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Abstract: This paper presents an analytical study on the in-plane vibrations of a rectangular elastic

lattice plate. The plane lattice is modelled considering central and angular interactions. The lattice

difference equations are shown to coincide with a spatial �nite difference scheme of the corresponding

continuous plate. The considered lattice converges to a 2D linear isotropic elastic continuum at the

asymptotic limit for a suf�ciently small lattice spacing. This continuum has a free Poisson's ratio,

which must be lower than that foreseen by the rare-constant theory, to preserve the de�nite positive-

ness of the associated discrete energy. Exact solutions for the in-plane eigenfrequencies and modes

are analytically derived for the discrete plate. The stiffness characterising the lattice interactions at

the boundary is corrected to preserve the symmetry properties of the discrete displacement �eld.

Two classes of constraints are considered, i.e., sliding supports at the nodes, one normal and the other

parallel to the boundary. For both boundary conditions, a single equation for the eigenfrequency

spectrum is derived, with two families of eigenmodes. Such behaviour of the lattice plate is like that

of the continuous plate, the eigenfrequency spectrum of which has been given by Rayleigh. The

convergence of the spectrum of the lattice plate towards the spectrum of the continuous plate from

below is con�rmed. Two continuous size-dependent plate models, considering the strain gradient

elasticity and non-local elasticity, respectively, are built from the lattice difference equations and are

shown to approximate the plane lattice accurately.

Keywords: lattice/discrete elasticity; continuum elasticity; elastodynamics; difference equations;

partial differential equations; in-plane vibrations; eigenvalue problem; discrete plate

MSC: 34A33; 34K31; 37K60; 39A36; 52C05; 74B05; 74H45; 70J10; 34C46

1. Introduction

This paper presents new solutions for the in-plane vibratio n problems of two-dimensional
rectangular linear elastic lattices. The exact solution of this discrete problem is connected
to that of a continuous plate, obtained at the asymptotic lim it for an infinite number of
particles in each direction. Bridging discrete and continu ous elasticity is an old problem of
mechanics that emerged during the 19th century with the so-c alled molecular foundation of
elasticity (see the historical analysis of Capecchi et al.,2010, [1] Capecchi et al., 2011 [2] or
Challamel et al., 2023 [3]). This problem of bridging discrete to continuous elastic ity is still
active nowadays, and the problem also includes the developm ent of generalised continuum
elasticity (Andrianov et al., 2021 [ 4]; dell'Isola and Steigmann, 2020 [5]; Wang et al., 2020 [6]).

Although many solutions are available for 1D lattices since the solution obtained by
Lagrange (1759) [7,8] for the eigenfrequencies of a �xed–�xed lattice string (mathematically
equivalent to a lattice rod), the exact solutions for the free vibration of 2D or 3D �nite elastic
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lattices are not so well documented in the literature. There are reference solutions for the
out-of-plane vibration of lattice membranes and plates. Rosenau (1987) [9], Andrianov and
Awrejcewicz (2008) [10], Lombardo and Askes (2010) [11] and H ² risson et al. (2018) [12]
obtained the exact wave dispersive equation in the in�nite lattice membrane. Rosenau
(1987) [9] also derived a lattice-based continuous nonlocal membrane model, by using the
Pad² approximant of the associated pseudodifferential operator of the discrete lattice. The
eigenfrequencies of a �xed–�xed rectangular lattice membrane (�nite lattice membrane)
have been analytically found by H ² risson et al. (2018) [12] from the resolution of a linear
difference eigenvalue problem. This approach is mathematically equivalent to the �nite dif-
ference (FD) formulation of the continuous membrane problem, regarding which the exact
discrete resolution was already presented by Chen (1971) [13] and Tong et al. (1971) [14].
H² risson et al. (2018) [12] also investigated the ef�ciency of the nonlocal continuous mem-
brane model pioneered by Rosenau (1987) [9] for approximating the eigenfrequency of the
�xed–�xed lattice membrane.

Zhang et al. (2015) [15] studied analytically the free vibration of simply support ed lattice
rectangular plates (discrete Kirchhoff–Love plate model) and derived natural frequencies as
exact solutions of the associated linear difference eigenvalue problem. As the mathematical
problem is equivalent to the finite difference (FD) formula tion of a continuous Kirchhoff–Love
plate, the eigenfrequencies of the simply supported lattic e plate coincide with those derived
exactly from the FD scheme by Chen (1971) [13]. Wang et al. (2020) [6] gave exact solutions
for lattice plates with various constraints (including Lev y-type boundary conditions), thus
generalising the solution of Chen (1971) [13] and Zhang et al. (2015) [15], that has been
restricted to Navier-type boundary conditions. Challamel et al. (2016) [16] and Hache et al.
(2017) [17] (see also Challamel et al., 2021 [18]) derived a gradient and a nonlocal continuum
Kirchhoff–Love plate model from the lattice plate model and compared the higher-order
solutions to the lattice one for simply supported boundary c onditions. These two structural
cases of out-of-plane vibration of a discrete membrane and plate are 2D one-field discrete
problems, i.e., with only one kinematic field for the unknow n displacement.

To the authors' knowledge, there is no analogous result for in-plane 2D/3D �nite
lattices described by a two-�eld or a three-�eld unknown displacement. Most results
available in the literature for in-plane 2D or 3D lattices hold for in�nite media, for which the
dispersion response has been analytically characterised (Born and von K¡ rm¡ n, 1912 [19];
Gazis et al., 1960 [2]; Challamel et al., 2023 [3]). Born and von K ¡ rm¡ n (1912) [19] �rst
introduced the mixed differential-difference equations of a cubic lattice with central and
non-central interactions. They also derived the wave dispersive property in an in�nite
Lagrange lattice, and in in�nite 3D lattices [ 19]. The non-central interactions considered
by Born and von K ¡ rm¡ n [19] are of the shear type, which have been shown later to
violate the rotation invariance principle (the conditions for rotational invariance of lattices
were extensively studied during the 1960s by Lax, 1965 [20], Gazis and Wallis, 1966 [21],
Keating, 1966 [22] and Keating, 1966 [23]). Gazis et al. (1960) [24] obtained the mixed
differential-difference equations of a cubic lattice with central and non-central (angular-
type) interactions, consistent with the rotation invariance principle. The mixed differential-
difference equations derived by Gazis et al. [ 20] differ from the ones of Born and von
K¡ rm¡ n [19], as shown by Challamel et al. [3] for 2D or 3D lattices. Gazis et al. [20] also
analytically characterised the wave dispersive behaviour of such in�nite lattice. To the
authors' knowledge, the exact solutions for the vibrations of �nite cubic lattices with central
and angular interactions have not been derived in the literature.

The paper is focused on the analytical determination of the in-plane eigenfrequencies of
a rectangular lattice (2D lattice). The lattice considered herein is the cubic lattice introduced
by Gazis et al. (1960) [24]. This lattice exhibits central and non-central interactions that
make it possible to calibrate the macroscopic elastic parameters for a wide range (see
the discussion in Challamel et al., 2023 [3] and Challamel et al., 2024 [25]). Gazis et al.
(1960) [24] already obtained the exact dispersive curves of their lattice in the case of
in�nite media. Mindlin (1968) [ 26] expanded the difference equations of Gazis et al.'s [23]
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lattice and obtained a lattice-based gradient elasticity model, if second-order terms are
included. Mindlin (1970) [ 27] obtained exact solutions for Gazis' type of �nite lattices for
four problems: thickness-shear vibration of a plane lattice; face-shear and thickness-twist
waves in a plate; axial shear vibration and, in the end, the torsion of a rectangular bar.
The �rst three are reduced to a one-dimensional eigenfrequency problem, whereas the last
one is a static problem. The present paper is restricted to a linear vibration analysis, due
to the linearity behaviour in each periodic lattice cell. We do not explore the vibration
behaviour of nonlinear elastic lattices, as initially studied by Fermi et al. (1955) [ 28] for a
one-dimensional periodic lattice with a nonlinear restoring force. The nonlinear lattice of
Fermi et al. (1955) [28] initiated some new research areas in the �eld of nonlinear wave
propagation and soliton theory (Weissert, 1997 [ 29]; Dauxois et al., 2005 [30]; Dauxois and
Peyrard, 2006 [31] or more recently Vainchtein, 2022 [32]). The papers of Potapov et al.
(2002) [33] or Friesecke and Matthies (2003) [34] on solitary waves in 2D lattices may be
mentioned for 2D nonlinear lattices, where the interactions have been restricted to the
central type.

In this paper, the in-plane vibration of a rectangular linear elastic lattice according
to the model by Gazis et al. [24], in which non-central interactions are of the angular
type, is investigated to obtain the exact solutions for the eigen-frequencies and modes
analytically, for simply supported boundary conditions (in-plane vibration problem with
sliding supports). This lattice problem (discrete problem) has not been solved analytically
in the literature. The free vibration characteristics of the rectangular lattice are obtained by
posing and solving a linear two-�eld difference eigenvalue problem. The stiffness of the
lattice interactions in the vicinity of the boundary is corrected to preserve the symmetry
properties of the discrete displacement �eld along the boundaries. Two classes of constraints
are considered, i.e., sliding supports at the nodes, once normal and then parallel to the
boundary. For both boundary conditions, a single equation for the eigenfrequency spectrum
is derived, with two families of eigenmodes. The lattice solution is compared to the
available continuous one of the in-plane eigenfrequency for a plate, analytically derived by
Rayleigh (1894) [35] (see also Rayleigh, 1889 [36]), and numerically obtained by Bardell et al.
(1996) [37] and Gorman (2006) [38]. We also derived higher-order continuum plate models,
under plane stress assumptions, which are asymptotically formulated from the lattice plate
difference equations. It is possible to obtain the exact solutions of the eigenfrequencies for
both higher-order plate models, a strain gradient elasticity plate model and a nonlocal plate
model. The strain gradient plate model is similar to the one derived by Mindlin (1968) [ 26],
here restricted to plane stress assumptions. Both higher-order continua are shown to
accurately �t the behaviour of the lattice, including its scale-dependence behaviour, i.e.,
the dependence of the normalised eigenfrequency with respect to the number of cells in
each direction. Both models converge towards the local plate solution derived by Rayleigh
(1894) [35] when the number of cells in each direction is suf�ciently large.

2. In-Plane Vibrations of a Discrete Rectangular Plate

We investigated the free vibration of a 2D linear elastic lattice exhibiting central
and non-central angular interactions (see Figure 1). This lattice is the one pioneered by
Gazis et al. (1960) [24] for cubic lattices with angular interactions, which has also been
studied by Mindlin (1968) [ 26] and Mindlin (1970) [ 27]. This lattice, restricted to a 2D
analysis in this study, is monatomic and square, composed of particles with an equal mass
M and lattice spacing a. The linear elastic interactions among them consist of (a) nearest
and next-to-nearest central forces, represented by axial springs of stiffnessa and b between
the nearest and next-to-nearest particles, respectively; (b) non-central interactions given
by force couples, represented by rotational springs of stiffness C = g a2. a and b are the
two parameters of the central interaction, whereas g is the parameter of the non-central (or
angular) interaction. The three stiffness parameters a, b and g have the same dimensions.
The governing equations of the lattice may be derived from the elastic potential energy.
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where the stiffnessesa, b, g are positive to ensure the positive de�niteness of the energy;
pure central interactions are attained if g = 0 (Navier's, Poisson's or Cauchy's molecular
assumption).
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Figure 1. Lattice plate with central and angular interactions on sliding support (case A); n = m = 3;
corrections of the elastic interactions at the border.

Since the lattice has concentrated masses only, its kinetic energy has the simple form:

T = å
i

å
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.
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M
.
v

2
i,j (2)

where the superdot denotes the time derivative. Hamilton's principle applied to the
Lagrangian L = T � U yields the mixed differential-difference equations of the 2D Gazis
et al.'s lattice (Challamel et al., 2022 [39]):
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If n, m are integers, we calculate the in-plane eigenfrequencies of rectangular lattices
of length L1 = na along the `horizontal' and width L2 = maalong the `vertical' with sliding
supports at their boundaries. In Figure 1, for instance, the lattice plate on sliding supports
is represented with n = m = 3. Then, if w is the circular frequency of the in-plane natural
vibration, the mixed differential-difference equation, Equation (3), is reduced to a system of
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spatial difference equations. We must solve the linear eigenvalue problem resulting from
the coupled system of difference equations
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We consider two cases of constraints (which can be referred to as simply supported
boundary conditions) provided by sliding supports at the boundary particles, as discussed,
for instance, by Gorman (2006) [38] for a continuum in the shape of a plate:

- In case A (Figure 1), the tangential displacement and the normal load at the lattice
boundary vanish (sliding supports normal to the boundary). The displacement-based
boundary conditions are as follows:

v0,j = 0 for j 2 f 0, 1, . . . ,mg; vn,j = 0 for j 2 f 0, 1, . . . ,mg;

ui ,0 = 0 for i 2 f 0, 1, . . . ,ng; ui ,m = 0 for i 2 f 0, 1, . . . ,ng; (5)

The discrete Dirichlet boundary conditions in Equation (5) for the simply supported
edges (case A) are completed by the discrete Neumann boundary conditions of vanishing
normal force along the four edges. The same boundary conditions of case A can be
considered for the continuous plate, as shown in Figure 2.

- In case B (Figure3), the normal displacement and the tangential load at the lattice
boundary vanish (sliding supports parallel to the boundary).

u0,j = 0 for j 2 f 0, 1, . . . ,mg; un,j = 0 for j 2 f 0, 1, . . . ,mg;

vi ,0 = 0 for i 2 f 0, 1, . . . ,ng; vi ,m = 0 for i 2 f 0, 1, . . . ,ng; (6)

 

�� �4

������ ���������������� ���� ����������������

������ ���������������� ���� ����������������

Figure 2. Continuous plate on sliding support (for the in-plane continuous plate problem)—case A.
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corrections of the elastic interactions at the border.

The discrete Dirichlet boundary conditions in Equation (6) of simply supported edges
(case B) are completed by the discrete Neumann boundary conditions of vanishing of the
tangential force along the four edges. The same boundary conditions of case B can be
considered for the continuous plate, as shown in Figure 4.
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Figure 4. Continuous plate on sliding support (for the in-plane continuous plate problem)—case B.

As shown in Figures 1 and 3 for a square lattice with n = m = 3, the stiffness of
border springs is half of that for the inner springs, as detailed by McHenry (1943) [ 40]
and Hrennikoff (1941) [ 41] for 2D lattices with pure central interactions; we used the
same approach in Challamel et al. (2023) [3] and Challamel et al. (2024) [25] to obtain
the static responses of Gazis et al.'s lattices with central and non-central interactions. We
follow here the same methodology for the free in-plane vibration of such lattices: the
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eigenfrequencies and eigenmodes derive from the linear algebraic problem associated with
the discrete displacement (standard matrix eigenvalue problem), and the stiffness and the
mass matrices are assembled from the difference equation, Equation (4).

Additionally, some exact solutions can be obtained for the eigenfrequencies and
eigenmodes of the (n � m) rectangular lattice supported as in cases A and B. Using a
methodology described by Mindlin (1970) [ 27] for the free shear vibration of Gazis et al.'s
lattice, and posing the (k1, k2) mode numbers, the solution for case A simply supported
edges (with sliding normal to the boundary) is thought to be in the form:
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�
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�
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�
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Similarly, the solution for case B simply supported edges (with sliding support along
the boundary) is thought to be in the form:
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For both simply supported lattice plate problems with case A and case B boundary con-
ditions, the substitution of Equation (7) into Equation (4) or the substitution of Equation (8)
into Equation (4) furnishes:
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which can be rewritten as:
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�
k1p
2n

�
� M w2

(11)

The vanishing of the determinant of the system in Equation (9) or Equation (10),
with the positions in Equation (11), gives a quartic characteristic equation for the in-plane
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eigenfrequencies of the rectangular lattice constrained according to cases A or B, which
is then:

A11

�
w2

�
A22

�
w2

�
� A12A21 = 0 (12)

This quartic equation can be explicitly written as:

M 2w4

� M w2
h
(4a + 16g)

h
sin2

�
k1p
2n

�
+ sin2

�
k2p
2m

�i
+ 4b

h
1 � cos

�
k1p
n

�
cos

�
k2p
m

�ii

+
h
4a sin2

�
k1p
2n

�
+ 2b

h
1 � cos

�
k1p
n

�
cos

�
k2p
m

�i
+ 16g sin2

�
k2p
2m

�i

h
4a sin2

�
k2p
2m

�
+ 2b

h
1 � cos

�
k1p
n

�
cos

�
k2p
m

�i
+ 16g sin2

�
k1p
2n

�i

� (2b + 4g)2 sin2
�

k1p
n

�
sin2

�
k2p
m

�
= 0

(13)

and admits two families of solutions: shearing modes (which we will see correspond to
smaller roots) and the longitudinal modes (larger roots). For each boundary condition
(simply supported edges with case A or B), the modes associated with the eigenfrequencies
are selected to preserve the kinematic compatibility, as detailed below for the continuous
plate problem.

3. Continuous Calibration and Numerical Results

The difference equations Equation (4) of Gazis et al.'s lattice asymptotically converge
to Navier's partial differential equations for a suf�ciently small spacing between pairs of
particles. Between the discrete and the equivalent continuum connected at the nodal points
ui ,j = u(x = ai, y = aj) and vi ,j = v(x = ai, y = aj), and for suf�ciently smooth functions,
it is:

ui+ 1,j+ 1 = u(x + a, y + a) = ea(¶x+ ¶y)u(x, y) and vi+ 1,j+ 1 = v(x + a, y + a) = ea(¶x+ ¶y)v(x, y) (14)

We shall make use of the technique developed by Cauchy (1828) [42], which allows
the expansion of some difference operators in the Taylor series of differential operators
by assuming a suf�ciently smooth evolution function. The expansion of the difference
operators in the governing equation, Equation (4), up to the �rst terms yields Navier's type
of partial differential equations:

8
<

:

(a + b) ¶2u
¶x2 + (2b + 4g) ¶2v

¶x¶y + (4g + b) ¶2u
¶y2 + w2 M

a2 u = 0

(a + b) ¶2v
¶y2 + (2b + 4g) ¶2u

¶x¶y + (4g + b) ¶2v
¶x2 + w2 M

a2 v = 0
(15)

Navier's asymptotic continuous linear isotropic equations for plane stress are:
8
<

:

E
1� u2

¶2u
¶x2 + E

2(1� u)
¶2v

¶x¶y + E
2(1+ u)

¶2u
¶y2 + w2r u = 0

E
1� u2

¶2v
¶y2 + E

2(1� u)
¶2u
¶x¶y + E

2(1+ u)
¶2v
¶x2 + w2r v = 0

(16)

Comparing Equations (15) and (16) makes it possible to identify the elastic constants of
the lattice, yielding the following micro/macro scaling re lations (see also Challamel et al.,
2023 [3]):

M = r a2h and

8
><

>:

a + b = Eh
1� u2

2b + 4g = Eh
2(1� u)

4g + b = Eh
2(1+ u)

)

8
><

>:

a = Eh
1+ u

b = Ehu
1� u2

g = Eh(1� 3u)
8(1� u2)

(17)

where h is the depth of the plane element, E the Young's modulus, u is the Poisson's ratio
and r is the mass density of the material per unit volume.
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The de�nite positivity of the potential energy of Gazis et al.'s lattice in plane stress
implies the positivity of each central and non-central stiffness parameters, i.e.,

a � 0, b � 0 and g � 0 ) E � 0 and u 2
�
0;

1
3

�
(18)

It is possible to include other non-central interactions, based on the surface potentials,
to calibrate the lattice so as to have larger equivalent Poisson's ratios u, as shown by
Challamel et al. (2024) [25].

With these scaling coef�cients, the difference equations to be solved for the free
vibration of Gazis et al.'s (1960) lattice could be equivalently rewritten as (as obtained by
Challamel et al., 2023 [3] or Challamel et al., 2024 [25]):

8
>>>>><

>>>>>:

E
1+ u

�
ui+ 1,j � 2ui ,j + ui � 1,j

�
+ Eu

2(1� u2)

�
ui+ 1,j+ 1 + ui � 1,j � 1 + ui � 1,j+ 1 + ui+ 1,j � 1 � 4ui ,j

�
+

E
8(1� u)

�
vi+ 1,j+ 1 � vi � 1,j+ 1 � vi+ 1,j � 1 + vi � 1,j � 1

�
+ E(1� 3u)

2(1� u2)

�
ui ,j+ 1 � 2ui ,j + ui ,j � 1

�
+ w2r a2 ui ,j = 0

E
1+ u

�
vi ,j+ 1 � 2vi ,j + vi ,j � 1

�
+ Eu

2(1� u2)

�
vi+ 1,j+ 1 + vi � 1,j � 1 + vi � 1,j+ 1 + vi+ 1,j � 1 � 4vi ,j

�
+

E
8(1� u)

�
ui+ 1,j+ 1 � ui � 1,j+ 1 � ui+ 1,j � 1 + ui � 1,j � 1

�
+ E(1� 3u)

2(1� u2)

�
vi+ 1,j � 2vi ,j + vi � 1,j

�
+ w2r a2 vi ,j = 0

(19)

In this way, the elastic lattice turns to a �nite difference (FD) formulation of the
continuous elastic plate (see Challamel et al. [3]). It is also possible to provide a non-
dimensional formulation of the problem, starting from the introduction of the dimensionless
frequency W:

W =
w L1

cL
with cL =

s
E

r (1 � u2)
(20)

where cL is the longitudinal wave speed of the asymptotic elastic linear isotropic continuum.
The dimensionless frequency can be also de�ned with respect to the lattice parameters:

W =
w L1

cL
with cL =

s
a + b

r h
= a

r
a + b

M
(21)

By Equations (20) and (21), the difference equations, Equation (19), can be equivalently
formulated as:

8
>>><

>>>:

(1 � u)
�
ui+ 1,j � 2ui ,j + ui � 1,j

�
+ u

2

�
ui+ 1,j+ 1 + ui � 1,j � 1 + ui � 1,j+ 1 + ui+ 1,j � 1 � 4ui ,j

�
+

1+ u
8

�
vi+ 1,j+ 1 � vi � 1,j+ 1 � vi+ 1,j � 1 + vi � 1,j � 1

�
+ 1� 3u

2

�
ui ,j+ 1 � 2ui ,j + ui ,j � 1

�
+ W2

n2 ui ,j = 0
(1 � u)

�
vi ,j+ 1 � 2vi ,j + vi ,j � 1

�
+ u

2

�
vi+ 1,j+ 1 + vi � 1,j � 1 + vi � 1,j+ 1 + vi+ 1,j � 1 � 4vi ,j

�
+

1+ u
8

�
ui+ 1,j+ 1 � ui � 1,j+ 1 � ui+ 1,j � 1 + ui � 1,j � 1

�
+ 1� 3u

2

�
vi+ 1,j � 2vi ,j + vi � 1,j

�
+ W2

n2 vi ,j = 0

(22)

The discrete eigenfrequency problem only depends on three dimensionless parameters,
Poisson's ratio � and the number of particles in each direction n and m:

W = W(u, n, m) (23)

For a square plate, the eigenfrequency problem only depends on the Poisson's ratio
and the number n = m of particles, W = W(u, n). At the asymptotic limit n ! ¥ , i.e., for
the asymptotic continuum, the eigenfrequency determination of the square continuous
plate only depends on the Poisson's ratio � .

The numerical results for the in-plane eigenfrequencies of square lattices composed of
10 � 10, 20� 20 and 40� 40 Gazis et al.'s cells with the Poisson's ratio � = 0.3 are presented
in Tables 1 and 2 (case A), and in Tables3 and 4 (case B). Tables1 and 3 show a perfect
agreement between the analytical solution obtained from the quartic equation and the direct
numerical method based on matrix eigenvalues. The eigenfrequencies increase with respect
to the number n of cells, and asymptotically converge to those of the continuous plate.
It is also con�rmed that the two cases, A and B, controlled by the same eigenfrequency
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equation, do not have the same spectra, due to the incompatibility of some modes with the
given constraints. Consequently, the two boundary conditions yield distinct spectra for
both the lattice and the asymptotic continuum. The eigenmode numbers associated with
each mode are indicated in Tables2 and 4 for cases A and B, respectively. The eigenmodes
for both boundary conditions are shown in Figures 5 and 6: note that the mode shapes
of both the lattice and continuum do not depend on the Poisson's ratio, as highlighted
by the eigenmode equations, Equation (7) (case A) and Equation (8) (case B). The 10 �rst
modes are shown for cases A and B for the 20� 20 cells lattice: this con�rms the physical
difference between the two lattices with distinct constraints. The lattice appears well suited
for a better understanding of the discrete modes according to the lattice cell deformations.

Table 1. Comparison of eigenfrequencies Wbetween the lattice solution (analytical) and the numerical
lattice solution from the algebraic eigenvalue computation— � = 0.3—case A.

Mode
Numerical Solutions for Lattice Model, W Analytical Solutions for Lattice Model, W Analytical Solutions

for Continuous
Plate, W

10 � 10 Cell
Lattice

20 � 20 Cell
Lattice

40 � 40 Cell
Lattice

10 � 10 Cell
Lattice

20 � 20 Cell
Lattice

40 � 40 Cell
Lattice

1 1.851 1.857 1.858 1.851 1.857 1.858 1.859

2 1.851 1.857 1.858 1.851 1.857 1.858 1.859

3 2.620 2.626 2.628 2.620 2.626 2.628 2.628

4 3.656 3.702 3.713 3.656 3.702 3.713 3.717

5 3.656 3.702 3.713 3.656 3.702 3.713 3.717

6 4.104 4.143 4.153 4.104 4.143 4.153 4.156

7 4.104 4.143 4.153 4.104 4.143 4.153 4.156

8 4.391 4.430 4.440 4.391 4.430 4.440 4.443

9 5.188 5.240 5.253 5.188 5.240 5.253 5.257

10 5.372 5.524 5.563 5.372 5.524 5.563 5.576

Table 2. Eigenfrequency W and eigenmode lattice solution (numerical and analytical)— � = 0.3—
case A.

Mode

Eigenmode Numbers and Mode Type
Analytical and Numerical Solutions for

Lattice Model, W
Analytical

Solutions for
Continuous

Plate, Wk1 k2 Mode
10 � 10 Cell

Lattice
20 � 20 Cell

Lattice
40 � 40 Cell

Lattice

1 0 1 shearing 1.851 1.857 1.858 1.859

2 1 0 shearing 1.851 1.857 1.858 1.859

3 1 1 shearing 2.620 2.626 2.628 2.628

4 0 2 shearing 3.656 3.702 3.713 3.717

5 2 0 shearing 3.656 3.702 3.713 3.717

6 1 2 shearing 4.104 4.143 4.153 4.156

7 2 1 shearing 4.104 4.143 4.153 4.156

8 1 1 longitudinal 4.391 4.430 4.440 4.443

9 2 2 shearing 5.188 5.240 5.253 5.257

10 0 3 shearing 5.372 5.524 5.563 5.576
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Table 3. Comparison of eigenfrequencies Wbetween the lattice solution (analytical) and the numerical
lattice solution from the algebraic eigenvalue computation— � = 0.3—case B.

Mode
Numerical Solutions for Lattice Model, W Analytical Solutions for Lattice Model, W Analytical Solutions

for Continuous
Plate, W

10 � 10 Cell
Lattice

20 � 20 Cell
Lattice

40 � 40 Cell
Lattice

10 � 10 Cell
Lattice

20 � 20 Cell
Lattice

40 � 40 Cell
Lattice

1 2.620 2.626 2.628 2.620 2.626 2.628 2.628

2 3.129 3.138 3.141 3.129 3.138 3.141 3.142

3 3.129 3.138 3.141 3.129 3.138 3.141 3.142

4 4.104 4.143 4.153 4.104 4.143 4.153 4.156

5 4.104 4.143 4.153 4.104 4.143 4.153 4.156

6 4.391 4.430 4.440 4.391 4.430 4.440 4.443

7 5.188 5.240 5.253 5.188 5.240 5.253 5.257

8 5.691 5.830 5.866 5.691 5.830 5.866 5.877

9 5.691 5.830 5.866 5.691 5.830 5.866 5.877

10 6.180 6.257 6.277 6.180 6.257 6.277 6.283

�4

�4

�4
�� �4 �4

�4 �4

 
 

Mode 1 Mode 2 

  
Mode 3 Mode 4 

Figure 5. Cont.
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Mode 7 Mode 8 

 
 

Mode 9 Mode 10 
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Figure 5. Eigenmodes of the lattice plate on sliding support (for the in-plane lattice plate problem)—
20 � 20 cell square lattice (case A).
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Figure 6. Eigenmodes of the lattice plate on sliding support (for the in-plane lattice plate problem)—
20 � 20 cell square lattice (case B).

Table 4. Eigenfrequency W and eigenmode lattice solution (numerical and analytical)— � = 0.3—
case B.

Mode

Eigenmode Numbers and Mode Type Analytical Solutions for Lattice Model, W Analytical Solutions
for Continuous

Plate, Wk1 k2 Mode
10 � 10 Cell

Lattice
20 � 20 Cell

Lattice
40 � 40 Cell

Lattice

1 1 1 shearing 2.620 2.626 2.628 2.628

2 0 1 longitudinal 3.129 3.138 3.141 3.142

3 1 0 longitudinal 3.129 3.138 3.141 3.142

4 1 2 shearing 4.104 4.143 4.153 4.156

5 2 1 shearing 4.104 4.143 4.153 4.156
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Table 4. Cont.

Mode

Eigenmode Numbers and Mode Type Analytical Solutions for Lattice Model, W Analytical Solutions
for Continuous

Plate, Wk1 k2 Mode
10 � 10 Cell

Lattice
20 � 20 Cell

Lattice
40 � 40 Cell

Lattice

6 1 1 longitudinal 4.391 4.430 4.440 4.443

7 2 2 shearing 5.188 5.240 5.253 5.257

8 1 3 shearing 5.691 5.830 5.866 5.877

9 3 1 shearing 5.691 5.830 5.866 5.877

10 0 2 longitudinal 6.180 6.257 6.277 6.283

4. In-Plane Vibrations of Continuous Plates—Rayleigh Solution

We now detail and comment on the exact solution of continuous plates compared to
that of discrete lattices. Navier's partial differential equations for linear isotropic elastic
plates, Equation (16), hold for plane stress and describe the in-plane vibration. As for the
lattice constrained by sliding supports, we consider two boundary conditions (see also
Gorman, 2006 [38]):

- In case A (Figure 2), the continuous tangential displacement and normal stress vanish
(sliding supports normal to the boundary). The solution can be thought of in the same
form considered for the lattice under the constraints of case A:

u(x, y) = U cos
�

k1p x
L1

�
sin

�
k2p y

L2

�
and v(x, y) = V sin

�
k1p x

L1

�
cos

�
k2p y

L2

�
(24)

- In case B (Figure4), the continuous normal displacement and shear stress vanish
(sliding supports along the boundary). The solution can be thought of in the same
form considered for the lattice under the constraints of case B:

u(x, y) = U sin
�

k1p x
L1

�
cos

�
k2p y

L2

�
and v(x, y) = V cos

�
k1p x

L1

�
sin

�
k2p y

L2

�
(25)

The substitution of Equation (24) into Equation (16), or Equation (25) into Equation (16)
gives the same eigenfrequency solution (for both simply supported boundary conditions)
for the linear elastic 2D continuous medium in plane stress, which coincides with the
expressions in Rayleigh (1894) [35]:

8
>><

>>:

�
E

1� u2

�
k1p
L1

� 2
+ E

2(1+ u)

�
k2p
L2

� 2
� rw 2

�
U + E

2(1� u)

�
k1p
L1

��
k2p
L2

�
V = 0

E
2(1� u)

�
k1p
L1

��
k2p
L2

�
U +

�
E

1� u2

�
k2p
L2

� 2
+ E

2(1+ u)

�
k1p
L1

� 2
� rw 2

�
V = 0

(26)

From Equation (26), the eigenfrequencies are solutions of a quartic equation:

�
E

1� u2

�
k1p
L1

� 2
+ E

2(1+ u)

�
k2p
L2

� 2
� rw 2

� �
E

1� u2

�
k2p
L2

� 2
+ E

2(1+ u)

�
k1p
L1

� 2
� rw 2

�

� E2

4(1� u)2

�
k1p
L1

� 2�
k2p
L2

� 2
= 0

(27)

which may be presented in the equivalent form:

�
rw 2

� 2
�

E(3 � u)
2(1 � u2)

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#

rw 2 +
E2

2(1 + u)(1 � u2)

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#2

= 0 (28)
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Equation (28) gives the two families of frequencies for the in-plane vibration in
plane stress:

rw 2 =
1
4

E
1 � u2 [3 � u � (1 + u)]

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#

(29)

The position in Equation (20) holds here also; thus, we obtain the non-dimensional
frequency of the continuous plate for both boundary conditions:

W2 =
1
4

[3 � u � (1 + u)]p 2

"

k2
1 + k2

2

�
L1

L2

� 2
#

(30)

which can be also written as:

W2 =
1 � u

2
p 2

"

k2
1 + k2

2

�
L1

L2

� 2
#

for the shearing modes

or W2 = p 2

"

k2
1 + k2

2

�
L1

L2

� 2
#

for the longitudinal modes (31)

Equation (31) was obtained by Rayleigh (page 405 of Rayleigh, 1894 [35]) and numer-
ically con�rmed by Bardell et al. (1996) [ 37] using a Rayleigh–Ritz approach. Rayleigh
(1894) [35] implicitly gave the solution for a cylinder with an in�nite radius that converges
to a plate, with cyclic boundary conditions equivalent to simple supports.

For a square plate,L1 = L2, and we have for both boundary conditions:

W =

r
1 � u

2
p

q
k2

1 + k2
2 for the shearing modes

or W = p
q

k2
1 + k2

2 for the longitudinal modes (32)

It is worth studying the situations when k1 or k2 vanishes; for instance, let k2 = 0 in
Equation (26): 8

>><

>>:

�
E

1� u2

�
k1p
L1

� 2
� rw 2

�
U = 0

�
E

2(1+ u)

�
k1p
L1

� 2
� rw 2

�
V = 0

(33)

For the boundary condition of free normal stress (case A), k2 = 0 is associated with
U = 0; then, only the shearing modes must be considered:

k2 = 0 ) W = k1p

r
1 � u

2
(34)

An analogous result is obtained considering k1 = 0; thus, for k1 = 0 or k2 = 0 and the
boundary conditions of case A, only the shearing modes must be selected:

k1 = 0 ) W = k2p

r
1 � u

2
or k2 = 0 ) W = k1p

r
1 � u

2
(35)

For the boundary condition of no normal displacement (case B), k2 = 0 is associated
with V = 0; then, only the longitudinal modes must be considered:

k2 = 0 ) W = k1p (36)
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An analogous result is obtained considering k1 = 0; thus, for k1 = 0 or k2 = 0 and the
boundary conditions of case B, only the longitudinal modes must be selected:

k1 = 0 ) W = k2p or k2 = 0 ) W = k1p (37)

To summarise, the two boundary conditions of cases A and B are associated with
the same spectrum (with different mode shapes), except for the limit situation in which
k1k2 = 0. In such situation, we must consider only pure shear modes for case A and only
pure longitudinal modes for case B. The numerical results are presented in Table 5 for a
continuous square plate constrained as in cases A and B.

Table 5. Exact eigenfrequenciesW of a simply supported square local continuous plate—in-plane
vibrations; case A and case B boundary conditions; � = 0.3.

(k1, k2)
Case A (as Analysed by
Bardell et al., 1996 [37])

Case B

(0, 1) � [(1 � � )/2]ˆ0.5 � 1.859

(1, 0) � [(1 � � )/2]ˆ0.5 � 1.859

(1, 1) � [1 � � ]ˆ0.5 � 2.628 � [1 � � ]ˆ0.5 � 2.628

(0, 1)† � � 3.142

(1, 0)† � � 3.142

(0, 2) � [2*(1 � � )]ˆ0.5 � 3.717

(2, 0) � [2*(1 � � )]ˆ0.5 � 3.717

(1, 2) � [5*(1 � � )/2]ˆ0.5 � 4.156 � [5*(1 � � )/2]ˆ0.5 � 4.156

(2, 1) � [5*(1 � � )/2]ˆ0.5 � 4.156 � [5*(1 � � )/2]ˆ0.5 � 4.156

(1, 1)† � [2]ˆ0.5 � 4.443 � [2]ˆ0.5 � 4.443

(2, 2) 2� [1 � � ]ˆ0.5 � 5.257 2� [1 � � ]ˆ0.5 � 5.257
† These are longitudinal modes (all the others are shearing modes).

In conclusion, the eigenfrequencies for the square plate constrained as in case A are:

W =

r
1 � u

2
p

q
k2

1 + k2
2 for the shearing modes including k1k2 = 0

or W = p
q

k2
1 + k2

2 for the longitudinal modes with k1k2 6= 0 (38)

The eigenfrequencies for the square plate constrained as in case B are:

W =

r
1 � u

2
p

q
k2

1 + k2
2 for the shearing modes with k1k2 6= 0

or W = p
q

k2
1 + k2

2 for the longitudinal modes including k1k2 = 0 (39)

The same conclusions hold for the plane lattice for both boundary conditions of cases
A and B. Note that the modes of the lattice and of the continuous plate coincide, while the
eigenfrequencies differ between the discrete and the continuous problem. As highlighted
by Tables 1 and 3, the eigenfrequencies of the plane lattice converge to those of the con-
tinuous plate from below, as classically obtained from Finite Difference Methods (FDMs)
applied to homogeneous structural dynamic problems (see, for instance, Collatz, 1960 [43];
Challamel et al., 2015 [44]; Wang et al., 2020 [6]). Challamel et al. (2015) [44] commented
on the lower status of FDM for one-dimensional continuous eigenvalue problems, such
as the free vibration of �nite rods or strings. The FDM has also a lower bound status for
the eigenfrequency calculation of continuous membranes with the so-called lumped mass
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method (see also Polya, 1952 [45] or Tong et al., 1971 [14] for FD linear 2D homogeneous
eigenvalue problems such as that of the membrane). It is worth mentioning that the lower
bound or upper bound status of the discrete approach is strongly sensitive to the mass
repartition in the lattice, as analysed by Polya (1952) [45] for the discrete membrane problem
or Challamel et al. (2016) [46] for the discrete rod or string problem (lumped mass method
as opposed to the consistent distributed mass method).

5. Higher-Order Elasticity and Nonlocal Elasticity

By using the continualisation procedure presented in Equation (14), the difference
eigenvalue problem in Equation (22) can be approximated via a higher-order elasticity
continuous eigenvalue problem, by considering second-order terms in the asymptotic
expansion of the difference operators:

8
>>>>>><

>>>>>>:

¶2u
¶x2 +

�
1+ u

2

�
¶2v

¶x¶y +
�

1� u
2

�
¶2u
¶y2

+ a2

12

h
¶4u
¶x4 +

�
1� u

2

�
¶4u
¶y4 + 6u ¶4u

¶x2¶y2 + (1 + u)
�

¶4v
¶x3¶y

+ ¶4v
¶x¶y3

�i
+ W2

L2
1

u = 0

¶2v
¶y2 +

�
1+ u

2

�
¶2u
¶x¶y +

�
1� u

2

�
¶2v
¶x2

+ a2

12

h
¶4v
¶y4 +

�
1� u

2

�
¶4v
¶x4 + 6u ¶4v

¶x2¶y2 + (1 + u)
�

¶4u
¶x3¶y

+ ¶4u
¶x¶y3

�i
+ W2

L2
1

v = 0

(40)

Mindlin (1968) [ 26] adopted the same reasoning to derive cubic strain gradient elastic-
ity equations from the 3D lattice model of Gazis et al. [ 20]. Equation (40) corresponds to
the partial differential equations of a strain gradient elastic continuum under plane stress
assumptions, with additional terms proportional to a2/12 that account for the lattice's
small-scale effects. Equation (40) was also derived by Challamel et al. (2023) [3] and
Challamel et al. (2024) [25].

The substitution of Equation (24) into Equation (40) or Equation (25) into Equation (40)
gives the same linear system (for both simply supported boundary conditions) for the
linear strain gradient elastic 2D medium:

�
B11

�
W2

�
U + B12V = 0

B21U + B22
�
W2

�
V = 0

(41)

with:
8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:
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� 2
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2 u
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B21 = B12 =
�

1+ u
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��
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L1
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�
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12(1 + u)
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L1
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k2p
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� � �
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L1

� 2
+

�
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�
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�
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�
=

�
k2p
L2

� 2
�
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�
k2p
L2

� 2
�

+
�

1� u
2

��
k1p
L1

� 2
�
1 � a2
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�
k1p
L1

� 2
�

� a2

2 u
�

k1p
L1

� 2�
k2p
L2

� 2
� W2

L2
1

(42)

The quartic equation for the in-plane eigenfrequencies of the lattice-based rectan-
gular strain gradient elastic plate (with case A or case B boundary conditions) is then
obtained from:

B11

�
W2

�
B22

�
W2

�
� B12B21 = 0 (43)

A nonlocal plate model is obtained by multiplying the partial differential equations,
Equation (40), by the differential operator (1 � a2D/12), where D is the 2D Laplacian
operator, and limiting to the terms in a2 to avoid higher-order differential operators (see
also Challamel et al., 2022 [39] who applied this methodology for deriving 2D lattice-based
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nonlocal elasticity equations in plane strain, or Zhang et al., 2021 [47] for alternative 2D
lattices in plane stress). The nonlocal elasticity equations in plane stress are:

8
>>>>>><

>>>>>>:

¶2u
¶x2 +

�
1+ u

2

�
¶2v

¶x¶y +
�

1� u
2

�
¶2u
¶y2

+ a2

24

h
(� 3 + 13u) ¶4u

¶x2¶y2 + (1 + u)
�

¶4v
¶x3¶y

+ ¶4v
¶x¶y3

�i
+ W2

L2
1

�
1 � a2

12D
�

u = 0

¶2v
¶y2 +

�
1+ u

2

�
¶2u
¶x¶y +

�
1� u

2

�
¶2v
¶x2

+ a2

24

h
(� 3 + 13u) ¶4v

¶x2¶y2 + (1 + u)
�

¶4u
¶x3¶y

+ ¶4u
¶x¶y3

�i
+ W2

L2
1

�
1 � a2

12D
�

v = 0

(44)

This lattice-based nonlocal plate model has the advantage of avoiding higher-order
differential operators and the discussion of higher-order variationally based boundary
conditions. As already commented by Zhang et al. (2021) [47] or Challamel et al. (2022) [39],
these lattice-based partial differential equations differ from the in-plane Eringen's non-
local plate model (based on Eringen's differential law—Eringen, 1983 [ 48] applied to
plate mechanics), due to the additional spatial coupling terms in Equation (44) (this phe-
nomenon was already commented on for the out-of-plane responses of lattice plates in
Challamel et al., 2021 [18]). The substitution of Equation (24) into Equation (44), or Equa-
tion (25) into Equation (44) gives the same linear system (for both simply supported
boundary conditions) for the linear lattice-based nonlocal elastic 2D medium:

�
C11

�
W2

�
U + C12V = 0

C21U + C22
�
W2

�
V = 0

(45)

with:
8
>>>>>>>>>>>><

>>>>>>>>>>>>:
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=
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+
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��
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��
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��
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=
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k2p
L2
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+
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��
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L1
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k2p
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L2
1

�
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12

� �
k1p
L1

� 2
+

�
k2p
L2

� 2
��

(46)

The quartic equation for the in-plane eigenfrequencies of the simply supported lattice-
based rectangular nonlocal elastic plate (with case A or case B boundary conditions), is
then obtained from:

C11

�
W2

�
C22

�
W2

�
� C12C21 = 0 (47)

The lattice-based gradient elasticity and the nonlocal elasticity solutions for the plate
are then compared to the exact lattice plate solution in Tables 6 and 7 for a 10 � 10 cell square
lattice (with an asymptotic Poisson's ratio � equal to 0.3), for both boundary conditions.
As expected, an excellent agreement can be noticed between the second-order (gradient or
nonlocal) elastic plate models and the lattice one, especially for the lower modes. For both
models (gradient and nonlocal plate models), and for both simply supported boundary
conditions, the fundamental eigenfrequencies of the enriched continuous models coincide
with the lattice fundamental eigenfrequencies up to three digits. The difference tends
to increase with the mode numbers. This is also con�rmed by the curves in Figures 7–9
also valid for the n � n cell square lattice with the asymptotic Poisson's ratio � equal
to 0.3. The dependence of the dimensionless fundamental frequency W1,0 = W0,1 with
respect to the number n of cells in each direction (with case A simply supported boundary
conditions) is compared in Figure 7 for the lattice, the strain gradient and the nonlocal
elastic plate models. For the three models, the convergence towards the local solution
(Rayleigh solution) is from below. Additionally, it is shown that both the gradient elasticity
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and the nonlocal elasticity solutions give accurate results for small values of n such asn = 4.
As expected, the higher-order solutions which are obtained from asymptotic analysis for
suf�ciently large values of n become more precise with an increasing value of n. The same
tendencies are observed in Figure8 for the dimensionless fundamental frequency W1,1 with
respect to the number n of cells in each direction (with case B simply supported boundary
conditions). For both fundamental eigenfrequencies, the gradient elasticity model furnishes
slightly better results than the nonlocal elastic plate model. Finally, the dimensionless
eigenfrequency W2,2 for both sliding supports—case A (which corresponds to mode 9) or
Case B (which corresponds to mode 7) (for the in-plane lattice plate problem)—is plotted
versus the number n of cells. The higher-order solutions are less accurate for this higher
frequency regime, but they still constitute a relevant approximation of the lattice solution,
especially for the lattice-based strain gradient plate solution.

Table 6. Eigenfrequencies W of the gradient elasticity and nonlocal plate models compared to the
lattice ones—� = 0.3—case A.

Mode

Eigenmode Numbers and Mode Type
Analytical and Numerical Solutions for

Lattice Model, W Local
Continuous

Plate, Wk1 k2 Mode
10 � 10 Cell

Lattice
Gradient
Elasticity

Nonlocal
Elasticity

1 0 1 shearing 1.851 1.851 1.851 1.859

2 1 0 shearing 1.851 1.851 1.851 1.859

3 1 1 shearing 2.620 2.620 2.620 2.628

4 0 2 shearing 3.656 3.656 3.658 3.717

5 2 0 shearing 3.656 3.656 3.658 3.717

6 1 2 shearing 4.104 4.103 4.105 4.156

7 2 1 shearing 4.104 4.103 4.105 4.156

8 1 1 longitudinal 4.391 4.390 4.391 4.443

9 2 2 shearing 5.188 5.189 5.193 5.257

10 0 3 shearing 5.372 5.366 5.380 5.576

Table 7. Eigenfrequencies W of the gradient elasticity and nonlocal plate models compared to the
lattice ones—� = 0.3—case B.

Mode

Eigenmode Numbers and Mode Type
Analytical and Numerical Solutions for

Lattice Model, W Local
Continuous

Plate, Wk1 k2 Mode
10 � 10 Cell

Lattice
Gradient
Elasticity

Nonlocal
Elasticity

1 1 1 shearing 2.620 2.620 2.620 2.628

2 0 1 longitudinal 3.129 3.129 3.129 3.142

3 1 0 longitudinal 3.129 3.129 3.129 3.142

4 1 2 shearing 4.104 4.103 4.105 4.156

5 2 1 shearing 4.104 4.103 4.105 4.156

6 1 1 longitudinal 4.391 4.390 4.391 4.443

7 2 2 shearing 5.188 5.189 5.193 5.257

8 1 3 shearing 5.691 5.683 5.698 5.877

9 3 1 shearing 5.691 5.683 5.698 5.877

10 0 2 longitudinal 6.180 6.179 6.182 6.283
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Figure 7. Evolution of the fundamental eigenfrequency W1,0 = W0,1 of the n � n cell lattice plate
on sliding support—case A (for the in-plane lattice plate problem)—comparison between the exact
lattice plate, the strain gradient elastic plate, the nonlocal elastic plate and the continuous local plate
models; � = 0.3.
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Figure 8. Evolution of the fundamental eigenfrequency W1,1 of the n � n cell lattice plate on sliding
support—case B (for the in-plane lattice plate problem)—comparison between the exact lattice plate,
the strain gradient elastic plate, the nonlocal elastic plate and the continuous local plate models;
� = 0.3.
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Figure 9. Evolution of the eigenfrequency W2,2 of the n � n cell lattice plate on sliding support—case
A (mode 9) or Case B (mode 7) (for the in-plane lattice plate problem)—comparison between the
exact lattice plate, the strain gradient elastic plate, the nonlocal elastic plate and the continuous local
plate models; � = 0.3.

6. Remarks—Plane Strain

The 2D problem investigated in this paper can be alternatively analysed in plane strain,
by comparing the lattice difference equations with those valid for linear elastic isotropy in
plane strain: 8

<

:

( l + 2m) ¶2u
¶x2 + ( l + m) ¶2v

¶x¶y + m¶2u
¶y2 + rw 2u = 0

( l + 2m) ¶2v
¶y2 + ( l + m) ¶2u

¶x¶y + m¶2v
¶x2 + rw 2v = 0

(48)

We identify the micro–macro relations for the plane strain analysis:

8
<

:

a = 2mh
b = l h
g = m� l

4 h
(49)

The eigenfrequencies of the rectangular lattice in plane strain constrained as in cases A
and B can be calculated using the same methodology applied in a plane stress framework.
For the continuum problem based on Equation (48), the displacement �elds in Equation (24)
and Equation (25) are assumed for both boundary conditions of cases A and B. Inserting
Equation (24) or Equation (25) into Equation (48) gives the eigenfrequency problem for the
linear elastic 2D medium in plane strain:

8
>><

>>:

�
( l + 2m)

�
k1p
L1

� 2
+ m

�
k2p
L2

� 2
� rw 2

�
U + ( l + m)

�
k1p
L1

��
k2p
L2

�
V = 0

( l + m)
�

k1p
L1

��
k2p
L2

�
U +

�
( l + 2m)

�
k2p
L2

� 2
+ m

�
k1p
L1

� 2
� rw 2

�
V = 0

(50)

From Equation (50), the eigenfrequencies are solutions of a quartic equation:
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�
( l + 2m)

�
k1p
L1

� 2
+ m

�
k2p
L2

� 2
� rw 2

� �
( l + 2m)

�
k2p
L2

� 2
+ m

�
k1p
L1

� 2
� rw 2

�

� ( l + m)2
�

k1p
L1

� 2�
k2p
L2

� 2
= 0

(51)

which may be presented in the equivalent form:

�
rw 2

� 2
� ( l + 3m)

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#

rw 2 + m( l + 2m)

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#2

= 0 (52)

Equation (52) gives the two families of frequencies in plane strain:

rw 2 =
1
2

[l + 3m� ( l + m)]

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#

(53)

as obtained by Mindlin (2006) [ 49]. Equation (53) can be also rewritten as:

w2

c2
shear

=

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#

or
w2

c2
long

=

" �
k1p
L1

� 2

+
�

k2p
L2

� 2
#

(54)

where we have used the following wave speed valid for the plane strain analysis:

cshear=
r

m
r

; clong =

s
l + 2m

r
(55)

7. Long-Range Interactions

The present analysis, valid for the in-plane vibration of a plane lattice composed of
Gazis et al.'s [20] cells, exhibiting central and non-central interactions, can be extended to
the vibration of lattices composed of cells exhibiting both short- and long-range interactions,
as already investigated by Challamel et al. (2024) [50] for the wave propagation problem in
in�nite media:

a1
�
ui+ 1,j � 2ui ,j + ui � 1,j

�
+ a2

�
ui+ 2,j � 2ui ,j + ui � 2,j

�
+

b1
2

�
ui+ 1,j+ 1 + ui � 1,j � 1 + ui � 1,j+ 1 + ui+ 1,j � 1 � 4ui ,j

�
+ b2

2

�
ui+ 2,j+ 2 + ui � 2,j � 2 + ui � 2,j+ 2 + ui+ 2,j � 2 � 4ui ,j

�
+�

b1
2 + g1

� �
vi+ 1,j+ 1 � vi � 1,j+ 1 � vi+ 1,j � 1 + vi � 1,j � 1

�
+

�
b2
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� �
vi+ 2,j+ 2 � vi � 2,j+ 2 � vi+ 2,j � 2 + vi � 2,j � 2

�
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4g1
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ui ,j+ 1 � 2ui ,j + ui ,j � 1

�
+ 4g2

�
ui ,j+ 2 � 2ui ,j + ui ,j � 2

�
+ M w2ui ,j = 0
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+ a2
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vi ,j+ 2 � 2vi ,j + vi ,j � 2

�
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�
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� �
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�
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� �
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+

4g1
�
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�
+ 4g2

�
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�
+ M w2vi ,j = 0

(56)

where the short-range stiffnessesa1, b1, g1 are positive to ensure the positive de�niteness of
the associated short-range energy, and the long-range stiffnessesa2, b2, g2 are also positive
to ensure the positive de�niteness of the associated long-range energy. This model can also
be understood as a two-cell 2D interaction lattice.
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For this generalised lattice problem with two generic interactions in plane stress, we
have the possible material calibration:

8
><

>:

a1 = Eh
1+ ux1

b1 = Ehu
1� u2 x1

g1 = Eh(1� 3u)
8(1� u2) x1

and

8
>><

>>:

a2 = Eh
1+ u

x2
4

b2 = Ehu
1� u2

x2
4

g2 = Eh(1� 3u)
8(1� u2)

x2
4

and x1 + x2 = 1; x1 � 0; x2 � 0 (57)

where (x1, x2) are weighting coef�cients which control the proportion of short-range to
long-range interactions. (x1, x2) = (1, 0) corresponds to a pure short-range interaction
problem, as previously studied, whereas ( x1, x2) = (0, 1) corresponds to a pure long-range
interaction problem.

To investigate its vibration, it is possible for both boundary conditions of cases A and
B to assume the modes in Equations (7) and (8), thus leading to the coupled system of
linear equations:
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>>>>>>>>>>>>:
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(58)

The vanishing of the determinant of the system Equation (58) gives the quartic equation
for the in-plane eigenfrequencies of rectangular lattices composed of cells with long-range
interactions:

D11
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�
D22

�
w2

�
� D12D21 = 0 (59)
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(60)

Equation (60) is a quartic equation for long-range, also dubbed as multi-cell, interac-
tions, which generalises the one valid for the in-plane vibration of the rectangular lattices
composed of Gazis et al.'s cells [20] exhibiting only short-range, also dubbed as cell-to-
cell, interactions.

8. Conclusions

Studied herein is the in-plane vibration problem of rectangular elastic lattice plates.
The lattice considered here is a 2D model pioneered by Gazis et al. (1960) [24] and accounts
for central and non-central interactions, the latter of the angular type. For suf�ciently small
spacing, the lattice converges to a linear isotropic elastic continuum, at the asymptotic limit.
The rectangular lattice plate is assumed to be constrained by sliding supports along its
boundary. The elastic interaction in the vicinity of the boundaries is corrected, as described
by Hrennikoff (1941) [ 41] and McHenry (1943) [ 40] for central lattices. The exact solutions in
terms of eigenfrequencies and eigenmodes are analytically derived for this in-plane discrete
plate problem from the resolution of a linear difference eigenvalue problem. We show how
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the eigenfrequency spectrum of the rectangular lattice converges to the continuous one
(provided by Rayleigh [ 35]) from below, when the lattice spacing decreases, as usually
observed for such spatial �nite difference eigenvalue problems. We also developed two
lattice-based higher-order continuous plate models to account for the speci�c scale effects
associated with the lattice response. The gradient elasticity model derived herein is built by
asymptotic expansion of the lattice difference equations, including central and non-central
interactions. The gradient elasticity equations coincide with the ones of Mindlin (1968) [ 26],
even if Mindlin [ 26] developed the 3D gradient elasticity model from the 3D Gazis et al.
lattice model [ 20], whereas in the present paper we apply the same methodology for the
plane stress problem. An exact solution for the eigenfrequencies of the simply supported
gradient elasticity plate is also presented, and is shown to accurately �t the lattice response.
We also present the exact solutions for a lattice-based nonlocal plate model which avoids
the used of higher-order differential operators. The exact eigenfrequency solution for this
alternative nonlocal plate model is also derived and compared to the lattice model. Both
size-dependent lattice-based plate models accurately capture the scale effects of the in-plane
lattice. A possible extension of this work would be to consider more general long-range
elastic interactions for the lattice. It would be also interesting to include some additional
inner masses (2D or 3D mass-in-mass lattices), as recently studied by Karampour et al.
(2024) [51] for simply supported mass-in-mass rectangular lattices.
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