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We investigate here a generalized construction of spherical wavelets/needlets which admits extra-flexibility in
the harmonic space, i.e., it allows the corresponding support in multipole (frequency) space to vary in more
general forms than in the standard constructions. We study the analytic properties of this system and we investigate
its behaviour when applied to isotropic random fields: more precisely, we establish asymptotic localization and
uncorrelation properties (in the high-frequency sense) under broader assumptions than typically considered in the
literature.
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1. Introduction and statement of the results

The statistical analysis of spherical random fields has become a rather important research topic in the
last 15 years. In particular, strong motivations have come from a variety of fields, most notably Cos-
mology and Astrophysics, Geophysics, Climate Sciences: at the same time, it has become clear that the
analysis of spherical data can lead to a number of deep mathematical issues, which have independent
interest (see [19,24,31,43] and the references therein). Among these issues, a very important role has
been played by the investigation of spherical wavelet systems, and the analysis of their properties when
applied to spherical random fields.

Among spherical wavelets, one of the most successful proposals is certainly the needlet system,
which was introduced by [32,33] and then applied to random fields and cosmological data immediately
after by [3,27,37]; applications to spherical density estimation were considered in [4] (see also [5]),
whereas extensions to more general harmonic kernels were discussed by [17]. Needlets on one hand
represent a tight-frame system and hence satisfy classical requirements of approximation theory; on the
other hand under some regularity conditions needlet coefficients have been shown to enjoy asymptotic
uncorrelation properties (in the high-resolution sense) which makes their application to random fields
extremely powerful. Extensions of the needlet construction to more general manifolds were given for
instance by [11,12,18,21,22]. Statistical applications are currently too many to be recalled in any rea-
sonable completeness: we refer for instance to [20,23] or more recently [7,10,13,14,16,25,26,42,44].
Applications in Cosmology and Astrophysics are discussed for instance in [9,30,35,39,45,46] and the
references therein.

Our purpose in this paper is to generalize the needlet construction, allowing for a much more flexible
form of the kernel function in the harmonic space; we then proceed to investigate the properties of
these generalized needlet transforms when applied to isotropic spherical random fields. In particular,
we establish explicit bounds on the decay of the correlation function for needlet coefficients under
much broader conditions than given in the existing literature; these results make possible asymptotic
statistical inference in the high-frequency sense for a much greater family of random models. In order
to make these statements more precise, however, we need first to review some notation and background
results.
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1.1. Some background results and notation

Let us recall first some standard background material on harmonic analysis on the sphere; we refer

for instance to [2,28] for more discussion and details. We write as usual L2 (Sd ) to denote the space

of square-integrable functions on the sphere (with respect to Lebesgue measure), where S¢ is the
ZH%
r(

d—dimensional sphere embedded in R¥*!; w, = denotes the d-dimensional spherical surface

measure, with I'(-) the usual Gamma function. The following decomposition holds:

L? (Sd) = g:%ﬂg;d R

where Hp.4 is the restriction to S4 of the space of harmonic and homogeneous polynomials of degree
£ on R%*!, The spaces Hp.4 have dimension

C+ng (€+2nd—1) 2441 (d-1)
Neag = —— =

Nd 4 _(d—l)!(l+0€(]))’ 77d=T;

the elements { fre (]"{g;d} are the eigenfunctions of the Laplace-Beltrami operator
Acafr=—C+d-1)fr,£=0,1,2,...
On H;.4, we can choose a (real or complex-valued) orthonormal basis, which we write as

{Yg’m m=1,.. .,N{e;d} , omitting the dependence on the dimension d. More explicitly, this entails that

every function f € L? (Sd ) admits the L? expansion

Ne.a
FO=300" arm¥em(x), (11)

>0 m=1

where, for{ >0andm=1,...,Np.q,

ag.m = / ?[’m x)f(x)dxeC,
sd

are the so-called spherical harmonic coefficients, whereas dx denotes the surface measure. For any
choice of an orthonormal basis, the following addition formula holds

Ne,a
Zea(er,x2) = D Ve (x1) Yo n (2)

m=1

{+
= lG([Ud) (<)C1,)C2>), for X1,X2 € Sd,
Nawd

where (-,-) denotes the standard scalar product over R4*!, G(gh’) is the Gegenbauer polynomial of
degree ¢ and parameter 14 (see [2], Chapter 2) defined by

1
(_1)6 r(nd + i)r(f-{_ znd) 1- x2)*77d+1/2d_€[(1 _ x2)€+7]d71/2].

(na)
G Xx)=
0= L)l (g + €+ %) dx’
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With some abuse of notation, we shall write both Z,.; (x,y) or Zs.4 ({x,y)), depending on the con-
text. For instance, for d = 2 we have

1
Zeo (x1,x0) = P ({x1,x2)) ,

4
where Py(¢) =1 and

dt’
Pr():[-L1] >R, Pe(t) := W(’z -l e=12,..,

is the usual Legendre polynomial.
The following reproducing kernel property holds

[, 2 o) Zea (.20 dy = Zea (20) 66 orall (.7 €11,

where ¢ is the Kronecker delta. Clearly for any f € L? (Sd ) its projection over the space Hp.4 is given
by

Ne,a
1) =26l 10 = [ Zea o) F OV = Y atanllm ().

m=1

The standard needlet kernel, as introduced by [33], can then be defined as follows; for any j = 1,2,...

¥ ()= )b (B])zed«xy»

>0

where B > 1 is a fixed (bandwidth) parameter, whereas b(-) : R — R is a weight function which satisfies
three properties: a) it is compactly supported in [ B]; b) it is C*; ¢) it satisfies the Partition of Unity
property, namely, ;-0 bz(;j )=1,forall £ eN.

Under these conditions, in [33] the following nearly-exponential localization property is established;
for all x,y € S? and for all integers M, there exists a constant cy; (depending on b(-), but not on x,y or
J) such that

cM B4J

¥ (x,y)| < , (1.2)
| ! xyl [1+Bjdsz(x,y)]M

where dg2(x,y) := arccos({x,y)) is the standard geodesic distance on the sphere. This key localization
property can then be exploited to derive a number of extremely important features of the needlet system;
indeed the needlet projectors are simply defined by

Wik ()= Ak Y. b ( )Zfd (&) (1.3)

>0

where {fj,k 1j>20k=1,...,K; } and {/lj kjeENk=1,. } are cubature points and weights re-
spectively, see also [33]. The corresponding needlet coefﬁ01ents are defined as

ﬁj,k=<f,¢j,k>L2(Sd), Jj=20k=1,... K, (1.4)
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where f(-) denotes any (random or deterministic) function in L? (Sd ) .

As mentioned above, a key ingredient for the interest that needlet transforms have drawn when ap-
plied to the analysis of spherical random fields are their asymptotic uncorrelation properties. We can
recall them briefly as follows.

Recall that a random field f on the unit sphere S¢ is isotropic if its distribution law is invariant with
respect to the action of the group of rotations SO(d + 1). Assume we have a zero-mean, finite variance,

isotropic random field on S¢; then the spectral representation (1.1) holds in the L? (Q X Sd) sense,

where the family of zero-mean random coefficients {ag,m} B satisfies

feN,m=1,..., N,
_ ’ ’
E [aemde m] =65 61 Cr 0,6 e Nymum’ = 1,...,Np.q.

The sequence {Cr},cy is labelled the angular power spectrum of the random field. In [3] and many
subsequent papers (starting from [5,29]), it is assumed that the angular power spectrum obeys some
regularity condition such as

Cr=g(O)"%a>2 (1.5)
for some positive g € C* such that its r-derivative g(’)(u) = d:,i(r”) =0w™"), reN, ,asu— oo (for
¢ =0 we allow Cy = Cy to take any finite, nonnegative value). For instance, g(-) could be any slowly-
varying function, in the sense of [6]. Now write

pitn= [ £ ey (16

up to a normalization, (1.6) can be simply interpreted as a continuous version of (1.4): note indeed that

Bj .k = Bj (& 1)\A; k- Assuming that { f(-)} is an isotropic spherical random field whose angular power

spectrum satisfies (1.5), it was shown in [3] that for all positive integers N there exists cy > 0 such that
cN

|Corr(B,(x),8;(y))| < U+ BN for all j € N. (1.7)

In words, (1.7) is stating that for any two fixed points on the sphere, the correlation between the standard
needlet transforms of order j at these two points is going to zero nearly-exponentially (i.e., faster than
any polynomials) as j diverges. This uncorrelation property is equivalent to high-frequency indepen-
dence in the Gaussian case, and hence it makes possible the implementation of a number of statistical
procedures whose properties can be rigorously established, in the high-frequency regime.

Notation

From now on we will define 6y, = 6 := dga(x,y), for x,y € S9 and 0 € [0,7]. With some abuse of
notation we will write equivalently ¥;(x,y) and W;(cosfy) = ¥;(cos6). As usual, given f(x) a C"
function, we will use f (")(x) to denote its n—derivative, whereas c,c; will be used to denote positive
constants, whose values can change from line to line.

1.2. Main results

As mentioned above, our plan in this paper is to introduce a further degree of flexibility in the needlet
construction, by allowing the scale width in the multipole space to cover a much broader spectrum
of possibilities than in the existing literature. More precisely, as illustrated in the previous Section in
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the standard needlet construction the j—order transform is supported in the harmonic space over the
interval (B/~!, B/+1).

There are several reasons, we believe, why it is of interest to consider needlet-like transforms with
more general support in the harmonic space. For instance, practitioners may be interested in multipoles
ranging over more general domains than £ € (B/~!, B/*1) for physical reasons related to their model
of interests; otherwise, experimental settings may put specific constraints on the multipoles on which
needlet transforms can be computed. Indeed, the largest possible multipole for which data are available
is determined by experimental conditions; implementing needlets on a fixed bandwidth range with
extrema of the form £ € (B/~!, B/*1) may entail either overcoming the limit on which multipoles are
actually available, or else dropping a subset of frequencies which have been actually observed. On the
other hand, it is also sometimes the case that the range of values (B/~!, B/*!) is considered to grow too
rapidly for large values of j, and data analysts/applied scientists therefore prefer to reduce it to achieve
better frequency-domain resolution in their analysis. Moreover, the range of multipoles of interest may
be dictated by physical considerations: for instance, in Cosmological experiments a crucial issue is
the determination of peaks in the angular power spectrum, and hence experimentalists may wish to
calibrate the needlet domain in harmonic space to make sure features of interest are covered. All these
situations have actually taken place, for instance, in the analysis of Cosmic Microwave Background
data, and it has been common to implement needlets on varying multipole windows, with no theoretical
background to justify these choices, see e.g. [39] and the references therein.

Our plan is then to consider needlet projectors of the following form:

W (6y) = Y b (O Ze.a (), (1.8)

£>0

where {b j (~)}j o 18 @ sequence of weight functions which generalize the sequence {b (E) }jEN char-

acterizing standard needlets. To make our statements more precise, we will need some more tools and
notation; in particular, we need to introduce a scale sequence {S ,}j N starting with Sy = 1, that is, an
increasing positive-valued sequence such that the support of b;(-) is included in A = [S;_1,S;41] for all
j € N. We are therefore implicitly maintaining the semi-orthogonality properties of standard needlets,
that is, the support of b;(-) and b;/(-) are disjoint whenever |j — j’| > J, with J > 2. For notational
simplicity, we shall always assume in the sequel that the sequence S; — §;_ is increasing, i.e.,

S;i—=8i-1<811-5;, forall j e N;

this will allow us to avoid some less elegant statement of results in terms of the largest between (S, —
S;) and (S; — Sj_1) - the substance of the approach is clearly unaltered. The other key ingredient in
the construction is a sequence of kernel functions {b J'(‘)}j oy on multipole space, depending on the

sequence {Sj}j for which we require the following conditions:

eN”

Assumption 1.1. The sequence of functions {b j(~)} is such that

1. foralln,j e N

1

(n)
6] < Ko g

where the constant K (n) does not depend on j;
2. bj has a compact support in A; = [S;_1, 841 ], with

bj (Sj-1) =bj (Sj+1) =0,b; (Sj) =So=1.
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Note that for j =0, we set S_; =0 and Ag =[0,1];
3. the partition of unity property holds, that is,

Zbﬁ@): 1, forallu>1.
j=0

In the case of standard needlets, the sequence {b j(-)}j <y can be obtained by scaling a function b(),

which is compactly supported in [B~!, B| for some B > 1 and with bounded derivatives of any order.
In particular, in the standard construction we have

bi(u) = b(%) .S =B,

and hence

(YN
167" @) =

) l)‘ _
b (5 S

b (u)| .
The following localization property is the first main result of this paper:

Theorem 1.2 (Localization property). As j — oo, for all 6 € [0,7] and M € N, with M > d, there
exists a constant cpy > 0 (i.e., 0—uniform and independent from j) such that

1 1
¥ (cos )| < cpr (59, — 54 , . 1.9
¥y cosb)] = en (S "l)max{(nsj_le)z’” (1+(sj—sj_1)9)2M} (2

It is important to note that in the standard case (i.e., for {S = BJ }j o0 Some B > 1) the bound (1.9)
can be written as

. (+)d _ p(j-d
|¥) (cosO)| < cp(B B )max{(l +BU-Dg?2M’ (1 + (Bi — Bi-1) 9)2M}

B*M  (B/(B-1)*M }
(1+Big2M’ (1+ Big)*M

1 .
<cp(B- E)B]d max{

” B/d
=Cy———
M1+ BigyM
so that Theorem 1.2 yields the estimate (1.2) which was established in the pioneering papers [32,33].
The system of flexible-bandwidth needlets {1// ik (-)}j  (or flexible needlets for short) can now be
defined, analogously to (1.3), as ¢ () : S¢ — R such that

Uik (V= Ak D bj (O Zea ((~&1k)) i 20 k=1,...Kj,

€20

{gj,k,/lj,k}j Nk=1.....K; representing as before sets of cubature points and weights such that

Kj
/sz Yo m(X)Y ¢ (x)dx = Z Yo m(&j )Y o (& i) A i » forall £,8” < S, .
k=1
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Starting from the seminal contribution [32], needlets have been very widely used to characterize
decomposition spaces (e.g., Besov and Triebel-Lizorkin). We do not address these issues in this pa-
per, but we focus instead on high-frequency uncorrelation of needlet coefficients evaluated on random
fields; more precisely, we investigate the corrrelation of the field (1.6), evaluated by means of (1.8).
Assumption (1.5) requires a form of scale invariance of the angular power spectrum at very large
multipoles/very small scales. In applications, it is often the case that power spectra may exhibit more
complex behaviour, for instance with sinusoidal oscillations as those which characterize the angular
power spectrum of Cosmic Microwave Background radiation (see [38]). In the present paper, we hence
extend and generalize the previous uncorrelation results (1.7) considering a much broader class of
angular power spectra for random fields in §¢; more precisely, we consider power spectra taking the
form

Assumption 1.3. The angular power spectrum satisfies Cy = £~%g(£), where £ > 1 and « > 2, and the
function g : R* — R* is such that

g1 < g(u) < go, for some g» > g1 >0
and for some B €[0,1) and r e N

d"g(w)

87 () = O™ 1), gy = —22
u

For instance, Assumption 1.3 covers angular power of the form

P
Co= D cp{dp +sin( [My)} €, dyp > 1, ¢p,Mp>0,0< B, < Lforp=1,..,P,
p=1
thus exhibiting much richer oscillations than allowed in (1.5).

We now investigate uncorrelation properties in this broader framework, and we establish our second
main result.

Theorem 1.4 (Uncorrelation property). Under Assumptions 1.1 and 1.3, there exists positive con-
stants ¢y (depending on a,d and g(-)), such that, as j — oo we have

1 1
(S](l__lﬁ)H)ZN ’ ((Sj - Sj_1)9)2N

|Corr(8;(x),8;(y))| < cny X max (1.10)

As we discuss in the subsection below, this result generalizes uncorrelation properties in the literature
even in the standard needlet case S; = B for j =1,2,..., and hence we believe it can have considerable
importance for applications. More precisely, the uncorrelation properties of standard needlets have been
used in the Cosmological literature to develop estimators of power asymmetries ([36]), local estimators
of nonGaussianity ([41]), estimators of geometric functionals to search for anisotropies ([39]), point-
source detection ([9]) and many other related issues. Our present results justify the applicability of
these techniques under much broader assumptions than so far considered.

1.3. Discussion

Some remarks are in order:



Flexible-bandwidth needlets 29

e Given the localization result established in Theorem 1.2, and the details of the construction of the
needlet kernel, it can be easily verified that flexible needlets form a tight frame and they allow for

exact reconstruction formulae. More formally, for all f € L2 (Sd) it is standard to show that the

corresponding needlet coefficients satisfy

ZZﬂj K= Zzﬂ, k Z bi(O)aemYe,m(&j k)

JEeN k=1 JEN k=1 CeN;

Nej:a Neysa

:Z Z Z Z bj(€)bj(L)ae, miae,m,

JEN Y, L eNj mi=1 my=1

K;
X Z Aj kY ,my (E7.0)Y £3,my (Ej k)
k=1

Nej:a Neysa

:Z Z Z Z bj(t1)bj(&2)ae, m, aeym, e 6 2

jENf],szA_ my=1 my=1

Ne.a Ne.a
=33 S RO lacml =Y Z R i 1
teN m=1 jeN €eN m=

where the last equality is due to Parseval’s identity. Likewise, it can be shown that the following
reconstruction formula holds:

K;
FO= 303 By in L2 (s9) .

JjEN k=1

The details here are identical to those in the seminal papers by [32,33], and are therefore omitted
for brevity’s sake.
¢ In the standard needlet case and under (1.5), (1.10) leads to the following bound:

1 1 CN
<

€N max { (BU-D-B)g2N " (B — BI-1)9)2N } = (BU-D1-Bg)N -
As mentioned above, this result generalizes to all 8 € [0,1) the uncorrelation bound for needlet
coefficients which was given for 8 = 0 by [3] and then exploited in a number of subsequent papers
to construct statistical procedures with an asymptotic justification, in the high-frequency sense.

o In the general case, asymptotic uncorrelation can continue to hold for g > 0, but the upper bound
is less and less efficient as 8 grows; indeed assuming that S}:'IB <(S; —S;_1), for all 6 € [0,7] we
get

CN

|Corr(B;(x),8;(y))| < max 11, W
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It should be noted that in the discretized case the construction of cubature points is such that their
minimum distance decays as

s ~ o1 .
d] = r]:l}(l,l dsZ(f‘]kafjk’) - Sj_] , a8 ] — 0.

For 8 = 0, it then follows that needlet coefficients have correlations decaying to zero (as j — o)
when evaluated on any pair of locations whose distance decays more slowly than d;. This is no
longer the case for less regular power spectra: indeed for 8 > 0 to ensure asymptotic uncorrelation

we must consider pair of coefficients whose distance is fixed or decays to zero more slowly than
4"

1.4. Some simple applications

The uncorrelation properties of spherical needlets have allowed for an enormous amount of applications
in statistical inference in the last few years, among which we mention subsampling techniques in [5],
Whittle estimation of the model parameters in [15], point source detection in [10], testing for isotropy in
[39], and many others. For brevity’s sake we do not develop these applications in the broader framework
considered in this paper; we just include a simple examples on goodness of fit testing.

As it is often the case in the analysis (for instance) of CMB data, we assume a Gaussian isotropic
random field { f(.)} is observed on a region D c S?, and out of the observations in this region we need
to check goodness of fit for some given model for the angular power spectrum, {Cy = C¢(0)} ;¢ - For
any j € N, let E; denote the grid of cubature points {fj,k} k=1, K Consider the following testing

.....

procedure:
a) take a needlet construction such that S}:’f <(S;=S;-1),for j =1,2,..., so that we impose a lower
bound on the width of (S; — S;_1) (i.e., (S; — S;-1)/S;-1 can shrink to zero, but {(S; - Sj_l)/S;__'f}
cannot); compute the needlet coefficients { B;. k} k=l.. K
=l J
b) choose a subset D; of these coefficients such that, for k € D;, &; x € Zj N D, and for all k, k' €
D; one has d2 (&) x,éj 1) > 6/S;:1B_8, for 6,& > 0, and at the same time card {D;} — co as j — o
(the elements of D; can be viewed as a subsampling of the cubature points in the grid Z; with some
constraints on their distance). Note that for all M > 0, there exist cp;s such that
(974

(S;:fdsz(fj,k»fj,k'))M

|Corr(B; k. Bj i)l < <emd ™S forall jeN,

hence in particular Corr(8; x,5;,x’) — 0 as j — oo for all k, k" € D;, with k # k’.
¢) now compute

2
I = ! Z Pik -1 ,whereE{,B]z.k} = Z b?(g)%

1/2card {Dj} keD; E{'sz,k} ’ 19N, 4

It is immediate to see that E {I j} =0and

+1
Ce.
T

2
VaI{Ij} = ; Z Var IBj’k

2card {D;} KeD; E {'sz',k}
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2 2
1 ’Bj,k ﬁj,k’

S Cov )
2C3.rd{Dj} k,k'ED}',kik' E{’sz,k} E{sz',k/}

=1+Aj

where, using the Diagram (Wick’s) Formula (see [34], p. 202)

2 2
1 B; Bj

Aj=— Cov{— Lk _ 7k

2card {Dj} k.k' €D k#k! E{ﬁik} E{,szk}

1 2] Bik Bix
= C 4
0T o™ | ] (el
Js ’

J

<card {D;} x ci,,d‘zMSj__z{”g —0,as j >0,

by recalling card {Dj} = O(S;) and choosing M such that S; = o(SJgi‘/{‘g). We have thus shown that
limj_m Var (IJ) =1.

d) finally, recalling that for a zero mean random variable X the fourth cumulant is defined by
Cumy(X) = E[X*] — 3E[X?]?, it is now a standard computation to show that

B3
Cumy {I} =————Cumy — =
' {2card {D;}}* KeD, E{,sz.’k}
3 1
{2eard (D)}
2 2 2 2
X0 Z Corr? ﬁj’kl Bj’kz ...Corr* Bj’k4 ﬁj’kz
koko ks kaeby E{ﬁikl} E{ﬁlekz} E{’BJZF’Q} E{ﬁfz'»kl}
1
=0|———| .
(card {Dj}

It is then an immediate application of the Malliavin-Stein method (see [34] and the references therein)
to prove that a (quantitative) Central Limit Theorem holds for the sequence {I f}j thus making
well-principled goodness of fit tests available.

In a similar manner, under these broader circumstances extensions can be implemented for needlet
based-procedures in a number of areas of theoretical and applied interest: we mention for instance
high-frequency maximum likelihood estimates (as investigated by [15] in the standard needlet case),
polyspectra estimation (see e.g., [8]), isotropy testing (see [39]), power spectrum estimation (see [5,
38]), point source detection (see [9,10]) and many others. For brevity’s sake, we do not discuss the
implementation details here. It should be noted that the uncorrelation properties that we established for
the needlet coefficients do not require by any means the Gaussianity assumption: they hold for general

eN”
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isotropic random fields. However, we do need Gaussianity to apply the Diagram formula and the fourth
cumulant results in points c¢) and d) above; hence the non Gaussian framework is considerably more
challenging.

1.5. Plan of the paper

The properties of flexible-bandwidth needlets in terms of localization in real space are discussed in
Section 2, while uncorrelation properties are investigated in Section 3; an explicit construction for the

sequence of kernels {b f(')}j < 18 given in the Appendix (Section A).

2. Localization properties

In this section we will establish a localization property which generalizes analogous results for standard
needlets in [33], Mexican needlets in [14,17] and scale-directional wavelets in [30]. Throughout this
section S;,Aj,b; are defined as in Section 1.

Let us first recall some useful notation. Consider a real-valued sequence {ry:¢ > 0} and let the
discrete difference operators A*, A~ be defined by

oo -
Arp:=rps1—re, Nrpi=rp—re_q.

These operators can be viewed as discrete versions of derivation on sequences (see also [29, Definition
2.1]), and can be used to define

Ya(6) :=via(OA AT +vo.q (AT, d 22,

where
Gt 1 _d-
LA = ) T 20+d—1 2 46+2d-2°
2 d-1  d-1
Uo,d(f):z 1 = <
20+ng) 2+d-1"2¢

Our main result is the following.

Proposition 2.1 (Localization). Let \¥;(-) be defined as

¥, (cos @) := Z bj(6)Ze.a(cos) , jEN,
[E/\j

where for all M > 0 there exists a positive constant cpy > 0 such that

1
[AM (AN b ()] < . 2.1)
(AT)™ b, ‘™ 5; S/—1)2M

Then, it holds that

1 1
(cos — DMWY (cos )| < car (S, — §¢ ) max ,
| J | ( j+1 J 1) Szf/{ (Sj —Sj_l)zM
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and hence, because 6% = O(|cos 6 — 1) for 6 € (0,7)

1 1
|‘P (cos8)| < cpr(8¢ 3 )max{ , } .
j+1 T J—l 2M 2 2M
S0 (85— 85m0) " oM

Remark 2.2. The literature on localization properties for needlet-like constructions is now very rich.
To the best of our knowledge, the most general result is given in Theorem 3.1 by [22], in the framework
of Dirichlet spaces with a doubling measure and local scale-invariant Poincaré inequality, and hence
much broader circumstances than we consider here. However, in [22] needlets are implemented by
“dilating” a single function f(.) at various scales, i.e. by studying the kernel f(6VL)(x,y), where L is
a differential operator, ¢ is a scaling parameter (which can be taken as § = 27/ in the standard needlet
case) and the function f is the same for every value of §. Our situation here is different because
of the varying bandwidth; in the notation of [22], our kernel should take a form such as fs(6VL),
that is fs itself has to vary with the parameter ¢ (to ensure the partition of unity and reconstruction
properties). Most probably, our result could also be obtained as a consequence of Theorem 3.1 of [22],
by a construction of fs(.) similar to the one we implemented and by establishing proper bounds (which
will depend on §) on the derivatives of fs(.); it can indeed be noted that in the case of the sphere and
for §; = B/, Theorem 3.1 in [22] and our result do yield the same bounds. Such a new construction
could even allow a generalization of flexible needlets to more general Dirichlet spaces; we leave this as
a topic for future research.

The proof of the previous results requires the following two lemmas, which are generalizations to S¢
of [29, Lemma 4.1], where S2 was considered.

Lemma 2.3. Let

g (cos @) := Z (+na) G("") (cosh) = Z r¢Zp.q(cosb),

wq
t=0 4 730

where {rp : € > 0} is a real-valued sequence. Then, for any N € N,

(cos6 — )N g (cosh) = Z r{[,zl] Zp.q(cos@), (2.2)
CeN

where r[ =1 (O)re.
Proof of Lemma 2.3. Recall first the identity, valid for x € [-1,1], £ € N
(x = 1) |2(¢ + 0GP (x)
=+ 1) G (x) = 2(£ +202) GV (x) + (£ + 204 — 1) G (x),

see [1, Equation 22.7.3]. With the convention G(_"ld ) (x) =0 for any x € [-1,1], r—; = 0, and writing
Zp,a(cos6) =2(¢ + nd)GE,"d) (cos 8), we have

Dre[=1)Zpa ()]

£>0
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Zr_1,q(x)

- _ t+1 _ _t+2na -1
“4 s e 0~ 7ea 0+ 5

£+ 2ny4
Z re- 12({,’+ f;d(x) erzf;d(x)"‘ Z r€+12(€+nd)zf;d(x)

=1 >0 £>-1
2(5 + T]d) €+ 277d ]
= re-1 - re+ rev1| Zewa (x)
E [2<f+nd) 200+na) 2+ !
= [ 2T+ (rf—l =2rp +71e41) + Z(T) (res1 = re)] Zp.a (x)
>0
= r I]Z[;d (x)
>0

Now, fixing x = cos § and dividing by 214w, We obtain that

(cos6—1)g(cos0) = Z r}lJZg;d (cos®).
>0

Iterating, we obtain (2.2).
O

Remark 2.4. Lemma 2.3 exploits the natural fact that if a function ¢ («) can be expanded into Gegen-
bauer polynomials with coefficients {r¢ : £ > 0}, then also (u — 1) ¢ (x) can also be expanded with
coefficients which can explicitly computed by properly applying iteratively the difference operators to
the sequence {r¢ : € > 0}. In some sense, this can be viewed as an extension to the spherical domain of
the classical duality relationships between Fourier transforms and derivatives.

Let us prove now that b;({) satisfies (2.1).

Lemma 2.5. Forany N e N

1 2N -1 Cli
7 (06 (0] < 27N max (b W) + Z 52151)1

i=0

| max {5 )},

Proof. Let us consider first N = 1. Then we have

Yq (0)bj(£) = (vi,a (€) A™AT +vp,q (€) AT) bj(£)
=Uld (5) A~ (b](f + 1) — bj(f)) + V0:d (f) (b](f + 1) — bj(f))
__t b0 = (b0 — bl — _ 2
T (b](é’+ 1)=bj(t)—(bj(£) - b;(£ 1))) + 2C+10)

The Mean Value Theorem implies that there exists u; € (¢,£ + 1) and uy € (€ — 1,£) such that

(bj(f + 1) - bj(f)) .

Ta085(0) = 5 (0 ) = ) + 572V, @3)

26+ 1y 2(C+nq)
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Applying once more the Mean Value Theorem we have that there exists a; € (up,u;) such that

Ta(6)b;(€) = (b( Yar)(uy - uz)) 21 —=1d Dy,

2( +na) 2(C+na)

Hence

‘ 2 @) _ a4
La (OO < 57 max 0] + 5l ma

Our assumptions on b;(£) and its derivatives allow to complete the proof for N = 1. The general case
follows applying Télv =1 on (2.3) and using induction, for N € N.

bﬁ.‘)(u)| .

Remark 2.6. Observe that

20 ) ) 2 1 Cd
———— max |b’ (u)| <
2(¢+1a) 2004 ma) (S; = Sj-1)* ~ (Sj—=S;-1)?
214 2nq 1 Cq

max )b(l)(u)

T+ 2+ 12) (S, =S, S 68, = S1)

where ¢, c;l > 0 depend only on d. Then

1 1
|Td(€)b (€)|<cmax{ m}

More generally,

It (€)b; (€)|<c(2N)max{ ZIN m} (2.4)

Remark 2.7. It is immediate to see that, as j — oo,

d-1_ d d-1 d
Z 4 ( 1~ S+ 08T = o(s¢ e S -
fEAj

Proof of Proposition 2.1. For any j € Ny, it suffices to note that applying Lemma 2.3 yields

\(cos@ -V ¥; (cos 9)| = Z bj(f)[N]Zg’d(COS 0)|.

>0

Lemma 2.5, (2.4) and the conditions on b;(-) imply that for all M >0

|(cost9 -M ¥; (cos 0)|

1 1 C+na | )
ScMmax{ R ZM} Z ‘Gg (cos0)|.
SiZ1 (S =Sj-1) (en,; "1d@d
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In view of Remark 2.7, because #% = O(|cos 6 — 1|), we have

i‘P'(COSg)|<C, max{ 1 1 }( J+1 S‘]L'i_l)
! N (RN CT R

as claimed. O

3. Uncorrelation properties
Our last step consists in showing that kernels of the type
®; (cosh) = Z b? (6)Cr¢Zy.4(cosb),
fEAj

satisfy a localization property under the conditions on the power spectrum Cy specified in Assumption
1.3. This result will allow us to show that needlet coefficients are asymptotically uncorrelated for j —
0.

Recall first that, forall d = 1,2,...

20+d-1(¢+d-2
’Z{;d (COSQ)‘ < W ( ) )
< CdX€d_1,

where the constant ¢, depends only on d. Now note that

N

N N-k
P g(w) = ;)(]Z) b )

N k N-k
) () srtarm-aon 3 (V7

i=

i N-k-i
) od g(u)

ait duN‘k‘i

0
N dk N=k (o N—k—i
33 s @=aon 3 (V) e

i
k=0 i=0
where
[a)i:=—a(-a—-1)..(~a—i+1).

It follows that, for all £ such that S;_; < ¢ < S;, we have

N 1 N-k ) )
< CN.a - - g—(l—lg—(N—k—l)(l—ﬁ)
,(Z::‘) (Sj = Sj-1)* ;‘

N pk(1-p)
(S =Sk

dv 5
b0 gw)

< et~ NP

N -

Z CN,af
=(S; - S;_1)keN=K)1=5)
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Note that for (S; — S;_1) > S(1 B ) the denominator is bounded below by SN(1 A

Si—1) < Sj(.l_lﬁ) we have the smaller bound (S; - S],I)N < S;_I\ll(l ) The bottom line is hence

, whereas for (S; —

1 1
< eN,o X €7F X max , ,
u=t Sj]\i(ll_ﬁ) (S; = S;—N

N
TN (bj(u)zu_ag(u))

where cy o > 0.
Now consider the correlation function

D(cos ) = Z bi(Y€g()Z a(cos 6) ;

fGAj
we have the bound
lcoso—1|Vd(cost) = > {'ry ) bj(€)2{’_"g(€)} Z¢ a(cos)
Ce(Sj-1,Sj+1)
< C x max ! ! Z £7%Zy 4(cos 6)
= 2N(1 T \2N t.d
S] 1( -B)’ (S;=Sj-1) (S, a8 41)

1 1
SN (S = 851

< C X max

x min {81 - S;-)sd L sde)
where C > 0. It is easy to check that the denominator (i.e., the variance of the field 8;(-)) is given by

f+7]d

D biePeeg (f) G"’d>(1 ).

CeA;

Because b;.l) < K/(S; —Sj-1) and b;j(£) = 1 for some ¢ € A}, by a simple first-order Taylor expansion it

is readily seen that there exist S’ 1,S]’ .1 Which satisfy the following conditions:

Sjo1 <S8}y <8y <Sje1,
(SJ'.Jr1 - S]'._l) > c1(Sj41 = Sj-1) , some ¢; >0,
bj(€)>c,>0forall £ € (SJ’._I,SJ’.H) ,
where the constants ¢y, c; are uniform (they do not depend on ;). Hence we have the lower bound

f-i—?]d €+7]d

D b0 g O G("d)(l) > c} Z G G

CeA; [e(S’ B +1)

> C X min {(Sj+l - Sj—l)S;l__la_]’S;l—_la} ’
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where C > 0. Then, we have
|Corr(B;(x), B;(y)|

1 1

< C X max s
S?i\’l(l‘ﬁ) (S; = S;j—1)*N | [cosf — 1|V

1 1

< C’ X max ,
(Sﬁilﬁ)g)ZN ((s; - Sj_1)9)2N

)

with C,C’ > 0, as claimed.

Appendix A: An explicit construction for {b;(-)}jen

In this Appendix, we will provide an explicit construction of {b J'(')}j - Most of the steps are a gen-
eralization under the more general circumstances considered in this paper of the procedure which was
suggested in [3] for the standard needlet case.

Let us define a non-decreasing sequence of functions a; : R* — [0, 1] such that

aj € C* (R), aj(u)=1for |u| < S;_ for j > 1,
(so that a; (0) = 1, for every j € N), and
O<aj(u)<lforue [Sj_l,Sj] .

The support of a;(-) is contained in [0,S;]. We introduce now a sequence of window functions

{b;: j e N} given by
bj(u) = \Jajs1 (u) —a; (u). (A1)

1 —a;(w) Si—1<u<s;
bl(u) = ,}a]q_l(u) Sj <u< Sj+1 : (A2)

0 otherwise

Observe that

Lemma A.1. Forany j €N, it holds that b; € C*.

Proof. For any j € N, it follows from Equation (A.2) that b;(u) € C* in (0,S;_1) U (Sj-1,Sj+1) U
(Sj+1,90). Indeed note that in S; the function b;(u) is continuous (since a;,1(S;) = 1 and a;(S;) = 0).
To establish the smoothness of b;(-) we need to study the behaviour of a; (and, consequently, b;) in
S;—1 and S;11. In order to do so we prove that left and right derivatives coincide in these two points.
Let us start by proving that b;(-) is C* in Sj, .

The Taylor series of a;, centered at S;, can be written as

a;-’i)l (Sj+1)

T(u =Si)" +o((u—Sj+1)")  asu— Sjyy

ajr1(u) = aj1(Sjp) + - +
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for all n. Since a;(u) € C* and a;]i)l (S;H) =0 we get that a;]:-)l(Si+1) =0forall k =0,...,n and then

Ajy] (u)=o((u - Sj+l)n)

forall n, as u — ;1.
Moreover, we note that b;(u) = +/a;+1(u) for all u < S, and then since aj(S]T+1) =0, we get that

bj(u) — bj(Sj+1) _ vVaji1(w) -0 _ o(u—Sji1)

M_Sj+l M_Sj+1 M_Sj+l

=0(1)

and then b; € Clin Sit1-
A similar argument can be implemented for = S;_;. Indeed, we note that a;(S;_1) = 1 and since

a;i(u) is C* and it is zero on S~ ., we have that a(.k) S:_1)=0forall k =1,...,n. Then a Taylor series
J j-1 j J y
expansion leads to

aj(u) =1+ o((u - Sj_l)n)

for all n. Moreover, since a; is continuous and it is equal to 1 in SJT_l we have that a j(SJJF_l) =1 and also

aj;1(Sj-1) = 1. Hence in a neighborhood of S;_; we have that b;(u) = /1 — a;(u) so that the quotient
derivative of b;(-) from the right is

V1-a;u)-0 _ o(u—S;_1) B

=o(1).
”_Sj—l I/L—Sj_l 0( )

Then b; € C! in S;_; which implies b; € C! in [0,c0); iterating the procedure proves that b; € C*. [

We propose here a numerical recipe for b;(-), which is largely analogous to the proposal developed
in [3] for the standard needlet construction. First introduce the function ¢ € C.°, given by

1
#(6) = exp (—m) forte[-1,1]

0 otherwise .
Consider now
0 u<-1
O (u)= M ue(-1,1)-
1 “ u>1

where

1 1
1
C<I>=/ ¢(f)df=/ exp (- dt ~0.444.
-1 -1 1-12
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Also, for any j € N, define

1 for u € [0,8;_1]
Si+8i-1-2
aj(u) =@ 22 T forue (S;_1,5;] . (A3)
Sj—Sj_l
0 foru € [ Sj,0)

Note that in [S;_y,S;]

aj(u) = O(t;(u))

where 7; : [S;_1,5;+1] — [-1,1] is a linear transformation defined by
7j(u) = mju + q;

with

2 . _SJ'+Sj_1

mj=——————, (;j= .
TS -8 TS -8

Remark A.2. It follows that, for any r € N,

dr
du”
=2y ¢V (zi(w)

- . A4
(S;=8-1)" <o D

air)(u) = aj(u) — Tl(r)(u)(D(V) (Tj(u))

Finally, according to (A.1), we can define a sequence of window functions {b; : j € N}, where b; :

R* — [0,1] is such that
bj(u) = \Jajs1 (u) —a; (u). (A.S5)

Proposition A.3. For any a;(-) defined as in (A.3) and n > 1

1

(n) n
a.’" W) <k(n-12" ——
a0 < kn = 12" ey

where k(n — 1) does not depend on j.

Proof. Let us rewrite (A.4) as

=2y " V()

(r)
a. u)=
; (S;=S;-1)r co

(A.6)

In order to study the behavior of ¢ _1)(Tj(u)), let us start focusing on the C*° (R) function s : R - R
given by

_1 .
s(r) = et 1ft>0.
0 otherwise.
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We can explicitly compute its derivatives for any n € N as
On(1)
0 otherwise

s(t) ift>0

>

where O, is a polynomial of degree n — 1 defined recursively by the following formula

Qi1()=1
Qur1(t) =20, (1) = (2nt = 1)Q(1).
Since

1 .
plrs)={"" (_T,(uﬂ) if ) € [-1.1]

0 otherwise
we can rewrite
¢(tj(u)) = s(g(rj(w)) with g(y) =1-y*

Applying the chain rule for high order derivatives for composite functions, the so-called Faa di Bruno’s
formula (see paragraph 4.3, [40]) yields for 7;(u) € [-1,1],

n n O (o(r: L= (1 = 7:(w)2) )
() =nt Y2 <g£f']<u)>) 5 r]h<lu!>> K T,;u!)>

v=1 ’ hy+--+hy,=n

o Onlg(Ti(w) s(g(r;(w))) (1 =)™ (1= ()
=n Z s> ! 2, m T

v=1 hy+--+h,=n

Z 0,1 =) ¢ T y U /LM /(0
T R T S ] !
where h; > 1.

Before we proceed further, we need to recall a couple of immediate facts. First note that if Q,, is a
polynomial of degree n, then since |7;(u)| < 1

0n(1 = 75?)| < CO).

Also, it holds that

(=52 (1= g™
Z ! e h!

(" erww.

Byt thy=n

Indeed inside the sum we have the first and second derivatives of (1 — 7; (1)%) and hence we are sum-
ming terms of the form 2”(2‘1}-(14))5 with @ + § = v. The binomial coefficient counts all the possible
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combinations such that 4; + - -- + h, = n.

Thus we have that

¢(n)(Tj(u))Sn!C(n)exp(_ 1 )z": ()’ g(mv—l).

1=7;(u)? ) & (1= 7j(u))> ! n

Now, considering that
7 (u)” 1
(=@ = (=52

. 2nn(2n)
Z Q)Y (n+v-1 nj
~ ! n+1 ~’

it follows that

oy Zn)

6t (u)) < mt—— L c<n>exp( ! ) !

1—7;w)?) (1 -1

Finally, observe that

(=) e e ) e
PN 5w A= | = ™ P U T g2 ) =g ~ e

for 7j(u) € [-1,1], leading to

|| < k()

where k(n) does not depend on j. Substituting in (A.6) the proof of the proposition is completed.

The next result is similar.

Lemma A.4. For any b;(-) defined as in (A.5) and n = 1,2,...., we have that

1

()
0] < K g

where K(n) does not depend on j.

Proof. We study b;(u) = /a;+1(u) — a;j(u) in the interval u € [S;_1,S;11]. Recalling (A.2),
we focus first on [S;_1,S;]. Again, Faa di Bruno’s formula (see paragraph 4.3 [40]) implies

n v ( I) ( v)
b(,")(u):n!z(m)() D " w
J

T

v=1 ’ hy+-+hy,=n

O
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From Proposition A.3 it follows that

16w <

3 c(m)( 2 )h( 1 )Zhl...x
hl! Sj—Sj_l I—Tj(u)2

hi+---+h,=n

B el ]
hy! \S; =S 1—‘1'1-(14)2 xp 1—Tj(u)2

" n+v-1 (m)(v) 1 ! 2"
Sn!C(n)( : ) Z( ) p(_1—rj(u)zv)(1—rj(u)2)

(Wﬂ 2

v=1
" (n+v-1 1 ! 1 '
‘”!C(")(S =S 1) Zl( ) V= ay(u)y 172 P(‘1_T,-(u)zv)(1_7j(u)2) '

Now we have that

eolrim) |1 [erlier)]
1 —exp (_l—‘r,#) (1 -7

Proceeding similarly in [S},S;.1], the thesis follows. O

Te-1" e’
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