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Abstract

In this paper we develop a new approach to nonlinear stochastic partial differen-
tial equations with Gaussian noise. Our aim is to provide an abstract framework
which is applicable to a large class of SPDEs and includes many important cases
of nonlinear parabolic problems which are of quasi- or semilinear type. This
first part is on local existence and well-posedness. A second part in prepara-
tion is on blow-up criteria and regularization. Our theory is formulated in an
LP-setting, and because of this we can deal with nonlinearities in a very effi-
cient way. Applications to several concrete problems and their quasilinear vari-
ants are given. This includes Burgers’ equation, the Allen—Cahn equation, the
Cahn-Hilliard equation, reaction—diffusion equations, and the porous media
equation. The interplay of the nonlinearities and the critical spaces of ini-
tial data leads to new results and insights for these SPDEs. The proofs are
based on recent developments in maximal regularity theory for the linearized
problem for deterministic and stochastic evolution equations. In particular, our
theory can be seen as a stochastic version of the theory of critical spaces due
to Priiss—Simonett—Wilke (2018). Sharp weighted time-regularity allow us to
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deal with rough initial values and obtain instantaneous regularization results.
The abstract well-posedness results are obtained by a combination of several

sophisticated splitting and truncation arguments.

Keywords: quasilinear, semilinear, stochastic evolution equations, stochas-
tic maximal regularity, critical spaces, Allen—Cahn equation, Cahn—Hilliard

equation, reaction—diffusion equation, Burgers’ equation
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1. Introduction

In this article we study parabolic quasilinear and semilinear stochastic evolution equations of
the form:

{du + Awyudt = F(u)dt + (Bwu + Gw))dWy, t € (0,T),
(1.1)

u(0) = ug.

Here A is the leading operator and is of quasilinear type which means that for each v in a
suitable interpolation space

u— A(v)u,

defines a mapping from X; into Xy here X; — X, densely. The problem (1.1) includes the
semilinear case where the pair (A(u)u, B(u)u) is replaced by (Au, Bu). Here (A, B) are operators
not depending on u. The noise term Wy is a cylindrical Brownian motion. The nonlinearities
F and G are of semilinear type. Many examples of SPDE:s fit in the above framework.

A powerful approach to problems of the form (1.1) is the monotone operator approach
(see [LR15] and references therein), and actually one can even treat some more complicated
nonlinearities than (A, B) for the leading operators. In examples the usual coercivity is formu-
lated for the pair (A, B) and ensures that the problem is of parabolic type. Moreover, without
any difficulty this method allows to treat problems with (z, w)-dependent operators, which is
important in filtering problems. Here and throughout the paper w € 2 denotes the stochastic
variable. There are also some limitations and drawbacks to the method. For example it requires
a Hilbert space structure and it does not provide optimal time regularity. Moreover, for many
equations in dimensions d > 3 (e.g. Navier—Stokes, Cahn—Hilliard and Allen—Cahn), L” or
even LP(L7)-theory seems to be necessary. In some cases a C“-theory could be applied as well.
However a C*-theory (see e.g. [DL19, WD20] for the linear C*-theory) requires regularity
assumptions on the noise, the coefficients, and on uy which can be either too restrictive for
physical applications, or does not fit the scaling property of the SPDE considered. Moreover,
LP(L9)-theory provides blow-up criteria that can be combined with energy estimates to prove
global existence. Energy bounds are usually L”-estimates, and thus, they do not seem to be
exploitable in an C“-context. Blow-up criteria and their applications to SPDEs will be the
topic of the subsequent parts [AV20a, AV22] where the results proven here will be of basic
importance.

Our aim is to build an LP(L9)-theory for (1.1) in which the coercivity condition can be for-
mulated for an abstract pair (A, B) and where we allow (#, w)-dependence in the operators in
an adapted way. The L”-theory [Kry99] is an important step in this direction, and recently an
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evolution equation approach has been found in [PV19], which additionally gives the optimal
space—time-regularity. In the case that A is time-independent and B = 0, optimal space-time
regularity was discovered in the influential paper [NVW12b]. Moreover, under a smallness
condition on B, these results can be applied to well-posedness of (1.1). For instance the semi-
linear case was considered in [Brz97, NVWO0S] and extended to a maximal regularity setting
(see section 1.2) in [NVW12a]. The latter was extended to the quasilinear setting in [Hor18].
In this paper we will completely revise the general theory, and our approach has much more
flexibility. In particular, we allow:

A quasilinear couple (A, B);

Measurable dependence in (¢, w);

(A, B) without smallness conditions on B;

Weights in the time variable w, (1) = ¢* with x € [0,5 — 1);

Rough initial data: u, € (Xo, X1),_ HFTK,p;

Nonlinearities F and G defined on interpolation spaces [Xy, X;];—. which are locally
Lipschitz and have polynomial growth;

e [7(0,T; L?)-theory and L”(0, T; H*?)-theory for a range of s € R.

In the above (Xo,X1)g,, and [Xo, X;]¢ denote the real and complex interpolation spaces,
respectively. In applications these can be identified with certain Besov spaces and Bessel
potential spaces.

Using the weights w,, we will introduce a stochastic version of the theory of critical spaces,
which we will briefly discuss in the deterministic setting in the next section of the introduction.

In the papers [AV20a, AV22] we will continue the study of (1.1). More specifically, we
will study blow-up criteria, regularization phenomena and further applications to SPDEs. In
[AV21b], we will show global well-posedness for (1.1) with small initial data for the stochastic
Navier—Stokes equations.

1.1. Criticality

In the literature critical spaces are often introduced as those spaces which satisfy a scaling
invariance similar to the one of the PDE itself, or as those spaces in which the energy bound
and nonlinearity are of the same order. More details on this can be found in [Can04, Kla00,
LR16, Tao06, Tril3], and references therein. For example for the Navier—Stokes equations 013’1
R? one can obtain solutions in LP(0, T; L?) for small initial data in the critical space B;Il,ﬁ
provided the criticality condition 1% + 3 = 1 holds, and g € (3, c0) (see [LR16, p 182]).

Another way to introduce criticality would be to consider a specific nonlinearity, e.g. F(u) =
|u|" in a given PDE. Typically, some exponent r turns out to be critical in the sense that the
‘usual’ estimates are not powerful enough anymore. Below that value of r the problem is usually
called subcritical and above that value it is called supercritical.

In a recent paper of Priiss—Simonett—Wilke [PSW18] a new viewpoint on critical spaces
has been discovered in the deterministic setting. Special cases have been considered before in
[Prii17, PW17, PW18]. The authors consider abstract evolution equations in spaces of the form
LP((0,7), wy; Xo), where p € (1,00), w,(f) = 1" is a weight function with x € [0, p — 1), and
typically Xy is a Sobolev or an L7-space. Assuming maximal regularity (see section 1.2) for
the leading term and several other conditions, the authors establish local well-posedness. The
weight can be chosen in correspondence with the polynomial growth rate of the nonlinearity
to obtain what they call a critical weight. After the weight exponent « is fixed, the so-called
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trace space of initial values which one can consider becomes (Xo, X1), 14« » and this space
P’

they call critical.

A surprising feature is that in many concrete examples the latter trace space coincides with
the critical space from a PDE point of view. In [PSW18] this leads to several new results for
classical PDEs of evolution type such as the Navier—Stokes equation, Cahn—Hilliard equations,
convection—diffusion equations, and many more. A crucial point in their theory is that F does
not have to be defined on the real interpolation spaces (Xo, X 1)1_% » and one can allow it to be
defined on a much smaller space Xy with & > 1 — L at the cost of a growth condition on F.

In our work we will develop a stochastic version of the above theory. For this many addi-
tional difficulties have to be overcome. Some of them are connected to LP({2)-integrability
issues for the nonlinearities, and others are connected with the fact that in stochastic maxi-
mal regularity (see next section) one needs to work with vector-valued spaces with fractional
smoothness to obtain the right trace theory. Note that in the stochastic case the condition on
k becomes more restrictive k € [0, £ — 1) (in the deterministic case this was s € [0, p — 1)).
Another issue in the examples is that the stochastic version of maximal LP-regularity theory
is more complicated and less developed than the deterministic case. Fortunately, there is a lot
of current research in this direction and hopefully our paper will give motivation for further
progress.

We will show that our theory can be applied to several classes of parabolic SPDEs. With
a hands on approach for each SPDE separately one can often obtain very detailed properties
of solutions. Our theory can provide more information as one usually obtains new spaces in
which the problem can be analysed, and thus provides different regularity results which where
often not available yet.

Before we continue our discussion on the results of our paper, we will first introduce the
reader to so-called stochastic maximal regularity, which is one of the key tools in our paper.

1.2. Stochastic maximal regularity

Maximal regularity has many forms and has always played a fundamental role in modern
PDE. Below we will try to explain some of the background in a nontechnical way. The precise
definitions can be found in section 3.

Arguably the most common form of maximal regularity for elliptic equations is: the solution
uto \u — Au = f with f € LI(R?) and A > 0 satisfies

H”HW2-q(Rd) < C”fHL‘I(]Rd)’

where ¢ € (1,00) and C is a constant depending on A and g. The result fails for the end-
points g € {1,00}. For ¢ =2 this result is simple, and for general g one typically uses
Calderén—Zygmund theory (see [Gra08]).

For the heat equation a similar result holds: the solution u to d,u — Au = f, with initial
condition ug € Bﬁ;,z/ P(R?) (Besov space) and f € LP(0, T; LY(RY)) satisfies

HuHWI-l’(O,T;L’I(Rd)) + ”u”U’(O,T;WZv’I(Rd)) ~ ||“0||B§;2/P(Rd) + HfHU’(O,T;L’f(R“))’

where p, g € (1, 00). Again the result fails if p or ¢ are in {1, co}. There are many ways how
to deduce the latter results, and again Calderén—Zygmund theory plays a central role. The fact
that the estimate is two-sided shows that the result is optimal.

An efficient reformulating of the last result is

ullwrro.roxg) + llullersx = lluollooxn, )+ I llero.rxe,
L
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where Xy = LY(RY) and X; = W24(RY). In this form the result can be extended to many other
parabolic problems, and this has been an important field of research for decades:

e For a PDE perspective see [GT83, Kry08, LSUc68];
e For an evolution equation perspective see [DHP03, KW04, PS16].

This topic is still very active in various schools as is evident from the many recent results
(see e.g. [DK13, DG18, DK18, EHDRT19, HL.19, PSZ20, RS18, Tol18]). As we explained
before sharp estimates for the linear setting can be used very effectively in the nonlinear case.
In the quasilinear case for deterministic equations the standard reference for this is [CL94],
and the recent monograph [PS16].

In the stochastic situation the above theory is much more recent. If « is a solution to the
stochastic heat equation du + Audr = f dt + g dW, then for all p € (2,00) and ¢ € [2, c0)

[uell Locustatno.1:12-200 @ty S ||“0||LP(Q;B§;2/I>(R4)) + I lr@uero.riamay

+ ”g||LP(Q;LP(O,T;WI'q(Rd:4’2)))’

for any 6 € [0, 1/2). Moreover, if ¢ = 2, then p = 2 is also allowed. Here H? denotes the
Bessel-potential space with smoothness 6. The above result was proved in [NVW12b] by van
Neerven, Weis and the second author. The case § = 0 and p > ¢ > 2 was obtained before
in [Kry94a, Kry96b, Kry99, Kry00] with a slightly stronger assumption on u,. Recently, a
stochastic version of Calderon—Zygmund theory was developed by Lorist and the second
author. The latter can be used to derive the full range p € (2,00) and g € (2, 00) from the
case p = g (see [LV20]).
As before the evolution equation reformulation is of the form

‘|”HU’(Q;H"*"(O,T;X179)) S lluollresexox, o T 1 llreerorxn
/p.p
+ ”g||U’(Q;U’(0,T;*y(f2,xl/2)))’

where X;_y = [Xo, X ]1—s denotes the complex interpolation spaces and coincides with
D@A'"?) forA = 1 — A onXj. This is the setting in which in [NVW12b] the stochastic maximal
regularity was proved for a large class of SPDEs. An important difference with the determin-
istic case is that the estimate does not hold for the end-point § = 1/2. However, the half-open
interval 6 € [0, 1/2) is good enough for applications.

It is important to note that the natural form of the above problem is actually du + Audt
= fdt + (g + Bu)dW, where

d

BudW = Z ij,,aju duw",

j=1 n>1

where (bj,),>1 € ¢*. Under the parabolicity/coercivity assumption

d
1 .
€17 = 5D D bubu&i; > 0l¢P.  withd >0, (1.2)

ij=1n>1

the above estimates for the stochastic heat equation still hold. See [PV19, theorem 5.3] and
section 5.1 for a more general formulation.

Although we will only use stochastic maximal regularity in the L”(L?) scale, it is important
to note that it can also be considered in different scales such as the Besov scale and Holder
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scale. For details on this we refer to [Brz95, BH09, D198, LV20] for the Besov scale and to
[DL19, DLZ20, WD20]. The Holder case can be seen as a stochastic analogue of Schauder
theory (see [GT83, Kry96a]).

1.3. lllustration

We will illustrate our abstract results theorems 4.5, 4.7 and 4.8 in a simple case in this intro-
duction. We will only do this in the semilinear setting and refer to section 6 for examples in
the quasilinear setting. Consider the following special case of (1.1) on R? with d > 3

d
du — Audt = u|u\2dt—|—z ijnaju(x)+gnu|u\ dw,
n>1 j=1

(1.3)
u(0) = uo,

where (b),),>1 and (g,),>1 € #? and the b in satisfy (1.2). The following is a special case of
theorem 5.10. The definition of maximal local solution will be given in section 4 (see the text
below (5.23) and definition 4.4).

Theorem 1.1. Let d > 3. Assume that g € [2,d) and q > d/2. Let p € (2,00) be such that
1,1) + % < 1 holds, and let ki = p(1 — %) — 1. Then for each

d_1
uo € L%, (% B7, (RY)

there exists a maximal local solution (u,o) to (1.3). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. foralln > 1

d _2
U € L0, 0wy, WHIRY) N C(10, 0,1 By (R)) N C(0, 0,411 By (RY)).

Here LP(0, T, w,;) denotes the weighted LP-space with weight w,(f) = ¢*. One can check
that (1.3) is invariant under the scaling (see subsection 5.3.2)

ur(t, x) = A2u, \?x),  for A >0, x € RY

d
o 71 . . .. .
Moreover, the space of initial data B/, (R?) (or actually its homogeneous version) is invari-
ant under this scaling as well. Another interesting feature is that we can obtain H'9-
solutions for any initial data with arbitrary low but positive smoothness. Moreover, the process

1-2 . . . .
u:(0,0) = By,” (R%) still has continuous paths, and this shows that there is instantaneous
regularization if k¢t > O and the latter holds if the inequality 111 + % < 1 is strict.

In the above it is important to note that only part of the structure of the nonlinearities u|u|?
and u|u| plays a role in the formulation of the result. In particular, if the nonlinearities have a
different growth, then the above spaces need to be changed accordingly (see theorem 5.10 for
details).

The noise term can be allowed to be rougher. For this one can just change the spaces accord-
ingly, and as is classical, one uses the regularizing effect of the leading operator A. This is for
instance explained for the 1D stochastic Burgers’ equation with white noise in section 5.5 and
with rough noise in section 6.7. Here it is important to note that we can still allow critical
spaces in many situations.
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1.4. Quasilinear SPDEs

There exist several papers on quasilinear SPDEs in the literature. Sometimes authors use
the wording semilinear, quasilinear and fully nonlinear in different ways. Let us explain our
terminology in the example of a stochastic diffusion equation in nondivergence form with
nonlinearities f(u)df + g(u)dW as before

e Semilinear: the leading operator is u — a; ]Bizju with a;; independent of u;
e Quasilinear: the leading operator is u — a;;(u, Vu)é)izju;
e Fully nonlinear: the leading operator is u + a(u, Vu, V>u).

Of course some ellipticity is assumed for the coefficients a;;. However, in the quasilinear
setting the ellipticity is often allowed to be degenerate, i.e. its constant depends on u and is
allowed to become zero. In the fully nonlinear case, ellipticity has to be formulated in a more
sophisticated way, but we will not consider fully nonlinear problems in this paper. However,
our theory can be applied to study fully nonlinear problems as was done by the first author in
[Agrl8].

In the stochastic setting there exist numerous papers in quasilinear setting and even more
in the semilinear setting. Clearly, we cannot discuss all of them here. However, some papers
which are relevant in the application sections will be mentioned there.

For many concrete equations products of distributions are required and often renormaliza-
tion is needed (see [GIP15] and [Hail4]). We will only treat equations in a more classical
context, where this is not required. However, it would be interesting to see what the maximal
regularity techniques bring to this theory. Probably the right viewpoint is that our theory gives
a very flexible framework in those cases where one does not need renormalization. By using
our theory there will be some cases in which renormalization can be avoided, but of course in
many cases renormalization is known to be necessary.

Overview

e In section 2 preliminaries will be discussed. This includes functional calculus, some
stochastic integration theory and an introduction to the function spaces which will be
needed.

e Insection 3 we will introduce stochastic maximal regularity and give sufficient conditions
and examples.

e In section 4 we will state and prove the main local well-posedness results for problems of
the form (1.1).

e Applications to semilinear and quasilinear problems are discussed in sections 5 and 6
respectively. In particular, the Burgers’ equation and porous media equation will be con-
sidered there. Other concrete cases such as Allen—Cahn and Cahn—Hilliard are considered
in section 7.

e In appendix A an appendix on interpolation—extrapolation spaces is included, which will
be used in the application sections.

Notation

e For any T € (0, oc], we set Iy = (0, T) and I denotes the closure of I7.

e We write A <p B (resp. A 2, B), whenever there is a constant C only depending on the
parameter P such that A < CB (resp. A > CB). Moreover, we write A ~p Bif A <p B and
AZ,B.

4107



Nonlinearity 35 (2022) 4100 A Agresti and M Veraar

e If X, Y is an interpolation couple of Banach space, we endow the intersection X N Y with
the norm [| - [[xay = | - llx + [| - [|y-

e For any Banach space Y, x € Yand 7 > 0, we denote the ball of radius n and centre x € Y
by By(x,n):={y € Y ||x = ylly < n} and By(1)) = Br(0,7).

e 8 and &7 denote the Borel and the progressive sigma algebra, respectively. See subsec-
tion 2.3.

¢ SMR;, (T)and SMR,,(T) (and other variants) denote the set of couple with stochastic

maximal L”-regularity (see definitions 3.5 and 3.4).

2. Preliminaries

In this section we collect some useful facts and we give references to the literature for
results which are not proven here. As usual, for I € {(a,b), (a,b],[a,b),[a,b]}, where
0 < a < b < o0, and a Banach space X, we denote by C(/; X) the set of all continuous functions
f:1—= X If b < o0, then C([a, b]; X) is a Banach space when it is endowed with the norm

| fllcqasix = Su?||f(t)\|x~ 2.1)
e

2.1. Sectorial operators and H**-calculus

Let A :D(A) C X — X be a closed operator on a Banach space X. We say that A is sectorial if
the domain and the range of A are dense in X and there exists ¢ € (0, 7) such that 0(4) C X,
where ¥, :={z € C : |arg z| < ¢}, and there exists C > 0 such that

A=A Ylzm < C. VAEC\E,. 2.2)

Moreover, w(A) :=inf{¢ € (0, 7): (2.2) holds for some C > 0} is called the angle of sectorial-
ity of A.

Next we define the H*°-calculus for a sectorial operator A. Let ¢ € (0, 7) and let us denote
by H°(3,) the set of all holomorphic function f : 3, — C such that | f(z)| < min{|z|%, |z| *}
for some € > 0.

For ¢ > w(A) and f € H(Xy), we set

1
sar= st [ st
L Jp

Note that f(A) is well defined and f(A) € £ (X). We say that A has a bounded H>-calculus of
angle ¢ if there exists C > 0 such that

[fD 2w < Cllfllres,), Y f € HF (Ey). (2.3)

Finally, we set wye(A) := inf{¢ € (0, 7) : (2.3) holds for some C > 0} is the angle of the H>°-
calculus of A.

For the reader’s convenience, we list some operators with a bounded H>-calculus. However,
this list is far from complete. Moreover, there are still many new developments on H>-calculus
for differential operators.

Example 2.1.
(a) Positive self-adjoint operators on Hilbert spaces [HNVW 17, proposition 10.2.23];
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(b) —A generates an analytic contraction semigroups on a Hilbert space [HNVW17,
theorem 10.2.24 and corollary 10.4.10];

(c) —A generates a positive contraction semigroup on L? which is analytic and bounded on a
sector.

(d) Second order uniformly elliptic operators with Dirichlet or Neumann boundary condi-
tions on LI(&), where g € (1,00) and & € {RY, R x R, } or € is a C*-domain with
compact boundary [DDH*04] or [KKWO06];

(e) Second and high-order uniformly elliptic operators with Lopatinskii—Shapiro boundary
conditions (see [PS16, chapter 6]) on L(&0), where g € (1,00) and & is a sufficiently
smooth domain with compact boundary [DDHT04];

(f) The Stokes operator on (&) (i.e. divergence-free vector fields in L(&; R%)), where
q € (1,00) and & is a bounded C*-domain [KKWO06, KW13];

(g) The Stokes operator on LY( &), where \é — % < ﬁ and & is a bounded Lipschitz domain
[KW17].

Some more examples can be found in [HNVW17, chapter 10] and in particular the notes
to that chapter. Moreover, by interpolation-extrapolation arguments one obtains similar results
on other spaces (see appendix A).

Finally, we introduce the class of operators with bounded imaginary powers (or briefly BIP).
For details we refer to [Haa06]. Let A be a sectorial operator on X. The operator A" is defined
through the extended functional calculus [PS16, subsection 3.3.2]. We say that A € BIP(X)
if A" € £(X) for all 1 € R. In this case, one can check that 7 — ||A”|| #(x), has exponential
growth and we denote by 04 the power-angle of A, i.e.

. 1 ,.
QA =1lim sup ; 10g ||A tH:f(X).
tToo

For future convenience, let us recall the following properties:

e If A € BIP(X), then [X, D(A)], = D(A?) for any 0 € (0, 1), see e.g. [PS16, theorem 3.3.7];
e If A has a bounded H*-calculus, then A € BIP(X) and 0, < wy=(A).

2.2. Fractional Sobolev spaces with power weights

Let X be a Banach space. Here and in the rest of the paper for p e (1,00) and
Kk € (—1,p— 1) we set w(r) = |t|" for t € R. For p, r as before and for an open interval /
we denote by LP(I, w,; X) the Banach space of all strongly measurable functions f : I — X for
which

T / £ B0 < ox.

If kK = 0, then w,, = 1 and we write L”(I; X) instead of L?(I, wy; X). Moreover, we note that if
0¢ T and I is bounded, then L(I, w,;; X) = L*(I; X) isomorphically. Moreover, for I = (a, b)
and p, k as above, we set L”(a, b, w,; X) := LP(I, w,; X). A similar convention will be used for
the spaces introduced below.

To introduce Sobolev spaces we need to introduce the space of X-valued distributions. For
an open subset / C R, let 2(I) := C5°(I) with the usual topology. Then we define the set of all
X-valued distribution as 2'(I; X) := £ (2(I); X). Note that L\, (I; X)— 2'(I;X) and one can
define the distributional derivative € 2'(I;X) for all j > 1 and f € L., (I;X) in the usual
way.
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For n > 1 and an open interval I C R, we denote by W"”(I,w,;X) the set of all f €
LP(I,w,; X) such that £ € LP(I,w,;X) for all j€ {1,...,n}, where f denotes the jth
distributional derivative of f. We endow W*(I, w,; X) with the norm

n

1 lwmoases =D 1FPr,e-

=0

If kK €(—1,p—1) and 0 €I, then the trace map f — f(0) is a bounded mapping from
WhP(1, w,,; X) into X (see [LV20, lemma 3.1]).
Define a closed subspace of Whe (1w, X) as

WL w X) = {f € WL w,; X) 1 f(0) = 0if0 € T}.

Incase I = (0, T) for some T € (0, 00), the Poincaré inequality (see [MS12, lemma 2.12]) gives
that

1201050 Spae TN 0w,V F € WU w,s X). (2.4

We introduce fractional Sobolev spaces by complex interpolation as in [MS12] and [PS16,
section 3.4.5].

Definition 2.2. et —co<a<b<oo, [=(a,b),pe(l,0), k€(—1,p—1) and 0 €
(0,1). Let

HP(1,w,; X) = [LP(I, w,; X), WL, w,; X)]o.
If0ellet
oH (1w, X) = [LP (I, w,; X), oW (I, w5 X) -

Asbefore, H*P(I,w,; X) = H"P(I, X) isomorphically if 0 ¢ Tand Iis bounded. Furthermore,
by interpolation it is immediate that

oHP(I,w,; X) — HP(I,w,; X)  contractively. (2.5)

Let us note some further properties of the above spaces.

Proposition 2.3. Let X be a Banach space. Let 6 € (0,1), pe€ (1,00), K € (—1,p— 1),
J C I CRintervals, Ir = (0, T) with T € (0,00], ¢ > 0, and A € {H, OH}. Then for all f €
AP, w,; X),

Hf ||A9-l’(1,w,;,;X) < Hf ||A9-P(1,wﬁ.,;X)’

Hf||H9~P(s,T;X) < E_KHf”A(’W(IT,wH;X)’ fr€l0,p—1).

Proof. For convenience of the reader we provide the details. The first estimate follows by
interpolating the restriction operator mapping from A*"(1, w,; X) into A*P(J, w,; X) for k €

{0,1}.
To prove the second estimate by (2.5) it suffices to consider the case A = H. Let
r: f — flemn be the restriction operator on (g, 7). It is immediate to see that

H” ‘|f(Wj’l’(Ir,wﬁ:;X)),WJ’P(E,T;X)) <e”,

for j € {0,1}. Thus, interpolation gives r : H*?(Iz, w,; X) — H%?(e, T, X) with norm at most
e " O
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2.2.1. Extension operators. Here we discuss extension operators for the spaces just intro-
duced. In [MS12], extension operators for the above spaces are already given. However, we
found a different and (to our viewpoint) simpler approach to build extension operators. It
will give some more information, which will be needed in the following. Let us begin with
a definition.

Definition 2.4 (extension operator). Let A € {H*?, H*’} for some s € [0,1], p €
(lI,o0) and let k € (—1,p—1). Let I+ = (0, 7) for some T € (0, c0). We say that a bounded
linear operator

Er: Alr, wi; X) — AR, wy; X),
is an extension operator on A(Ir, w,; X) if Erf = f on I7.
Let E be the extension operator which maps,
A0, 1, w; X) = AR, w,; X), where A € {LF, W'?} (2.6)

given by the classical reflection argument (see e.g. [AF03, theorems 5.19 and 5.22]), which
can be extended to the weighted setting. By construction it follows that

NES N rw, ) < Cpkll Fl12r0,1,0,:)5 2.7)
IEN er@ ) < Cps (I 20,1003 + 1 22010005 (2.8)

where C,,. is a constant which depends only on p, k.

Proposition 2.5. Lersc[0,1],pe (1,00),k € (—1,p— 1) and let T € (0,0). Let E7:
LP(0, T, wy; X) — LP(R, wy; X) be the operator given by

Erf(1) = E(f(T") (%) , 1€R,

where E is as above. Then the following assertion holds.

(a) The restriction E; of Er to (H*P(I7, wy; X) defines a bounded extension operator with
values in (H*P(R, w,;; X) with

0Bl 2 merttr .0, Hor@w,x) < oCs

where C depends only on p, s, k.

(b) Let n > 0 and T € (n,00)]. Then Er induces an extension operator on H*’(Ir, w,; X),
which will be still denoted by Er. Moreover,

|E7 [ 2@ rrax.isr@ax) < C,
where C depends only on p, s, k, .

Proof.

(a) By a change of variable and (2.7),

t— E(f(T) (%) H S I leraragxos

LP(R,w;X)

‘|OET\)C||U’(]R,7UH X) —
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and
||(0Erf)/||LP(Rw~;X) =7 Ht = (E(f(T'))), (%) HLP(R,wN;X)

o 14k
=T "7 JEFTN | @

(©) 1+ I4+r ;
ST 7 (@) o + 1 TT | r1.0,:x))

(11) lJr_){ ! !
S T7 T = 1 erarwsx

where in (i) we used (2.8) and in (ii) the weighted Poincaré inequality (2.4). We can
conclude that also [|oEr[| ¢ w1070, Wr@w,x) < € With C independent of 7.

Now complex interpolation gives that (E; is a bounded linear operator from
oH*P(Ir,w,; X) into (H*P(R,w,;X). Moreover, it has the extension property, i.e.
oErf = f on I, which follows from the extension property of E.

(b) This follows in the same way, but since we cannot use Poincaré inequality, we obtain
—1
HET ”Z(WI’P(O,T,UJ,{;X),WLP(R,UJH;X)) SCA+T7). U

2.2.2. Embedding results. In this section we collect some basic embedding results for the
spaces introduced in the previous section. To begin, let us introduce Sobolev embeddings and
interpolation inequalities for H*”. Some of the following results might also hold for general
Banach spaces, but since we will use the UMD property many times we prefer the presentation
below. Note that the difficulty in the proofs below is that we want estimates with 7-independent
constants as this is required in fixed point arguments below.

The following result on vector-valued Sobolev spaces follows from [LMV 18, sections 5
and 6]. The scalar unweighted case is simpler, and in that case the result is a special case of
[See72].

Theorem 2.6. Let X be a UMD space, p € (1,00), k € (—1,p—1), s € (0,1), and I €
{R,Ry}. If s # 1';“', then

1
(e H(Lws X):u0) = 0, if s> 2
p

HP (I, wy: X) =

0 s Wk 1

H(I, w,: X), ifs< 1
P

isomorphically.

By using the extension operator of proposition 2.5 one can see that theorem 2.6 extends
to I = (0,7) with T € (0, 00). In particular, if s # ";"’, then (H*P(I, w,;X) is a closed sub-
space of H*P(I, w,;; X). Although this seems very likely, this seems to be highly nontrivial. As
a consequence the estimate ||u||OHx.p(1,1,,K x) ~ ||u|| gr,.x) holds, where we need the condition

u(0) =0ifs > IJIF—)” The theorem will usually be applied through the latter norm equivalence.

Proposition 2.7 (Sobolev embedding). Let X be a UMD Banach space. Let T € (0, oo]
and set It = (0, 7). Assume that 1 < p, < p; < 00,580,581 € (0,1)and k; € (=1, p; — 1) fori €
{0, 1}. Assume "—i < ”—g and sy — H:O > s5) — X5 Then there is a constant C independent
of T such that for all f € (H**P0 (I, w,,; X),

1AW o1t g 0 < CIF I oo g 20+
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The same holds with (H*"Pi(Ir,w,,; X) replaced by H*Pi(Ir,w,,; X) with a constant C which
depends onT.

Proof. First assume s; # %L Let ,E., be as in proposition 2.5(a). Then
P 0T prop

1Nt ey 0 < oErf Il oo oo, 30-

where we used proposition 2.3 for (E;f. By theorem 2.6 it remains to estimate
loE7fl#171 @0, :x)- BY MV 15, propositions 3.2 and 3.71, [|oE.f | msii ., :x) is equivalent to
loE7f 1 257 ® .y, ) Where € denotes the Bessel potential space. Therefore, by the weighted
Sobolev embeddiﬁg result [MV 12, corollary 1.4] we obtain

loErS [l Rwg :X) S ”()ETfHH“'O"’O(R,wH,O;Xy
By (2.5) and proposition 2.5(a) we obtain
loExrSf ”H“'O"’O(R,w,;o;X) < lloErf HOHSOJ’O(R,WO;X) Sf HOHSOJ’O(IT,WO;X),

and the result follows by combining the estimates.
In the case s; — 5L = 0 we use an interpolation argument. Let € > 0 be so small that

2
s]i =sj e € (0,1). Then by the previous considerations

GHOP (I W, X) < (HY P (I, wy, 3 X),

where the embedding constants can be taken 7-independent. Interpolating both embeddings
gives the desired embedding in the remaining case.

The final assertion can be proved with the same method, but one can avoid theorem
2.6. Moreover, one needs to use the extension operator on H®” spaces provided by
proposition 2.5. (]

Next we prove a version of the mixed derivative result [LV20, theorem 3.18], but with 7-
independent estimates.

Proposition 2.8 (mixed derivative inequality). Ler (Xo, X;) be an interpolation couple
such that both Xy and X, are UMD spaces. Let p; € (1,00), k; € (—=1,p; — 1), and s; € (0, 1)
forie {0,1}. For 6 € (0,1) set

1 1-6 0

s:=so(1 — 0) + 5,0, — = + —, /{::(I—B)E/{o—&—eﬁm.
p Po P Po P

Assume T € (0,00) and s # £, Then there exists a constant C > 0 independent of T €
(0, 00] such that for all f € (H*P0(Ir, w,,; Xo) N oH* P (I, w5 X1),

—0 [
£l s ar oo xinp < ClIf] éyxo,m(IT,“,KO;XO)||f [T

The same holds with (H*"Pi(It, w,,; X;) replaced by H*"Pi(It, wy,; X;) with a constant C which
depends on T in which case s = HT” is also allowed.

Proof. Let ;E; be as in proposition 2.5(a). By construction (see subsection 2.2.1) (E; does
not depend on p;, K, s;, X;. Therefore, proposition 2.3 gives

1l rrsraronixoxing < NoBrfll jrer@w,iixo xi1p)-
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Since 5 # 1££, by theorem 2.6 it suffices to estimate ||oEqf || #s:r(® w,:1x0.x,1,)- The interpo-
lation result [LV20, theorem 3.18] implies

‘|0ETf||HS-1’(R,11fK;[Xo,X1]e) < C”OETf‘|}1:(€I’O(R,wﬁo;x0)HOETf”Z"'l*"I(R,w,;I;Xl)'

As in the proof of proposition 2.7 one can check that

0B f Il msimi s, x0 < NoEr Sl arsiri @y ixiy S NS rsiwi a0

and we can conclude the required embedding holds.
The final assertion can be proved in a similar way. (]

Remark 2.9. 1t is to be expected that combining the methods of [LMV18] with [LV20,
theorem 3.18], proposition 2.8 can be improved to

[()HXOJ)O(R—‘,-, wls‘,() ; XO); ()I_ISl’p1 (R—‘ra wh’,l ;Xl )]9 - OH&P(RJ’_, whﬁ; [X05 Xl ]9) (2'9)

under the condition s # ”7“ In the case that s = %, we expect the embedding
OHSO’p(IT, wﬁ;Xo) N OHflﬂP([T, wﬁ;Xl) — OH&P(]T, Wy, [XO,XI]O) to be wvalid with T7-
independent constants as well. This could be proved by a reiteration and interpolation
argument using (2.9).

We conclude this section by recalling an optimal trace result for anisotropic spaces. This
result is a special case of the trace embedding of [ALV21]. In the case that X; = D(A) where A
is an invertible sectorial operator on a UMD Banach space X, the following is a consequence
of [MV14b, theorem 1.1] and [AV20b, corollary 7.6]. Moreover, the UMD condition can be
avoided. In the following for an interval J/ C R, and a Banach space X, we denote by Co(J; X)
the set of all continuous functions f : J — X vanishing at infinity endowed with the norm given
by the right-hand side of (2.1).

Proposition 2.10. Let (X, X)) be a couple of Banach space such that X; — X,. Set X| ¢ =
[Xo, X111—¢ or Xi1—9 = (X0, X1)1-¢, with r € [1, 00]. Assume that p € (1,00), kK € [0,p— 1),
0 € (0,1)and T € (0, c0). Then the following holds:

(@) If0 > £ then

p’

H" (17, w5 X1 ) N LU, w3 X0) < ColTrs X, X0, g )3
b) If6 > %, then for any 0 < e < Tand J.7 = (¢,T)
H'P (I, i Xi9) VLM, wy; X1) = ColTers (Ko, X1 ).

Moreover, the constants in (a) and (b) depend only on n if T € (1, 00]. Furthermore, if we
replace HP by oH%? in (a) and (b) the constants in the embeddings can be chosen independent
of T > 0.

Here (a) follows from the above mentioned references and proposition 2.5. To prove (b)
one can reduce to (a) with x = 0 by proposition 2.3 and a translation argument. To prove the
embeddings (a) and (b) for ,H?” by proposition 2.5 it suffices to consider the case T = oo in
which case the result follows from (a) for H”.
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2.3. Stochastic integration in UMD Banach spaces

The theory of stochastic integration in UMD Banach spaces with respect to a cylindrical Brow-
nian motion is developed in [BYNVWO08, NVWO07], see also [NVW15]. Here we recall the
results which will be needed in the following.

Throughout the paper (2, A, F = (%,);>0, P) will denote a filtered probability space. Recall
that a process ¢ : [0, T] x 2 — X, where X is a Banach space, is called strongly progressively
measurable if for all 7 € [0, T], ¢|j04 is strongly ZB([0, 1]) ® .F,-measurable (here 98 denotes
the Borel o-algebra). The o-algebra generated by the strongly progressively measurable
processes will be denoted by &2 and is a subset of ZB([0, 00)) @ F ..

In the paper we will consider cylindrical Gaussian noise. In the following H is a separable
Hilbert space.

Definition 2.11. A bounded linear operator Wy : L*(R ; H) — L*() is said to be a cylin-
drical Brownian motion in H if the following are satisfied:
e Forall f € LZ(R+; H) the random variable Wy(f) is centred Gaussian.
e Forallt € R, and f € L>(R_; H) with support in [0, 1], Wy(f) is % ,-measurable.
e Forallt € R, and f € L>(R_; H) with support in [z, co], Wy (f) is independent of .Z,.
e Forall f1, f> € L*(Ry; H) we have EWr(f)Wu(f2) = (f1, f) @, -

Given a cylindrical Brownian motion in H, the process (Wg(£)h);>0, where
Wy(h =Wy(1oyg @ h), heH, (2.10)
is a Brownian motion.
Example 2.12. Let (w,),>1 be independent standard Brownian motions. Then
Wp(f) = Z@l fR+ (f,e,)dw, converges in L*(2) and defines a cylindrical Brownian
motion in £2, where ¢, = (0ju)n>1 and §, denotes the Kronecker’s delta.

To introduce stochastic integration in UMD Banach spaces X we first recall the definition
of y-radonifying operators (see [HNVW 17, chapter 9] for details). Let (7,),>1 be a sequence

of independent standard normal random variable on a probability space (Q ]P’) and (h;);>1 an
orthonormal basis for H. We say that a bounded linear operator 7': H — X belongs to v(H, X)
if >°°° 7:Th; converges in L*(Q2; X) and in this case we let

S 5T

i=1

2

HTH%/(H,X) =E
X

Note that for X = L”(S) with p € [1, 00), where (S, X, 1) is a measure space one has (see
[HNVW17, proposition 9.3.2])

y(H,X) = L”(S; H). (2.11)

At this point, we can define the stochastic integral with respect to a cylindrical Brownian
motion in H of the process 14y @ (h ® x):

/ | Laxia @ (h @ x)(s) AW (s) =14 @ (Wu(D)h — Wr(s)h)x, (2.12)
0

and we extend it to adapted step processes of finite rank by linearity.
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We denote by L’;((O, T) x Q;~(H, X)) the progressive measurable subspace of L7((0, T)
x ;v(H, X)). One can show this coincides with the closure of the adapted step processes of
finite rank. The next result is well-known and actually valid for the larger class of martingale
type 2 spaces (see [NVW15, theorem 4.7] and [Ond04]):

Proposition 2.13. Let T > 0, p € (0,00) and let X be a UMD Banach space with type
2. Then the mapping G — fOTG dWy extends to a bounded linear operator from L7,((0,T)
x Q;v(H, X)) into LP(£2; X). Moreover,

p

Spx7E[GI7

E sup . 200,75 (H.X)"

0<I<T

/ G(s) dWin(s)

0

A sharp two-sided estimate for the stochastic integral was obtained in [NVWO07] and
[NVWI15, theorem 5.5]. It might seem that in the current paper we only use proposition
2.13, but typically the maximal regularity estimates we use require these sharper estimates.
In particular, this is the case in theorem 3.7 below.

2.4. Stopping times and related concepts

A stopping time 7 is a measurable map 7 : 2 — [0, 7] such that {7 < ¢t} € &, forallt € [0, T].
We denote by [[0, o] the stochastic interval

0,0l :=={(t,w) € [0,TI x Q2 : 0 <t < o(w)}

Analogously definitions hold for [[0, o)), (0, o) etc.
In accordance with the previous notation, for A C  and 7, p two stopping times such that
T < W, we set

[0, T1x QD [r,ul x A={(t,w) €[0,T] XA : T(w) <t < u(w)}.

Similar definitions are employed for [7, ©)x A, (7, p)Xx A ect. In particular, we have [[0, o ]|
=1[0,0] x Q.

Let X be a Banach space and let A € A. We say that u:A x [0, u] — X is strongly
measurable (resp. strongly progressively measurable) if the process

u, onA x [0, pul,
Laxpou = . (2.13)
0, otherwise,

is strongly measurable (resp. strongly progressively measurable).
To each stopping time 7 we can associate the o-algebra of the 7-past,

Fr={Ace A {r<t}nAe F, Vrel0,T]}.
The following well-known results will be used frequently in the paper without further
mentioning (see [Kal02, lemmas 7.1 and 7.5]).

Proposition 2.14. Let 7 be a stopping time. Then %, is a o-algebra and satisfies the
following properties.
o If T =ta.s. for somet € [0,T], then . = F,.
e IfX:[0,T] x Q — X is a strongly progressively measurable process, then the random
variable X, (w) .= X(1(w), w) is strongly % .-measurable.
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We continue with another measurability lemma.

Lemma 2.15. Let X be a Banach space. For each t € [0,T], let Y, be a space of functions
f:10,¢] — X. Assume that for each f € Yr and each t € [0, T],

L f|[0,t] ey,
o t— || floally, is increasing;
Let u:Q — Yy be strongly measurable and T be a stopping time. Then the map w —

()07 llv,, is measurable.

Proof. Since u is strongly measurable, we may assume that Y7 is separable.
Let ¥:[0,T] x Y7 — [0,00) be given by U(z, f) = || flioally,- Then since for f € Yr,
W(., f) is increasing, it follows that W(-, f) is measurable. Fort € [0, T] and f, g € Y7,

|W(t, f)— ¥t 9| < ||(f — Dlwally, < IIf — &lly,-

Therefore, W(z, -) is continuous. Since Y7 is separable this implies ¥ is measurable (see [ABO6,
lemma 4.51]).

On the other hand, ¢ : 2 — [0, T] x Y7 defined by ((w) = (7(w), u(w)) is measurable. Since
[u(@)0.r@n 7., = P(C(W)) = (¥ o {)(w) the required measurability follows. |

The lemma will be applied to the spaces Y, such as
C0,11; X), LP(O, 1, s X), H'P (I, 10,3 X), oH (L, w5 X).

The first two examples are simple because the norm is actually a continuous function of
t € [0, T]. In the cases H”? and OH"*P it is not obvious whether the norms are continuous in
t € [0, T], but fortunately, they are increasing by proposition 2.5.

The above lemma implies that the following versions of stopped spaces with stopped norms
are well-defined.

Definition 2.16. Let X be a Banach space. Let T > 0, p,q € (1,0), r € {0} U[1, c0) and
0 € [0,1]. Assume that 7 is a stopping time such that 7: Q@ — [0, T']. Let (¥;);c[0,r be as in
lemma 2.15. We say that u € L';,(£2; Y;) if there exists a strongly progressively measurable
i € L'(; Yr) such that |0 -7 = u. If in addition r € [1, 00), we set

lullzr v,y = E (lalonlly,) - (2.14)
Finally, in case Y, = LP(I;, w,; X), we set L',(I; x Q, w,; X) == LI,(%; Y,).

Using lemma 2.15 one can check that the expectation in (2.14) is well-defined. Moreover,
one can check that the norm does not depend on the choice of u.

3. Stochastic maximal L?-regularity

The following assumptions will be made throughout sections 3 and 4.

Assumption 3.1. Let X, X; be UMD Banach spaces with type 2 and assume X; < Xj
densely. Assume one of the following two settings is satisfied

e pc(2,00)and x € [0,5 —1);
e p =2,k = 0and Xy, X, are Hilbert spaces.
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For 6 € (0, 1), and p, K as above let
Xpi=Xo Xilo,  X[= Ko X0y e XpT= X

The spaces Xy have UMD and type 2 (see [HNVW 16, proposition 4.2.17] and [HNVW17,
proposition 7.1.3]). The same holds for X;,rr but this will not be needed.

Moreover, in the case p=2 and =0, by [HNVWI16, corollary C.4.2] we have
X 1= (X0, X1) 12= XzT ". This is the reason we only consider Hilbert spaces if p =2 and it

will be used without further mentioning it.

3.1. Stochastic maximal LP-regularity

In this subsection we collect some basic definitions.
The next assumption is solely for section 3, where the linear theory is treated.

Assumption 3.2. Let T € (0, ] and set I7:=(0,T). The maps A : It x Q — L (X1, Xo)
and B:Ir x Q — L(X|,v(H, X)) are strongly progressively measurable. Moreover, we
assume there exists C4 g > 0 such that

AL )| 2 x0) + 1BG W)l 20y ., ) < Cass
fora.a.w € Qandall r € I7.

Note that A is a family of unbounded operators on X, and D(A(z, w)) = X;, and B is a family
of unbounded operators on X, with domain D(B(t,w)) = X;. The orders of both terms are
comparable as the A-term is for the deterministic part, and the B-term for the stochastic part.

Stochastic maximal LP-regularity is concerned with the optimal regularity estimate for the
linear abstract stochastic Cauchy problem:

du(t) + A(Ou(t)dr = f(0)dt + (B(H)u(t) + g(1))dWy(r), t € [0,T],
u(0) = uy.

3.1

Next we give the definition of a strong solution.

Definition 3.3. Let 7 be a stopping time which takes values in [0, 7]. Let the assumptions
3.1 and 3.2 be satisfied. Assume that

wo € L%, (% Xo), f€LBULUI:Xo), g€ L% LA y(H. Xo))).

A strongly progressive process u: [0, 7]] — X is a strong solution to (3.1) on [0, 7] if a.s.
ue L*(I; X)), and a.s. forall t € I,

u(t) — uo + / A(s)u(s)ds = / (B(s)u(s) + g(s))dWr(s) + / f(o)ds.  (3.2)
0 0 0

Note that a strong solution automatically satisfies u € L°(Q2; C([0, 7]; Xo)). We are ready to
define weighted stochastic maximal L”-regularity in a similar way as in [PV19].

Definition 3.4 (stochastic maximal LP-regularity). Let the assumptions 3.1 and 3.2
be satisfied. We write (A,B) € SMR,,(T) if for every f e L7, LP(Ir,w,;Xo)) and
g€ LPQ(Q;LP(IT,wK,;y(H, X1,2))) there exists a strong solution u to (3.1) on [0, T']] with
up = 0 such that u € L(Iy x 2, w,; X;), and moreover for all stopping times 7 : 2 — [0, T']
and any strong solution u € LP(I; x §,w,; X)), and the following estimate holds

[l oty x2awnxyy SCISfllerueraraexon + ClIGr@uLrir wenx, py»
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where C is independent of f, g and 7.
In the unweighted case we set SMRy(T):=SMR,o(T). Furthermore, we write
A € SMR,(T)if (A,0) € SMR,,(T).

As a consequence of the estimate in the above definition, a strong solution u € LP(I; X
Q, w,; X1) on [[0, 7] to (3.1) is unique.

Often we will need the following stronger form of stochastic maximal L”-regularity, where
additional time-regularity is required. For technical reasons the definitions for p > 2 and p = 2
are different.

Definition 3.5. Let the assumptions 3.1 and 3.2 be satisfied.
(a) For p> 2, we write (A,B) € SMR, (T) if (A,B) € SMR,(T) and for every f €

LP,(%; LP(Ir, wy; Xo)) and g € LY, (2 LP(Ir, wy; y(H, X1 5))) the strong solution u to (3.1)
on [0, T} with uy = O satisfies u € LP(2; H*P(Ir, w,; X, _g)) for every 6 € [0, 1/2), and

lull Lourtrar e, gy < ClFlrueraranxon + Cllgllrqurrarwnx, s

where C does not depend on f and g.

(b) We write (A, B) € SMTR;(T) if (A, B) € SMR1(T) and forevery f € L% (Ir x Q;Xo)
and g € ng,(IT x §;(H, X, 2)) the strong solution u to (3.1) with uy = 0 satisfies u €
L*(0; C(Ir; X, 2)) and

HMHLZ(Q;C(YT;XI/Z)) < CHf||L2(1r><Q;XO) + C”g||L2(ITXQ;7(H,X1/2))’

where C does not depend on f and g.

In the unweighted case we set SMR(T) :=SMR},(T). Furthermore, we write A €
SMR; (T)if (A,0) € SMR;, (T).

DK
Although we allow 6 = ”—)“ in the above definition, later on we will omit this case since

some technical difficulties arilse related to theorem 2.6.
In the next section we give examples of pairs (A, B) which are in SMR;,  (T).

3.2. Operators with stochastic maximal LP-regularity

There exists an extensive list of examples on stochastic maximal L”-regularity and in this
section we review a selection. We will only consider maximal L”-regularity in the Bessel-
potential scale.

The case Hilbert space case for SMR,,.(T) was first studied by several different methods
for p =2 and xk = 0. We refer to the following papers for more detailed information.

e [DPZ92, theorem 6.14] the semigroup approach under restrictions on the interpolation
spaces.

e [LR15] the monotone operators approach, where A and B not even need to be linear.

e [Kry94b] W*2-theory on domains with weights.

In some cases one can even obtain that the operator is in SMRS(T). For instance this holds
if A is the generator of a Cy-semigroup on X ! which has a dilation to a Cy-group (see [HSO1]).
In particular, this holds if the semigroup is quasi-contractive |[e || x,) < e or A has a

3
bounded H*-calculus of angle < /2 on X, (see [KWO04, theorem 11.13]).

In the setting Xo = H*? the stochastic maximal regularity of the form SMR,, .(T) has been
obtained mostly for second order elliptic operators starting in [Kry96b, Kry99, Kry00] in the
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R?-case in what is usually called Krylov’s LP-theory for SPDEs. It was afterwards extended to
domains:

Example 3.6.

e [CLKLLI18] and [LV20] heat equation on an angular domain with weights;
e [CLKL19] heat equation on polygonal domains with weights;

e [Du20] C*-domains no weights;

e [Kim04a, Kim04b, Kim05] C'-domains with weights;

e [KL99] half space case with weights;

and second order systems:

e [KL13] second order systems with B of special form;
e [MRO1] second order systems with B of special form.

The stronger form of stochastic maximal regularity SMR(T) was proved in [NVW12b]
for B = 0 and A independent of (¢, w) using the H*-calculus. Combined with a perturbation
argument, the case « € [0, ’5’ — 1) was obtained in [AV20Db, section 7].

Theorem 3.7. Let assumption 3.1 be satisfied. Let Xy be isomorphic to a closed subspace
of an Li-space for some q € [2, 00) on a o-finite measure space. Let A be a closed operator on
Xo such that D(A) = X,. Assume that there exists a A\ € R such that A\ + A has a bounded H> -
calculus of angle < /2. Then A € SMR;, (T) for all T < co. Furthermore, if A is invertible
and X\ = 0, then the result extends to T = oo.

In particular, this result can be combined with the examples listed in example 2.1.
In [NVW12a] SMR;, (T) was obtained for regular time dependent A for small B using per-
turbation arguments. By combining ideas from Krylov’s LP-theory and the semigroup approach
of [NVW12b] this was improved in [PV19] to a large class of abstract operators (A, B) as
in assumption 3.2 and where no time-regularity is assumed. In particular, it applies to sec-
ond order systems with B # 0, and higher order systems with small B # 0 and in particular
improves [Kry96b, Kry99, Kry00] and [KL13]. We will come back to those examples in later
sections.

By definition SMR;,, (T) € SMR,(T). The following somewhat surprising result states
that SMR;, (T) # @ is a necessary and sufficient condition for the reverse inclusion to
hold. Usually the non-emptyness can be checked with theorem 3.7 by showing that there
is some operator A on X, with D(A) = X; and which has a bounded H*-calculus of angle
< /2.

Proposition 3.8 (transference of stochastic maximal regularity). Let the assump-
tions 3.1 and 3.2 be satisfied. Let (A, B) € SMR,,.(T) and assume the existence of a couple

(Z, B) which satisfies assumption 3.2 and belongs to SMR;,,H(T). Then (A,B) € SM’R;M(T).
Proof. Let us analyse the case p > 2. The other case follows in the same way. By definition
3.5 we have to prove that forany f € L7, (Ir x Q,w,:;Xo), g € L,(Ir X Q, w,;v(H, X)) and

6 € [0, 1/2) the unique strong solution u € L7,(I7 x Q, wy;X;) to (3.1) on [0, T'] with up = 0
verifies

u € LP(Q; H' (I, w,; X1 ).
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To this end, note that
{du + Audt = BudWy + (A — Au + f)dt + (B — Byu + 9)dWy, 1€ [0,T],

u(0) = 0.
Fix 6 € [0, 1/2). Since u € L,(Ir x Q, w,;X;) and (A,B) € SMR;, . (T), one has

[Jue| LP(SuHOP (I w,: X _g))

SN = A+ flliraruexy + 1B = Bt + gllururs i, )

()
S Nullzrarxowexy + 1 lrarx@uweaxe + 18llrarx v x, )

(i
S W lerar xuonixoy + 181l Lrtr x Qi x, )

where in (i) we used assumption 3.2 and in (ii) we used (A, B) € SMR,,.(T). O

Remark 3.9.

(a) Proposition 3.8 is actually needed in the proof [PV19, theorem 3.18] and it was over-
looked. The result can be used to deduce the stronger form of stochastic maximal L”-
regularity SMTRS, .(T) also for some cases of the list in example 3.6. In particular, this
will play a role in later sections.

(b) In [PV 19, theorem 3.9] there is another transference result which allows to deduce A €
SMR;, .(T) from maximal L/-regularity for the deterministic problem (i.e. g = 0, B = 0)
and A € SMR,.(T) for some family A. Moreover, in special cases it is shown that one
can reduce to B = 0 in [PV19, theorem 3.18].

(¢) Theorem 3.7 also holds for operators A : Q — £ (X1, Xo) as long as the estimates for the
H"°-calculus are uniform in 2.

To finish this subsection we mention that there are also perturbation results for S.MRI'W(T)
(see [PV19, theorem 3.15] and [AV20b, theorem 6.1]). Other perturbation results will also be
discussed in [AV21a] and [AV20a].

3.3. Initial values and the solution operator

The aim of this subsection is the study of the linear problem (3.1) with non-trivial initial data
and to introduce some notations.

Proposition 3.10. Suppose assumptions 3.1, and 3.2 hold. Let (A, B) € SMR,,.(T). Then
forany uy € Lng(Q;XZ’rp), feLllUr x Qwe;Xo)and g € L7,(Ir X Q, wy; v(H, Xy 2)) there
exists a unique strong solution u € LP(Ir X Q, w,;X1) to (3.1) on [0, T]| and

)l Loty <, x) < ClF Nl oy < uanix) + C||g||u(1TxQ,1,,K;ﬂ,(H,x1/2)) + C\|u0\|Lp(Q;XI&)), 3.3)

where C is independent of f, g and uy.

If in addition (A,B) € SMR;, (T), then for all § € [0, 1/2) the left-hand side of (3.3)
can be replaced by Hu\|M(Q;He,p(17qwﬁ_’;xlfﬂ)) if p > 2 with C additionally depending on 0, and
replaced by |[ull ey, o i P = 2
Proof. The proof is similar to [ACFPO7, lemma 2.2]. For the reader’s convenience, we
include the details. In steps 1-3, we assume only that (A, B) € SMR,,.(T).
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Step 1: uniqueness. This follows from (A, B) € SMR,,.(T) and definition 3.4.

Step 2: u exists and (3.3 ) holds provided uy is simple. Recall that (see [BL76, theorem 3.12.2]
or [Tri95, theorem 1.8.2, p 44]) the real interpolation space X,I,’p can be characterized as the set
ofall x € Xy + X; such that there exists & € W"”(R+, w,; Xo) N LP(R 4, wy; X1) which satisfies
x = h(0). Moreover,

Hx”xlrp ~ inf{||h||leF(R+,'IAJH;XO)OU’(R_;'_,u,',{;Xl) : h(0) = x}. (3.4)

Let uy € Lpfjo (€ X"y be simple. By (3.4) applied pointwise w.r.t. w € €2, one can check that

K,p

there exists a simple map & € L{;O(Q; W"”(R+, w;; Xo) N LP(R4, wy; X)) such that

Hh‘|LP(Q;WLP(]R_;,_,U:,{;XO)OU’(R+,UJH;X1)) 5 HMOHM(Q;XI{I,), (3.5)
where the implicit constant does not depend on ug. Set u :=h + v. Then u is a strong solution
to (3.1) on [[0, T']] if and only if v is a strong solution on [[0, T']] to

{M+Amvm:%f+h—AUMMH%B@v+Bmh+gMWm i€y,
(3.6)

v(0) = 0.

By (3.5) and the fact that (A, B) € SMR,,.(T), (3.3) follows.

Step 3: u exists and (3.3) holds for all uy € L{;O(Q;X;Efp). By [HNVW16, lemma 1.2.19],

there exists a uniformly bounded sequence of simple maps (1o .)n>1 C L’L’% (5 erp) such that
Up, — Up in L;O(Q;X,IL,). Thus, the conclusion follows from step 2 and the completeness of
LIy x Q, wy; X1).

Step 4: the last claim holds. Similarly to step 3, it is enough to consider uy simple. Thus,
as in step 2, there exists 1 € L}O(Q; WIP(R ., w,; Xo) N LP(R 4, w,; X)) such that (3.4) holds.
Then by proposition 2.8 and the fact that (A, B) € SMR;, .(T), the claim follows by writing
u = h + v where v solves (3.6). U

Remark 3.11. Under the assumption that X; = D(A), for a sectorial operatorg on Xy with
angle w(A) < /2, the proof of proposition 3.10 simplifies. See step 0 in [PV 19, theorem 3.15].
This type of assumption is satisfied in all the applications which will be presented in
sections 5-7.

Next we will define certain solution operators which will be used in section 4. Suppose
(A, B) € SMR;, . (T) and that assumptions 3.1 and 3.2 hold. Using proposition 3.10 for p > 2
we can define Z 4 p) (1o, f,g) = u, where u is the strong solution to (3.1) as a mapping
from

L (0 XT1) % Lo, (Ir x 0w, Xo) X Liy(Ir x Q,wi ¥(H, X1 12)

into
() L7 H (U7, wy: X1 ).
0€[0,1/2)

By linearity, we can write
Zap) (o, f,8) = Zap (o, 0,0)+Zu 5 0, f,0)+Z5/(0,0,g).

Note that Z 5)(0, -, -) actually maps into L? (Q;OH‘)*P(IT, wy; X1_g) for any 6 € [0, % )\
{'%} Indeed, this follows from u(0) = 0 in X, theorem 2.6 and the text below it.
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For later use, in the case p > 2 and 6 € [0, 1)\ { 'Jp’"’}, we define

et,f)
C?A,B) - ||'%(A,B)(0’ "O)‘|L’;z(1TxQ,m,;;XO))aL’;z(Q;OHG,P(IT,rmH;X1,9))’
3.7
sto,l __
Can = [[%1.(0.0,)] |Lpg,<1r X Qg (H X )L Qg HOP (70X )"

In the case p = 2 and 6 € (0, 1/2), we replace the range space by L*(Q; C(Ir; X1/2)) (which is
constant in 6 € (0, 1/2)). Moreover, for € [0, 1)\ { “p“”’} we set

det,6 .__ ~det,d det,0 sto, .__ ,sto,d sto,0
Kiup =Cun + Can» Ko =Cup + Can: (3.8)
In the next proposition we collect some simple properties of the solution operator % .

Proposition 3.12.  Suppose assumptions 3.1 and 3.2 hold. Let (A, B) € SMR,,.(T) and let

R = Rup). Let ug € L{)gO(Q;Xpr), f e L%y x Qwe; Xo), g € LIy x Q,w,; v(H, Xy 2))

and set u:= Z(uy, f, g). Then the following assertions hold
(a) Foreach F € %,
1% (uo, f,g) = Z(Aruo, 1r f,1pg) = 1pZ(Aruo, 1pf, 1£g).

(b) Assume that v € L{;}([[O, o, wy; X1) is a strong solution to (3.1) on [[0, 0 ]|, where o is a
stopping time. Then

v = uljo,o = Zuo, Ljoonf> Ljoo18)s  on [0,0].
(c) Forall Ty < T, the following estimates on the maximal regularity constants hold

sto,0 sto,d

det,0 det,0
’ < K77 .
Algo.ry 3Bl ) > 7 (AB)

n
Alyo,ry1-Blyo,ry ) = TAB) and

Proof.

(a) By definition 3.3, u verifies (3.2). It follows that v := 1yu satisfies

t t t
v(t) — 1pup + / A(s)(Apu(s))ds = / (B(s)(v(s)) + 1rg(s)dWy + / 17 f(s)ds.
0 0 0
By uniqueness we obtainv = Z(1rug, 1rf, 1rg). This proves the first identity. The second
identity follows from the first identity and 12 = 1.
(b) From definition 3.3 we immediately see that u|jo,y is a strong solution on [[0, o . By
uniqueness, this implies v = uljo,y. Thus, a.s. for all 7 € [0, o],
1 1 t
() — o + / Alsyu(s)ds = / (B(s)uls) + g(s)dWi(s) + / f(s)ds.
0 0 0

On the other hand, & := Z2(uo, Lo,/ Ljo,-1&) satisfies a.s. for all r € [0, o],

u(t) —uo + / A(s)u(s)ds = / (B(s)u(s) + 1j0,18())dWr(s) + / Ljo.opf(s)ds
0 0 0
t 17A%¢ 17A%¢
= / B(s)u(s)dWg(s) + / 8()dWh(s) + / f(s)ds
0 0 0

_ / B(s)ir(s)dWi(s) + / 2()AW(s) + / Fls)ds.
0 0 0

Therefore, again by uniqueness i = v.
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(c) This is immediate from (b) and proposition 2.3. U
We end this section with a lemma which can be extracted from the proof of [PV19,
theorem 3.15 step 1]. For the reader’s convenience we sketch the proof.

Lemma 3.13. Ler assumption 3.1 be satisfied, and suppose that (A, B) satisfies assumption
3.2. Then for each s € Iy there exists a constant ¢, > 0 such that limgoc, = 0 and for
all T stopping time satisfying 0 < 7 <s a.s. and any f € L,(I; x Q,w,;Xo), g € L,
Iy x Q,we;v(H, X, 7)) and any strong solution u € L{;,(IT x Q,we; Xy) to (3.1) on [0, 7]
with uy = 0 one has

||u||U’(ITxQ,'u,rH;XO) < Cs||u||U’(I7-xQ,'u,rH;X1) + Cs”fHU’(ITXQ,w,{;Xo) + ¢ HgHLp(IrXQJ“){Q'}’(H’XI/Z))'

If additionally (A, B) € SMR, . (T), then u= Z x50, f,8) a.e. on [0, 7] and

[l ot x2wnixo) < sllflra x Qe + Csllgllra: x Qe -

Proof. Let us begin by proving the first claim. Recall that u(r) = fol(—A(r)u(r) + f(r))dr
+ fOI(B(r)u(r) + g(r))dWy(r) as. for each t € I.. Let us set v(t):= fotluojﬂ(—A(r)u(r)
+ f(r))dr + f(;l[[O,T]](B(r)u(r) + g(r))dWy(r) a.s. for each ¢ € [0, s]. Note that v = u a.e. on
[0, 7 ]. By proposition 2.13,

Hv||LP(Q;C(L;Xo))

Sxopll Lo (—Au + Hll et aexgy + 1Mo 1Bu + @) rur2a,wmxon
Q)

S ks (| = A+ fllra < Qunxo) + |1Bit + gllord, < xon)

(ii)

S Ak [||M||LP<ITxQ,w-,:X1) + 1 lr < uuixo) + 18l x v x, /2»} ;

where in (i) we used Holder’s inequality and « € [0, ’5’ — 1), in (ii) we used assumptions 3.1
and 3.2. The constant &, satisfies lim, o ks =: k € [0, oo). Therefore,

[vl|zraexuwexg) < KsCs {||M||LP<ITxQ,w-,:X1) + 1 o < i) + HgHLP(ITxQ,wN:A,(H,XI/Z»} ,

where ¢, > 0 satisfies limyoc; = 0. Since v =u a.e. on [[0,7] and 7 < s a.s., one has
|1l Lo, x nixg) < V|| Loa, x Quw,:xy)> and thus the first estimate follows.

If (A,B) € SMR,,.(T)and u € L”@(IT x £, w,; X1) is a strong solution to (3.1) on [[0, 7],
then by proposition 3.12(b), u= Z 50, f, 8)= Z .50, Ljo.1f> Ljo1€) a.e. on [0, 7 ]|. Thus

el o, x .03 < 1 %) 0, Ypo 1 fs o1&l Loy x .01

(3.9)
S I v xawexyy + 118l x e, s
and this implies the second estimate. (]
4. Local existence results
In this section we consider the following nonlinear evolution equation
du +AC, wudt = (F(-,u) + f)dt + (B(-, wu + G(-, u) + g)dWy,
4.1
u(0) = up;
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fort € [0, T] on a Banach space X, where T < oo. Recall that assumption 3.1 holds throughout
this section.

The equation (4.1) covers both the case of quasilinear and semilinear equations. In the quasi-
linear case the reader should have in mind that for each fixed x € X;Erp, the operators A(t, x) and
B(t, x) satisfy the mapping properties of assumption 3.2. We refer to (HA) below for the pre-
cise definitions. In the semilinear case A(t, x) and B(t, x) do not depend on x and therefore are
precisely as in assumption 3.2.

The structure of the nonlinearities F and G which will be assumed below is very flexible and
extends many known results. Moreover, the structural conditions are satisfied by large classes
of SPDE.

Compared to [Horl7, Horl8, NVW12a] there are several important differences:

e We assume a joint condition on (A, B) and therefore B is not assumed to be small as one
sometimes needs with the semigroup approach to SPDEs (see e.g. [BV12, Fl1a90]);

e The operators A and B are allowed to be time and {2-dependent in just a measurable way;
e We allow weights in time, so that our initial values can be very rough;
e We allow critical nonlinearities in the sense of [LPW14, PSW18, PW17].

4.1. Assumptions on the nonlinearities

In this section we discuss the assumptions and the main results regarding (4.1). Moreover, the
definition of a strong solution to (4.1) is given in definitions 4.3 and 4.4 below.

Concerning the random operators A, B, the nonlinearities F, G, and the initial data, we make
the following hypothesis.

Hypothesis (H).

(HA) Assumption 3.1 holds. Let A:[0,T]x Q x X[, — Z(X;,Xo) and B:[0,T] x ©

X X;Erp — ZL(X1,7(H, X /3)). Assume that for all x € X,pr and y € X;, the maps
(t,w) — A(t,w, x)y and (¢, w) — B(t,w, x)y are strongly progressively measurable.

Moreover, for all n > 1, there exists C,, L, € R such that for all x,y € XhTrp with
HXHXIT,;’ ||ny25, <n,te€[0,T],andaa. w € €,

[AG, w, )l 2x.x0) < Call + [l x][x10),

1B, w, )| 20 701, 0 < Call + [[x]Ig70),
|A(L, w, x) — A(t, w, Y)|| 200, x0) < Lnllx — y||x1_',,’
1B, w, x) = Bt w, )| 206, 2., o0 < Lallx = Vllxre -

(HF) The map F:[0,T] x Q x X; — Xy decomposes as F:=F| + F, + Fr where for all
x € X the map (¢, w) — F(t,w,x) is strongly progressively measurable for ¢ €
{L, ¢, Tr}. Moreover, Fy, F,, Fy satisfy the following estimates.
(a) There exist constants Ly, Lr, Cr > 0, such that for all x,y € X;,t €[0,T]and a.a.
w € N,

|F(t, w, x)||x, < Cr(1 + [|x]x,)s
| Frt,w, x) — Fr(t,w,y)|lx, < Lr|lx — yllx, + Lellx — ylx,-

(b) Thereexistmr > 1,¢; € (1 —(1+k)/p, 1), 5; € (1 — (1 + K)/p,¢;l,p; = 0for
j€{l,...,mp} such that F.:[0,T] x Q x X; — X and for each n > 1 there
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exist C.,, Lo, € Ry for which

mp
1Pt < Cen 3 1+ I, il + o
-

mp

IFe(t.w.) = Fe(t.0.9)xy < Leay (1 (311, + VI )l = vl -
=1

a.s. for all x,y€ Xy, r€[0,T] such that HXHXZ';,’Hy”X,T'pgn' Moreover,
PP ﬁj, K satisfy

1+ kK

Pj<<Pj—1+ >+5,<1, je{l,....mg}. (4.2)

(c) For each n > 1 there exist Ltr,, C1r,, € R4 such that the mapping Fr, : [0, T X

Q x X' — X satisfies

1ot co, 9llxg < Crea(l + [x]p,)

HFTI'(tawax) - FTI'([a w’y)HX() < LTI',I‘l”x - yHXIrp’

fora.a. w € €, forall 7 € [0,T] and Hx”Xpr’ ||yHXlrp <n.

(HG) The map G:[0,T]x Q2 xX; —v(H,X,/,) decomposes as G: =G+ G,
+ G1r where for all x € X; the map (f,w) — G(f,w, x) is strongly progressively
measurable for £ € {L, ¢, Tr}. Moreover, G, G, Gt satisfy the following estimates.

(a) There exist constants Lc;,Zc;, Cg, such that for all x,y € X;, t € [0,T] and a.a.
w € N,

||GL(I,W,X)||7(H,X1/2) < Co(1 + ||x]1x)s
|GL(t, w, x) — GL(l,w,y)||7(H,xl/2) < Lg||x = yllx, + Lalx = yllx,-
(b) There exist mg > 1, o, € (1 —(1+x)/p, 1), B; € (1 = (1 +rK)/p,p;l, p; =0

forje {mp+1,...,mp+ mg} suchthat G, : [0, T] x © x X; — X, and for each
n > 1 there exist C.p, Ly, € Ry for which

mp+mg
1Ge(tw. 0l < Cen Y (L I3l lxllx,, + Cens
J=mp+1
mg+mg
[Gett0,3) = Gelt.w. Dl < Lew 3- (1 Il + IV )l = vl
J=mp+1

a.s. forall x,y € Xi, t € [0, T] such that HXHXI.',;’ Hy”XI.'p < n. Moreover, ¢}, 3, k
satisfy

14+ k

Pf(‘Pf—H >+B,~<1, je{mp+1,....mp+mg}. (4.3)
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(c) For each n > 1 there exist constants Lt ,, Ctr,, such that mapping Gt : [0, T]
x 0 x X' — X, satisfies

HGTr(l,OJ,X)||n,(H,x1/2) < Crrn(1 + ||X\|xl;),
||GTT(I, w, x) - GTT(I’ UJ,Y)”’)’(H,X ) < LTf,nH'x - yHXTr s
1/2 Kup

fora.a.w € Q, forall € [0,T] and Hx”th',,’ ||yHXIrF <n.
(Hf) f € L{;Z.(IT X Q,’U)K,;X()) andg S L{)@(IT X Q,’U)h@;’}/(H,Xl/z)).

The relations (4.2)—(4.3) will play an important role in the analysis of (4.1). As announed
in subsection 1.1, following [PSW18], we may give an abstract definition of critical space for
4.1).

The space X,T;, will be called a critical space for (4.1) if for some j € {1,...,mp + mg}
equality in (4.2) or (4.3) holds. Moreover, the value of « for which equality in (4.2) or (4.3)
holds, will be called the critical weight and it will be denoted by k¢rit. Some remarks may be

in order.

Remark 4.1. Let us note that in theorem 4.5 and 4.7 below, only the constants Lg, Lg are
assumed to be small. The other constants are arbitrary. At first sight the splitting of the non-
linearities F and G in several parts seems quite complicated. Let us emphasise that the most
important part is F,. and G, as these will usually determine critical spaces as defined above.
The flexibility in the form we choose the nonlinearities is quite important in application to
SPDEs. It will allow us in many cases to find a broad class of initial value spaces for which the
SPDE can be solved. Let us note that usually it is enough to take mp = mg = 1.

Remark 4.2. Below we collect some observations which will be used later on to check (HF)
or (HG). We discuss this only for F since the same arguments apply to G.

(a) If F: It x Q x Xy — Xo, for some § < 1 — (1 + k)/p, is locally Lipschitz uniformly on
Xy uniformly w.r.t. (f,w) € Iy x €, then F verifies (HF). Indeed, it is enough to recall that

X = X0, X)p.0 4= KXo, X1 1, = X,
where in the first inclusion we used [BL76, theorem 3.9.1] and in the last inclusion
[BL76, theorem 3.4.1] since X; — X;. Then the conclusion follows by setting F :=F,
F. = Fr = 0. As soon as 6 is larger, then we need a nonzero F, as the situation is more
sophisticated.

(b) We can additionally allow the case 3; = ;=1 — (1 +r)/pforall j€ {1,...,mp} in
(HF). Indeed, pj(¢;+¢ — 1+ %) + B = pje + B;. Thus, there exists € > 0 such that
pe+B;<1forall je{l,....,mp+mg}. Since Xi_(140/pre = Xi_(14r)/p» WE may
replace ¢; = 3; by 1 — (1 + k) /p+ € obtaining that F, satisfies (HF) and (4.2) holds
with strict inequality.

(c) Assume that 3; = ¢; < 1 forsome j € {1,...,my} and that equality in (4.2) holds. Then
p; > 0and thus p; > 1 — (1 + x)/pholds since ; — 1 + (1 + k)/p= (1 — 3;)/p; > 0.
Therefore, in applications we do not need to check 3; > 1 — (1 + k) /pif equality in (4.2)
holds (e.g. in the critical case).

Next we define LZ-strong solutions to (4.1). Here we add the prefix L? since the definition
depends on (p, k).

Definition 4.3 (L?-strong solutions). Let the hypothesis (H) be satisfied and let o be
a stopping time with 0 < o < 7. A strongly progressively measurable process u on [[0, o ]|
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satisfying

u € LIy, we; X)) N C o X

K,p

) a.s.

is called an LEZ-strong solution to (4.1) on [[0,0] if F(-,u) € L(I,, wx;Xo), G(-,u) €
LP(I,, w,;y(H, X1 /2)) a.s., and the following identity holds a.s. and for all # € [0, 7],

u(t) — up + /A(s, u(s))u(s)ds = / F(s,u(s)) + f(s)ds
0 0 (4.4)

+ /0 10,01(BC(s, u(s))u(s) + G(s, u(s)) + g(s)) dWg(s).

Note that if u is an L - strong solution, then the integrals appearing in (4.4) are well-defined.
To see this, note that s — A(s, u(s))u(s) and s — B(s, u(s))u(s) are strongly progressively mea-
surable by the conditions on u and (HA) (see [AB06, lemma 4.51]). Moreover, pointwise in 2
we can take N > n > ”“”C(?U;Xl'p) and write

[AGs, u()u(s)[xy < Ca(l + (sl ) |u(s)l[x, < Call + m)l[uls)]x, -
Integrating over s € [0, o] we obtain
[[s = AGs, u()u($) || 10,0:x0) < Cu(l + M|l 110 5x,)5

and the latter is finite since u € L(I,, w,; X)) a.s. Thus, the integral on the left-hand side of
(4.4) is well-defined. In the same way one can check that s — B(s, u(s))u(s) is in %0, 0: X, /2)
and the first stochastic integral on the right-hand side of (4.4) is well-defined by proposition
2.13. Using the above argument and that f, F(-,u) € L’(I,,w,;Xp) a.s. and g,G(-,u) €
LP(I;, wy;y(H, X1 2)) a.s., one can check that the remaining integrals are well-defined.

Next we define LZ-local and L?-maximal local solutions to (4.1).

Definition 4.4 (L’-local and L?-maximal solution). Let o be a stopping time with
0< o <T Letu:[0,0) — X, be strongly progressively measurable.

e (u,0)iscalled an LP-local solution to (4.1) on [0, T, if there exists an increasing sequence
(0n)n>1 of stopping times such that lim,o, 0, = o a.s. and ulo 4, is an LZ-strong solution
to (4.1) on [[0, o, ]I In this case, (0,,),>1 is called a localizing sequence for the local solution
(u, o).

e An LP-local solution (u, o) to (4.1) on [0, T] is called unique, if for every L?-local solu-
tion (v,v) to (4.1) on [0,T] for a.a. w € Q and for all 7 € [0, v(w) A o(w)) one has
v(t,w) = u(t,w).

e A unique L?-local solution (u, o) to (4.1) on [0, T] is called an L?-maximal local solution,
if for any other unique L?-local solution (v, g) to (4.1) on [0, T'], we have a.s. p < 0 and
fora.a. w € Q and all ¢ € [0, p(w)), u(t,w) = v(t,w).

Note that LZ-maximal local solutions are unique by definition. In addition, an (unique) L?-
strong solution « on [[0, o ]| gives an (unique) L”-local solution (u, o) to (4.1). In the following,
we omit the prefix L” and the ‘on [0, 7T if no confusion seems likely.
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4.2. Statement of the main results
Our first result on (4.1) reads as follows.

Theorem 4.5 (quasilinear ).  Let hypothesis (H) be satisfied. Let uy € Lz, (€ XTr ) and
assume that (A(-, up), B(+, up)) € SMR;H(T). Then there exists an € > 0 such that if

max{Lrp,Ls} < ¢, 4.5)

then the following assertions hold.:

(a) (Existence and uniqueness) there exists an LE-maximal local solution (u, o) to (4.1) such
that o > 0 a.s.
(b) (Regularity) there exists a localizing sequence (0,),>1 for (u, o) such that o, > 0 a.s. and

e [fp>2and k € (0,2 — 1), thenforalln > 1,0 ¢ [0,2)
u € L H" (1, w,; X1-)) N L7 C,,; XT1)).

Moreover, (u, o) instantaneously regularizes to u € C((0, 0); X™ a.s.
e [fp=2and k =0, then foralln > 1,

u € L L2 (1,,: X1)) N LA Cy,: X1 ).

(¢) (Continuous dependence on the initial data) there existn, C > 0depending on uy such that
ifvg € BL? (Q.XTrp)(u(), 1), then the following hold:
0 YR,

o There exists an LE-maximal local solution (v, T) to (4.1) with T > 0 a.s. and initial
data vy,
e For each stopping time v with v € (0,7 A o] a.s. one has

llu = vl[reury < Clluo = vol| e )

where either E € {H"P(I,,w,;X1_¢), CL,; X" )} with p>2, x € [0, £—1), 0¢c

K,p

[0’ 2) OrE e {LZ(IIMX]), C(IVaXl/Z)} and p 2 and k= O’

(d) (Localization) if (v, T) is an LF-maximal local solution to (4.1) with initial data vy €
Ly () X;Erp), then setting T := {vo = up} one has

T\F = U|F, U\Fxlo,r) = M\Fx[o,ay

A more explicit bound for the number ¢ in (4.5) will be provided in remark 4.17.

In (b) we see that the paths of the solution are in C([0, 0); X,Trp) However, if x > 0, after
t=0 the regularity immediately improves to C((0,0);X]"), where we recall X[ =
(Xo, X1),_ Lix and XTr (X0, X1),_ 1, . This phenomena will play a crucial role in [AV20a].
Note that the LP(Q) -norms in (¢) aref well-defined due to lemma 2.15 and the text below it.
Furthermore, in step 4 in the proof of theorem 4.5 we show that the estimates in (c) also hold

for the choice E = X(v) where the space X is defined in (4.14) below.

Remark 4.6. In applications to SPDEs, one does not always have ug € L3 (£; XT') To
weaken this condition we make a further extension of theorem 4.5 at the expense of a stronger
hypothesis on Fp, G, see theorem 4.7 below.
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On the other hand, if the filtration IF = (.%,),>¢ is generated by the cylindrical Brownian
motion Wy, then L(}jo (s XZ"I,) = XhT'p Thus, theorem 4.5 can be applied without any restriction.

We would like to present an additional result on the quasilinear case, where we weaken the
integrability hypothesis on the initial data, at the cost of more restrictions on the nonlinearities
F1, Gr. More specifically, we need a local version of the assumptions (HF)—(HG) and (Hf).

(HF) The map F:[0,T] x Q x X; — X, has the same measurability properties in (HF) and
it can be decomposed as F := F; + F,. + Fy, where F, Fy are as in (HF). Assume that
foreachn > 1 there exist constants Ly, lip,,,, Cr.,suchthatforall x,y € X, 1 € [0, 7]
and a.a. w € , and ||xHXlrp, Hy”XI,',, < n one has

|FL(t, w, x)||x, < Cra(l+ [|x]x,)s
| Fr(t,w, x) — Fr(t,w,Y)|Ix, < Lrallx — Y%, + Leallx — yllx,-

(HG') The map G : [0, T] x £ x X; — Xy has the same measurability properties in (HF) and
it can be decomposed as G := G + G, + Gty where G, Gt are as in (HG). Assume
that for each n > 1 there exist constants LG,n,ZG,n, Cga, such that for all x,y € X|,
t€[0,T] and a.a. w € 2, and Hx”XITp’ ||yHXlrp < n one has

||GL(tawax)H"/(H,X1/2) g CG,n(l + Hx”X])’
|Gt w, %) = Golt,w, Mlsax, ) < Laallx = yllx, + Loallx = yllx,-

(Hf) f € L% L (I, wy; Xo)) and g € LY(2; LP(Ir, w3 V(H, X, 2)).

We say that the hypothesis (H') holds if (HA), (HF'), (HG’), and (Hf') are satisfied.
Definitions 4.3 and 4.4 clearly extend to the setting of hypothesis (H').
To extend theorem 4.5 in case of L°-data we employ a cut-off argument. To this end, given

uy € L?%(Q; X1") we denote by (ug,),>1 a sequence such that

uon € L% (X1, and  up, = ug on {{fuoll, < n}. (4.6)

For possible choices of (u,,),>1 see (4.9) and the text below it.

Theorem 4.7 (quasilinear ll). Let hypothesis (H') be satisfied. Let uy € L?%(Q;thfp).
Assume that there exists (Uon)n>1 satisfying (4.6) and for all n > 1

(AC,uo), B(, o)) € SMRS, (T). 4.7)
There exists a decreasing sequence (€,),>1 in (0, 00) such that if
max{Lr,, LG} < en, foralln>1, 4.8)

then the following assertions hold.:
(a) (Existence and uniqueness) there exists an LE-maximal local solution (u, o) to (4.1) such
that o > 0 a.s.

(b) (Regularity) for each localizing sequence (0,)n>1 for (u, o), one has

o Ifp>2andk €[0,5 — 1), thenforalln > 1,0 ¢ [0,%),

ue HP(I, we:X, )N CA,: X"y as.

K,p
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Moreover, (u, o) instantaneously regularizes to u € C((0, 0); X™ a.s.
e [fp=2and k =0, then foralln > 1,

u€ L’(Ly,; X)) N CAp,: X10)  as.

(¢) (Local existence and continuous dependence on the initial data) let n>1 and
I, = {HMOHXIT,, < n}. Then theorem 4.5(c) holds with ug,vo and ) replaced by
I, ug, It, vy and I',, respectively.

(d) (Localization) theorem 4.5(d) holds, where the assumptions on uy, vy are replaced by
o, Vg € Lf’%(Q;XT.' ).

K,p

For the more precise estimates on the sequence (¢,),>1 we refer to remark 4.19.
Letug € Lfl}.o(Q;XT.r yandsetI'), .= {HMOHXIL < n} € Zy. Atypical choice of the sequence

K,p

(40,2)n>1 In theorem 4.7 is given by

nup

uo = 1p,uo + IQ\Fn 4.9)

Juollyry

However, the condition (4.6) allows us to choose u,,|o\r, differently, and we will exploit this
fact in applications. More precisely, instead of (4.9) one can use up,, = 1r,uo + 1o\r,x Where
X € X,Irp can be chosen such that (4.7) holds. Throughout sections 5—7 we will use the choice
(4.9), but in subsection 6.6 we need a different choice (see (6.24)).

If (4.1) is of semilinear type, (see assumption 3.2), the condition uy € L;O(Q;X,I;,) can be
weakened and we still get L”-integrability with respect to w € 2. More precisely, we have the
following.

Theorem 4.8 (semilinear). Let the hypothesis (H) be satisfied, where A and B are of
semilinear type as in assumption 3.2 and satisfy (A, B) € SMR;, (T). Then there exists an
€ > 0 such that if

max{Lg,Lr} < ¢, (4.10)

then the following assertions hold.:

(a) Ifuy € L}j~0 (Q;X,pr), then the statements in theorem 4.5(a)—(d) hold.

D) Ifup € L}O(Q; X;';rp) and the constants Ce, Ly, Ct y L7, in (HF)—(HG) do not depend
onn > 1, then the statements in theorem 4.5(a)—(d) hold.

(c) Ifup € L(L’% (Q;Xlrp), then the statements in theorem 4.7(a)—(d) hold.

Assertion (a) is immediate from theorem 4.5. Under additional growth conditions one can
often derive LP-estimates as well. Assertion (b) shows that in the semilinear case the condition
Uy € L;O(Q; XhTrp) in theorem 4.5 can be weakened. Assertion (¢) will be immediate from the
proof of theorem 4.7.

4.3. The role of the space X(T)

In the proofs of the results stated in subsection 4.2 in the case p > 2 we need a family of func-
tion spaces (X(f))c(o0,7) having the following three properties: the nonlinearities F.(-, u), G.(-, u)
can be controlled by ||u/| (. the map [0, 7] 3 1 — || f|.]|xq is continuous for all f € X(7),
and

HOP(Ir, wy; Xy 5) O LP(Ir, wye; Xp) < X(T) (4.11)
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for some § € ( “p“”’, 1). Note that the left-hand side in (4.11) is part of our usual maximal regu-
larity space (see definition 3.5). As mentioned below lemma 2.135, it is not obvious whether the
HOP(I,, w,.; X;_s)-norm is continuous in ¢ and therefore we do not define X(7) as the left-hand
side of (4.11).

Recall that the numbers (p)'",™"%, (872" and (0, ™ are defined in (HF) and (HG).
In the case that for some j € {1,...,mp + mg}, (4.2) or (4.3) holds with strict inequality, we
may increase p; in order to obtain equality. More precisely, we set

e =1+ 04+ R)/p
Sinceﬁj<landgoj>1—(1+/{)/p,onehaspj>0f0rallj€ {1,...,mp+mg}.

To define a space X(T) which satisfies the previous requirements, suppose (HF)—(HG) are
satisfied and let p% be as in (4.12). For j € {1,...,mp + mg} we let

je{l,....mp+mg}. (4.12)

L _ P =1+ +K)/p) 1 _B—1+0+r)/p

— <1, — = <1 (4.13
7 (a+m/p ZE oY R
and, for T > 0,
mp+mg mp+mg N
x0)= | () PilrwaXs) | 0| () L9UrwsX,) |- (4.14)
j=1 j=1

We will see that X(7) is the natural space to control the nonlinearities F,., G.; see lemmas
4.11 and 4.13 below. Moreover, if (4.11) holds, then the solution paths will automatically be
in (4.14) as soon as we have maximal regularity. Finally, we note that the continuity of the
X-normin ¢ € [0, T] follows from the Lebesgue dominated convergence theorem.

Next we prove (4.11) with the above defined X under a trace condition. The general case is
discussed in remark 4.10. Here we follow [PW17, section 2].

Lemma 4.9. Let (HF)-(HG) be satisfied. Let T € (0, 00] and let r;j, r’] and X(T) be as in
(4.13) and (4.14) respectively. If p > 2 and r € [0, 5 — 1), then for any 6 € (1;%”, %)

oHOP(0, T, w,; X1—5) N LP(0, T, wy; X1) — X(T),

where the embedding constant can be chosen to be independent of T.
Furthermore, if p =2 and k = 0, the same holds with OH‘S*p(O, T, wy; X1_5) replaced by
C([0, TT; X1 2).

Proof. Recall that in (4.12) we have defined p;f such that (4.2)—(4.3) hold with equality for
each j € {1,...,mp + mg}. Due to (4.13), this implies that
1

1
— 4+ =1, forallje {1,...,mp+mg}.
rio T

Step 1: case p =2, k = 0. Let ¥ € (0, 1) be arbitrary. By interpolation one has

-0 9
Iellx, < %0, 1%,
2

+

=

for x € X;. Thus, by Young’s inequality
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1—9 9
HuHL%(o,T;Xl/Hu/z) S HuHC([O*T];XI/z)”u”LZUT?XO

< (= Dullcqorrx, ) + Ollull 2y x,)-
Therefore, we have the following contractive embedding
2
C([0, T1; X12) N L*(0, T;X1) = L7(0,T; X1 j24.9/). (4.15)

By (4.15) with ¥ = 1/r; = 2(8; — 1/2) and ¥ = 1/(p3r;) = 2(¢; — 1/2) one obtains
(0, T1; X1/2) N1 L0, T3 X1) = L2(0, T: X)) N L7750, T; X, ).
Step 2: case p > 2 and r € [0, 5 — 1). By proposition 2.7 for each j € {1,...,mp + mg}
oH' "0, T, w,e; X)) < LP9(0, T, w,; X)), (4.16)
oH' P3P0, T, wy: X)) = L/A7H(0, T, w, Xy, (4.17)

for each A € [0, 1] and where the embedding constants do not depend on 7.
Let 0 <y < (<1 and assume 7 # (1 4+ x)/p. Using proposition 2.8 with §:= %1 €
(0, 1), one obtains

oH (0, Ty w; Xy —¢) N LP(0, Ty w,; X)) = oH'™(0, T, w,; X ), (4.18)

where we used that [X,_¢, X ]9 = X,;, which follows immediately from the reiteration theorem
for complex interpolation and assumption 3.1.

Let § € (‘;“, 1) be arbitrary. Since 3; € (1 — 1;;“, 1) one has § > 1 — j3; € (0, HI;“) for
each j € {1,...,mr + mg}, and hence it follows that

oH (0, T, w; X1 -5) N LP(0, T, wys X1) <= oH'" 770, T, w,; X3,)
< L1(0, T, wy; X3,),

where in the first embedding we used 6 > 1 — (1 + x)/p > 1 — 3, and (4.18), and the second

one follows from (4.16). Analogously, for j € {1,...,mp + mg}, using § > HTH >1—¢;,
(4.17), and (4.18), one obtains

OH(S,I)(Oa T; Wy Xl—(S) m LP(O, Ta wh”,;Xl) — OHl_ij’p(Oa T, wh;XL,’),)
< L7750, T, w,: X))
Putting together the above inclusions the result follows. (]

Remark 4.10. Let p > 2. The embedding in lemma 4.9 also holds in the case where (H”
is replaced by H%”, but with an embedding constant which depends on 7 > 0.

Let us show that the space X(T) defined in (4.14) is well suited to bound the nonlinearities
F., G,. Actually, we prove a more refined result since this will be needed in our paper [AV20a]
on blow-up criteria and regularization.

Lemma 4.11. Let the hypothesis (HF)—(HG) be satisfied. Let 0 <_T < ooand N >1 be
fixed. Then there exists Cr > 0 and ( > 1 such that for all u € C(IT;X,IL,) N X(T) which
verifies HuHC(;T;Xer) < N, one has a.s.
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| Fe(cs 1) = Fo(-, 0)|| Loy weixo) + || Ge(s 1) — Ge(-, O)||L1’(1r,w,,-;",(H,X1/2))
< Cr(flullxa) + ||“||§e(r))~

Moreover, le,Trp is not critical for (4.1), then limy)y Cr = 0.
Proof. For notational simplicity we only consider the case mp = 1. Thus, we set p* := pJ,
pi=py, ¢ =, and §:= F,. In this case,

X(T) = L (Ir,we; Xp) N L7 (Ir, w,; X,), (4.19)
where r:=r; and v/ := 7| are defined in (4.13). Thus, by (HF), for x € X,

1Fult, ) = Fult, Oy < Len(1+ ] 1],
This implies

[Fe ) = Fe(, 0)|| oo, 1w
< Lew|lullzrow.ax + ully, llllx, o

< Len(Crllullprorw.ax, + ull? ullrrorwexs);  (4.20)

ppr! O0.Twy:Xyp)

where lim7)o Cr = 0. For simplicity, let us distinguish two cases:
Case p* = p:=p,. In other words XhT'p is critical for (4.1). The claimed inequality follows
from (4.19)—(4.20) by setting { = 1 + p.
Case p* > p:= p,. By the Holder inequality, one has
H”HZ,,,,#(O,T,W) < CTHu‘|ZP*I”/(O,T,UJH;X¢) < Crllullxe
where lim7o Cr = 0.
The assertion for G, is proved in the same way. (]

Remark 4.12. If the constants L., in (HF)(b) and (HG)(b) do not depend on n > 1, then the
constant Cr can be chosen independent of N and the above proof extends to any u € X(7).

4.4. Truncation lemmas

In this subsection we collect several truncation lemmas which are needed in the proofs of
theorems 4.5, 4.7 and 4.8.

First we define suitable truncations of F,, G.. To this end let £ € W2°([0, 00)) be such that
&=1on[0,1]and £ = 0on|[2,00)and ¢ islinearon [1,2]. Foreach A > 0, set&,(x) :=&(x/\)
for x € Ry. Then supp &, C [0,2A], &, [on = 1 and [|€}[zo®,) < 1/A. For 1 € [0,T], x €

XT",, and u € X(T) N C(I7; X],) we set

Ot x, 1) =&, (lulm + sup [Ju(s) - xllxgrp) . @.21)
s€[0,1] k

In the next lemma we fix w € €2, but omit it from our notation.

Lemma 4.13. Let (HF)—(HG) be satisfied. Let T > 0 and let o € [0, T). Let ©), be defined
in (4.21). For any A € (0, 1), let the maps
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Fer: X[, X X(0) N C5: X)) = L (I, w3 X0)) »

Gep 1 XI') x X(0) N Cy: X10) = LUy, w,; Y(H, X1 1)),
be given by

Fea(x,u):=0,(, x,u)(Fe(-,u) — Fe(+, 0)),

Gep(x,u) = O )\ (-, %, u)(Ge(+, u) — Ge(+, 0)).
Then for any N > 1 there exist constants C, Lt such that if HXHXIT,; <N,

| Fex(x, )] o0, 0:x0) < Cx
Cy

/

N

[ Gen (s )| oty vt x, )
HFC,/\(X? bt) - Fc,/\(', X, 'U)”Ll’(l[,,w,;,;Xo) < L)\T(”u - 'UHI{(U) + ||M - UHC(E;X,E,))’

[Gea(s %, 1) = Gen (s 2 V)| ry g x oy < Lar(llu = vl xo) + [lu = vll g, )3

a.s. Moreover, for each € > 0 there exist T =T() >0 and X\ = Xe) > 0 such that for all
T €(0,7), A\ € (0, one has Ly < .

Proof. We only consider the estimates for F, ) since the other case is similar. Recall that in
(4.12) we have defined pj such that (4.2)-(4.3) hold with equality for each j € {1,...,mp+
mg }. For notational convenience, we assume that mp = 1 and we set p == pj, 0 = p,, 8:=0,;
and r:=ry, ¥ :=r} (see (4.13)). The general case can be proven with the same considerations.
Moreover, it is enough to consider the case 0 = T. In the proof Cy denotes a suitable constant,
which can be different from line to line, and verifies limy|o Cr = 0.

Set F(t,u):=F.(t,u) — F(t,0). Thus, F.(t,0)=0, and by (HF) it follows that for
u,v € X,

IFe(t,u) = Fe(t,v)lxy < Len2(1 + |Jull, + [[oll%)lle = vllx,, (4.22)

provided | u|| X0 [lv]] xTr, < N +2. For convenience we set L. y42 =: Cr.
Let us set

= inf{te (0,77 ¢ Jlullz + sup [lu(s) = x[lyre > 2>\} AT. (4.23)

s€[0.4]
Then since ©,(t, x,u) = 0if t > 7, we can write

| Fer(, | Lr7.w:x0) = 1Fen (s )| 2 700

o) Tu o 1/p
([ g o)
0 ‘

p

LoP (I 0,3X,0) el ixs0)

i

< Cr(llullera, e + llull
(iii)

< CrCrllullmn ey + Nl o L7 a0cixs)

(iv)
< CrQRCTA + 2N 20) = C).
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In (i) we used (4.22) and the fact that H”HC(LM;XZ;,) <N +2, Hx”LD“(Q;X,E,) < N,and X € (0, 1).
In (ii) and (iii) we used Holder’s inequality with exponent r, 7 defined in (4.13). In (iv) we
used (4.23).

Next we estimate AF := F, (x,u) — F.\(x, v). Without loss of generality, we may assume
that 7, < 7. Clearly, we can estimate

IAF| oty anixg) < [|OACs %, ))(Fees ) = Fee, )| oty oo

+ 1OAC, x, 1) — O\, X, V(s 0) || o)
:IRl +R2

Since ©,(t, x,u) = 0if t > 7,, the term R; can be estimated as

Ry = [|Ox(, %, W) (Fe(u) — Fe(0) | 0.7 00:50)
1
D) i N\
< cp((["a Tl + 1ol e - vl o)
0

(ii)
S Cr (CT + ”u||Zﬂpr’(0,-m,um;X¢) + ”U‘|Zﬂpr’(o,-ru,um;Xw)) e = U”Ur(IT’W;Xa)

(iii)
<CF CT+21+p)\p u—vl|xm-
(1)

In (i) we used (4.22), in (ii) we used Holder’s inequality with exponent r, , and (iii) follows
from 7, < 7,. For R, note that since \|§f\||Lm(]R+) < I/, forall z € [0, T], one has

|, x,u) — ©(1, x, V)|

1
< Mllzo = llollzo + llu = *liegaxm, = v = *legx,

1
< Y {”“ —vllxa + [Jlu— UHC(H;XI_’,,)} :
Therefore, using that ©,(¢, x, u) = ©,(t,x,v) = 0if t > 7,, we obtain

Ry = [[(©AC,x,u) — OA( X, V)F (s V)| 202, i)
1 N
<3 [Hu =Vl + [lu— UHcaT;xIr,,)] [FeC )| 220,705 -

By Hoélder’s inequality, and ||v|| x(,) < 2 (see (4.23)), we obtain

~ v 3 P
|F e, 0)|200,7w05%0) < CF (/ (1 + [lolly ) llvllx, 2 df)
; ‘

S CRLCT A1l o P07 )
< 2Cr(Cr + 2)NA
It follows that
R2 < 2CF(CT + (2)\)/])(”14 — 'U”I{(T) + ||M - UHC(7T;XT' )).

K,p.
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Remark 4.14. In the setting of lemma 4.13, if the constants L, ., C, . in (HF)(b)-(HG)(b)
glp not depend on n > 1, then lemma 4.13 also holds with ©,(t,u,x) replaced by
Ox(t, x,u) =&y ([|ullxw)-

The last ingredient we need for the proof of theorem 4.5 is a suitable truncation of the
remaining nonlinearities A, B, Fy, G1r. Here the proof in [Hor18, lemma 4.4] extends to our
setting. Let &, be the truncation defined before lemma 4.13. For ¢ € [0, T], x € X andu e

K,p?
CIr: X)) N LP(Ir, wy; Xy) we set
Ut x,u) =&y ( sup [[u(s) — x|y + |M|Lp(]hwh_;xl)> . (4.24)
5€[0,1] ol

Similar to lemma 4.13, we have the following.

Lemma 4.15. Ler (HA), (HF)—(HG) be satisfied. Let T > 0, A € (0, 1), and let o be a
stopping time with values in [0, T]. Moreover, let the maps

Fpn(x, )1 X\ X LIy, we; X0) N CU o3 X)) = LUy, i Xo),

Gpa(x, ) : X1, X LIy, wy: X1) N CTp3 X)) = LP (I, wye Y(H, X1 2)),
be given by

Fax(x,u) = U\C, x, )[(AC, x) — AC, u)u + Fre(,u) — Fre(, )],

Gpa(x,u) = Ur(, x, w)[—(B(-, x) = BC,u))u + Gre(, u) — G, X)].

Then for any N > 1 there exist constants Cy, Ly, such that for all ||x||r < N,
K.p

| Fax(x, )] o, 0,:%0) < C,

N
(@}

|G, w)|| Loy 0 A(HX) 1) Ao

N

(1 Fan(x, ) — Fax(x,0) |10, wexg) < Lor (|t — || oy ey + lu — U||C(7g;XI,',,))’

1GEaGe ) = GaaC, )|ty anirarix, oy < Lol = vl 6 + 1 = vll o, 1)
a.s. Moreover, for each € > 0 there exist T = T(¢) > 0 and X\ = \(€) > 0 such that
ZA,T <eg,
foranyT < T, X < A\

Proof. Recall that Ly, La,, Lr, Ly are the constants defined in (HA), (HF)—(HG). For sim-
plicity we set L:= Ly := max{Lt.y12, Lan12. Lr}, where N is as in the statement. More-
over, as before Cr > 0 denotes a constant which may change from line to line and satisfies
limr)p Cr = 0. We proof only the estimates for F4 ), since the other follows similarly. Again,
as in lemma 4.13, the above claimed estimates are pointwise with respect to w € 2. Thus, it is
enough to consider the case o = T.

To begin, we set

Cu=1inf{r € [0, T] : ||u||Lrt,w,:x,) + sup |Juls) — X”X;I_'rp >2A\PAT.  (4.25)
s€l0,] k
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Without loss of generality we can assume ¢, > (,,. Firstly,

[FanCe, )| Loy a.ixo)

(i)

< NAC, 0u — AC, wul| g, weixe) + [1FreCu) — Fre(, ) [|eag, w,ix0)
(i)

<N+ 2)LH”HLP(I<M,w~:X1) + Llu — x||u(1<u,wm;x;[,5,)
(iii

)
K2LAN +2+ Cr)=:C 1,

where in (i) we used (4.25) and W (7, x,u) = 0 if r > (,,. In (ii) we used the assumption (HA),
(HF) and sup,c( c,l[u(t) — x||XE7 <N +2 by (4.25). In (iii) we used that [[ul|zeq,, w,x)) +

supsequCu]Hu(s) — x||Xpr <20
To prove the Lipschitz estimate we split the proof into two steps.
_ Step 1: Lipschitz estimate for t — V(t, x,u)(Fr(t,u) — Fr(t,0)). For simplicity, let us set
Fri(u) == Fre(-,u) — F1¢(+, 0). As in the proof of lemma 4.13, one has
U, x, w)Fro(u) — (-, x, v)FTr(U)HLP(IT,w,;;XO)
g H(\II(, X, u) - \Ij(, X, U))FTr(u)||U(IT,’IUH;X0) + ||\Ij(" X, 'U)(FT((U) - FTT(U))HU7(IT,UJ,{;X0)

< UCx, 1) = W, x, )] oy, o) + 1FTe() = Fro(o)|[oag, anyixo)-

Note that
[F7e(u) = Fre(0) | o, angxe) < Llu — Ulerag mxsy
< LCr|lu — UHC(TT;XIL)’
and

lCTC,x,u) — W(-, x, U))FTr(u)||U’(I<M,'u,r,;;XO)

< sup |W(E,x, 1) — W, X, 0)|[|Fre) | o, an,exo)
1€[0,Gu]

1
< Ly (= vl ety + 1= Ol o)l = Xl sy

< 2CrL(J|lu — UHc(h;xl’,,) + [lu — UHLP(ICu’lexl));

where in the last inequality we used that ||u — x|| 1oy, Xy S 2CTA by (4.25).
Step 2: Lipschitz estimate for t — W(t, x, u)(A(t, x)u — A(t, u)u). Writing

[WAC, x, u)(AC, X)u — AC, wu) — W, x, VIAC, X)v — AC, V)0) || 2ty w,:x0)
< WAC, x, 1) — UpC, 2, V)(AC, x) — AC, u)W)|| Loy, xo)
+ [[WAC, X, VA, v) = AC, X))@ — V)| L2 20,:%0)
+ [, x, V)AC, v) — AC, u)) || Loy w,x) = R1 + R + R3.

For R, note that
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Rl - H(\II/\(’ X, I/t) - \Il/\(" X, U))((A(’ .X) - A(’ u))u)”U’(lgu,w,;;Xo)

< Sup |\Ij)\(t’ X, u) - \I/)\(ta X, U)| ||(A(, x) - A(, u))“HU’(Qu,’IUH;X())
1€[0,¢u] ‘

As before, for all t € [0, (],

1
[WA(t, x,u) — Wp(t, x,v)| < X(Hu = Vlleqyt) + 1 = vllerarwex)-

Moreover,

1

Cl.l

Therefore,

Ry < ACLA(||u = vl e + 4 = 0l oy anex)-
Similarly, one gets

Ry + Ry < LA|[u = 0| oy wexyy + LAJu = 0l ¢, -

Putting together the estimates in step 1-2 the conclusion follows.

P
[(A(, x) — AC, u))uHU’(IQ,,'IU»;;XO) < L(/ |lu(t) — XHQT;”“(O”% t"’dt) < 4N’L.
0 e

O

In the proof of theorem 4.7 we need a further truncation. To this end, let £, be as above.

Then for u € C(TT;X,I’VP) N LP(Ir,w,; X,), n > 1and ¢ € Iy we set

0.0 = (Il + 30 o), )

s€[0,1]

As before, we fix w € (2, but we omit it from the notation.

(4.26)

Lemma 4.16. Let (HF)—(HG') be satisfied. Let T > 0 and let o be a stopping time with

value in [0, T]. Let ®, be as in (4.26). For any n > 1, let the maps

Fro: P w: X0) N CA53 X1 — L (I, wy: Xo),

Gra: Lo, w0, X1) N C1 53 X[ — LIy, wyes Y(H, X1 12),
be given by

Fra(u) =@, u)(Fr(-,u) — Fr(-,0)),

Gra() =@, (-, u)(GL(-,u) — GL(-, 0)).
Then there exist constants C,, Cr > 0 such that a.s.

I FLnCs | Loy x0) < Ca

~
GG || oty vt x, o) < Ca

1FLnCtt) = FraCo )| oy awexy) < Lyl = 0l ooy exy + 1 — UHC(E;XI-L]))’

|GLa(-su) — GF,n("7))||L1’(1,,,w,,-;7(H,X1/2)) < Lg,(lu = vl o, iy + 11— v”ah;x[&,));
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where Ly, ==3Lg oy + CrLro, Ly, :=3Lgon + CrLr, and limryg Cr = 0.

Proof. The proof is similar to the one given in lemmas 4.13 and 4.15. For the sake of
completeness we sketch the proof of the Lipschitz continuity of F; ,. Since the estimates are
pointwise with respect tow € €2, we may assume o = T. Letu,v € C(TT;X,IL,) N LP(Ir, w.; X1)
and set

A, = inf {t €[0,T] : |Jullra,awx;) + sup Hu(S)HXer > Zn} AT. (4.27)
5€l0,1 :

A similar definition holds for \,. As usual, we assume A\, > \,. Therefore
1 FLaCsu) = FraCs 0)|| Loy w.x)
= |FraCsu) = Fra(, 0)|| oy, weixo)
<@uCs ) = oo OIFLC )0y, avixe) + 1P, ONELC 1) = FLC0) |y, oo
where we have set F.(-, u) := F.(-, u) — F.(-,0). Since €' lzo® ) < 1, one has

1(®n(-, u) — (-, V)FL(, W[ L1y, X0

1 -
< ;(Hu =l eyt + 1 = vllarwax) | Lranllullx, + Leoallullx, || ray, w0

o,
< 2(f|u— U”C(YT:XITP) + |l — || raranx) YLF2a + CrLron);
where in the last inequality we used (4.27). Finally, since A, < A,
[, VIFLCs u) = FLC, ) 1ray, wwixo)
S| FL(uw) = FrC )l eay, aexo)
< Lroallu = vl|2oay, wixo) + CrLranllu — UHC@T XTr)

The above estimates readily imply the claim. (]
4.5. Proofs of theorems 4.5,4.7 and 4.8
With this preparation, we are ready to prove our first result concerning (4.1).

Proof of theorem 4.5. To begin, we look to a suitable modification of (4.1). More

specifically, fix wy € L{L}O(Q;X,pr) and let us consider the following semilinear equation:

du + AC, up)udt = (Fy(u) + f)dt + (B(-, up)u + Gr(u) + §)dWy,
{u(o) o (4.28)
on [0, T], where
F(u) = Fe)\(uo, u) + Fa(uo, u) + Fr(,u),
G(u) = G\ (o, u) + Ga (o, u) + G(-, ), 429)

fi=f+Fe(-,0) + Fr(-, up),
g = g + GC('? O) + GTI’('? M()),
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where F, )\, G, Fa and G, are defined in lemmas 4.13 and 4.15. By (HF)—(HG) and the
fact that T < oo, it follows that f € L2, (It x Q,wy; Xo) and g € L7, (Ir x Q, w,;v(H, X, ).
Let Z = Za(.u).B-u0) b€ the solution operator associated to the couple (A(-, uo), B(, up)) €
SMR;, .(T).

To study existence of strong solutions to (4.28) let ¢ be a stopping time with values in [0, T]
and consider

Z, = L0,(0: X(0)) N Ly(I; x Q,wi X1) N L, Cps X)), (4.30)

equipped with the sum of the three norms. Note that the stopped space and norm were defined
in definition 2.16. Recall that X(o) was defined in (4.14). On Z, we define an equivalent norm
by

Nz =1 llz, + M| ler@irdsweaxon
here M > 0 will be specified below. We shall study the map II,,, defined on Z, by
Iy (v) = Z(wo, FA() + f, GA(v) + 2). (4.31)

For the sake of clarity, we divide the proof into several steps.

Step 1: There exist M >0, \* >0, T* € (0,T], € >0 and o <1 such that if max
{Lr,Lg} < ¢, then for any stopping time o : Q — [0, T*] and any wy € L’;O(Q;X;Efp) one has
IL,, : Z5 = 2, and for all v,w € Z,,

MLy () — My ()] 2, < ol — ]z, (4.32)

In the following, we consider the case p > 2, the case p =2 follows by replacing
OHo’p(Ia’ Wys X1-5) by C(iaa X1/2) below.

Let p > 2, and fix a stopping time o with values in [0, 7]. Fix 6 € ((1 + k)/p, 1/2). Note
that for z € L7,(It x Q,w,; X1) N L, (% HOP(Ir, wy; X1-5))

HZHZT < kT(||Z||U(ITXQ7“’){;X1) + ‘|Z‘|U’(Q;H‘5-l’(17,w,,-;X1,,;)))’ (4.33)

where kr is a constant which depends on 7. Moreover, if z GLP@(I(T x Q,w. X)) N
L2, (% o HO P (I, w5 X1 —s)), then

HZHZU < Cl(||Z||U’(ngQ,wK;X1) + ||Z||LP(Q;OHM(IU,wH,;XI,5)))’ (4.34)

where the constant C,; is independent of 7. Both estimates (4.33) and (4.34) follow from
proposition 2.10, lemma 4.9 and remark 4.10.
By proposition 3.10 and (4.33) one has

|%2w0.0.0)] 2, < kr[woll ot (4.35)

Since (A(-, ug), B(-, up)) € S.MR;,,K(T), definition 3.5, (3.8), proposition 3.12 and (4.34)
give that for all ¢ € L7, (It x Q,w,; Xo) and ¥ € LP,(Ir x Q, wy; y(H, X1 )2)),

120, ¢, )|z, < |20, 110019, Ljo.o1¥) || 27
< K|l r@iardyeixon + CLE® [l i@ty e x, s
(4.36)
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det,§ .__ grdet,d det,d .__ xrSt0,0 : :
where K" .= K(A(‘quo)qg(uuo)), K = K(A(,’MO),B(,’MO)) and C; is as in (4.34).

Next we show that I1,,, maps Z, into itself. Let v € Z,. By (4.35) and (4.36) we can write
1Lz, < 1200, 0.0)]z, + 122 (0. Fa@) + F.Ga() + 8) Iz,
< krllwol| e + € 1K FA@) + fllereuedy, axon

+ CLK™ || GA(0) + &llr@urty i x,

and the latter is finite by lemmas 4.13 and 4.15.
Moreover, for v, w € Z, by proposition 3.12 we can write

I, (v) — Iy (w) = 20, Lo,y (F(v) — Fa(w)), 1joo3(Ga(v) — Ga(w))) (4.37)
on [[0, o ]|. The previous identity and (4.36) gives
[ TLyy (v) — Ty (w) ] 2,

= [|22(0. 1o oy (FA(v) — Fx(w)), 1j0,,1(GA(v) — Gr(w)))] =,

< CIK®Y||Fy(v) — F)\(w)HLP(Q;LP(I[,,wH,;XO))
+ C1Ksm’6||GA(U) - Gz\(w)||LP(Q;LP(I(,,w,,-;",(H,X1/2)))

< CIIK® (L) 7 + Lr) + K%L\ 7 + Lo)l|lv — ||z,
+ CLK®Y Ly + KSLe)|v — W|| o0y a0:Xo)) s (4.38)

where the lasE estimate follows from lemmas 4.13 and 4.15 and where we have set
LI)\’T =L\r+ L7
Let e > 0 be such that if (4.5) holds, then

Ci[K%®Y Ly + KL < 1. (4.39)
By lemmas 4.13 and 4.15 one can find T and X such that
CilK®Y (Lp + L\ 7) + K(Lg + Ly p)] == 0o < 1 (4.40)

for all T < T and \ < . To complete the proof we extend the argument in [NVW12a,
theorem 4.5] to our setting. Set

Mo Kdet,éiF 4 Ksto,rizG
'_ Kdet,éLF + Ksto,zSLG :

With such a choice the inequality (4.38) implies that
[Ty (0) = My (w)]| 2, < flo — w2,
Applying lemma 3.13 with u given by (4.37) we find
[Ty (v) = Ty (W) o222ty X0
<cr [HF)\(’U) — FAW)|| 200, Qo xy) + [|GA®) = Ga(w)|| ot xQuvgexo) (4.41)
<erflo —wlz,;
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where the last step follows from lemmas 4.13 and 4.15, and where ¢y, ¢; > 0 and both tend
to zero as T | 0. The claim follows from (4.38) and (4.41) by choosing 7" > 0 such that
Mep <1 —a/, N = Xanda::a’—&—McT* < 1.

Step 2: let \*,T* be as in step 1. Then for each wy € L{;O(Q;Xlrp) the problem (4.28)
has a unique strong solution u,, € Zr+ on [[0,T*]l. Moreover, there exists a constant

C = C(T*, \*) > 0 such that for all wy, w; € L{;O(Q;X;[fp), one has

(4.42)

Huwo — Uy, HZT* < CHIU() — Wi ||L90(Q;Xlrp)-

Applying step 1 to o = T, we obtain that IL,, : Z7« — Z7« is a contraction. Therefore, by the
Banach fixed point theorem there exists a unique u,,, € Z7+ such that IL,(#,,) = y,. From
this we can conclude that u,,, is a strong solution to (4.28) on [[0, T]] (see definition 4.3 and
(4.31)).

It remains to prove (4.42). The linearity of Z shows that

Uy — Uy = H'u,ro(uwo) - le (u'u,rl) - %(wo - wi, 0, 0) + HO(“'IU()) - HO(“M] )
Therefore, by (4.35) and (4.32),
Nuwy = |z, < || Z(wo — w1,0,0)| 2. + [[To(uuy) — Houw,)|| 2,
< krp+fJwo — wy HL’U’QO(Q;XI'I,) + ity =ty || z;.-

Since o < 1, the latter implies (4.42).
Step 3: let (v, T) be a local solution to (4.28) with initial data wy € Lpgo(Q;XTr ). Then

K,p

v = Uy, on [0, 7 A T*). Without loss of generality, we can assume that 7 < 7*. Forn > 1 let
7= inf{r € [0,7) : [[v]|xw + [lv = wollcg,u) + [10ler,wex) = 1}

and 7, := 7 if the set is empty. Then (7,),>1 is a localizing sequence for (v, 7).
Fix n > 1. Lemmas 4.13 and 4.15 ensure that 1o -, j(F(v) + f) € L{;,(IT x Q, w,; Xp) and
Lo 1(Ga(v) + f) € L{;,(IT x Q,w,; g(H, X, /). Moreover, by proposition 3.12 one obtains

v = B(wo, Lo (f + FA(0)), Ljor1(GA(v) + 2)),

ty = B0, Ljo.z, 1 (F + Fr(ttug))s 1.5, 1(Ga(tty) + &)

on [[0, 7, ]I. Using (4.37) this implies that

ltwy — vl 2, = 12200, 1o,y (Fr(v) — Fi(tty)), 150.,7(Ga(v) — Gx(uu,vo)))\”zm
- ”|H0(uw0) - HO('U)MZT,, g amuu,ro - U‘”Zm;

where in the last step we used (4.32). Since v < 1, we obtain that u,,, = v on [0, 7, A T*]|.
Since n > 1 was arbitrary, it follows that u,,, = v on [0, 7 A T).
Steps 1-3 complete our treatment of (4.28). Below we apply these results to study (4.1).
Step 4: let n:=X"/2. Then (4.1) has a strong solution (v,T) with initial data v, €

Loc(Q;X,I’rp) and T > 0 a.s. provided vy € BL} (Q;an)(uo, n). In particular, this gives a strong
0 K,p-

solution (u, o) to (4.1) with o > 0 a.s.
Step 1 ensures that (4.28) with initial data vy has a unique strongly progressively measurable
solution u,, if A = A" and T = T". Set

riminf {r € 10,77 : [l lxao + ity = wollezangy, + o oy > A*/2}
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Since the maps ¢+ [|uy, ||y, 1 = SUP (g ]ttug () — Vo] XTr, are continuous and adapted, 7 is
a stopping time. Note that if vy € BL} @xTry(uo, ), then 0 < 7 as.
0 T Rp

Setting v = u,, [ro.77- then a.s. for 7 € [0, 7], one has
O\ (1, up,v) = 1, W« (t, up, v) = 1.
Using the latter, by (4.29) a.s. on [[0, 7 ]|
Fx-() = A, uo)v — AG, 0)0 + Fe(-,0) = Fel-, 0) + Fre(-, v) — Fre(-, o) + FL(:, ),
G+ (v) = B(-,uo)v — B(,0)v + Ge(:,v) = Ge(+, 0) + Gre(-, v) — Gel-, ug) + GL(-, v).

Using this and (4.28), it follows that v is a strong solution to (4.1) on [[0, 7 ]| with initial data
V9.

Next, we prove the continuity estimate claimed in (c) for the solutions just constructed.
Let (u, 0), (v, T) be solutions of (4.1) constructed above with initial value uy, vy respectively.
Therefore, u = w001 and v =ty |07

Let v =0 A T, this implies that u = u,,|jo.7, v = Uy, |j0, and

lu—vllz, <l =yl 2. < Clluo — vO”L’%(Q;X};}ﬁ (4.43)

where in the last step we used (4.42).

Step 5: (a) and the first part of (c) hold. For the sake of clarity, we divide the proof of this
step into two parts.

Step Sa: uniqueness of the strong solution (v, T) constructed in step 4. Recall that (v, 7) is
a strong solution to (4.1) with initial data vy and satisfies v = u,, on [[0, 7 ]|. Let (w, p) be a
local solution to (4.1) with initial data vy. By definition 4.4, it is enough to prove that v = w
on [0, 7 A p)). We claim that

w € X(r) as.forallr € [0, p). (4.44)

Let us first show that (4.44) implies the claim of step 5a. Thus, suppose that (4.44) holds. Let
(tn)n>1 be a localizing sequence for (w, 1), and define the following stopping times

fty, = inf {t €10, ) = lwllzw + lw = wollcgre ) + lwllerawex) > )\*/2},

p* = inf {t €10, 1) = [Jwllxw + [lw— MOHC(T,;Xz_TP) + lwll e wex) > >‘*/2} )
where A* > 0 is as in step 1 and where we set ) = u, and p* = p if the set is empty. Let
n > 1 be fixed. The argument used in step 4 shows that (w, 1) is a local solution to (4.28) with
initial data vy € L;O(Q; Xl’p). Therefore, by step 3 w = u,, on [[0, p1;; A 7]]. Letting n 1 co we
find v = w on [[0, u* A 7). From the latter equality, it follows that u A 7 = p* A 7 a.s. This
proves the uniqueness of (v, 7).

Now we turn to the proof of (4.44). To this end we set, for a.a. (w,?) € [0, u) X €,
No(t,w) = ||F(-, w, w(, ) || 0,1,:%0) + |G w, w(-, w))HLP(O,:,wN;n,(H,xl/Z)y

By definitions 4.3 and 4.4 we have N, (1) < co a.s. for all 7 € [0, p). Define a sequence of
stopping times by

v, = inf {t €10, 1) + No(®) + [|w — tioll ez + 0]t > n} :
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where inf@ := p. Then lim,; v, = g a.s., and therefore to prove (4.44) it is enough to show
w € X(v,) a.s. forall n > 1. Note that forany n > 1,

wlgow,1 € L2 CA,,: X1 ) N LI, x Q,w,e; X)), (4.45)

K,p

where we used that ug € L>(€2; X,pr) by assumption, and

10,0, 1F (-, w) € LP(Ir x Q,w,; Xo),
104, 1G(,w) € LP(It x Q, w,; v(H, X, 2)).

(4.46)

Since (w, w)isalocal solutionto (4.1)and v, < p a.s. we have that w‘[[o,y,, ) is a strong solution
to (4.1) on [[0, v, ]l. Writing A(-, w) = A(-, up) + (A(-, w) — A(-, up)) and B(-,w) = B(-, up) +
(B(-,w) — B(+,up)), one sees that (w, v,) is a strong solution to (3.1) on [[0, v, ]| with (A, B) and
(f, g) replaced by (A(-, up), B(-, up)) and (f}’, gv'), where

£ =10, 1[AC, up) — AC, w)) + F(-,w) + f1,

gn = Lo, [(B(-, w) — B(-,up)) + G(-, w) + g1,
respectively. By (4.45)-(4.46) and (HA), fv e L7,(Ir x Q,w,;Xo) and gy € L7,(Ir x
Q, wy;y(H, X)) Since (A, B) € SMR;, (T), w= R(a¢up)B-up))Uos [ &) on [0, v, ] by

proposition 3.12(b). Therefore, the last statement in proposition 3.10 ensures that for all
§e (5 Handn > 1,

K
P

oy € H (I, w; X1—5) N LP (L, w X)) = X(v,)  ass.,

where we used lemma 4.9 for the embedding (see remark 4.10).

Step 5b: proof of the claim in step 5. It remains to prove the existence of a maximal solution
(v, T) of (4.1) with initial data vy as in (c). Let = be the set of all stopping time 7 such that
(4.1) admits a unique local solution on [0, 7) in the sense of definitions 4.3 and 4.4 with initial
value vg. Then the above ensures that = is not empty. We claim that = is closed under pair-
wise maximization, i.e.if 79, 71 € =,then 7o V 71 € =. A similar argument appears in [Hor18,
lemma 4.6], but our setting is different. Let (v;, 7;) be the unique local solution to (4.1) with
the same initial data and localizing sequences (7}"),>1 for i = 0, 1. The uniqueness ensures that
vo = vy on [[0, 79 A 7y ). Define the process u” : [[0, 7 V 71 1| = X given by

u'(t) = vo(t A1) + o1t A T]) — vo(t A T AT,

Note that u"(r) = vi(r) on {7} <r< 7} and u"(r) = vo(r) + vi(7]) — vo(T]") = vo(t) on
{m} <t < 7}}. By definition u" is strongly progressively measurable and has the same regu-
larity properties of vo and v; on [[0, 77 VV 71 ]I. Letting n 1 oo we obtain a unique local solution
(v, 7oV T11)and thus 7o V 71 € Z.

By [KS98, theorem A.3], o := ess sup = exists, and there exists a sequence of stopping times
(Twn=1 € = such that 7, < o, lim,yo 7, = 0 a.s. and by the above uniqueness there exists a
process v : [0, 7] x £ — X, such that u is a local solution to (4.1) on [[0, 7,). In addition, 7 > 0
a.s. by step 4. This implies, the existence of a maximal local solution (v, 7) to (4.1) with initial
value v and localizing sequence (7;,),>1. This finishes the proof of the first part of (c) and in
particular (a).

Step 6: (b). Let (v, 7V) be the maximal solution to (4.1) with initial value vy, where vy is as
in (c). Let (7;)),>1 be a localizing sequence for (v, 7”) with 7,7 > 0 a.s. For each n > 1, set

7= inf{r € [0,7,) « [|vllxo) + lv = voll o) + 10l ramexyy = 1}, (447)
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where we set 7, = 7, if the set is empty. Thus, each 7, is a stopping time and lim,1, 7, = 7".
Moreover, 70 > 0 a.s. Let v, = min{7%, 74 }.
Hypothesis (HA) and (HF)—(Hf) and lemma 4.11 show that

fo =1, nlAC, uo) — AC, ) + F(-,v) + f1 € LIy x Q,w,; Xo),
g = Loy, [(B(-,v) — B(,vo)u 4+ G(-,v) + gl € L (Ir x Q,w,;v(H, X, ),

for all n > 1. As in step 5Sa, since u and v are strong solution to (4.1), by proposition 3.12(b)
we have

v=2Ro, fr.8), on [0,u,1,

where Z = LA up).B(-up))- Since (A(-, uo), B(-, up)) € SMR;H(T), it follows from proposition
3.10 that

ve [ LW@HY,, wsX ), ¥Vn=1. (4.48)
0€[0,1/2)

In particular, by proposition 2.10(a)

v € LP(Q; C(T,; X))
It remains to prove the instantaneously regularization effect. Let « > 0, by (4.48) and definition
2.16, for each n > 1 there exists v, € L’;,(Q;H&P(IT*, Wi X1_s) N LP(Ir+,w,; X1)) such that
'U‘Iloﬁnl] = f)n‘u(),,,n]] and for any € > 0,

T € L0y(Q; HP (I, wi; Xy —5) N LV (I, wi; X1)) = Li,(Q; C(le, T X)),

where in the last inclusion we used proposition 2.10(b) and the fact that § > lf” > 11) since
k = 0. The claim follows from the arbitrariness of n > 1 and € > 0. By taking v = u this
completes the proof of (b)

Step 7: the second part of (c). The cases E € {LP(I,,, w,; X1), C(I,; X;';'p), X(v)} have already
been considered in (4.43). It remains to consider E = H*?(I,,, w,;; X1_p). Carefully checking the
proofs of (4.32) and (4.35) one also obtains the latter case.

Step 8: (d) holds. Let (u, 0) and (v, 7) be as in the statement. Recall that ' := {up = v¢}.
Without loss of generality we assume P(I") > 0.

Setd :=1ro + Iog\r7 and it := 1px0.v + L\r)x[0.0)%. Then with the same argumentused
in the proof of proposition 3.12, one can check that (&, o) is a unique local solution to (4.1)
since uy = voponI'.

The maximality of (u, ) implies 7 < o on I" and

u=1u=u, I' x [0, 7).

Exchanging the role of (¢, o) and (v, 7), one obtains also o < Tonl'andu = v onI" x [0, 7).
This implies the claim. U
Some remark may be in order.

Remark 4.17. Due to (4.39), the argument used in step 1 in the proof of theorem 4.5 ensures
that instead of (4.5) we can assume
det,s to,5
CrlLrK G gy 5oy T LKA gy 5eagy) < 1

4146



Nonlinearity 35 (2022) 4100 A Agresti and M Veraar

Here C is the constant in (4.34) and 6 € ((1 4+ x)/p, 1/2). Typically the above constants are
difficult to compute. See [NVW12a, section 5] for examples in which explicit computations
can be worked out.

Remark 4.18. By analysing the argument in the above proof one can readily check that
theorem 4.5 holds in case that the assumptions (HF)(a) and (HG)(a) are replaced by:

(a) For any stopping time p : {2 — [0, T'], one has
Fr: L% LTy wie: X1) N CTs X)) = L% (5 L (1, wie; Xo)),

G : Lo L (L, wie; X0) N C s X)) = L% (8% L2 (1, wi; y(H, X1 2)).-

Moreover, there exist 6‘, LF,LG,ZF,ZG > 0 such that for a.a. w € € and for all u,v €
LAl we; X) N CA i XTT)

1FLC w0, )] a0, x0) < CA+ ([t rg ) + ullcq,xt )

1GLCs w0, )| r e e, o < CA A utll o wgexyy + [lull e xre )
1FLC, w, 1) = FLC, @, 0)| o, x0) < Lellu = 0| o ey + 1w = vll g, )
+ Lrllu = 0|, %0,
1GLCs w, ) = G w0, O |t x, o) < Lol = 0llea,weox + e = vlleq, )

+ L ||t — vl 0,:x0)-

(b) For I' € {F;,G.} and all stopping times v € [0, p] a.s., 1j0,4T'(-, u) = 1j9,4T'(-, v) pro-
vided 10,1 = Tjo,yv and u, v € L(% L(1y, wy; X1) 0 CLy; X[7).

To see that (a)—(b) are sufficient to prove theorem 4.5 it is enough to note that only (a) and
(b) are needed in step 1 (resp. 5) to prove existence (resp. uniqueness). The other steps hold
without any changes.

Next, we prove theorem 4.7.
Proof of theorem 4.7. 'We start by collecting some useful facts. To begin, let
§=inf{r € [0, T] : || fllerdtwexo) + 18]l rtrannarx, o) = 13-
By (Hf"), £ is an stopping time, £ > 0 a.s. and
Lpoenf € LI x Q,w,; Xo), Lpoeg € LU X Q, we; v(H, X1 2)).

Moreover, let n > 1 be fixed and define T',, := {||uo|| xT, < n} € Fy. Recall that (ug )1 sat-
isfies (4.6). Finally, let F ,, G, be as in lemma 4.16. The same lemma implies that F; , and
Gy, verify the condition in remark 4.18 for

Lr = 3Ly + CrLpan, Lr =0, L = 3L + CrLg o, L =0,

where limTw CT = 0. For n 2 1, set Fn = FLJ, + F€ + FTr, Gn = GL,n + G€ + GTr. By (46),
supq || ol xr, < 0o. LetR, > 1 be the smallest integer satisfying

R, = sup|ug ||yt - (4.49)
Q P
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theorem 4.5 and remarks 4.17—4.18 ensure the existence of a maximal local solution (u,, 0,,)
to (4.1) with (u, f, g, F, G) replaced by

(uons Lpognf + Fr(t,0), Ipoepg + Fr(t, 0), Fg,, Gr,)
provided

det,0 sto,d
3C Lrar K Cug .80, T LB2RK Ao . BCa0,0) <1 V21, (4.50)

where C; > 0 is the constant in the embedding of lemma 4.9 and does not depend on
T > 0. Note that choosing ¢, > 0 suitably we obtain (4.50). Recall that the constants
KoY o) Boiton)’ K(S;}“()A’flq.n),B(nuO’n)) are defined in (3.8) and § € (1 + K)/p, 1/2) is arbitrary.

For the sake of clarity, we split the proof into several steps.

Step 1: existence of a local solution to (4.1) if uy € LOgO(Q;Xpr). Let (u,,0,) as above.

Then let us define the following stopping time
T, = inf{t € [0,02) : [lunl| o wgxp) + sup [[ual g7 > ZRn}
se[0,] ”

and 7, := o, if the set is empty. Then reasoning as in step 4 in the proof of theorem 4.5 one
immediately sees that (u,, o, A 7,) verifies (4.1) with initial data ug,. Note that ug, has norm
less than R, (see (4.49)), and therefore 7, > 0 a.s. Thus, o, A 7, > 0 a.s.
Set 0}, ;=0 A Ty. Let (Ay)n>1 € Fp be defined as A; ;=T and A, :=T,\I', for each
n > 1. Define (u,0) as o0 : =0, on A,, and u = u, on A, x [0,07,). Since (u,, o)) is a local
solution to (4.1) with initial data u ,, one can check that (u, o) is a local solution to (4.1).
Step 2: uniqueness of (u, o). Let (v, ) be another local solution to (4.1). Set

oy = inf{l €10, = [[vllerdwexy + sup [[v][gr = 2Rn}’
s€[0,1] P

and 7, = p if the set is empty. Then (15,v,1a,1,) is a local solution to (4.1) with data
(Aa, uo0 1n, Apoenf + Fr(t,0)0),1a, (Lo g8 + Gi(1,0))) and F = Fg,, G = Gg,. At this stage,
the conclusion follows as in step 5 in the proof of theorem 4.5.

Step 2: existence of a maximal local solution. Similarly as in step 6 in the proof of theorem
4.5, consider the set = of all stopping time 7 such that (4.1) admits a unique local solution.
Steps 1-2 ensure that = is not empty, and that there exists 7 € = such that 7 > 0 a.s. The rest
of the proof follows as step 5 in the proof of theorem 4.5.

Step 3: regularity. The claimed regularity follows as in step 6 in the proof of theorem 4.5
by replacing 7, in (4.47) by 1, 7. (]

Remark 4.19. As in remark 4.17 the proof of theorem 4.7 shows that the condition (4.8)
can be replaced by (4.50).

Proof of theorem 4.8.

(a) Follows by theorem 4.5.
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(b) The proof is similar to the one proposed for theorem 4.5. Indeed, we may replace the
truncations in step 1 by

F(u) = Fe\(ug, u) + Fr(-yu) + Fre(-, ),

G(u) = Gep(uo, 1) + GL(-, u) + Gre(-, u),

f::f + FL(,O) + FTT('a Uo),
=8+ Gc(,0) + Gre(-, uo).

Due to remark 4.14 and the assumptions, the assertion of lemma 4.13 still holds. Now one
can repeat the proof of theorem 4.5 literally.

(c) This follows from theorem 4.5 and the fact that the constants ¢, do not depend on n > 1
(see remark 4.19). O

5. Applications to semilinear SPDEs with gradient noise

In this section we will consider semilinear SPDEs on X, = H*? which can be written in the
form

{du +ACudt = FC,u)dt + (GC,u) + BOwdWy, ¢ € I,
5.1

u(0) = uo,

which is a special case of the setting considered in theorem 4.8. In subsections 5.2-5.4 we take
H = ¢* and in subsection 5.5 H = L*(T).

In the next section we motivate this setting and explain which class of operator pairs (A, B)
we will be considering.

5.1. Introduction and motivations

In this section we study a large class of nonlinear second order equations with gradient
noise. Such equations are commonly known as stochastic-reaction diffusion equations, but
they also include the filtering equation see [Kry99, section 8] and Allen—Cahn equations
[BBP17a, BBP17b, FY19, RW13]. Allen—Cahn equations will be further investigated in
subsection 7.1.

Stochastic reaction—diffusion equations have been extensively studied in the last decades.
Nonlinear reaction—diffusion models arise in many scientific areas such as chemical reac-
tions, pattern-formation, population dynamics. Stochastic perturbations of such models can
model thermal fluctuations, uncertain determinations of the parameters and non-predictable
forces acting on the system. For the sake of completeness let us mention some works on the
deterministic case [CDW09, Fuj66, QS19, Wei86] and for the stochastic case one may consult
[CCLRO7, Cer03, CRO5, DHI13, EKHL18, FC13, Fla91, Gaol9, HIT18, Wan19, WX18] and
the references therein.

To the best of our knowledge, the results presented below are new. The reader can compare
our results with the results in [PSW18, section 3] in the deterministic framework.
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In this section we analyse second order stochastic PDEs in non-divergence form with
gradient noise:

du + Audt = f(u, Vu)dr + Z (Buu + gu(u)) dwy, on 0,
n>1 5.2)
u(0) = uog, on0O.

here (w} :t > 0),>: denotes a sequence of independent standard Brownian motions and u :
It x Q0 x & — R is the unknown process. Moreover, the differential operators A, BB, for each
x € O,wete (0,T) are given by

d
(A )t w, x) = — Y ay(t,w)dju(x),
i,j=1

) (5.3)
Byt wh)(t, w,x) =Y _ bju(t, w)ju(x).

J=1

Lower order terms in the previous differential operators can be added (see subsection 5.6.2).
The assumptions on f, g, will be specified below.
In the applications of theorem 4.8, the following splitting arises naturally:

e O =Rlor 0 ="T¢
e (O is a smooth domain in R,

We will only consider R in detail since T can be treated by the same arguments. This
will be done in sections 5.2-5.4 using the maximal regularity result of lemma 5.2 below. In
section 5.6.4 we will comment on domains and boundary conditions of Dirichlet and Neumann
type. However, these results will only be formulated under suboptimal smallness assumptions
on the bj,.

To avoid the need for too many subcases, we will only consider d > 2. However, under
suitable conditions on the parameters the case d = 1 could also be included in most examples.

Next we introduce the function spaces which will be needed below. As usual, for g €
(1,00) and k > 1, we denote by W*4(R?) the set of all f € LI(R?) such that 0°f € LI(RY)
for any o € N¢ such that || < k endowed with the natural norm. Let F be the Fourier
transform on RY. Then for any s € R and ¢ € (1,00) we set H*I(RY) = {f € S (RY) :
F A+ |- P2F(f) € LYRY} with its natural norm. For s € R, ¢ € (1,00) and p €
[1, 0], we define Besov spaces through real interpolation:

B (RY) = (H(R?), H(RY))g,p.

where 5y < s < s; and 6 € (0, 1) are chosen in such a way that s = so(1 — 0) + s16. We refer
to [BL76, chapter 6] for alternative descriptions of the Besov spaces By, p(]Rd). For s € R and
q € (1,00), we denote the Sobolev—Slobodeckij spaces by W*(RY) := B} (R).

Recall from [BL76, theorem 6.4.5] that

[H09(RY), H Ry = HYYRY), s:=(1 — O)sy + Os;. (5.4)

For the sake of simplicity, sometimes, we write H*? instead of H*¢(R¢) (and analogously for
other spaces) if no confusion seems possible.
The following will be a standing assumption in this section:

Assumption 5.1. Suppose that one of the two conditions hold:
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® g€ [2,00),pe (2,00)and k € [0, 5 — 1);
e g=p=2andk =0.
Assume the following two conditions on a;; and b;,:
(a) The functions g;;: (0,7) x Q@ — R and bj, : (0,T) x Q@ — R are progressively measur-
able. Moreover, there exists K > 0 such that

laij(t,w)| + [|(bjult, w)nz1]l2 < K,  aa.w €, forallr € Iy.

(b) There exists € > 0 such that a.s. forall £ € R?, ¢ € I,

d

1
Z (aij(l) - zzbin(t)bjn(t)> &&= el€

ij=1 n>1
The following result will be employed several times.

Lemma 5.2. Let the assumption 5.1 be satisfied. Let Xo = H*/(R?) and X, = H*T>9(R%)
withs € R. Let A: Iy x Q — L X1;Xo) and B : It x Q — .;Ef(Xl,v(Ez,X%)) be given by

A(Ou = A(t)u, (B(Huw), =B,(Hu, n>1,
where A, B, are as in (5.3). Then (A, B) € SMTR;, (T) (see definition 3.5).

Proof. Since the coefficients a;;,b;, are x-independent by applying (1 — A)/? to the
equation, one can reduce to the case s=0. Now the result follows from [PV19,
theorem 5.3]. U

5.2. Conservative stochastic reaction diffusion equations

In this subsection we study the following differential problem for the unknown process u :
[0,T] x 2 x RY = R,

du — Audt = div(f (-, u))dt + Z(Bnu + gu(-,w))dwy, on RY,
n>1 (5.5)
u(0) = uy, on RY;

for t € Ir. Here A, B, are as in (5.3).

A formal integration of (5.5) shows that the system preserves mass under the flow, i.e.
E [pa u(x, )dx = E [, uo(x)dx. This feature is very important from a modelling point of
view, since u (typically) represents the mass of chemical reactants. This motivates the name
‘conservative reaction—diffusion equations’.

We study (5.5) under the following assumption:

Assumption 5.3. The maps f:Ir x QxR xR =R, g:i=(g,)u>1:Ir x @ x RY
x R — % are &2 @ BR?) @ PB(R)-measurable with f(-,0) = 0 and g(-,0) = 0. Moreover,
there exist # > 1 and C > O such that a.s. forall # € I, z,7 € R and x € R?,

|f(t,x,2) — f(t,x, )| + ||g(t, x,2) — gt x, 2|2 < C" " + || Dz — 2.

Typical examples of f and g which satisfies assumption 5.3 are:

FOu) = folu"u, g, u) = geo)|ul""u, ke (1,00), (5.6)

4151



Nonlinearity 35 (2022) 4100 A Agresti and M Veraar

where f € L%((0,T) x Q@ x RGRY) and g € L25((0,T) x Q x R%¢%). The condition
f(-,0) = 0and g(-,0) = 0 can be weakened to a decay condition in the x-variable.

We study (5.5) directly in ‘the almost very weak setting’, i.e. in Xo :== H~ =4 with s € [0, 1)
(cf [PSW 18, subsection 4.5]). This will give us additional flexibility in the treatment of (5.5).
The weak setting can be derived by setting s = 0.

5.2.1. Almost very weak setting. Let s € [0, 1) and let g € [2, c0). The differential problem
(5.5) can be rephrased as a stochastic evolution equation of the form (5.1) with X, := H =4
and X; := H'~*9. Here

A(Du = A(tu, B(Du = (By(O)u)n>1,
F(t’ M) = diV(f(t, K] l/t)), G(t’ l/t) = (gn(t’ K] u))n}l

foru € H'~%9. We say that (u, o) is a maximal local solution to (5.5) if (u, o) is a maximal local
solution to (5.1) in the sense of definition 4.4.

To show local existence for (5.5) we employ theorem 4.8. By lemma 5.2 it is enough to
look at suitable bounds for the nonlinearities F, G. To this end, let us start by looking at F. By
assumption 5.3, it follows that

©)
IECo0) = FC) g1 S [FCou) = FCo)lgo
S Hf(a u) - f(a U)HL’

S ™+ ol Dlu = ol [, (5.7

AE

< (ullfd + llle)lle = vll e

)
< laliog + ol = vlloa:
H"4 HY4

where in (i) we used the Sobolev embedding with r defined by —1 — ¢ = —1 — 5 — g, in (ii)
the Holder mequahty with exponent &, ;* 77 and in (iii) the Sobolev embedding (A.11) and

0 — < =—2 Notethatr € (1,00) sinceqg > 2,d > 2 and s € [0, 1) by assumption. Note that
0 has to satlsfy 0 € (0,1 — s) in order to obtain a space in between X, and X;. Combining the
identities we obtain

d d 1/(d d 1\ s
——g=—=_(= f==(1——]—-=.
q hr h<q+s>$ q( h) h

Therefore, to ensure that § € (0, 1 — s) we assume’

dh— 1) d(h — 1)
h—sh—1) 955

(5.8)

Since s # 1 and h > 1 the set of g which satisfies (5.8) is not-empty. If (5.8) holds, due to (5.4)
one has H%4 = [H~17%4, H'~%9] 5 where

1+60+s 1]/d 1
Bi :T = 5 |:<;+S> (1_E> +1:| € (0,1). (5.9)

3 Here we have set 1/0:= oo
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To check the condition (HF) we may split the discussion into three cases:

(a) If 1 — % > f31, by remark 4.2(a), (HF) follows by setting Fr(z, ) :=div(f(t, -, u)) and
F,=F.=0.

(b) If 1 — % = f1, by (5.7) and remark 4.2(b), (HF) follows by setting F; = Fr =0,
Fo(t,u) =div(f(t,-,u)),mp=1,p, =h—1and ¢, = 3.

(c) If1 — % < By weset F(t,u) :=div(f(¢,-,u)) and F; = Fry = 0. As in the previous item
wesetmp =1, p, =h—1and ¢, = ;. By (5.7) it remains to check the condition (4.2).
In this situation, (4.2) becomes,

I+k p1+1

(1_51)—1L—1<6—1+S>. (5.10)
p 2h

1 2
Note that the assumption « > 0 implies

1 d s h
-+ —+ =< .
2g 2 " 2h-1)

(5.11)

Since d/2q + s/2 < h/[2(h — 1)] (thanks to the lower bound in (5.8)) the above inequality
is always verified for p sufficiently large.

It remains to estimate G. To this end we can reasoning as in (5.7). First, note that
Xy = H4 (see (5.4)) and let r, 0 be as in (5.7). By assumption 5.3 one has
HG(’ l/t) - G(a U)H'\,(L’Z;H*l"v‘l) S HG(’ l/t) - G(",U)”",([z;L')
[0}

~

||G('a u) — G(., 'U)”Lr(ﬁ)

S Cu" + oDl = vl

(5.12)

< (lulliy + 1ol = vlloas

where in (i) we used the identification y(¢%,L") = L"({*):=L'(R%, () (see (2.11)). The
previous considerations show that G verifies (HG) under the same assumptions on F.
Therefore, theorem 4.8 gives the following result.

Theorem 5.4. Let assumptions 5.1 and 5.3 be satisfied and d > 2. Let s € [0, 1). Assume
(5.8). Let 3, be as in (5.9). Assume that one of the following conditions is satisfied

o 1 —(+r)/p=py
o | —(1+k)/p< Byand (5.10) holds.

Then for each uy € ijo(Q B1 - 2(IJ”‘)/I’(R‘J)) there exists a maximal local solution (u, o)
to (5.5). Moreover, there exists a localizing sequence (0,)n>1 such that a.s. for alln > 1

u € LIy, we H' )N C,,: By, > /7) 0 C(0, 0,]: B, 2/P).

(Tn’ q.p

5.2.2. Critical spaces for (5.5). 1In this subsection we study the existence of critical spaces for
(5.5).

To motivate the setting let f, g, be as in (5.6) with f, g € (2 constant w.r.t. It will turn out
that our abstract notion of critical spaces as introduced in remark 4.2(c) is consistent with the
natural scaling of (5.5)—(5.6). First consider the deterministic setting, i.e. bj, = g, = 0. If u is
a (local smooth) solution to (5.5)—(5.6) on (0, T) x RY, then uy(x, 1) := A\/2EDy00, A2 x) is
a (local smooth) solution to (5.5) on (0, T/)) x R¢ for each A > 0. Note that the map u > u,
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induces a mapping on the initial data uy given by uy — 1o » where ug \(x) == A/ RGA=1] uo(Al/ 2x)
for x € R,
In the theory of PDEs a function space is called critical for (5.5)—(5.6) (in absence of noise)

if it is invariant under the above mapping 1y — up . An example of a Besov spaces which is

(locally) invariant under this scaling is BZ/pq V0D gor q, p € (1,00). This can be made precise

by looking at the so-called homogeneous version of such spaces. Indeed, one has
— /2=y 1/2vd/q—1/(h—1)~d
1t ]| gara-1jn1y = N/ BEDUN 22 a1/ GmD=28) g |1y
q.p q.p (513)
= ||Uo|| ;d/q—1/(h—1)5
oo

where the implicit constants do not depend on A > 0. It will turn out that this space appears nat-
urally when equality in (5.10) is reached. This observation was made in [PSW18, sections 2.3
and 3-6] for many PDEs.

Next consider the stochastic problem. At least formally, we can show that if u
is a (local smooth) solution to (5.5), then u), is a (local smooth) solution to (5.5)
where the (w? : t > 0),>; is replaced by the sequence of independent Brownian motions
B} 1 1= 0)z = A28, 1 > 0),51. Tosee this, let 7 € (0, 7) and let us look at the strong
formulation of (5.5) as in definition 4.3. As we have seen before, under the map u > u) all the
deterministic integrals have all the same scaling, therefore it is enough to study one of them.
For instance,

t/\ t
/ Auy(s, x)ds = )\ﬁ/ Au(s', \'?x)ds'.
0 0
Such scaling agrees with the scaling of the stochastic integrals,

t/A
/ | (s, )|" ur (s, x)db
0

t/A
:/ )\m|u()\s,)\l/zx)\h_lu()\s,)\l/zx)dwﬁs
0

1

t
- )\2(1«—1)/ (s, XV 2x0)|" (s, N2 x)dw, (5.14)
0

where n > 1 is fixed. The same holds for the stochastic integral for the b-term. Therefore, u)
is a solution to (5.5) with a scaled noise.

After these formal calculations, let us turn to our setting. We will analyse when equality in
(5.10) can be allowed. We begin by looking at the case p € (2, 00). Note that s € [0,5 — 1) if
and only if ”7“ € [1—1), %) and due to (5.11) to ensure the existence of a weight x which realizes
equality in (5.10) we have to assume

1 h 1 /d 1
Eﬁ - 5 (q +S> < 5 (5.15)

Simple computations show that the previous is verified if and only if

1 1
h> +s or {h<+s and ¢ <
S S

dh—1)
1—sth—1)|"

(5.16)
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If (5.11) and (5.16) hold, then we set

h d
Korit = g <h_1 - s) ~ 1. (5.17)
Then frit € [0, 2 — 1) and the corresponding critical space is
Tr 1—s—2ta G- d
X, =Bey 7 RH=B,TT R (5.18)

Note that the above space coincides with the one appearing in the above discussion. Moreover,
the space does not depend on the parameter s > 0, and depends on p only through the micro-
scopic parameter. The independence on s > 0 is in accordance with the independence of the
scale founded in the deterministic case for (4.1) without noise and bilinear nonlinearities, see
[PSW18, section 2.4].

It remains to consider the case p = g = 2 and k = 0. We expect that a similar space appears
also in this case. Indeed, the condition (5.10) implies the identity

_24d+2s

h— 1. 5.19
dtas (5.19)

Note that the lower bound in (5.8) is automatically verified and the upper bound in (5.8) is
equivalent to d > 2s2/(1 — 5). Therefore, in the case p = ¢ = 2, kK = 0 and & as in (5.19), the
trace space for (5.5) becomes

d_ _1_
X" = By3(RY = B, "1 (RY) = HY i1 (RY.

K,p

In the case s = 0 one has h = (2 + d)/d = 2/d + 1 and condition (5.8) is satisfied.
Let us summarize what we have proved in the following:

Theorem 5.5. Let assumptions 5.1 and 5.3 be satisfied and d > 2. Let s € [0, 1) and let
one of the following conditions be satisfied:

e p,g€(2,00),(5.8), (5.11)and (5.16) hold;
e p=qg=2,d>2s*/(1—s),and his as in (5.19).
Let kit be as in (5.17). Then for each

1
=

d_ 1
uo € L% (B, ™ (RY)

there exists a maximal local solution (u,o) to (5.5). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. forall n > 1

d 1

d__1_ g2
u € LP(I,,, W H' (R N Cd,,; Bep T (RY) N C((O, onl; By T(RY)).

d 1
Note that the space Bqa, ;H(Rd) becomes larger as p tends to co. Therefore, for 1y as
above and any § < 1 — s, there exists a maximal local solution (u, o) to (5.5) such that
u e C0,0,l; Bf]’oo(]Rd)) a.s. In particular, if s = 0, then for all 6 < 1 we find a maximal local
solution to (5.5) such that u € C((0, an];Bgm(Rd)) a.s. Bootstrapping arguments related to

such regularization phenomena will be investigated in the papers [AV20a, AV22].
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Let us conclude this section by giving an example which illustrates the usefulness of s €
0, 1).

Example 5.6. Letd = 3 and & = 2. The restriction on g > 2 becomes

3 3 3
1, <g< mln{ ' }, s €[0,1). (5.20)

3
Therefore, in the weak setting s = 0 one needs g € [2, 3), and the critical space Bg; ! (RY) has
strictly positive smoothness. To admit critical spaces with negative smoothness, we need s > 0.
Indeed, note that the choice s = 1/2 optimizes the right hand-side of (5.20). Therefore, with
s = 1/2 we can allow g € [2, 6) and thus we have a larger class of critical spaces which goes

down to smoothness —1.
Also the space L¥"~D(R9) is invariant under the scaling uy — uo_y. From the previous result
we obtain the following corollary.

Corollary 5.7. Let assumptions 5.1 and 5.3 be satisfied and d > 2. Let h > 1+ 3—1,
qg:=d(h — 1) and p € (q, >0). Then there exists s > 0 such that for all s € (0,s) and

uo € L%, (4 L'"" D(R?))

there exists a maximal local solution to (5.58), and there exists a localizing sequence (0,)n>1
such that for any n > 1 and a.s.

_g_2
U € LIy, wees H' - RY) N O, B (RD) N (O, 0,3 By P (RY),

where Kerit is given by (5.17).

Recall that p in theorem 5.5 can be chosen as large as one wants.

Proof. Since h > 1+ %, q = 2. One can check that there exists s; > 0 such that (5.8)
and (5.16) hold for ¢ = d(h — 1) and s € (0, s;). Moreover, for ¢ = d(h — 1), there exists
s > 0, such that (5.11) holds for all p € (2,00) and s € (0, s2). Set s:= min{sy, s, }. Thus,
theorem 5.5 ensures the existence of a maximal local solution to (5.5) for any s € (0,5)
and ug € L(L’% (; B) (R?)) with the required regularity. To conclude, it remains to recall that

LI(RY) — B0 (Rd), since p > q. O
By choosing s small enough such that 1 —s —2/p > 0, the solution u to (5 5) pro-

vided by corollary 5.7, instantaneously regularizes in space, i.e. u € C(Ign,Bq » 5 (RY)) —
C(l,,; LY(RY)) a.s. foralln > 1.

5.3. Stochastic reaction diffusion equations

In this subsection we study local existence for the following non-conservative reac-
tion—diffusion equation for the unknown u : [0, T] x £ x RY - R,

du+ Audt = f(,u)dt + > (Buu + ga(-,u)dwf, on R,
n>1 (5.21)
u(0) = uy, on R,
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where A, B,, are as in (5.3). In this subsection we assume that

Assumption5.8. Themapsf:Ir x Q X R xR 5 R, g:=(g)u>1: Ir Xx QX R x R —
2 are P @ BR?Y) @ ZB(R)-measurable with f(-,0) = 0and g(-,0) = 0. Moreover, there exist
m,h > 1and C > Osuchthatas. forallz € Iy, x c R¢and z,7 € R

|f(t,x,2) — f(t,x,2)| < C(lz" " + 2" D]z = 2],

lg(t.x,2) = g(t, 2, 2Dl 2 < Clal"™" + D]z = 2.
Typical choices for such nonlinearities are:
fa) = |ul""u, gnCow) = gulul" ', n>1, (5.22)

for some g = (g,)n>1 € L1 x Q x RY; (2).

To make the results more readable we choose to analyse (5.21) only in the weak setting.
The interested reader can adapt the argument below and the one given in subsection 5.2.1, to
study (5.21) in the almost weak setting. As we have seen before, the latter choice gives local
existence in a wider set of critical spaces. This will be presented in section 7.1 for the stochastic
Allen—Cahn equation.

Again we will focus on the setting of critical spaces. Some noncritical cases could be
included by simpler methods. Part of this is covered in the quasilinear setting in subsection 6.5.

5.3.1. Weak setting. As in subsection 5.2.1 we rewrite (5.5) in the form (5.1) by setting
Xo :=H (R, X, = WH(R?) = H"(R?) and, for u € X,,

Au = Au,  Bu = (By(Own>1,
F(t’ M) = f(t’ l/t), G(t’ l/t) = (gn(t’ u))n}b

(5.23)

As before (u, o) is a maximal local solution to (5.21) if (u, o) is a maximal local solution to
(5.1) in the sense of definition 4.4.

To prove local existence we apply theorem 4.8. By lemma 5.2, it is enough to estimate the
nonlinearities F, G. We start by estimating F:

©)
[FCou) = FC0)[gm1a S [FCw) = FCG0) e

SN u™" oDl — o] |
) (5.24)
S lulfo + ol 7 Dllae = ]|

(iii)
S (ullry + ol llu = vllgoq-

where in (i) we used the Sobolev embedding with ¢ :=1+ g, in (ii) we applied the Holder

inequality, and in (iii) we used Sobolev embedding with § — ¢ = — < Note that to ensure that
t € (1,00), it is enough to assume g # 2 if d = 2. Further, we need 6 € (0, 1) in order to obtain
a space between X, and X;. Combining the identities we obtain

1 6 1 1 /1 1 d 1 1
———=—=—|-4-=-)=0==(1-=]——.
qg d mt m\q d q m m
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Therefore, 6 € (0, 1) is equivalent to

m—1
dl — | <g<dim-—1). 5.25
<m+1> g <dim—1) (5.25)
Since ¢ >2, we also need m > 1+ 2. Setting 3 = ¢; = 2 < 1 we obtain H’ =

[H~"9,H"]5 by (5.4). More explicitly

0+1 1/d 1
51:T=§<5+1><1—Z>.

As in subsection 5.2.1 to check (HF) we split into three subcases:
(a) If 1 — (1 + k)/p > f3;, then by remark 4.2(a) and (b), (HF) holds.
(b) If 1 — (1 + k)/p = B,, then by remark 4.2(b), (HF) holds.

(c) If 1 — (1 + r)/p < B4, then (HF) holds with mr = 1, 8, = ¢,, p; = m — 1 if the condi-
tion (4.2) holds:

I+k p1+1

1/d
o (1—51)—1—2<q+1>. (5.26)

p
To ensure that x > 0 we have to assume that

1 d m 1 m+ 1
< — = 5.27
+2q m—1 2 2m-—1) ( )

From (5.25) one can check that (5.27) is solvable for p sufficiently large.

Next, we estimate G using the same strategy of (5.12). Indeed, since X;,, = LY(RY) and
(0%, L1 = LY(R?; %) =: LI(£?) (see (2.11)) one has

1GC, 1) — G, V)| o) 5 [ u"" + Jo* ) = ||| o
< laallg" + 01D e = 0]l g (5.28)

< (||M| Hba + Hv”Hoq)Hu 'U”H(ﬁ‘),w

where in (i) we applied the Holder inequality and in (ii) we used Sobolev embedding with
¢ — g = — 2 Therefore, ¢ = d =1 Note that ¢ > 0 and to ensure that ¢ < 1 we have to
assume

dth—1)
> A .

(5.29)

In addition, let us set

641 1 d 1
B2 > 2+2q< h)’ w2 = [

As in the previous cases, the discussion splits in two cases:

(a) If 1 — (1 + k)/p > f3,, then (HG) holds by remark 4.2(a).
(b) If 1 — (1 + k)/p = B,, then (HG) holds by remark 4.2(b).
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(c) If 1 — (1 + Kr)/p < B,, then (HG) holds with mg = 1, p, = h — 1, 8, = ¢, if the condi-
tion (4.3) holds:

I+k h h d
< _ — = — — —, .
b Sho 11— 62) 1) 24 (5.30)

To ensure that x > 0 we have to assume that

1,4 _h
p 2 S2hi—1)

(5.31)

These preparation give the following theorem.

Theorem 5.9. Let assumptions 5.1 and 5.8 be satisfied and d > 2. Let m > 1 + % and
h > 1. Moreover, assume that (5.25) and (5.29) hold. Assume one of the following conditions
is satisfied

el —(1+r)/p=pPiandl —(1+R)/p= By

o |l —(1+kr)/p< By, 1 =(1+K)/p= B, and (5.26) holds;

el —(1+r)/p=pP, 1 = +K)/p< B,and (5.30) holds;

el —(1+r)/p<pByand 1l —(1+K)/p < B, and (5.26), (5.30) hold.

If d = 2 we further assume further that g # 2. Then for each

wo € 1% (B, 7 (R
0 go( »BDq.p (RY)),

the problem (5.21) has a maximal local solution (u, ). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. foralln > 1

_ _o 1tk _2
u € LI, we WHRY) N CA,y 3 By * (RD) N CUO, 0,1: By’ (RY).

5.3.2. Critical spaces for (5.21). As in subsection 5.2.2 we study critical spaces for (5.21).
Therefore, we need to study when equality in (5.26) and (5.30) can be reached.

As in subsection 5.2.2, before embarking in this discussion let us analyse the scaling
properties of the equation (5.21) in the case that (5.22) holds.

In the deterministic case, i.e. bj, =g, =0, the map uw~> uy, where u,(x,1):=
A m=Dy(\e, Al 2x) for A >0 preserves the set of (smooth local) solutions to (5.21). More
precisely, if u is a (smooth local) solution to (5.21) on (0, T) x R? then u, is a (smooth local)
solution to (5.21) on (0, T/\) x R?. Reasoning as (5.13), one discovers that Bz/,? ~2/m=DRdy
is ‘locally’ invariant under the induced map uy — up ) == A\ (’”_l)uo()\l/ 2).

Since (5.21)—(5.22) presents two nonlinearities, it is not immediate to see whether there is
scaling-invariance as in subsection 5.2.2. To check this, we mimic the scaling argument per-
formed in subsection 5.2.2 to discover a relation between /# and m. Indeed, using the strong for-
mulation of solutions given in definition 4.3, substituting s’ = As for the deterministic integral
one obtains
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t/\ t . ds’
/ |uA|’"’1u,\ds:/)\Hm|u(s',)\x)|m’1u(s',)\x)7
0 0

t
:)\ﬁ/ lu(s", M) (s, Ax)ds'.
0

where, u, is as above. For the stochastic term the same calculation as in (5.14) gives that the
scalings coincide if -~ — 1 = —L-_ or in other words 2=t = I, thus h = (m + 1)/2. This
relation holds if and only if the rlght hand-sides of the 1nequahtles (5.26) and (5.30) coincide.
Moreover, if & = (m + 1)/2 the lower bound in (5.25) coincides with (5.29).

For the sake of simplicity, let us continue the discussion on critical spaces for (5.21) under
the assumption & = (m + 1)/2. In this case, (5.26) and (5.30) coincide, and in order to have

equality in the latter two we need to assume

L R N I Uik
m—1 2\q 2 71 2

Since g > 2, to avoid trivial situations we assume m > 1 + %. Under the above assumption we
can set

d
ko= — P (S ) - (5.32)
m—1 2 \gq

and the trace space for the solution to (5.21)—(5.22) becomes

172(1+*cr|t) 1_p_m

XTI’ — qu P (R )_ m—1

K,p

d
+5t+1

() = B, ™ (RS,

Note that the above space depends on p only through the microscopic parameter and it presents
the same scaling as in the deterministic case, due to the choice & = (m + 1)/2. Moreover,
one can check that in the case p = g = 2 and x = 0, no other critical space arises. Therefore,
theorem 5.9 implies the following result.

Theorem 5.10. Let assumptions 5.1 and 5.8 be satisfied and d > 2. Let m > 1 + 3 and
h = @ Assume that q € (d(”zrll), 4Dy and if d = 2 we assume q # 2. Assume L » T 2q <

2?’:‘;11), and let ket be given by (5.32). Then for each

d_ 2
o € L% (:BJ, "' (RY)

there exists a maximal local solution (u,o) to (5.21). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. foralln > 1

d_ 2
q

2 1-2
u € L(0, 0, s WHRY) N CA,,5 By " (RY) N C((0, 0,15 By,p” (RY)).

5.4. Stochastic reaction—diffusion with gradient nonlinearities

In this section we study reaction—diffusion equations with gradient nonlinearities:

du + Audt = f(-,u, Vu)dr + Z(Bnu + gu(-, w))dw?, on R,
n>1 (5.33)
u(0) = uy, on R%
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where A, B, are as in (5.3). We study (5.33) under the following assumption:

Assumption 5.11. The maps f:Ir x QxR xR xR R, g:=(g)u>1:Ir x
OxRIxR—=2 are PR BRY)® BR)-measurable with  f(-,0,00=0 and
g(-,0) = V,g(-,0) = 0. In addition there exist m >2 and 7 € (0,1) such that for each
R > 0 there exists Cg > 0 for which one has

[t x,3,2) = ft, %, D < Crl + [+ 2" D]z = 2
+ Cr(L+ 2"+ 2"y =],
llg(t, x,y) — g(t, %, Y| 2 + [Vt %, y) = Vyg(t,x,Y) |2 < Crly =¥/,
as. forallt € Iy, x € RY, y,y € Br(R) and 7,7’ € R,

Typical choices for f are
S, Vu) =u|Vul", or f(u,Vu)=|Vul"; where c € [1,00), r > 1; (5.34)

see the monograph [QS19, chapter 5, section 34] for related problems and motivations.
For the first example it is straightforward to check that the assumption on f holds for any
m > max{r,2}. For ¢ = 1 and r = 2 we obtain a nonlinearity similar to the one appearing
in the study of harmonic maps into the sphere, see e.g. [Tayl1, p 225]. The second example
in (5.34) satisfies the assumption for m = r if r > 2 or for any m > 2 if r € (1,2]. The lat-
ter example covers the stochastic version of [QS19, equation (34.5), p 406] and it appears in
stochastic control theory see e.g. [BDL04, PZ12] with B, =0 and g, = 0. A further moti-
vation for (5.33) comes from the analysis of high-order regularity of quasilinear equations in
divergence form with gradient type nonlinearities (see e.g. [PSW18, section 3, example 2]). In
such a case, one may take

fu, Vu) = a(u)|Vul® + |Vul",

where r > 1 and a : R — R is locally Lipschitz. As above, assumption 5.11 holds for m = rif
r>2orforanym > 2ifr € (1,2].
As usual we consider (5.33) as (5.1) with X; := LY/(RY), X, := W>4(R%) and
At = A(t)u, B(u = (By(t)u)n>1,
F(ta u) - f(t’ ua vu)a G(t5 u) - (gﬂ(t5 u))n}la
for u € W>(R%). As before (u, o) is a maximal local solution to (5.33) if (1, o) is a maximal

local solution to (5.1) in the sense of definition 4.4.
The main result of this section reads as follows.

Theorem 5.12. Let assumptions 5.1 and 5.11 be satisfied, d > 1 and q > %. Let § =
% + % ’”T_l Assume that one of the following holds:

(@) 1— 155> 5;
1+kK 1+k m d
(b) 1—7 <,6£U’ld7 < 2m—1)  2¢°
Then for each

0 2721+r;
up € Lz, (Bgp ")
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there exists a maximal local solution (u, o) to (5.33). Moreover, there exists a localizing
sequence (0,)n>1 such that and a.s. foralln > 1

_ p-_pltr 2
u € L(y,, we; W) N C,,3Byp 7 )N CUO0,0,1;By,").

Proof. By theorem 4.8 and lemma 5.2, it remains to check that the nonlinearities satisfies
the conditions (HF)-(HG).
First observe that 2 — ZULP’*) > g in each case. Indeed, if (a) holds then the latter fol-

lows from g > 421 > 4 1f (b) holds, then 2 — 2% 22— -4 % > g where in the last
inequality we used that m > 2. The previous observation combined with Sobolev embedding
gives that

T - 2(14+k) ~
X, =By " < C, forsomee > 0. (5.35)

Let n>1 and let u,v € X; be such that u,v € BXIrp (n). By the previous embedding
4]l ey < Cllullyyy, < Cn and the same for v. Let ¢ € (2 — 2+4%,2) be arbitrary. Setting
R = Cn, then by assumption 5.11,

|FCw)—F(C,v)
< Crll( + [Vu|™ ' 4 Vo™ 1| Vu — V|14
+ Crl|(X + [Vu["™" + [Vo" D]u = v|[|a
Sk [ Vu = Vol + ([Vul ' + Vol 7Dl Vi = Vol (5.36)

+ llu = vl + AVl f5”, + [Vl fan )l = vl

< [lullfag + ol e = vll e

m—rn
HY%4q

m—n

+ (L Jlull o + 10150 e = vl o
where in the last line we used the Sobolev embedding with 6 — g =1- qim and the fact

‘ 2_21+H
that H*? — B,, "’ . Note that § < 2 since g > @ and 5 = 6/2. Moreover, by (5.4),

H% = [L9, W] 3 and H* = [L4, W] g- To check (HF) we split the argument in two cases:
(@) If 1 — (1 +r)/p = B, then ¢ > 2(1 — H£) > 4. Since n < 1, (5.36) implies

P

1FCw) = FC0)lee S (U [l + ol gl = vl o

Setmp=1,p, =m—mnand p, = 5, = ¢/2. Choosing ¢ = 2(1 — IJIF—)”) + ¢, for some ¢
small, (4.2) is equivalent to

1+~ 1+k

€
(m—n)(cpl—1+ >+ﬁ1=(m—77—|—1)2—|—1— < L.
The latter inequality is satisfied if € > 0 is sufficiently small. In turn, (HF) is satisfied by
setting F, = F, Fy = F, = 0.
(b) If 1 — (1 + k)/p < B, then by (5.36), we may set mp =2, py=m—1, p,=m—n,
1=, =0/2, 8, =, and 8, = ¢/2. It remains to verify (4.2), which is equivalent
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to the following

1+
(m—1) (cm — 1+ T“) +or <1, (5.37)

1+~

(m —mn) (@1—1+ ) +Hh <1 (5.38)

Note that (5.37) implies (5.38). To see this, set ¢ =2 — 2% + ¢ for ¢ > 0 small. Then

(5.38) holds provided my; — (m — 1)(1 — %) < 141 where ' > 0. Now, standard
considerations show that (5.37) implies the latter. Thus, (HF) is satisfied by setting F, = F,
Fr=F,=0.

Finally, we note that (5.37) is equivalent to

1 1 /1 dm—1 d
r ot bl _dm S (5.39)
p p 2 2g m 2m—1) 2q

A more simple argument applies to g. Indeed,
|G-, u) — G-, 'U)le-q(ﬁ) S (g w) — gules V)1 Hm(ﬁ)
+ [[(Vgn(, ) (Ve — V)t | a2y
+ [(Vegn(, ) = Vgu(-, ) V)51 | a2,

< Crllu = vy

(5.40)

< Crllu — vllyy,
where we used that XhT'p — L* N WY by (5.35) and 2 — 2(1 + k)/p > 1. Therefore, G
satisfies (HG) with G. = G, = 0. O

5.4.1. Critical spaces for (5.33). Analogously to subsections 5.2.2, 5.3.2 let us first analyse
the scaling property of the equation (5.33) under the assumption

S, Vu) = |Vu|", m>2, (5.41)

cf (5.34). In the deterministic case, i.e. bj, = g, = 0, the equations (5.33) with (5.41) is ‘locally
invariant’ under the transformation u — u), where

un(t, x) = \"Pu, \'?x),  for A >0, x € R,

and where we have set ov:= Z—j As in [PSW18, example 3, section 3] one can see that the

Besov space B;’,/,,ﬁ(’”*”/ =1 has the right ‘local’ scaling for the problem (5.33) with f as in
(5.41), i.e. the homogeneous version of this space is invariant under the induced map ug —
o = A"“ug(\/2.). More precisely, one has

loal s, = APV 4, = lluoll 4,
Byp Byp Byp
here B%?Hmiz)/(mfl)
depend on A > 0.
It turns out that the above spaces arise naturally as critical spaces for (5.33) in our abstract
framework. Moreover, using our abstract theory we do not assume that f has the form in

denotes the homogeneous Besov space and the implicit constant does not
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(5.41) but assumption 5.11 is enough. To this end, as in subsections 5.2.2, 5.3.2 we study
when equality holds in (5.39) for some x = Kt
Let us begin by analysing the case p € (2,00) and « € [0, p/2 — 1). In this case, to ensure

k = 0, by (5.39) we need
1 d m
S 5.42
P - 2q " 2(m—1) (:42)

To ensure k < § — 1 we assume

m d 1
M4 o g<dm—1).
m—1) 2 2 T4<dm=D

Since g > 2, we assume m > 1 + % Since m > 2 by assumption 5.11, the latter is automati-
cally satisfied in the case d > 1. Under the previous conditions, we set

pm pd
L — _ 2. 5.43
Kerit 2m—1)  2g ( )
Then the trace space becomes
. 2 W) o gima
Xiewr = Bar 7 (R =B, " (RY.

In the case ¢ = p = 2 and k = 0, if equality in (5.39) holds, then m = 1 4+ 2/d, and therefore
d =1 since m > 2. Thus, we can also allow d =1, m =3, p=¢g =2, and K = 0, and the
corresponding critical space becomes XIrp = Béyz(R) = H'(R). Now theorem 5.12 implies the
following result.

Theorem 5.13. Let assumptions 5.1 and 5.11 be satisfied. Let either d > 2, or d = 1 and
m > 3. Assume that % < g <d(m—1) and that p € (2,0) verifies (5.42). Let kit be
given by (5.43). Then for each

m=2
I

dymo
o € L% (B, " (RY),

there exists a maximal local solution to (5.33). Moreover, there exists a localizing sequence
(On)n>1 such that a.s. for alln > 1

U € LIy, Wy WH(RY))

d + m=2

_2
N C(T,,: By ™ (R) N C(0, 0,: Bry (RY)).

Furthermore, the same is true ifd = 1,m = 3, p = g = 2 and kit = 0.

5.5. Stochastic Burgers’ equation with white noise

In this section we consider a stochastic Burgers’ equation with space-time white noise on T.
The space-time white noise will be denoted by w,. More precisely, we analyse the following
problem for the unknown process u : It x 2 x T — R

{du + Audt = O (f(-,uw))dt + g(-,u)dw,, on T,
(5.44)

u(0) = uy on T.
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Here A is as in (5.3) and for simplicity we took B = 0. For results with Dirichlet boundary
conditions see theorem 5.21(a).

Compared with the previous sections, due to the space-time white noise we restrict ourselves
to the one-dimensional torus, and require a suitable interpretation of the g-term. Indeed, the
term g(+, u)dw; in (5.44) will be interpreted as M. ., Wy2 1) where M.,y denotes multiplication
by g(-, u), and W2, is an L?(T)-cylindrical Brownian motion induced by the space-time white
noise w.

Assumption 5.14.

(a) Assumption 5.1 is satisfied.

(b) Themaps f:Ir Xx QX TXR—=R, g: Iy x A xTxR—Rare & B(T) @ BR)-
measurable with f(-,0) = g(-,0) € L*(Iy x © x T). Moreover, there exist z,m > 1 and
C > 0 such that such that forall z,7 € R

12— fED S CA+ 2 + |7 D]z -2,

lg(.2) — g ) < CA + |z + |Z" Y]z — 7).

The Burgers’ nonlinearity f(u) = —u? satisfies the above condition for any 7 > 2.

As above, to prove local existence for (5.44) we employ theorem 4.8. Recall that the
space—time white noise can be model as an L?(T)-cylindrical Brownian motion. Therefore,
we set H = L*(T). Fix s € (0, 1) and g € [2, 00). We rewrite (5.44) in the form (5.1) by setting
Xo:=H'=%9(T), X; = H'~*4(T). Note that by (5.4),

1—s—2UER)
Xy =H*(T) and X" =B,, " (D).

For u € X, and r € Iy we set

A(Du = A(t)u, B(Hu = 0,
F(t,u) = 0.(f(t, ), G(t,u) = iMy ).

Here A(7) is as (5.3) and for fixed u € L"(T) measurable, Mg :LX(T) — L'(T) is the
multiplication operator

(Mgph)(x) = g(t, u(x))h(x),

for r € (1,2) and ¢ € (2, c0) which satisfy % = % + % and we will need s — } > 0 later for
the G term. Moreover, i : L'(T) - H*49(T) = X 1 denotes the embedding which holds since
—s—1 < —1 Sinces > 1 > 1 we only will consider s € (3, 1) below.

As usual, we say that (u, o) is a maximal local solution to (5.44) if (u, o) is a maximal local
solution to (5.1) in the sense of definition 4.4 with the above choice of A, B, F, G, H. To estimate
the nonlinearity we start by looking at F. As in (5.7), by assumption 5.14(b) we get

(i)
[FCuw) = FC0)[g1-sa S [FCw) = FC0)|[ g1

S A lullbe + ol lu — vl e (5.45)
4 4165 _
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where in (i) we used the Sobolev embedding with ¢ defined by —1 — ¢ = —1 —s — ; and in
(i) the Sobolev embedding with 6 — é = —ﬁ. To ensure that £ € (1, 00) we have to assume
g > 1. Moreover,

1 1 1/1 1 1 s
- f=— == g=-(1-=)-2.
q h§ h<q+s>:> q( h) h

Since 6 has to satisfy 6 € (0, 1 — s), we require m < g < ™1 Since T Y(h 5 < i for
all2A > 1and s € (0, 1), it is enough to assume
1 h—1
<g< . (5.46)
1—ys s

Note that since s € (2, 1) then ;= > 2. Thus, if ¢ verifies (5.46), then g > 2. Moreover, the
condition (5.46) is not empty pr0v1ded

1
1—s

h > (5.47)

Since s > 1, the previous implies & > 2. If (5.46) holds, then H*¢ = [H =154, H'~%4]5 where

146+s 1[/1 1
= (L) (1-1) 1] con (5.48)

To check the condition (HF) we may split the discussion into three cases:

(a) If 1 — “I:“' > f31, by remark 4.2(a), (HF) follows by setting Fy(t, u) = 9.(f(t, -, u)) and
F,=F.=0.
(b) If 1 — lj“ B1, by (5.45) and remark 4.2(b), (HF) follows by setting F; = Fiy =0,
Fc(t’u) a(f(t’ ,M)) mF_l pl_h_landwl Bl
(c) If1 — IJIF—)” < p1 we set Fo(t,u) = 0.(f(¢,-,u)) and Fi = F1y = 0. As in the previous item
wesetmp = 1,p;, = h — land p; = 3,. By (5.45) it remains to check the condition (4.2).
In this situation, (4.2) becomes
1
(— + s) . (5.49)
q

1 1 1 h 1
TP B) = 55
Next we estimate G. By assumption 5.14(b) it follows that
1G(,u) — GC, V)|, 254y = [T — 0D (Mo — M)l 210
% (7 — 02) 2 (Mg — M)l 2@z
% HMg(~,u) - Mg(~,'v)H.>%’(L2;Lr)
(5.50)

(iii)
Sund@Cou) — g(v) ||

S A Julln + ol 7Dl = vll e

< (l + ||M| HOq + H’U| Hoq)”u UHHO"I;
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where in (i) we used [NVWO0S8, lemma 2.1], in (ii) we used Sobolev embedding with

s — 1 > 0.1In (iii) we used Holder’s inequality with 1 = 1 — 1 andin (iv) Sobolev embedding
with ¢ — é =—2L =1 — 1) Thus, to ensure that ¢ € (0,1 — s) we require
m m

<q< (5.51)

1 1
m(l—s)—|—;—§

The lower estimate in (5.51) is immediate from g > 1/(1 — s). The upper estimate gives a
restriction, but we will take r € (1, 2) large enough to avoid any additional restrictions coming
from (5.51).

Due to (5.4) one has H* = [H~'7%4, H'~59] 5, where

1+s+ 1+s 1 1 1 1
Br = ¢= + ( )

2 2 2qg 2m

pi) € (0,1). (5.52)

As usual, to check assumption (HG) we split the discussion in several cases. Since r € (1,2)
will be chosen large, we will set

~_1—|—s 1

B2 = > + 2q €0, D. (5.53)

Then Bz > ﬂz.

(a) If 1 — % > Bz, then since Bz > [,, by remark 4.2(a), (HG) follows by setting
Gr(t,u) = g(-,~u) and G, = G, = 0.

(b) If 1 — HT“ < [32, we can choose r € (1,2) so large that the same holds with 3, instead
of Bz, and we set G.(t,u) :=g(-,u) and G, = Gy = 0. As in the previous item we set

mg =1, p, = m — 1and ¢, = 3,. By (5.50) it remains to check the condition (4.3). Now
(4.3) becomes

1+I€<P2+1

(=B =—"—(1-p5)
P P2 m—1

Choosing r € (1,2) large enough the latter holds if

1+k m 5 m 1

Since x € [0,2 — 1) and 3, < 1, then the above inequality is always verified for p
sufficiently large and x small.

Combining the above considerations with theorem 4.8 and lemma 5.2, we obtain the
following:

Theorem 5.15. Lets € (%, ) and h > 1/(1 — s). Assume that assumption 5.14 holds. Let

(5.46) be satisfied. Let B, be as in (5.48) and Bz as in (5.53). Assume that one of the following
conditions is satisfied:

1—(1+r)/p=Byand 1 —(1+K)/p> o

1—(+r)/p< B, 1 —0+r)/p= Baand (5.49) holds;
1—(+r)/p= B 1—0+k)/p< Baand (5.54) holds;
1—(+k)/p<pBiand 1 —(1+£K)/p < B2 and (5.49), (5.54) hold.
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Then for each

0 1—s—2%
Up € LgO(Q;Bq,p (T)),

the problem (5.44) has a maximal local solution (u, o). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. foralln > 1

e nltk

s _g—2
u € LIy, ws H (M) N Cd,3 Bgp 7 (M) N CO, O-n];B;,p "(T)).

Example 5.16. In the case of Burgers’ equation, i.e. f(u) = —u? and h = 2, theorem 5.15

gives a sub-optimal result. To see this recall that f(u) = —u?® verifies assumption 5.14 for all
h > 2. Fix € > 0 and write h = 2 + &. Then (5.47) implies s € (3, 355). Since s € (3, 3%5)

is arbitrary, choosing s > % small enough, the limitation (5.46) gives 2 < g < 2(1 + ¢). Since

B, Bz < 1, by choosing plarge enough, theorem 5.15 gives the existence of a maximal solution
to (5.44) with f(u) = —u?.

5.5.1. Critical spaces for (5.44). Here we analyse the existence of critical spaces for (5.44).
By definition, it means that (5.49) or (5.54) has to be satisfied with equality. Since in (5.54)
equality is not allowed, we have to require that the right-hand side of (5.49) is smaller than the
one in (5.54). A straightforward computation shows that this holds if and only if

m<h+(1—h)<s+cll>. (5.55)

In particular, the latter implies m < h. Note that (5.55) is not empty since i+ (1 — h)
(s+ é) > 1, by (5.46). If (5.55) holds, then the critical spaces arise when equality in (5.49)
is reached. Reasoning as in subsection 5.2.2, for p € (2, c0) equality in (5.49) holds for some
k € [0, £ — 1) if the following are satisfied

1 o1/1 1 h
1,171 <Ll n 5.56
p+2<q+s> 2h—1 (20
1 1 h—1
e o (e XS and g1 | (5.57)
s s 1—sth—1)

Note thatif & < £ one always has ;-1

T > -1 asfollows from s > 1. Therefore, by (5.46),

11
condition (5.57) is always verified. Defining kcyit as in (5.17), one obtains X,Ic’rih »=Bi," (D).
These considerations and theorem 5.15 give the following.

Theorem 5.17. Let s € (%, 1) and h > 1/(1 —s). Assume that assumption 5.14 holds.

Assume that (5.46), (5.55) and (5.56) hold. Let kit .= g(% — é — ) — 1. Then for each

11
o € L%, (B4, (T))

there exists a maximal local solution (u,o) to (5.5). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. foralln > 1

11 _g—2
U € LIy, wygs H' 4T N C,,: B4, " (T)) N C((O, 0,]; B;,p "(T)).
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Example 5.18. Here we continue the study of (5.44) in the case of Burgers’ equation, i.e.
(5.44) with f(u) = —u?. As in example 5.16, let e > 0 and i = 2 + . Thus, (5.47) and (5.46)
gives s € (3, =) and ¢ € (155, £2). In addition, (5.55) is equivalent to m € (1,2 + ¢ — (1
+e)(s + é)). Therefore, if p € (2, 00) verifies (5.56) and g, s, m, h are as above, then theorem

1o 1
5.17 ensure the existence of a maximal local solution to (5.44) for uy € L‘};O(Q; Bg, ' (T)).

5.6. Discussion and further extensions

5.6.1. x-dependent coefficients. 1In the results of sections 5.2—5.5 we only used the assertion
(A,B) € SMR;’K(T) of lemma 5.2. If (A, B) in assumption 5.1 have x-dependent coefficients
but still satisfies (A, B) € SMR;,(T), then all local existence and regularity results extend
to this setting. In the time-independent case (or time-continuous case) many of such results
are available as follows from theorem 3.7 (and [NVW12a, section 5]). However, only under a
smallness condition on b ,.

In the case p = ¢ much more is known on (A, B) € S.MR;,K(T) with x-dependent coef-
ficients. In particular, from [Kry99] and the discussion in section 3.2 we see that stochastic
maximal L”-regularity holds in the case the coefficients a;; and b, are smooth in space. More-
over, some results can be extended to systems as in [PV19, section 5]. In our opinion the
restriction p = g seem quite unnatural for the x-dependent variant of the SPDEs considered
in the previous sections. This motivates to extend the theory to p # ¢ as well. At the moment
this seems out of reach if the coefficients g;; and b;, only have measurable dependence in
(t,w) € [0,T] x Q or if the bj, are not small.

As an illustrations let us mention that for s = 0 and p = ¢, the conditions of theorem 5.5
become

d(h—1) d+2
i <p<dh-1) and p>h—1'
One can check that this will create cases in which not all 2 > 1 can be treated. For instance
ford = 2, h € (1,2] has to be excluded. Similar restrictions occur in theorems 5.10 and 5.13.
On the other hand, as explained before we can allow x-dependent coefficients a;; and b, using
the pointwise extension of assumption 5.1 to the x-dependent setting under some smoothness
conditions in x.

5.6.2. Lower order terms. The results of the previous subsections hold if we add lower order
terms in the differential operators (5.3). For instance, one may substitute A by A + A, where
Ai(Hu = Z?zlaj(t, )0ju + ao(t, )u. To see this, one can take Fy(t,u):=.A(f)u and, under
suitable assumptions on ay, . . ., a4, the assumption (HF') is satisfied. Another possibility, to
allow lower order terms in (5.3) is to use a perturbation theorem to check stochastic maximal
LP-regularity. Yet another possibility is to include the lower order terms in the nonlinearity f.
It depends on each specific case what is the best solution.

5.6.3. Results on T9. The results of subsections 5.2—5.4 hold if R? is replaced by the torus
T?. Moreover, in this case, the assumptions on the nonlinearities can be slightly weakened.
Indeed, for instance in section 5.2 the Lipschitz condition can be replaced by the following:
there exist # > 1 and C > 0 such that a.s. forallt € I, z,7 € R and x € R,

\f(t,x,2) — f(t,x,2)| + lgt, x,2) — g(t, x, )| 2 < CUA + 2" P+ |Z" Dz — 7.
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The only difference is that an additional constant C is added on the right-hand side. Since T¢
has finite volume this does not lead to any problems. The same applies to sections 5.3 and 5.4.
Moreover, the conditions on f and g in section 5.5 can be weakened in the same way.

5.6.4. Results on domains with Dirichlet boundary conditions. In the subsection we assume
that @ is a C>-boundary with compact boundary. Here, we study (5.2) on & with homogeneous
Dirichlet boundary condition, i.e.

u=0 ond0l. (5.58)

‘We show that the results in subsections 5.2—5.5 still hold in this case with the same nonlinear-
ities, A = A and b, sufficiently small in a suitable norm. In this case, the scales ,H*?(&) and
pB*4(0) introduced in example A.4 play the role of H*4(R?) and B*(R¢). Note that

LH*(O) = W*(6) N Wy (O), pH"(O) = Wy'(0) and p,H"(O) = LI(O).

We refer to example A.4 for more details and other properties.

Under the previous assumptions, in each case considered in subsections 5.2-5.4 we may
rewrite (5.2) with 4 = A and boundary value (5.58), as a stochastic evolution equation on
Xo:=pH 759 0), X; .= pH'~$4(O) for some s € [—1, 1], g € [2,00) and

Al = pA_y_ u, B(tu = 0,
F(t,u) = f(t,u, Vu), G(t,u) = G(t,u) + G(t,u),
Gi(t,u) = (B,(Hu)p>1, G(t,u) = (gu(-, U)n>1;

where ,A_; | isdefinedin (A.7). To extend the results we let s € [0, 1]in subsections 5.2-5.3
and s = —1 in subsection 5.4. B

Let us note that the estimates for F, G, performed in subsections 5.2-5.4, are obtained by
factorization through an L’-space, for some r € (1, c0). Therefore, by (A.11) and the identity
pHY (0) = L'(0), the same estimates hold for F, G provided H* is replaced by ,H*9. The
only new feature is the presence of a non-trivial G, which takes care of the b ,-term. The next
result shows that G, verifies (HG)(a).

Lemma 5.19. Let g € (1,00) and T > 0. Let Gy : It x Q x pH"(O) — ~v(£*; L1(0)) be
given by Gr(t,u) = (Z?:lbjn(t)ﬁju)@l. Then a.s. for all t € Ir,

IGut. 0l s (3901l ) il s 559
J

in each of the following cases:

(@) s=0and Y = L®(0;0%);
D) s=—1,Y = W'>°(&; 0% and bjy=00n00 forall jn;
(¢) s €[0,1]and Y = W'2(0; (?).

Proof. Since the estimate are pointwise with respect to (z,w), we fix (z,w) but we omit it
from our notation.

(a) Inthis case, (5.59) follows immediately from ,H'(&) = Wé “(0) (see (A.8)) and (2.11).
(b) Note that (A.8) and (2.11) implies

VP, pHY(0)) = Wy (O %), (5.60)
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Therefore, the chain rule yields Gy : ,H*4(0) — W'(0; ¢*). Since bj, =0 on 90, it
follows that Gy (u) takes values in v(¢2, ,H"9(0)) by (5.60).

The prove of (5.59) in the case (c) is more involved. Let us note that since the map u — G(u)
is linear and ,H"9(&) — LI(0) is dense, the extension of Gy is solely determined by G, on
pH 4(£). We prove (5.59) by complex interpolation. For this we use (A.5) and [HNVW17,
theorem 9.1.25]. Therefore, it is enough to prove (5.59) in the cases s € {0, 1}. Since s =0
was already considered, it remains to consider s = 1. By (A.6) and (A.8) we have , H i) =
(LH' (0)) = (WL (6))". By trace duality, i.e. [HNVW17, theorem 9.4.1], it follows that
V2, pH™Y9(0)) = (4(€2, )H' (6)))*. Moreover, y({2, )H'I (6)) = WL (6;.£2) by (5.60).
Thus, we define Gy : L1(0) — (y(¢2, pH"(0)))* by setting

d
(0, GLw) = =YY / udi(bjvn)dx, Y v e Wy (O; 7). (5.61)
2

n>1 j=1

Using integration by parts argument one sees that this coincide with Gy, in the lemma for u €
W, Y(0). By (5.61) and Holder’s inequality

d
(0, Gt w) < ||ulliaer D 101biun@v)l 0 6

n>1j=1

< s (0Pl ) 1oy,

Taking the supremum over all \|11||W1,qz(ﬁ‘/2) < 1, (5.59) one obtains for s = 1. O

Remark 5.20. ’

e The argument given in the proof of lemma 5.19 can be refined using bilinear interpolation
(see e.g. [BL76, section 4.4]) and in the case lemma 5.19(c) we may choose Y = C*(&; (%)
for some « > |s|.

e The proof of (5.59), in the case (b) lemma 5.19(c), shows that b,|p¢ = 0 can be replaced
by an ‘orthogonality condition” on 00, see assumption 6.7 below. Indeed, since (5.58)

v, then Zf:lbjnaju =0ond0.

The considerations at the beginning of this subsection, lemma 5.19 and the smallness
condition (4.10) in theorem 4.8 show the following.

Theorem 5.21. Let € > 0. Assume that A= A and bj, € LIy x ;Y) be such that

,,,,,

such that the statement holds for all € < &:

(@) IfY = W'°(@; %) and assumption 5.3 holds, then the results in subsections 5.2, 5.5 hold
Jfor (5.5) on O with the boundary condition (5.58).

b) If Y = L>*(0; ?) and assumption 5.8 holds, then the results in subsection 5.3 hold for
(5.21) on O with the boundary condition (5.58).

©) IfY = Wh>=(0; %), bjnloe = 0 and assumption 5.11 holds, then the results in subsec-
tion 5.4 holds for (5.33) on O with boundary condition (5.58).

Proof. By the previous discussion it remains to prove that ,A,, . € SMR; (T) forallg €

(1,00) and o > —1. By example A4, , A, - has a bounded H*-calculus with angle < 7 /2.

Therefore, the claim follows from theorem 3.7. O
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Remark 5.22. By employing the ,H-scale constructed in example A.5 for the Neumann
Laplacian, one can extend theorem 5.21 to homogeneous Neumann boundary conditions 0, u =
0 on 00O, see subsection 7.2 below.

6. Applications to quasilinear SPDEs with gradient noise

In this section we study quasilinear SPDEs which can be rewritten in the form (4.1) with H = ¢*
(subsection 6.2-6.6) or H = H*? (subsection 6.7). In the next subsection we motivate and
explain the class of equations which will be considered.

6.1. Introduction and motivations

Quasilinear parabolic SPDEs have been intensively studied in literature. In the deterministic
case the monograph [LU68] contains the classical theory. Quasilinear SPDEs arise in many
areas of applied science since they model reaction—diffusion equations in which the diffusiv-
ity depends strongly on the property itself. For this and more physical motivations we refer
to [Dea96, DV12, DFE14, Kaw98, MT99]. For a mathematical perspective one may consult
[DMH15, HZ17, KK18, KN20]. To the best of our knowledge, except for the paper [FG19],
there is no other treatment in the literature for quasilinear stochastic PDEs where the coeffi-
cients b, appearing in the gradient noise term (see (6.2) below) may depend on u. However,
our approach and setting is quite different from the one used in [FG19] due to a different choice
of the leading operators (in [FG19] they may be degenerate) and a different choice of the noise.

In this section we analyse quasilinear systems of second order stochastic PDEs in non-
divergence form with nonlinear gradient noise on a domain & C R

du + AC,u, Vwudr = f(-,u, Vu)dr + Z(B,,(~, u) - Vu + gu(-, u))dw?,
> 6.1)
u(0) = uy.

Here (w} :t > 0),> denotes a sequence of independent Brownian motions and u : [0, T]
x Q1 x € — RV is the unknown process where N > 1. The differential operators A, B, for
eachx € O, w € Q,t € (0,7), are given by

d
(Alt,w, v, Vo)u)(t,w, x) == — Z a;(t, w, x,v(x), Vv(x))aizju(x),
ij=1

6.2)
d
(Bau(t, w, v)u)(t, w, x) = (Z b jn(t, w, X, (X)) jur(X) ;.
j=1

Note that A, 3, generalize the differential operators in (5.3) studied in section 5. As we saw
in subsection 5.6.2, lower order terms in (6.2) can be allowed here as well. Furthermore, as in
subsection 5.1, the following splitting arises naturally:

e O =Rioro =T
e 0 is a sufficiently smooth domain in RY.

In subsection 6.2 we will only consider R in detail since the case T¢ is similar. Under
additional assumptions, in subsection 6.3 we study (6.1) with Dirichlet boundary condition.
Subsection 6.5 is devoted to equations in divergence form. We remark that in the latter section,
we can deal only with a small gradient noise term.
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The following assumption will be in force in subsections 6.2—6.3:

Assumption 6.1. Suppose that one of the following two conditions hold:
e pc(2,00)and k € [0,5 —1).
e p=2andxk =0.
Assume the following conditions on a;j, b j,:
(a) For each i,j€ {1,...,d} and n > 1, the maps a;;: (0,T) x Q@ x & x RN x RV —
RM*N and b 1 (0,T) X Q x O x RN R are ZZ® B(0) 2 BRY) @ BRY*?) and
P @ B(0) @ B(RN)-measurable, respectively.
Moreover, for every r > 0 there exist constants L,, M, > 0 and an increasing continuous

function K, : Ry — R such that K,(0) =0 and for a.a. w € Q for all r € [0,T], i, j €
{1,...,d}, x,x' € O,y € Bpn(r), z € Bgnxa(r),

|aij(t, (JJ, x,y, Z)| + ||(bjkn(t, (JJ, "y))n>1||W1v‘30(()’;£2) g M}',
|ajj(t,w, x,y,2) — aif(t,w, x',y,2)| < K.(Jx — x']).

(b) Foreachr > 0thereexists C, > Osuchthatforalli, j € {1,...,d},x € O,y,y € Bpn(r),
7,7 € Bpaxa(r), 1 €10, T], k€ {1,...,N} and a.a. w € Q,

laif(t,w, x,y,2) — aij(t,w, %,y , )| + [|(Bjun(t, w, X, ) — bjn(t, w0, X', Y N1 | 2
||(vvbjkn(t, W, X,}’) - vybjkn(tawax/’y/))n2l HﬁxRN g Cr(|y - y/| + ‘Z - Z/|)

(c) Foreach r > 0 there exists €, > 0 such thata.s. forall ¢ € R4, 0 e RN, t € [0,T], x € O,
y € Bgn(r) and z € Bpvxa(r) one has

d
> GE (@it w. x.y.2) — Byt w0, X, )0, O > €[E[0].
ij=1
Here for each fixed i, j € {1, ...,d}, X;;(t,w, x,y) is the N x N matrix with the diagonal
elements
N
1
3 > bt w0, X, )b j(t, w, X, ¥)
n>1
k=1
In subsection 6.2 we study (6.1) under the following assumption.
Assumption 6.2. The maps f:Ir x Q x O x RN x RV 5 RN g:=(g,),>1 : I x
QX O xRY xRV 5 2 x RN are Z @ B(0) @ BRY) @ BRY*Y) and P @ B(O) ®
ZB(R")-measurable respectively. Assume f(-,0) =0 and g(-,0) = V,g(-,0) = 0. Moreover,

for each r > 0 there exists C, > O such thata.a.w € Q, forallt € [0,T],x € O,y,Y € Bgn(r)
and z,7 € Bpvxa(r),

|f(t’ X, ¥, Z) - f(t’ x’yl’zl)| < Cr(|y - yl| + ‘Z - Z,|)’
g(t, x,y) — &(t, ., Y[l + | Vyg(t, x,y) = Vyg(t, x,Y) |2 < Crly = y|.

In the next subsection, under additional assumption on f,g, we extend the results in
subsection 5.4 to suitable quasilinear equations; see theorems 6.5-6.6 there.

Remark 6.3. The parabolicity condition in assumption 6.1(c) extends the one we have seen
in assumption 5.1(b) to the case of x-dependent coefficients and systems. It was considered
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in the above form in [PV19], where complex matrix-valued a;; were allowed as well. Some
diagonal condition is assumed for the b-term, because otherwise the result does not hold in
general (see [BV12, DLZ20, KL13] for further discussion on this topic).

Unlike in sections 5.2-5.4 we will be assuming p = ¢ in many of the results below. This
is mainly because the quasilinear structure of the equation will imply that our operators will
have coefficients depending on (z, w, x). Unfortunately, no L”(L?)-theory is available for p # ¢
if only measurability in time is assumed. Of course in the case the coefficients are (w, x)-
dependent, there is a theory with p # ¢ as follows from theorem 3.7. However, at the same
time we would like the b-term to satisfy the right parabolicity condition, and almost no general
LP(L9)-theory with p # g is available in this case.

6.2. Quasilinear SPDEs in non-divergence form on RY

In this section we study (6.1) on R?. For the function spaces needed below, we employ the
notation introduced in subsection 5.1.

To begin, we recast (6.1) as a quasilinear evolution equations in the form (4.1) on
Xo = LP(R%; RY) and X, := W>P(R?; R") by setting, foru € C'(RY; RY)andv € W>P(R4; RV)

A(t,u)v = A(t,u, Vu)v, B(t, uyv = (B, (t, u)v),>1,
F(ta u) = f(ta u, VU), G(t’ u) - (gn(t,',“))n>l-

By (6.2) and u € C'(R?; R") all the above maps are well-defined. As usual, we say that (u, o)
is a maximal local solution to (6.1) on R? if (1, o) is a maximal local solution to (4.1) in the
sense of definition 4.4.

The first result of this section is as follows:

Theorem 6.4. Let the assumptions 6.1 and 6.2 be satisfied for 0 = R?. Assume that
p > 2(1 + k) + d. Then for any

_2(+k)
o € LY (U W> "7 )

there exists a maximal local solution (u,o) to (6.1). Moreover, there exists a localizing
sequence (0,)n>1 such that for all n > 1 and a.s.

U € LIy, wis W27 0 C(T,s W27°7) 11 C(0, 0,1 WP37).

Proof. We apply theorem 4.7 with F, = F, = G, =G, =0, Fr = f and G1r = (gx)n>1-
For this it remains to check (HA), (HF'), (HG’) and (4.7). For the sake of clarity we split the
proof into several steps.

Step 1: (HA) holds. Since p > 2(1 + k) + d, by Sobolev embedding one has

o 2(1+H)’

X[ =W "< ', for somee > 0. (6.3)

Fixr > 0,andletu;, u, € szrp(r).By (6.3) it follows that || uy || 1.0, |[t2]| 1o < Cr=: R where
C depends only on p, d. Thus,

[ unyo — At up)v||ee < Crllur — wallyre [|vllwza < Crlluwr — w2l [|v]lw2a,

where Cy is as in assumption 6.1(b). The same argument holds for B.
Step 2: (4.7) holds. It is enough to prove that (A(:, wo), B(-, wp)) € SMR;, (T) for all wy €
;0(9; Xl’p). By (6.3), it follows that wy € L;O(Q; C'*). Now the claim follows from [PV 19,
theorem 5.4] and assumption 6.1.
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Step 3: (HF') and (HG') holds. By (6.3) and the assumption on f, g, it follows easily that
foranyn > 1 and any u, v € BX;I:rp(n) one has

| fCou, Vu) = f(C,0, V)| + ||, u) — g(, U)HWLP(ZZ) < Cyllu - v”xl'&ﬁ
where C,, > 0 may depends onn > 1. O

Theorem 6.4 gives local existence for (6.1) under quite general assumptions on f, g,. The
drawback in applying theorem 6.4 is that the trace space in (6.3) is very regular and there-
fore the initial values have to be rather smooth. Under additional assumptions on a;;, b j,x we
can admit rougher trace spaces Xz-rp for (6.1). To do so we will partially extend the results in
subsection 5.4. In particular, the following extends theorem 5.12 in the case ¢ = p.

Theorem 6.5. Suppose that assumptions 5.11 and 6.1 hold. Assume d > 1. Assume that
a;j(t,w, x,y,z) does not depend on the z-variable and b, (t,w, x,y) does not depend on the y
variable. Moreover, suppose that

m—1

p= (1 + k) + d). (6.4)

m
Then for each

_2(1+k)
o € Lo (W7

?)
there exists a maximal local solution (u,o) to (6.1). Moreover, there exists a localizing

sequence (0,)n>1 such that for all n > 1 and a.s.

— 2(14+k) 2
u € LI, w W) N Cl,s W20 ") N C(O0, 0,1 W07

Recall that typical examples of nonlinearities which satisfies assumptions 5.11 are
S, Vu) = |ul*|Vul" with ¢, r > 1 and f(Vu) = |Vu|" with r > 2.

Proof. The proof is similar to the one proposed in theorem 5.12 with ¢ = p. Note that if
g = p, the restrictions in theorem 5.13 reduce to (6.4).

Additionally, we need to check that for wy € L‘?O(Q;X,I;,) and ¢ = p, one has
(A(w), B(wop)) € SMR;, . (T). Since these operators have x-dependent coefficients, lemma
5.2 is not applicable. By (6.4) it follows that 2 — 2(1 4+ )/p > d/p. Therefore, by Sobolev
embedding

X1 = w2255 s €7, for some 1 > 0. 6.5)
Thus, (A(wo), B(wo)) € SMR;, (T) follows from (6.5), assumption 6.1 and [PV19,
theorem 5.4]. U

As a consequence we obtain the following result in the critical case in the same way as in
the proof of theorem 5.13. However, since we need p = ¢, we need further restrictions on g. To
avoid this, one needs further results on stochastic maximal L(L?)-regularity with x-dependent
coefficients.

Theorem 6.6. Suppose that assumptions 5.11 and 6.1 hold. Assume d > 1 and m > 1 +
%. Assume that a;i(t,w, x,y, z) does not depend on the z-variable and b j,(t,w, x,y) does not
depend on the y variable. Suppose that
(m—1)
m

2+d)<p<dim-—1). (6.6)
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Then for any
d | m=2
uo € LY (Q; Wrn=T?)

there exists a maximal local solution (u,o) to (6.1). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. forall n > 1

— d | m— 2
w € L(I,,, Weys W2P) O CTps WHHP) 0 C((O, 013 WP 7P),

o m d
where Kt :i= m —-5—1L

Note that since m > 1 + %, one has d(m — 1) > 2. Therefore, the set of p which satisfies
(6.6) is not empty.

6.3. Quasilinear SPDEs in non-divergence form on domains

In this subsection we investigate the quasilinear problem (6.1) with Dirichlet boundary
conditions

u=0 ond0. (6.7)

Here we assume & is a bounded domain with Cz-boundary. Moreover, we let N = 1 and write
bjn = bj]n.
As usual, we recast (6.1) in the form (4.1). To this end, for p € (1, 00) and s € (0, 1) we set

Wy(0) = {u € W'(O) : uly = 0},
LHY(6) = W2P(0) N WP (0),
pWH(O) = (I7(0), pH (O)); .

(see (A.12) and (A.13)). For more on spaces with Dirichlet type boundary conditions see
example A.4. For the reader’s convenience, we recall that (see (A.8))

[LY(O), pH* (O, )o = Wy"(0) for all p € (1, 00).

1_21+H
To proceed further, let Xy = LF(0), X, = ,H*(0) and for u € X,Irp =pByy 7 (O) (see

(A.12)), v € X| we set
A(t,u)v = A(t,u, Vu)v, B(t, uyv = (B,(t, u)v),>1,
F(ta u) = f(t’ u, vu)’ G(t’ u) - (gn(ta ) u))n}l

where A, 5, are as in (6.2). We say that (u, o) is a maximal local solution to (6.1) with boundary
condition (6.7) if (u, o) is a maximal local solution to (4.1) with A, B, F, G in (6.8).
Below we will show that for p > d + 2

(6.8)

B(-,u)v € y(£2, Wé’p(ﬁ)), ae.onlyr x Q forallue X'

K,p°

veEX,.  (6.9)

As remarked in [Du20] (see the text below assumption 1.4), to check (6.9) it is sufficient to
require an ‘orthogonality condition’ for b at the boundary of & In the quasilinear setting, this
condition reads as follows

d
ij,,(t,w,x, O)vjx) =0, foraa.(t,w,x)€lr x Q2 xdOandalln > 1, (6.10)
=1
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where v = (v j)§:1 is the exterior normal field on 9 &. To see that (6.10) implies (6.9), we argue
as follows. Since p > d + 2, one has

X,pr = Dszﬁ’p(ﬁ) = {u c sz%’p(ﬁ) :u=0a.e. onﬁﬁ}
(6.11)
— {ueC'"™(0): u=0ae.ond0},

for some € > 0. Note that ({2, Wy”(0)) = W, "(; %) by (2.11). Thus, (6.9) holds thanks
tou =v = 0a.e.on O (thus Vo is parallel to /). Assumption (6.10) was first introduced in
[Du20] (for k = 0) where the author showed that under suitable conditions on the coefficients,
(6.10) yields stochastic maximal LP-regularity estimates for the linear case of (6.1) on domains.
Ellipticity and smoothness of the coefficients alone are not enough to show maximal regularity
estimates for parabolic SPDEs on domains with the choice Xo = LY(&) and X; = ,H>(0),
see [Kry03, theorem 5.3]. To reduce the conditions on the b-term one needs to use suitable
weighted Sobolev spaces (see subsection 6.4 below).

A similar argument shows that item (b) in the following assumption is sufficient to obtain
(6.9) with B(-, u)v replaced by G(-, v) where G is as in (6.8).

Assumption 6.7. Let assumption 6.1 be satisfied. Assume that N = 1. Suppose that (6.10)
holds and that the following are satisfied.

(a) @ is a bounded C*-domain in RY;
(b) g,(t,w,0) =0fora.a.w € Qandforallx € 00.

The main result of this subsection is an extension of theorem 6.4 to domains in case
k = 0. Using the results of example A.4, the reader can check that also theorem 6.5 (resp.
theorem 6.6) extends to the problem (6.1) with boundary condition (6.7) provided x = 0 (resp.

m—

p=" 1 (d + 2) i.e. kerit = 0). For the sake of brevity, we do not include any statement here.

Theorem 6.8. Suppose assumptions 6.2 and 6.7 hold. Let p € (d + 2,00). Then for each

Uy € L(QO(Q;DW%%”’(@)) there exists a maximal local solution to (6.1) with boundary
condition (6.7), and a localizing sequence (0,,),>1 such that a.s. for alln > 1

u € LP(I,,; W*P(6) N Wy"(0)) N cd, ; W 37(6)).

Proof. Similar to the proof of theorem 6.4, we set F,=F.=G.=G.=0,
Fr(t,u):=F(t,u) and Gv(u):=G(t,u). Here F,G are as in (6.8). As before one sees
that (HF) and (HA) hold. To check (HG') recall that v(¢2, W,”(&)) = W,"(&;(%). By
assumption 6.7(b) one has g,(-,u) = g,(-,v) =0 a.e. on Iy x Q x 00 for all u,v € BX;I:rp(n).
The latter considerations imply, for all u,v € BXI.rp(n)’ '

1€8n 1) = G Dz1ll o 1oy = 11(8nC10) = gnCs Dz llwinaea),

where the implicit constants are independent of u, v. By (6.11) and the former one can show
that (HG') holds.
To apply theorem 4.7 it remains to check that the stochastic maximal L”-regularity

assumption. Fix wy € L?;O(Q;XZ,;)- By (6.11), wy = 0 a.e. on 2 x 0&. The latter and (6.10)

yield Z;{:lbj,,(-, wo)v; = 0 a.e. on Iy x 2 x Q0. Therefore, by [Du20, theorem 2.5] one has
(AC-, wo), B(-, wp)) € SMR(T). Moreover, by example A.4 and assumption 6.7(a), the oper-
ator — DAP (see (A.4)) has a bounded H*-calculus of angle < 7 /2. Thus, by theorem 3.7 and
the transference result proposition 3.8 we also obtain (A(:, wo), B(-, wo)) € SMR(T). O
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Remark 6.9. We believe that theorem 6.8 can be extended to an L” — L? and weighted in
time setting. We plan to address this issue in a forthcoming paper.

6.4. Quasilinear SPDEs in non-divergence form on domains with weights

In a series of papers by Krylov and his collaborators stochastic maximal L”-regularity is derived
on weighted L” spaces on bounded domains. For special choices of the weight no additional
conditions on b and g arise. We consider exactly the same problem as in section 6.3, but this
time with weighted function spaces which are more complicated. For function spaces on R?
with weights we refer to [MV12, MV 14a] and the references therein. In particular, to define
Besov spaces on RY with weights we employ the definition 3.2 in [MV12].

Let v, : R? — (0, 00) be given by v,(x) = dist(x, 00)* where o € R. For an integern > 1,
let W™P(&,v,) be the space of all u € LP(O,v,) for which 0°u € LP(0,v,) for all |5| < n
endowed with its natural norm. Let

pW'P(O,v,) = {u € W"(0,v,): trggu =0 ifn > (14 «)/p}.

The trace operator is a bounded operator into LP(00) (see [LV20, section 3.2]). We will only
use the above space for n € {1,2} below. For s € (0, 1) let

VEP(O,vy) = (LP(O,0,), VI (O, 0.))s V€ {pW, W}. (6.12)

The latter definition requires some care. In the case a € (—1, p — 1) the space W**?(0, v,,)
is equivalent to the Besov space By’ (&, v,). Here B3 ,(0,v,) is the restricted space to & of
B> (R?, v,), see e.g. [LMV 18, definition 5.2]. This follows by combining [Chu92] and [MV 12,
proposition 6.1]. To see this, it is enough to note that by [Chu92, theorem 1.1] and (6.12),
for each s € (0, 1), p € (1,00) and a € (—1, p— 1) there exists an extension operator E (cf

definition 2.4), i.e. a bounded linear operator
E:W»P(0,v,) — W*P(R?,v,), suchthat Ef|s = f, (6.13)

where W*P(R?, v,) = By (R?,v,). In the case a > p— 1, the space W>*(&,v,) does
not coincide with a weighted Besov space. However, it densely contains the Besov space
Bﬁfp(ﬁ, Uq) (see [LV20, remark 7.14]).

The following is the main assumption of this subsection.

Assumption 6.10. Suppose that assumption 6.1 holds with N=1, xk =0 and write
b, = bji,. Suppose that a;;(t,w, x,y,z) does not depend on the z-variable and b;,(¢, w, x, y)
does not depend on the y variable. Let & be a bounded C*>-domain. Moreover, let § € (0, 1] and
suppose that for each r > 0 there exists €, > 0 such that a.s. forall ¢ € R, § € RV, € [0, T],
X € O,y € Bpn(r) one has

d d
Z &) (aif(t,w, x,y) — Sijt,w, x)) = 52 &i€jaijt,w, x,y) = €€
i=1 =1

Here for each fixed i, j € {1, ...,d},

1
Bij(tw, x) = 53 _bint, @, Dbj(t, w, x).

n>1
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Finally, suppose that p € (d + 2, c0) and § satisfy

p

w-1- P
P o(1—0)+6

<a<2p—d-2.

The above assumptions imply that o > p — 1. In the special case that b; = 0, we can take
0 =1, and thus p — 1 < o < 2p — d — 2. The above parabolicity condition is introduced in
[KL99] and also considered in [Kim04b].

In this subsection we let

Xo=L"(O.v.),  Xi=p,W"(O.0),  X)' =, W P00,
(6.14)

where the last equality follows from (6.12). Moreover, we define A, B, F, G be as in (6.8). Let
us first analyse the linear problem.

Lemma 6.11.  Suppose that assumption 6.10 holds. Then the following hold:

(a) There exists 1 > 0 such that DWZ’Z/P’P(@Z V) = C(O);
(b) For every

wy € L (2 ,W>2PP(0, 0,))
one has (A(-, wo), B(-, wo)) € SMR(T).
Proof.
(a) By (6.12) and [BL76, theorem 4.7.2],
W (O, v0) = X = (X0.X0), 1, = i Xy 2 e
By [LV20, proposition 3.16] one has

X, = W'(O,v,). (6.15)

(S

Therefore, by Hardy’s inequality (see [LV20, corollary 3.4]),
2,

X)' = (X} X0, 3 = WO 00 ). WO w0 )y 2, = W PO, 00),
where the last equality follows from (6.13). By assumption 6.10 one has o« — p €
(=1, p— 1), therefore the considerations at the beginning of this section imply that

1-2
Wl_%”’(ﬁ, Va—p) = Bpp" (O, v4—p). To complete the proof of (a) it is enough to show that

1-2
B, (O, v4—p) — C'(O) for some 7 > 0. Since & is bounded, using a standard local-
ization argument (see e.g. [LV20, section 2.2] and the references therein) it is enough to
prove

_2
By, (R, g, ) < BL_(RY):; 6.16)

where, for x = (x, x2,...,xy), gs(x) = xf on |x| < 1 and gg(x) := 1 otherwise.

The embedding in (6.16) follows from [MV14a, proposition 4.2] and the fact that
12— %j >0 and 1 — 4 > 0. The latter are equivalent to a < 2p —d —2 and
p > d + 2, respectively, which hold by assumption 6.10.
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(b) Combining (a), assumption 6.10 and [KimO4b, theorem 2.9] it follows that
(AC, wo), B(-,wp)) € SMR,(T). To see the latter note that by Hardy’s inequality
(see [LV20, corollary 3.4]), and [Lot00, proposition 2.2] (also see [KKO04, remark 2.9])

the spaces in [Kim04b] coincide with the ones considered here.
Since by [LV20, theorem 1.1], —p,A » has a bounded H>-calculus of angle zero on L?( O, v,,)

(with domain , W, ( 0, v,)), by theorem 3.7 and the transference result proposition 3.8 we also
obtain that (A(-, wo), B(:, wo)) € SMR(T). O

In the next result, we say that (u, o) is maximal local solution to (6.1) if (u, o) is a maximal
local solution to (4.1) with A, B, F, G and Xy, X are as in (6.8) and (6.14) respectively.

Theorem 6.12. Suppose assumptions 6.2 and 6.10 hold, and that f does not dependent on
the z-variable. Then for each

uo S L%ZO(Q’ DWZ_%J)(ﬁa ’Uoz)),

there exists a maximal local solution (u,o) to (6.1). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. forall n > 1

U € LIy, pW*(6,02)) N C s pW* 57(6, 00)).

Recall that the space DW27Z p(ﬁ, V) 18 defined as in (6.12) and does not coincide with a
weighted Besov space if a > ;: — 1.

Proof. By lemma 6.11 and the fact that & is bounded, one can argue in the same way as in
theorem 6.8. We remark that (HG') is satisfied by setting G. = G, = 0 and Gty = G. To see
this one can argue as in (5.40) since X,Irp — WI'P(0,v,) N C(O) for some > 0. The latter

embedding follows from lemma 6.11(a), (6.15) and X[f, = X o due to 1 =215 > 7. [

Remark 6.13.

(a) It would be interesting to extend the above to x # 0 and p # g. However, at the moment
almost no weighted theory is available in the case a;; depend on (¢, w). Except in the case
A = —A, one has a bounded H*-calculus on L/(&,v,) by [LV20], and thus theorem
3.7 implies stochastic maximal L”-regularity in the full range. The latter can very likely
be extended to elliptic second order operators in non-divergence form with smooth x-
dependent coefficients by standard arguments. This would make it possible to do a variant
of theorem 6.12 with general (p, g, k) as long as the coefficients a;; are independent of
time.

(b) In [KK18] a quasilinear SPDE is considered in weighted spaces as well. However, the
results seem not comparable. For instance, they consider operators in divergence form
and they do not allow a gradient type noise term.

6.5. Quasilinear SPDEs in divergence form on domains

Unlike in the previous sections we will consider an example where there is no time-dependence
in the operator A and B = 0. In this way we can obtain a full L’(L?)-theory. We study the
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following differential problem for the unknown u : Iy x Q x & — R:

du — div(a(u)Vu)dt = (div(f (-, u, Vu)) + f2(-, u, Vu))dt

+_gal u, Vuydu, on @,
n>1 (6.17)
u=0, on 00,
u(0) = uo, on 0.

The problem (6.17) was already considered in [Hor18, secion 5.5]. The aim of this section
is to partially extend [Horl8, theorem 5.6] and at the same time correct it (see the discus-
sion in [Hor17, p 66] on this matter). Note that in [Hor18, section 5.5] equations in divergence
form have been considered with Neumann and/or mixed type boundary conditions. Our frame-
work also allows this setting, but we will only consider Dirichlet conditions here. The inter-
ested reader can adapt the proofs below with the functional analytic set-up proposed [Hor18,
section 5.5] to correct [Horl18, theorem 4.11] with different boundary conditions.

We study (6.17) under the following assumption.

Assumption 6.14.

(a) Letg € [2,00), p € (2,00) and k € [0,5 — 1) be such that 1 — 2L > 4,

(b) €& C R?is abounded C'-domain.

(c) The map a:Q x O xR =R is Fy® B(0) 2 B(R)-measurable. Assume that
a(-,0) € L*(Q2 x ©) and for each r > 0 there exists an increasing continuous func-
tion K, : R+ — R4 such that K,(0) = 0 and for each i, j € {1,...,d}, x,x' € € and
y € Br(r),

la(x,y) — a(x', )| < K (]x — x')).

Moreover, a is locally Lipschitz w.r.t. y € R uniformly in (w, x), i.e. for each » > 0 there
exists C, > 0 such that a.s. for all x € & and y,y" € Bg(r) one has

|a(x’ )’) - a(x’ y/)‘]RdXd < Cr|y - y,‘

Furthermore, a is locally uniformly ellipticity, i.e. for each r > 0 there exists ¢, > 0 such
that a.s. for all x € & and y € Br(r) one has

d
Z &k jaij(x,y) = €&
ij=1
(d) Let € > 0. The mappings f1:Ir x Qx O xR xRY =R, fr:I;r x Q2 x O xR x
R >R and g:=(gu>1:Ir x QX O xR xRY! = (? are P @ B(O) 2 BRY) ®
PB(R)-measurable. Assume that f,(-,0,0)=0, f,(-,0)=g,(-,0)=0 for all n > 1.
Finally, we assume that for each r > 0 there exists C, > 0 such that a.s. for all x € O,
v,y € B(r)andz,7 € R

2
D lfiltx,3,2) = filt, Y, D+ llgtt, 6,3, 2) = gt x, ¥, Dl e < Crcly = Y|+ ele = 2.

i=1

Typical examples of f, f,, g are

4181



Nonlinearity 35 (2022) 4100 A Agresti and M Veraar

f1(x,u, Vu) = eVu, f106u) = (fio|u" 'yl
folt,u) = |u|™ 'u, (n(x, W)nz1 = @) )1

where h,m,r > 1, > 0, (?,-);j:l € L2 x O;RY) and (g,),>1 € L2 x O;2).
Let us briefly recall the function spaces which will be needed below. Let s € (—1,1) and
q,p € (1,00), we set

Wy (6) = {u € WH(O) : ulpe = 0},
Wh(O) = (Wi (0)) (6.18)
pB; () = (W H(0), Wy (0) 1

N

For further properties we refer to example A.4 and the references therein.
To recast the problem (6.17) in the form (4.1) let us set X := W0, X, = Wé’q(ﬁ), and
foru € C(O)and v € X,

A(t,u)v = — div(a(u)Vv), B(t,u)v =0,
F(t,u) = div(f(t, u, Vu)) + fo(t,u, Vu), G(t,u) = (ga(t, u, Vo)) p>1.

Here the divergence operator is defined as in (A.10), i.e. for u € C(©) and v € X,
(6. Awy) = / (a(w) - Vo) -Vodr, ¢ € W (0). (6.19)
o

The same applies to F(¢, u). As usual we say that («, o) is a maximal local solution of (6.17) if

(u, o) is a maximal local solution of (4.1) with the above choice of A, B, F, G and H = 2.
Before stating the main result of this subsection, let us note that a maximal local solution to

(6.17) verifies the natural weak formulation of (6.17): a.s. forall # € [0, 0) and all ¢ € C!(O),

/(u(t)—uo)qux—i—//(a(u)-Vu)-Vquxds:—//fl(u,Vu)-Vquxds
17 0Jo 0oJo

+ / / f2u, Viypdxds + ) / / gu(ut, V) dx du’.
0oJo 170 Jeo

To see this, use (4.4) and note that ¢ € C'(0) C (W~ 19(0))* = Wé’q/(ﬁ).

Theorem 6.15. Suppose assumption 6.14 holds. Then for each N > 1 there exists &y > 0
such that if ¢ € (0,&y) and

172(1+H)
Up € I;E%O(Sl;l)l;qJI b (é?))

has norm < N, then there exists a maximal local solution (u, o) to (6.17). Moreover, there
exists a localizing sequence (0,),>1 such that for alln > 1 and a.s.

_ 172(1-&-»«:) 172
U € LP(Ip,,we; Wy “(O) N CI,5 pBap 7 (0)) N C(0, 0413 pByy” (0)).

Proof. By assumption 6.14(a), (6.18), and Sobolev embeddings one has

|- 204k)

T _2(0+kK)
r_
)(547__ DI?%P

(O0) — B(l],,, " (O)— CNO) — L™(0); (6.20)
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for some 1 > 0. Therefore, A(u)v .= — div(a(u) - Vo) foru € X,Irp and v € X, is well-defined.
By [ABHDRI15, remark 4.3(ii) and theorem 11.5], [EHDT14, remark 2.4(3)] and assumption
6.14 A(up) has a bounded H>*-calculus of angle < 7 /2. Therefore, by theorem 3.7 (see also
remark 3.9(c)) we find that A(up) € SMTR;,,(T) and for each 6 € [0, 1/2)

max { K§eL0, K500 b < Co, 6.21)

where Cy depends only on N > 0. To check (HA) let us fix n > 1 and u;,u, € X,I,’p of norm
< n. Then by (6.20) it follows that ||u; || (@), ||t2]|26) < Cu =: R, and for each v € X
|| div(a(uy) - Vo) — div(a(uz) - V) || y-140)
< [[(a(ur) — a(u2))Vol|rae)
< Crllur — w2l || V]| wraco)
Sk [ur = w2l [[o]]x;3
where we used (A.10) and assumption 6.14(c).
Since X, = LY(O) by (A.5), using the same argument as above combined with assumption
6.14(d) one obtains
[FCu) = FC0)lx + 166G, 0) = GG o), ) < Crllu = vl + Cellu —vllx;;
(6.22)

where C > 0 does not depend on n > 1. By setting F; = F and Gy = G the assumptions
(HF)—(HG') are verified. Moreover, the inequalities (6.21), (6.22) and remark 4.19 show that
the condition (4.8) holds. The result now follows from theorem 4.7. U

Remark 6.16.

(a) The assumption g € L;O(Q;X,pr) is automatically satisfied if IF is generated by Wy (see
remark 4.6).

(b) In the companion paper [AV20a] we will see that the instantaneous regularization effect
in theorem 6.15 can be bootstrapped to prove further regularization of solutions to (6.17).
In such situation weights in time play a basic role.

In the case ug ¢ L;O(Q;X,pr), we do not have any control on the constants of maximal
regularity of A(u,) as n grows see [Horl7, p 66] (here (u,)n>1 is as in (4.9)). However, by
choosing ¢, | 0 appropriately, the arguments used in the proof of theorem 6.15 still lead to the
following.

Theorem 6.17. Let the assumption 6.14 be satisfied for any € > 0. Then for each

0 1— 2(1]—:—»«:)
Up € LgO(Q; DBq,p (0))

there exists a maximal local solution (u, o) to (6.17). Moreover, there exists a localizing
sequence (0,)n>1 such that for all n > 1 and a.s.

_20+K) _2
U € LP(I,, wy; Wy '(O) N C(To,,;Dle,,p " (0) N CO, Gn];DB;,p”(ﬁ))
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6.6. Stochastic porous media equations with positive initial data

In this subsection we investigate porous media type equations on the d-dimensional torus T¢
with uniformly positive initial data. More precisely, we investigate the following problem for
the unknown u: Iy x Q@ x T? - R

d

du — (A(MHu) -y E,-j(-,u)afju)dt = f(u, Vu)dt

ij=1

d
+Z (Z by j(-, u)Oju + g,,(u)) dwy, on T,

n>1 N j=1
u(0) = uo, on TY

(6.23)

where r € [1,00), g > ¢ > 0 a.e. on T¢ and i u) = %Z@J’jn(" )b j, (-, u). The problem
(6.23) in the case r = 1 fits in the framework of section 5, in such a case the condition 1y > ¢
can be avoided. We will only consider the range » > 3 for technical reasons. The range r €
(1, 3) is more sophisticated and requires other solution concepts than to the one below. For
physical motivations we refer to [BDPR16], [FG19, subsection 1.1] and the references therein.
To see the link with the works [DG20, FG19], let us note that at least formally (see [DG20,
remark 2.1])

d d
ZZ byjOju o dw; = Z by j0ju dw; +
1

n>1 j=1 n>1 j=

d
(2, u)afju + lower order terms) dz,
=1

where o denotes the Stratonovich integration. We refer to subsection 6.6.1 for a comparison to
the literature.

To study (6.23), we exploit the fact that in theorem 4.7, stochastic maximal L7-regularity
is required on (A(uo ), B(up,)) for appropriate A and B (see (4.7)). We mainly deal with the
strong setting and we refer to remark 6.20 for the weak one. To begin, let us note that at least
formally,

A(lu|" u) = rlul " Au+ r(r — Dulu||Vul?.

Therefore, in the case u > c¢ >0, the porous media operators acts like A plus a
lower order term. For notational convenience, we set A.(t,u)v:= —r|lu|""'Av and
£, Vv):= — r(r — Dulu|"—3|Vv|?. To recast (6.23) in the form (4.1), we set X = L(T%),
X1 = W>4(T?) and for v € X;, u € C(T?) N WH4(T9)

d d
Al wp = At wy + > Ei(t,wdy, Bt up = (Z bt u)aju> :
n>1

ij=1 j=1 >

F(t,v) = f(t,v,Vv) = f,(v, V), G(t,v) = (gu(t, V))nz1-
Here f and g, are as in assumption 6.2. The following is the main result of this subsection.

Theorem 6.18. Lerr > 3.Letp € (2,00)and k € [0, 5 — 1) besuchthatp > 2(1 + k) + d.
Assume that bj, and f, g verifies assumptions 6.1(a) and (b) and 6.2, respectively. Then for
each

1+kK
ug € LOgO(Q; W22 P(TY), up>c>0aeonT xQ,
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there exists a maximal local solution (u, o) to (6.23). Moreover, there exists a localizing
sequence (0,)n>1 such that for all n > 1 and a.s.

w € LI, we; W2I(TD) O O, W27 P(T9) 1 C(0, 0, ]: W 5 P(T%).

Proof. The proof is similar to the one given for theorem 6.4. As in the proof of the latter
1+kx
theorem, by Sobolev embedding X" = W> 2 7 *(T?) — C'*(T%) for some 7 > 0. Thus,

K,p
using r > 3 the estimates on the nonlinearities can be performed as in theorem 6.4. The fact
that (HA) holds follows from standard computations.

To check the stochastic maximal regularity condition (4.7), for all n > 1 we set

uon = 1r,uo + 1o\p,(clpa), wherel', == {HuOHXI,'p < n}. (6.24)

Thus, ug, € L>(£; C*"(T?)) verifies ug, > c. Reasoning as in the proof of theorem 6.4,
(AC,uo.0), B(, t90)) € SMR;, (T) by [PV19, theorem 5.4] and 1o, > ¢1. We remark that the
ellipticity condition in [PV19, assumption 5.2(2)] is satisfied since |ug, "' > ¢! > 0 as.
and a.e. on T O

In the above proof we used the choice (6.24) instead of (4.9). Indeed, if ug, is as in (4.9),
then u,, are not uniformly bounded from below in general.

The proof of theorem 6.18 shows that theorems 6.5-6.6 extends to (6.23). To avoid
repetitions, we only state the extension of theorem 6.6 to (6.23).

Theorem 6.19. Lerr > 3. Assume that bj, and f, g verifies assumptions 6.1(a) and (b) and
5.11, respectively. Moreover, assume thatm > 1 + % and b, (t, w, x,y) does not depend on the
y variable. Suppose that p € (2, 00) verifies (6.6). Then for any

L% (O Wit P(Td ithiy > ¢ > 0 T¢ % Q
Uy € go(, iz (T%)), withuy > ¢ > 0 a.e.onT® x (Q,

there exists a maximal local solution (u,o) to (6.1). Moreover, there exists a localizing
sequence (0,)n>1 such that a.s. for all n > 1

m

w € LI, ey s WXP(TD) N C(0,, Wt n T P(T9) 0 C((0, 0, ] W25 P(T9)),

o m d
where Kt :i= m -9-L

Proof. Comparing the proof of theorem 6.18 and theorem 6.6, it remains to estimate f,. To
this end let us note that for each R > 0, v,y € Br(R) and z,7 € R,

10,2 = [0 D S Cr[A+ 2P+ 2Py =Y+ A+ [z + Dz = 2], (625)
for some Cr > 0 independent of y,y', z, 7. Therefore, due to (6.25), if f verifies assumption
5.11 for m > 2, then f — f, verifies assumption 5.11 with the same m. Thus, reasoning as in
the proof of theorem 6.6, the conclusion follows. O
Remark 6.20. Equation (6.23) has a natural weak formulation. One can check that the argu-

ments used in theorems 6.18 and 6.19 can be adapted to prove local existence in the weak
setting (see subsection 6.5). In such a case, r € (2, 3) is also allowed.
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6.6.7. Discussions. Under some structural assumptions on the nonlinearities b,, f, g, (6.23)
(and its generalizations) has been extensively studied (see for instance [DG20, FG19, GS17,
GH18, DGG19] and the references therein). One of the first paper on the topic is [GS17] where
only x-independent b,,; are considered. In the x-dependent case the situation is more compli-
cated and one often needs the assumption m > 2, see [GH18, FG19]. In [DG20, DGG19], the
authors allow the more complicated range r € (1,2) as well, in some cases they need to work
with other type of solutions such as kinetic or entropy solutions. Our results appear weaker
than the ones in [DG20]. For instance, the assumption uy > ¢ is unnatural. However, this case
was also considered in the deterministic setting, see e.g. [RS18]. Moreover, our setting differs
from the one in [DG20], and the main differences are:

e The functions spaces considered for the initial data are different;
e The nonlinearity f can be of arbitrary polynomial growth in u and |Vul;
e Less regularity is required for b ,.

It seems to us that the theory developed here can be used to study (6.23) with general
up, employing a standard approximation argument (see e.g. [FG19, equation (3.2)]). Firstly,
one replaces A(Ju|"~'u) by A(e + |u|"~'u) in (6.23). With such modification, we can apply
theorem 4.7 to (6.23), obtaining a family of maximal local solutions (u., 0-).~¢ to the modified
equations. Secondly, one provides a priori bound (uniform in € > 0) in C*-norm for (u.).~¢
for some uniform o > 0. Thus, by the blow-up criteria in [AV20a], 0. = T and one can study
the behaviour of u. as € | 0. We remark that a-priori estimates for the C*-norm for the deter-
ministic version of (6.23) are known, see the discussion in [DiB93, pp vii—viii]. However, we
are not aware of any contribution on this topic for (6.23). Note that the arguments used for
(6.23) seem to be applicable to other degenerate parabolic equations.

6.7 Stochastic Burgers’ equation with coloured noise

Here, we consider a quasilinear version of the stochastic Burgers’ equation on T with space-
time coloured noise, which can be seen as the quasilinear analogue of (5.44). However, for
technical reasons, we cannot deal with white noise as in subsection 5.5.

More precisely, we consider the following problem foru : Iy x Q2 x T — R,

du — O(a-, w)0u)dt = (0,(f1(-,w)) + f2(-,w))dt + g(-,u)dw;, on T,
u(0) = ug, on T;

(6.26)

here w{ denotes a coloured space—time noise on T. More precisely, for some § > 0, we assume
that w{ induces an H J’Z(T)-cylindrical Brownian motion in the sense of definition 2.11.

The noise in (6.26) is different than in subsections 6.2—6.6. The setting in (6.26) is as in
subsection 5.5, but with a coloured noise.

Assumption 6.21.

(@) g €[2,00), p € (2,00)and k € [0, § — 1) verifies 20 — 2% > é

(b) The map a: Q2 X T xR =R is Fy® AB(T) @ B(R)-measurable and it verifies the
assumption 6.14(c) with d = 1 and & replaced by T.

(c) Themaps f1, f2,¢: I X A X T x R — Rare & @ A(T) @ B(R)-measurable. Assume
that f1(-,0), f2(-,0) € Ly x Q; LY(T)) and g(-,0) € Ly x Q x T). Moreover, for
each r > 0 there exists C, > 0 such that for allz € I, x € T and y,y € Bg(r),

Z ‘fi(t,x,Y) - fi(t’x’y/)‘ + ‘g(t’x’y) - g(t’x’y/)| < Cr‘y _y/‘
ie{1,2}
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Remark 6.22.

e For any 6 > 0, assumption 6.21(a) is satisfied for p, g large and « small.

e Assumption 6.21(c) includes the Burgers’ type nonlinearity f(u) = —u?.

In what follows, we only consider the case ¢ € (0, %), the other cases being simpler. To
begin, note that by assumption 6.21(a), there exists s > % such that 1 — 25 + 26 — 2@ >
é. With such a choice, we rewrite (6.26) in the form (4.1). To this end, set H = H*2(T),
Xo:=H '=t%4(T) and X; = H'~*T%4(T). Then by (5.4),

1 —s-o— 200
X, = H*F(T) and X, =B, 7 (). (6.27)

K,p
As in subsection 6.3, by Sobolev embedding and assumption 6.21(a), one has

BRI 1 1
BT T o ONT), =l —s+5—2n 700 629

Forv € Xlrp, u € X let
A)u = —0,(a(v)0,u), B(tu = 0,
F(t,u) = 0.(f(t,u)), G(t,u) = iMgq .

Similar to subsection 5.5, for fixed u € C(T), My : L(T) — L5(T) is the multiplication
operator (M h)(x) = g(t, u(x))h(x) where £ € (2, 00) verifies § — 1 = —%, which is needed
below for the Sobolev embedding H°? — L* (and here we need § € (0, 1)). Moreover, i :
LN(T) = X 1 denotes the embedding. As usual, we say that (#, o) is a maximal local solution to
(6.26) if (u, o) is a maximal local solution to (5.1) in the sense of definition 4.4 with the above
choice of A,B, F, G, H.

To estimate F, similar to (6.22), one has

IFCow) = FC)lamsa S 0 1w = fiCs0)lles S llue = ol

ie{1,2}

where in the last inequality we used assumption 6.21(c) and (6.28). Therefore, F verifies (HF')
by setting Fy = F, F; = F. = 0. To estimate G, we argue as in (5.50), (6.22). Then for u, v €

X,Irp such that ||u||XIrp, Hv||XIrp < r, one has

HG(" u) — G(-, U)”n,(Hdl;H—erd.q)

_s40 g
~ H(I - 8.%) 2—irz(Mg(uu) - Mg(w))(l - 8.%) 2 ||7(L2,L’1)

) 548 )

ST =33 2 My — Mye)(1 = 3072|210
(i) o sd

ST = 00) 22 (M) — M) || o a1y

(iii)

5 HMg(~,u) - Mg(~,'v)H$(Lf,L€)

(iv)
< llgComw) — g 0)lle S llu— vy
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where in (i) we used [HNVW17, corollary 9.3.3], in (ii) we used that (1 — 85)’% (LX) —

H%?(T) — L%(T) as mentioned before. In (iii) we used (1 — a_f)*%% (L5(T) — H0%4(T) —

L>(T) and Sobolev embedding with s — § — % =s— % > 0. Finally, (iv) follows from

assumption 6.21(c) and (6.28). Thus, (HG') is verified by setting G = G, G, = G, = 0.
The following is the main result of this subsection.

Theorem 6.23. Assume that the assumption 6.21 holds. Let s > % be such that 1 — 2s +
26 — 2%1)”) > é Set s5:=1 — s+ 6. Then for each

0 (. g2
Uuo S LQO(QaB(],p (T))’

there exists a maximal local solution to (6.26). Moreover, there exists a localizing sequence
(0n)n>1 such that a.s. for alln > 1
- 55721+—'{ 5572
u € Ly, wy H(T) N Cy,;Bgp 7 (1) N CUO, 041 Byg,p "(T)).
Proof. To apply theorem 4.7 it remains to check the condition (HA) and (4.7).
To prove that A verify (HA), it is enough to note that for any u € X;, r > O and vy, v, € X,I,’p
such that ||v; ”XI.',;’ ||v2||X157 <r,

|A(Du — A(w)ully-1-s+sqery S |[(@(v1) — a(v2))Osul| y-s+s.4m)
()
< lla(u) — a()l[enen | Oxutl| -s+5.4¢m)

Srllvn — UZHXI’,,HMHHIJFFJ"I(’]I‘)’

where in (i) follows by combining n > s — J, by (6.28), and [Tayl1, chapter 14, equation
(4.14)] (or [MV 15, proposition 3.8]) and (ii) by assumption 6.21(b), (6.27) and (6.28).

It remains to check the stochastic maximal regularity assumption (4.7), where in this case
B = 0. By theorem 3.7 and remark 3.9(c), it is enough to show that for any N > 1 there
exists Ay > 0 such that for any wy € L‘}’O(Q;Xlrp) the operator Ay + A(wyp) has a bounded
H>-calculus on H~'~%4(T) with angle < 7/2 and the estimates of the H*-calculus are uni-
form in w € Q. To see this, recall that by (6.28), wy € L>(£2; C"(T)). Let s’ > s such that
1—25 426 — ZI;F—)” > é and n > s’ — §. Combining the proof of [PS16, theorem 6.4.3] and
the multiplication property in [Tayl1, chapter 14, equation (4.14)] one can check that there
exists \y > 0 such that \y + A(wy) is R-sectorial on H~'=7+%4(T) with p € {0,s'} (see e.g.
[PS16, definition 4.4.1] or [HNVW17, definition 10.3.1]) with angle < 7/2. As we have
seen in the proof of theorem 6.15, up to enlarging Ay > 0, Ay + A(w) has a bounded H>-
calculus on H~"(T). The claim follows by using the argument in [KW17, theorem 5],
choosing A = Ay + A(wp), B=1—09? and replacing L?,L" by H’l*q(']I‘),H’l’S/”*q(']I‘)
respectively. (]

7. Further applications: Allen—Cahn and Cahn-Hilliard equations

In this section we present additionally applications of theorem 4.8. More precisely, in sub-
sections 7.1-7.2 we investigate the Allen—Cahn type equations and in subsection 7.3 the
Cahn-Hilliard equations. In both sections we study the equations on domains since boundary
conditions are important from a modelling perspective. However, the case & = R? or & = T¢
can be analysed with the same technique.
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71. Stochastic Allen—Cahn equations

Allen-Cahn type equations have been extensively studied in literature. From a physical point
of view, Allen—Cahn equation is a prototype for phase separation processes in melts or alloys
that is of fundamental interest for both theory and applications. For additional motivations
and further results one may consult [ABBK16, BBP17a, BBP17b, Funl6, FY19, RW13]
and the references therein. To the best of our knowledge no results in an L%-setting are
available.

Here, we study the following stochastic perturbation of Allen—Cahn equation for the
unknown process u : Iy x Q2 x & — R

d
du = Audr = Ve, wdt+ 7 (D budu + guow))duf,  in 0,

>l j=1
u=0, in 00,
u(0) = ug, in 0.

(7.1)

We study (7.1) under the following assumption.

Assumption 71. Letd > 2.

(a) Suppose one of the following conditions holds:
e g€ [2,00),peE (2,00)and k € [0, p/2 — 1);
e p=g=2and k = 0.

(b) @ C R?is a bounded C*-domain.

(c) The mappings V:IrxQxOxR—-R, g=(g)1:IrxQx O xR 2
are P QR B(0) R B(R)-measurable, V(-,0) € Ly x Q;LI(0)) and g(-,0) €
L®(Iy x Q; L1(0; £%)). Moreover, there exists C > 0 such that a.s. forall 1 € I, x € O
andy,y € R

[V(t,x,y) — V(t, x,y)]
gz x,y) — g(t, x,y)| 2

CA+ Iy + [y Ply -yl
C+ |yl + YDy =yl

NN

(d) Let € > 0. For each je {1,...,d}, the maps (b,)u>1:Ir x Q X O — 0 are P @
9B(0')-measurable and

|1 lwiogazy <€ Vi€ lrandas.
Note that the usual potential V(#, u) = u(1 — u?) verifies assumption 7.1(c).
Remark 72. Some remarks may be in order.

(a) The problem (7.1) under the assumption 7.1 is similar to (5.21) with m =3 and
h = 2. However, we will study (7.1) in the almost very weak setting instead of the weak
one. Moreover, we consider the problem on a bounded domain with Dirichlet boundary
conditions.

(b) The growth of (g,),>1 is chosen in such a way that the all the nonlinearities in (7.1) have
the same scaling. Indeed, V and (g,),> verify assumption 5.8 with # =2 and m = 3.
As we have seen in subsection 5.3.2, the nonlinearities in (5.21) have the same scaling if
h=(1+m)/2.
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(c) Asinsection 5 duetolemma5.2,if & = R¢ or & = T¢, then the smallness assumption on
the gradient noise term can be sometimes be dropped. However, in the case of x-dependent
coefficients, one needs to take p = ¢ as explained in section 5.6.

(d) In the weak setting, i.e. s = 0, the regularity condition in assumption 7.1(d) can be
weakened (see lemma 5.19 and theorem 5.21(b)).

By assumption 7.1 we can study (7.1) in the scale (,H*?(0));>_, of the Dirichlet Lapla-
cian. This scale of Banach spaces fits the boundary condition appearing in (7.1). Indeed,
LH>4(O) = WH(0) N Wy (0), yHY(O) = Wy'(0) and p,H"(O) = LI(O). We refer to
example A.4 for additional properties of these spaces.

71.1. Almost very weak setting. Let s € [0,1) and g € [2, 00). We rewrite (7.1) in the form
(5.1) by setting Xo := pH~'"%9(0), X; = pH'~*9(0) and for u € X,

A(t)u = _DA—l—s,qu’ B(t)u = 0,
F(t,u) = V(t,u), G(t,u) = Gi(t,u) + G2(t, u),
d
Gi(t1) = (gt )1, Gattou) = (D bai00)
j=1 -

Here DA_I_W is the extrapolated Dirichlet Laplacian (see (A.7)). As usual, we say that (u, o)
is a maximal local solution to (7.1) if (u, o) is a maximal local solution to (5.1) in the sense of
definition 4.4 with the above choice of A, B, F, G and H = (>,

To apply theorem 4.8, we estimate the nonlinearities. As usual we begin by estimating F.
By assumption 7.1(c) one has

|F(,u) — F(, 'U)”Dprlfs.q(ﬁ)

(i)
S ||V(’u) - V("U)HL'”(ﬁ)
SNA+ [ + [oP)u = v|||no)s (7.2)

S (1 + H’U”%}m(ﬁ) + ||’UH%}"’({)’))||M - vHI}"’(ﬁ)

(ii)
f, (I+ ”u”ZHé,q(ﬁ) + H'U”ZHo.q(ﬁ))Hu - 'U”DHG”JI(()’)'

where in (i) and (ii) we used Sobolev embedding with —% = —1 — 5 — g and ¢ — g =4
where ¢ € (0,1 — ) (see (A.11)). To ensure m € (1, c0) we have to assume g > d_‘f_j, (recall

that d > 2). Note that ¢ is given by

d d 2 1+s

°= 4 m 3¢ 3

To ensure ¢ € (0,1 —5) we assume 5% < g < £L&. Combining the previous requirements
gives

—1—-s5"2—5 1+s
4190
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Set

1+s+¢ d 1+s

S L . 7.4
B > 3 +3 (7.4)
By (A.5) one has ,H*9(O) = [,H ' ™9(0), ,H'~*9(0)]s, and, under the previous assump-
tions, (7.2) shows that F': X5 — Xj is locally Lipschitz. As in subsection 5.2, the argument
splits in three cases:

(a) If 1—(1+~r)/p>pB,, (HF) follows from remark 4.2(a), by setting Fr = F and
F,=F.=0.

(b) If 1 — (1 + k)/p = B, (HF) follows from (7.2) and remark 4.2(a), by setting F; = Fy
=0,F.=F,mp=1,p, =2and ¢, = 3,.

(c) If1 — (1 + k)/p < B, (HF) holds with F. = Vand F;, = Fr = 0, under the condition that
(4.2) holds with mp = 1, p; = 2, ¢, = 3,. The latter condition becomes

1+ k 3 d K
<-(1-B)=1———=. .
\2(1 D=1 2 2 (7.5)

Next we estimate G := G| + G,. By assumption 7.1(d), lemma 5.19 holds, therefore G, sat-
isfies (5.59). It remains to estimate G;. By (A.5), we have X,,, = ,H *9(0). Therefore, by
assumption 7.1(c)

HGI(" M) - Gl('a ’U)”f),([Z;Dfo,q((j))
©)
S GG w) = G )
(i)
~ ||G1(’ u) — Gi(, 'U)”Lr(@;gz) (7.6)
S A+ [lull2rgy + [Vl o) lu = vl 2
(iii)
5 (1 + HuHDH/’-‘I(()’) + HU”DHV"/(()’))HU - 'UHDH/J,q(ﬁ);

where in (i) and (iii) we used Sobolev embedding with —s — % = —% and p — g = —% (see

(A.11)).In (i1) we used (2.11). It follows that p = % — 5. Moreover, (7.3) gives that 7 € (1, 00)
and 0 < p < I — 5. Setting

l+s+p 1 /d 1
— = _ = — 1 .
Ba > 4<q+s>+26(0, ) (7.7)

it follows that ,H”9(0) = [,H'~*4(0), L)H“X*‘I(ﬁ)]ﬁ2 by (A.5).
By (7.6) it follows that G (t,w, -) : X3, — Xo is locally Lipschitz for a.a. (t, w) € It x €, and
as before:

(a) If 1 — (1 + k)/p > f3,, (HG) holds with G+ = Gy, G. = 0 and G, = G,.

(b) If 1 — (1 + x)/p = B,, (HG) holds with Gty = 0, G. .= Gy, G, == Gy, mg = 1, p, = 1 and
©r = s

(¢) If 1 — (1 4+ x)/p < B,, (HG) holds with Gt = 0, G, := G|, G, := G, under the condition
(4.2) with mg = 1, p, = 1 and ¢, = [3,. In this situation. The latter condition becomes

1 d
R a1 By =1

(7.8)
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which coincides with (7.5). This is in accordance with remark 7.2(b).

Let us summarize what we have proven so far in the following result.

Theorem 7.3. Suppose assumption 7.1 holds. Let s € [0, 1) and let g € [2, 00) be such that
(7.3) holds. Let 5, be as in (7.7). Assume one of the following conditions is satisfied:

o 1—(1+r)/p= by
e | —(1+kK)/p< Byand (1.5) holds.
Then there exists an € > 0 such that for any € € (0, ), and any

0 1—s—2Udn)
ug € Lz (€% pBy,p (0))

there exists a maximal local solution (u,o) to (7.1). Moreover, there exists a localizing
sequence (0,)n>1 such that for any n > 1 and a.s.

_ _yp(tn) L2
we L', we pH' =960) N C,y: pByy " ()N Cy,: pBay (6)).

Proof. To conclude it remains to check the conditions of theorem 4.8. Firstly, recall
that —p,A_,_  , has a bounded H>-calculus (see example A.4). Therefore, by theorem 3.7
_DA—l—s,q S SMR].),K(T)

Moreover, let 3,, 5, be as in (7.4), (7.7) respectively. Since g > d/(2 — s) by assumption
(see (7.3)) it follows that 5, > 3.

By assumption 7.1(d), the estimate (5.59) holds. Therefore, (4.10) is satisfied if ¢ is
sufficiently small. O

71.2. Critical spaces for. (7.1) To find critical spaces for (7.1) we look for some k = K¢it such
that (7.5) becomes an equality. We first analyse the case p € (2,00) and « € [0, p/2 — 1). By
(7.8) to ensure x > 0 one has to impose

1 d S
;+Z+§<1' (7.9)

Since g > d/(2 — s) the above restriction is verified if p is sufficiently large. The condition
Kk < p/2 — 1 becomes
d s 1 d

| A PN . 7.10
24 25279575 (7.10)

Since ¢ > d/(d — 1 — ), by (7.3), we also need d > 2. If (7.9)—(7.10) hold, then we set

d S
/‘Gcrit3:P<1_2_§> -1 (7.11)
Therefore,
- l—s— 2(1+H‘,§rn) 471
Xpowr =pBar 7 (O) =B, (O); (7.12)

where as above we used (7.11) and (A.12). Note that the above space does not depend on s and
depends on p only through the microscopic parameter.

In the case ¢ = p = 2 and k = 0, the condition (7.5) gives | = d/2 + s > d/2. The latter
forces s = 0 and d = 2. However, s = 0 implies g > 2, thus this case has to be avoided here.
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The following is the main result of this subsection.

Theorem 7.4. Let the assumption 7.1 be satisfied. Let d > 2, s € [0,1/3] and q € (2, 0)
be such that

d<<d
2—sq

1—s

Let p € (2,00) be such (7.9) holds. Then there exists € > 0 such that if € € (0, &), then the
following hold: for any

d_y
uo € L%, (% pBg, (0))

there exists a maximal local solution (u,o) to (7.1). Moreover, there exists a localizing
sequence (0,)n>1 such that for any n > 1 and a.s.

, - d_y 1-s—2
€ LI, Wegys pH' (0)) N C5,5 pBip (O))N C,,; pBap "(O));
where Kt is given in (7.11).

Proof. By (7.3) and (7.10), the restriction on ¢ is equivalent to

maxd— 4 424
d—1—-s2-s5) 1 T+ 1—s/"

Since d > 2, one has # < %. Optimizing the right-hand side of the upper bound on g we
see that s € [0, 1/3] leads to the least restrictions on g, because in that case < < 22 Now

1—s 1+s
the result follows from theorem 7.3.

Remark 7.5. Fors = 1/3 we obtain the restriction g < % Thus, theorem 7.4 ensures local
d

. . . . g1 .
existence for initial data which takes values in B¢, (&) with smoothness g -1> —%. The
optimality of this threshold is not known.

Let us conclude this section by deriving local existence in the space L(&). Note that the
latter space has the same ‘local scaling’ of DBSJ,(ﬁ), which is a critical space for (7.1) by
theorem 7.4. Recall that € > 0 is as in assumption 7.1(d).

Corollary 7.6. Let the assumption 7.1 be satisfied. Let d > 2 and p € [d, o). Then there
exists,& > 0 such that if e € (0,¢), s € (0, 5) the following holds: for all

uo € L%, (L)) (7.13)
there exists a maximal local solution (u, o) to (7.1) and there exists a localizing sequence
(0n)n>1 such that for any n > 1 and a.s.

- 1—s—2
U € LIy, Wy pH' ™ 0)) N C,: pBY (O)) N Cs,; pB,, "(O)),

where Kt == ’—'(12_ 9.

Proof. The proof is analogous to corollary 5.7. The argument used in corollary 5.7 shows
that there exists § > 0 such that ;4 < d < £ and (7.9) hold forany s € (0,5) and p € [d, c0).
Fix s € (0,5). Theorem 7.4, applied with s € (0,5), ¢ = d and p € [d, o0), gives the existence
of £ > 0 such that if € € (0, &), then there exists a maximal local solution to (7.1) with initial
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datauy € L(L’% (Q; DBS, p( 0))) with the required regularity. To conclude it is enough to recall that
LY(O) < ,BY (O) since p > d and (A.13) holds. O

As in the previous sections, in theorem 7.4 and corollary 7.6, the solution instantaneously
regularizes in space.

72. Mass conservative stochastic Allen—-Cahn equations

In this subsection we study local existence for the following mass conservative Allen—Cahn
equation:

d
du — Audt = (V(-, u) — ]éVQ, u)dx) dr + (ZZ by j0ju + gu(:, u))dw;’, on O,

n>1 j=1
Oyu =0, on 00,
u(0) = uo, on 0.
(7.14)

Here O, V, g, b,; verify assumption 7.1, §,, - dx:=1/|0| [, - dx denotes the mean, v is the
exterior normal field on 0O

In literature (cf [ABBK16, FY19]) the problem (7.14) is usually called mass-conservative
since, at least formally, the ‘mass’ E f 51, x)dx is preserved under the flow, i.e. E f St x)dx
= E [ uo(x)dx.

To study (7.14), we employ the extrapolation—interpolation scale (yH*?(0))se[—2.) Of the
Neumann Laplacian yA,. Such scale of Banach spaces fits the boundary condition appearing
in (7.1). Indeed yH*4(O) = {u € W?4(O) : d,u =0}, yH"™(O) = W'4(O) and yH*(O)
= L1(0). We refer to example A.5 for additional properties of such spaces.

Let s€[0,1) and g € [2,00). We rewrite (7.14) in the form (5.1) by setting
Xo = yH™ "% 0), X| = yH'~9(0) and for u € X;

Au = — NA__squ, B(tHhu =0,
F(t,u) =V(t,u) — ][ V(t, u)dx, G(t,u) = Gi(t,u) + Go(t, u),
24
d
Gi(t.u) = (gt 1)1 Gatts1) = (Y buom)

j=1

As above, we say that (i, o) is a maximal local solution to (7.14) if (u, o) is a maximal local
solution to (5.1) for the above choice of A, B, F, G.
Our main results concerning (7.14), reads as follows.

Theorem 7.7. Let the assumption 7.1 be satisfied. Then theorems 7.3, 7.4 and corollary 7.6
hold for (7.14) if the spaces p,H and ;B are replaced by yH and \B, respectively.

Proof. Due to the results presented in example A.5 on the Neumann Laplacian and the  H-
scale, one can repeat the proof of the stated results literally. ([
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73. Stochastic Cahn—-Hilliard equations

The Cahn—Hilliard equation has been derived as a phenomenological model for phase separa-
tion of binary alloys. Stochastic versions of the Cahn—Hilliard equation have been proposed
in the physics to model external fields, impurities in the alloy, or may describe thermal fluctu-
ations or external mass supply see [Coo70, HH77, Lan71]. For a mathematical perspective we
refer to [ABNP19, CW02, CW01, DPD96, EM91, Scal8] and the references therein. To the
best of our knowledge the results presented below are new.

In this section we study the following stochastic Cahn—Hilliard equation for the unknown
process u: Iy x Q x 0 — R:

du + A%udr = A(G(-, u))dr + th,,(~, wydw,, on O,
n>1

Oyu = 0,Au =0, on 00, (7.15)
u(0) = uo, on O.

Here v denotes the exterior normal field on d&. Reasoning as in subsection 5.6.4, one could
allow an additional multiplicative noise term (b, Jiu + b;ju0;0;u) dw!' as long as ||(bij)n>1]|2
is small. Note that since the operator is of fourth order, we do not need a smallness condition
on the first order part (bj;)n>1.

We study (7.15) under the following assumption.

Assumption 78. Letd > 2.
(a) Assume that one of the following conditions holds:

e g€ [2,00),p€E (2,00)and k € [0, p/2 — 1);
e g=p=2andk =0.

(b) @ C RYis a bounded domain with C* -boundary.

(c) The maps ¢p:Ir x QX O xR —R and ®:=(®,),>1:Ir x A x O xR — (> are
PR B(0O) @ B(R)-measurable, ¢(-,0) € Ly x Q; LY(0)) and D(-,0) € L=y x
O; L1(0; £%)). Moreover, we assume that there exist # > 1 and a constant C > 0 such that
forall y,y € R,

16, 3) = ¢+ 1@ y) = ul, Y Vuzille < CA+ [y + " Dy — ¥/
Note that the above condition for # = 3 covers the case

&) = V'(u) =u® —u, where U(s) = %(s2 — 1% (7.16)

In the physical literature W is called the double well-potential. In example 7.11, this case will be
investigated in detail. By assumption 7.8(b), we can study (7.15) in the scale (,H*¥(0))s>—_4
introduced in example A.6. Such scale fits the boundary conditions required in (7.15). For
instance,

JHY(0) = {u e WH(O) : dyulpe = 0,Aulpe = 0},
JH(0) = {u € WH(O) : dulpe = 0},
and ,H(0) = LY(0). We refer to example A.6 for further properties.

73.1. Almost very weak setting. Let s € [0,2) and g € [2, 00). We rewrite (7.15) in the form
(5.1) by setting Xo:= ,H >"59(0), X; = ,H**4(0) and for u € X,
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Au =, A%, u, B(tHu =0
F(t,u) = A, (o1, u)), G(t,u) = (P,(t, u))n>1-

Here An , 1s the extrapolated bi-Laplace operator (A.15) and , Ay, is as in (A.21).
As usual, we say that (i, o) is a maximal local solution to (7 15) 1f (u, o) is a maximal local
solution to (5.1) in the sense of definition 4.4 with the above choice of A, B, F, G and H = ¢*.
To show local existence for (7.15) we employ theorem 4.8. By example A.6 it follows
that ,A;' " has a bounded H*-calculus on ,H *(&) of angle less than 7 /2. By theorem

3.7, it follows that ,A;' % e SMR;,(T). It remains to look at suitable bounds for the
nonlinearities F, G. Let us begin by looking at F:

HF(’ u) — F(, 'U)”VH*%S.q(ﬁ)
©)
S ”QS(’ u) — (-, U)H,,H*S-f/(ﬁ)

(i)

S Ml w) = ¢, )l (7.17)
(iii)

< (1+ ||u||Lhr(ﬁ) + HU”Lhr(ﬁ))”u U”Lh’(ﬁ)

(iv)

< 1+ HM‘ HGq(ﬁ) + HU| H(?q((j))Hu - /U”VHWI(ﬁ)'

where in (i) we used that VA’Z’W . H™59(0) — ,H > *4(0) boundedly (see (A.21)), in
(ii) Sobolev embedding with —s — d/q = —d/r (see (A.20)). In (iii) we applied Holder’s
inequality and assumption 7.8(c), and in (iv) we used Sobolev embeddings with

d d d 1 d

Note that r € (1, 00) since we assume g > d/(d — s). To ensure 6 € (0,2 — s) we require

d(h— 1) dh— 1)
m—sh—1) 1S T 5
Setting
O+s+2 1/d N1
et = (G (1-5) + T

we obtain ,H%4(0) = [, H >~ 0), ,,Hz’s’q(ﬁ)]gl by (A.16). Obviously, 6 < 2 — s implies
that 5, < 1. Summarizing, we have proved that F': X3, — Xy is locally Lipschitz. As usual,
we split into three cases (see remark 4.2(a) and (b)):

(a) If 1 — (1 4+ k)/p > B;, (HF) holds with Fry = F, F. = F;, = 0.

(b) If1 — (1 + x)/p = B, HF) holds with Fy = 0,F,.:=F,F;, =0,mp = 1,p, = h — 1 and
o1 =By

(¢) f1 —(1+k)/p< B,,(HF)holds with Fy = 0, F.:=F,F, =0,mr = 1,p;, = h — l and
(; = B, under the condition (4.2). The latter becomes

1+k p1—|—1 h 1( d)

Ba-py=s—r—+

p 2(h—1) 4 (7.19)
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Next we estimate G. Reasoning as in (7.17), using that X,,, = H~*(0) by (A.16) and
assumption 7.8(c), one has

HG(, u) — G(-, U)H'\,(é’Z;DH"""/(ﬁ))
S @u(o ) = P V)uz 12070y
o)

~ [(@nCsu) = @uC, )zl 1r o2

S+l )+ [0t o)l = vl

S A+l )+ 01 ol = v

where r, 6 are as in (7.17) and in (i) we used (2.11). Thus, under the above assumptions, the
same argument used for F implies that G verifies (HG).
Finally, by (A.18), the trace space is given by

LI 4(1+k)

X1 = Xo.X1), L, = B, 7 (O).

See (A.19) for more on , B-spaces. Thus, theorem 4.8 gives the following result.

Theorem 7.9. Suppose that assumption 7.8 holds. Let s € [0,2) and assume that

max{ dih—1) d }<q<d(hs—1)

2h—sth—1)'d—s (7.20)

holds*. Let 3, be as in (7.18). Assume that one of the following conditions holds:

e 1l —(1+r)/p=p
e | —(1+kr)/p< B and (1.19) holds.
Then for any

4(14k)

2—s5— :
Up € LOgO(Q; qu,p "(0))

the problem (7.15) has a maximal local solution (u, o). Moreover, there exists a localizing
sequence (0,)n>1 such that for eachn > 1 and a.s.

o Ad+r)

§— —5— é
we L', we HUO) N CAy Bay 7 (0)N Cllys By "(O)).

73.2. Critical spaces for (715). As usual, we check when (7.19) becomes an equality. We first
look at the case p € (2, 00). Since k > 0 we have to assume

1 h 1 d
<z i () 72y

Since k < p/2 — 1 if and only if (1 + k)/p < 1/2, we require
Ch Ay -1
2h—1) 4 ¢) 271 -y

#Here we used the convention 1/0: = oc.
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Simple computations show that the previous is verified if and only if

dh— 1)
2—sth—1)]"

2 2
h > +s, or {h<+s and ¢ <
S K

(7.22)

If (7.22) holds, then

o ho (0 dY P
ncr.t.—p<2(h_l) 4<s+q)> 16[0,2 1). (7.23)

By (A.18), the corresponding critical space is

. 5 40tng)
X" — B, 7(0)
ScritsP @-r ) 2 (7.24)
—St+ior Ty +s 7T
= qu hl (ﬁ) 5’ ) (ﬁ)

Note that the trace space does not depend on the parameter s € [0, 2) and depends on p only
through the microscopic parameter. In addition, it coincides with the critical space for (7.15)
in the deterministic setting (see [PSW 18, example 3]).

In the case p = ¢ = 2 and xk = 0, equality in (7.19) holds if and only if

1 h 1 d 4
E—M‘Z<”E> =t (7.25)

Thus, in this case the trace space becomes
2

d_
vB23(0) = By, "1 (0),

where we used (7.25). The latter space is consistent with (7.24) in the case g € (2, 00). The
previous considerations and theorem 7.9 give the following result.

Theorem 7.10.  Let the assumption 7.8 be satisfied and let s € [0, 2). Assume that one of the
following conditions hold:

(ag=p=2,h=1+ ﬁ, d > max{2s,2s*/(2 — 5)} and kit = 0.
(D) q € [2,0), p € (2,00), (7.20), (7.21), (7.22) hold and Ky is given by (7.23).
Then for each

2

d_
uo € L%, (% ,BL, " (0)),

there exists a maximal local solution (u, o) to (7.15). Moreover, there exists a localizing
sequence (0,)n>1 such that for all n > 1 and a.s.

2 4
= 2—5s—=

d_
uel? (Ign,u)ﬂcm,VH2 YN C(,,; Bl " )N CW0,0,1;,B4p 7).

Proof. It remains to check the condition of theorem 7.9 for g = p =2 and k = 0. To see
this, note thatifg =p=2andh =1+ 5"~ + -» then the condition (7.20) is equivalent to

max L i < 2 < L
d—s d+4 s(d + 2s)
Since 24 - 4. < 2 is always true, the remaining conditions imply d > max{(2s), 7= S} O
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Let us give a concrete example to see what this condition becomes in an important special
case.

Example 7.11. Let 2 =3 and d = 3. By (7.20)—(7.22), the limitations on ¢ € (2,00) in
theorem 7.10 are equivalent to

[ 3 . (6 3
s<1, and — < g<miny —, s
3—% s 1—s

or

[ 3 6
s>1, and —<q<—].
3—% s

Let us consider the first cases, i.e. s < 1. Optimizing the upper bound on ¢ we obtain 2 <

g <9 fors = 3. Thus, if % <3-1 (s + 3) holds, then theorem 7.10 ensures existence for

3
initial values ug € B, (O) a.s. with smoothness (3} —1> —%. Inthecase s > 1,¢q < g and
therefore % —1> % —1> —%. A similar situation arises for the Allen—Cahn equations, see

remark 7.5. As in the case of Allen—Cahn equations, the optimality of the threshold —% is not
know.

Due to theorem 7.9 the same strategy used in corollary 7.6 leads to the following result.

Corollary 7.12. Let the assumption 1.8 be satisfied. Let h > 1 +4/d and q:=d(h — 1)/2.
Assume that p € [q,00) and p > 2(h — 1). The there exists s > 0 such that for any s € (0,5)
and any

uo € L%, (Q:L4(0))

there exists a maximal local solution (u, o) to (7.1), and there exists a localizing sequence
(0n)n>1 such that for any n > 1 and a.s.

g4
U € LIy, Wegys JHUON) N Clly B2 (O)) N Cllys By " (O)),

where Kt = p(% --1L

We remark that the restriction p > 2(h — 1) is due to (7.21). Finally, as in corollary 7.6, one
sees that the solution immediately regularizes.
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Appendix A. Interpolation—extrapolation scales

In this appendix we present results on interpolation—extrapolation scales for sectorial operators
which we need in the paper. For a more detailed presentation we refer to [Ama95, chapter 5]
and [Haa06, section 5.3].
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Definitions related to sectorial operators have been given in subsection 2.1 and will be used
below. Let o7 be a sectorial operator on a Banach space X such that 0 € p(2?). The latter
implies that (X, |27 - ||x) is a normed space. We define the extrapolated space X_; ., as the
completion of (X, |27~ - [|x), i.e.

X =X |07 (A.1)

where ~ denotes the completion of the space. For notational convenience we set || - ||_1.os == 1| -

HX,W- Itis evident that X — X | oy and if x € X

Il -1 = [l xllx < [l27~ Lo l1xlx-

Since D(«7) = X, equality in the previous formula shows that D(«?) > x — o7x € X extends
to a linear isometric isomorphism between X and X_; .. The extension of this map will be
denoted by 7_ o, or simply 7_; if no confusion seems likely.

To proceed further, let us note that <7 induces a closed linear operator </ _; on X_; given
by

o =T AT|. (A.2)
One can check that o7 ||y = . By (A.2), < is similar to @7_;. These simple observations
lead to the following.

Proposition A.1. Let o7 be a sectorial operator on X such that and 0 € p(<f). Then of
is the closure of </ in X_| with D(&/ ) = X.
Moreover, the following hold true:

(a) o/ _y is a sectorial operator on X 1 o7 and w(<f 1) = w(H);
(b) If of € BIP(X), then of 1 € BIP(X_1 o),
(¢) If & has a bounded H*-calculus on X, so does o | and wyo (2 1) = wy ().

The previous proposition shows that if .o/ _; is sectorial, then the fractional power (27 ;)"
for aw > 0 are well defined closed linear operators on X_; o,. Let us denote by X|_, o the
domain of (&7 _)“,

X it = (DA DL 1) - |Ix), a=0. (A3)

By proposition A.1 one has D(&7_;) = X and thus X, . = X.
Let @ > —1 and let o7, be the realization of &/ | on X, oy, i.e.

D) ={x €Xoo : & 1x € Xoer }
A x = 1x, ifx e D(H,), x € D(A,).

Note that &/y) = &/ and &/, = &/ if a = —1. Under suitable assumptions, (X, o )a>—1
becomes an interpolation scale with respect to complex interpolation (see [Haa06,
theorem 6.6.9]):

Proposition A.2. Ler of € BIP(X) be such that 0 € p(<f). Let (Xo.c7)a>—1 be as above.
Then

Xo(1-0y1 80,7 = [Xo,or, Xporlo, .= —1,60¢€(0,1).

isomorphically.
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If the assumption of the previous proposition holds, then we say that (X, o/, &7 )a>—1 is the
interpolated-extrapolated scale of 7.

In applications it will be useful to have the description of the spaces X_, s for a € (0, 1)
given in [Ama95, chapter 5, theorem 1.4.9]. Here o7* denotes the adjoint operator of <.

Theorem A.3. Let &/ a sectorial operator on a reflexive Banach space X such that
0e p(;z{). Then for each ¥ € [0, 1], X_y o is isomorphic to the dual of the space Xy .+ =
(D)), |(27*) - ||x). More concisely,

X g = Xy )"

Due to proposition A.1, the construction can be iterated again and one can construct a family
of super-spaces (X_, o/),>1 and operators (./_,),>; with analogous properties. Since it will
be not used in the paper we refer to [Ama95] and [Haa06] for the complete construction.

In the following examples we look at operators which will be used later.

Example A.4 (Dirichlet Laplacian). In this example we specialize the above construc-
tion to the strong Dirichlet Laplacian , A, where g € (1, 00). In this example we assume that &

is a C*>-domain in R? with compact boundary. Note that exterior domains are allowed. To begin,
let us set Wé’q(ﬁ) :={u € W"(O0) : ulps = 0}. The strong Dirichlet Laplacian is defined as

pA,  WH(O)N Wy U(0) C LUO) — LUO), pA,f=Af. (A4)

By [DDH'04], there exists ¢ > 0 such that A, :=cI — DAq has a bounded H*-calculus on
L9(0) with angle wy=(A,) < /2. 1If € is bounded, then we may set ¢ = 0.
Thus, A, generates an extrapolated—interpolated scale, which will be denoted by

(DHza’q(ﬁ)’Aqu)

a€l—1,00)"

Therefore, ,H*9(0) = W*(0) N Wé’q(ﬁ) and ,H%9(0) = LI(0O). By proposition A.2, for
all =2 < 51 < s < oo one has

pHY(O) = [, HV(O), hH>(0)]y, ¥ € (0,1),s:=(1 —0)s; + Os>.

(A.S5)
Moreover, by theorem A.3,
pH M (O) = (LH>(0))", s€(0,2). (A.6)
We define the extrapolated Dirichlet Laplacian as:
DAW = —Aggtcl, s>-2. (A7)
Note that Ay, = pA,. By [See72] and (A.5) one has the following identification:
H*(O) ifs € (0,1/¢),
pHY(O) = (A.8)
{H™(O) : ulpe =0} ifs € (1/q,2).

Here H*4(©) denotes the Bessel potential spaces on domains (see [Tri95, section 4.3.1]). Note
that we avoided the s = 1/q as in this case the description is more complicated. The latter
identity implies ,H'9(0) = Wé’q(ﬁ), and by (A.6) one has

pH™M(0) = Wy (@) = W 9(O).
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The above identities and an integration by parts argument show that ,A_; is the ‘weak
Dirichlet Laplacian’, i.e. pA_, ,: Wé’q(ﬁ) C W (@) — W 4(0) and

(g p Ay, f) = /ﬁ Ve Vide feWN(o).ge Wi (o) (A9)

see [PSW18, example 3] for details. The same integration by parts argument, allows us to con-
sider the divergence operator div := Z?:lﬁj as a map div: LY(O;R?Y) — ,H 19(0) defined
by

—(g,divF) = /ﬁF -Vgdx, VFeLY(O;RY, ge Wé’q/(ﬁ). (A.10)

For later use, we discuss Sobolev type embedding results for ,H-spaces. For so,s1 > —1,
and | < g, < ¢, < oo such that so — d/q, > 51 — d/q,, one has

LHOO(O) < JHVN(O). (A.11)

Indeed, this follows from the steps below.

(a) If sg,s; = 0, then (A.11) follows from (A.8) and the embedding for H-spaces (see [Tri95,
theorem 4.6.1]).

(b) If s, 51 < 0, then (A.11) follows from (A.8) and the duality (A.6).

(c) If 51 < 0 < s¢ are arbitrary, then let p € (g, c0) be such that s — d/q, = —d/p. Then
(A.11) follows from

pH(0) — [ HOP(0) < pH Y (0).

We conclude this example by looking at real interpolation spaces. For any 6 € (0, 1) and
q,p € (1,00) we define

pB I T(O) = (H >(O), pH>(0)),p.

By [BL76, theorem 4.7.2] and (A.5) for —2 < 59 < 51 and 8 € (0, 1) one has
DB;I,(ﬁ) = (pH™(O), pH " (0))gp, wheres:=(1 —0)so +0s1. (A.12)
The notation ;B is motivated by the following identification (see [Gri69]):

B; (0), s €(0,1/g),
pBy(O) = , (A.13)
{u € B, ,(O) : ulpe = 0}, se(1/q,2).

Here B;p(ﬁ) denotes the usual Besov spaces on domains (see [Tri95, section 4.3.1]).
The same reasoning can be applied to other boundary conditions.

Example A.5 (Neumann Laplacian). Inthisexample we look at the Neumann Laplacian
NAq. Here we assume that & C R? is a bounded C>-domain. As usual, v denotes the exterior

normal field on 00 Let g € (1,00) and D(yA,) = {u € W24(0) : 0,u = 0}, the Neumann
Laplacian is given by

v, :D(yA) CLUO) —~ LUO),  yAf=Af, for f € D(A,).

4202



Nonlinearity 35 (2022) 4100 A Agresti and M Veraar

By [DDH'04], there exists ¢ >0 such that Alq\' ::c—NAq has a bounded H™-
calculus with angle < /2. Therefore, Aflv generates an interpolated—extrapolated scale

(vH**9(0),AY. )aci-1.00)- The extrapolation Neumann Laplacian is given by:
N 20, [—1,00) p p

ZAS I :ZAQVW —cl, Va>-l.

Below we list the main properties and further definition related to the ,H-scale. Their proofs
are similar to the one in example A.4.

o yH*(O) = LI(0)and yH*(O) = D(vA,)-
e Complex interpolation property: for all =2 < s; < s, < oo and 6 € (0, 1),

VH(O) = [yH(O). \H*(O)]g, 5= (1= O)s1 + b2,
e Duality: by theorem A.3,
WHO) = GH (O, s €(0.2),
e Identification of yH*(O):
H(6) ifs € (0,1+1/q),

v (O) = {
{HS,(I(ﬁ) . 81/“‘0()’ = 0} ifs € (1 + l/q, 2)

e Real interpolation: for p € (1,00), 6 € (0, 1) and
NB2TH(0) = (yH29(0), yH>(O)),p
= (vH >4(0), \H(0)),

provided —2 < 59 < 51, ¢ € (0, 1) and —2 4+ 46 = (1 — ¢)so + ¢s;.
o Identification of \B*4(0): for any ¢, p € (1, 00)

B, (O), se(=2,1+1/g),
nBy,(O) =
{u e B, (O): Oulpe =0}, se(+1/q,2).
e Sobolev embeddings: for any s¢,s1 = —1, 1 < gy < ¢, < oo such that so — d/q, > s1
—d/q, one has
VHOO(O) — JH(O). (A.14)

In the following example we look at powers of the Neumann Laplace operator.

Example A.6 (bi-Laplacian). In this example we look at bi-Laplace operators with
Neumann-type boundary conditions. Here, & C R?is a bounded C*-domain and v denotes the
exterior normal derivative on 9@ Let g € (1, 00) and set D(VAé) ={u € H*(O) : d,ulpe
= 0,Aulpe = 0}. The bi-Laplacian with Neumann type boundary conditions is given by

VAL DAY CLUO) — LUO), AL f=NF.

By [DDH™04], it follows that there exists ¢ > 0 such that A; =cl + VA; has a bounded H*°-
calculus with angle wy=(Ay) < /2. In particular, Ay generates an extrapolated-interpolated
scale

(H*™(0),A}, Dacl-1.50)-
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Let us denote by Aiq the extrapolated bi-Laplacian
yAiq =A{, —cl, s€(-4,0), g€ (1,00). (A.15)

Let us list some properties which will be needed in subsection 7.3. The proofs are similar to
the one given in example A 4.

o H(0) = LI(0)and H*(0) = D(,A)).
e Complex interpolation property: for all —4 < 51 < s, < oo and 6 € (0, 1),

SO = [ HY(O), H*(O)]p, s=(1—10)s + 0ss. (A.16)
e Duality: by theorem A.3,

JHH(O) = (LHY (0)), s € (0,4).
e Identification of ,H*(O):

H>(0) ifs € (0,14 1/qg),

JHY(O) = ¢ {HY(O) : dyulpe = 0} ifse(1+1/¢,3+1/q),
{Hs’q(ﬁ) : 8l,u|aﬁ =0, a,,Au‘g)ﬁ = 0} ifse 3+ 1/6], 4).

(A.17)
e Real interpolation: for p € (1,00), 6 € (0, 1) and
BAT(0) = ( H*(O), H"(O))y,, = (,H *(O), , H*(O))s; (A.18)
provided —4 < 59 < 51, ¢ € (0,1) and —4 + 80 = (1 — ¢)sp + ¢s;.
e Identification of ,B*Y(&): for any ¢, p € (1, c0)
B (O), ifs € (~2,1+1/g),
B (O) = { {u € By (O) : ulpe = 0}, ifse (1+1/q,3+1/q),
{ue B;p(ﬁ) Culpe = 0,0,Aulpe =0}, ifse (3+1/q,4).
(A.19)

e Sobolev embeddings: for any so,s1 > —1, 1 < g, < ¢; < oo such that so — d/q, = s1
—d/q, one has

JHOD(0) —  H(6). (A.20)

We conclude this example by looking at the Laplace operators on ,H *-spaces. To this end,
let us note that we can define A_4,: ,H >9(0) — ,H *9(0) as

(W, A_yg0) = (A, ¢), ¢ € H"(O),¢ € H>O),

where we used that \H *9(0) = (,H*Y (€))* and the fact that Ay € H>7(0) by (A.17).
One can readily check that the above definition is consistent with the usual Laplacian provided
¢ € H(0).
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Since A, : , H*(O) — L1(0) = ,H™(0), by (A.16) and interpolation, one gets

A gy H(O)— H *(0), boundedlyfors e [-2,2]. (A.21)
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