
Contents lists available at ScienceDirect

Journal of the Mechanics and Physics of Solids

journal homepage: www.elsevier.com/locate/jmps

Nucleation in rank-one gradient plasticity: Exact solutions and 

geometry-dependent regimes

Maria Chiara Comella a, Antonino Favata a,∗, Andrea Rodella b,c, 
Stefano Vidoli a

aDepartment of Structural and Geotechnical Engineering, Sapienza University of Rome, Rome, Italy
bUniversité Paris-Saclay, CEA, SRMA, Gif-sur-Yvette, 91191, France
c Institut Jean Le Rond 𝜕’Alembert, Sorbonne Université and CNRS, UMR 7190, Paris, 75252, France

a r t i c l e  i n f o

Keywords:
Gradient plasticity
Positively one-homogeneous defect energy
Plastic nucleation
Plastic support
Variational methods
Internal length scale

 a b s t r a c t

We investigate plastic nucleation in solids within a strain-gradient plasticity framework featuring 
a rank-one defect energy, formulated as an incremental convex variational problem. The designa-
tion rank-one refers to the fact that the defect energy is positively one-homogeneous with respect 
to the curl of the plastic strain. The core feature of the framework is the variational selection of 
the plastic support, which regularizes the singular localization of classical plasticity into a dis-
tributed nucleus of finite width and introduces a genuine strengthening effect: the yield threshold 
is elevated by a discrete energetic barrier, while the post-yield response remains perfectly plastic. 
For an annular domain under azimuthal shear, we identify two qualitatively distinct nucleation 
regimes governed by the interplay between the internal length scale and the domain geometry. 
In the first regime, plasticity spreads over the entire domain in a curl-free compatible configura-
tion. In the second, it localizes in an inner nucleus sealed by a concentrated geometric necessary 
dislocations wall at a locked front that does not advance upon further loading. Closed-form an-
alytical solutions are derived for both regimes without any a priori assumption on the plastic 
support, providing exact benchmarks for the numerical simulations. In the localized regime, both 
the plastic zone size and the yield threshold follow a square-root scaling law in the internal length 
scale, in contrast to the linear scaling of previous rank-one models where the plastic support is 
prescribed by microstructural constraints. Numerical simulations on elliptical geometries show 
that the scaling exponents and the nucleation pattern depend sensitively on the domain shape, 
identifying geometry as a control variable of the nucleation process on a par with the internal 
length scale.

1.  Introduction

The mechanical behavior of materials at small scales often reveals a pronounced size-dependent response, summarized by the 
“smaller is stronger” paradigm. These effects, which elude classical continuum theories, have been extensively investigated through 
experiments such as the torsion of micro-wires and the bending of thin foils (Fleck et al., 1994; Hutchinson, 2000). To address 
these observations, strain-gradient plasticity (SGP) frameworks have been developed, extending the classical constitutive response 
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\begin {equation}\min _{\mathbf {u}\in \mathscr {U}_{t}, \Ep \in \mathscr {P}} \Ec _{t}^{\texttt {p}}(\mathbf {u},\Ep ), \label {minEvm}\end {equation}


\begin {equation}\Ec _t^{\texttt {p}}(\mathbf {u},\Ep ) =\frac 12 \int _\Omega \Co [\mathbf {E}-\Ep ]\cdot (\mathbf {E}-\Ep )\, \dd \mathbf {x} + \sqrt {2} \,\tau _Y \int _\Omega \int _0^t | \dot {\Ep }(s)| \, \dd s \,\dd \mathbf {x}, \label {Evm}\end {equation}
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$\partial \Omega _D \subset \partial \Omega $


\begin {equation}\mathscr {U}_t := \left \{ \mathbf {u} \in \mathscr {U} : \mathbf {u} = \bar {\mathbf {u}}(t) \text { on } \partial \Omega _D \right \}. \label {Xeqn3-3}\end {equation}
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\begin {equation}\min _{\mathbf {u}\in \mathscr {U}_t,\, \Ep \in \mathscr {P}} \left ( \Ec _t^{\texttt {gp2}}(\mathbf {u},\Ep ) := \Ec _t^{\texttt {p}}(\mathbf {u},\Ep ) + \frac {\mu }{2}a^2 \int _\Omega |\curl \Ep |^2\,\dd \mathbf {x} \right ), \label {minEqde}\end {equation}


\begin {equation}\min _{\mathbf {u}\in \mathscr {U}_t,\, \Ep \in \mathscr {P}} \left (\Ec _t^{\texttt {gp1}}(\mathbf {u},\Ep ) := \Ec _t^{\texttt {p}}(\mathbf {u},\Ep ) + \mu \,\ell \int _\Omega |\curl \Ep |\,\dd \mathbf {x} \right ). \label {minEro}\end {equation}
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$\mathbf {u}(r=r_1) = \mathbf {0},$


\begin {equation*}\mathbf {u}(r=r_2) = t\,\mathbf {e}_\vartheta , \qquad t\ge 0,\end {equation*}
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$\mathbf {e}_r, \mathbf {e}_\vartheta , \mathbf {e}_z = \mathbf {e}_r \times \mathbf {e}_\vartheta ,$


$z$


$\vartheta $


\begin {equation}\mathbf {u}(r,\vartheta ) = v(r)\,\mathbf {e}_\vartheta (\vartheta ), \label {Xeqn6-6}\end {equation}


$v(r)$


\begin {equation}\label {Eform} \mathbf {E}(r,\vartheta ) = \gamma (r)\, \big ( \mathbf {e}_r \otimes \mathbf {e}_\vartheta + \mathbf {e}_\vartheta \otimes \mathbf {e}_r \big ),\quad \gamma (r) := \frac {1}{2}\left ( v'(r) - \frac {v(r)}{r} \right ),\end {equation}


$\gamma $


$r$


$p(r)$


\begin {equation}\label {Epform} \Ep (r,\vartheta ) = p(r)\, \big ( \mathbf {e}_r \otimes \mathbf {e}_\vartheta + \mathbf {e}_\vartheta \otimes \mathbf {e}_r \big ).\end {equation}


$\gamma ^{\rm e}(r):= \gamma (r) - p(r)$


\begin {equation}\curl \Ep (r,\vartheta ) = \left (2\,\frac {p(r)}{r} + p'(r)\right )\,\mathbf {e}_z \otimes \mathbf {e}_r. \label {Xeqn9-9}\end {equation}


\begin {equation}\label {Tform} \mathbf {T}(r,\vartheta )=\mathbb {C}(\mathbf {E}-\Ep ) = \tau (r)\, \big ( \mathbf {e}_r \otimes \mathbf {e}_\vartheta + \mathbf {e}_\vartheta \otimes \mathbf {e}_r \big ),\end {equation}


$\tau = 2\mu \,\gamma ^{\rm e}$
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$t\in [0,\, t_1,\, t_2, \dots , t_i, \dots ]$


$t>t_i$


$\Ep $


\begin {equation}\label {tdiscrete} \int _0^t |\dot {\Ep }(s)| \dd s = \sqrt {2}\int _0^t |\dot {p}(s)| \dd s \simeq \sqrt {2}\int _0^{t_i} |\dot {p}(s)| \dd s+\sqrt {2}|p(t)-p(t_i)|;\end {equation}
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\begin {equation}\label {EvM} \min _{v\in \mathscr {V}_i,\, p\in \mathscr {P}}\hat {\Ec }^{\texttt {p}}_i(v, p)=\int _{r_1}^{r_2}r \left [ 2 \mu \left (\frac {1}{2}\left (v'-\frac {v}{r}\right )-p \right )^2+2\tau _Y\,|p-p_i|\right ]\dd r,\end {equation}


\begin {equation}\label {gae1} \min _{v\in \mathscr {V}_i,\, p\in \mathscr {P}}\hat {\Ec }^{\texttt {gp2}}_i(v, p) = \hat {\Ec }^{\texttt {p}}_i(v, p)+ \frac {\mu a^2}{2} \int _{r_1}^{r_2}r \left (2\,\frac {p}{r}+p' \right )^2\,\dd r,\end {equation}


\begin {equation}\label {rank1} \min _{v\in \mathscr {V}_i,\, p\in \mathscr {P}}\hat {\Ec }^{\texttt {gp1}}_i(v,p) = \hat {\Ec }^{\texttt {p}}_i(v, p)+ \mu \ell \, \int _{r_1}^{r_2} r \left |2\,\frac {p}{r}+p'\right |\, \dd r.\end {equation}
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\begin {equation}\label {Vi} \mathscr {V}_i:=\left \lbrace v\in \mathscr {V}, \quad v(r_1)=0,\;v(r_2)=t_i\right \rbrace ,\end {equation}
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\begin {equation}\label {baleq} 2\,\dfrac {\tau (r)}{r} + \tau '(r) = 0, \quad \text {in }[r_1,\,r_2].\end {equation}


\begin {equation}\label {taur} \tau (r)=\tau _m \, \frac {r_1^2}{r^2},\end {equation}
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\begin {equation}\label {dEvM} \partial \hat {\Ec }^{\texttt {p}}_i(p)(\tilde {p})=\int _{\Omega _0} 2 r \left ( \tau _Y\,|\tilde {p}|-\tau \tilde {p}\right )\dd r+\int _{\Omega _1} 2 r \left ( \tau _Y\,\dfrac {(p -p_i)}{|p-p_i|}-\tau \right )\tilde {p} \dd r \ge 0,\end {equation}
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\begin {equation}\label {ycvM} \left \lbrace \begin {array}{@{}ll} \tau = \tau _Y, & \text { where } p>p_i,\\ |\tau |\le \tau _Y, & \text { where } p=p_i,\\ \tau = -\tau _Y, & \text { where } p<p_i. \end {array}\right .\end {equation}


$|\tau _m(t)|\le \tau _Y$


$t$


$0\le t\le t_c$


$p=p_i=0$


$t_c < t$


$p\neq p_i=0$


$t_c$


$t$


$p(r,t)=0$


\begin {equation}\tau (r)= \frac {2\mu \,\rho \,r_1 }{\rho ^2-1}\,\frac {t}{r^2}, \qquad 0\le t\le t_c, \label {Xeqn20-20}\end {equation}
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$v(r,t)=\rho \, t \left (r^2-r_1^2\right )/(r\, r_1(\rho ^2-1))$
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\begin {equation}\label {tauc} t_c=r_1 \,\dfrac {(\rho ^2-1)}{2 \rho }\, \dfrac {\tau _Y}{\mu }.\end {equation}


$|\tau (r)|=\tau _Y$
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\begin {equation}\label {pvM} p(r) = P \, \delta (r - r_1),\quad t\ge t_c,\end {equation}
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$\gamma =v'/2-v/(2r)$
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\begin {equation}\text {singular part of } (\gamma -p) = \left [\dfrac {1}{2} \jump {v}_{r_1}- P\right ] \, \delta (r - r_1), \label {Xeqn23-23}\end {equation}


$\jump {v}_{r_1} := v(r_1^+) - v(r_1^-)$
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\begin {equation}\tau (r)=\frac {2\mu \,\rho \,r_1 }{\rho ^2-1}\,\frac {t_c}{r^2}, \quad t>t_c, \label {Xeqn24-24}\end {equation}
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\begin {equation}\label {Psol} \frac {1}{2}\jump {v}_{r_1} =P=\frac {1}{2\rho }\, (t-t_c).\end {equation}
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\begin {equation}\label {nonlocalyieldq} 2 r^2(\tau _Y-\tau (r))+\mu \,a^2 \Big (4 p(r) -r p'(r)-r^2 p''(r) \Big )=0,\end {equation}


$2 p(r_1)+r_1 p'(r_1)=0$
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\begin {align}\label {pqsol} p(r)=\frac {\tau _Y}{8\,\mu a^2\, r^2} \Bigg \{ (r_q^4 - r^4)+ 4\,r^4 \log r - 4\,r_q^4 \log r_q+ 4 (r_q^4 - r^4) \log r_1+2\,\frac {\tau _m}{\tau _Y}\,(r_q^2 - r^2)(r^2 - 2 r_1^2 + r_q^2) \Bigg \},\end {align}
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\begin {equation}\label {eq:taumax2} \dfrac {\tau _m}{\tau _Y}=\frac {4 t a^2 r_1^2\left (\rho ^2-1\right )/t_c-\rho ^2 \left (r_q^4+3 r_1^4-4 r_1^2 r_q^2\right )-4 \rho ^2 r_q^2 \left (r_q^2-2 r_1^2\right ) \log \frac {r_1}{r_q}}{4 a^2 \left (\rho ^2-1\right ) r_1^2+2 \rho ^2 \left (r_q^4+3 r_1^4-4 r_1^2 r_q^2\right )+8 \rho ^2 r_1^4 \log \frac {r_q}{r_1}}.\end {equation}
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\begin {equation}\label {dualquad} \min _{p\in \mathscr {P},p\geq 0}\,\max _{\xi \in L^2}\int _{r_1}^{r_2}2 r \left ( (\tau _Y -\tau ) \,p+\xi \left ( p'+2\,\frac {p}{r}\right ) -\frac {\xi ^2}{2\mu a^2}\right ) \dd r,\end {equation}
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\begin {equation}\label {constxi} \xi (r)=\mu a^2\, \left (p'(r)+2\,\frac {p(r)}{r}\right );\end {equation}
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\begin {equation}\label {eqxi} \tau _Y-\tau (r)=\frac {r}{2}\,\left (\frac {\xi (r)}{r}\right )',\end {equation}
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\begin {equation}\label {trange} \dfrac {t}{t_c}\le \frac { \left (\rho ^2-3\right ) \left (\rho ^2-1\right )^2-4 \left (\rho ^2-1\right ) \left (\rho ^2-2 (a/r_1)^2\right ) \log \rho +16 \rho ^2 \log ^2\rho }{4 (a/r_1)^2 \left (\rho ^2-1\right )^2/\rho ^2}.\end {equation}


$\rho =r_2/r_1=2$


$a/r_1=0.1$


$t_c \le t\le 73.8\, t_c$


$t$


$a\to 0$


$p(r,t)$


$P(t)$


\begin {equation}\int _{r_1}^{r_q} p(r)\,\dd r \to P, \label {Xeqn34-35}\end {equation}


$t$


$a\to 0$


$r_q-r_1=O(\sqrt {a})$


$p(r_1)$


$O(1/\sqrt {a})$


$a\to 0$


$r_2=2 r_1$


$t=1.3\, t_c$


$p'(r_q) = 0$


$[r_1, r_q]$


$r_q$


$v$


$p$


$r = r_q$


$p(r_q) = 0$


$v'$


$\tau $


$r_q$


\begin {equation*}-\frac {1}{2}\mu a^2\, r_q\, \bigl (p'(r_q)\bigr )^2 = 0,\end {equation*}
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\begin {equation}\label {rank1red} \min _{p\in \mathscr {P}} \hat {\Ec }^{\texttt {gp1}}_i(p) = \int _{r_1}^{r_2} 2 r \left ( \tau _Y\,|p| -\tau \,p +\frac {\mu \ell }{2}\, \left |2\,\frac {p}{r}+p'\right |\right )\dd r,\end {equation}


$\tau (r)$


$p\ge p_i=0$


$t$


\begin {equation*}\psi (r) := r^2 p(r),\quad \text { such that }\quad \dfrac {\psi '(r)}{r^2}=2 \,\frac {p(r)}{r}+ p'(r).\end {equation*}


$\psi \in BV$


$r$


$\psi $


$p$


$\psi \ge 0$


$\psi '$
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$\zeta $


$-1\leq \zeta \le 1$


\begin {equation}\label {maxz} \dfrac {\mu \ell }{2}\,\int _{r_1}^{r_2} \left ( \tilde {\zeta } \, \dfrac {\psi '}{r} \right )\,\dd r \le 0,\end {equation}
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by introducing internal length scales that relate higher-order gradients of the plastic fields to the material’s energetic and dissipative 
behavior (Gurtin, 2003; Fleck and Willis, 2009).

A fundamental aspect of SGP is the energetic storage associated with lattice defects, particularly geometrically necessary dislo-
cations (GNDs). In the small-strain, plastically irrotational framework developed by Gurtin and Anand (Gurtin and Anand, 2005; 
Anand et al., 2005), the density of GNDs is directly related to the incompatibility of the plastic strain field, typically measured by 
the curl of the plastic strain 𝐄p. Most established models regularize the response by assuming a defect energy that is quadratic in 
| curl𝐄p

|. While these quadratic regularizations provide mathematical closure and align with several experimental trends (Giacomini, 
2012; Panteghini and Bardella, 2016, 2018; Lewintan et al., 2021), they inherently produce smooth plastic strain distributions. By 
construction, they primarily act as hardening mechanisms and do not shift the initial yield threshold, which remains local and inde-
pendent of the internal length scale. This lack of influence on the onset of plasticity is particularly notable in benchmark problems 
involving simple shear and torsion, as investigated in Chiricotto et al. (2012, 2016) and Bardella and Panteghini (2015), Panteghini 
and Bardella (2020).

From a rigorous mathematical standpoint, the study of rate-independent systems and the existence of energetic solutions in SGP 
has been considered by Lussardi and Giacomini (2008), Giacomini (2012).

In this context, the physical origin of defect energy can be traced back to the Read–Shockley model for crystal grain boundaries 
(Read and Shockley, 1950), where the energetic cost scales linearly with the dislocation density or misorientation angle. This physical 
ground has motivated the exploration of defect energies that are positively one-homogeneous (rank-one) with respect to | curl𝐄p

|, a 
concept that naturally emerges from the homogenization of discrete dislocations and the study of non-convex energy minimization 
(Ortiz and Repetto, 1999; Conti and Ortiz, 2005; Garroni et al., 2010; Reddy, 2011; Fortuna et al., 2025).

Rank-one defect energies were pioneered by Ohno and Okumura (2007), who related higher-order stresses to the self-energy 
of GNDs, and have since been explored in Forest and Guéninchault (2013), Wulfinghoff et al. (2015), Jebahi and Forest (2023) 
and Bardella (2010), Panteghini et al. (2019), Bardella (2021) in the context of gradient crystal plasticity and laminates. In these 
configurations, the support of the plastic incompatibility is tied to prescribed microstructural features — grain size or slip plane 
spacing — leading to an energetic penalty linear in the internal length and a correspondingly linear scaling of the yield threshold.

The core novelty of the present work lies in moving beyond prescribed-support configurations by adopting a purely variational 
framework in which the spatial extent of the plasticized region is itself an optimization variable. This shift has several consequences 
that we summarize here and develop in detail throughout the paper.

Nucleation barrier and strengthening. The rank-one defect energy introduces a structural nucleation barrier: activating a plastic zone of 
finite width requires overcoming a discrete energetic threshold, resulting in a genuine shift of the yield stress rather than a hardening 
effect. Once nucleated, the plastic zone evolves at constant stress — a perfectly plastic post-yield response — in contrast to the 
progressive hardening produced by quadratic models.

Two nucleation regimes. For an annular domain under azimuthal shear, the variational selection of the plastic support is conveniently 
analyzed through a dual formulation, which introduces a bounded micro-stress field that encodes the resistance of the GND distribution 
to further plastic slip. The admissibility of this field within its bounds determines two qualitatively distinct nucleation regimes. When 
the annulus is sufficiently thin, the micro-stress remains strictly within its bounds and the energetically optimal solution spreads 
plasticity over the entire domain in a curl-free, compatible configuration (regime A). When the annulus is wider, sustaining a globally 
compatible solution would require the micro-stress to exceed its bound: the system instead localizes plasticity in an inner nucleus, 
sealed by a concentrated GND wall at a locked front, where the micro-stress saturates with vanishing derivative (regime B). The 
transition between the two regimes depends on the ratio between the internal length and the domain size, and is sharp: arbitrarily 
close to the critical geometry, the nucleation pattern changes discontinuously from a fully compatible plastic flow to a localized 
nucleus of finite width. In both regimes, closed-form analytical solutions are derived, providing exact benchmarks for the numerical 
simulations.

Square-root scaling and locked front. In regime B, both the incipient plastic zone size and the yield threshold follow a square-
root scaling law in the internal length scale. Once nucleated, the plastic front does not advance upon further loading: plastic strain 
accumulates within the fixed support while the front position remains locked. This contrasts with the point-like localization of classical 
perfect plasticity and the continuously expanding front of quadratic SGP models. It also clarifies that the linear scaling reported in 
previous rank-one studies (Ohno and Okumura, 2007; Wulfinghoff et al., 2015) is a consequence of microstructural constraints — 
where the support of the plastic incompatibility is prescribed by grain size or slip plane spacing — rather than a fundamental property 
of the rank-one energy.

Geometry-dependent nucleation. Numerical simulations on elliptical geometries demonstrate that the scaling exponents and the 
spatial pattern of plastic nucleation depend sensitively on the domain shape. The geometry of the domain is therefore a control 
variable of the nucleation process on a par with the internal length itself.

Incremental consistency. The incremental convex variational structure avoids the spurious elastic-gap phenomenon that arises in 
the non-incremental SGP theories, where gradient contributions enter the dissipation potential (Panteghini et al., 2019; Nielsen and 
Hutchinson, 2021). We remark that, as shown by Fleck and Willis (2015), elastic gaps can arise also in incremental formulations when 
non-local terms appear in the dissipation rather than in the free energy. In the present model, no gradient contribution is included 
in the dissipation, and the numerical simulations of Section 8 confirm the absence of elastic gaps under non-proportional loading for 
the configurations considered.

The article is organized as follows. Section 2 presents the 3D variational formulation. Section 3 introduces the 1D axisymmetric 
benchmark. Section 4 recovers the classical von Mises solution. Section 5 analyzes the quadratic defect energy. Section 6 derives 
the analytical solutions for the rank-one model, including the two nucleation regimes and the scaling laws. Section 7 reviews and 
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compares the main results obtained. Section 8 presents numerical results for circular and elliptical geometries. Section 9 provides 
conclusions and perspectives.

2.  Three-dimensional variational formulation

It is well known that the problem of infinitesimal, rate-independent associate perfect plasticity admits a variational formulation 
(see, for instance, Mielke (2005)). Specifically, given a bounded Lipschitz domain Ω ⊂ ℝ3 with boundary 𝜕Ω, the solution at time 𝑡 is 
obtained through the following minimization problem:

min
𝐮∈U𝑡 ,𝐄p∈P

E
p
𝑡 (𝐮,𝐄

p), (1)

where the functional

E
p
𝑡 (𝐮,𝐄

p) = 1
2 ∫Ω

ℂ[𝐄 − 𝐄p] ⋅ (𝐄 − 𝐄p) d𝐱 +
√

2 𝜏𝑌 ∫Ω ∫

𝑡

0
|𝐄̇p(𝑠)| d𝑠 d𝐱, (2)

represents the sum of the stored elastic energy and the plastic dissipation up to time 𝑡. This functional is minimized with respect to 
the displacement field 𝐮 and the plastic strain field 𝐄p. In (2), ℂ is the isotropic elasticity tensor, 𝐄 = sym∇𝐮 is the infinitesimal strain, 
and 𝜏𝑌  is the yield stress under shear.

In this formulation, we omit body forces and tractions in favor of a hard-device loading condition, where the displacement must 
satisfy a prescribed time-dependent value 𝐮̄(𝑡) on a subset of the boundary 𝜕Ω𝐷 ⊂ 𝜕Ω. Namely:

U𝑡 ∶=
{

𝐮 ∈ U ∶ 𝐮 = 𝐮̄(𝑡) on 𝜕Ω𝐷
}

. (3)

We will discuss the regularity requirement of the functional spaces U  and P for the displacement and plastic strain, respectively, 
in a later section. However, our analysis is limited to the case of von Mises plasticity, where tr𝐄p = 0; thus, the elements of P are 
deviatoric tensor fields on Ω.

Building upon this setting, we consider energetic contributions that penalize incompatibilities in the plastic strain via terms de-
pending on curl𝐄p. Their physical origin is rooted in continuum dislocation theory (Nye, 1953; Kröner, 1958; Bilby et al., 1955). 
Specifically, a non-vanishing curl𝐄p signals the presence of geometrically necessary dislocations (GNDs), which arise to accommodate 
spatially non-uniform plastic deformations (Ashby, 1970; Fleck et al., 1994). At the microscopic level, dislocations are line defects 
characterized by a Burgers vector that measures the lattice mismatch induced by plastic slip. In a continuum setting, the net Burgers 
vector content per unit area is represented by the Kröner–Nye dislocation density tensor (curl𝐄p)⊤, which quantifies the geometri-
cally necessary dislocation content of the plastic deformation field (Nye, 1953; Kröner, 1958; Gurtin, 2002). Within a small-strain, 
plastically irrotational framework, the symmetric part of curl𝐄p serves as the primary measure of plastic incompatibility. Energetic 
penalizations of | curl𝐄p

| thus represent the stored energy associated with the elastic distortion fields induced by the GND network, 
in the spirit of the self-energy of a dislocation distribution (Read and Shockley, 1950; Gurtin, 2003).

We consider both quadratic and rank-one penalizations of the tensor field curl𝐄p via the following minimization problems:

min
𝐮∈U𝑡 ,𝐄p∈P

(

E
gp2
𝑡 (𝐮,𝐄p) ∶= E

p
𝑡 (𝐮,𝐄

p) +
𝜇
2
𝑎2 ∫Ω

| curl𝐄p
|

2 d𝐱
)

, (4)

and

min
𝐮∈U𝑡 ,𝐄p∈P

(

E
gp1
𝑡 (𝐮,𝐄p) ∶= E

p
𝑡 (𝐮,𝐄

p) + 𝜇 𝓁 ∫Ω
| curl𝐄p

| d𝐱
)

. (5)

Here, 𝑎 and 𝓁 are two characteristic lengths, and 𝜇 is the shear modulus associated with ℂ. To avoid overloading the notation, 
we employ the same symbols for the functional spaces U  and P of the three problems (1), (4) and (5); however, the regularity 
requirements for the well-posedness of these problems vary across the three cases.

The quadratic defect energy in (4) originates from the microforce balance framework introduced by Gurtin (2003) and further 
developed by Anand and Gurtin for isotropic, plastically irrotational materials (Gurtin and Anand, 2005; Anand et al., 2005).1

The rank-one defect energy in (5) is derived from the homogenization of discrete dislocations within the framework of non-convex 
energy minimization (Ortiz and Repetto, 1999; Conti and Ortiz, 2005; Garroni et al., 2010; Reddy, 2011; Fortuna et al., 2025). This 
formulation is consistent with the Read–Shockley scaling of defect energy (Read and Shockley, 1950), where the energetic cost scales 
linearly with the dislocation density or misorientation angle. Since the GND density is proportional to | curl𝐄p

| in the continuum 
setting (Nye, 1953; Kröner, 1958), this linear scaling motivates a defect energy that is positively one-homogeneous in | curl𝐄p

|, 
rather than quadratic.

Remark 1. In the perfect plasticity model (1), no intrinsic length scale is present and plastic yielding is entirely local. In contrast, 
both models (4) and (5) introduce a characteristic length. Consequently, both exhibit size-effects and can be classified as gradient 
plasticity models. 

1 In Gurtin’s original models, a dissipative length was introduced alongside the energetic internal length 𝑎. To disentangle the roles of energetic 
and dissipative regularizations, we do not consider the gradient contribution in the plastic dissipation.
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Fig. 1. Geometry and boundary conditions of the axisymmetric annular problem.

Remark 2. A fundamental difference between the two gradient plasticity models in (4) and (5) is evident under monotonic loading 
from a state of vanishing plastic strain. The yield in (4) does not depend on 𝑎, whereas the yield in (5) is affected by 𝓁. Indeed, at 
𝐄p = 𝟎, the directional derivative of the quadratic penalization term vanishes, while this is not the case for the rank-one penalization 
term. 
Remark 3. From a computational perspective, the rank-one penalization in (5) is non-smooth, as the absolute value is non-
differentiable when its argument vanishes. However, it poses numerical challenges that are in some respects more severe than those 
of the cumulated plastic strain in (1). While both involve non-smooth terms, the rank-one penalization is non-local, since it involves 
curl𝐄p rather than 𝐄p pointwise. This non-local non-smoothness causes standard Newton–Raphson solvers to fail, and requires the 
use of dedicated conic optimization methods, as discussed in Section 8. 

3.  A one-dimensional problem: geometry and energetics

In this section we introduce a planar benchmark problem with elementary geometry, which nevertheless captures the essential 
features of the models introduced and admits analytical solutions. The reference configuration is a circular annulus with inner radius 
𝑟1 and outer radius 𝑟2. On the inner boundary of the annulus, a homogeneous Dirichlet boundary condition is prescribed 𝐮(𝑟 = 𝑟1) = 𝟎,
corresponding to a fully clamped inner surface. On the outer boundary a purely tangential displacement is imposed,

𝐮(𝑟 = 𝑟2) = 𝑡 𝐞𝜗, 𝑡 ≥ 0,

which induces a azimuthal shear deformation of the annulus. Under monotonically increasing load, the parameter 𝑡 ≥ 0 parametrizes 
the temporal evolution of the system.

We adopt here a system of cylindrical curvilinear coordinates (𝑟, 𝜗, 𝑧) and the associated orthonormal basis 𝐞𝑟, 𝐞𝜗, 𝐞𝑧 = 𝐞𝑟 × 𝐞𝜗, as 
illustrated in Fig. 1. The problem is invariant along the 𝑧-direction, and all fields are independent of the angular coordinate 𝜗.

Owing to the axisymmetry of the geometry and boundary conditions, the displacement field possesses a single nonvanishing 
component and can be written as

𝐮(𝑟, 𝜗) = 𝑣(𝑟) 𝐞𝜗(𝜗), (6)

where 𝑣(𝑟) denotes the amplitude of the circumferential displacement. Hence, the linearized total strain tensor reduces to a pure shear 
contribution and takes the form

𝐄(𝑟, 𝜗) = 𝛾(𝑟)
(

𝐞𝑟 ⊗ 𝐞𝜗 + 𝐞𝜗 ⊗ 𝐞𝑟
)

, 𝛾(𝑟) ∶= 1
2

(

𝑣′(𝑟) −
𝑣(𝑟)
𝑟

)

, (7)

with 𝛾 the total shear strain and the prime represents derivation with respect to 𝑟. The plastic strain tensor inherits the same symmetry 
and is therefore characterized by a single scalar function 𝑝(𝑟) as

𝐄p(𝑟, 𝜗) = 𝑝(𝑟)
(

𝐞𝑟 ⊗ 𝐞𝜗 + 𝐞𝜗 ⊗ 𝐞𝑟
)

. (8)

Accordingly, the elastic shear strain is defined as the difference between the total and plastic contributions, namely 𝛾e(𝑟) ∶= 𝛾(𝑟) − 𝑝(𝑟).
The incompatibility associated with the plastic deformation is measured by the curl of the plastic strain tensor, which using (8) 

reads

curl𝐄p(𝑟, 𝜗) =
(

2
𝑝(𝑟)
𝑟

+ 𝑝′(𝑟)
)

𝐞𝑧 ⊗ 𝐞𝑟. (9)

Assuming an isotropic material, the stress tensor also inherits the same structure
𝐓(𝑟, 𝜗) = ℂ(𝐄 − 𝐄p) = 𝜏(𝑟)

(

𝐞𝑟 ⊗ 𝐞𝜗 + 𝐞𝜗 ⊗ 𝐞𝑟
)

, (10)

being simply defined by the shear stress 𝜏 = 2𝜇 𝛾e.
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Within this reduced setting, the evolution problem means to compute at every instant both the displacement field 𝑣(𝑟) and the 
plastic strain field 𝑝(𝑟) for the three models described in the previous section. We perform this computation assuming a sufficiently 
fine time discretization 𝑡 ∈ [0, 𝑡1, 𝑡2,… , 𝑡𝑖,…], such that for 𝑡 > 𝑡𝑖 and 𝐄p defined as in (8):

∫

𝑡

0
|𝐄̇p(𝑠)| d𝑠 =

√

2∫

𝑡

0
|𝑝̇(𝑠)| d𝑠 ≃

√

2∫

𝑡𝑖

0
|𝑝̇(𝑠)| d𝑠 +

√

2|𝑝(𝑡) − 𝑝(𝑡𝑖)|; (11)

here we make explicit the time dependence of the fields 𝐄p and 𝑝, rather than the usual spatial dependence.
Using (7), (8), (10), and (11), the three problems discussed in Section 2 reduce to the following sequential (𝑖 = 0, 1, 2,… .) mini-

mization problems. On denoting by 𝑝𝑖 ∶= 𝑝(𝑡𝑖) the plastic strain field at the previous time step 𝑡𝑖, we have for perfect plasticity

min
𝑣∈V𝑖 , 𝑝∈P

Ê
p
𝑖 (𝑣, 𝑝) = ∫

𝑟2

𝑟1
𝑟
[

2𝜇
( 1
2

(

𝑣′ − 𝑣
𝑟

)

− 𝑝
)2

+ 2𝜏𝑌 |𝑝 − 𝑝𝑖|
]

d𝑟, (12)

for gradient plasticity with quadratic defect energy

min
𝑣∈V𝑖 , 𝑝∈P

Ê
gp2
𝑖 (𝑣, 𝑝) = Ê

p
𝑖 (𝑣, 𝑝) +

𝜇𝑎2

2 ∫

𝑟2

𝑟1
𝑟
(

2
𝑝
𝑟
+ 𝑝′

)2
d𝑟, (13)

and for gradient plasticity with rank-one defect energy

min
𝑣∈V𝑖 , 𝑝∈P

Ê
gp1
𝑖 (𝑣, 𝑝) = Ê

p
𝑖 (𝑣, 𝑝) + 𝜇𝓁 ∫

𝑟2

𝑟1
𝑟
|

|

|

|

2
𝑝
𝑟
+ 𝑝′

|

|

|

|

d𝑟. (14)

Here, the functionals Ê p, Ê gp2, and Ê gp1 have been normalized by 2𝜋. In all cases, we start from 𝑝 = 0 at 𝑡 = 0, meaning 𝑝𝑖 = 0 for 
𝑖 = 0. Moreover, we introduce the functional space

V𝑖 ∶=
{

𝑣 ∈ V , 𝑣(𝑟1) = 0, 𝑣(𝑟2) = 𝑡𝑖
}

, (15)

imposing the time-dependent boundary conditions to the circumferential displacement. The regularity of the functional space V  is 
discussed in the following remark.

Remark 4. The well-posedness of the minimization problems (12)–(14) relies on distinct regularity assumptions for the displacement 
and plastic strain fields. In (12), the appropriate space P is the space of finite signed Radon measures M , allowing the plastic strain 
𝑝 to exhibit Dirac concentrations. To ensure finite elastic energy, the elastic shear strain must be square integrable 𝛾𝑒 ∈ 𝐿2; since 𝑝
may be singular, the total strain 𝛾 must match these singularities, requiring the displacement field 𝑣 to admit jumps. Thus, 𝑣 belongs 
to the space of functions of Bounded Variation (𝐵𝑉 ). Conversely, in (13), the finite quadratic defect energy enforces 𝑝 ∈ P ≡ 𝐻1, the 
Sobolev space of functions with square-integrable derivatives. This smoothness extends to the displacement, so 𝑣 ∈ V ≡ 𝐻1 as well. 
Finally, (14) presents an intermediate regime where P ≡ 𝐵𝑉  and V ≡ 𝐻1. Here, the plastic strain can undergo finite jumps, but the 
displacement field remains continuous. In the cases where 𝑝 ∈ M  or 𝐵𝑉 , derivatives are understood in the weak sense. 

In the following sections, we examine the one-dimensional solutions for the problem of Fig. 1 in Section 3, specifically compar-
ing those derived from perfect plasticity (12), the quadratic defect energy (13), and the rank-one defect energy (14). Our analysis 
concludes by highlighting the fundamental distinctions in how each model characterizes the solution for the problem at hand in 
Section 7.

For a fixed plastic strain 𝑝, each model under consideration reduces to a convex elasticity problem in terms of the displacement 
𝑣. Minimization with respect to 𝑣 yields a consistent balance equation across all formulations:

2
𝜏(𝑟)
𝑟

+ 𝜏′(𝑟) = 0, in [𝑟1, 𝑟2]. (16)

Solving this differential equation implies for the shear stress the form:

𝜏(𝑟) = 𝜏𝑚
𝑟21
𝑟2
, (17)

where 𝜏𝑚 is a constant, possibly dependent on 𝑡, determined by the prescribed boundary conditions. Note that |𝜏𝑚| physically means 
the maximal stress value in the domain [𝑟1, 𝑟2]. Owing to the convexity of the energy functionals, this shear stress distribution is 
unique. It serves as a universal mechanical driving force, the effects of which are modulated by the specific plastic regularization 
chosen for each model.

4.  Solution to the 1D problem: perfect von Mises plasticity

We consider the minimization problem in (12). Minimality with respect to 𝑣 is fulfilled by a shear stress of the form (17).
A necessary condition for the minimality of Ê p

𝑖  with respect to the plastic strain 𝑝 is the non-negativity of the directional derivative:

𝜕Ê p
𝑖 (𝑝)(𝑝̃) = ∫Ω0

2𝑟
(

𝜏𝑌 |𝑝̃| − 𝜏𝑝̃
)

d𝑟 + ∫Ω1

2𝑟
(

𝜏𝑌
(𝑝 − 𝑝𝑖)
|𝑝 − 𝑝𝑖|

− 𝜏
)

𝑝̃ d𝑟 ≥ 0, (18)
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where Ω0 and Ω1 are the disjoint subsets of [𝑟1, 𝑟2] where 𝑝 ≡ 𝑝𝑖 and 𝑝 ≠ 𝑝𝑖 respectively and 𝑝̃ is an arbitrary admissible perturbation. 
Choosing suitable perturbations 𝑝̃ vanishing first in Ω0 and then in Ω1, this inequality implies the classical yield conditions on the 
shear stress:

⎧

⎪

⎨

⎪

⎩

𝜏 = 𝜏𝑌 ,  where 𝑝 > 𝑝𝑖,
|𝜏| ≤ 𝜏𝑌 ,  where 𝑝 = 𝑝𝑖,
𝜏 = −𝜏𝑌 ,  where 𝑝 < 𝑝𝑖.

(19)

Therefore, the maximal shear stress is bounded: |𝜏𝑚(𝑡)| ≤ 𝜏𝑌  for any load 𝑡.
Hence, we must distinguish two cases: the elastic phase, say 0 ≤ 𝑡 ≤ 𝑡𝑐 , where 𝑝 = 𝑝𝑖 = 0 everywhere, and the plastic phase, say 

𝑡𝑐 < 𝑡, where at least at one point the plastic strain evolves 𝑝 ≠ 𝑝𝑖 = 0. Here, 𝑡𝑐 is a critical threshold for the load 𝑡, which parametrizes 
the boundary conditions.

Elastic phase
We have 𝑝(𝑟, 𝑡) = 0, and using the constitutive relation and the boundary conditions in (15), the shear stress is given by

𝜏(𝑟) =
2𝜇 𝜌 𝑟1
𝜌2 − 1

𝑡
𝑟2
, 0 ≤ 𝑡 ≤ 𝑡𝑐 , (20)

where 𝜌 ∶= 𝑟2∕𝑟1 > 1. It is monotonically decreasing along the radial direction and linearly proportional to the load 𝑡. The corre-
sponding displacement is 𝑣(𝑟, 𝑡) = 𝜌 𝑡

(

𝑟2 − 𝑟21
)

∕(𝑟 𝑟1(𝜌2 − 1)).
Since for our assumptions the shear stress is positive, the end of the elastic phase is reached when the maximal stress, i.e. 𝜏(𝑟1) on 

the inner boundary, reaches the yield value +𝜏𝑌 ; the threshold load 𝑡𝑐 is then

𝑡𝑐 = 𝑟1
(𝜌2 − 1)

2𝜌
𝜏𝑌
𝜇
. (21)

Plastic phase
For the geometry considered and a perfectly plastic material, a plastic zone of finite width cannot exist. Indeed, inside a plasticized 

region, the yield condition would require |𝜏(𝑟)| = 𝜏𝑌 , but such a constant stress field cannot satisfy the equilibrium Eq. (16), which 
prescribes a 1∕𝑟2 decay. Consequently, when 𝑡 ≥ 𝑡𝑐 , the plastic deformation is forced to localize into a point-singularity at the inner 
boundary. In the plastic phase, 𝑝 is hence expressed by a Dirac delta measure in 𝑟 = 𝑟1:

𝑝(𝑟) = 𝑃 𝛿(𝑟 − 𝑟1), 𝑡 ≥ 𝑡𝑐 , (22)

where 𝑃  is the intensity of the plastic strain concentration.
To ensure a finite elastic energy, the elastic strain must remain square integrable: (𝛾 − 𝑝) ∈ 𝐿2. In other words, the plastic strain 

singularity must be matched by the singular part of the strain 𝛾 = 𝑣′∕2 − 𝑣∕(2𝑟). If the displacement jumps at 𝑟 = 𝑟1, we have:

singular part of (𝛾 − 𝑝) =
[1
2
[[𝑣]]𝑟1 − 𝑃

]

𝛿(𝑟 − 𝑟1), (23)

with [[𝑣]]𝑟1 ∶= 𝑣(𝑟+1 ) − 𝑣(𝑟
−
1 ). Hence the energy is finite when this last singular part vanishes i.e. when [[𝑣]]𝑟1 = 2𝑃 .

We can determine the displacement field by solving the balance Eq. (16) with the conditions 𝑣(𝑟+1 ) = 2𝑃  and 𝑣(𝑟2) = 𝑡. We find 
that the shear stress is

𝜏(𝑟) =
2𝜇 𝜌 𝑟1
𝜌2 − 1

𝑡𝑐
𝑟2
, 𝑡 > 𝑡𝑐 , (24)

remaining constant, independently of the load 𝑡, at the critical distribution where 𝜏(𝑟1) ≡ 𝜏𝑌 . Also the absolutely continuous part 
of the strain also remains fixed at 𝑡 = 𝑡𝑐 . Instead, for 𝑡 > 𝑡𝑐 the displacement jump in 𝑟 = 𝑟1 and the amplitude of the plastic strain 
singularity increase proportionally to (𝑡 − 𝑡𝑐 ):

1
2
[[𝑣]]𝑟1 = 𝑃 = 1

2𝜌
(𝑡 − 𝑡𝑐 ). (25)

In the next sections, we show that the introduction of the defect energies resolves the plastic strain singularity by allowing for a stress 
overshoot, |𝜏| > 𝜏𝑌 , which in turn enables the variational selection of a plastic support having non-vanishing width.

5.  Solution to the 1D problem: gradient plasticity with quadratic defect energy

We now consider the same loading problem for the functional (13). Having added the quadratic cost for incompatibilities, both 
the plastic strain and the displacement are constrained to be more regular, 𝑝 ∈ 𝐻1 and 𝑣 ∈ 𝐻1, and, in particular, are continuous in 
[𝑟1, 𝑟2].

Clearly, the elastic phase, where plastic strains vanishe everywhere, is identical to the one described in the previous section. Also, 
the load threshold 𝑡𝑐 remains the same as in (21). However, for 𝑡 > 𝑡𝑐 plasticity can now spread over a region of non-vanishing size 
and the maximal stress is unbounded.
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Indeed, from the minimality of Ê gp2 in (13) with respect to 𝑝, we find that in the region where plasticity evolves, the following 
non-local yield equation must be valid:

2𝑟2(𝜏𝑌 − 𝜏(𝑟)) + 𝜇 𝑎2
(

4𝑝(𝑟) − 𝑟𝑝′(𝑟) − 𝑟2𝑝′′(𝑟)
)

= 0, (26)

with the natural boundary condition 2𝑝(𝑟1) + 𝑟1𝑝′(𝑟1) = 0 and 𝑝(𝑟𝑞) = 0. This latter condition arises from the continuity of 𝑝 at the 
boundary, say 𝑟 = 𝑟𝑞 , of the plastic region. Due to the monotonically decreasing character in 𝑟 of the shear stress distribution, we 
have found it natural to assume for the plastic region the interval [𝑟1, 𝑟𝑞], where the end point 𝑟𝑞 ∈ (𝑟1, 𝑟2] has to be determined as a 
function of the load 𝑡.

Since the dependence of the shear stress on the radial component is known from (17), we can solve (26) for 𝑝 as a function of the 
maximal shear stress 𝜏𝑚: 

𝑝(𝑟) =
𝜏𝑌

8𝜇𝑎2 𝑟2

{

(𝑟4𝑞 − 𝑟
4) + 4 𝑟4 log 𝑟 − 4 𝑟4𝑞 log 𝑟𝑞 + 4(𝑟4𝑞 − 𝑟

4) log 𝑟1 + 2
𝜏𝑚
𝜏𝑌

(𝑟2𝑞 − 𝑟
2)(𝑟2 − 2𝑟21 + 𝑟

2
𝑞)

}

, (27)

in [𝑟1, 𝑟𝑞], while 𝑝 = 0 in [𝑟𝑞 , 𝑟2]. To close the problem and determine 𝜏𝑚 and 𝑟𝑞 , we must now compute the displacement 𝑣, inverting 
the constitutive relation 𝑣′ − 𝑣∕𝑟 = 2𝑝 + 𝜏∕𝜇 and using the boundary conditions 𝑣(𝑟1) = 0 and 𝑣(𝑟2) = 𝑡, but also optimize the energy 
functional with respect to 𝑟𝑞 .

Specifically, we split the determination of the displacement field into two fields: 𝑣in(𝑟) for 𝑟 ∈ [𝑟1, 𝑟𝑞], where 𝑝 is given by (27) 
with the boundary condition 𝑣in(𝑟1) = 0, and 𝑣out (𝑟) for 𝑟 ∈ [𝑟𝑞 , 𝑟2], where 𝑝 = 0 with the boundary condition 𝑣out (𝑟2) = 𝑡. Hence, since 
𝑣 ∈ 𝐻1, by enforcing the continuity of the displacement field at the end of the plastic region 𝑣in(𝑟𝑞) = 𝑣out (𝑟𝑞), we determine the 
maximal shear stress

𝜏𝑚
𝜏𝑌

=
4𝑡𝑎2𝑟21

(

𝜌2 − 1
)

∕𝑡𝑐 − 𝜌2
(

𝑟4𝑞 + 3𝑟41 − 4𝑟21𝑟
2
𝑞

)

− 4𝜌2𝑟2𝑞
(

𝑟2𝑞 − 2𝑟21
)

log 𝑟1
𝑟𝑞

4𝑎2
(

𝜌2 − 1
)

𝑟21 + 2𝜌2
(

𝑟4𝑞 + 3𝑟41 − 4𝑟21𝑟
2
𝑞

)

+ 8𝜌2𝑟41 log
𝑟𝑞
𝑟1

. (28)

The analytical expressions for 𝑣in and 𝑣out are straightforward to derive and are not given here. Note that the maximal shear stress is 
now a function of the load 𝑡 and can grow unboundedly with it at least until 𝑟𝑞 reaches the outer boundary.

To close the problem and to determine 𝑟𝑞 , we write, using the Legendre transform, the minimization problem (13) as

min
𝑝∈P,𝑝≥0

max
𝜉∈𝐿2 ∫

𝑟2

𝑟1
2𝑟
(

(𝜏𝑌 − 𝜏) 𝑝 + 𝜉
(

𝑝′ + 2
𝑝
𝑟

)

−
𝜉2

2𝜇𝑎2

)

d𝑟, (29)

introducing the dual variable 𝜉, which physically means the micro-stress associated to the plastic incompatibilities. Maximality of
(29) in 𝜉 yields the constitutive equation for the micro-stress

𝜉(𝑟) = 𝜇𝑎2
(

𝑝′(𝑟) + 2
𝑝(𝑟)
𝑟

)

; (30)

minimality of (29) with respect to 𝑝 yields the condition

𝜏𝑌 − 𝜏(𝑟) = 𝑟
2

(

𝜉(𝑟)
𝑟

)′
, (31)

in the region [𝑟1, 𝑟𝑞) where plastic strain are non-vanishing. In the region [𝑟𝑞 , 𝑟2], where 𝑝 ≡ 0, the constitutive Eq. (30) implies 𝜉 ≡ 0. 
Since the source terms in (31) are 𝐶∞([𝑟1, 𝑟2]), the dual field must be continuous at the interface, leading to

𝜉(𝑟𝑞) = 0 ⇒ 𝑝′(𝑟𝑞) = 0. (32)

Using (27), this variational condition translates into the following transcendental equation:

2 𝑟2𝑞 log
𝑟𝑞
𝑟1

=
𝜏𝑚
𝜏𝑌

(

𝑟2𝑞 − 𝑟
2
1

)

, (33)

Fig. 2. Qualitative plot of the shear stress (black) and plastic strain (red) distributions for 𝑡 > 𝑡𝑐 . Note that, due to the non-local character of the 
yield condition, in the (gray) plastic region [𝑟1, 𝑟𝑞] there are points where 𝜏 > 𝜏𝑌  and others where 𝜏 < 𝜏𝑌 .
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Fig. 3. As 𝑎→ 0: (Left) convergence to the perfect plasticity solution (25). In this plot, we assumed 𝑟2 = 2𝑟1 and 𝑡 = 1.3 𝑡𝑐 ; (Right) scaling of the 
maximal plastic strain (red points) and the size of the plastic region (black points);

which, together with (28), allows to determine 𝑟𝑞 as a function of the load 𝑡. Once obtained 𝑟𝑞 , substitution into (27) and (28) allows 
to obtain the plastic strain 𝑝(𝑟) and the maximal stress 𝜏𝑚 as functions of the load.

The solution of (28) and (33) for 𝑟𝑞 requires root finding techniques. We point out that it is always possible to find a solution 
similar to the one shown in Fig. 2 where 𝑟𝑞 > 𝑟1 and 𝜏𝑚 > 𝜏𝑌  for 𝑡 ≥ 𝑡𝑐 . However, note that as the load increases the size of the plastic 
zone also increases; our analysis is valid until 𝑟𝑞 ≤ 𝑟2; this condition is satisfied for a load

𝑡
𝑡𝑐

≤
(

𝜌2 − 3
)(

𝜌2 − 1
)2 − 4

(

𝜌2 − 1
)(

𝜌2 − 2(𝑎∕𝑟1)2
)

log 𝜌 + 16𝜌2 log2 𝜌

4(𝑎∕𝑟1)2
(

𝜌2 − 1
)2∕𝜌2

. (34)

For 𝜌 = 𝑟2∕𝑟1 = 2 and 𝑎∕𝑟1 = 0.1 this means 𝑡𝑐 ≤ 𝑡 ≤ 73.8 𝑡𝑐 . Within this range (34), the maximal stress grows monotonically with 𝑡
without bounds. Moreover, we can numerically prove that in the limit 𝑎→ 0 the area below the plastic strain graph with 𝑝(𝑟, 𝑡) in
(27) tends to the amplitude of the Dirac delta 𝑃 (𝑡) in (25)

∫

𝑟𝑞

𝑟1
𝑝(𝑟) d𝑟→ 𝑃 , (35)

for any 𝑡, as expected. Indeed, for 𝑎→ 0, we get 𝑟𝑞 − 𝑟1 = 𝑂(
√

𝑎), whilst the maximal plastic strain 𝑝(𝑟1) scales as 𝑂(1∕
√

𝑎), cfr. the 
numerical evidence in Fig. 3.
Remark 5.  The condition 𝑝′(𝑟𝑞) = 0 can also be derived by a direct variational argument. Since the plastic support [𝑟1, 𝑟𝑞] is itself 
a free parameter of the minimization, one may require stationarity of the total energy (13) with respect to 𝑟𝑞 . Applying the Leibniz 
rule to differentiate the integrals with variable limits, and using the fact that the fields 𝑣 and 𝑝 satisfy the Euler–Lagrange equations 
within each subdomain, the stationarity condition reduces to a transmission condition at the interface 𝑟 = 𝑟𝑞 . Since 𝑝(𝑟𝑞) = 0 and the 
displacement gradient 𝑣′ and the shear stress 𝜏 are continuous at 𝑟𝑞 , the only surviving term involves the gradient energy density 
evaluated at the interface. Specifically, the condition becomes

−1
2
𝜇𝑎2 𝑟𝑞

(

𝑝′(𝑟𝑞)
)2 = 0,

which immediately yields 𝑝′(𝑟𝑞) = 0. 

6.  Solution to the 1D problem: gradient plasticity with rank-one defect energy

Finally, we consider the same loading problem for the functional (14). As discussed earlier, a rank-one cost for the plastic incom-
patibilities allows the plastic strain to jump, 𝑝 ∈ P = 𝐵𝑉 , while still permitting a continuous displacement field, 𝑣 ∈ 𝐻1.

Again, the elastic phase is identical to the one described in the perfect plasticity case, but the critical load at which plastic strains 
appear is now higher than 𝑡𝑐 . Indeed, the directional derivative of the quadratic defect energy vanishes when evaluated at 𝑝 = 0
and, hence, does not affect the yield criterion. Instead, the rank-one defect energy we are now considering has a positive directional 
derivative even at 𝑝 = 0; thus, an additional energetic cost is required for the evolution of plastic strains.

6.1.  Dual formulation for the rank-one defect energy

We examine the implications of the minimality of the functional (14) with respect to the plastic strain field 𝑝

min
𝑝∈P

Ê
gp1
𝑖 (𝑝) = ∫

𝑟2

𝑟1
2𝑟
(

𝜏𝑌 |𝑝| − 𝜏 𝑝 +
𝜇𝓁
2

|

|

|

|

2
𝑝
𝑟
+ 𝑝′

|

|

|

|

)

d𝑟, (36)
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where 𝜏(𝑟) is the shear stress in (17). We focus on the onset of plasticity for 𝑝 ≥ 𝑝𝑖 = 0; note that the non-negativity of the plastic 
strain is assumed for simplicity without loss of generality. Reverting the load 𝑡 one has a non-positive plastic strain instead.

To tackle this problem, we first consider the change of variable

𝜓(𝑟) ∶= 𝑟2𝑝(𝑟),  such that 𝜓 ′(𝑟)
𝑟2

= 2
𝑝(𝑟)
𝑟

+ 𝑝′(𝑟).

Clearly 𝜓 ∈ 𝐵𝑉 , and since in our domain 𝑟 is always positive, 𝜓 has the same sign as 𝑝, meaning 𝜓 ≥ 0, while 𝜓 ′ has no definite sign. 
Hence (36) is equivalent to

min
𝜓∈P, 𝜓≥0∫

𝑟2

𝑟1

(

𝜏𝑌 𝜓 − 𝜏 𝜓 + 𝜇𝓁 |𝜓 ′
|∕2

𝑟

)

d𝑟 (37)

where we used 𝑝 ≥ 0 to substitute 𝜓 with |𝜓|. However, standard localization arguments do not apply to this functional due to the 
presence of terms containing |𝜓̃ ′

| in its variation. To avoid these difficulties, owing to the convexity of the functional (37) with respect 
to 𝜓 ′, we use the dual representation of the total variation to transform the variational problem (37) into the equivalent

min
𝜓∈P, 𝜓≥0

max
𝜁∈𝐿∞ ,|𝜁 |≤1∫

𝑟2

𝑟1

(

𝜏𝑌 𝜓 − 𝜏 𝜓 + 𝜇𝓁 𝜁 𝜓 ′∕2
𝑟

)

d𝑟 (38)

where the dual field 𝜁 is bounded (−1 ≤ 𝜁 ≤ 1) and has the physical meaning of a micro-stress. We proceed to solve this variational 
problem instead of (36).

A necessary condition for the maximality in (38) is
𝜇𝓁
2 ∫

𝑟2

𝑟1

(

𝜁
𝜓 ′

𝑟

)

d𝑟 ≤ 0, (39)

where the admissible variations 𝜁 of the dual field must be non-negative when 𝜁 = −1, non-positive when 𝜁 = 1, and of arbitrary sign 
when −1 < 𝜁 < 1. Hence, (39) implies

⎧

⎪

⎨

⎪

⎩

𝜁 = −1, 𝜓 ′ ≤ 0,
−1 < 𝜁 < 1, 𝜓 ′ = 0,
𝜁 = 1, 𝜓 ′ ≥ 0.

(40)

A necessary condition for the minimality in (38) is

∫

𝑟2

𝑟1

[

𝜏𝑌 − 𝜏
𝑟

−
𝜇𝓁
2

(

𝜁
𝑟

)′]

𝜓̃ d𝑟 +
𝜇𝓁
2

[

𝜁𝜓̃
𝑟

]𝑟2

𝑟1
≥ 0. (41)

Let Ω1 ⊂ [𝑟1, 𝑟2] be the set of points where plasticity evolves and 𝜓 > 0, while Ω0 is the set of points where plastic strain vanishes and 
𝜓 = 0. The admissible perturbations 𝜓̃ in (41) can have arbitrary sign in Ω1 but must be non-negative in Ω0. Therefore, with standard 
localization arguments in the plastic region, we get the following bulk equation for the micro-stress2

𝜏𝑌 − 𝜏(𝑟)
𝑟

=
𝜇𝓁
2

(

𝜁 (𝑟)
𝑟

)′
,  in Ω1, (42)

together with the boundary conditions 𝜁 = 0 in 𝑟1 and/or 𝑟2 if they belong to Ω1. In Ω0, where plasticity does not evolve, we have a 
differential inequality for 𝜁 :

𝜏𝑌 − 𝜏(𝑟)
𝑟

≥ 𝜇𝓁
2

(

𝜁 (𝑟)
𝑟

)′
,  in Ω0, (43)

with 𝜁 ≥ 0 in 𝑟1 and/or 𝑟2 if they belong to Ω0.
Eqs. (40), (42), and (43) play the role of a flow rule for the rank-one model: they determine jointly the direction of plastic flow, the 

position of the elastic-plastic interface, and the admissibility condition in the elastic region. Crucially, this flow rule is not postulated 
as an independent constitutive assumption, but emerges directly as the necessary optimality conditions of the variational problem
(14).

In the next two subsections we provide two analytical solutions of the above flow rule. It turns out that there exists a threshold 
value 𝜌𝑐 for the geometric ratio 𝜌 = 𝑟2∕𝑟1 at which the solution changes dramatically: when 𝜌 < 𝜌𝑐 , the entire domain is subject to 
non-vanishing plasticity, while for 𝜌 ≥ 𝜌𝑐 , the plastic strain localizes in an inner strip whose size depends on the characteristic length 
𝓁. We do not know if other solutions are possible. Since our finite element (FE) simulations only identify the two described below 
(cf. Section 8), we conjecture that if other solution branches exist, they are energetically unfavorable.

2 Although 𝜁 is initially defined in 𝐿∞([𝑟1, 𝑟2]), Eq. (42) ensures it is Lipschitz-continuous because its derivative is bounded. This regularity is 
critical for the integral in (38) when 𝜓 ∈ 𝐵𝑉 . Generally, the product of a bounded function and a measure (like 𝑝′) is ill-defined if both jump 
simultaneously. However, the Anzellotti pairing (Anzellotti, 1983) provides a framework to define the functional ⟨𝜁, 𝜓 ′

⟩, provided the dual field has 
a regular divergence. Here, the continuity of 𝜁 (regularity of its divergence) eliminates ambiguity, ensuring the defect energy remains physically 
consistent.
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Fig. 4. Solution for 𝜁 in (42) when 𝜌 ≤ 𝜌𝑐 : the red curve depicts the solution (44), the green curve shows (𝜏𝑌 − 𝜏(𝑟))∕𝜏𝑌 , and the gray arrows indicate 
the stream plot associated with (42). All these curves are obtained for 𝑟2 = 1.35 𝑟1, 𝓁 = 0.05 𝑟1, and 𝜏𝑌 ∕𝜇 = 0.7071.

Fig. 5. The red curve reaches the lower bound 𝜁 = −1 with a horizontal tangent and can be continued. The gray curve reaches the lower bound 
with a negative slope, but the cone of admissible directions (gray) does not allow the bound to be satisfied: this is not a solution of (38).

6.2.  Solution A for “small" 𝜌 = 𝑟2∕𝑟1 < 𝜌𝑐

In this first solution plasticity evolves in the whole domain: Ω1 ≡ [𝑟1, 𝑟2]. Due to the boundary conditions derived in the previous 
subsection, we start integrating (42) from 𝜁 = 0 in 𝑟1 obtaining

𝜁𝐴(𝑟) =
2𝜏𝑌
𝜇𝓁

(

𝑟 log 𝑟
𝑟1

+
𝜏𝑚
𝜏𝑌

𝑟21 − 𝑟
2

2𝑟

)

. (44)

This function depends on the unknown value of the maximal stress 𝜏𝑚 in (17) which can be computed using the other boundary 
condition 𝜁𝐴(𝑟2) = 0, since 𝑟2 ∈ Ω1. Specifically we obtain:

𝜏𝐴𝑚
𝜏𝑌

=
2𝜌2 log 𝜌
𝜌2 − 1

> 1. (45)

The stress overshoot 𝜎𝐴(𝜌) = 𝜏𝐴𝑚∕𝜏𝑌  is positive since 𝜌 > 1 but independent of 𝓁. The function (44) has the qualitative character shown 
in Fig. 4: it starts from 𝜁𝐴(𝑟1) = 0 with a negative slope 2(𝜏𝑌 − 𝜏𝐴𝑚 )∕(𝜇𝓁) then it reaches a minimum in 𝑟 = 𝑟𝐴(𝜌) with

𝑟𝐴(𝜌) = 𝑟1

√

𝜎𝐴(𝜌)
𝑊

(

𝜎𝐴(𝜌) 𝑒2−𝜎𝐴(𝜌)
) = 𝑟1

(

1 + 𝜌
2

+ 𝑜(𝜌 − 1)
)

,

where 𝑊 (⋅) is the ProductLog function, i.e., the principal solution for 𝑥 in 𝑦 = 𝑥 𝑒𝑥.
However, the function (44) is valid in the whole domain [𝑟1, 𝑟2] only if its value remains strictly within the bounds 1 and −1. On 

the other hand, the necessary conditions for minimality (42) and (43) imply at every point a cone of admissible directions for the 
curve 𝜁 (𝑟) in the (𝑟, 𝜁 ) plane. With reference to Fig. 5, we observe that a curve reaching the lower bound with a negative slope is 
not a solution, since the admissible directions no longer allow the bound 𝜁 = −1 to be satisfied. The critical condition is to have the 
minimum value equal to the lower bound: 𝜁𝐴(𝑟𝐴(𝜌)) = −1. Since the stress overshoot 𝜎𝐴 increases and the minimum 𝜁𝐴(𝑟𝐴) decreases 
with increasing 𝜌, the critical condition 𝜁𝐴(𝑟𝐴(𝜌)) = −1 implies the following transcendental equation

(𝑟𝐴(𝜌𝑐 ))2 − 𝜎𝐴(𝜌𝑐 ) 𝑟21 =
𝜇𝓁
2𝜏𝑌

𝑟𝐴(𝜌𝑐 ), (46)

to determine the highest ratio 𝜌𝑐 at which the solution (44) ceases to exist.
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Fig. 6. The critical value of 𝜌 = 𝑟2∕𝑟1 as a function of the ratio 𝜇𝓁∕𝜏𝑌 : the black curve is the solution of Eq.  (46), and the dashed blue curve is an 
approximation of this solution obtained using series expansions for 𝑟𝐴(𝜌) and 𝜎𝐴(𝜌). Three points are chosen for the simulations in Section 8: 𝐴1 and 
𝐵1 are just below and above the curve 𝜌 = 𝜌𝑐 , while 𝐵2 is well inside the region where only solution 𝐵 is valid.

Fig. 7. Solutions A for the plastic strain (red, scale on the left) and the displacement (green, scale on the right) for 𝑡 = 2𝑡𝐴𝑐 .

Once the solution for the dual variable 𝜁 is computed, we can determine the plastic strain and the displacement. Indeed, since 
𝜁𝐴(𝑟) is strictly within the bounds for 𝜌 < 𝜌𝑐 , Eq.  (40) dictates 𝜓 ′(𝑟) = 2𝑝(𝑟) 𝑟 + 𝑟2𝑝′(𝑟) = 0, meaning the curl of the plastic strain 
must vanish everywhere. Solving this differential equation, we obtain 𝑝𝐴(𝑟) = 𝑝𝐴1 𝑟

2
1∕𝑟

2, determining the plastic strain up to the non-
negative constant 𝑝𝐴1 . Integrating the constitutive relation 𝑣′ − 𝑣∕𝑟 = 𝜏(𝑟)∕𝜇 + 2𝑝(𝑟) and using the two boundary conditions 𝑣(𝑟1) = 0
and 𝑣(𝑟2) = 𝑡, we determine

𝑝𝐴1 =
𝜌
(

𝑡 − 𝑡𝐴𝑐
)

𝜌2 − 1
, 𝑣𝐴(𝑟) =

𝜌
(

𝑟2∕𝑟21 − 1
)

𝑡
(

𝜌2 − 1
)

𝑟∕𝑟1
, 𝑡𝐴𝑐 ∶= 𝑟1

𝜏𝑌
𝜇
𝜌 log 𝜌. (47)

The condition for 𝑝𝐴1  to be non-negative, namely 𝑡 ≥ 𝑡𝐴𝑐 , assigns 𝑡𝐴𝑐  the physical meaning of the critical load. Note that this critical 
load is higher than that of perfect plasticity (cf. Eq.  (21)) since 𝑡𝐴𝑐 ∕𝑡𝑐 = 2𝜌2 log 𝜌∕(𝜌2 − 1) > 1 for 𝜌 > 1. The solutions for 𝑝 and 𝑣 are 
plotted in Fig. 7 for 𝑡 = 2𝑡𝐴𝑐 .

6.3.  Solution B for “large” 𝜌 = 𝑟2∕𝑟1 ≥ 𝜌𝑐

Driven by the monotonically decreasing character of the shear stress, plasticity now evolves only in the inner part of the domain: 
specifically in Ω1 = [𝑟1, 𝑟𝑝) plastic strains are positive, whilst in Ω0 = [𝑟𝑝, 𝑟2] no plastic strain is present. Clearly the limit point 𝑟𝑝 must 
be determined; while, in general, it could be load-dependent, as found for 𝑟𝑞 in (33), it will be independent of the load.

Again, since 𝑟1 ∈ Ω1, we start integrating (42) from the boundary condition 𝜁 (𝑟1) = 0 obtaining

𝜁𝐵(𝑟) =
2𝜏𝑌
𝜇𝓁

(

𝑟 log 𝑟
𝑟1

+
𝜏𝑚
𝜏𝑌

𝑟21 − 𝑟
2

2𝑟

)

. (48)

Again, this function depends on the unknown maximizing stress 𝜏𝑚, but now 𝜏𝑚 cannot be determined using the boundary condition 
at 𝑟2 because we only know that 𝜁 (𝑟2) ≥ 0, given 𝑟2 ∈ Ω0. However, regardless of the value of 𝜏𝑚, there exists a neighborhood of 𝑟1
where −1 < 𝜁 < 1. Within this neighborhood, (40) dictates that the plastic strain must have a vanishing curl, 𝜓 ′ = 0, yielding the form 
𝑝(𝑟) = 𝑝𝐵1 𝑟

2
1∕𝑟

2 with 𝑝𝐵1  a positive constant (the case 𝑝𝐵1 = 0 is the trivial elastic phase). Since this field is strictly positive for any finite 
𝑟, the existence of a purely elastic region Ω0 where 𝑝 = 0 necessitates a jump discontinuity in the plastic strain. Specifically, there 
must exist a point, say 𝑟𝑝, where 𝜓 ′ < 0 and the plasticity vanishes abruptly. By virtue of (40), this in turn implies that the function 
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Fig. 8. Solution for 𝜁 in (42) when 𝜌 ≥ 𝜌𝑐 (solid red curve). For 𝑟 ≤ 𝑟𝑝, the solution is (48) dictated by (42); for 𝑟 ≥ 𝑟𝑝, we have plotted only one 
possible solution satisfying the differential inequality (43) and the boundary condition 𝜁 (𝑟2) ≥ 0. The dashed red curve indicates another possible 
solution that satisfies (42) for 𝑟 > 𝑟𝑝. All these curves are obtained for 𝜌 = 2 and 𝜇𝓁∕𝜏𝑌 = 0.071 𝑟1.

Fig. 9. Left: the limit point for the plastic zone as a function of the ratio 𝜇𝓁∕𝜏𝑌 . Right: the critical load (53) as a function of the ratio 𝜇𝓁∕𝜏𝑌 . The 
points report the numerical results found by the Finite Element code described in Section 8. Both these plots assume a value for 𝑟2 higher than the 
critical 𝜌𝑐 evaluated at 𝜇𝓁∕𝜏𝑌 = 1.

𝜁 reaches its lower bound with a horizontal tangent (see the discussion pertaining to Fig. 5). Consequently, the parameters 𝜏𝑚 and 𝑟𝑝
are uniquely determined by the conditions 𝜁𝐵(𝑟𝑝) = −1 and 𝜁 ′𝐵(𝑟𝑝) = 0; specifically using (48) we get the stress overshoot as a function 
of 𝑟𝑝

𝜏𝐵𝑚
𝜏𝑌

=
𝑟𝑝
(

𝜇𝓁∕𝜏𝑌 + 2 𝑟𝑝 log(𝑟𝑝∕𝑟1)
)

𝑟2𝑝 − 𝑟
2
1

, (49)

and a transcendental equation to determine the limit point 𝑟𝑝

4 𝑟21𝑟𝑝 log
𝑟𝑝
𝑟1

+
𝜇𝓁
𝜏𝑌

(

𝑟2𝑝 + 𝑟
2
1

)

= 2𝑟𝑝
(

𝑟2𝑝 − 𝑟
2
1

)

, (50)

which, as anticipated, turns out to be independent of the load 𝑡 and depends only on the ratio 𝜇𝓁∕𝜏𝑌 .
Beyond the point 𝑟𝑝, plastic strains vanish, and 𝜁 must only satisfy the differential inequality (43) and the boundary condition 

𝜁 (𝑟2) ≥ 0. A possible solution is shown in Fig. 8, where we have plotted the streamlines induced by (42) and, at some points, the 
cone of admissible directions dictated by (43). Clearly, if 𝑟2 < 𝜌𝑐𝑟1, there is not enough space for 𝜁 to reach non-negativity at 𝑟2; this 
solution is no longer valid, and we revert to Case A of the previous section. However, in the interval [𝑟𝑝, 𝑟2], any other curve 𝜁 (𝑟)
satisfying (43) and reaching a non-negative value at 𝑟2 is a solution of (38). Note that hitting the upper bound and remaining at 𝜁 = 1
is also an admissible solution.

The solution to (50) can be found numerically to an arbitrary precision and it is plotted in Fig. 9 against the parameter 𝜇𝓁∕𝜏𝑌 . 
Note that the support of plastic strain [𝑟1, 𝑟𝑝] grows as 

√

𝓁 for small characteristic lengths.

Journal of the Mechanics and Physics of Solids 214 (2026) 106688 

12 



M.C. Comella et al.

Fig. 10. Solutions B for the plastic strain (red) and the displacement (green) for 𝑡 = 2𝑡𝐵𝑐 .

As before, once the dual function 𝜁 is determined, we can compute the plastic strain and the displacements. This is done by 
splitting the solution of the constitutive relation into the two domains

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑣′in −
𝑣in
𝑟

=

(

𝜏𝐵𝑚
𝜇

+ 2 𝑝𝐵1

)

𝑟21
𝑟2
,  for 𝑟1 ≤ 𝑟 ≤ 𝑟𝑝

𝑣′out −
𝑣out
𝑟

=

(

𝜏𝐵𝑚
𝜇

)

𝑟21
𝑟2
,  for 𝑟𝑝 ≤ 𝑟 ≤ 𝑟2

(51)

and using the two boundary conditions 𝑣in(𝑟1) = 0 and 𝑣out (𝑟2) = 𝑡 and the continuity of the displacement 𝑣in(𝑟𝑝) = 𝑣out (𝑟𝑝) to determine 
the plastic strain at the inner boundary

𝑝𝐵1 =
𝜇𝑟2𝑝

(

2𝑟2𝑡
(

𝑟2𝑝 − 𝑟
2
1

)

+
(

𝑟21 − 𝑟
2
2
)

𝓁𝑟𝑝
)

+ 2
(

𝑟21 − 𝑟
2
2
)

𝑟4𝑝𝜏𝑌 log(𝑟𝑝∕𝑟1)

2𝜇𝑟22
(

𝑟21 − 𝑟
2
𝑝

)2
. (52)

Imposing the non-negativity of 𝑝𝐵1  we determine the critical load

𝑡𝐵𝑐 =
2𝑟𝑝 log

(

𝑟𝑝∕𝑟1
)

+ 𝜇𝓁∕𝜏𝑌
(

𝑟2𝑝 − 𝑟
2
1

)

∕𝑟𝑝
𝑡𝑐 . (53)

Again, note that since 𝑟𝑝 ≥ 𝑟1, we have 𝑡𝐵𝑐 ∕𝑡𝑐 ≥ 1; therefore, the critical load 𝑡𝐵𝑐  obtained with the rank-one defect energy is higher 
than that in perfect plasticity (21). Since 𝑟𝑝 = 𝑟𝑝(𝜇𝓁∕𝜏𝑌 ) by (50), in Fig. 9 Right we have plotted 𝑡𝐵𝑐 ∕𝑡𝑐 as a function of the ratio 𝜇𝓁∕𝜏𝑌
and have provided its series expansion near 𝜇𝓁∕𝜏𝑌 = 0. The qualitative solutions for 𝑝 and 𝑣 are plotted in Fig. 10 for 𝑡 > 𝑡𝐵𝑐 . Note 
that 𝑣 is continuous but its derivative jumps at 𝑟 = 𝑟𝑝, where the curl of the plastic strain is localized as a Dirac distribution 𝛿(𝑟 − 𝑟𝑝)
(see Table 1). Indeed, curl𝐄p vanishes identically both for 𝑟 < 𝑟𝑝 and for 𝑟 > 𝑟𝑝, and all the plastic incompatibility is concentrated 
at the front 𝑟 = 𝑟𝑝. Note that, while 𝑟𝑝 is independent of the load 𝑡, 𝑝𝐵1  grows with 𝑡, as do the jumps in the plastic strain and the 
displacement derivative.

As noted for the solution of the quadratic defect energy in Fig. 3, the perfect plasticity solution (25) with the Dirac delta at 𝑟 = 𝑟1
can be recovered in the limit as 𝓁 → 0. Indeed, from (50) and (52), it can be shown that 𝑟𝑝 − 𝑟1 = 𝑂(

√

𝓁) and 𝑝𝐵1 = 𝑂(1∕
√

𝓁).

Remark 6. An alternative approach to the solution described above could have been the following. We assume for the plastic strain 
the Ansatz

𝑝(𝑟) =
{

𝑝𝐵1 (𝑟1∕𝑟)
2 𝑟1 ≤ 𝑟 < 𝑟𝑝

0 𝑟𝑝 ≤ 𝑟 ≤ 𝑟2
. (54)

We determine the associated inner/outer displacement fields via the constitutive equation and the maximal stress 𝜏𝑚 via the continuity 
of the displacement in 𝑟𝑝. With these solutions for 𝑝 and 𝑣, we set up a reduced energy functional

G𝑡(𝑝𝐵1 , 𝑟𝑝) =
𝜇𝑟1

(

𝑝𝐵1 𝑟2
(

𝑟2𝑝 − 𝑟
2
1

)

− 𝑡 𝑟2𝑝
)2

𝑟4𝑝
(

𝑟21 − 𝑟
2
2
) + 2 𝜏𝑌 𝑝𝐵1 𝑟

2
1 log

𝑟𝑝
𝑟1

+ 𝜇𝓁 𝑝𝐵1
𝑟21
𝑟𝑝
, (55)

where the three terms (resp. elastic energy, plastic dissipation, and defect energy) depend only on two degrees of freedom: 𝑝𝐵1  and 
𝑟𝑝. The stationarity conditions for G𝑡 with respect to 𝑝𝐵1  and 𝑟𝑝 are

𝜕G𝑡
𝜕𝑝𝐵1

= 0,
𝜕G𝑡
𝜕𝑟𝑝

= 0. (56)
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Table 1 
Comparative summary of the main analytical results for perfect plasticity (p), quadratic gradient plasticity 
(gp2), and one-homogeneous gradient plasticity (gp1); the latter has two regimes depending on the ratio 𝜌. 
The table highlights differences in critical load, maximal stress overshoot, plastic support, and regularity of 
the curl of the plastic strains.
 Model  Critical load  Maximal stress  Plastic support  Curl 𝐄p

 p 𝑡𝑐 |𝜏| < 𝜏𝑌 {𝑟1}  –

 gp2 𝑡𝑐

unbounded and 
depending on
𝑡, 𝛼, 𝜌

Eq. (28)

[

𝑟1 , 𝑟𝑞 (𝑡, 𝛼, 𝜌)
]

Eq. (33)
∈ 𝐻1([𝑟1 , 𝑟2]

)

gp1

A
𝜌 < 𝜌𝑐 (𝓁)

𝑓𝐴(𝜌) ⋅ 𝑡𝑐
Eq. (47)

|𝜏| < 𝜏𝑚(𝜌)

Eq. (45) [𝑟1 , 𝑟2] 0

B
𝜌 ≥ 𝜌𝑐 (𝓁)

𝑓𝐵 (𝜆) ⋅ 𝑡𝑐

Eq. (53)
|𝜏| < 𝜏𝑚(𝜆)

Eq. (49)

[

𝑟1 , 𝑟𝑝(𝜆)
]

Eq. (50)
𝛿(𝑟 − 𝑟𝑝)

Eliminating the load 𝑡 from these two we get
[

4 𝑟21𝑟𝑝 log
𝑟𝑝
𝑟1

+
𝜇𝓁
𝜏𝑌

(

𝑟2𝑝 + 𝑟
2
1

)

− 2𝑟𝑝
(

𝑟2𝑝 − 𝑟
2
1

)

]

𝑝𝐵1 = 0, (57)

meaning that either 𝑝𝐵1 = 0 (the elastic phase) or the transcendental Eq. (50) to determine 𝑟𝑝 must hold. From (56)1 we get exactly
(52). The convexity of G𝑡 with respect to its arguments can be checked numerically on the solution branch. The merit of our previous 
derivation is to prove that (54) is not merely an Ansatz, but an exact solution of the variational problem (14). 

Remark 7.  The optimality conditions (40)–(43) are rooted in the same mechanical framework developed in Forest and Guéninchault 
(2013), Wulfinghoff et al. (2015): the dislocation density tensor curl𝐄p enters the free energy, and the rank-one energy gives rise to 
a stress-like field conjugate to curl𝐄p that is bounded in norm - the tensor counterpart of our micro-stress field 𝜁 . In this sense, the 
present model belongs to the same family of gradient plasticity theories. The key distinction concerns the treatment of the plastic 
support. In Forest and Guéninchault (2013), Wulfinghoff et al. (2015), the geometry of the laminate prescribes the support of plastic 
slip from the outset, and a generalized yield criterion is postulated separately to close the system. In the present work, no a priori 
assumption on the support is made: the conditions (40)–(43) emerge entirely from the minimization of the incremental potential (14), 
and simultaneously determine the plastic field within the active zone and the location of its boundary. The variational framework 
thus replaces the postulated yield criterion with optimality conditions that include, as an essential ingredient, the inequality (43) and 
the associated boundary conditions, sealing the inactive zone. 

7.  Comparative overview: quadratic vs. rank-one gradient plasticity

In this section, we provide a comprehensive comparative overview of the results obtained using the three models discussed: 
classical von Mises perfect plasticity (p), and gradient plasticity endowed with either quadratic (gp2) or rank-one (gp1) defect energy. 
The main analytical features of these models are summarized in Table 1, highlighting how the specific choice of regularization 
fundamentally alters the mechanisms of plastic nucleation and the subsequent evolution of the plastic strain field. We observe that, 
together with the external load parameter 𝑡, the overall mechanical scenario is governed by three dimensionless parameters:

𝜌 =
𝑟2
𝑟1
, 𝛼 =

𝜇 𝑎
𝜏𝑌 𝑟1

, 𝜆 =
𝜇 𝓁
𝜏𝑌 𝑟1

, (58)

representing respectively the geometry of the annular domain and the constitutive internal length scales associated with the two 
distinct regularizations.

The first critical difference lies in the critical load required for the onset of plasticity. In both the classical perfect plasticity and 
the quadratic defect energy models, yielding remains a strictly local event that initiates at a critical threshold 𝑡𝑐 , regardless of the 
internal length scale 𝑎. In sharp contrast, the rank-one model predicts a genuine strengthening effect: the yield threshold is shifted 
to a strictly higher value (𝑡𝐴𝑐  or 𝑡𝐵𝑐 , depending on the selected geometric regime). This threshold elevation reflects the presence of a 
discrete energetic barrier that must be overcome to activate a structured plastic zone.

This nonlocal strengthening phenomenon physically manifests as a stress overshoot (|𝜏𝑚|∕𝜏𝑌 > 1), a feature strictly forbidden in 
classical plasticity where |𝜏| ≤ 𝜏𝑌  is always enforced. In the rank-one gradient setting, the elastic stress is permitted to safely exceed 
the local yield limit because of the emergence of a back-stress 𝜏back , generated by the distribution of GNDs representing the lattice 
incompatibility. Mathematically, the dual field 𝜁 embodies this back-stress: its distributional derivative acts as a distributed “gradient 
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resistance.” Rewriting the established balance Eq. (42) as

𝜏(𝑟) = 𝜏𝑌 −
𝜇𝓁
2
𝑟
(

𝜁 (𝑟)
𝑟

)′

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝜏back

, (59)

we clearly see how this back-stress counteracts the surplus mechanical driving force, preventing the activation of further plastic slip 
even when the elastic stress exceeds the typical local bounds.

Moreover, a crucial distinction exists regarding how this stress overshoot evolves with the applied load. In the quadratic model 
(gp2), the maximal stress is unbounded and depends on the load parameter 𝑡 as the plastic front gradually sweeps through the 
domain. By contrast, in the rank-one model (gp1), the maximal stress is bounded and load-independent; in this respect, gp1 maintains 
a characteristic, and sometimes useful, feature of perfect plasticity. This distinctive behavior is a direct consequence of the stationary 
geometry of the plastic support: once the minimum energy nucleation regime has been established, the plastic front is locked, the 
back-stress profile remains fixed in space. Thus, any increase in the prescribed external load 𝑡 must be entirely accommodated by 
a proportional intensification of the localized GND wall-and a corresponding increase in the plastic slip jump-rather than a gradual 
spatial expansion of the plastic zone.

The size of the plastic support represents another profound discriminator among the theories. Classical perfect plasticity forces the 
deformation into a localized point-singularity at the inner boundary 𝑟 = 𝑟1. The quadratic gradient model (gp2) naturally regularizes 
this singularity by distributing the plastic strain over a continuous, smoothly expanding support interval [𝑟1, 𝑟𝑞(𝑡)]. Conversely, the 
rank-one gradient model (gp1) determines the spatial support at the very moment of nucleation, sorting the behavior into two distinct 
geometric modes:

• Case A (𝑟2∕𝑟1 < 𝜌𝑐 (𝓁)): Plasticity unconditionally erupts over the entire annulus [𝑟1, 𝑟2]. The system deliberately circumvents the 
energetic penalty associated with localized dislocation pile-ups by selecting a completely compatible, curl-free plastic flow. In this 
state, the required back-stress remains strictly within its bounds (|𝜁 | < 1). Consequently, the overall macroscopic response-such 
as the critical load and overshoot magnitude-shows little overt dependence on the internal length 𝓁. Instead, 𝓁 serves as a subtle 
topological selector, checking only whether this compatible regime represents an admissible global minimum.

• Case B (𝑟2∕𝑟1 ≥ 𝜌𝑐 (𝓁)): The globally compatible solution ceases to be mathematically admissible because attempting to sustain it 
would force the back-stress 𝜁 to exceed its bounds. At this critical threshold, the structural energetics abruptly shift. It becomes 
highly favorable for the solid to restrict the plastic flow exclusively within a partial annular nucleus [𝑟1, 𝑟𝑝]. To effectively seal off 
the rest of the elastic domain against yielding, the system constructs a singular GND wall (representing a concentrated dislocation 
pile-up) exactly at the locked forward boundary 𝑟𝑝.

Within this deeply localized regime (Case B), the internal length 𝓁 plays an essential role in dictating the intrinsic spatial extent 
of the plastic nucleus. Balancing the concentrated geometric decay of the elastic stress field against the gradient cost of establishing 
the singular wall gives rise to an emergent scaling length 𝑟𝑝 − 𝑟1 ∼

√

(𝜇𝓁)∕𝜏𝑌 .

8.  Numerical results and discussion

We use the analytical solutions discussed in the previous sections as a benchmark to test our dedicated numerical solver. The 
code is developed starting from the functionals in Section 2 under plane strain assumptions. Once validated, the same numerical 
framework is used to predict the solutions for more complex geometries where the polar symmetry of the circular problem is broken.

8.1.  Numerical implementation

The problem is discretized using the finite element method. The displacement field is approximated using standard continuous 
quadratic Lagrange elements.

For the plastic strain 𝐄p, we exploit its symmetric and deviatoric structure. Assuming plastic incompressibility in the present 
two-dimensional setting, the plastic strain tensor is completely determined by two independent components, say 𝑝 and 𝑞, such that 
𝐄p
11 = −𝐄p

22 = 𝑞 and 𝐄p
12 = 𝐄p

21 = 𝑝.
A finite defect energy in (4) requires 𝐄p to belong to the space 𝐻(curl) of tensor fields having square-integrable curl components. 

In the discrete setting, a tensor field satisfies 𝐄p ∈ 𝐻(curl) if its tangential components are continuous across element interfaces. Let 
𝐭 = (𝑡𝑥, 𝑡𝑦)𝑇  be the unit tangent vector along an edge. The tangential component of the plastic strain tensor is the vector:

𝐄p 𝐭 =
(

𝑞 𝑝
𝑝 −𝑞

)(

𝑡𝑥
𝑡𝑦

)

=
(

𝑡𝑥 𝑡𝑦
−𝑡𝑦 𝑡𝑥

)(

𝑞
𝑝

)

= 𝐑(𝐭)𝐰, (60)

where 𝐰 = (𝑞, 𝑝)𝑇  and 𝐑(𝐭) is a rotation matrix map with unit determinant. Since 𝐑(𝐭) is invertible, the tangential continuity of 𝐄p is 
mathematically equivalent to the full 𝐶0 continuity of the associated vector 𝐰. This key property circumvents the need for complex 
Nédélec-type elements and allows the discrete approximation of the independent variables of 𝐄p to be straightforwardly achieved 
using standard continuous linear Lagrange (𝑃1) elements.
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Fig. 11. Comparison between analytical solutions (continuous curves) and numerical results (circles) for the quadratic defect energy. In red and 
gray we plot respectively the plastic strain divided by the characteristic length 𝑝∕𝑎, see (27), and its curl (2𝑝∕𝑟 + 𝑝′) as functions of 𝑟. Here 𝜌 = 2, 
𝑡 = 2 𝑡𝑐 and 𝛼 = 0.071.

Consistent with this parameterization, the two independent components of the curl of the tensor field 𝐄p can be listed in the 
vector:

curl𝐄p ∼
(

𝜕𝑥𝑝 − 𝜕𝑦𝑞
−𝜕𝑥𝑞 − 𝜕𝑦𝑝

)

. (61)

In the discrete setting, we approximate the independent variables 𝑝 and 𝑞 using linear Lagrange (𝑃1) basis functions. Since the gradients 
of these functions are constant over each triangular element, the discrete curl (61) is piecewise constant throughout the mesh. This 
discretization of the plastic strains is used to tackle both (4) and (5).

The evolution problem is solved in an incremental framework in 𝐮 and 𝐄p until convergence at each load step. In particular, the 
presence of the curl terms in the defect energy implies a nonlocal character to the problem, rendering standard local return-mapping 
algorithms inapplicable. Furthermore, the rank-one terms—namely, the plastic dissipation and the gp1 defect energy—introduce 
non-smoothness that makes standard differential approaches like the Newton-Raphson method inefficient.

To address these numerical challenges, we recast the incremental minimization as a conic optimization problem. Following the 
approach detailed in Bleyer (2022), each segment of the energy functional can be rewritten using linear objectives and second-order 
(or rotated second-order) conic constraints via an epigraph representation. The resulting large-scale conic problem is then effectively 
solved utilizing the interior-point optimizer MOSEK (The MOSEK optimizer API for Python, 2019), integrated within the FEniCSx 
environment (Baratta et al., 2023) by means of the dolfinix_optim package. Interior-point methods prove particularly robust for 
this class of non-smooth optimization problems, guaranteeing stable and accurate solutions even in regions characterized by sharp 
transitions or highly localized plastic fronts. A sample code for the numerical solution of the proposed problems can be found in the 
repository http://github.com/a-rodella/r1-gradient-plasticity-nucleation.

8.2.  Validation against the analytical solutions

Fig. 11 compares the benchmark solution obtained in Section 5 for the quadratic defect energy with the corresponding Finite 
Element results. In particular, for 𝜌 = 2, 𝑡 = 2 𝑡𝑐 and 𝛼 = 0.071, we compare the plastic strain distribution 𝑝 given in (27) and its curl, 
(2𝑝∕𝑟 + 𝑝′). The agreement with the numerical results is excellent. Moreover, we show that the function 2𝑝∕𝑟 + 𝑝′, although only 
required to be square-integrable, is in fact more regular in the present case and belongs to 𝐻1 ⊂ 𝐿2, as anticipated in Table 1.

Assuming 𝜇𝓁∕𝜏𝑌 = 0.071 𝑟1, Fig. 12 compares the analytical and numerical solutions for the rank-one model at three values of 𝜌
marked in Fig. 6: 𝜌 ∈ {1.4, 1.42, 1.6}; note that the critical transition between regime A and B occurs at 𝜌𝑐 = 1.41. The applied load is 
𝑡 = 2 𝑡𝑐 for all cases. The left panel shows the plastic strain 𝑝: in regime A (𝐴1), plasticity spreads over the entire domain, whereas in 
regime B (𝐵1, 𝐵2), it is supported on [𝑟1, 𝑟𝑝] and drops to zero at the locked front 𝑟𝑝 = 1.19 𝑟1. The front position 𝑟𝑝 is determined solely 
by 𝜇𝓁∕𝜏𝑌  via Eq. (50), consistently for both 𝐵1 and 𝐵2. The displacement field 𝑣 (right panel) remains continuous everywhere, in 
stark contrast to the perfect plasticity solution (gray curve), where the deformation concentrates at 𝑟 = 𝑟1 producing a displacement 
jump. Across all tested configurations, the finite element results (circles) perfectly match the continuous analytical curves.

8.3.  Response under non-proportional loading

While the analytical solutions are restricted to monotonic loading, the incremental variational framework naturally accommodates 
arbitrary loading paths. A complete loading–unloading–reloading cycle is tested to investigate the system’s response to load reversal, 
particularly to verify the absence of the spurious elastic-gap phenomenon observed in non-incremental SGP theories (Panteghini et al., 
2019; Nielsen and Hutchinson, 2021). We note that, as shown in (Fleck and Willis, 2015), incremental formulations are not immune 
to this phenomenon when non-local terms appear in the dissipation potential; in the present model, no such gradient dissipation is 
present.
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Fig. 12. Comparison of analytical (solid curves) and numerical (circles) profiles for the rank-one model (𝜆 = 0.071, 𝑡 = 2 𝑡𝑐) at three geometric ratios: 
𝜌 = 1.4 (green, regime A), 𝜌 = 1.42 (yellow, regime B), and 𝜌 = 1.6 (red, regime B). (Left) Plastic strain 𝑝(𝑟∕𝑟1). (Right) Cumulative displacement 𝑣(𝑟∕𝑟1), 
compared with the singular perfect plasticity solution for 𝜌 = 1.6 (gray curve).

Fig. 13 illustrates the global torque response (left) and the evolution of the plastic strain 𝑝(𝑟1) (right) against the imposed dis-
placement 𝑡. Upon load reversal from the perfectly plastic plateau, the system unloads elastically until yielding symmetrically at the 
opposite threshold. Crucially, as 𝑝(𝑟1) returns to zero, plastic flow reactivates immediately at the correct yield threshold without an 
intervening elastic gap. This response confirms the thermodynamic consistency of the incremental formulation under complex loading 
paths and demonstrates that the predicted strengthening represents a genuine structural activation barrier.

8.4.  Elliptic geometry

Real microstructures rarely possess exact circular symmetry. The local asymmetry of elongated voids or notch tips breaks the 
symmetry of the stress field, introducing directionality in the nucleation process. To explore this, we consider a domain having a 
circular external boundary with the same load as before, but the inner boundary is now an ellipse.

By varying the aspect ratio 𝛽 ∶= 𝑟𝑎∕𝑟𝑏 ∈ {1, 1.3, 2, 3.5}, we activate the full two-dimensional geometric structure of the rank-one 
model, with plastic incompatibility measured by the two non-zero components in (61).

Fig. 14 reports the normalized critical load 𝑡𝑐 (𝛽, 𝜆)∕𝑡𝑐 (𝛽, 0) as a function of the internal length 𝜆 = 𝜇𝓁∕(𝜏𝑌 𝑟1). Fitting the numerical 
data with power laws of the form 1 + 𝐴𝜆𝐵 reveals that the analytically derived square-root scaling (𝐵 = 0.5) serves as a lower bound 
restricted to circular geometries. For elliptical voids, the exponents consistently exceed 1∕2 and grow monotonically with 𝛽 (𝐵 ∈
{0.59, 0.64, 0.67}), emphasizing a strong coupling between geometric anisotropy and the energetics of nucleation.

The spatial character of the yielding is visualized in Fig. 15, which displays the cumulative plastic strain (left half) and incompat-
ibility | curl𝐄p

| (right half). For the mildly elongated ellipse (𝛽 = 1.3), the incompatibility concentrates in a closed, nearly uniform 
layer at a finite distance from the hole contour, echoing the variationally selected inner nucleation support of the annular bench-
mark. However, for higher aspect ratios (𝛽 = 2 and 3.5), the plastic field rapidly changes topology: a strongly preferred nucleation 
site emerges at the tips of the ellipse. The incompatibility assumes the form of narrowly confined tongues radiating from the tips, 

Fig. 13. Response under a complete loading–unloading–reloading cycle. (Left) Global response in terms of the torque 𝑟2𝜏(𝑟2) at the external boundary 
as a function of the imposed tangential displacement 𝑡. (Right) Evolution of the plastic strain at the inner boundary, 𝑝(𝑟1), versus 𝑡. In both figures, 
we assume 𝜌 = 2 and 𝜆 = 0.071. .
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Fig. 14. Normalized critical load 𝑡𝑐 (𝛽, 𝜆)∕𝑡𝑐 (𝛽, 0) as a function of the dimensionless internal length 𝜆 = 𝜇𝓁∕(𝜏𝑌 𝑟1) for the circular hole (𝛽 = 1) and 
three elliptical holes (𝛽 ∈ {1.3, 2, 3.5}), as indicated in the legend. Dots: numerical results. Continuous curves: power-law fits 1 + 𝐴𝜆𝐵 , with exponents 
𝐵 ∈ {0.5, 0.59, 0.64, 0.67} for increasing aspect ratios.

Fig. 15. Cumulative plastic strain (left half of each panel) and | curl𝐄p
| (right half) for three elliptical holes. Top: moderately elongated ellipse 

(𝑟𝑎∕𝑟𝑏 = 1.3), showing a nearly uniform closed layer of incompatibility surrounding the hole. Bottom left and right: zooms near the tip for 𝑟𝑎∕𝑟𝑏 = 2
and 𝑟𝑎∕𝑟𝑏 = 3.5, showing the progressive concentration of both fields at the ellipse tip and the increasingly rapid spatial decay away from it.

decaying sharply into the elastic interior. This open spatial pattern acts to balance the intense stress concentrations at the highly 
curved tips against the gradient penalty imposed by the rank-one energy. The more elongated the void, the steeper the concentration 
of the driving force and the tighter the spatial confinement of the plastic nucleus.

Fig. 16 shows the torque-displacement cycles for the three elliptical geometries and the circular case. All four cases exhibit 
closed, symmetric hysteresis loops with no elastic gap, confirming the incremental consistency of the formulation independently of 
the domain geometry. Two qualitative differences distinguish the elliptical cases from the circular one. First, the post-yield branch 
acquires a positive slope, reflecting a geometric hardening effect: as plastic strain accumulates at the tips, the stress redistributes and 
the global torque response is no longer perfectly flat. This is not a material hardening but a structural effect induced by the domain 
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Fig. 16. Torque-displacement cycles for the circular hole (𝛽 = 1, blue) and three elliptical holes (𝛽 = 1.3 yellow, 𝛽 = 2 green, 𝛽 = 3.5 red) under a 
complete loading–unloading–reloading cycle.

geometry. Second, the elastic-to-plastic transition is smoother, because nucleation initiates at the tips and spreads gradually rather 
than occurring simultaneously along the entire contour. The resulting loop morphology — inclined branches, rounded corners, central 
symmetry — bears a qualitative resemblance to hysteresis loops observed experimentally in precipitation-hardened alloys (Taillard 
and Pineau, 1982), where similar features arise from the interplay between nucleation barriers and progressive plastic activity. While 
the physical mechanisms and scales differ, the analogy suggests that geometric hardening and spatially progressive nucleation are 
sufficient ingredients to reproduce the essential features of cyclic plastic response.

9.  Conclusions and perspectives

The results of this work establish that, within a rank-one strain-gradient plasticity framework, the geometry of the domain is not 
merely a parameter but a genuine control variable of the nucleation process. Leaving the plastic support free — rather than prescrib-
ing it — is what makes this dependence visible: for the circular case, it produces two analytically tractable nucleation regimes, a 
square-root scaling law that is the fundamental signature of unconstrained nucleation, and a locked-front behavior with no counter-
part in classical or quadratic SGP models. The exact analytical solutions derived for the annular benchmark, requiring no a priori 
assumptions on the plastic support, provide a rigorous foundation for the numerical investigation of more complex geometries, where 
the coupling between internal length and domain shape produces geometry-dependent scaling exponents that cannot be inferred from 
the symmetric case alone.

The present framework opens several directions for future research. A natural extension is the inclusion of crystallographic 
anisotropy, by replacing the isotropic rank-one term | curl𝐄p

| with |𝕂 curl𝐄p
|, where 𝕂 is a fourth-order tensor encoding directional 

energetic costs. This would allow the model to distinguish between easier and harder slip directions, providing a bridge between 
continuum SGP and discrete dislocation dynamics.

Further developments include the inclusion of plastic spin to extend the framework to large-strain regimes, and the coupling 
between local dissipation and plastic strain gradients, which may reveal new length-scale effects in the post-yield evolution. Varia-
tional frameworks for such couplings have been derived via homogenization in Andrieux et al. (1996); gradient contributions to the 
dissipation potential have also been explored recently in Bacquaert et al. (2025) in the context of softening plasticity regularization.
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