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1 Introduction

According to modern understanding several symmetries of particle physics can be approx-
imate and emergent, see e.g. [1-3], and possibly broken at the Planck length scale. The
Adler-Bardeen (AB) non-renormalization property [4-6] is essential to ensure the renor-
malizability of the Standard model, through the anomaly cancellation. The proof of the
AB property is based on identities between class of graphs and relies on the validity of
Lorentz and chiral symmetry. If the symmetry breaking terms are dimensionally irrele-
vant, one expects that the corrections are of the order of the Planck divided by the particle
physics length scale, hence typically undetectable. However this would be not true if cor-
rections are present to the AB property; even very small radiative contributions would be
amplified if they break renormalizability. It is therefore interesting to see if the anomaly
non-renormalization holds generically even when symmetry breaking terms are present at
the Planck length scale, or if in contrast its validity requires that they are absent or at
least of special form.

We consider the simple situation where the symmetry violation is produced by a lattice,
with spacing small compared to particle physics lengths but large or comparable to the
Planck length scale; lattice models are often used to mimic the violation of symmetries,
see e.g. [7-10]. In particular, the model we consider is the interacting extension of the
Nielsen-Ninomiya simulation of the chiral anomaly [11], that is lattice fermions coupled
with a quantum massive photon field, with an emerging description in terms of massless
QEDg11, d = 1,3. There are corrections to the Lorentz invariant part of the correlations
which are non-vanishing and of order of the momentum times the lattice spacing. In
contrast, we prove that the anomaly is perfectly non-renormalized , even in presence of
finite symmetry breaking terms; that is, at least in the class of lattice models we consider,
the AB non-renormalization is a robust feature imposing no constraints on the symmetry
breaking terms.



Our results are based on a novel technique based on the combination of constructive
regularity properties obtained by exact Renormalization Group (RG) methods and Ward
Identities. The contribution of irrelevant terms at each step is essential and fully taken
into account. The results are fully non-perturbative, as physical quantities are expressed
in terms of series whose convergence is established in presence of a finite photon mass,
as consequence of cancellations due to Pauli principle (see [12] for an introduction to such
methods). This is a major difference with respect to other approaches to the anomaly which
give results valid only order by order, see e.g. [13, 14]. The strategy of proof was used in [15]
for irrelevant interactions and is here extended to the marginal case. Even if the validity of
the AB property is proved for the U(1) gauge group and with a photon mass regularization,
the result indicates that the anomaly cancellation condition is common between the con-
tinuum theory and the lattice theory and suggests that anomaly-free chiral gauge theory,
as the Standard model, can be formulated non-perturbatively by lattice formulation.

2 Lattice models and anomaly non-renormalization

The massless lattice QED 4,1 model we consider is the interacting extension of the Nielsen-
Ninomiya anomaly simulation [11], where the interaction with a quantum photon field is
included. The detailed form of the lattice has no importance and we do a specific choice
just for definiteness.

In d = 1 we consider a linear lattice A = {x = na,n € Z}). If X, x € A, are fermionic
creation or annihilation operators defined on the Fock space and verifying {1, Yy }=day,

{vi, 4} = {5 ., } =0, the lattice Hamiltonian is

H=3 <§< Frats U ry) — cos(Q) M;) 2.1)
We define
> ; dk ..~
V= eTihey® P = [ S etk (2.2)
=2 / em® W
where |k| < 7/a and
Hy = / (;Zi)h(k)@@; h(k) = E(COS ka — cos (). (2.3)

Note that for k = +(/a+q one has h(k) = +vq+O(¢?a), v = tsin (, that is the dispersion
relation is essentially linear.

In d = 3 we consider a lattice formed by two sublattices: one is A; = {nla(%, %, 0)+
nga(—%, %,O) +n3a(0,0,1), n; € Z}, and the other is Ag = Ay + a%el = A; +ad; (we

let e1, e, e3 be the elements of the standard Euclidean basis and d; = %61, 0o = %62).

We associate a fermionic field to each sublattice w;t j with z € A, 7 = 1,2 and we consider



the Hamiltonian
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We pass to Fourier space:

dk g dk L
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where the integrals are over the first Brillouin zone so that the Hamiltonian reads:
dk ~, [ a(k) B(k ~_ / dk -~ ~_
Hy = hy = Fh(k 2.6
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If k1 = q1, k2 = q2 and k3 = +(/a+q3 we can write h(k)= —vi01q1 —v102¢2 Fvozgs+0(alq|?)
with v1 = t/ﬂ, v=t'sin¢ and ¢ = (q1,92,q3). We denote by 1@60;“ = eHOxO{b\,iie*HO“O where
zo is the Euclidean time; we introduce the 2-point function g; j(k) =< @i Zzzl: ;> given by
the following matrix .

90 = T+ h(R)
where k = (ko,k). A similar expression holds in d = 1. The Fourier transform of the
propagator g(k) is denoted by g(x) with x = (z¢, ).

It is well known that the above lattice models admit an emerging description in terms

(2.9)

of Dirac particles [11]. Indeed a Dirac massless particle has propagator < W ¥y >= }ik,
where k = v,ky, p = 0,1,...d and with {v,,7,} = 20,,, and the Euclidean Dirac derivative
is @. In d = 1 a possible realization of y-matrices is o1 = 9, 02 = 71 and o3 = 5 with

1 —1 1
01:<(1’0>,02:<? 02>,0—3:(O_Ol).Simﬂarlyindzs
= ro) T \mieg 0 ) PT o1



In addition to Lorentz invariance, Dirac particles verify gauge and chiral symmetry, im-
plying the conservations of the d + 1 current .J, = \i/fyu\ll and axial current J, = \i/’yu%\ll.
It is also convenient to write ¥ = (¥, ¥_) and ¥ = ¥t~q, so that the Dirac propagator
can be written as, g7 (k) =< \Iflk\lfi,k >

Z]\g(k) = (—iko + /{)_1 §£(k) = (—iko F o1k F o9ko F ngg)_l (2.10)

in d =1 and d = 3 respectively.

Let us look at the lattice propagator (2.9) restricting to momenta close to +(/a. We
introduce a smooth compact support function y,(k), with w = + non vanishing only for
[k —w(/a| < 1/(10a) with { = (0,¢) ind =1 or { = (0,0,0,¢) ind = 3. In d = 1 we define
Ju(k —w(/a) = x,(k)g(k) and in d = 3 we define

Jijio(k — w(/a) = 6 jwXw (k)i (k) (2.11)
with 6; ;4 =1, 6; - = (—1)**J. The function g, is the propagator restricted to momenta

around #+(/a and, setting v = v; = 1 we get, calling k —w(/a = q

ge(@) =g2(@ +7+(q))  |re(a)] < Calg| (2.12)
The lattice models (2.1) and (2.4) admit therefore an emerging description in terms of
massless Dirac partcles; the propagator for momenta far from the inverse spacing has a
Lorentz invariant part up to corrections which are small but non vanishing. Let us see
what happens to the conservation of the currents. The current in a lattice theory can be
introduced using the Peierls substitution. In d = 1 one introduces an interaction with an
external gauge field by writing

t 1 i [T dsA(s), ) — i [Tt dsA(s),) — -
Ho(A) = =3 <2 (Vae o By et [T Ay ) —cos(@“)w;wm) (2.13)
. o . S . . 9Hy(A)
with a similar expression holding in d = 3; the current is defined as j, = W| A(z)=0>

and the lattice density is p, = ¥} 17, and they can be combined in j, = (p, j1,. .., jd)-
The lattice density and current vertex are close, in the sense of correlations and up to
corrections as in (2.12), to the Dirac ones ¥+, V. Such corrections however do not prevent
the conservation of the lattice current in the sense of Ward Identities (see (2.26) below),
as the Peierls substitution ensures gauge invariance at a lattice level.

A different situation is encountered in the case of chiral currents. Following [11] one
can indeed define an analogue of the chiral density and current in the lattice model, by the
requirement that it is close to the Dirac chiral current \il’yu%\ll in the sense of correlations,
up to corrections. The lattice chiral density can be defined as the difference of densities of
fermions around +(/a, that is in d = 1

dk sinka ~, ~
= | — T 2.14
Pp / (27‘(‘) sin( wk+p¢k ( )

5 dk _sinkga 74+ - ; 5 _ ) - -
or ph = | oL e Uy, ¥y s in coordinate space pg = —2sfn<(1/1;¢x+ae3 — Uy gey) OF
i

Py = — 5o c(VF ¥oia — ¥ y_o). The definition of the axial current is given in a similar




way inserting a factor sin ka or sin k3a in the Fourier transform of the current. The axial
symmetry is however broken and there is no conservation of axial current.

Let us introduce now a dynamical photon field 4,(x) (not to be confused with the
external field 4,) with integration P(dA) and propagator

=4 - dk e 5 2.1
() = 8a0) = [ 005 s (2.15)

where x = (zg, x), x(k) is a cut-off function vanishing for momenta larger than O(1/a) and
M, =Mind=1and M, =a 'M in d = 3 is a regularizing mass (such a regularization
is the one adopted in [5]). For a non-perturbative analysis we find convenient to integrate
out the boson field getting a purely fermionic theory, that is

/ PdA)e S Beluu — o6 [ dxdyv(x-)ju()iu(y) (2.16)
The lattice model we consider is therefore defined by the following generating function

oW (AALL9) _/p(dw)eV(dhAmAfl@) (2.17)

where ¢, (ind =3i= 1,2 whileind = 1i = 1 and 1@51 = 1p¥) is a set of Grassmann vari-
ables {¢1 ;, ; ;1 =0, ¢, ==+ (with abuse of notation we denote the Grassmann variables

with the same symbol as fields), P(di) is the fermionic integration with propagator (2.9)

and

Vi, Ay, AS, ¢) = A / dxdy vy, (%, ¥)jux(A)juy(A) + vN + B, A) + / dx A}, 5 (A)
(2.18)

where the first term is the interaction, j, = (p,J1,...,jq) are the lattice density and

current expressed in terms of Grassmann variables, j,(A) is obtained by j,, by the Perierls
substitution, [ dx is a notation for [dxg)_,, A = e? is the coupling and the second term
is a counterterm to fix the singularity of the propagator, N = [dxy¢f¢; ind =1 or
N = fdx(wfr’xd)ix - wzxwix) in d = 3. Finally Ay, A, ¢ are external fields (¢ is a
Grassman variable) and derivatives of W with respect to A4, Ai, ¢ give the correlations
of the current, chiral current or fermionic field respectively. In order to ensure gauge
invariance for the external field A, (see (2.25) below) we define

B, A) = [ Ao~ (Holt) = Ho(0) + Y [ dxvioy? (2.19)
e==

with Ho(A) given by (2.13) with Grassmann variables replacing fields and j5 . (A4) is ob-
tained by jﬁyx by the Peierls substitution; in particular the gauge invariant chiral density is

1 i [®3F dsAs(s) , — i [3  dsAs(s) ,—
pi(A) = Zg& < ;1_6 fo s )waraeg - w;;aeg,e fxgia 3 )wx> (220)

with A3(s) = As(wo, 71, 22,s) and Z§ is a renormalization to be properly fixed, see be-
low; a similar expression holds for the axial current jfx(A), and Zf are the corresponding
renormalizations.



The correlations are obtained by differentiating the generating function with respect
to the external fields; in particular
O2W R O3W ~ PW
==l Gk ==l Gk =
0¢y 0y 0A,p09, 8¢k+p 0A;, pOby 8¢k+p
(2.21)
where given a function f(A“,Ai,qb) we denote f(AH,AZ,qﬁ)\O = f(0,0,0) and A, is the
Fourier transform of A,,.
We define in d = 1 G,,(k — w(/a) = xu(k)Ga(k) and in d = 3

Gijw(k — wC/a) = 6; jwXw (k)G (k) (2.22)

Similarly we introduce the current correlations

Ga(k)

lo

B o ) RSB
Pu,m,...,un P1,.-.-,Pn) = —= = = 0
0ALpOA by - OAu, o
~ 8n+1W
Fz,pl,...,un (p17 oee 7pn) = ‘0 (223)

0A? L0A L py - OAp, b,

By Feynman graph expansion one can see that the correlations of (2.17) coincide in the
formal limit in which regularizations are removed a — 0, M — 0 with massless QED in
the Feynman gauge. The lattice breaks the Lorentz symmetry, so that the parameters ¢, ¢’
have to be chosen as function of the coupling A to fix the light velocity equal to ¢ = 1; v is
a counterterm to fix the position of the singularity. The chiral symmetry is also broken and
one has to fix the constants Zﬁ in order to ensure the following condition, if k = q + w(/a,
q,p small, w =+

Go,1,0(p,k) = wG3 1, (p,k)(1 + O(aq, a(q + p)) (2.24)

The AB non-renormalization means that the anomaly acquires no corrections provided
that the normalizations are fixed so that (2.24) holds, see e.g. [6].

While the lattice breaks chiral and Lorentz symmetry (which are only emergent), our
model respects exactly gauge symmetry, as by construction

W (A, A5, ) = W(Ay + Opox, A, €' gy (2.25)
and from this we get the following Ward Identity expressing the conservation of the current
Pl =0 (2.26)

and the relation
— ipuGo1,u(p, k) = Ga(k) — Go(k + p) (2.27)

The chiral symmetry is broken by the lattice so that the analogue of (2.26) for the chi-
ral current is not true. In the emergent continuum theory the chiral symmetry holds

~

exactly but nevertheless pMI‘E’ is non vanishing, what is precisely the quantum

o152
anomaly [4]. In [11] it was shown that, in the non-interacting case, one has in the lat-

tice theory pMFZW(p) = %EM,VPM ind=1 and PMFZ,V,U(P17P2) = #plapgﬁaaﬁ’y,o in
d = 3, that is one gets the same result as the continuum theory. We investigate what
happens to the anomaly in presence of interaction with a finite lattice.



Theorem. For small A\ and suitable v,t,t' and ZE chosen so that (2.24) holds, the corre-
lations of (2.17) are, respectively for d =1 and d = 3

N k"

Gu(@) = 4. 95 (a)(1+ R(q)) (2.28)

2 (a)(1+ R(q)) @w(Q)ZE
where 1 = aX? + O(X3), Z = 1+ O()\) and R(q) non vanishing and |R(q)| < Calq|;
moreover, up to higher order terms in p

~ 1 ~ 1
pul5,(p) = —CuwPy Pl (P1,P2) = 3-3PLaP2,5Ca 00 (2.29)

The above result is an emergent Adler-Bardeen theorem, as (2.29) says that there are
no interaction corrections to the anomaly, even in presence of a finite lattice; its value
coincides with the one of non interacting Dirac fermions. In contrast symmetry breaking
terms produce non vanishing corrections to the correlations, see (2.28). The above result
is rigorous, as the presence of the lattice allows to get a full non-perturbative control on
the functional integrals.

In the rest of the paper a proof of the above result is provided. In section 3 we
describe the Renormalization Group analysis for the lattice model (2.17), and we get the
main regularity properties for the kernels of the effective potential. In section 4 we get the
anomaly non-renormalization in the d = 3 case, and in section 5 in the d = 1 case; finally
section 6 is devoted to conclusions.

3 Renormalization Group

As we are interested in the possible breaking of the AB property due the irrelevant terms,
one needs an ezxact RG analysis in order to take them fully into account [17, 18]. The
starting point is the decomposition of the propagator in higher and lower energy degrees
of freedom, that is

9(x) = g™ (x) + =V D(x) (3.1)

where gV) (k) and §g(=N-1 (k) are equal to g(k) times fy(k) and yn_1(k) respectively,
where yv_1(k) is a compact support function selecting momenta such that [k—w(¢/a| < 7
with v > 1, vV = 1/(10a) and fy = 1 — xnx_1. We can use the decomposition prop-
erty P(dy) = P(dypSN=D)P(dpN)), where P(dyy(SN=1) and P(dy ™)) have propagator
g(=N-1) (x) and g (x). The field »(N) represents the highest energy degree of freedom:;
its propagator (V) (x) decays at large distances faster than any power with rate v and
is bounded by vV, and it can be integrated out safely. Note that xx_1(k) as a function
of k has support in two disconnected regions around +(/a; we can therefore, after shifting
the momenta, write

g(SN—l)(X) _ Z eingngSN—l)(X) E(<N-1) _ Z tiw> x¢i(<N (32)
w==%



In conclusion we get

W (AwAYLS) /p(d¢(SN—1))p(d¢(N))eV(N)(¢(<N_1)+w(N),¢7AivAu)

— /p(d¢(<N1))€V(N1)(w(<N1)7¢,A;’17Au) (3.3)
with VIV "D ((EN=D ¢ A% A,) equal to 300 o L EX(V;n) and EY is the truncated ex-

pectation, that is the sum of connected Feynman graphs. The effective potential V(V—1)
is given by

l

_ N-1 S(SN

e / dxdy W,V (x,y) [H Vi HA# vi (34)
l,m i=1

where X = x1,...,X, Yy =¥1,--»Ym,J=1,2ind=3orj=1ind=1,¢; ==+, u=0,1
ind=1and 1 =0,1,2,3ind=3,w=+and 0 =0,5 (Ag’y =Auy).

Note that the RG integration step has two effects; the first is that the potential is
now expressed as sum over monomials of fields of every order and the second that the

1)

field is splitted in two components labeled by w = +. The kernels W( are expressed
by convergent series in \; this follows from the representation gtV ) (x -y) = (fx:9y)
where (,) is a suitable scalar product and the fact that fermionic expectation can be
written as the determinant of a Gram matrix M with elements (fx,,gx;) with bound

| det M| < TT || fxillllgx:]; see e.g. [19] or [12].

We integrate the lower degrees of freedom writing g(<N D ;LV__IOO g£, ) where g(h)
has cut- off functlon fn with support in v"~! < |k ¥ (/a| < fth by integrating the
fields T/Jw , L(UN 2), .. ,w& we get an expression similar to (3.3) with P(dy(=") with
propagator

dk  e** (k)
(£h) (x) = Xh h 35
i560) = [ i G S b (35)
where y; = ZZ’:_OO fr and in d = 1 one has agup = 1, a1 = —iwv, and in d = 3
one has agwp = 1, a1un = —01Vh1, Qouhr = —i020h1, Q30 p = —iWO3VL3; the

first term is bounded by %" , while the second is

smaller, being bounded by v#a~". The velocities are such that v, — v_s = v9+O(\) and
we can tune the parameters such that v_o, = 1. We call ay,, simply o, ., 5 With h = —o0.
With this choice the first term in the r.h.s. of (3.5) is the relativistic propagator at scale h.

The effective potential V" can be decomposed in an irrelevant part, containing all the
monomials with negative scaling dimension D = (d + 1) — dn/2 — m, and a relevant and
marginal part D > 0. The marginal term linear in A have the form

Zi/ 27) oait D App Jpwp T Z, hAu pju w,p] (3.6)
with (in d = 3 ¢ = (¢1,12))

Jpw,p :/ Wﬂjw k+p N7W¢w,k Juw,p = Z,u/ Www k+pQyu, wl/}w k Ypw = Wouw
(3.7)



The factors Z,, j, or Z/i,h are the renormalizations of the current and axial current respec-
tively. The relevant term is v, -, [ dxtf ,a1py, with @ =1ind =1 and o3 in d = 3
and v has to fixed so that so that v, = O(¥*V). Finally in d = 1 there is a marginal
interaction

A / dxp W bt g (3.8)

which is absent in d = 3.
The kernels VVI(:;) are obtained, see e.g. [12], by contracting the effective potentials at
previous scales, and one can distinguish the contributions WC(L};)m,

marginal terms, from the contributions Wb(?)m

obtained contracting only

obtained contracting at least an irrelevant
or relevant v term; the series expansion are convergent and the following bound holds [12]

/ d(g/xl)\Wi(,Z)m(g)]§nythy_9i(N_h) 0,=0,0,=1 D=(d+1)—dl/2—m  (3.9)

Note that there is an essential difference between the d = 3 and d = 1 case; in the first case
to W,%)m no vertices with more than two fermionic lines contribute, while in the second
also the local vertices quartic in % contribute.

The flow of the running coupling constants and renormalizations is quite different. In

the d = 3 case [20, 21] the terms with more than 2 fields have negative dimension so that

Zp—1

7 = 14+ 0" vp_1 = vp + O
ZZT =140\ Z%':l =140\ (3.10)
by (3.9). We choose the parameters so that v, = 1+ O(AMy"~V).Defining Z,, —oo = Z,,,
Z[j,—oo = ZS, Z_~o = Z we can write
Zyn = Zy+ 0" (3.11)

and similar expressions for Z;, Z,, .
In the d = 1 case [22-24] in contrast the interaction is marginal and the beta function
of the renormalizations is given by
Zp—1
Zp,

=1+4a), +0()\}) (3.12)

and similar expressions holds for Z,, ;, and Zﬁ’h. It turns out that, as a consequence of
the emerging chiral symmetry, the beta function for A, is asymptotically vanishing Ap,_1 =
A +O(X24"=N) and the same is true for the velocity. Note that, as A\, — A_s = A+0O()\2),
then the renormalization can be singular as h — —o0; in particular

Zp, ~o A= N) (3.13)

with n = —aA? + O(\3).

The conclusion of the above analysis is that, if we suitable fix the velocities vy and the
counterterms v one gets (2.28), that is Lorentz invariance emerges up to corrections which
are small if q is far from the lattice scale.



4 Anomaly non-renormalization; the irrelevant case

In d = 3 the interaction is irrelevant and, by (3.9), for k ~ w(/a, p ~ 0, w = £ @g(k) =
%g(k)(l + O(aq)) and

Co1,u(P k) = Z,Gia(K) Gl + p) (1 + )

1P k) = wERZ3Co ()G (k + ) (1 + R) (4.1)
with |R| < Ca(]ql,|q + p|). Note the perfect proportionality of the vertex function to
Zy, ZS which is not true in the marginal case (the R term is not subdominant). We know

from the previous section that Z, Z,,, ZZ are expressed by convergent series depending on
all details at the lattice scale; the Ward Identity (2.27) implies the exact relation

ZM
— =1 4.2
f (42)

A similar identity is not true for ij and generically Z2 /7, is a non trivial function of A.
Therefore in order to ensure the validity of (2.24) we choose

Zy

zZ) = 75 (4.3)
I
The anomaly coefficient is expressed in terms of
N
fi,uhm(pl, p2) = Z Wo(g)(phpz) (4.4)
h=—00
By (3.9) it is bounded by
N
T s (P12 S C D7 A" <00 (4.5)
h=—00

so that it is continuous as a function of pp, p2; it is however not differentiable as each

derivative produces an extra v~". The continuity combined with Ward Identites (2.25) are

5
Hope, 2

to write from (2.25) plmf‘i,mm(pl,pg) = 0 at p11 = p1 and zero otherwise and use

5
s 1,127

but that is impossibile for the lack of differentiability, and indeed fg 41,15 188 nON vanishing

sufficient to prove that I (0,0) = 0 without any explicit computation: it is sufficient

continuity. One would be tempted to iterate this argument for the derivative of r

derivatives.

Regularity properties are a very efficient tool to get information on the property of

5
b1, 2

from the dimensional gain in (3.9). We write, p = p1 + p2

the anomalies, once that r (p1, p2) is suitable decomposed in order to get advantage

Fz,y,a (p17 P2) = <~/7\;5L,p; jl/,p1 ) .70',p2> + A(pla p2) (46)

where A is the Schwinger term and 5 the interacting current (obtained by the derivative
in A). A has the same bound as the terms with m = 2,1 hence they are differentiable.

~10 -



P Ny
Figure 1. The decomposition of (3, 15 7.p; Jo.pa)-

In absence of interaction A\ = 0 <ﬁhp;ju,p1;jg,p2> is expressed by the triangle graph. In
presence of interaction, the RG analysis of the previous section says that

N N
<]/5p,p;jV7p1;ja,p2> = Z /ch,fé))ﬁ + Z Wb(,lé??) (47)
h=—o00 h=—o0
where the first term, containing only marginal source terms, is the triangle graph with
propagators g% /Zp, and vertices associated to Z,, p, Zz,m while the second is a series of
terms with an arbitrary number of quartic interactions, see figure 1. According to the
bound (3.9) we have

N N
M e < S M <c (48)

h=—o0 h=—00
=) . . . o TR
so that Wyosis differentiable while I/Vap’3 1S not.

We can replace in the renormalized triangle graph the values of Z,, , Z% . vy, with

wyho
their limiting value; the difference has again an extra O(y"~V) so gives a differentiable
contribution. Summing over the scale h has the effect that the cut-off f; of single scale

propagators add up to x = ZhN:—oo fn so that we get at the end

N 575
AV AW
h
> Wats = 25 Luvo(P1.p2) + G(p1, p2) (4.9)

h=—0o0

where the second term is differentiable while I, , »(p1, p2) is the relativistic triangle graph
x(k)

with propagators g2 that is with a momentum cut-off. In conclusion

. Z0757, 2, 5
Fu,lz,o(pla p2) = 73 I,u,u,a(pl, P2) + HH7V7U<p1, pz) (410)
where H}) ,  is continuously differentiable. By (4.2), (4.3) we get
22757, 7,
% =1 (4.11)

In addition the contribution from the first term in (4.10) can be explicitly computed,
see [15], and one gets

1 1
p;LI,u,V,U(plu P2) = 6?p1,ap2,,55aﬁua pl,VI,u,,u,o(plu p2) = 6?p1,ap2,,55a6p,0 (412)

- 11 -



up to higher order terms, cubic in the momenta; moreover p2sl,.-(P1,P2) =
P2,0lu00 (P2, P1) = ﬁpg,aplﬂaaﬂ%y. Note that the r.h.s. of (4.12) do not depend on the
cut-off 1/a; moreover either the current and the chiral current are not conserved in I, , »
as the momentum cut-off breaks the local gauge invariance.

It remains to evaluate the second term in (4.10); it depends on all the irrelevant terms
and is expressed by a complicate series so it cannot be explicitly computed; however we
show now that the information that is differentiable combined with Ward Identity (2.25)
is sufficient for its determination. Indeed from the WI (2.25) we get

pl,l/fz,u,a(plv p2) =0 (413)

We use now the decomposition (4.10) and the differentiability of H E
first order

o to expand up to

1 0 5 0 5 3
0= @pl,apgﬁéaﬂ,u,a + P1vPLa OP1.a HM,V,U(O’ 0) + P1,vP2, 8})275 HN7V,U(0’ 0) +O(p”)
(4.14)
. o) o]
From the above relation we get z*— H;,,(0,0) + mHM,a,o(Oa 0) =0 and
1 0
— =———H>_ (0,0 4.15
67.(_2 60‘767/"’70 8p2”8 },L,Ol,O'( ) ( )
Similarly from pgpfﬂ,yﬂ(pl, p2) = 0 we get
- 9 u O u O(p*
0= @plapl,ﬂfa,ﬁ,u,u + p2,ap1,am ,u,l/,o(Oa 0) + p2,ap2,6@ H,MU(O’ O) + (p ) s
(4.16)
and #saﬁ%y = —ﬁﬂw,a(o, 0). Finally
Hiyyo(props) = Praeo—Hyyo(0,0) + pas—2— H, b (0,0)
w,v,o\P1,P2) = Pl,a 8P1,a oY, P23 8p2,5 wv,o\Y,
1 1
= _6?1)17@80’7@7“7” - 6?1)2768”7[3’#’0— (4‘17)
so that
=5 1
puruﬂj,o‘(pl? p2) = W(pl,ap&ﬁgaﬁ,y,a — P1,aP2,u€o,0,pu,y — pQ,Bpl,ugu,B,,u,cr)
1
= 5 2PLaP28Ca b0 (4.18)

up to higher orders terms in p. This says that the AB non-renormalization property holds
even in presence of symmetry breaking terms.
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5 Anomaly non-renormalization; marginal interactions

We have derived in the previous section the AB non-renormalization in a case where the
interaction is irrelevant; this is in contrast with the d = 3 case with massless photons where
the interaction is marginal. However we show now that even in d = 1, where the interaction
is marginal, the AB renormalization holds exactly. Again we can decompose

5 _ 75, 15,b
Fu71/(p) - F,u?/(p) + Fu71/(p) (51)

where fi?, contains only marginal terms and lef, at least an irrelevant or relevant term;
therefore by (3.9) we get

N
D5t () < > 4% (5.2)
h=0

with 6, = 0,6, = 1; therefore the first term in (5.1) is not continuous while the first
is continuous. fi?,(p) has a relativistic structure and we could try to follow a strategy
similar to the one in the previous section. There is however a major difference; now there
are marginal terms quartic in the fields, so that the first term is expressed as a series of
renormalized graphs and not by a single term. As the dominant part now corresponds to
an interacting theory, it seems that it cannot be explicitly computed. We can however
introduce a relativistic QFT describing Dirac fermions in d = 1+ 1 with a current-current
non local interaction; the corresponding generating function is given by

eWrel (A7A5 7¢)

— /P(d.l/}SK)eroZZfdxdyv(x—y)j;l,,xjm,y"rz# ZufdxAujM+Zu ZﬁfdxAiji—&—fdx( T ox +ox vi))

(5.3)
where ‘/’i[,w w = = are Grassmann variables, jo x = ¢,t+lb;,+ -Hb;:,iﬂ;,,, Jix = i(z/J;er;Jr
—F 4L ), P(dyy=K) has propagator, if w = +, @(JSK) (k) = Z()ﬁi(:{_)m with xx (k) a cut-

b 9 p— 0

off function non vanishing for |k| < 4% and v(x —y) decaying exponentially with rate 1/a.
This theory is in a sense the regularization of the scaling limit of the previous one, and it
verifies the chiral global gauge invariance (which is broken by the lattice).

The RG analysis of (5.3) is similar to the one in section 3 and we can choose the
parameters Z, ij, Zw Aoo in (5.3) as function of A so that the limiting value at h = —oo
of the corresponding running coupling constants is the same as in the lattice theory. By

th>

this choice the difference in the running coupling constants is O(~y so that we get the

decomposition

5 aQWrel(A7 A57 ¢)

~ O2W (A A ®)
F5 Z ~ —~ re ? ’
u,y(p) I 9 Za ,

0A,0A,

o+ Huw(P)
(5.4)

where H, ,(p), H, 27V(p) continuous by (3.9); similarly, up to subdominant terms in the

lo + H5,V<p>] Ty (p) = [

momentuim,
2. 3W. 3.
~ 0 rel ~ 0 rel 5 5 0 rel

- = = G - ~ =~ = — = =~ = 5.9
W gae T 9Rasras O Pakagres 7
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7\ | L /N

Figure 2. The WI for the vertex function of (5.3) where the last term is the extra term due to the
C factor.

We can take advantage from the fact that the model (5.3) verifies global and axial
symmetries; however local symmetries are broken by the presence of the momentum cut-
off and this produces extra anomalous terms in the WI for the global and axial current.
Note indeed that, if D, (k) = —iko + wk

35" (1) =95 (k4 p) = 95N () Du(p)95 (k + p) = 5 (k) C (K, p)IF) (k + p)

(5.6)
with C(k,p) = D (k) (xx' (k) — 1) — Du(k + p) (X5 (k + p) — 1) (the r.h.s.would be zero
in absence of cut-off). The presence of this extra term produce an additional factor in the
WI, see figure 2; as proven in [22-24] in the K — oo limit the following WI for the vertex
and chiral vertex are obtained

_ poé _ aerelA +g _ aerelA - _ 1 ( AE)QWril B 82 Wril )
ZO 8A0,P8¢1:,wa¢I+p,w Zl aAl,Pa(blz,wagbi-&-p,w Z(l 77) 8¢1;wa¢;u 8¢lz+p,w8¢lt+p,w

_ poé _ 63Wrel _’_371 _ a3I/V1rel — w ( A62Wril S 82 Wr/e\l >
zZs 8A3’p8¢1;w8¢: pw zy 8A§,p8¢1;w8¢1f ipw L (1+7) 8¢1:7w8q5;w Oy +p7w8¢: tpw

(5.7)

and 7 = Ay /47m. The extra term in the WI produced by the C- term reduces, in the limit
K — o0, to the vertex function times the constant 7 (which is the graph for the anomaly
in d = 1 with momentum cut-off).

The fact that the vertex and 2-point function of (5.7) and lattice model (computed
at q + w(/a with q small) are close up to O(aq) terms says that the first of the WI (5.7)
coincides with (2.27); this imposes constraints for the parameters of effective QFT (5.3),
that is

Z Z
o1 D11 (5.8)
Zo 7

We have now to choose Zﬁ by (2.24); from (5.7) in the limit pg — 0,p — 0

- 2525 2 N Z 2
G5y = iw="2"9_9, I Wha Ga1 = i=——2—0 Wi (5.9)
T Z(4T) 09y, 00y, Z(1=7) 0y 00,

and a similar expression for y = 1 so that

Wt g2

zZ5 —
1—7'25

)

(5.10)
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The WI for the current correlations of (5.3) are

Z Z Z a Wrel Eu,upui Z Z Z 82I/Vrel _Eu,upyi
Pu=_-

73 7,08004, 1+72r P37, 0804, 1-7on

(5.11)

and from (5.8), (5.10)

8A = CurPuin s 1+7

5 U Wrel 2 : 5
l,Z —= = 5.12
p I 9 !5 9 !V Pv#pPQ ( )

Now we use that the lattice Ward identity (2.25) and the decomposition (5.4)

_ 25 Zp” +Hy,,| =0 (5.13)

A5 dA,

from which we get
(1+7) 1
EPvMTBPpg +PvHy(p) =0 (5.14)

In contrast with Fiy(p), we know that H,, ,(p) is continuous in p so that

(1+7)1
- 6”’“273% = H,,,(0) (5.15)
and, up to higher orders in p
8 Wrel
PuZ, | == t+H,
Z i pAz04,

(1—7) (14+7) 1 1
= 5%1/71)/1*5%#71)“ =[(1-7)+ (1+7)]5uyvpu% = suyypﬂg (5.16)
so that the factor 7, depending on A, cancels out and also in the marginal case the anomaly
is non-renormalized.

6 Conclusions

The renormalizability of the Standard Model relies on the AB non renormalization property
which is used in the anomaly cancellation. It is therefore interesting to see if the anomaly
non-renormalization holds generically even when symmetry breaking terms are present at
the Planck scale, or if in contrast its validity requires that they are absent or at least of
special form. We have investigated such a question in QED lattice model both when the
interaction is irrelevant or marginal, showing that the AB property holds exactly even if
Lorentz or chiral symmetry is broken and corrections to correlations are present. The fact
that the corrections to the anomaly are due to irrelevant terms requires the use of exact
and non-perturbative RG methods. It would be interesting to establish a similar property
removing the mass regularization of photons; in such a case fermionic cancellations are not
sufficient to achieve convergence and large/small field decomposition is necessary to get
non-perturbative results.
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