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A B S T R A C T

Acoustic noise during Magnetic Resonance Imaging (MRI), with Sound Pressure Levels (SPL) exceeding 130 dB, is 
an ongoing issue for health and well-being of patients and operators and causes difficulties in signal acquisition. 
Understanding the characteristics and generation mechanisms of noise and vibrations is essential for the accurate 
development of noise control methods to be applied in the design of new devices and imaging sequences. The aim 
of this work is to present a closed-form analytical model for the spatial distribution of the Lorentz force per unit 
area that acts on simplified transverse gradient coil wire patterns. The geometrical configuration of the wire 
patterns has been explicitly modelled, in order to identify relationships between Lorentz forces and design pa
rameters. To the best of our knowledge, this is the first time that a closed-form expression for the Lorentz force on 
transverse gradient coils has been presented on the basis of the spatial distribution of the wire patterns. Theo
retical results for the Lorentz force distribution confirm that the amplitude of the Lorentz force on each elliptical 
spire constituting the transverse coil is linearly dependant on the static magnetic field strength B0 and the coil 
driving current I. A modulation along the length of each elliptic spire following a cosine law was identified. The 
difference of size between the elliptical conductors has been identified for the first time as a key parameter 
influencing the Lorentz force amplitude along different spires. Numerical simulations for the vibrational response 
of an insert gradient assembly excited by the proposed force field are carried out. The numerical results for the 
free and forced vibrations are in good agreement with numerical and experimental results in the open literature.

1. Introduction

MRI is one of the leading techniques used to perform diagnostic 
imaging for both medical and research purposes. However, MRI scan
ners emit high levels of acoustic noise, with reported peak of SPL up to 
138 dB [1]. MRI acoustic noise is an issue of concern since it causes 
discomfort to patients and operators and sometimes can represent a 
health risk. In fact, temporary variations in hearing threshold have been 
experienced following the high levels of acoustic noise inside the MRI 
scanners [2]. Additionally, psychological stress, anxiety, and fear are 
often detected in pediatric or psychiatric patients [3]. Moreover, it has 
been reported that long term exposure experienced by professionals 
working with MRI scanners can cause a gradual and permanent hearing 
loss [4]. In this context, the use of personal protective equipment such as 
headphones and earplugs is only effective for some frequency compo
nents of noise. Furthermore, hearing protections can shield the cochlea 
only from the sound transmitted through the auditory canal, but there 
are also routes of indirect transmission of vibrations through the skull 
and through the rest of the body [5].

Acoustic noise also poses difficulties in the correct MRI signal 
acquisition [1,6]. In fact, in functional Magnetic Resonance Imaging 
(fMRI), which is a technique used to detect the activation of specific 
brain areas, acoustic noise can prevent the correct presentation of sound 
stimuli to the patient [7] and generate confounding auditory cortex 
activations [8]. Moreover, vibrations can cause motion artifacts [9] and 
it is hypothesized that the vibrations of the structure can cause small 
fluctuations in the main magnetic field, resulting in a worsening of the 
acquired images [6].

Mechanical vibrations and acoustic noise generated in MRI scanners 
are due to the gradient coils [4,10–12]. These are a set of loops of wire or 
thin conductive sheets that are used to produce linearly variable mag
netic fields which determine slight variations in the main magnetic field 
necessary for the spatial encoding of voxel position. There are three 
gradient coils, namely Gx, Gy and Gz, two of them encoding the position 
in the slice plane and the other along the orthogonal direction. During 
the image acquisition, the coils are subjected to rapidly varying current 
pulses (“imaging sequences”) which result in the generation of intense 
Lorentz forces acting on the gradient coil conductors. This causes the 
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supporting structure in which they are embedded to vibrate, leading to 
the generation of airborne acoustic noise. Furthermore, several publi
cations [12–15] identify the vibrations of the cryostat walls as a further 
primary source of acoustic noise. In this case, vibrations are attributed to 
Lorentz forces acting on eddy currents induced by the time-varying 
magnetic field generated by the gradient coils. However, this source is 
not extensively covered in the present work.

Typically, the power signals that feed the gradient coils are trape
zoidal current pulses [16,17]. In the case of whole-body systems, the 
gradient driving current frequently exceeds 200 A, and the ongoing 
technical developments have led to switching transients below 0.2 ms. 
Consequently, Lorentz forces act as a time-varying forcing for the me
chanical system represented by the conductors embedded in the sup
porting structure (referred to here as the “gradient assembly”). This 
results in the generation of vibrations, which depend upon the excitation 
of the system’s natural modes by the frequency content of the forcing. 
When a gradient coil is driven by current waveforms with frequency 
components matching the eigenfrequencies of its supporting structure, it 
is expected that a strong amplification of the vibrations happens. MRI 
pulse sequences use current waveforms containing frequencies in the 
0–3000 Hz frequency range [9]. In this band lie many of the resonant 
frequencies of the gradient assembly, as shown by different experi
mental studies on modal analysis [15,18–28]. In addition to structural 
resonances, air volume resonances within the patient bore also fall 
within the 0–3000 Hz frequency range. Consequently, these latter can be 
excited by MRI pulse sequences, as evidenced by several experimental 
studies that have measured the transfer function between current 
waveforms and acoustic signals [6,19–21,27–37].

While early theoretical studies conducted in the 1990s were based on 
the analysis of viscoelastic material slabs in which the electrical 
conductor was embedded [38–40], subsequent studies employed a more 
realistic hollow cylindrical geometry. In particular, thin shell theory 
[15,22,34,41,42] was used to model the mechanical vibrations, and 
finite-length cylindrical ducts theory [43–47] was used to model the 
acoustic field within the air volume in the patient bore. More recently, 
approaches based on linearized elastodynamic theory for 
three-dimensional solids have been used [48–53]. Some insights about 
mechanical resonances were also given by one-dimensional models [17,
23].

Numerical studies have employed Finite Element Method (FEM) [14,
20–22,25,27,29,42,54–64], Boundary Element Method (BEM) models 
[20,27,43,46,47,65] and Statistical Energy Analysis (SEA) [12] to 
analyze free and forced vibrations of realistic gradient assembly geom
etries and the generated acoustic field inside the patient’s bore. More
over, a considerable number of studies focus on developing numerical 
methods to solve the coupled electromagnetic and acoustic-mechanical 
problems. This is done for the design of noise-optimized gradient coil 
wire patterns [49,52,53,66], and for the optimization of MRI scanner 
components, such as the cryostat and the radiation shields, that are 
subject to both eddy currents and mechanical actions [54,56,58,60–63].

Several aforementioned studies have indicated that the resulting 
displacement field during forced vibrations is dependent upon the 
boundary conditions pertaining to the fitting of the gradient assembly 
within the scanner [22,25] and from the spatial distribution of Lorentz 
forces [21,25,26,48,50,51], which in turn is affected by the wire pattern 
configuration of each coil.

The wire patterns employed in gradient coils vary according to the 
gradient type: the longitudinal gradient (also called “slice selection 
gradient”) derives from the Maxwell coil and consists of two sets of 
current loops arranged symmetrically with respect to the isocenter of the 
tomograph. These loops carry opposite currents and are distributed with 
variable density along the z-axis. The two transverse gradient coils (also 
referred to as the “frequency encoding gradient” and “phase encoding 
gradient”) are identical and differ only in orientation. They are, in fact, 
rotated by 90◦ with respect to each other. Their basic geometry comes 
from the Golay coil, or saddle coil, which is made up of 4 patterns 

arranged symmetrically on a cylindrical surface, with opposite currents 
for each couple of patterns. Nearly all the modern MRI scanners employ 
for transverse coils a “fingerprint” design, schematized in Fig. 1a, whose 
features can be optimized to achieve desired performances in coil effi
ciency, magnetic field linearity and stray-field generation [67–74].

As previously stated, the spatial distribution of the Lorentz force on 
wire patterns has a considerable influence on the coil’s displacement 
field. In particular, the deformed shapes of the structure are a result of a 
combination of forced deflection, which is imposed by the distribution 
of the Lorentz force, and free deflection, which is related to the domi
nant mode at the frequency of interest [21,25].

However, only a few studies [26,41,48] have focused on the 
analytical description of the spatial distribution of the Lorentz force on 
wire patterns. A closed-form analytical model for the forces acting on the 
longitudinal gradient coil has been formulated by [48], while [26,41] 
proposed an analytical model for the forces on transverse coils, although 
the winding patterns’ geometry was not made explicit.

This work presents an analytical model for the spatial distribution of 
the Lorentz force per unit area on a simplified wire pattern of a trans
verse gradient coil. The model explicitly expresses the geometrical 
characteristics of the wire patterns and investigates the relationships 
between the Lorentz forces and the basic geometrical design parameters. 
Subsequently, the issue of analysing the dynamic behaviour of the coil’s 
supporting structure is addressed. In particular, a Finite Element (FE) 
modal analysis of an insert gradient assembly model is conducted to 
determine the natural vibration frequencies of the supporting structure 
in which the patterns are embedded. The developed analytical Lorentz 
force distribution is then discretized and applied to a FE model of the 
gradient supporting structure for a frequency range of [0, 3000] Hz, to 
simulate a harmonic mechanical excitation from the conductors Gx 
transverse gradient coil. This allows the identification of the natural 
modes that are excited by the spatial distribution of the Lorentz force, as 
well as an understanding of how the Lorentz force field affects the 
displacement field at selected frequencies in comparison with the free- 
vibration modes at the same frequencies. Finally, the frequency spec
trum of the average values of displacement, velocity and acceleration 
over the inner surface of the cylinder are presented; the main resonant 
frequencies and corresponding amplitudes during forced vibration are 
identified and compared with other results from the literature. In the 
context of noise and vibration control, the prediction of the resonant 
frequencies of the gradient assembly is essential to develop methods that 
could be either based on a modification of the spectral content of the 
MRI pulse sequences or on geometrical and structural design 
optimization.

2. Materials and methods

This section presents the derivation of the parametric equations that 
describe the locations of the wire patterns of the transverse gradient coil 
Gx. This derivation is based on the approximation that conductors follow 
a pure elliptical path (Section 2.1). Subsequently, an analytical model 
for the distribution of the Lorentz force per unit area along the wire 
patterns is presented. A closed-form expression is obtained as a function 
of the real parameter describing the wire patterns (Section 2.2). The 
following sections present the methodology employed to set up a finite 
element computational model for the vibration analysis of an insert 
gradient assembly. In particular, Section 2.3 describes the geometrical 
and material parameters of the computational domain, Section 2.4
outlines the initial study that was conducted (FE modal analysis), and 
Section 2.5 presents the subsequent study (FE forced vibration analysis), 
which was carried out using the analytical expression for the distribu
tion of the Lorentz force per unit area derived in Section 2.2 as a forcing 
function.
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2.1. Equations of a transverse coil fingerprint pattern in the 3D space

As previously stated in Section 1, modern MRI scanners utilise 
transverse gradient coils with a fingerprint wire design based on four 
concentric and pseudo-elliptical patterns, whose configuration is opti
mized to achieve the desired coil performance. In the present work, for 
the sake of Lorentz forces analytical calculation, each of the four wire 
patterns that make up a transverse gradient coil is approximated as a set 
of N concentrical coils with elliptical shape, lying on the lateral surface 
of a cylindrical structure, which approximates the gradient coils support 
structure.

The methodology employed to obtain the 3D model of the coil’s wire 
patterns involves projecting a 2D wire pattern onto a cylindrical surface. 
For this reason, the starting point is to consider a set of N concentric 
elliptic coils lying on the z-y plane, where z indicates the scanner axis 
direction, along which the static magnetic field is oriented, as shown in 
Fig. 2. Each 2D ellipse has equation: 

z2

an
2 +

y2

bn
2 = 1 (1) 

where an = a0 − nΔa, bn = b0 − nΔb are the minor and major semi-axis of 
the n-th ellipse belonging to the pattern, with n = 0…N − 1. Once fixed 

the semi-axis of the most outer and inner spires (respectively a0,b0 and 
aN − 1, bN − 1), it is possible to write: 

Δa =
a0 − aN− 1

N − 1
(2a) 

Δb =
b0 − bN− 1

N − 1
(2b) 

In order to obtain a 3D wire pattern that approximates realistic 
transverse coils, the planar set of concentric ellipses must be “bent” on a 
cylindrical surface representing the coil’s support structure on which the 
wires are constrained. As each turn of the pattern is described by an 
elliptical curve in the z-y plane, a system of equations is derived in the 
following paragraphs to map an elliptic curve described by Eq. (1) on a 
cylindrical surface with radius R and length L defined on a cartesian 
coordinate system xc-yc-zc.

The parametric equation of a cylindrical surface in the xc-yc-zc sys
tem, written in cylindrical coordinates is: 
⎧
⎨

⎩

xc = Rcosφ
yc = Rsinφ

zc = z
, φ ∈ [0, 2π], z ∈

[

−
L
2
,
L
2

]

(3) 

The ellipses must be mapped in the xc-yc-zc system in such a way that 
each major axis bn is "bent", assuming the curvature of one half of the 
cylindrical surface. In fact, each of the four patterns of concentric el
lipses that make up the gradient coil occupies one quadrant of the cyl
inder; consequently, the generic ellipse of a pattern is "bent" only on one 
quadrant of the cylindrical surface.

To map the ellipses on the cylindrical surface the following condi
tions must be satisfied: 2beff = πR (4), φ =

y
R =

y
2beff

π (5).
The parameter beff = b0 + (10/100)b0 has been introduced to increase 

the majoraxis length b0 by 10 %. This is done in order to prevent wires 
from different patterns from touching when the ellipses are bent. Eq. (4) 
states that the half value of the cylinder’s circumference must coincide 
with the beff parameter, while Eq. (5) represents a linear transformation 
of the y-axis of the original two-dimensional system to the φ angular 
coordinate in the final three-dimensional system. Substituting Eq. (4) 
and Eq. (5) into Eq. (3) yields the mapping equations of a curve of 
parametric coordinates [z(θ), y(θ)] over a cylindrical surface: 

⎧
⎨

⎩

xc = Rcosφ
yc = Rsinφ

zc = l
→

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

xc =
2beff

π cos
[

π
2beff

y(θ)
]

yc =
2beff

π sin
[

π
2beff

y(θ)
]

zc = z

, z ∈

[

−
L
2
,
L
2

]

(6) 

with θ being the parameter that describes the curve in the original z-y 
system.

The parametric equation of the generic ellipse of the pattern in the 

Fig. 1. Schematic representations of a transverse gradient coil (a) and a longitudinal gradient coil (b). In transverse coils patterns 1–4 are fed by positive current, 
patterns 2–3 are fed by negative current. Longitudinal coils have opposite current flow directions for the spires in the two halves of the cylinder.

Fig. 2. Scheme of a planar model of one of the four patterns of a transverse 
gradient coil with N = 4 ellipses. Static magnetic field B0 is oriented along the 
z-axis.
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2D system is: 
{

z = ancosθ
y = bnsinθ , θ ∈ [0, 2π] (7) 

Substituting Eq. (7) into Eq. (6) allows the mapping equations 
(referred to the origin placed on the isocentre) for a generic ellipse of the 
pattern to be obtained. However, it is necessary to consider a translation 
of value Z0 = L/4 along the zc axis to centre each pattern on each 
quadrant on the cylindrical surface; furthermore, a scale factor L/2

2a0
must 

be applied to obtain the proper length along the longitudinal direction. 
The final equations describing the transverse coil wire patterns are as 
follows: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xc = ±
2beff

π cos
[

π
2beff

bnsinθ
]

yc =
2beff

π sin
[

π
2beff

bnsinθ
]

zc =
L/2
2a0

(ancosθ ± Z0)

, θ ∈ [0,2π], Z0 =
L
4

(8) 

In the xc equation, the positive sign is attributed to the two patterns 
lying on the upper quadrants (positive xc axis), while the negative sign 
accounts for the two patterns in the lower quadrants. In the zc equation 
the positive sign is attributed to the two patterns in the zc positive side, 
while the negative sign indicates the two patterns in the zc negative side. 
Fig. 3 shows a scheme of the geometry considered and the curves 
obtained.

2.2. Analytical model of the spatial distribution of Lorentz force per unit 
area on a transverse gradient coil

Considering the xc-yc-zc system defined in Section 2.1, we want to 
determine the expression for the Lorentz force per unit area acting on a 
generic elliptical conductor of index n, belonging to one of the four 
patterns that make up the transverse coil.

Let ds be an infinitesimally small trait of an elliptical conductor, 
oriented along the local tangential direction of the wire, with a verse 
given by the current flow I on the wire pattern. In transverse gradient 
coils, to obtain the desired orientation of the magnetic field gradient, the 
wire patterns are fed by opposite currents [70], as shown in Fig. 4.

According to Laplace’s Second Law, the elementary Lorentz force 
experienced by the trait ds due to the presence of the static magnetic 
field B0 can be written as: 

dF = Ids × B0 (9) 

where B0 = B0 k̂c, and k̂c is the unit vector of the zc-axis, assuming that 
the static magnetic field is spatially uniform and oriented along the zc- 
axis.

The elementary wire trait ds can be expressed through the unit vector 
t̂, tangential to the wire patterns defined by Eq. (8) as ds = dst̂ (10). 
Consequently, the Lorentz force per unit length along the conductors can 
be written as: 

dF
ds

= I t̂ × B0 (11) 

The expression for ̂t in the cartesian reference system, and ultimately 
as a function of the real parameter θ, is derived in Appendix A. Intro
ducing also the conducting wire thickness parameter h, the Lorentz force 
per unit area of the conductors can be expressed as: 

dF
dA

= q(θ, n) =
1
h

B0Ibn
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(bncosθ)2
+ (ansinθ)2

√ cos(θ)r̂ (12) 

where dA = hds and ̂r is the unit vector along the radial direction. Since 
the conductor element is oriented tangentially to the cylindrical surface 
on which the wires are constrained, and the static magnetic field is 
oriented along the zc-axis, the Lorentz force results purely radial.

Therefore, for θ ∈ [0, 2π], n = 0…N − 1, it is possible to obtain a 
closed-form expression for the radially oriented Lorentz force per unit 
area acting on each point of the cylindrical structure, on which a 
conductor of the transverse gradient coil is constrained.

2.3. Insert gradient coil Fe model for structural dynamics simulations

The gradient coil modelled in the present section, with reference to 
the insert gradient coil used for the acquisition of high-resolution images 
for investigations of small body parts, is similar to the standard whole- 
body gradient coils, but exhibits a smaller length and cross-section, 
with the objective of lowering the inductance and thus enhancing the 
efficiency [69,75–77].

The supporting structure of the insert gradient coil was modelled as 
an epoxy resin cylinder (length: 680 mm, outer diameter: 353 mm, inner 
diameter: 239.8 mm). The typical multi-layered structure of the gradient 
assembly was approximated by the homogeneous polymeric material 
forming its matrix, and a linear elastic mechanical behaviour was 
assumed. The material parameters are density (ρ = 1.6 ⋅ 103Kg ⋅ m− 3), 

Fig. 3. Schematic representation of the projection of a wire pattern made of N = 4 ellipses on the cylindrical surface. The Static magnetic field B0 is oriented along 
the zc-axis.
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Young’s modulus (E = 9.3GPa), Poisson’s Ratio (ν = 0.4) and isotropic 
damping loss factor η = 0.018.

In each performed study, a clamped constraint was considered as a 
boundary condition at the ends of the gradient assembly, as shown in 
Fig. 5. The abovementioned geometrical and material parameters were 
assumed from [20,21].

A structured mesh based on hexahedral second-order elements was 
constructed to discretise the geometry to perform the FE modal analysis. 
The dimensions of the elements are 3.45 mm along the circumferential 
direction, 2.775 mm along the axial direction, and 14.15 mm along the 
radial direction. A total of 47,488 elements were obtained, corre
sponding to 681,408 degrees of freedom (DOFs) to be solved for. The 
solution was achieved through a direct solver.

2.4. FE modal analysis of the insert gradient coil

A FE modal analysis was performed to determine the natural vibra
tion frequencies of the insert gradient assembly, introduced in Section 
2.3. Among these, those that could be excited by the external Lorentz 
force signal have been identified, as described in Section 3.3. In order to 
analyse the free vibration behaviour of the structure over a sufficiently 
wide frequency range, the first 60 natural vibration modes have been 
calculated.

2.5. FE analysis of the forced vibration of the insert gradient coil

With regard to the forced vibration analysis of the insert gradient 
assembly, performed by employing the analytical distribution of Lorentz 
force derived in Section 2.2, it has been assumed that only the Gx 
transverse wire patterns are supplied. Furthermore, it is hypothesised 
that a perfect mechanical connection exists between the copper wires 
subjected to the Lorentz forces and the supporting structure on which 
the same wires are constrained. This hypothesis is assumed by the ma
jority of the studies concerning theoretical or numerical models of the 
structural dynamics of the gradient coils [20,25,48], and it allows to 
consider the Lorentz force field as directly acting on the supporting 
structure, putting it into vibration.

According to these hypotheses, it was possible to apply a distribution 
of Lorentz force per unit area on a specified set of points on the FE 
model, corresponding to the positions occupied by the Gx transverse 
gradient conductors into the gradient assembly. The selected location 
for the Gx conductors is the surface of radius R = 141.75 mm, situated in 
the cylinder thickness, as established in [25]. The specified set of points 
over which the forces are applied is given by Eq. (8) with parameters n =

0…N − 1, N = 40, beff = πr/2 = 222.66mm, b0 = (90/100)beff =

200.39mm, bN − 1 = b0/9 = 22.27mm, Δb = 4.6mm, L = 680mm,a0 =

93%L/4 = 158.1mm, aN − 1 = a0/9 = 17.57mm, Δa = 3.7mm, Z0 = L/4 =
170mm, h = 4.2mm. In order to analyse the behaviour in response to 
different excitation frequencies, the simulations were performed with 
cosine excitation within the frequency range [0, 3000] Hz, with a fre
quency step of 5 Hz. The 0 Hz excitation frequency corresponds to the 
calculation of the static displacement field of the insert gradient as
sembly due to the static Lorentz force field. The parameters related to 
the force were I = 25A, B0 = 4T, taken by [20,21], and bn = b0 − nΔb, 
and an = a0 − nΔa.

Prior to applying the analytical expression for the force per unit area 
field to the computational domain, the continuous real parameter θ ∈ [0, 
2π] present in Eq. (8) and Eq. (12) has been discretized in M = 1000 
values with a step Δθ = 2π/(M − 1) ≅ 6.29Δ10( − 3)rad. The dis
cretization permits the identification of a finite number of points (in 
physical reality belonging to conductors with thickness of 4.2 mm) at 
which the Lorentz force is applied. These points do not necessarily 
coincide with the nodes of the mesh, and consequently their positions 
were approximated to those of the nearest grid nodes.

3. Results

This section presents the spatial distribution of the Lorentz force 

Fig. 4. Planar scheme of the 4 wire patterns of a transverse gradient coil. Each pattern of elliptical conductors is indicated by a number. Patterns 1–4 are fed by 
positive current, patterns 2–3 are fed by negative current. (a). 3D wire patterns of the gradient coil obtained from Eq. (8), correspondent to the planar scheme. As an 
example, on each pattern, an elementary conductor element ds = dŝt has been highlighted. The static magnetic field B0 is directed along the zc positive direction. 
According to Laplace’s Second Law, the Lorentz force must be orthogonal to both t̂ and B0 (b).

Fig. 5. FE model of a head gradient assembly obtained by approximating its 
multilayer structure with a homogeneous epoxy resin cylinder. Clamped con
straints are highlighted as boundary conditions at the ends of the structure.
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(Figs. 6, 7), as evaluated by Eq. (12), and its dependence on geometrical 
parameters (Section 3.1).

With regard to the free vibrations of the gradient assembly (Section 
3.2), the distribution of its first 60 natural modes between the fre
quencies is shown (Fig. 10); some significant modal shapes have been 
selected and presented in figure (Fig. 11).

With regard to the forced vibrations (Section 3.3), the static 
displacement field (f = 0Hz) is shown preliminarily (Fig. 13). The dy
namic field of displacement is shown in Fig. 14 for some frequencies of 
interest. The spectra of magnitude of displacement, velocity and accel
eration, averaged over the internal surface of the gradient assembly are 
presented in Figs. 15, 16.

A comparison between the proposed static force distribution and that 
of scientific literature is carried out (Section 3.4). Finally, results of the 
free and forced vibrations of the gradient assembly are compared with 
numerical and experimental results available in open literature (Section 
3.5).

3.1. Spatial distribution of the Lorentz force per unit area on transverse 
gradient coil wire patterns calculated analytically

The analytically calculated spatial distribution of the Lorentz force 
(Eqs. (8) and (12)) acting on the simplified transverse Gx gradient wire 
patterns is shown in Fig. 6a. Fig. 6b shows one portion of that, high
lighting the spatial modulation of the force field. In accordance with Eq. 
(12), the forces are radially oriented, entering or exiting the cylindrical 

surface where the wires are located, depending on the sign of the cosine 
and the driving current I.

As established by Eq. (12), for a fixed elliptical wire of index n 
(Fig. 7a), the modulus of the Lorentz force per unit area varies along the 
wire path as a function of the real parameter θ, as shown in Fig. 7b. From 
the figure, one can see a cosine behaviour with the maximum value of 
the modulus occurring for θ = 0, θ = π, θ = 2π and the null values in 
correspondence of θ = π/2, θ = 3π/2. The two symmetric points at which 
the force is null are those in which the conductor element ds is parallel 
to the main magnetic field B0 = B0 k̂c. Similarly, the two symmetric 
points at which the force is at its maximum are those in which the 
conductor element is orthogonal to the magnetic field. This occurs 
irrespectively to the wire index n. The locus of the points for which the 
force cancels lies on the two circumferences on which the foci of all the 
ellipses also lie.

As expected, the maximum value of the modulus of the Lorentz force 
per unit area is proportional to the static magnetic field and to the supply 
current, and it is inversely proportional to the wire thickness according 
to the formula |q|max = B0I/h (13).

For values of θ different from the null or maximum points (0, π/2, π, 
3π/2, 2π) the modulus of the force per unit area depends on the wire 
index n, as shown in Fig. 8 for the value θ = π/4, as an example. It can be 
seen that the force per unit area at the considered value of θ increases 
slowly for the outer spires and rapidly for the inner spires.

This dependence of q on n is due to that on the semi-axes bn = b0 −

Fig. 6. Calculated Lorentz force distribution acting on the Gx transverse gradient wire patterns. In each couple of patterns there is an opposite current flow direction 
(a). Calculated Lorentz force distribution acting on the portion of Gx transverse gradient wire patterns lying on a quadrant (b).

Fig. 7. Points along a single wire of index n mapped by some values (0, π/2, π, 3π/2, 2π) of the real parameter θ (a). Lorentz force per unit area trend along the path 
of a single wire. The Lorentz force varies as cosθ along the wire path, approaching the maximum value of its modulus (B0I/h) for θ = 0, θ = π, θ = π and cancelling out 
for θ = π/2, θ = 3π/2 (b).
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nΔb, and an = a0 − nΔa of the single wire. In fact, Fig. 9 shows that, 
again for values of θ different from the null or maximum points, the force 
increases towards the asymptotic value |q|max = B0I/h when bn in
creases, and it decreases towards zero when an increases. However, these 
trends are limited by geometrical constraints given by the cylinder 
circumference and length; in fact, it is necessary that bn < 2πR/4 and an 
< L/4. Hence, depending on the different values of the steps Δb and Δa, 
the unit force q will increase or decrease with n (the case shown in Fig. 8
refers to Δb > Δa).

Calculating the cumulative force acting on a wire as the integral of 
Eq. (12) on the interval [0, 2π] 

∫2π

0

1
h

B0Ibn
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(bncosθ)2
+ (ansinθ)2

√ cos(θ)dθ (14) 

a null force results for each wire. This is true for homogeneous B0 field, 
occurring rigorously in the case of high field MRI devices and with a 
good approximation in the case of lower field devices [9].

3.2. FE modal analysis of the insert gradient coil

The distribution between the frequencies of the first 60 natural 
modes of the insert gradient assembly is shown in Fig. 10.

It results that many eigenfrequencies are shared between a couple of 
natural modes, characterized by the same shape and superimposable by 
rotation around the cylinder axis (degenerate modes [78–81]), due to 
the cylindrical symmetry of the coils.

As for the eigenfrequencies, they can be found in three intervals: 
[679.78, 1402.6] Hz, [1779.9, 2792.2] Hz, [3084.9, 4018.9] Hz. The 
lowest eigenfrequency is 679.28 Hz. Most of the modes are found above 
1402.6 Hz.

Some of the obtained modal shapes are displayed in Fig. 11.
It is worth noting that the modal shapes associated with coincident 

eigenfrequencies (e.g. Fig. 11a and 11b, 11d and Fig. 11e, 11g and 11h, 
Fig. 11i and Fig. 11j, Fig. 11l and Fig. 11m, Fig. 11o and Fig. 11p) are 
identical, except for a rotation around the cylinder’s axis.

3.3. Forced vibrations of the insert gradient coil by Fe analysis

The distribution of the Lorentz force per unit area incorporated into 
the FE model of the insert gradient assembly, according to the hypoth
eses of Section 2.5, is shown in Fig. 12. The forces are applied over an 
ideal cylindrical surface at R = 141.75 mm., corresponding to the real 
location of the conductors of the Gx gradient described in Section 2.5. 
The Lorentz forces are high where conductors are perpendicular to the 
static magnetic field; this occurs at the centre and in the vicinity of the 

Fig. 8. Lorentz force per unit area at the point θ = π/4 acting on the elliptical 
wires (N = 40) of one pattern, passing from the outermost spire (n = 0) to the 
innermost spire (n = 39). The numerical values of q are referred to the 
following parameters: R = 141.75mm, beff = πR/2 = 222.66mm, b0 = (90/100) 
beff = 200.39mm, bN − 1 = b0/9 = 22.27mm, Δb = 4.6mm, L = 680mm, a0 = (93/ 
100)L/4 = 158.1mm, aN − 1 = a0/9 = 17.57mm, Δa = 3.7mm, Z0 = L/4 =
170mm, h = 4.2mm.

Fig. 9. Lorentz force per unit area as a function of the major semi-axis b of a single wire in figure (a) and as a function of the minor semi-axis a in figure (b), at the 
points θ = 0, π/2, π/4, and in the region of existence of a and b.

Fig. 10. Distribution between the frequencies of the first 60 natural vibration 
modes (index from 1 to 60 on the y-axis). In horizontal axis the eigen
frequencies, in vertical axis the different modes related to them. Some eigen
frequencies are shared by two modes due to symmetry effect. Most of the modes 
is found at high frequencies (above 1402.6 Hz).
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ends of the cylinder, where the forces have opposite directions.
In case of constant forcing (frequency 0 Hz), the corresponding field 

of the displacement magnitude is static, and it is shown in Fig. 13.
The presence of the fixed constraints applied at the ends of the 

external surface of the gradient assembly, determines a bending moment 
around the y axis, due to purely radial Lorentz forces, as expected in a 
clamp-clap beam. The maximum displacement occurs at the centre of 
the structure, where the maximum of Lorentz force occurs since the 
conductors are perpendicular to the static magnetic field direction. The 
variable field of the displacement magnitude, due to the cosine Lorentz 
forces (with the same spatial distribution of Fig. 12) is shown in Fig. 14
for some frequencies of interest.

The deformed configuration at different frequencies is determined as 
usual by the superposition of the response to the acting force distribu
tion (exciting only a subset of the modes) and the shape due to the 
excited nearest natural frequency. While for frequencies lower than 600 
Hz the displacement field results similar to the static one of Fig. 13, for 
higher frequencies the effect of the natural modes becomes detectable. 
For frequencies near 600 Hz (Fig. 14a) the system starts to exhibit a 
vibration behaviour dominated by one of the degenerate natural modes 
at 679.28 Hz, with the phase inversion clearly appearing for the reso
nant frequency (Fig. 14b). The same happens for example for excitation 
frequencies near the resonant frequencies 1827.0 Hz (Fig. 14f, 14g), and 

2702.5 Hz (Fig. 14j, 14k).
In other cases, the deformed shape seems more related to the forcing 

effect than the resonant mode, as for example in Fig. 14d (1160 Hz) and 
Fig. 14h (2085 Hz).

Finally, in some cases, related to frequencies intermediate between 
two resonant frequencies, the displacement field seems to be determined 
by a combination of those due to the resonant ones (Fig. 14c, 14e, 14i).

All these behaviours are confirmed by the displacement spectra 
shown in Fig. 15 for some points of the internal surface of the gradient 
assembly and for the entire surface. For example, the displacement field 
related to 1160 Hz is confirmed to be not significantly affected by the 
corresponding resonant mode.

As said, In Fig. 15 the spectra of displacement are shown. All the 
considered points show the same resonant frequencies, as the entire 
surface does: 690 Hz, 1160 Hz, 1825 Hz, 2085 Hz, 2705 Hz and 2785 Hz. 
Different anti-resonant frequencies are detected, not present for the 
average values. For higher frequencies, displacement components, 
different from the radial one, contribute to the total displacement. One 
can see that, the system exhibits three main resonant frequencies (680 
Hz, 1825 Hz, 2705 Hz) and three minor resonant frequencies (1160 Hz, 
2085 Hz, 2785 Hz).

The most significant resonant and anti-resonant peaks occur for 
points 1 and 4, according to Fig. 15b located on the circumference 

Fig. 11. Significant vibration modes of the insert gradient assembly obtained by the FE analysis (maximum displacements are shown in blue, not moving regions are 
shown in white). The represented modes correspond to the following natural frequencies fn = 2πωn and damping terms ηfn/2: 679.28 + i6.113 Hz (a), 679.28 +
i6.113 Hz (b), 880.77 + i7.9263 Hz (c), 1159.9 + i10.439 Hz (d), 1159.9 + i10.439 Hz (e), 1779.9 + i16.018 Hz (f), 1827.0 + i16.442 Hz (g) 1827.0 + i16.442 Hz 
(h), 2086.2 + i18.774 Hz (i), 2086.2 + i18.774 (j), 2497.2 + i22.473 Hz (k), 2702.5 + i24.321 Hz (l), 2702.5 + i24.321 Hz (m), 2707.2 + i24.363 Hz (n), 2792.2 +
i25.128 Hz (o) 2792.2 + i25.128 Hz (p). Pairs of degenerate modes can be observed ((a) and (b), (d) and (e), (g) and (h), (i) and (j), (l) and (m), (o) and (p)), as well as 
modes corresponding to just one natural frequency ((c), (f), (k), (n)).
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midway between the ends,
Following [20,21,82], for which the sound pressure level inside the 

patient bore of the MRI device is proportional to the normal velocity of 
the internal surface of the gradient assembly, the spectra of total and 
radial velocity, averaged on the entire internal surface, are shown in 
Fig. 16a. To compare our results with those of open literature, the 
spectra of total and radial acceleration are shown in Fig. 16b.

One can see again that above the resonant frequency at 2085 Hz non- 
radial components contribute to the total velocity and acceleration.

3.4. Comparison with literature results for the distribution of Lorentz 
forces

Most of the papers analysing experimentally the gradient assembly as 
a source of acoustic noise employ SPL measurements, while a smaller 
number of articles focuses on vibration measurements [15,18,20–27]. 
The majority of these studies [15,20–22,25,26] focus on experimental 
modal analysis, namely free vibration measurements after an impulse 
excitation. Conversely, only a small number of studies [21,24,27] 
evaluate the forced vibrations of the gradient assembly, in which 

Lorentz forces act on the windings, providing quantitative results on 
displacement, velocity or acceleration magnitudes. For this reason, it 
was not feasible to retrieve the outcomes of experimental measurements 
of the Lorentz forces acting on the conductors. Consequently, a com
parison was conducted with the results of Wang et al. (2008) [26], and 
Winkler et al. (2017) [27], which performed an analytical and a nu
merical evaluation of the Lorentz force distribution, respectively. 
However, it should be noted that in the analytical formula proposed by 
[26], the expression for the conductor distribution is not made explicit.

The results of our study on the spatial distribution of the Lorentz 
force on the transverse gradient wire patterns are in good agreement 
with those previously obtained and qualitatively described by [26]. As 
in [26], our findings confirm a significant dependence of the force field 
on the geometrical characteristics of the transverse gradient wire pat
terns. In particular, it has been shown that the forces are radially ori
ented, with a maximum magnitude occurring at the centre and at the 
sides of the wire patterns, and that two zero-force circles are formed 
symmetrically on the coil cylinder.

In order to compare the results of the present study with those of the 
study by [27], we compute the theoretical Lorentz force per unit length 

Fig. 12. Distribution of the Lorentz force per unit area on the insert gradient assembly FE model, over an ideal surface inside the gradient assembly, located at R =
141.75 mm with respect to the axis. Front view in (a), side view in (b): the positive forces, outgoing from the cylindrical surface, are in red, the negative forces acting 
in the opposite direction are in blue. Vector distribution and magnitude of the forces in (c).

Fig. 13. Static field of the displacement of the insert gradient assembly FE due to the Lorentz forces. In (a) displacement magnitude, in (b) displacement vectors.
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acting on the conductors by multiplying the force per unit surface q(θ, n) 
by the conductor thickness h = 4.2mm. The maximum value of force per 
unit length corresponds to BoI = 100N/m. In [27] the Lorentz force 
distribution on realistic conductor wire patterns (available from the 
in-house head gradient coil design) is simulated using the values of Bo =

3T, and I = 50Aand a slightly different geometry than our model from 
the numerical values point of view. The maximum value of force per unit 
length attained in Winkler’s study is 150 N/m, which is consistent with 
Eq. (14). It should be noted that also the density of the distribution of 
conductors is different in our study and in Winkler’s study, and this 
implies different local solicitations on the gradient assembly.

3.5. Comparison with literature results for free and forced vibration

Regarding the free vibration analysis, the present results, in terms of 
the identified vibration modes of the gradient assembly fixed at the ends 
(shown in Fig. 11), are consistent with those obtained by [22] through a 
numerical and experimental analysis. In [22] different boundary con
ditions were analysed concerning the type of mounting of the gradient 
assembly; our results better align with the configuration employing 6 
fixation screws. A partial qualitative alignment can also be found with 
the experimental and numerical modal shapes provided by [25], and 
with the experimental mode shapes found [26]. In both the papers, 6 
screws were used to fix the ends of the gradient coil; this configuration 

Fig. 14. Variable field of the displacement magnitude of the insert gradient assembly due to cosine forcing for some significant frequencies: 600 Hz (a), 680 Hz (b), 
900 Hz (c), 1160 Hz (d), 1400 Hz (e), 1825 Hz (f), 1830 Hz (g) 2085 (h), 2400 (i), 2700 (j), 2705 (k), 2785 (l). The deformed configuration at different frequencies is 
determined as usual by the superposition of the response to the acting force distribution (exciting only a subset of the modes) and the shape due to the excited nearest 
natural frequency.
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was interpreted either as a clamp-clamp boundary condition or close to a 
simply supported boundary condition [26]. Again, a qualitative agree
ment is found with the unique modal shape shown in [21] at 3070 Hz. 
Quantitative comparison for the values of the eigenfrequencies could 
not be assessed because of differences in geometry or lack of information 
(i.e. availability of results of both eigenfrequency and modal shape) in 
the open literature; however, it can be noted that, for the same fre
quency range, our results show the presence a greater number of natural 
frequencies with respect to the numerical results of [21].

As for the forced vibrations, it can be seen from Figs. 13 and 14 that 
the main deformation of the cylindrical gradient assembly because of the 
contribution of the transverse gradient coil (Gx) is an axial bending 
(around the y-axis). Deflection shapes at different frequencies agree with 
those showed by [21,9], with the so called “banana resonance mode” 
being the dominant, as stated in [9]. As said, for some resonant fre
quencies, the deformed shape seems more related to the forcing effect 
than the resonant mode, and these observations agree with the findings 
of [21]. In addition, it can be observed that among the forced 

displacement patterns, within the analysed frequency band, the “beam 
bending” patterns is always recognizable, as stated in the experimental 
studies by [22,25].

For a comparison of results, also some frequency spectra are avail
able. Regarding the average vibration velocity of the internal cylinder 
surface of Fig. 16a, a good agreement can be noted with [21], which 
shares the same geometry of our model but employs non-uniform ma
terial parameters. The main resonance is found near 700 Hz with an 
amplitude of the order of magnitude of 10− 1 m/s, slightly greater in the 
case of the present work. The resonances near 1000 Hz and 1500 Hz are 
matched as well, with the latter shifted to higher frequency (1825 Hz) in 
the present work. For frequencies higher than 2500 Hz the last resonant 
peaks are matched. The main difference regards frequencies between 
2000 Hz and 2500 Hz, where we detected one minor resonance, and 
[21] shows two major resonances with a narrower bandwidth.

With regard to the average vibration acceleration of Fig. 16b a good 
agreement can be found with [27]. Three well defined main resonant 
peaks can be detected, for not coincident frequency values due to 

Fig. 15. Forced vibration field: in (a) spectra of displacement at selected points of the internal surface of the gradient assembly indicated in (b); in (c) spectrum of 
average displacement on the internal surface (total and radial displacement). All the considered points show the same resonant frequencies, as the entire surface does: 
690 Hz, 1160 Hz, 1825 Hz, 2085 Hz, 2705 Hz and 2785 Hz.

Fig. 16. Spectrum of radial and total velocity, in (a), and acceleration, in (b), averaged over the internal surface of the gradient assembly.
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different structural and geometrical parameters. Moreover, a coarser 
frequency resolution is employed in [27], so that some resonant peaks of 
the present work may not be identified there.

4. Discussion

The objective of this study was to theoretically analyse the charac
teristics of the Lorentz force field on transverse gradients due to device 
parameters, including the coil conductors’ distribution.

Theoretical results for the Lorentz force distribution confirm that 
Lorentz forces on gradient coils are radially oriented and their amplitude 
on each elliptical spire constituting the transverse coil is linearly 
dependant on the static magnetic field strength B0, the coil driving 
current I In addition, the elementary force magnitude is modulated 
along each elliptical spire according to a factor cosθ, where θ is a 
parameter representing each point on the cylinder surface. It was found 
that, irrespective of the position of the spire in a wire pattern, there are 
two points at which the forces cancel and two points where they are 
equal to ± B0I/h. For the other points of the spires, the Lorentz forces are 
not linear across consecutive spires, with a modulus that increases if the 
bn semiaxis varies more rapidly than the an semiaxis or decreases if vice 
versa. Although the model was based on a simplified coil geometry, 
which assumed perfectly elliptical spires to obtain a closed form equa
tion for the Lorentz force field, the proposed analytical distribution is 
coherent with other analytical and numerical results, and the rate of 
change of the ellipse semi-axis emerges as a key parameter influencing 
the force distribution. In our simplified model constant steps designated 
as Δa andΔb have been selected for the consecutive spires of a given 
pattern. Consequently, since Δa < Δb, a decrease in force can be 
observed from the inner to the outer spires of each pattern. However, it 
is noteworthy that often non-constant steps between consecutive spires 
are obtained through the computer-aided design of gradient coils, and 
asymmetric coils are frequently adopted [49,71,77,83]. Thus, incorpo
rating spatially variable steps between the spires within the framework 
of the model can result in the delineation of operative constraints that 
are to be incorporated into the gradient coil design. Furthermore, 
adopting the approach outlined in [72] the fundamental elliptical ge
ometry of the spires under consideration in this study can be distorted, 
thereby acquiring an additional degree of freedom that can be used for 
the purpose of design optimization. In particular, the elliptical approx
imation employed in the model gives rise to an overestimation of the 
Lorentz forces along the longitudinal segments of the gradient cylinder 
with respect to the typical shapes of transverse gradient coils. Conse
quently, the adoption of a design oriented toward maximizing the length 
of the segments of the ellipses with orientation parallel to the static 
magnetic field B0 could result in a reduction of solicitations of the 
structure.

In order to analyse the gradient assembly dynamics determined by 
the analytical model of the Lorentz force field, finite element simulations 
of the vibrations of the gradient assembly have also been carried out and 
compared to literature results. The finite element simulations were used 
to determine the natural modes of vibration of the gradient assembly, 
and subsequently to investigate which of them is excited by the force 
distribution during forced vibration due to the Lorentz forces.

The forced displacement field due to the proposed analytical distri
bution and the velocity and acceleration spectra are in good qualitative 
agreement with numerical and experimental results in the open litera
ture, in terms of deflection shapes and frequency and amplitude of the 
resonant peaks. The numerical results from literatures are better re
flected than the experimental results. In fact, it is confirmed that the 
distribution of Lorentz forces determines an equivalent bending moment 
which mainly excites bending modes together with radial displacement 
modes (“breathing modes” [84]), since the forces are radially oriented.

The deformed configuration at different frequencies is determined as 
usual by the superposition of the response to the acting force distribu
tion (exciting only a subset of the modes) and the shape due to the 

excited nearest natural frequency. For lower frequencies the dynamic 
displacement magnitude field results similar to the static one; for higher 
frequencies the effect of the natural modes becomes detectable. In some 
cases, the deformed shape seems more related to the forcing effect than 
the resonant mode; in other cases, related to frequencies intermediate 
between two resonant frequencies, the displacement field seems to be 
determined by a combination of those due to the resonant ones.

The findings of the finite element modal analysis are in accordance 
with the theory for vibrations of thin-walled cylindrical shells. This 
theory states that, in the absence of shear deformations, three categories 
of vibration modes can be identified: bending modes, torsional modes 
and axial modes. At low frequencies, the bending modes are dominant 
and can be regarded as linear combinations of two basic normal modes: 
the circumferential modes of the ring and the bending modes of the 
simply supported beam. At higher frequencies, axial modes and 
torsional modes are found [15,22,81,84,85]. Consistently, the forced 
spectrum reveals that for low frequencies the total and radial displace
ments coincide; for high frequencies, the radial displacement compo
nent exhibits a reduced magnitude compared to the total displacement, 
and this indicates the emergence of non-negligible axial and circum
ferential components.

Moreover, the modal analysis revealed the presence of multiple 
eigenfrequencies to which the system responds with a pair of identical 
mode shapes, one of which is rotated with respect to the other (“pairs of 
degenerate modes”). This occurs due to the cylindrical symmetry of the 
gradient assembly, and it’s a common finding for structures with rota
tional symmetry [78–80], also reported by [20,21] in the context of 
gradient coil structural dynamics. With regard to this point, it can be 
observed that, since the Lorentz force distribution imposes a bending 
around the y-axis and radial displacements preferably along the x-axis, 
for a natural frequency exhibiting degenerate modes only the defor
mation mode similar to the described one is excited.

While the presence of the degenerate modes has been reported, their 
role within the context of gradient coil vibrations has not been directly 
highlighted previously. In fact, it is known that in case of breaking of the 
cylindrical symmetry, whether due to non-uniform structural parame
ters, boundary conditions, or force distributions, degenerate modes can 
interact, resulting in peak splitting and shifting of the resonant fre
quencies [78–80,86–88]. Although our analysis does not show evidence 
of such phenomena, the role of degenerate modes should be taken into 
account in the analysis of real-life gradient coils, whose complex 
geometrical and structural features are likely to cause a loss of the 
rotational symmetry.

Several aspects of the developed models could be improved in order 
to simulate real-life gradient assemblies and better match the available 
experimental measurements reported in the literature. As previously 
stated in this section, the analytical formulation of the Lorentz force field 
was necessarily developed on the basis on an approximate geometry. In 
fact, the fingerprint patterns of the transverse gradient coils are not 
perfectly elliptical, as their shape is optimized to achieve a desired 
performance in terms of magnetic field gradient linearity and coil 
efficiency.

Another factor that has not been taken in account is the phenomenon 
of Lorentz damping. This phenomenon occurs when a field of counter- 
Lorentz forces acts on the currents induced in the conductors due to 
their movement in the static magnetic field. According to [27], the 
phenomenon of Lorentz damping has a significant impact on structural 
vibrations and sound pressure levels and can lead to a strong suppression 
and broadening of resonant peaks.

The numerical model can be further developed by taking in account 
the acoustic field generated inside the patient bore. In fact, a bidirec
tional coupling exists between structural wall vibrations and acoustic 
modes generated in the air volume into the finite-length duct [34]. Some 
of the modes may couple, causing a significant increase in acoustic 
noise.

Finally, in order to compare the numerical simulations with 
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experimental measurements related to the single gradient vibration, it is 
necessary to have a deep understanding of the real clamping methods 
used in the manufacturing practice for the multi-layered gradient as
sembly structure. In fact, different boundary conditions could be 
imposed, implying very different responses [22,25]. In this context, the 
present results are consistent with the experimental configuration of 
[22,25], which considers 6 fixation screws at the ends of the gradient 
coil. Furthermore, an accurate modelling of the aforementioned 
multi-layered gradient assembly structure is essential to simulate the 
structural dynamics of real-life gradient assemblies, which are likely to 
present non-uniform and non-isotropic features. A more extensive 
investigation on different boundary conditions modelling the real-word 
constraints on the structure could be performed.

The exciting forces are a consequence of the supply current wave
form and may couple (or not) with the natural frequencies of the 
structure. An accurate modelling of the gradient assembly would allow 
the determination of the resonance frequencies, in order to design an 
appropriate decoupling. Such decoupling could be obtained by modi
fying the spectral content of the sequence pulses [16,82] or by selecting 
ad hoc materials or geometries of the gradient assembly [14,50].

5. Conclusion

Acoustic noise and vibrations in MRI arise from Lorentz forces on 
gradient coils, and the distinctive geometry of transverse gradients gives 
rise to a higher level of vibrations and acoustic noise than that of lon
gitudinal gradient coils, as demonstrated by Cho et al. (1997) [89]. 
Hence, a mathematical model for the spatial distribution of Lorentz 
forces per unit area on the wire patterns of an MRI transverse gradient 
coil has been proposed in order to characterize the load distribution and 
identify design parameters affecting its magnitude. Wire patterns were 
approximated by four sets of concentric elliptical spires, bent on each 
quadrant of the gradient assembly, and a closed-form expression was 
derived to describe the Lorentz force per unit area at each point on the 
conductors. Theoretical results for the Lorentz force distribution confirm 
that the amplitude of the Lorentz force on each elliptical spire consti
tuting the transverse coil is linearly dependant on the static magnetic 
field strength B0 and the coil driving current. Furthermore, a modulation 
along the length of each elliptic spire following a cosine law was iden
tified. The rates of change of the minor and major semi-axes between the 
concentric ellipses have been identified as key parameters influencing 
the trend of the Lorentz force amplitude along different spires. The force 
can increase or decrease depending on whether the semi-axis along the 
circumferential direction (bn) varies more rapidly or more slowly than 
the semiaxis along the axial direction (an). To the best of our knowledge, 
this is the first time that a closed-form expression for the Lorentz force on 
transverse gradient coils has been presented on the basis of the spatial 
distribution of the wire patterns. Furthermore, this paper presents the 
first theoretical evaluation of the impact of geometrical parameters of 
the patterns on the force modulus. A good agreement was found between 
the proposed Lorentz force distribution and that of other studies 

performing numerical simulations based on CAD models of real-life wire 
patterns.

The proposed analytical distribution of Lorentz forces has been used 
as a forcing function in finite element simulations in order to investigate 
the dynamics of the gradient assembly through free and forced vibration 
analysis. The numerical results of the modal analysis demonstrate the 
presence of multiple pairs of degenerate modes, sharing an identical 
eigenfrequency, due to the cylindrical symmetry of the structure. 
Through the harmonic analysis of the forced vibrations, it has been 
possible to identify the vibration modes excited by the force distribution 
and the resulting displacement field. The obtained forced displacement 
field, with average values of 50 µm reached during the main resonance, 
is in good qualitative agreement with the available numerical and 
experimental results in the open literature, as well as the frequencies and 
amplitudes of the velocity and acceleration spectra, averaged over the 
internal surface of the gradient coil.

In the context of geometry-based noise reduction, the proposed 
analytical formulation of the Lorentz force field, even if developed on 
the basis on approximate wire patterns, could be used to derive basic 
constraints to incorporate in pattern shape optimization models to 
achieve a desired performance in terms of magnetic field gradient 
linearity, coil efficiency, while minimizing Lorentz forces.
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Appendix A. Derivation of the unit vector tangential to the 3D wire patterns

We focus on the derivation of the analytical expression of the components of the unit vector ̂t, tangential to the wire patterns expressed by Eq. 8 
with respect to the xc − yc − zc coordinate system. According to differential geometry, the unit vector tangential to 3D curve γ = [γx,γy,γz] can be 
expressed as γʹ

‖γʹ‖ (A.1), where 

‖ γʹ‖=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
γx́
)2

+
(

γý

)2
+

(
γź
)2

√

(A.2) 

According to Eq. (8), the derivative of the 3D curve describing the wire patterns is 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

xc
ʹ = ∓ bnsin

[
π

2beff
bnsinθ

]

cosθ

yc
ʹ = bncos

[
π

2beff
bnsinθ

]

cosθ

zc
ʹ =

L/2
2a

(ansinθ)

, θ ∈ [0, 2π], n = 0...N − 1 (A.3) 

with 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(bncosθ)2
+ (ansinθ)2

√

(A.4) 

being its norm.
Consequently, the components of the unit tangential vector to the wire patterns can be written as: 

t̂ =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

txc =

∓ bnsin
[

π
2beff

bnsinθ
]

cosθ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(bncosθ)2
+ (ansinθ)2

√

tyc =

bncos
[

π
2beff

bnsinθ
]

cosθ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(bncosθ)2
+ (ansinθ)2

√

tzc =

L/2
2a

(ansinθ)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(bncosθ)2
+ (ansinθ)2

√

, θ ∈ [0,2π], n = 0...N − 1 (A.5) 

Data availability

Data will be made available on request.
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