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Abstract

We study a defocusing semilinear wave equation, with a power nonlinearity |u|”~'u,
defined outside the unit ball of R”, n > 3, with Dirichlet boundary conditions. We
prove that if p > n + 3 and the initial data are nonradial perturbations of large radial
data, there exists a global smooth solution. The solution is unique among energy
class solutions satisfying an energy inequality. The main tools used are the Penrose
transform and a Strichartz estimate for the exterior linear wave equation perturbed
with a large, time dependent potential.
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existence
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1 Introduction
Consider the Cauchy problem for the defocusing wave equation on R; x R’:
Ou+lul” =0, u0,x) =uox),  ur(0,) =ur(x) (L)

with Sobolev initial data (ug, u2) € H® x H*~!. The existence of global solutions to
this problem has been explored in considerable detail. The energy critical power for
global smooth solvability is p.-(n) = 1+$ forn > 3, while p.(1) = p(2) = 0.
Global existence in the energy space is known for p < p.,(n) [4,5,8]; regularity for
p = pcr has been explicitly proved up to dimension 7 [5,7] and should hold for all
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dimensions. For supercritical nonlinearities p > p.,(n), very little is known, and the
question of global existence or blow up is still open.

If we restrict to spherically symmetric solutions, the difficulty of the problem is
essentially the same. However, if a radial solution blows up, the blow up must occur
at the origin. This follows at once from the Sobolev embedding for radial functions

n

27| S 0wl g2 g, (1.2)
which is a well known special case of the family of inequalities

n—1

n__ 1 .
177l S D1l 1 Ty -

r p

(see [3]). Here the norm Lﬁ‘L; is an L? norm in the radial direction of the L] norm
in the angular direction. We give a precise statement of this blow—up alternative result
including its short proof:

Proposition 1.1 Let ug, uy be spherically symmetric test functions, and T the supre-
mum of times t© > 0 such that a smooth solution u(t, x) of (1.1) exists on [0, ] x R".
Assume T < oo. Thenu blowsup at x = Qast — T, in the sense that for any R > 0,
u is unbounded on the cylinder {|x| < R, t < T}.

Proof By standard local existence results (e.g. [9], Chapter 5) we know that 7 > 0,

and the solution is spherically symmetric for all # € [0, T') by uniqueness of smooth
solutions. Denote the energy of the solution u at time ¢ by

E@®) = 3119542, + 57 S @17+ dx.
By conservation of energy and the radial estimate (1.2) we have
Ix|"2|u(t, x)|>* < CE(t) = CE(0), 0<t<T.

Assume by contradiction that |u(z, x)| < M for (¢, x) in some cylinder {|x| < R, t <
T}, then by the previous bound we get

lut,x)] <M+ (CE(0)?R'"™? <0 for 0<t<T, xeR"

and by standard arguments we can extend u to a strip [0, T'] x R" for some T’ > T,
against the assumptions. O

In order to obtain a global radial solution, it would be sufficient to prevent blow-up
at 0. This is the case if we replace the whole space with the exterior of a ball:

Q={xeR":|x| > 1}
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and consider the mixed problem on R* x  with Dirichlet boundary conditions

Du+|u|”_1u =0, u(0, x) = ugp(x), u;(0,x) = uj(x), u(t,)sq =0.
(1.4)
In this situation the local solution can not blow up, due to the conservation of H 1
energy and the radial estimate (1.2). Note indeed that estimate (1.2) is valid also for
functions in HO1 (£2), since it holds on the dense subspace CZ°(£2). This implies the
existence of a global radial solution for arbitrary powers p > 1. Indeed, we have the
following result, where we use the notation

Ckx = CK®RT; X), X = L*(R") or H*(R") or H} ().

Proposition 1.2 Ler Q@ = R"\ B(0, 1), n > 2, p > landletuy € Hj ()N H*(Q) N
LPTHQ), u; € HO1 (R2) be two radially symmetric functions.

Then the mixed problem (1.4)

has a global solution u € C*L* N CIHO1 N CH?, satisfying the conservation of
energy

E@®) = E@(©),  E(®) = 0,2 ) + 55 Jo lu@P+dx (15)
and the uniform bound
lull oot <) < CUluoll g, llurllz2)- (1.6)

IfveC’L’N CIHOl N CH? is a second solution of (1.4) with the same data which
is either radially symmetric in x, or locally bounded on RY x Q, then v = u.

The existence of large radial solutions suggests naturally the question of stability:
do nonradial perturbations of radial data give rise to global solutions?

The uniform bound (1.6) is not sufficient for a perturbation argument. However, we
can prove an actual decay estimate, obtained by reduction to a mixed problem with
moving boundary on S” via the Penrose transform. Define for M > 1 the quantity

Cy(ug, uy) := ||M0||HN0+LN0(\X|3M) + ||141||HN0<N0+1(|X|2M)» Ny = L%J + L
(1.7)
Then we have

Theorem 1.3 (Decay of the radial solution) Let u be the solution constructed in Propo-
sition 1.2. Assume that for some M > 1 the data satisfy

el
| (wo, u) lpr == Caa(uo, ur)+ lluoll g2+ llur || g1+ 1) 77T ugll o1 < 00. (1.8)

Then the following decay estimate holds

(e, ) < C (o 1) lag) - 161" =3 (¢ + [x[) "2 (¢ — |x]) 2. (1.9)



141 Page4of29 P.D’Ancona

If the initial data are smoother then regularity propagates, and in addition higher
Sobolev norms remain bounded as ¢ — oo. In order to state the regularity result, we
introduce briefly the nonlinear compatibility conditions, discussed in greater detail in
Sect. 3 (see Definition 3.3 and also Definition 2.1). For the mixed problem on R+ x €

uy = Au+ f(u), u,x)=uo, u/0,x)=u1, ult, )e=0

we define formally the sequence of functions v; as follows:

Yo=u(0, X)=uo, Y1=u;(0, x)=u, V;=0;u0, x)=Av%; 2+ 3 >(fW))li=o.

where in the definition of ; we set recursively 8," u(0, x) = Yr(x)for0 <k < j—2.
Then we say that the data (ug, u1, f(s)) satisfy the nonlinear compatibility conditions
of order N > 1if

W € Hy() for 0<j <N. (1.10)

Note that if f(s) vanishes at s = 0 of sufficient order, to satisfy the nonlinear compat-
ibility conditions it is sufficient to assume that the initial data ug, u belong to Hé‘ ()
for k large enough.

We can now state the higher regularity result for the radial solutions. In the statement
we use the norm [[v]|yoe 2k = D5 < 107 ull 2100

Theorem1.4 Letn >3, p>N=>1,p > n2Tn2 Assume the radially symmetric data
up € H¥*YQ), u; € HY and fu) = |u|1’_1u satisfy the nonlinear compatibility
conditions of order N and condition (1.8).

Then the radial solution constructed in Proposition 1.2 belongs to CKHN+1=%F n

CNH(} forall0 < k < N + 1 and satisfies (besides (1.5)) the uniform bounds

lullpoor2 = C(ll (o, u)llnr),

Ve wtellyeze = € (o, wn) s ol e Nt g ). 1<k < p—1. (L1D)

The main result of the paper is the following:

Theorem 1.5 Letn > 3, N > %n p > n+ 3, and ug, u; radial functions satisfying
the assumptions in Theorem 1.4. Then there exists € = €(ug, u1) > 0 such that the
following holds.

Assume vy € HNTH(Q), vi € HN(Q) and f(u) = |u|P~'u satisfy the nonlinear
compatibility conditions of order N and |lug — vollgnv+1 < €, |lug — villgny < €.
Then Problem (1.4) with data vy, v has a global solution v € CkHN-kn cN-1 Hol,
0<k=<N+1L

In other words, nonradial perturbations of large radial initial data in a high Sobolev
norm do give rise to global smooth quasiradial solutions. Note that these solutions are
unique in the class of locally bounded global solutions, but one can not in principle
exclude the existence of other energy class solutions. However, one can prove a weak—
strong uniqueness result, which implies in particular that the solution constructed in
Theorem 1.5 is the unique energy class solution satisfying an energy inequality:



On the supercritical defocusing NLW outside a ball Page50f29 141

Theorem 1.6 Suppose all the assumptions in Theorem 1.5 are satisfied. Let I be an
open interval containing [0, T] and v € C(I,; Hol) nclai; L2) N L®(I: LPTHQ))
a distributional solution for 0 <t < T to Problem (1.4) with the same initial data as
v, which satisfies an energy inequality E(v(t)) < E(v(0)) (see (1.5)). Then we have
v(t)=v()for0 <t <T.

Remark 1.1 Similar results can be proved for other dispersive equations, notably for the
nonlinear Schrédinger equation. This will be the topic of further work in preparation.

The proof of Theorem 1.5 is based on perturbing the radial solution u(z, x) with a
small term w(¢, x) satisfying the equation

Ow+ |u+w/? Y+ w) — [ul’'u=0,
which can be written in the form
Ow+ V@, x)w=w?-Flu,wl, V(, x)=pluP".

To solve the last equation, we prove an energy—Strichartz estimate for the exterior
problem with potential

Lu+V(t,x)u=F, u(0, x) = ugp(x), u;(0,x) = uj(x), u(t, s =0

as an application of the results of [1,6,11]; note that this part of the argument holds
also on arbitrary non trapping exterior domains. The Strichartz estimate for the wave
equation with potential is proved by reduction to the constant coefficient case, which
is possible since from the previous results we know that the potential V has rapid
decay in (¢, x). Finally, Theorem 1.6 is an adaptation of a weak—strong uniqueness
result due to M. Struwe [12].

The plan of the paper is the following. The linear theory and the perturbed energy—
Strichartz estimates are developed in Sect. 2. In Sect. 3 the global radial solution is
constructed and its regularity and decay properties are studied. In the final Sects. 4, 5
we prove the main results Theorems 1.5 and 1.6.

2 Linear theory

Denote by —Ap the Dirichlet Laplacian, that is the nonnegative selfadjoint operator
with domain H2(2) N HO1 (£2), and by A its nonnegative selfadjoint square root

A=(=Ap)'? D(A) = Hy(Q).
We have A% = (—Ap)F for integer k > 0, and

D) = D) = {f e B @ : f.Af,.... A f € Hy@),
DAY = (f e H¥(Q): f.Af, ..., AFf € HL(Q))
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so that
DAY ={f e HX(Q): AV f e H}(Q), 0<2j <k —1}.

We shall make repeated use of the equivalence
IVigllz2@) = 18812
valid for g € D(A) = HO1 (£2). The solution of the special mixed problem
Ou =0, u(0,x) =0, u; (0, x) =uy, u(t, s =0
withu; € H(} (£2) can be represented in the form
S(tyuy == A" sin(tA)u; (2.1)
Then the solution of the full linear mixed problem on R™ x Q
Ou=F(t,x) u0,x)=uol), u: (0, x) = u1(x), u(t, o =0 2.2)

takes the form
u=Stuy +0,SHugy + fot St —s)F(s)ds, 2.3)

where
0:S(tuy = cos(tA)uy.

We shall be concerned with several global in time estimates of S(¢) and of the
solution to (2.2). We work for positive times ¢ > 0 only, but it is clear that all results
are time-reversible. Directly from the spectral theory one gets

IViSgll2) = Igll2),  110:S0)gll2) < 8ll2) (2.4)
-1
1SMell2 <tlgllzg,  I1SO8le < 1A gli2g) S ||g||Ln%(m‘
(2.5)

As a consequence one gets the basic energy estimate for solutions of (2.2):

IVexullpoo,7; 02 S IVxuollp2 + lutllz + 1F o2y (2:6)

valid for all T > 0, with a constant independent of 7.
Higherregularity results require compatibility conditions. Given the data (ug, u1, F)
we define recursively the sequence of functions 4 ; as follows:

ho=uo, hi=ui, hj=0/u© x)=Ahj o+ F0O,x), j=2.
_ 2.7)
The function & is obtained by applying o/ 2 o the equation u;; = Au + F.
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Definition 2.1 (Linear compatibility conditions) We say that the data (ug, u;, F) sat-
isfy the linear compatibility conditions of order N > 1 if (ug, u1) € HN+I () x
HN(Q), F e CXHN=%(Q) for0 < k < N, and

hje Hy(Q) for 0<j<N.

To formulate estimates of u in a compact format we introduce a few notations. We
write for short for any interval / C Rand 7 > 0

Prq _ . Prq _gp _ P
LYLY = LP(I; L9(Q),  LYLY =L L9, LPLY =L L.

Moreover we denote the L” L4 norm of all spacetime derivatives up to the order N by
”””Y}”"”N =D itlal<N 18] 9%ull L r:L9(2))- (2.8)

When I = [0, T] or I = [0, +00) we write also

q.r;N _ yq.r;N q.r;N _ yq.73N
Yro =Yoo YT =Yoo

The following result is standard, and valid for general domains 2 with sufficiently
smooth compact boundary. We use the inequality A gl 2 S ||g||L 2 in the for-

mulation of (2.9).

Proposition 2.2 Let N > 1, and assume ug € HYTY(Q), uy € HY(Q) and F €
CKHN=k(Q) for 0 < k < N satisfy the linear compatibility conditions of order N.
Then Problem (2.2) has a unique solution belonging to

ue CHN ' nCNH} forall 0<k <N +1.

The solution satisfies for all T > O the energy estimates

u u u .
” ”l le ~ ” 0”12 ” 1” ’127"2 ” ” IT n2”2 ’ ( )

IVexttllyooriv S Nuoll e + lurll gy + 1 F yr2n (2.10)
with a constant independent of T .

We next recall Strichartz estimates for the exterior problem, following [1,6,11].
These estimates are valid on the exterior of any strictly convex obstacle with smooth
boundary in R”, n > 2. With our notations one has

IStgllLarr Sllglgs:  s=35—++ (2.11)

provided n > 3 and

%_F”;:”%’ 2 < q < o0, 2§r<%. (2.12)
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A couple (g, r) as in (2.12) is called admissible; note that the endpoint (g, r) =
2, 2(,1"__31)) is not included and it is not known if the estimate holds also in this case.
One can further extend the range of indices by combining (2.11) with Sobolev

embedding. We shall focus on the following special case:

1S®gllLarr S gl g (2.13)
valid for n > 3 and for couples of indices of the form

g=% r=35  0<s<l. (2.14)

Then we have:

Proposition 2.3 The solution u to (2.2) saitisfies, for any interval I containing 0, the
Sobolev—Strichartz estimate

lwllzapr < luoll o+ Nunlipz + 1 F L1 2 (2.15)

provided n > 3 and (q, r) satisfy (2.14).

Proof The proof is a standard application of the Christ-Kiselev Lemma to the repre-
sentation (2.3) of the solution. O

Differentiating (2.2) with respect to ¢ and applying the usual recursive procedure
one gets, more generally, the following higher order estimates;

Proposition 2.4 Assume the data (ug, uy, F) of (2.2) satisfy the compatibility condi-
tions of order N > 1. Then, for all (g, r) as in (2.14) and for any interval I of length
[1] Z 1 containing 0, the solution satisfies the estimates

leell yg.rinv S Muoll gvr + Nlurll gy + HE 122 (2.16)
Proof We give a sketch of the proof. Applying 9; to the equation, by (2.15) we get
laeliparr < Nuoll g2 + lluill e + 1F O, )llz2 + I Fll 1 2

sinceus; (0) = Aup+F (0, x) from the equation. We note that || F (0, -) || ;2 < 1F1 120

1
provided the interval has length | 7] 2 1, and this gives the estimate for ;. In a similar
way one can estimate all derivatives 8,] u. We next estimate Au = u;; — F':

||Au||L‘14Lr =< ”utt”L’I’Lr + ”F“L'I’L"
The u;; term has already been estimated. As to the second term, we note that

o > >
1Fllypa2 2 1P lugerm 2 IF o,
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which is the endpoint § = 0 in (2.14). Moreover,
IE 122 RN g2 + 1 F s
and by interpolation and Sobolev embedding

F 2 2 ||F > || F
1Fllya2 2 1P gz 2 1F

which is the other endpoint § = 1 in (2.14). This argument can be modified in the
case n = 3 by using the Sobolev embedding into BM O instead of L°°. Again by
interpolation we get

IFllyp22 2 IF N g0

for all (¢, r) as in (2.14), and we conclude
IAullpr S ol s + Nl gz + I F llyrza.
Also by interpolation this covers the case N = 1 of (2.16). For larger values of N one

proceeds in a similar way by recursion, using the embedding ¥ 12N < y7:m=2 jyst
proved for all (¢, r) as in (2.14). O

We shall also need estimates for the exterior wave equation with a time dependent
potential. We denote by u = Sy (¢; #9) g the solution of the mixed problem with initial
data at time t = 1

Uu+ Ve, x)u=0, ulo,x)=0, uto,x)=¢g, ult, )oa=0
and by u = S, (; to) f (which is not 9, Sy g) the solution of
Uu+ Ve, x)u=0, ul,x)=/f, wuto,x)=0, u(, )a=0.

If V is a sufficiently smooth potential with good behaviour at infinity, the existence
and uniqueness of a solution is standard. The solution of the full problem

Ou+ V(t, x)u=F,x), ulto,x)=uo, ulto,x)=uy, u(t,)se=0.
(2.17)
can be represented by Duhamel as

u =S8yt to)uo + Sy (t: to)ui + ft; Sy (t; s)F(s)ds. (2.18)

Note also that it is not necessary to modify the compatibility conditions, provided the
potential V has a sufficient regularity. Indeed the correct condition would require

. j=2 . .
hj=8/u0,x)=Ahj2+ 3 8/ 777V, x)hy + 8] >F(0,x) € H}
=0
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but the term B,jfzflV(O, x)hy is already in HO1 since hy € H}, and can be omitted.

By Duhamel we can write Sy (¢; 5), S, (¢, s) as perturbations of S(r), 9,S(1):

t

Sy (t;t9) = S —1t9) — / S —s)V(s,x)Sy(s; to)ds, (2.19)

0]
t
Sy (t:t0) = 8:S(t — 19) —/ St —s)V(s,x)Sy(s; tg)ds. (2.20)

fo

Proposition 2.5 (Perturbed energy—Strichartz estimate) Let n > 3, m > 1. Assume
the data (ug, uy, F) satisfy the compatibility conditions of order m, and that

||V||yl.n;m < Q. (221)

Then for any interval I containing ty the solution of Problem (2.17) satisfies

u u u .
” ”11 L2 S ” 0”[2 ” l” % ” ” } ,12"2 ’ ( )

IVecullyoozm + ullygrm S luollgmer + L am + I F 12 (2.23)

provided the couple (q, r) is of the form (2.14).

Proof We can assume I = I(t) = [tg, t]; the proof for t < 1y is identical. Since u
solves Lu = F — Vu, by (2.9) we get

< .+ ) ,
lu@liz2 S luollzz + lluall 20, + IIFIIL}LH% + IVl 2 ds.
Noting that
1 1
Jio IVl 2, ds < Sy IV e llu(s) |l 2ds

anda(s) = ||V (s)| r» is integrable by (2.21), by Gronwall’s Lemma we deduce (2.22).
In a similar way, by (2.10) and (2.16) we can write

IIVz,quIY;(o.)z;m + lullyarm S Nuoll st + il + IIFIIYIliz):m + IIVullyll(,Z);m-
t t 1 t

i

We have
w <[ < [t .
”V””Y}(f)"”’ < fto b(s)||u||yoc_nz%2;mds < fto b(s)lleu||Ylo(<;‘)z,mds
1(s)

where

b(s) = Zj+|a|§m ||3t]3§V(S)||L"

is integrable on R by (2.21). Using again Gronwall’s inequality we obtain (2.23). O
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3 The global radial solution

This section is devoted to the proof of Proposition 1.2 and Theorems 1.3, 1.4. We
begin with a few preliminary results on the mixed problem

Ou+ f(u) =0, u(0, x) = uyg, u;(0,x) = uy, u(t, s =0. @G.1)

For data of low regularity, a solution to (3.1) is intended to be a solution of the integral
equation
u=_S)uy+ 9, S{t)up — fé St —s)f(u(s))ds (3.2)

with S(¢) as in (2.1). We will give only sketchy proofs of standard results, which are
virtually identical to the corresponding ones for semilinear wave equations on R" (for
which we refer e.g. to Chapter 6 of [9]).

Lemma 3.1 Assume f : R — R is (globally) Lipschitz with f(0) = 0. Then for any
initial data (ug,u1) € HO1 X LZ(Q) Problem (3.1) has a unique solution u(t, x) in
CH(} (Q) N CYL2(Q). The solution satisfies the energy bound for all t > 0

luett, Mgy + 10t ey < CL D[ Ioll ey + Nl 2y |- (B3)

Proof Apply a contraction argument in the space C([0, T']; H(} ()N clqo, 71; L?
(R)) to (3.2), with T > 0 sufficiently small, using the energy estimates (2.4), (2.5).
The lifespan T depends only on the H! x L? norm of the data, thus we can iterate to
a global solution. Estimate (3.3) is a byproduct of the proof. O

Lemma 3.2 Consider the solution u constructed in Lemma 3.1. Assume in addition
that f € C? up € H*(Q) N HY(Q), u1 € HY(RQ). Then u belongs to C>L*() N
C! HO1 () N CH2() and solves (3.1) in both distributional and a.e. sense.

If we further assume that 0 < f(s)s < F(s) fors € R, where F(s) = fos f(o)do,
then the solution satisfies for all times the energy identity

Et)=E©0), E@) := [o[3|Viul®+ 3u* + Fw)]dx. (3.4)

Proof Differentiate the equation once w.r.to time and call formally v = u,. Then v
must solve
vy — Av+ ffwv =0

where we may regard f”(u) as an L™ coefficient. As data we take v(0) = u, € HOl (2)
and v; (0) = u;(0) = Au(0) — f'(u(0)v(0) € L*(). By the previous result, this
problem has a global solution v(¢, x), satisfying an energy estimate like u. Since
u(0) + fé v solves the original equation (3.1), by uniqueness for (3.1) we conclude
that v = u, and hence u has the claimed regularity. The energy conservation follows
by direct computation. O

Note that the assumption 0 < sf(s) < F(s) is sufficient to prove the existence of
a global weak solution for data in Hé () x L%(Q), even if f is not Lipschitz (Segal’s
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Theorem). This can be proved like in the case of the whole space R" by approximating
f with a sequence of truncated Lipschitz functions and using weak compactness. The
weak solution thus constructed satisfies then a weaker energy inequality E(t) < E(0)
(proved using Fatou’s Lemma). We shall not need this variant in the sequel.

For smoother data, one can prove a local existence theorem which does not require a
global Lipschitz condition, similarly to the case 2 = R". However, one must assume
suitable compatibility conditions, analogous to the linear ones from Definition 2.1.
Define formally a sequence of functions v/;, j > 0 as follows: differentiating the
equation u;; = Au + f(u) with respect to time, set

Yo=u(0, X)=uo, Y1=u;(0, x)=u, V;=0;u0, x)=Av%; 2+ 3 >(fw)li=o.

where values of Btku(O, x) for 0 < k < j — 2, required to compute r;, are set
recursively equal to y. For instance,

Yo = Au(0, x) + fu(0, x)) = Ao + f(¥o),
V3 = Ay + fu = Ay + f (o),
Y4 = Ay + f//(M)M;2 + f Wy = Ay + f”(lﬂo)‘ﬁ]z + ' (Wo) v

and so on. Then we have:

Definition 3.3 (Nonlinear compatibility conditions) We say that the data (uq, u1, f)
satisfy the nonlinear compatibility conditions of order N > 1 if (ug,u;) €
HNTH Q) x HN(Q), f € CN~2(R; R) and we have

W € HH(RQ) for 0<j <N. (3.5)

Remark 3.1 Conditions (3.5) are implied by a number of simpler assumptions on the
data. For instance, if f € CN=2 and one assumes

n 1 n
wo e HVwy e it (3.6)

then one checks easily that (ug, u1, f) satisfiy the nonlinear compatibility conditions
of order N.

Lemma 3.4 (Local existence) Let N > 4, (ug, u1) € HVT1(Q) x HY(Q), f e CV
and assume (ug, u1, f) satisfy the nonlinear compatibility conditions of order N. Then
there exists 0 < T < 400, depending only on the HN T x HY norm of (ug, uy), such
that Problem (3.1) has a unique solutionu € C*([0, T); HNT17K(Q)),0 < k < N+1.
The solution belongs to cN(o0, T): HO1 (2)).

Moreover, if T* is the maximal time of existence of such a solution, then either
T* = 400 or |lu(t,)||pe — ocoast 1 T*.

Proof The existence part is completely standard; it is usually proved for more general
quasilinear equations, which require higher smoothness of the data; see e.g. Theo-
rem 3.5 in [10], where local existence is proved for a nonlinear term of the form
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f,x, 8t] 0%u) with j 4 o] <2, j <1 (and a regularity of order L%J + 8 is imposed
on the data). The proof is based on a contraction mapping argument, combined with
Moser type estimates of the nonlinear term. The final blow up alternative in the state-
ment is a byproduct of the proof. O

3.1 Proof of Proposition 1.2

Fix M > 0 and define fu;(s) = min{|s|, M}?~!s. Then fy is Lipschitz and the
problem

Ou+ fy(m) =0, u(0, x) = ug, u; (0, x) = uq, u(t,)ae =0 (3.7

has a global, unique, radially symmetric solutionu € C2L*(Q)NC'HJ (Q)NC H*(Q)
satisfying the bound (3.4) with F = F = fos fum. Combining (3.4) with (1.2) we get

p+tl

12 u(t, )] < CoK. K = lluoll g1 + llwrllz2 + lluoll 2, (3-8)

Lp+l

for some universal constant Cy. Since |x| > 1 on €2, this gives
lu(t, x)| < CoK

and if we choose M = CoK + 1 we see that fi (u(z, x)) = f(u(t, x)),i.e., u(t, x) is
a global solution of the untruncated problem

Ou+ ulP'u=0, u©,x)=uy, u,0,x)=ui, u(t, )sg=0. (3.9)

The same argument guarantees also uniqueness of radially symmetric solutions. More
generally, two solutions in H2N L with the same data must coincide, as an elementary
argument based on classical energy estimates shows. Since energy estimates are valid
also on domains of dependence, by finite speed of propagation, the same arguent
shows uniqueness of solutions in H% N L7 . In particular, a locally bounded solution
with radial data must coincide with the radial solution. The proof of Proposition 1.2
is concluded.

3.2 Proof of Theorem 1.3

We now prove the decay estimate (1.9), using the Penrose transform. We recall its
definition. Describe the sphere S" using coordinates (o, 6) with @ € (0, 7) and 0 €
S as Sg,e = (0, 7))y X ngl. Denoting with d62, _, the metric of ngl, the metric
on S” can then be written as

do?® + (sin a)zdeé,,,l.
Similarly, on R} = ]Rj X SZ*I, use polar coordinates (r, 8) with r € (0, +00) and

6 e S"~!, so that the euclidean metric can be written dr? + rszSZ,H. Then we can



141 Page 14 0f 29 P.D’Ancona

define the Penrose map IT : R; x R, — Ry x §" as
n:@,r,0)— (T,a,0)
where
T = arctan(t + r) + arctan(t — r), o = arctan(t 4+ r) — arctan(t — r).
The map (¢, r) — (T, «) takes the quadrant
{(t,r):t>0, r >0}

to the triangle
{(T,a):T>0,0<a<m—T}

so that TT maps R+ x R” to the positive half of the Einstein diamond
Et ={(T,0.0):T>0,0<a<n—T,0eS" 1}

The boundary |x| = 1i.e. » = 1 is mapped by IT to a curve described parametrically
by

(T, @) = (arctan(t 4+ 1) 4 arctan(¢ — 1), arctan(¢ + 1) — arctan(t — 1))  (3.10)
for t+ > 0. We denote this curve by
a=I(T), Tel0,r) or T=y), a € [0,m)
(i.e., y = I'"1). One has the explicit (but not particularly useful) formulas
(T = % + arcsin(Z_% cosT), y () = arccos(sina — cos ).

It is easy to check that
y'(a) < —1. (3.11)

We denote by w the conformal factor

2

_ 24172
TEr— (s) = (1422

w=-cosT +cosa =

Note that @ > 0 on ET. The inverse of IT (defined on ET) can be written
(t,r,0) =TT, a,0) = (w 'sinT, w 'sina, ).
We define a new function U (T, «, 0) via

u(t, r0) = "7 U o T(t, 1, 6). (3.12)
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Since u, U are independent of 6, we shall write simply U (T, «). Commuting [J with
IT gives

Ou = Do @' U o T = 0"F Oy, U + 252 0) o T
so that U 1is a solution of the equation
OpwenU + 2520 + 0" UP~ U =0,  v=151p— 18 (3.13)
on the subset Eq of R x S” given by the conditions
Eqoq ={T,a):0<T <n, TI(T<a<nm—-T}
which is the image of R;” x Q via 1. We introduce also the notation
Dr={(a,0) eS":T'(T) <a <7 — T}, 0<T<m

for the slice of IT(R™ x ) at time T. Note that in coordinates, Eq. (3.13) reads

2U — 02U — (n — )223,U + U=y 4 o |UP~1U = 0.

sin

We plan to extend the solution beyond the line T + o = 7, i.e., in the region where
w < 0. Thus we consider the following extended equation on (T, &) € [0, 7]*:

2U — 92U — (n — 1)229,U + =Ly 4 Gy 1P~ =0 (3.14)

sin o

where we have replaced w by

~.  Jo ifT +a<m,
0 if T +a>m.

The solution U satisfies the identity

or {(sinay=t (PrUELUE 4 B g ptt 4 0501y R) ) =
= 3 {(sinae)" 13, U7 U} — ”Iﬂ"]' (sin)*(sin T)|U P,
(3.15)
We can now extend U to a larger domain in the cylinder Ry x S". Recall that the
data ug, u; satisfy Cps(ug, u1) < oo with Cys(ug, u1) as in (1.7). Thus if we fix a
smooth cutoff function y (x) equal to O for |x| < M +1 and equal to 1 for |x| > M +2,
we have

lxuoll grvo+invg + llxurll oo+t < 00.



141 Page 16 of 29 P.D’Ancona

Denote by Uo, U; the functions obtained by applying the transformation (3.12) to
Xuo, xui respectively (with ¢ = 0). By the first Lemma in Section 4 of [2] we have
then ~ ~

180l zm0 1 g + 101 g0 gy < 00

In order to solve (3.13) locally via the energy method we require that the coefficient
@" be sufficiently smooth i.e. @” € CN0. This is true as soon as

V= %p — # > Nop which is impliedby p > %

Then a standard local existence result guarantees the existence of a local solution U
to Eq. (3.13) with data Uy, U; on some strip [0, §) x S". The lifespan §, which can be
assumed < 1, depends only on

8 = 8(Cp(uo, ur),n, p) (3.16)

where Cy(ug, u1) was defined in (1.7). Comparing U with the solution U constructed
above, and noting that Eq. (3.13) has finite speed of propagation equal to 1, by local
uniqueness we see that U, U must coincide on the forward dependence domain ema-
nating from the set

T =0, 2arctan(M +2) <« < 7.

Thus we can glue the two solutions, at least for 0 < T < §/2, and we obtain an
extended solution of (3.13), which we denote again U (T, «), defined on the larger
domain

ET U ([0, 3) x S™).

We next prove that the energy of U, defined as
. _ 2 2 ~v _1)\2
E(T) = frj:[(T)(Sanl)n 1 (\BTU| '2H3aU| + ﬁ|U|P+1 + (n 81) |U|2> do
remains bounded for 0 < T < §/2. To this end we integrate identity (3.15) on a slice
T'<T<T I'(T)<ax<m,

for arbitrary times 0 < 771 < T» < §/2. Dropping negative terms at the RHS, we are
left with the inequality

E(Ty) — E(T1) < (sin)"™! [vaaaUaTU —Lvr (107U + |3aU|2)]T:y(a) 3.17)

where v,, vr are the components of the exterior normal to the curve T = y (@), i.e.,

1 V(@

Jrre T iy

vr = —
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The Dirichlet condition U (y («), @) = 0 along the curve implies
(0aU + ¥ (@)07U) | 7=y («) = 0.

Thus the RHS of (3.17) is equal to

1 _ / 2
&WTUF-
21+ y/(a)?

Recalling (3.11), we see that the RHS of (3.17) is negative, and we conclude that the
energy is nonincreasing as claimed:

= (sina)"!

E(T) < E(0) forall 0<T < §/2. (3.18)

Now, consider the set, which is a dependence domain for (3.13) (keep in mind that
the speed of propagation for (3.13) is exactly 1):

D:{(T,a):%§T<n, F(T)<a<n—T+fT}_

We have already extended U to the part of D in the time strip §/3 < T < §/2, and
our next goal is to prove that U can be extended to a bounded solution of (3.13) on
the whole set D. Clearly, it is sufficient to prove an a priori L® bound of the solution
on this domain in order to achieve the result via a continuation argument.

To this end we prove an energy estimate similar to the previous one, but now we
integrate identity (3.15) over the slice

h<T<T I'Th<aoa<a-T+4+56/4,

where §/3 < T1 < T, < m are fixed, and we denote by F'(T) the energy

_ . 2 2 ~y _1)2
F(T) := liT(T)T+5/4(sma)"_1 (larm HOLUP Zou |t + (D) |U|2) da.

After integration of (3.15), the terms on the side « = w — T + §/4 give a negative
contribution at the RHS which can be dropped, as in the standard energy estimate,
since the speed of propagation is 1. Proceeding as before, we are left with the inequality

F(T») — F(T}) < (sin a)nfl [VaaaUaTU — %VT (|3TU|2 + |aaU|2):|T—y(a)

and again the RHS here is negative thanks to (3.11). We conclude that the energy F(T)
is nonincreasing:
F(T) < F(/3) forall §/3<T <m.

Since F(5/3) < E(5/3), by (3.18) we conclude

F(T) <EQ©) forall 6/3<T <m. (3.19)
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To proceed, we need a Lemma:

Lemma3.5 Let I C (0, 400) be a bounded interval and n > 3. Then for any V €
HY(I) we have

sups3 V()| S (f, " V() Pds)z + 117V (f, "V (s)Pds)T (3.20)

sel
with a constant independent of I and V.

Proof of the Lemma Pick any points «, € I with § > «/3. We first prove that

ANV @I S (V) 4 BV G.21)

We have two cases: eithera < fora > f > «/3. If ¢ < B, we write

i 1
V@l = [Fvi+vel = (s vE) g st vl

Using the inequality ff s17"ds < o®" and recalling that & < 8 we obtain (3.21). If
o > B > «a/3, we have in a similar way

V@I = fEIVI+ VL= (f5 s IVE) (5 s 8 + V).

Now fgsl’"ds < 27" and we get

n l n
BVl = (f;s" V)2 + 82711V (B
and recalling that 8 > «/3 we obtain again (3.21).

Next, split 7 in thirds I = I} U I U I3 (with I at the left and I3 at the right). If
a € I1 U I, pick B € I3 arbitrary and apply (3.21) to get

n 1 . n__
a2 V@l S (f;s" V1)) +infgen, B2V (B)I.
Since

(3, " VA2 = infry BEYV(B)| - ([, sds)? 2 |1 |infy, 51 |V(B)]

(indeed [ ab sds = # > %) our claim (3.20) is proved for the points in I; U .

On the other hand, if « € I3, we pick 8 € I, arbitrary, we apply (3.21), and we get

n 1 . n__
a2 V@) S (f;s"NV1?)? +infgen, B2 HV(B)

and the same argument gives again (3.20). O
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We apply (3.20) to U(T, ) at afixed T € (§/3, ) on the interval
I=[I(T), 7 —T+8/41S(0,K]= 0,7 — %I;

note that |7| > §/4. We get

D=

supecd U (T, o)l 57 [ [T 0 (13, U P2 + U P)da]

I
Fora € [0, 7 — %] we have

i —4§/12
sinazu-a — a§8_lsina,
7 —68/12

thus substituting in the previous inequality we get, forall « € [I'(T), 7 — T + §/4],

1

sina) N U(T, )| < 53 [ 2o P sinay ! (13, U P + |U|2)aza]7
Recalling the definition of F(T) and (3.19) we conclude
ine)? N U(T, )| < 87" E0)!/2. (3.22)

We now convert (3.22) into an estimate for u(¢, x). Since sin @ = wr, we obtain

sine) 3N UT, o)) 2 (@r)F o 2 ute, )l = 137N e+ )2 = 1) 2 ue, ).
On the other hand, a change of variable shows that
U, )l 2@y = V211r) " uoll 2

where $ denotes the image of {t = 0} x Q via the Penrose transform,
P -1
0O, Mppir gy = V2 77 Ty uollLr ().

”aTU(O )”LZ(Sn) = \/_ ul”LZ(Q)
and
190U 0. ) 2@y S 107 woll 2y + 14r) Vattol 12 -

This gives the estimate

ptl

luolleH + 1) (I Vuol + [urDll2 (3.23)

p—1_
EO)Y2 < 1) ugll 2 + 1 (x)" P71~

and recalling (3.22) (and the dependence of § in (3.16)), we conclude the proof of
Theorem 1.3.
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3.3 Proof of Theorem 1.4

Let u be the solution given by Proposition 1.2 and Theorem 1.3, and v be the local
solution given by Lemma 3.4, maximally extended to a lifespan [0, T*). Since the
data are radial, v is also radial, and by the uniqueness part of Proposition 1.2 we see
that u = v. In particular, v is bounded as r 1 T*, hence T* = +o0. This proves the
regularity of the radial solution.

It remains to prove the uniform bounds (1.11). For the L? norm we have

-1 t
t, - < A p ds.
(e, g2 < lluoll 2 + 1A urllz2 + fo lllul IIL% s

Then we can write, if n > 3,

n+2 n+2 n+2 n+2
n=2 I

P—u=
IIIMI”IILn% < Nuell oo™ Mluell BN S el (1 Vi ulle(Q)

Ln—

by Holder and Sobolev embedding, and we note the consequence of (1.9) (also valid
only if n > 3)
lullz S CClluo, un)lan)(6) ™ (3.24)

and the conservation of energy (1.5). Summing up, we obtain
p—% _n+2 t —p+1s
(e, g2 < lluollg2 + lorll, 20, 4 G0, )y, ™~ E£(0) 202 Jo ()" PTn=2ds
where the integral converges since p > 1 + ;=5 ”*2 = Noting that
E©) = CUl@o.unllar): — Murll 2, S Huillze S Niuo, ui)lim,
we get the uniform bound

luz, g2 < Cl(uo, ur)llam). (3.25)

Estimate (1.11) for k = 1is a consequence of the energy conservation E(t) = E(0)
and of (3.25). For k > 1 we proceed by induction on k. By the energy estimate (2.10)
we have

||Vt,xu||Yoc~2:k S luoll gt + Nunll g + |||M|p||Y1,2:k~

We apply Gaghardo—Nlrenberg est1mates to estimate the last term. Handling separately
the highest order terms ~ ||u || ijk ||8]u||H1< -j, we get

IIIMI”IIYIzk— > fo 187 8% |ulP | L2t
jtla|<k

£<k—1

k
T ~1 —k
S o Ul + lullf<) <1+ > |I3f“||L°o> dt - lull yoo.2:x
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provided p > k + 1. Since u is radial in x we have

Y 0fulle S Nl yoe
T
L<k—1

which is bounded by the induction hypothesis; on the other hand ||u|| z;k is integrable
since p > k + 1 by (3.24). Thus the right hand side is finite and this proves (1.11).

4 Global quasiradial solutions

This section is devoted to the proof of Theorem 1.5.

Let u be the global radial solution with initial data (¢, ©1) given by Proposition 1.2
and Theorem 1.4, and let v be the local solution with data (v, vi) given by Lemma
3.4. Denote by w = v — u the difference of the two solutions, which satisfies the
equation

Ow+ [u+w/? "+ w) — [uP'u=0. 4.1

We can write
lu+wlP~ e+ w) = |ul?u = plul” w — w? - Flu, w]

where
Flu,wl=—p(p — 1)f01 |u +aw|p_3(u +ow)(l —o)do “4.2)

so that w satisfies
Ow + V(t, x\)w = w? - Flu, w], Vi(t,x) = plulP~".

For j < p — 3 we can write

18/ Vilwns < S0 o Il Nl 10 wllwnee 10 ullwnos (43)
where j; +---+ j, = j. By Sobolev embedding and energy estimates (1.11) we have

18/ wllwnos S Nullysezn < € (11 Guoy ) lars lutoll v e = )
provided N > n + 5 + j, and this implies, recalling (3.24),
18]V @llwn1 S (674377 44

provided

o, u)llp + lluoll gn + llurll gv—1 < 0o, N > 3n+ . (4.5)



141 Page 22 of 29 P.D’Ancona

Now let m > 1 to be chosen and assume uq, u satisfy (4.5) with

N >m+ %n
while wg, w satisfy the compatibility conditions of order m. We see thatif p > m +4
the assumptions of Proposition 2.5 are satisfied and the estimates (2.22), (2.23) are

valid.
Consider now the problem

Ow+V(t, w=w>Flu,w], w0 x)=wo, w(0,x)=wp, wt )se=0
4.6)
where w;j =v; —uj, j=0,1,and V(¢,x) = p|u|P’1. Define the spacetime norm

M(T) = ||w||Y7?o,2:m+l + ||w||Y?,r;m

where the couple (g, r), satisfying (2.14), will be made precise below. Our goal is to
prove the a priori estimate

M(T) < €+ M(T)> + M(T)? 4.7

where € is a suitable norm of the data (wq, wi).
Applying (2.22), (2.23) to (4.6) we get

M(T) < Nlwoll gmsr + llwi ] o A WA, wll (4.8)
HmNLn+2 Y.

| 2n
T ﬂLI L n+2

We must estimate the last term. We begin by noticing that

2 2 -2 -2
R Pl wll s < il g (= + i)
Ln+2 Ln+2

and if we assume m + 1 > % so that |w| Lo < |w|| gm+1, we get

n+2 n—=2
2 2 2
IOI? gy < 0l3 w5 < Nl < M)
n

for 0 <t < T. If we assume in addition m > % and use the embedding ||w|/fe <
||lw||wm.r, we can write

-2 —2— —g—2
lwllf~" < IIwII%Vm,rllwllgqu < w| %, M(T)P~4

provided p > g + 2. Since |u(t, )| < (t)_l (recall (3.24)), we obtain

2 270\ 2— - q
f|w F[”’w]“L,,%’z S M@ )P+ M wlym
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and integrating in time we conclude

|w? Flu, wlll | 20 ds S M(T)? + M(T)”. 4.9)
Ly Ln+2

We next estimate
1w Flue willyyzm = 3 o 18795 w2 Flue, whll 2.
Recalling the expression of F in (4.2), we may expand the derivative as a finite sum
8/ 0% W2 Flu, w)) =Y. iy G- WiWaU - --- - Upda

where 0 < v < m and, assuming p > m + 2,
Wi = 0"9%w and Wy = 8292w
Ur = 370% (u + ow)
h+h+ip+-+jp=jartoe+pi+--+ph =aandj+la| <m
e itisnotrestrictive to assume that j, +|B8,| > ji +|B| for all k and that 75 + |op| >
hy + o |
o G satisfies |G| < |lu + ow|P~V "2 sothat |G|z < (Jlullp= + ||wllge)? V72
We take the L2 norm in x of each product, and we estimate it with the L? norm of
the derivative of highest order, times the L norm of the remaining factors; it may
happen that the highest order derivative falls on w or on u 4+ ow. Thus we need to
distinguish two cases:
(1) The highest order derivative is on u + o w, that is to say j, + |8y = ha + |a2].
Then we estimate

IGWiW2UL ... Usll2 < Gz Wil [W2llzeel|UtllLoe - . [[Uv—1ll |Uy [l 2.

We have forO <t < T
Ul 2 S M(T).

Moreover fori < v we have j; + |o;| < %, hence if we assume m > n — 2 we have
by Sobolev embedding

|| Ui ||L00 5 ”M || Yoo42;m+1 + || U)||Yc>c,2:m+1 S Cm+1 + M(T),
T T
where in the last step we used the energy estimates (1.11) for u, with

Cinr1 = Cl (o, un) llars Nuoll gme+t, Ny [Lgm).

In a similar way
Willpee S M(T), i=1,2

Finally, by (3.24) and Sobolev embedding

IGIzee S (lulipee + Nlwlire)?™" "2 < (67" + lwllwmr )T (1 + M(T))P~V 472
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provided
m>7% and p>m+q+2.

Summing up we have, form > max{n —2,n/r}, p>m+q+2,0<t<T

IGW WoU; ... Uyl 2
S U Jwllwmr )T (1 4+ M(T)P V"2 M(T)*(Coyg1 + M(T))".

We now integrate in ¢ on [0, 7] to get

T
IGWIWUY . Uyl S MR+ M) [0 4 ol ar
0

< M(T) (1 + M(T)P—2 (4.10)
with an implicit constant depending on || (o, u1) || m, lluoll gm+1, w1 Hm.

(2) The highest order derivative is on w, thatis to say j, + |8y| < ha + |a2|. In this
case we estimate

IGWiWaUr ... Usligz = IG izl WillLoe [ W2l 2 (Ut I oo - - [Uv—1 Il oo [ U [l oo

Proceeding in a similar way, we obtain again (4.10).
Summing up, recalling (4.8), we have proved

M(T) < llwoll ggm+r + llwy || .+ M(T)? + M(T)?. 4.11)
HMNL n+2

The implicit constant depends on || (ug, u1) ||pm + l|uo || gm+1 + ||u1 || g . The conditions
on the parameters are

p>m+q+2, m> ", m>n—2
and (q, r) satisfy (2.14), that is to say
§€O 1, p=m+3+2, m>n-2, m>%-1-35
All the constraints are satisfied if
m=n-—1, p>n—+3 4.12)

with § < 1 chosen accordingly. Recall also that in order to apply Proposition 2.5 we
assumed p > m +4 = n + 3 and that ug, u; are in HV x HN~! with compatibility
conditions of order N, where N > m + %n = %n —1.

To conclude the proof it is then sufficient to apply a standard continuation argument;
if the norm

lwoll et + lwrll 20
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of the initial data is sufficiently small with respect to the hidden constant

[ (o, u)llar + lluoll gm+r + llur || m

then the quantity M (T') must remain finite as 7T — 400 and global existence is proved.

5 Weak-strong uniqueness

Following [12], we prove a more general stability result which implies Theorem 1.6
as a special case. We use the notation

u\’”']
p+1

2 2
E@w) = E@(n) = [Pt 1 ode, Q= (x| > 1)
for the energy of a solution u(, x) at time ¢ of the Cauchy problem

Ou+ulPlu=0, u ) =0. (5.1)

Theorem 5.1 Let I be an open interval containing [0, T], T > 0. Let u, v be two
distributional solutions to (5.1) on I x Q such that

ue C(I; HX(Q) NCYI; Hy () N C2(1; LA(Q),  u,u; € L¥( x Q),
ve C(I; HH(Q) N Cl(I; L2(2) N L®(1; LPTH(Q)).

Assume in addition that v satisfies an energy inequality
E(v(1)) = E(v(0)).
Then the difference w = v — u satisfies the energy estimate
Ew(n) < Ce“(E@©0) + [wO)72q), 1 €10,T]
where C is a constant depending on
C=C(p, T, llul + luclllLeqo, T1x2))- (5.2)
Proof We shall need the following easy estimate of the L? norm of w = v — u:
w2, <21 [y weds|2, + 2[w(O)[12, < 2T f5 E(w(s)ds +2[w(O)||2,. (5.3)
The difference w = v — u satisfies in the sense of distributions
Ow+ u+ v/ Yu+w) — [u’lu=0.

We expand
E(w)=E(u)+ A() + B(t)
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where

P 2 \v/ 2 p+1 _ p+1
A(,)zfmd“/('“w' |ul — P~ uw)dx
2 p+1

B(t) = /(utwt + Vu - Vw + u|P " uw)dx.

From the energy inequality for v, and the conservation of energy for the smooth
solution u, we have

0<EW©0) —E@(®) =A@0) - A@) + B0) — B(). (5.4

We get easily

lutw| P! —JuPH! -1 b p—1 2
0 P uw=p lu + tw|P~ drdo|w|
o Jo

22—-p _
> SrlwlPt = Bl w]?

which implies
A = 27 PEw®) = Cllwl,, € = Slulllxgo.11x)-
Recalling (5.3), this gives
A@t) = 27PE(w(®)) — C [y E(w(s))ds — Clw(0)]|2,

for some C = C(T, ||ullL>~(0,T1x%))- On the other hand

|u+w‘p+17|u|p+l

ST — P uw < C(p, ull o) (wlP+ 4 [w]?)

which implies
A(0) < CEw(0)) + Cllw (07,

and in conclusion

A) — A < =2 PE(w(®) + C [y E(w(s))ds + Clw(O)|2,, (5.5)

with C = C(p, T, |[ul|L).
In order to estimate B(¢), we need the following remark. Assume the function

W(r,x) € C([0, T]; HL(2) N C([0, TT; L*()) (5.6)
satisfies in 2/((0, T) x ), for some g € (1, 00),

OW = F(t, x), F e L1((0,T) x Q). 5.7
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Then for all x(t) € C2°((0, T)) and U(¢, x) € C°(R x €2) we have the identity
[fo X' OWUW, + VU - VW)dxdt = — [[, x()(W,0U + U, F)dxdt. (5.8)
Now assume
UeCU; HX(Q)NC'I; HY(Q)NC>(I; L)),  U,U; € L®U x Q) (5.9)

on an open interval I D [0, T'], so that JU € C(I; L2(Q)) and U, € Lq/(l x ). We
can approximate U with a sequence U, € C2°(I x ) in such a way that

oU. — U;, VU, — VU, OU. - 0OU in L*((0,T) x Q)

and )
oUc — U; in L1((0,7T) x Q)

as € — 0 (e.g., extend U as 0 on R" \ ©, apply a radial change of variables u(¢, x) =
u(t, (1—€)x), truncate with a smooth cutoff v (|x| —e 1) where v = 1for |x| < 1 and
Y = 0 for |x| > 2, and finally convolve with a delta sequence of the form p, (x)o¢ (¢)).
Applying (5.8) to U, and letting ¢ — 0 we obtain that (5.8) holds for any functions
U, W satisfying (5.6), (5.7), (5.9) and any x € C2°((0, T)).

Now, consider a sequence of test functions x (t) € C°((0, T')), non negative, such
that yx 1 10, pointwise, ¢t € (0, T']. We can write

B(t) = B(0) + lim [ X ) (urw; + Vu - Vw + [P~ uw)dxdt.

Applying formula (5.8) with U = u, W = w, F = |[u|P"'u — ju + v|? " (u + w)
(with g = (p + 1)/ p) and using the equations for u, w we obtain the identity

B(1) — B(0) = lim ff Xk () (ulP~ uw, — Fuy) —lim /f X (5)0; (Ju|P~ uw)
=1lim [ xx(s)(u 4+ v|P " u +w) — [ulP~ u — plulP~'w)u,dxds.
We have
lu 4+ vl e + w) — |u|P~ u = plulP~w
1 o
=p(p— 1)/ / lu+ tw”2(u + tw)drdo |w|?
0 JO
which implies
e+ 017w w) = Jul? = plul? M| < Cp, ull ) (wl? ).
Thus we get

BO)=B(t) < C [{IE@©)+w(®) 2, 1ds, €= Cp, lul+lulllq0,71x0)-
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Using (5.3) we conclude
B(0) = B(t) = C [5 Ew())ds + Clw ()],
for some C as in (5.2). Plugging (5.5), (5.2) in (5.4) we arrive at
E(w() = C [g E(w(s))ds + CEw(0)) + Cllw(0)]7,

with C as in (5.2), and by Gronwall’s Lemma we conclude the proof. O
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