist(x,0Q) < € } We first claim that for n > w

2 2
rgfg[u(x) —v) —nlx—y[*]= RWX'“‘@N[”(") —v(y) —nlx—y|7]. 4.7)
To show (4.7) take any (x,y) & QxQ:

Case 1. If [x — y| > &, then u(x) — v(y) — n|x —1|2 < lully + Vil — ne? <0;

Case 2. If |x — y| < £and both x ¢ Q and y & Q, then u(x) — v(y) — n|x — y|? <0;

Case 3. If[x—y|<eandx ¢ Q, ye Qorx € Q, y ¢ Q, then using (4.5) and (4.6) we
infer that u(x) — v(y) — n|x — y|? < u(x,) — v(x,).

Thus, (4.7) is proved.

Taking the functions ¢,(x) := u(x,) +nlx —y,|*> —nlx, —y,|> and ¢,(y) =v(y,) —n
|x, — |2 + n|x, — y,|?, we see that @, touches u in x, from above, while ¢, touches v in y,
from below. Hence, for any p > 0

k

+oo
f&x,) < elxux,)+ C; sup Z (/p 3@ 2. 7)) dr +/ o, %y, 7)) dr)
0 p

14+2s 142s
k : T T
(&} e =1

2-2 k +oo 5 i
= e i) + €2 v, sup (Z / o % 78 dr>.
- S = P

1+2s
{a}ev ’

4.8)
In a dual fashion

&[T 6(v.y,,TE)
f(yn)ZC(yn)V(yn)—C 1 +C sup (Z/ Tdf. 4.9)

{§ }L_ eV, \i=1

Subtracting (4.8) and (4.9), we then obtain

k 2-2s
F06) —fO,) < C, 1”

b e (4.10)
vC s <Z / 5(u,xn,ff)l+2(?(vyn,ff§) )
(e} ev , 4

+ c(x,)ulx,) — c(y,)v(y,)

From (4.2) and (4.7), we have
u(x) =v(y) = nlx = y* < ux,) = v(e,) = nlx, = y,* ¥ry € R".
Choosing in particular x = x,, + 7&; and y = y, + 7&; we deduce that
S, x,,t&) — (v, y,, 7€) <0
for any 7 > 0 and for any |&;| = 1. Thus, (4.10) implies, assuming without loss of generality

that p < diam(Q),
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2-2s
F) —f) < ¢, 20 ” + e ulx,) — cov()

K oo . @.11)
+C, sup <Z/ Bt Xy 76) = 6(Vy"’15) )
di

. 1+2s
{fi }f:l er iam(Q2) T

Since  Q C Byym)(x,) and  x, £ 7& & Byume)(x,) for any 7 2>diam(Q), then
u(x, + 7&;) < 0. For the same reason v(y, + 7&;) > 0 when 7 > diam(£2). Hence,

o(u, x,, &) = 6(v,y,, 76;) < =2(u(x,) = v(y,))

and
2k p2—2s
J&) —f,) £ CG——— + clxulx,) — c(y,)v(y,)
4.12)
- Cy(u(x,) — v(yn))g(diam(ﬂ))_zs.
Letting first p — 0, then n — +o0 and using (4.3)-(4.4) we obtain
- k. .. _2s
0 < (u(xg) — v(xo))(c(x) - €, (diam(©) )
which is a contradiction since u(x,) — v(xy) > 0 and ||c?]|,, < CAYf—:(diam(Q))‘Zs. O

In what follows, we clarify what we mean by (weak) maximum/minimum principle.

Definition 4.2 We say that the operator Z satisfies the weak maximum principle in Q if
Tu>0inQ, u<0inR"\Q = u<0inQ,
and that it satisfies the strong maximum principle in Q if
Zu>0inQ, u<0inRY = wu<Ooru=0inQ.
Correspondingly, 7 satisfies the weak minimum principle in Q if
Tu<0inQ, u>0inR"\Q = u>0inQ,
and it satisfies the strong minimum principle in Q if
Zu<0inQ, u>20inRY = u>0o0ru=0inQ.

The weak minimum/maximum principle follows by applying the comparison principle
Theorem 4.1 with v = 0 or u = 0. However, the operators Z;* do not always satisfy the strong
maximum or minimum principle, see also [7].

Theorem 4.3 The following conclusions hold.

(i) The operators T, , with k < N, do not satisfy the strong minimum principle in Q.
(ii) The operator T, satisfies the strong minimum principle in €.
(iii)) The operators Z']:r, with k < N, satisfy the strong minimum principle in Q.
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Remark 4.4 We notice that since I,:r (=u) = =7, u, corresponding results hold for the maxi-
mum principle.

Proof

(i) We refer to Proposition 2.2 in [7] for a counterexample.
(ii)) Let us assume that u satisfies

Tu<0 inQ
u>0 inRN

and let u(x;) = 0 for some x, € . We want to prove that # = 0 in Q. Let us pro-
ceed by contradiction, and assume there exists y € Q such that u(y) > 0. Let us
choose a ball Bg(y) such that

* Br(y)CQ
e Jx; € 9Bg(y) such that u(x;) = 0
o u(x) > 0forall x € B(»\{x, }.

Then, by definition of viscosity super solutions, for fixed p > O and @ € C*(B ,(x1)),
for which x; is a minimum point for u — @, and for every € > 0, there exists a ortho-
normal basis {&|, ..., &y} = {&,(e), ..., Ey(e)} such that

N P 5( +oo
Z @, x;,7¢) 6(u, xy,75;)
& Z Cs < </0- Td‘r +/p Td‘t’ . (413)

Fix p < 2—\/]]%, and choose @ =0 on B,(x;). Moreover, we know that there exists
Jj = j(e) such that

X~y
i =]

1 —
(&% = )’>>ﬁ’ withx; —y =

In particular, one has p < 2R(§ X —y). Then, taking into account that u(x,) =
and u > 0, from (4.13) one has

N +o00 _ .
exC, Z/ ulx, +7&) + ulx; — &) dr

Tl+2s
+eo u(x; + &) + ulx; — ;) roo u() + Tg) +u(x; — T*f)
= C Z/ T1+2.v dr + C‘/ T1+2r
i#f p
oo u(x) — Téj) 2R(&41 =) u(x; — Tfj)
26 [ T 26 i

—2s
> CSL p72s — ﬂ min u,
2s B
VN BrO\B, ()

asx — 7§ € BR(y)\B () if p <7 <2R(§;, x| — X; — ¥), which gives the contradiction
ifeis small enough.
(iii) The conclusion for the operators I; follows recalling
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Tiu(x) <0 = Zyux) <0.

Indeed, since I;'u(x) < 0 one has Zf.;l Iélu(x) <0 for any {&,,...,&,} € V. Fix
any {€,,...,&y} € Vy, and denote with A, the set of all subsets of cardinality k of
{&,, ..., &y} Clearly, A, C V,. In particular,

k N

N-1

02 Z sziu(x) = (k -1 > ZZgiu(x),
(&)1€A, i=1 i=1

from which the conclusion.
O
Remark 4.5 Notice that the proofs above only require Q to be connected, and not necessar-
ily bounded.

Remark 4.6 The same proof as in item (iii) shows that

Tiu(x) <0 = I} u(x) < T u(x)
and

Zoux) <0 = 7, ulx) <7, ux).

Actually, the operators Z,:r satisfy a stronger condition than the strong minimum principle,

which is also satisfied by the fractional Laplacian, and which turns out to be false for 7.

Proposition 4.7 One has

(i) The operators I,j, with k < N, satisfy the following
Zru(x)<0inQ, u>0inRY = u>0inQoru=0inR".

(i) There exist functions u such that Tyu < 0in Q,u =0 in ﬁ, andu Z0in IRN\ﬁ.

Proof

(i) Take u which satisfies the assumptions of the minimum principle, and assume there
exists x, € Q such that u(x,) = 0. By the strong minimum principle in Q, we know
that u = 0 in Q, in particular u > 0 in RY. Choose any orthonormal basis of RY
{&, ..., &y ). Thus, recalling that u > 0 in RY

rl42s

k k +o00
+7E) + — &
0> Thut) > Y T, ulxg) = C, Y. / u(xy + &) + Ul — 78) |
i=1 i=1 J0

Hence, since u > 0 in RV, we conclude that u = 0 on every line with direction &;,
and passing by x,,. Since the directions are arbitrary, we get the conclusion.
(i1) Take
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() = 0 if there exists i = 1,..., N such that |(x,e;)| <1
1 1 otherwise,

see also Fig. 2, and notice that

N
Tyu(x) < 2 T, u(x) = 0 in B, (0),

i=1

where ¢; is the canonical basis. Moreover, u =0 in El (0), however u # 0 in

RN\B, (0). ]

We now prove a Hopf-type Lemma. We will borrow some ideas from [14], where the

fractional Laplacian is taken into account. The next known computation (see [8, end of
Section 2.6]) provides a useful barrier function.

Lemma 4.8 Forany & € S'~! one has
TR = 1xI?), = =C,(1 = s,5) in By(0),

where

1
Bl —s,5) = / A =0 dt
0

is the Beta function. In particular,
IH (R = xP), = T (R? = |x|»), = =k C,B(1 — 5,5) in Bx(0).

For completeness’ sake, we give a sketch of the proof.
Sketch of the proof Call v(x) = (R*> — |x|2)1, and defineu : R - Rasu(t) = (1 — |t|2)'jr.
Notice that for x € Bg(0)

Fig.2 Graphic representation
of the function u in the proof of R
Proposition 4.7 (ii), with N = 2
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(R — |x+ z€|»), — (R? — |x[>)’
142s dr.

Tov(x) = C P.V./

R 7]

Now, one performs the change of variable

T=—{x,&) + t\VR? — |x|2 + (x, &)?

to get

(x. &)
VR = |x]? +(x, &)

The|<las)t| equality follows from equation (2.43) in [8], see also [13], and the fact that
x,&
<1 a

R +(x8)?

Proposition 4.9 Let Q be a bounded C* domain, and let u satisfy

Zev(x) = —(—A)Su< ) =-C,p(1 —s,s).

Z;,LLSO in Q
u>0 in RM\Q.

Assume u # 0 in Q. Then, there exists a positive constant ¢ = c(Q, u) such that
ux) > cd(x)’ Vxe Q. (4.14)

Notice that the conclusion is not true for the operators Z,, k < N. Indeed, consider the
function

1
u(x) = e 1P ?f lx] <1
0 i | > 1

and take {£;} € V, such that (x,&;) =0foranyi =1,...,k. Hence,
e+ o]’ = e+ 7 2

and using the radial monotonicity of u

k
Tru(x) < ) T, u(x) < 0in B, (0).

i=1
However, u clearly does not satisfy
u(x) > cd(x)’

for any positive constants ¢, .
As a consequence of Proposition 4.9, we immediately obtain the following

Corollary 4.10 Let Q be a bounded C? domain, and let u satisfy

Tiu<0 inQ
u>0 inRM\Q
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Assume u Z 0in Q. Then,
u(x) > cd(x)*

for some positive constant ¢ = c(L, u).

Remark 4.11 We also point out that from Proposition 4.9 one can deduce the strong maxi-
mum/minimum principle for the operators Z;, Z,, which however follows also by a more
direct argument as we showed in Theorem 4.3.

Proof of Proposition 4.9 By the weak and strong minimum principles, see Theorem 4.1 and
Theorem 4.3-(ii), # > 0 in Q. Therefore, for any K compact subset of Q we have

inf uG) > 0. 4.15)

Without loss of generality we can further assume that u vanishes somewhere in 0€2, other-
wise the conclusion is obvious.

Since Q is a C% domain, there exists a positive constant €, depending on €, such that for
any x € Q, = {x € Q : d(x) < g} there are a unique z € 0Q for which d(x) = |[x —z| and a

ball B,,(¥) C Q such that B, () N (R¥\Q) = {z}.
Now we consider the radial function w(x) = ((2€)? — |x—5)|2)ir which satisfies, see
Lemma 4.8, the equation

Zyw =—=NCB(1 —s,s) in By ().
We claim that there exists 7z = 7(u, €) such that
u > wy in RN,

where
1
w,(x) = —w(x).
n
This implies (4.14). Indeed, for any x € Q,
1 S2vs L 2 s 2 s
W) = (26 — e =3P, 2 Tl — 2 = Zd()’, (4.16)
n i nn
and

.ou@y) s
uw 2 min md(x) VreQ\Q,. (4.17)

From (4.16)-(4.17) we obtain (4.14) with ¢ = min { 2 min g\, 22 }
We proceed by contradiction in order to prove the claim; hence, we suppose that for any
neN
V=W, — U
is USC and positive somewhere. From now on, for simplicity of notation, we assume that
B,,(¥) = B,;(0). Since
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w, =0 < uin R¥\B,(0),

we know that it attains its positive maximum x,, in B;(0) C Q. One has
0 < ulx,) <w,(x,).
Also, w, — 0 uniformly in R", thus

lim u(x,) =0. (4.18)

n—-+oo

Therefore, recalling (4.15), |x,| = 1 as n — oo, hence in particular x, € B,(0)\B, (0),
wherery =4/1 — ﬁ, and d(x,) < (1 — ry)/2 for n large enough.

Since Zy,u < 0 in €, we know that for every test function ¢ € C*(B ,(x,)) such that x,, is
a minimum point to # — @, one has

N ) (
inf P> Xp> z:éi) / 5(1/[,)( s Tgi)
+ T ————dr ) <0
(551}€VN i=1 </0 rl+2s /p r142s =Y,

and in particular for any n € N there exists {£,(n), ..., £y(n)} orthonormal basis of RV such
that

N

? 6(p,x,,t&(n)) *0 5, x,, TE{()) 1
3 </0 P d”/,, e L df) <. (4.19)

i=1
Since {&,(n),...,&y(n)} is a basis of RY, then there exists at least one &(n) such that

(x,, &) > LN Without loss of generality, we can suppose that &(n) = & (n). Let us

N
choose p = d(x,) < (1 —ry)/2, and p(x) = w,(x) € C2(Bp(xn)) as test function.

We consider the left hand side of (4.19), and we aim at providing a positive lower bound
independent on n, which will give the desired contradiction. Let us start with the second
integral in (4.19) for each fixed i = 2, ..., N, and let us notice that since x,, is a maximum
point for v,

/ * 5(u, x,,, TE{(n)) Je> /+°° 8(w,, x,,, 7E(n)) 0
p P

rl+2s rl+2s

On the other hand, in order to estimate the integral for i = 1, we split it as follows:

T 5(u, x,,, 78, (1))
/p #dr =J,+J,+J5, (4.20)
where
a0 §(u, x,, & (n))
Jl =/ Tl+2s dT’
p
20 §(u, x,. T& (n))
7, (n)
and

@ Springer



Maximum principles and related problems for a class of nonlocal... 2391

Ji= /+°° S(u, xn,rél(n))dr’

- r1+2s

with

n 1 1
o) = L/]_l 1 bl (- )

and

|xn| \/ 1 2 1
=T+ f1- o = 5[ (1-5).
\/IT/ 2N " N
Notice that if € [r,(n), 7,(n)] then x,, — 7&,(n) € B,U(O), as

ool 1

VN 2N

see also Fig. 3. Also, for n large we can assume p = d(x,) < 7,(n) < 7,(n), since as

b, — 2| < > + 2% -

1 1 1 1
n— +o00,d(x,) = 0,7,(n) = \/_ﬁ(l - %>and12(n) - \/_1V<1 + \_6>
Integrals J; and J; can be estimated once again as above, exploiting the inequality

6(u, x,, t€,(n)) > 6(w,, x,,, T&,(n)).

In order to estimate J,, we now use the fact that u(x, — 7&;(n)) > mingz u > 0. We obtain
0

Fig.3 The blue vector represents
£,(n), and the red segment cor-
responds to points x, — 7&,(n),
with 7 € [7,(n), 7,(n)]
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7,(n) _ _
JZZ/ u(x, —t&,(n)) 2u(x)

14+2s
1(n) T

,(n) min; u — 2u(x,)
. 1 By n 1 1
> | minu — 2u(x,) o = i = |-
B, nm T +es 2s T (I’l) s T2(n) s

0

Now, putting estimates above together and recalling (4.19), one has

1 / e 8w, X, 76,(n)) (n)) / 20 §(w,, x,,, 7€ (n))
- — —dr
n Tl+23 @) Tl+25
ming u — 2u(x,) 1 1 “.21)
+ - - )
2s < 7,(n)» 1,(n)* )

Notice that, as n — +oo

/W) (W, x,,, 7& (1))
— w2V dr

rl42s

<2 <; - ;> =0,
sn\ 1 (n)Zs Tz(n)Zs

1(n)

and that by Lemma 4.8

/+°° (W, X, TE; (n))

rl+2s

Cﬁ(l »5).

Thus, by taking the limit # — 40 in (4.21) and using (4.18) we get the contradiction

b)) )

5 Stability and the Perron method

We now give some stability results which will be crucial for our purposes. They have been
treated in a very general context in [2, 3], see also [1]; here we give a simplified proof with
full details for the operators I,:—’

For the local counterparts, we refer to [11]. Let us set

u,(x) =sup inf wu(y), u*(x)= mf sup u(y)

r>0 ly—x|<r r>0 ly—x|<r

and
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liminf,u,(x) = lim inf{un(y) n>j, ly—x| < l},
J— J

lim sup*u,,(x) = lim sup {un(y) n>j, ly—-x| £ l}
J— J

Lemma5.1 Letu, € USC(Q) (respectively, LSC()) be a sequence of subsolutions (super-
solutions) of

Tru, = £,(0) in Q, 5.1)

where f, are locally uniformly bounded functions, and u, <0 (u, > 0) in RM\Q. We
assume that there exists M > 0 such that for any n € N

el < M in RY. (5.2)
Thenu :=limsup*u, (resp. u := liminf,u,) is a subsolution (resp. supersolution) of
Tu =f(x)inQ (resp. Tiu = f(x) in Q),
such thatu < 0 (resp. u > 0) in [RN\ﬁ, where f = liminf, f, (resp. f =lim sup® f,,).

Remark 5.2 Notice that in general we cannot guarantee that the limit solution u is < 0 also
on the boundary of the domain Q. However, in our next results, we will always be able
to avoid this difficulty, by comparing the limit solution with the distance function to the
boundary, see also Lemma 6.5.

Proof Let us only consider Z;, for Z,_ is analogous. Let us fix x, € Q, and let us choose
oe Cz(Bp(xo)) such that ®(xp) = u(xp), and @ >u in B,(x))\{x}. We can choose
X, — xo such that up to a subsequence u, —® has a maximum in x, in B,/ (x,), and
u(xy) = lim,, u,(x,). Since u,, are subsolutions, there exist {£;(n)} € V), such that

k 2 +o00
1 o2 5(®,x,, 1&(n)) 8(ttys X, TE())
f;l(xn)—;lscszl</0 TdT-F‘/p/z le’ (53)
Up to extracting a further subsequence, we can assume &(n) — & as n — oo. Then, recall-

ing ® € C*(B,(x,)),

lim dr.
n—+oo J Tl+2s

12 §(®, x,,, T&(n)) J /,,/2 8(®, xy, 7&;)
XX Tel) o, X0, Tei)
0

rl42s

On the other hand, by applying Fatou lemma, and using hypothesis (5.2),

+00 Fy , , . +oco P —’ , E.
lim sup/ —(u" X 761() dr < / —(u Yo, 71) dr
) )

s +00 2 rl42s 2 rl42s

Thus, recalling (5.3), passing to the limit, and also using that ® > u in B, (x0)
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o2 (@, x0, 7€) 5, x9, 7))
[o)<C Y, </0 Td”/pﬂ T‘“)

L P §(®,xy, &) + 51, xo, TE;)
s A i >0 i
S CS Z </0 T1+2s dr +A Tl+25 dT)

which implies the conclusion. a

Analogously one proves

Lemma 5.3 Let (u,), € USC(Q) (respectively, LSC()) a family of subsolutions (superso-
lutions) of

Tiu, = f(x) in Q
such that u, < 0 (u, > 0) in RM\Q, and there exists M > 0 such that for any
ol <M in .

where f, are uniformly bounded. Set u = sup, u,, (resp. v =inf, u,). Then u* (resp. v,) is a
subsolution (resp. supersolution) of

Tiu=f(x)in Q
such that u <0 (u > 0) in R¥N\Q, where f = (inf, f,), (resp. f = (sup, f,)")-

As a consequence, we get the following analog of the Perron method.

Lemma 5.4 Let u and u in C(RN) be, respectively, sub- and supersolutions of
Z‘]fu = f(x) in Q, (5.4)

such that u=u =0 in RN\Q. Then there exists a solution v € C(RN) to (5.4) such that
u<v<u,andv=0inR"\Q.

Proof In what follows we only consider the case I;: , similar considerations hold for Ik_ . Let
v =sup{u : uisasubsolution to (5.4) s.t. u < uin RV},
Notice that v € L*(R") as
u<v, <v<v' <y,

which also implies v = 0 in R\ Q. We know by Lemma 5.3 that v* is a subsolution to (5.4),
thus v* < v by maximality of v and v = v*. We claim that v, is a supersolution to (5.4). If
the claim is true, then by the comparison principle Theorem 4.1 we conclude v* < v,, and
since the other inequality trivially holds, then v = v, = v* € C(RY) is a solution to (5.4)
such that v = 0 in RN\ Q.

We now prove the claim. Let us assume by contradiction that v, is not a superso-
lution. Then, there exists x, € Q, p >0 and ® € CZ(Bp(xO)) such that ®(xy) = v, (xy),
@ <v,in B,(xp)\{x}, and
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T ¥(xg) > f(xp). (5.5)

where ¥ € LSC(RY) n L®(RY) n C*(B,(xy)) is defined as

w = | O ifxe B, (x))
v, (x) ifxe [RN\BP(xO).

By Proposition 3.1, there exist r < p/2 and g, > 0 such that
TI¥(x) 2 f(x) + & (5.6)
for any x € B,(x,). Moreover, for any > 0 let
w= e
Then,

LN, = f(x) (3.7

2s
for any #<n =¢,C;! i (g) and for any x € B,(x;). Indeed, notice that
‘P” =¥+7 )(Ep%), where y, is the characteristic function of the set A, and that for any
|&] = 1and x € B,(x)), x + 7€ € B,(x) if T < p — r. Thus, by direct computations

+oo S(XE/;(XO)’ X, T":) 400 1
Iixﬁp(xo)(x) = Cs/ ——dr > —2CS/
P

p—r TI+25 _, Tl+2s
C C —2s
:__s(p_r)_zs Z__S<£) .
K s \2
Thus,
k p —2s k p —2s
L0 2 T - A (8) Tz e - cE(5) Tnzsw
by using (5.6).
Let us take
m,=_ min (v,—®) >0,
BP(Xo)\B,/z(xo)

so thatv, > ® + 7 in Ep(xo)\Br/z(xO) for any # < #,.
Consider

Mo < min{ny,n, }.
Define

max{v,¥, } in B,(xy)
w= oL N
v in RY\B,(xy).

In particular, w(x) > ‘Pno (x) for all x.
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Let us prove that w is a subsolution. Let us fix X € Q, and let us choose ¢ € CZ(B&()'C))
such that w(x) = @(X), and w(x) < @(x) in B, (X).

If w(x) = v(X), then @ is a test function for v, and we exploit the fact that v is a subsolu-
tion. If w(x) = ®(x) + #, > v(X), then in particular x € B, /2(xo)- Set

_ [ oW ifxeB,®
0 = { w(x) if x € R¥\B,(%).

One has
6(%) = p(¥) = w(X) = D) + 1y = ¥, (7).

Also, 0(x) > ‘I‘% (x) for any x. Indeed, if x € B.(X), then 6(x) = p(x) > w(x) > ‘Pm’(x),
whereas if x & B, (X), then 6(x) = w(x) > ‘Pm) (x). Therefore,

L0 2 I[P, (0) 2 f(®)

by (5.7).
Hence, w is a subsolution, and this yields a contradiction. Indeed, there exists a sequence
X, — Xg such that lim, v(x,) = v,(xy), and one has

n—00

lirrln(w(xn) —v(x,)) = max{v,(xy), D(xy) + 1y} — v.(xy) =1y > 0.

Thus, w(x) > v(x) for some x. Finally, we notice that w < u by comparison, and as a conse-
quence w < v by maximality of v, a contradiction. a

We finally prove existence of a unique solution to the Dirichlet problem in uniformly
convex domains

Q=) Bz

yeY

The proof will be based on stability properties above.

Theorem 5.5 Let f be a bounded continuous function, and let Q be a uniformly convex
domain. Then there exists a unique function u € C(RN) such that

{I,fu =f(x) inQ

u=0 in RM\Q. 5.8)

Proof Exploiting the barrier functions in Lemma 4.8, we build suitable sub/super solu-
tions. Indeed, for any y € Y one considers the function

v, () = MR* = |x = y|")}
which for M = M(k, s) big enough satisfies

Ttv, < —Ilfll in By(y).
We now take

V() = inf v, (x) (5.9)
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which is a supersolution to (5.8). In order to prove it, first we note that 0 < v(x) < MR,
hence v is bounded. Moreover, notice that v € C%(RY). Indeed, for any x,y € Q, one has

V) = (@] < sup v, (6) =7,

=Msup |(R* — |x—y|»)’ — (R* — |z—y|*)*
y

< M sup
y

s
(R = v =y1") = (R = |z = y1?)|
= Msup|lz—yI* =[x =]
)
=Msup(|z =yl + |x = yD’llz =yl =[x = I
)

<MQ2R)’|z — x|*.

Moreover, v = 0 in RV\Q. Indeed, if x & Q, there exists y = y(x) such that x ¢ Bx(y) which
implies

0 < v(x) < vy(x) = M(R? — |x —y[»), = 0.

The infimum in definition (5.9) is attained, as given x, € Q, we can choose y, € ¥ and
2y € 0BR(y,) such that

|x0 - z0| =d(xy) = 1.

Therefore, as B, (x;) € Q C Bg(y) forany y € Y,
|y—x0| <R-n= |xo_YO|
and as a consequence v(x,) = Vi, (xg). In particular,
Tty (%) < ~[f s

which yields

Zvx) < =|flle in Q.
Analogously, we take the supremum of the subsolutions

wy(x) = =V (x).
Notice that
I,:rwy(x) =L w,x) = —I,:'vy(x) > |Iflls in Br(y)

for a sufficiently big constant M.
We now exploit the Perron method, applying Lemma 5.4, to get a solution to (5.8).
Uniqueness follows from Theorem 4.1. O
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6 Maximum principles and principal eigenvalues

We finally define the following generalized principal eigenvalues, adapting the classical defi-
nition in [4],

HE = sup {,u : e LSCQ)NLRY),v>0inQ,v>0in RN,Ik—Fv+/4v < OinQ}.
Also let us set

,z,f:sup{y } 3y € LSC@ N L=RY), infv > 0,v> 0 in R, I]'fv+;4v50in§2}.

Remark 6.1 In this section, we only consider the operators Z;f(~) + u-, however, one can

also treat operators with a zero order term like I]'f(-) + c(x) - +u-, up to some technicalities.
Theorem 6.2 The operators Il'f(~) + u- satisfy the maximum principle for y < /2]:—'.

Proof We consider I;: , the other case being analogous. Let u < ;2; and let

u € USC(Q) N L*(RY) be a solution of

Tiu+puu>0 inQ
©<0  inRM\Q

By contradiction, we suppose that u(x,) > 0 for some x, € Q. In view of Theorem 4.1 we
have u > 0. By the definition of ﬁ; there exists # € (u, /2;“) and a nonnegative bounded
function v € LSC(Q) such that

Tiv+nv<0 inQ and igfv>0.

Set y = supg, =. Then,

v

and for any € € (0, y) there exists z, € Q such that
u(z,) — (r — ev(z,) > 0.
From this, we infer that there exists x, € Q such that

M

3

= mﬁﬁX[u(X) = —ev)] = ulx,) — (¥ — e)v(x,) > 0.
Forn € Nletx, = x,(¢),y, = y,(e) € Q be such that

max[u(x) = (v = V) = nlx = yI*1 = u(x,) = ( = WG, = nlx, =y,

QxQ (6.1)
>M, >0.

Arguing as in the proof of Theorem 4.1 we find that, for n sufficiently large,

max[u(@) ~ (7 = () - nlx = Y] = max [u(x) = (7 = ev() = nlx =3I°1. (6.2)
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Moreover, up to extract a subsequence, we may further assume that (x,,y,) — (%, X), with
X € Q. Using ¢, (x) = u(x,) + n|lx = y,|* — n|x, — yn|2 as test function for u at x,,, and also

testing v at y, with ¢,(y) = (v — e)v(y,) — nlx, — y|* + n|x, — yn|2, and finally subtracting
the corresponding inequalities, see also the proof of Theorem 4.1, we obtain

nkp272s
n(y —ew(y,) < pulx,)+C(y —e+ l)ﬁ
k +o0
5 ) ) i) = 6 - ) ) [
+C, sup / (W%, 76) 1(35 EV: Y T61) dr.
{a} ey =t 77 ’

By (6.1)-(6.2) it follows that 6(u, x,,, 7&;) — 6((y — €)v,y,, 7&;) < 0. Hence,
nkp2—2s
-5

n(y —eyw(y,) < pulx,)+C(y —e+1)

Letting p — 0
n(y — ewy,) < pulx,).
Then, as n — +oo

Ny — ) < liminf(y = e)v(y,) < limsup uu(x,) < uu® < uyv(@.

n—+oo

Since v and y are positive and € can be chosen arbitrarily small, we reach the contradiction

n<p.
|
Proposition 6.3 One has
(i) f; =p, =+ooforanyk <N.
(i) IfBg, CQC By, then
) ot it o< e G
Spp S-S py Sy £ — <+,
2s 1 N N 2s
R2 RI

where ¢}, ¢, are positive constants depending on s.
Proof

(i) Letw(x) = e > 0fora > 0 and fix any y > 0. Since
+oo ) +oo )
/ (1 _ e—a‘r )T—(1+25) dr = as/ (1 —e " )T—(1+2s) dT,
0 0

using Theorem 3.4 in [7] (see also Remark 3.5) we obtain
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Tow+puw=kZ.w+ uw

+o0
= —2kC e’ / (1= &)™) gr 4 e~ = 0
0

o = K
2UC, [T — e )r=0429

where x! is a unitary vector such that (x, x*) = 0.

(i1) We first note that in the definitions of ﬁ/:—’ it is not restrictive to suppose ¢ > 0 (since
the constant function v = 11is a positive solution of Z;fv = 0). Moreover if u > 0 and
v is a nonnegative supersolution of the equation

I,:v +uv=0 inQ,
then I]:r v < 01in € and using Remark 4.6 we have

I, v+u<0 inQ

This leads to fi < fif,, for any k=1,...,N — 1. If k = N, using the inequality
T,, < I, we immediately obtain that fi}, < iy,
Also, by scaling we obtain
iy(By)
R2S '
1

(@) < fiy(By) =

Hence, it is sufficient to prove that iy (B,) is bounded from above.
Arguing as in [16], choose a constant function 2 > 0, 2 #Z 0 with compact support in B,.
By Theorem 5.5, there exists a unique solution to the following

-Iy,v=h inB,
v=0 in RV\B,.

By Theorem 4.1 and Theorem 4.3 v > 0 in B,. Since h has compact support, we may select
a constant p, > 0 such that pyv > & in B,. Therefore, v satisfies

I;]v+p0v >0 inB,
v=0 in RM\B,.

By Theorem 6.2 we infer that iy, < p,. ‘
As for the bound from below, we observe that u(x) = (R% - |x|2)ir + € satisfies

Ifu+yu= -Cp(l—s5,5)+uu<0

C,p(1-s.5)

i <
if we take u < Rore

_ C,p(1-s,5)
for any € > 0, thus | > e > 0.

O

Remark 6.4 Notice that the proof of (i) above suggests the existence of a continuum of
eigenvalues in (0, +o0) for Z, + pin RY.
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We now consider uniformly convex domains and prove that ﬁ: = y;. Moreover this com-
mon value turns out to be the optimal threshold for the validity of the maximum principle. We
start with the next Lemma which will be crucial in the rest of the paper.

Lemma 6.5 Let m be a positive constant and let u be a solution of

leu(x) > —m inQ
u<0 in RM\Q,

where the domain Q is uniformly convex. Then there exists a positive constant
C = C(Q, m, s) such that

u(x) < Cdx)’ (6.3)
forany x € Q.
Proof Fix any y € Y and consider the function
v, () = MR — |x = yI*),
where M is such that kMC (1 — s, s) = m. Then,
v, (x) = =kMC,p(1 = 5,5) = —m.

Also, we point out that v,(x) = 0 in RM. By the comparison principle, see Theorem 4.1,
u(x) < vy(x) in RN, Let x € Q and select z € 0Q so that d(x) = |x — z|. Choose y € Y such
that z & Bp(y). Notice that since |x — y| <R,

R = x =y =R=|x—yD'R+ |x—y])' <2PR'R~ |x—y])°
= 2R'|x — z|* = 2°Rd(x)’.

Thus, for any x € Q
u(x) < MQR? - |x = y|»)’ < M2R°d(x)’,

leading to (6.3) with C = M2°R®. O

Theorem 6.6 Let Q be a uniformly convex domain. There exists a nonnegative subsolution

vZQof

v+ iav=0 inQ
v=0 in RM\Q.

Proof Let us consider the problem

z;w+(;z,j—§)w=—1 inQ 6
w=0 in RM\Q, '

and define

A, = {w € USC(R") nonnegative subsolution of (6.4) s.t. w = 0 on RV\Q}.
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One has ##A,CA,,,. We claim that for any n there exists w, €A, such that

lim,, ||w, ||, = +oo. If the claim is true, then we define z, = ”3””, which turn out to be

solutions of
_ 1 1 .
Tz, + (/42— - Z)Zn > —m in Q.
n

By semicontinuity, there exists a sequence x, € Q such that supg z, = z,(x,) = 1. Up to a
subsequence, x,, — X, and by Lemma 6.5 x, € Q. Thus, v(x) = limsup,*z,(x) satisfies by
Lemma 5.1

v+ ffv>0inQ

and, again by Lemma 6.5 v = 0 on R\ Q. Also, v(x,) = 1 and the proof is complete.

Let us now prove the claim. We will proceed by contradiction, assuming that for any
sequence u, € A, then limsup,, ||u,||, < +o0, and split the proof into steps.

Step 1. We show that U, (x) = sup,,4 w(x) < 4oo for any x and any n.

If it is not the case, then there exists 7 and ¥ such that U;(X) = +o0, and by definition
of supremum, there exists a sequence (u,,), C A; such that lim, u,(X) = 4+o0. Since for any
n > nonehas A; C A, thenu, € A, for any n > 7 and lim,, ||u,||, = +o0, a contradiction.

Step 2. One has || U, ||, < +oo for any fixed n.

Indeed, if there exists 7 such that |U; ||, = +oo, then there exists x, € Q and u, € A;
such that u,(x,) - +co. Then, u, €A, for any n>n, and ||u,| > u,(x,) >+, a
contradiction.

Step 3. We show that there exists a constant C > 0 such that||U, ||, < C uniformly in 7.

Notice that ||U, ||, < ||U,11]|, and hence if it is not bounded, then ||U, ||, — oo, thus
|||, = oo for a sequence u, € A, a contradiction.

Step 4. One has U, = (U,)* is a subsolution to (6.4) such that U, = 0 in R¥\Q.

Indeed, (U,)* is a subsolution by Lemma 5.3. Moreover, since for any u € A,

{ Tiu>—(1+fC) inQ
u=0 in RM\Q,
where C is the constant found in Step 3, by applying Lemma 6.5 we have u(x) < Cd(x)*, for
a positive constant C = C‘(ﬁ;C, 5,Q), and as a consequence (U,)* = 0in RV\Q. Finally, by
maximality of U,, we conclude U,, = (U,)*.

Step 5. Conclusion of the proof of the claim.

By using the same argument as in the proof of Lemma 5.4 (in particular the bump con-
struction), we prove that (U,),, is a supersolution to (6.4), which implies that (U,), + €is a
supersolution of

I;{“w+<ﬂ,:r+ 1)w:OinQ

n
if n is sufficiently big, and e is sufficiently small. Also, (U,), +¢€ > 0 in Q, which contra-
dicts the definition of ji;. O

Lemma 6.7 Let Q be a convex domain. Then u,| = iy

Proof Fix any € > 0. Let v € LSC(Q) n L*(RY) such that v> 0 in Q, v > 0 in R", and
Tiv+ (uf —e)v < 0in Q. Fix x, € Q, and observe that
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o [xtex
e

satisfies

+_
+~ M — &

kV+ mi}SOIHQ

Also, 7 > 0in 5, as Q is convex. Thus,
t—¢
R Gram

from which letting € — 0 we have y,:f < ﬁ;, and by definition equality holds. O
Theorem 6.8 Let Q be a uniformly convex domain. The operator

If+pu
satisfies the maximum principle if and only if u < ,u;“ < 400, and correspondingly

I +u
satisfies the maximum principle for any u € R.

Proof Immediately follows from Theorems 6.2 -6.6, Proposition 6.3 and Lemma 6.7.

7 Holder estimates

Proposition 7.1 Let u satisfy

{ Tru(x) = f(x) inQ an

u=20 in RM\Q,
where Q is a uniformly convex domain. If s > %, then u is Holder continuous of order 2s — 1
in RN,
Proof 1t is sufficient to show that for any x,y € Q such that |[x —y| < p, where
p = p(s, ||Ifll) is a positive constant to be determined, then
u(x) = u(y) < Llx =y > (7.2)
with L = L(Q, ||| o> IIf l| - §)- Fix 8 € (s, 2s) and consider

2s—1

0
w(lx) = —[x|77 + |xI7,

which has a minimum in
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25 — 1\ 7
r°:< ) ) :

Set

V() = { w(|x]) if |x] <7y

w(ry) if |x] > ry.

We claim that there exists p = p(s, ||f]| ) sufficiently small such that

Iive) 2 flle  Vx € B;(0)\{0}.

(7.3)

(7.4)

In order to show (7.4), we fix x € B;(0), where j < r,, will be chosen later, and notice that
it is sufficient to make computations in the parallel direction I, v, thus

+o0 A~
Lv(x) = C, / svxh 4
0

rl+2s

¢ ( /’0")" Sw.x78) /’W'X' w(|x — 7&]) + w(ry) — 2w(|x|) 0
0 17

142
T o—lxl
+oo
w(ry) — w(x)
+ 2/ _0 dT).
r142s
ro+lx]

We now add and subtract the integral

c /+°° 5w, x, TR) ar,

=] rl42s

and as a result
I_i.v(x) = CS(‘]I + J2 + J3),

where

,,=/+°°Md,=_/+wwd,+/+wwdf
0 0 0

rl+2s

= /+°° w(ry) —wilx—78))

Tl+2s

1+2s
x| T

and

+0o0 _ + 2
= / W) —wll + 78])

=] rl42s

Recall that

‘]1 = CH|X|9_257

T142s

rl+2s

where ¢y > 0 as 6 > 25 — 1, see Lemma 3.6 in [7]. Moreover, using w(r) < 0,
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+oo +00 A
w(rp) w(lx — 7X|)
2 _/ 71425 dT_/ e
ro+ x| ro+|x]|

1 2 R B e 1 A
= ﬁw(ro)(r0+ x> + /

14+2s
ro+lx| T

1 _2s -2
> gw(’"o)(”o + |x]) - |x|9 ZY‘/rO

dr

+00 |1—T|0

rl+2s

dr

/lxl+1

+o0 |1 _T|9

dr

1 _ _
> _W(ro)rOZ.Y _ |x|9 23/
2s Yo

1 +oo
> _W(ro)r(;Zx _ |x|9—25/ 1_6'—1—25 dr
2s ro/p+1

— 6-2s
1 s |X|9 2s rO
= s _ 1+2) .
25" 00" = 5y 5

/541 r1+2s

Similarly, for p < %’

- +eo w(ro)d +eo w(|x+‘r§c|)d
37 L2 4T Tl+2s ’
ro—|xl ro=lxl

+o0 |1+T|9

rl42s

! e yoets

> S~ > = o> [ dr
2s o/lil-1

+o0 |1+T|9

T1+2s

dr

1 25 0-2s /
> — — —
P 2SW(”0)(7'0 ) |x| Ay
+oo

> Lwrry -9 =2 [
2s ro/p—1

— 6-2s
1 s 29|x|? 2 7o
- _ s_Z2 M [0 )
2500 =P 25-0 \ 7

Summing up,

1 Yo 6-2s 29 Y 0-2s

| . 25 2
+Zp2 ‘9w(r0)(r02 + (g —p) 2 ))

Since the expression in parenthesis tends to ¢, >0 as p— 0, then we can pick
p = p(s, ||fll ) sufficiently small such that

T7vx) 2 |[f Il in B;(0)\{0}. (7.5)

This shows (7.4).
Let xy,y, € Q with |xy — yo| < 5 and take

vy, () = u(yy) + Lv(x — yp)  x € B;(yp),

where L > 0. We want to prove that there is L = L(Q, ||#|| »,, |If ]| - §) sufficiently large such
that
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v, (1) < uCxp). (7.6)

This readily implies (7.2) since v, (xo) > u(yy) — L|xy — yo|*~" and x,,y, are arbitrary
points of Q with |xy — y,| < 4.

To obtain (7.6) we make use of the comparison principle, see Theorem 4.1, in
QN B;y)\{y}- By (7.5), if L > 1then

T, () > f | in B;0)\ {¥o -

hence vy, is a subsolution of Il+v =f(x)inB ﬁ(yo)\{ Yo1- As far as the exterior boundary con-

dition is concerned, first notice that by definition v (y,) = u(yy). Now let x € RN \B; (o)
Since the function v(x) is radially decreasing it turns out that

vx—yo) < =571+ 7
and, for
L> % (1.7)
p23—1 _ ,09
that

v, (0 = u(yg) + Lv(x — y) < ulyg) — Lp™ ™" + Lp? < u(yg) — 2llull < u(x).

It remains to prove the inequality vy, () < u(x) for x € B;(yy) N Q€. For this we recall that
by Lemma 6.5 there exists a positive constant C = C(L2, ||f|| ., s) such that

u(yy) < Cd(yy)’ < Clx =yl (7.8)

Notice that the function r € (0, +00) — ! —

7 is decreasing, thus
Pl =0 > 50 v e (0, Bl (7.9)
Using (7.9) with r = |x — y,| and (7.8) we obtain, for x € IW N Q°¢, that
u(x) = 0> u(yy) = Clx = yo|'
> u(yy) — L|x — yo|2S_1 +Ljx— y0|9 = vy, (%)

provided
L2 ———p. (7.10)

Summing up, by (7.7) and(7.10), if
2
L> max{ llull C 1}’

/32s—1 _ ﬁB’ ﬁ.v—l _ ﬁﬂ—s’

then by comparison we conclude that (7.6) holds, as we wanted to show. a

Let us point out that, as in the local setting (see [6, Section 3]), the uniform convexity of Q
was just exploited in the proof of Proposition 7.1 to get (7.8), hence to apply comparison
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principle up to the boundary. Moreover, in order to obtain interior Holder estimates is in
fact sufficient to assume the function u to be only supersolution.

Proposition 7.2 Let Q be a bounded domain of RN, and let s > % Then:

i)for any compact K C Q and any supersolution u of (7.1), there exists a positive constant
C = C(K,Q, ||tll o If l s> 8) sUCK that ||ul| cozs-15y < C _
ii) any supersolution u which satisfies (6.3) is (2s — 1)-Holder continuous in Q.

In the next theorem, we obtain global Holder equicontinuity of sequences of solutions
with uniformly bounded right hand sides. We shall use it in the next section for the exist-
ence of a principal eigenfunction.

Theorem 7.3 Lets > %, and letu, € C(ﬁ) N L*(RN) be solutions of

Iiu, =f,(x) inQ
un = 0 iIl RN\Q,

where the domain Q is uniformly convex and f, € C(Q) for any n € N. Assume that there
exists a positive constant D such that

U oy < D- (7.11)
Then there exists D = D(D, Q, s) > 0 such that
SUp [y o,y < D- (7.12)

Proof We start by showing that sup,, |[u,[| j« gy, < +oo. Let R, just depending on Q, be
such that B(0) 2 Q and consider the function

D 2 2 N
=—~  (R*- .
o0 = oy B R,
By Lemma 4.8, @ solves
ITj¢=-D inQ
>0 in RM\Q.

For any n € N, using (7.11), u,, is solution of

Zju,>-D inQ
u,=0 in RM\Q.

Hence, by the comparison Theorem 4.1 we get

DRZS
u,(x) < plx) < m Vx € Q. (7.13)

In a similar fashion we also obtain
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D R2s
>-———— WxeQ
1, (X) 2 CAd =55 x € (7.14)

From (7.13)-(7.14) we infer that sup, ||u,| .« (v, < +co. Arguing as in the proof of Prop-
osition 7.1, with the same notations there used, and v as defined in (7.3), we can pick
p = p(s, D) such that

va(x) >D inB;(0)\{0}.
Moreover, by Lemma 6.5 there exists a positive constant C = C(L, D, s) such that

u,(x) < Cd(x)’ VxeQ.

2sup, ull
L> max{ ﬁZs—nl _;9 ° ﬁs_l _ ﬁ@—s’l

we conclude that for any n» € Nand any x,y € Q such that |x —y| < pthen

Hence, by taking

1, (x) = u,(y) < Llx — y|* ",

This readily implies (7.12). O

8 Existence of a principal eigenfunction
The main result of this section is the following

Theorem 8.1 Let Q be a uniformly convex domain, and let s >3 . Then, there exists a posi-
tive function v, € C02s- l(Q) such that

Tiy, +ujw; =0 inQ @.1)
v, =0 in RM\Q. :

For this, we first prove the solvability of the Dirichlet problem “below the principal
eigenvalue”.

Theorem 8.2 Let Q be a uniformly convex domain, s >3 and let f € C(Q) N L®(Q). Then
there exists a solution u € C%25~ 1(Q) of

Tru+ pu = f(x) inQ
1
{u=0 in RM\Q, 82)

in the following cases:

(i) foranypuiff >0
(i) forany u < uj.
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In the case # < u; the solution is unique.
Proof We can assume y > 0, since the arguments of the proof of Theorem 5.5 continue to
apply for T + pu when pu < 0.

(i) Letw, = 0 and define iteratively w,,,; € C(R") as the solution, obtained by Theo-

rem 5.5, of
Tiw, =f(x) — uw,(x) inQ <3
Wy =0 in RV\Q. (8.3)

Note that the sequence (w,), is nonincreasing and in particular w, < 0 for any
n. Indeed, since f > 0 then w, < 0 = w; by Theorem 4.1. Moreover assuming by

induction w,,; < w,, one has

+ _ _ T+
I1 Wopr =f = uwupy 2 f — puw, _I1 Wit1s

hence again by comparison w, ., <w, ;.

We now show that sup, ||wn ||oo < +o0. If this is true, then in view of Theorem 7.3,
the sequence (w,), converges uniformly in RY tou € C%2~1(R"), and passing to the
limit in (8.3) we conclude, exploiting Lemma 5.1. Let us assume by contradiction
that lim,_, o, ||w,]|., = +0, and let v, = === Then

[
{ITVM-I = _f® u ”W”” v,,(x) inQ

] T

Vet =0 in RM\Q.

Then again by the Holder estimate (7.12) the sequence (v,,), converges uniformly,
lﬂ) tﬂ a subsequence, to a function v < 0. Since, up to extract a further subsequence,
Sl S <1 we may pass to the limit to get

” Wnt ”

ZT v+utv=0 inQ
v=20 in RM\Q.
Now since 7, (=v) + uz(-=v) = 0 in Q, by Theorem 6.8 we infer that v in fact van-
ishes everywhere. This is in contradiction to ||v||, = L
(ii) We first claim that there exists a nonnegative solution w € C%*~!(RV) of

{ Iiw+uw = —|fll, inQ

w=0 in RV\Q. 8.4)

As above, we define w; = 0 and w,,; be the solution of

Trwyer = = Ilfllee = uw,(x) in Q
Wyy =0 in RM\Q.

The sequence (w,), is nondecreasing. Using now that y < /41+ we also infer that
sup,, ||w,|l, < +oo. Then, by Theorem 7.3, w,, converges uniformly in R" to a func-
tion w € C%?~1(RN) which is solution of (8.4).
For the general case, let us denote by w the solution of
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Tiw+puw=flle inQ
w=0 in RM\Q.
obtained in i). Notice that w <0 <'w.

Now let us define u; = w and let u,, ; be the solution of

n+1

Tty =f(X) — pu, inQ
U, =0 in RM\Q.

We want to show that w < u,, < w. This is true for n = 1. Let us assume by induction that
this holds true at level n, and notice that

Tty 2 =fllo — W =T} inQ
and similarly
Truyy) < Wfllo —pw=Tfw inQ.

Hence, by comparison we have w <u,,, <W. As a consequence, the sequence (u,),
is bounded in C%>~!(R¥) and up to a subsequence it converges uniformly to a function
u € CO»~1(RN) which is the desired solution.

It remains to show that (8.2) has at most one solution. For this notice that if u and v are,
respectively, sub- and supersolution of Il+u + puu = f in Q, then the difference w = u — v is
a viscosity subsolution of

Iiw+puw=0 inQ.

This easily follows if at least one between u and v are in C*(Q). Instead, if u and v are
merely semicontinuous, then using the doubling variables technique, as in the proof of
Theorem 4.1 with minor changes, we obtain the result. Hence, if u, and u, are solutions of
(8.2) then w = u; — u, solves

Tiw+uw >0 inQ
w=0 in RM\Q.

By Theorem 6.8, we infer that u; < u,. Reversing the role of u#, and u, we conclude that
Uy =y a
We are now in position to give the proof of Theorem 8.1.

Proof of Theorem 8.1 In view of Theorem 8.2, for any n € N there exists a solution
w, € CO»~1(Q) of

1 .
Ifwn+<ﬂ;r—;)wn=—l in Q

w, >0 in Q
w,=0 in RM\Q.

We claim that sup, ||w,|| = +oo. If not, we can pick j € N such that j > 2sup, ||w,||
Hence, w; solves

@ Springer



Maximum principles and related problems for a class of nonlocal... 2411

Iiw; + (/41++ })wj <0 inQ

w; >0 in Q
_ N
w; =0 in RY\Q.
This contradicts the maximality of 4", and proves that sup, [|w,|| = +co. Up to a subse-
quence, we may assume lim, ||w,, || = +oo, and we can introduce the functions z, h

which turn out to be solutions of

1 1 .
R R e
n =0 in RN\Q

Using the estimate (7.12), the sequence (z,), converges uniformly to a function

€ C%2-1(Q) which is solution of (8.1). Moreover, y; > 0 in Q by construction and
w1l = 1. By the strong minimum principle, see Theorem 4.3-iii), we conclude that
y; > 0in Q. a
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