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We theoretically investigate the dynamics, bifurcation struc-
ture, and stability of localized states in Kerr cavities driven
at the pure fourth-order dispersion point. Both the normal
and anomalous group velocity dispersion regimes are ana-
lyzed, highlighting the main differences from the standard
second-order dispersion case. In the anomalous regime, sin-
gle and multi-peak localized states exist and are stable over
a much wider region of the parameter space. In the normal
dispersion regime, stable narrow bright solitons exist. Some
of our findings can be understood using a new, to the best of
our knowledge, scenario reported here for the spatial eigen-
values, which imposes oscillatory tails to all localized states.
© 2022 Optica Publishing Group
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The possibility of exciting robust temporal solitons in fiber loops
[1] and microring resonators [2,3] has a profound impact on
the fundamentals and applications of frequency combs [4,5]. A
clear advantage of driven systems with respect to single-pass
ones is the fact that ultra-short solitonic pulses exist and are
robust under strong perturbations arising due to the so-called
higher-order effects, both of linear [6–8] and nonlinear [9–11]
nature, as well as in higher dimensions [12,13]. Not surprisingly,
dispersion engineering was shown to be a versatile tool for the
control of many morphological properties of solitonic combs,
such as the enhancement of their spectral extent [14,15]. In this
respect, generalizations of Schrödinger solitons to waveguides
with dominant quartic dispersion—pure quartic solitons (PQSs)
[16,17]—are attractive because of their flatter spectra and favor-
able energy scaling with pulse duration, as demonstrated with
mode-locked lasers [18] and predicted also for microring res-
onators [19]. These properties make them potentially important
to increase the power of ultra-short solitons from high-Q micror-
ings. PQSs in microrings were predicted in Ref. [20] and shown
to be robust under Raman scattering [21].

In this Letter, we report on the bifurcation structure of
PQSs in Kerr cavities with normal and anomalous group veloc-
ity dispersion (GVD). When GVD is anomalous, single and
multi-peak bright localized states (LSs; dissipative solitons),

are found to coexist over the entire parameter space, and to
remain robust over a much larger area of the parameter region
than in the second-order dispersion system described by the
Lugiato–Lefever equation (LLE) [22]. With normal GVD, sta-
ble dark and bright solitons (BSs) exist. The latter refer to the
widest dark solitons and, in contrast to the LLE, are stable over a
finite interval of parameters. BSs can be predicted by dynamical
system theory, which ubiquitously imposes oscillatory tails to
all PQSs.

Under a dominant fourth-order dispersion (FOD), the time
evolution of the intra-cavity field envelope, A, may be described
by the pure quartic Lugiato–Lefever (PQLL) equation:

∂tA = −(1 + i∆)A − iω4∂
4
x A + iA|A|2 + S. (1)

Here, the periodic coordinate, x, is related to the physical length,
X, by x = X√γ/[2πR

√︁
|B4 |], where R is the cavity radius, γ is

the normalized loss, and B4 is the FOD coefficient.
The spectral combs in this work are shown as a function of

the wavenumber k = (m − m0)/R, where m0 is the cavity mode
excited by S (see, e.g., Ref. [13] for scaling). In Eq. (1), ω4 takes
the value +1 (−1) to account for parabolic anomalous (normal)
GVD. We note that such seemingly idealized GVD landscapes
are, in fact, attainable with ω4 = ±1 around the telecom band
with fibers [23,24] and microrings [25]. Residual second- and
third-order dispersion are not expected to play a significant role,
as long as the GVD sign remains constant. Equation (1) is
integrated in time using the fourth-order Runge–Kutta method,
while stationary states and their stability are computed using the
Newton–Raphson method and the corresponding Jacobian.

We first focus on the anomalous GVD case (ω4 = 1). The
energy, defined as the L2-norm | |A| |2 = l−1

∫ l/2

−l/2
|A(x)|2dx (with

l = 2πR), of the homogeneous steady state (HSS) Ah, is shown in
Figs. 1(a) and 1(b) using solid (dashed) lines for stable (unstable)
states (green curves). For these parameters, the HSS undergoes
a pair of saddle-node (SN) bifurcations that we label SNl,r

h . For
norms above SNr

h, many unstable families of pure quartic Turing
(periodic) patterns bifurcate sub-critically from the branching
point (BP) on the HSS. Examples of such branches are plot-
ted in Figs. 1(a) and 1(b) (red curve) and as enlarged views in
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Fig. 1. (a)–(d) Norm branches for the HSS (green), LSs (blue, orange), and a pattern family (red) for ω4 = 1 and (a), (c) ∆ = 3, (b), (d)
S = 2; (c), (d) enlargement around the snaking curves in (a), (b). Solid (dashed) lines denote stability (instability), and red symbols correspond
to the states shown in the insets. (e) Evolution of (e.1) stable and (e.2) unstable multi-peak LSs. (f) Phase diagram in (∆, S)-parameter space,
showing main bifurcation lines. Straight dashed gray lines at S = 2, ∆ = 3, and ∆ = 5 mark, respectively, the phase space locations of the data
shown in (b), (d), (a), (c), and Fig. 2. The inset in panel (f) shows the crossing (see vertical line) between the Belyakov–Devaney–analog (red)
transition and SNr

2 (blue), marked by the vertical solid line.

Figs. 1(c) and 1(d). An example of one such pattern is shown in
the panels in Fig. 1 marked with a lozenge, in spatial and Fourier
domains. Because patterns and HSSs, both stable, coexist over
a finite interval in pump amplitude, S, [Figs. 1(a) and 1(c)] or
detuning, ∆ [Figs. 1(b) and 1(d)], LSs consisting of a slug of
the pattern embedded in a HSS (i.e., partly pattern, partly flat
state) may form, owing to the locking of fronts [26]. The norm
of LSs is shown in Figs. 1(c) and 1(d) by blue (orange) curves
corresponding to LSs with an odd (even) number of peaks.
Examples of LSs are represented in the panels in Fig. 1 marked
with a left-pointing or right-pointing arrowhead. LS branches
at higher values of | |A| |2 correspond to spatially wider states
because two pattern peaks nucleate symmetrically on each side
of the LSs when branches fold back toward smaller pump values
(larger detuning) across the saddle-nodes depicted in Figs. 1(c)
and 1(d). This back-and-forth snaking of the LS branches corre-
sponds to standard homoclinic snaking [26]. The evolution of a
stable and unstable multi-peak state is shown in Figs. 1(e.1) and
1(e.2), respectively.

Figure 1(f) depicts relevant bifurcations in (∆, S)-parameter
space and shows the existence domain of LSs (shaded area).
The lower HSS state, Ab

h, becomes unstable for values of S above
the red line (for which Ih ≡ ||Ah | |

2 = 1), which corresponds to
modulational instability (MI) when ∆<2.

In the Lugiato–Lefever (LL) system, the homoclinic snaking
shown in Fig. 1 ceases to exist for ∆ ≥ 2 because (for ∆ = 2)
the rightmost [leftmost] saddle-nodes of the LSs, SNr

i , shown in
Figs. 1(c) [1(d)], collide with a homoclinic bifurcation occurring
at a Belyakov–Devaney transition (marked X) [27]. As a result,

Fig. 2. (left column) Disconnected standard homoclinic snaking
branches for LS families with an odd number of peaks and ∆ = 5,
(center column) selected LS profiles, and (right column) associated
frequency spectra.

single-peak BSs connect with spatially equispaced multi-peak
LSs, forming a foliated snaking [28,29]. On the contrary, in
the PQLL system, the SNr

i collides with the point X at a larger
detuning, ∆ ≈ 4.15 [cf. Fig. 1(f)], thus considerably broadening
the region where standard homoclinic snaking occurs. Above
∆ ≈ 4.15, the homoclinic snaking breaks up, yielding bifurcation
curves of the type shown in Fig. 2 for ∆ = 5, which do not seem
to connect all LSs with odd (nor with even) numbers of peaks.
Interestingly, in this high detuning region (∆>4.15), LSs still
exist (cf. Fig. 2). The much larger region of the phase space in
which LSs exist in the PQLL system provides a unique scenario
to observe these solitary waves.
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Fig. 3. Collapsed homoclinic snaking (blue) for ω4 = −1 and (a) ∆ = 3, (b) S = 3. The multi-valued HSS is also shown (green). Solid
(dashed) lines correspond to stable (unstable) states. Red symbols in (a) correspond to the LSs shown in the insets. H labels in (b) mark
Hopf bifurcations. (c) Phase diagram on the (∆, S)-plane showing the main bifurcations of the system. Bottom insets show excitation of (left)
unstable dark and (right) stable bright states (see markers for reference).

We now turn to the normal GVD case (ω4 = −1). Because
the HSSs and corresponding stability thresholds are identical to
those of the LLE, the system presents two uniform states that
coexist and are stable: the bottom (Ab

h) and top (At
h) branches.

In this situation, plane fronts, domain walls, or switching waves
(SWs) may form, interact, and bind together, leading to the for-
mation of LSs. Our findings are summarized in Fig. 3. Similarly
to the LL system, dark solitons bifurcate from SNl

h and undergo
collapsed homoclinic snaking [30]: an oscillatory bifurcation
curve that damps to the uniform Maxwell point (SM or∆M) of the
system as | |A| |2 decreases [cf. Figs. 3(a) and 3(b)]. Selected LSs
are shown in the panels in Fig. 3 marked with a red left-pointing
or right-pointing arrowhead. LSs existing between two saddle-
node bifurcations often present Hopf instability [cf. Fig. 3(b)],
leading to the appearance of breathers (cf. the panel in Fig. 3
marked with a black right-pointing arrowhead).

The collapsed snaking in Figs. 3(a) and 3(b) is, thus far,
qualitatively identical to that of the LL system [31–33]. However,
the most evident and interesting distinctive feature here is the
presence of a stable branch at the bottom of the diagram, shown
in close-up view in Fig. 3(a), limited by snl,r

1 , which does not exist
in the LLE. The LSs along this branch are stable BSs, similar
to those found under other higher-order effects [10,33–35] and
reminiscent of the narrowest platicons found in [31] (cf. the
panels in Fig. 3 marked with a lozenge). Figure 3(c) shows
reference bifurcations on the (∆, S) plane. HSS bistability exists
between SNl

h and SNr
h (see green curves), Ab

h exhibits MI in the
region between the red curve and SNr

h. The narrowest and stable
dark LSs exist within the light shaded region (limited by SNr,l

1 )
and BSs are found within the narrowest shaded region (between
snl

1 and snr
1).

The origin of these narrow BSs can be formally under-
stood by means of dynamical system theory [36]. Briefly,
defining U = Re[A(x)], V = Im[A(x)], and y(x) = [U, U′, U′′,
U′′′, V , V ′, V ′′, V ′′′]T, it is possible to cast Eq. (1) in the form
y′(x) = f (y(x);∆, S,ω4), which, linearized around a HSS y0,
reads y′(x) = J(y0)y(x) + O(y2(x)). The eigenvalues, λ, of the
Jacobian matrix J(y0) determine whether the tails of a sta-
tionary state (SWs or otherwise) are oscillatory (Im[λ] ≠ 0) or
monotonic (Im[λ] = 0) and solve the bi-quartic equation

λ8 − (4Ih − 2∆)ω4λ
4 + 3I2

h − 4∆Ih + ∆
2 + 1 = 0. (2)

This equation transforms into that corresponding to the LLE by
substituting λ→ ±

√
iλLL and ω4 → ω2 (ω2 is the GVD coef-

ficient). With this simple connection between the LL and the
PQLL systems (and taking into account that the HSSs are
exactly the same in both cases), it is straightforward to relate
the eigenvalue distributions of both in a general way.

In the LLE, four different types of eigenvalue distribution,
corresponding to saddle (S), saddle-focus (SF), double center
(DC), and saddle-center (SC) fixed points, are known [37] (open
circles in Fig. 4). The relation λ→ ±

√
iλLL allows us to visualize

the eigenvalue distributions of the PQLL (see filled circles in
Fig. 4).

SWs connect the bottom and top HSSs (Ab,t
h ), which in the LLE

are always an SF and an S, respectively [32]. Hence, oscillations
only exist in the lower state of the SW. In that case, short dark LSs
form easily, while short bright LSs (or, equivalently, extremely
long dark LSs) struggle to form. On the contrary, in the PQLL,
the saddle (S) fixed point becomes a quatri-focus (top-right panel
in Fig. 4) with nonzero Im{λ}. This induces oscillations on the
top HSS, At

h, and BSs appear, owing to the locking of plane fronts
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Fig. 4. General picture of spatial eigenvalue distributions for
standard LL (open circles) and PQLL [Eq. (1)] (filled circles)
equations.

Fig. 5. Spatial eigenvalues associated with the BS in the panels
in Fig. 3 marked with a lozenge are shown for: (a) the bottom
state Ab

h with (ω4,∆, Ih) = (−1, 3, 0.44); (b) the top state At
h with

(ω4,∆, Ih) = (−1, 3, 3.22).

around such states. In particular, the set of spatial eigenvalues
shown in Figs. 5(a) and 5(b) correspond to the lower and upper
states of the SWs that bind together to form the BS in the panels
in Fig. 3 marked with a lozenge. The process of interaction of
two SWs around At

h and the locking into a BS is evident from
the panel in Fig. 3 marked with a left-pointing arrowhead.

To conclude, we presented the bifurcation structure, existence,
and stability of LSs in the PQLL system with normal and anoma-
lous GVD. In the anomalous case, LSs exist as stable states over
a much larger region than in the LL system. In the normal GVD
regime, stable BSs exist, owing to SW locking over their tops.
Some of the qualitative differences found here with respect to
the LLE can be formally understood using dynamical system
theory.
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