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Abstract. In this paper we study local Hamiltonian operators for
multi-component evolutionary differential-difference equations. We ad-
dress two main problems: the first one is the classification of low order
operators for the two-component case. On the one hand, this extends
the previously known results in the scalar case; on the other hand, our
results include the degenerate cases, going beyond the foundational in-
vestigation conducted by Dubrovin. The second problem is the study
and the computation of the Poisson cohomology for a two-component
(−1, 1)-order Hamiltonian operator with degenerate leading term ap-
pearing in many integrable differential-difference systems, notably the
Toda lattice. The study of its Poisson cohomology sheds light on its
deformation theory and the structure of the bi-Hamiltonian pairs where
it is included in, as we demonstrate in a series of examples.
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1. Introduction

Evolutionary differential-difference equations (D∆Es) are a class of sys-
tems for functions depending on two sets of variables, of which one is a
continuous parameter (the time) and the other takes value on a lattice. The
prototypical example of such class is the (infinite) Volterra lattice, satisfied
by a function u(n, t) (n ∈ Z, t ∈ R) such that

∂tu(n, t) = u(n, t) (u(n+ 1, t)− u(n− 1, t)) .

Introducing the shift operator S such that Spu(n, t) = u(n+ p, t), p ∈ Z, a
generic D∆E system for ℓ functions (we say that the system has ℓ compo-
nents) of one spatial and one time variable is of the form (u = (u1, . . . , uℓ))

∂

∂t
ui(n, t) = F i

(
. . . ,S−1u, u,Su, . . .

)
for i = 1, . . . , ℓ. Among this class of systems, we are particularly interested
to those who can be cast in a local Hamiltonian form, namely written as

∂tu
i =

ℓ∑
j=1

Kij δH

δuj
(1.1)

for a difference operator K and a local functional H. The operator K must
be such that it defines a Lie algebra structure (the local Poisson bracket) on
the space of local functionals and the usual Lie algebra morphism between
local functionals and the Lie algebra of evolutionary vector fields; if this is
the case, we say that K is a Hamiltonian operator.

The study of Hamiltonian operators is particularly important in the the-
ory of integrable systems and in deformation quantisation. The Hamiltonian
structures of many integrable differential-difference systems have been iden-
tified (see [20] and references therein); as it is well known, the existence
of two different, but “compatible”, Hamiltonian formulations for the same
system makes it bi-Hamiltonian – this is a criterion to assess its integrability
and a tool to obtain its symmetries [26, 28].

The study of Hamiltonian structures of D∆Es is the main topic of this
paper. The theory of multiplicative Poisson vertex algebras [12, 13] has pro-
vided a convenient framework for their description. In [12], in particular,
the second author and collaborators obtained a classification of ℓ = 1 com-
ponents (or scalar) difference Hamiltonian operators up to the 5th order.

Little inspection, however, has been devoted to multi-component differ-
ence Hamiltonian structures. Despite the relative abundance of examples,
the only classification result we are aware of is an early result by Dubrovin
[15, 16], and later expanded on by Parodi [27]. These authors addressed
the case of difference Hamiltonian operators of order (−1, 1) with nonde-
generate leading term, namely difference operators as in (3.1) where A is a
nondegenerate matrix.

In this paper, we provide necessary and sufficient conditions for the exis-
tence of multi-component Hamiltonian structures of order (−1, 1) depend-
ing at most on nearest neighbours (see Theorem 7), which itself is a nec-
essary condition in the nondegenerate case (see Proposition 6). For the
two-component case (ℓ = 2) we provide normal forms for the Hamiltonian
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operators, in both the nondegenerate and degenerate cases. The prototyp-
ical example in this class is given by the Toda lattice (see [20] and Section
5.1 hereinafter for more details){

ut = u (v1 − v)
vt = u− u−1

which can be written in Hamiltonian form (1.1) with respect to the two
Hamiltonian operators

H1 =

(
0 uS − u

u− u−1S−1 0

)
, H2 =

(
uu1S − u−1uS−1 uv1S − uv
uv − u−1vS−1 uS − u−1S−1

)
.

The second Hamiltonian structure H2 belongs to the class first studied by
Dubrovin [15], while it is worthy noticing that the first Hamiltonian structure
has degenerate leading term and, in some coordinate system, assumes the
constant form

H0 =

(
0 S − 1

1− S−1 0

)
. (1.2)

In analogy with finite dimensional manifolds, where Poisson brackets
are identified with Poisson bivectors, we can do the same on the infinite-
dimensional manifolds modelling PDEs and D∆Es. The Poisson bivectors
associated to the Hamiltonian operators can be used to define a differential
on the complex of multivectors, whose cohomology is called the Poisson (or
Poisson-Lichnerowicz) cohomology [23]. It provides information about the
center of the Poisson algebra (the Casimir functions), its symmetries, and
the compatible bivectors that can be defined on the same manifold.

The computation of the full Poisson cohomology for a given Poisson bivec-
tor is, in general, a formidable task. In his seminal work on Poisson man-
ifolds [23], Lichnerowicz established an isomorphism between the Poisson
cohomology of a symplectic manifold and the De Rham cohomology of the
same manifold. In the differential case, the main result on the cohomology
of Hamiltonian operators is due to Getzler, [19] who computed the Poisson
cohomology of operators of hydrodynamic type, i.e. homogeneous of first
order. The first author has contributed to investigate higher dimensional
versions of the same problem [2, 3]. The notion of Poisson cohomology for
difference Hamiltonian operators has been introduced in [8], where it was
computed in the case of scalar (ℓ = 1) operators of order (−1, 1), showing
that it is essentially trivial and hence reproducing in a different setting Get-
zler’s result. Indeed, operators of order (−1, 1) can be seen as discretizations
of differential operators of hydrodynamic type.

In this paper, we compute the Poisson cohomology for difference Hamil-
tonian structures of order (0, 0) (with ℓ = 2n) and for the first Hamiltonian
structure of the Toda lattice (for which we have the constant normal form
H0 in (1.2)). In particular, we show that its second cohomology group is
essentially trivial, namely all the compatible structures of order (−N,N),
for N ⩾ 1 can be obtained from H0 by a Miura transformation.

The paper is organized as follows: in Section 2 we recall the formalism
we use to describe D∆Es and their Hamiltonian structures, both according
to the theory of multiplicative Poisson vertex algebras [12, 13] and the so-
called θ-formalism for (local) poly-vectors. In Section 3 we find necessary
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and sufficient conditions for a (matrix) difference operator of order (−1, 1)
to be Hamiltonian, and in particular we classify two-component operators
depending only on nearest neighbours, including the class originally studied
by Dubrovin, Novikov, and Parodi. In Section 4, after recalling the notion
of Poisson cohomology for difference Hamiltonian operators, we compute it
for the so-called ultralocal case (namely a difference operator of order (0, 0))
and for the first Hamiltonian structure of the Today lattice. We find (see

Theorem 19) that the Poisson cohomology Hp(F̂ , dP0) is trivial for p > 2,
while it is concentrated in the “ultralocal” sector for lower p. In particular,
as previously mentioned, this implies that higher order deformations of H0

are trivial, i.e. related to H0 by a Miura transformation. Finally, in Section
5 we illustrate the occurrence of the aforementioned triviality for several
examples taken from the review paper [20].

2. Multiplicative Poisson vertex algebras and poly-vectors

In this section we recall the definition of a multiplicative Poisson vertex
algebra [12] and of the so-called θ-formalism for difference poly-vectors [8].

The notion of a Hamiltonian structure described in these two frameworks
is the same [8] and it is equivalent with the original definition due to Kuper-
shmidt [22] (see [12] for a proof of this). However, each framework has its
own advantages and disadvantages. Broadly speaking, using Poisson vertex
algebras and the machinery of the so-called λ-brackets makes the compu-
tations more straightforward and easy to be implemented in a Computer
Algebra System (CAS). For some of the computations required in this paper
we adapted the Mathematica package MasterPVA [7] to the multiplicative
case. On the other hand, the θ formalism is more efficient in dealing with
the complex of poly-vectors and their symmetries.

2.1. Algebras of difference functions and vector fields. Let us sum-
marise the setting of the theory of Hamiltonian differential-difference equa-
tions (see [12]). We denote by (Pℓ,S) the algebra of difference polynomials
in ℓ variables u = (u1 , . . . uℓ). By definition, this is the algebra of polynomi-
als over the field C in the variables {uin}, i = 1, . . . , ℓ, n ∈ Z (we are denoting
ui0 = ui), endowed with an automorphism S, called the shift operator, which
acts on generators as Suin = uin+1. A straightforward computation shows
that S satisfies

S ∂

∂uin
=

∂

∂uin+1

S. (2.1)

An algebra of difference functions in ℓ variables is a commutative asso-
ciative unital algebra A, containing Pℓ, endowed with derivations ∂

∂ui
n
and

an automorphism S, extending those in Pℓ, satisfying (2.1) and ∂f
∂ui

n
= 0 for

all but finitely many pairs of the indices (i, n).
We denote by C = {c ∈ A | Sc = c} ⊂ A the subalgebra of constants and

by

C̄ =

{
f ∈ A

∣∣∣∣ ∂f

∂uin
= 0 for all i = 1, . . . , ℓ, n ∈ Z

}
⊂ A

the subalgebra of quasiconstants. It follows from (2.1) that C ⊂ C̄ and that
S(C̄) = C̄.
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We define an ordering ϵ : Z → N of the set of integers as follows:

ϵ(n) =

{
2n , n ⩾ 0 ,

−2n− 1 , n < 0 .

Associated to this ordering, the algebra A carries a filtration by subspaces
(n ∈ Z, i = 1, . . . , ℓ)

An,i =

{
f ∈ A

∣∣∣∣ ∂f

∂ujm
= 0 for (ϵ(m), j) > (ϵ(n), i) in the lexicographical order

}
.

For every n ∈ Z we let An,0 = Am,ℓ, where m ∈ Z is such that ϵ(m) =

ϵ(n) − 1. We also let A0,0 = C. Hence, the first few terms of the filtration
look as follows:

C ⊂ C ⊂ A0,1 ⊂ · · · ⊂ A0,ℓ = A−1,0 ⊂ A−1,1 ⊂ · · · ⊂ A−1,ℓ = A1,0

⊂ A1,1 ⊂ · · · ⊂ A1,ℓ = A−2,0 ⊂ · · · ⊂ An,i ⊂ · · · ⊂ A .
(2.2)

The algebra of difference functions A is called normal if ∂
∂ui

n
(An,i) = An,i

for all i = 1, . . . , ℓ, n ∈ Z.

Remark 1. The filtration (2.2), hence the definition of a normal algebra
of difference functions, is slightly different from the filtration used in [12].
However, it can be checked that the statements of Theorem 5.1 and Theorem
5.2 in [12] still hold in our setting.

Remark 2. Let us denoteA0,ℓ = A−1,0 asA0 = {f ∈ A | ∂f
∂us

n
= 0, for every s =

1, . . . , ℓ , n ̸= 0}. Then A0 ⊂ A is a subalgebra with respect to the commu-
tative associative product of A.

In a normal algebra of difference functions A we can ”integrate” with
respect to the variables uin in the following sense. For every f ∈ An,i, since,

by assumption, the partial derivative ∂
∂ui

n
: An,i → An,i is surjective, there

exists g ∈ An,i such that ∂g
∂ui

n
= f . Hence, we denote∫

f duin = g . (2.3)

Clearly, we have ∂
∂ui

n
(
∫
f duin) = f and

∫
f duin is uniquely defined up to

adding an element of Ker ∂
∂ui

n
|An,i = An,i−1.

The elements of the quotient space

F =
A

(S − 1)A
are called local functionals. This name is motivated from the fact that the
space A can be regarded as the space of densities of local functionals of fields
over a discrete lattice (see [8] for details). Hence, we denote the projection
map A ↠ F with the integral sign:

∫
f = f + (S − 1)A, f ∈ A. We then

clearly have
∫
f =

∫
Sf .

The variational derivative of a local functional F =
∫
f with respect to

the variable ui is defined by

δF

δui
=
∑
n∈Z

S−n ∂f

∂uin
.



6 MATTEO CASATI AND DANIELE VALERI

It follows form (2.1) that δ
δui (S − 1)f = 0, for every i = 1 , . . . , ℓ. Hence, we

have a well defined map δ
δu : F → Aℓ defined by

δF

δu
=

(
δF

δui

)ℓ

i=1

,

which we call the variational derivative operator.
A vector field is, by definition, a derivation X of A of the form

X =
ℓ∑

i=1

∑
n∈Z

Xi,n
∂

∂uin
, Xi,n ∈ A .

We denote by Vect(A) the Lie algebra of vector fields. An evolutionary vec-
tor field is a vector field commuting with S and we denote by VectS(A) ⊂
Vect(A) the Lie subalgebra of evolutionary vector fields. By (2.1), evolu-
tionary vector fields are in one-to-one correspondence with elements Q =
(Qi)ℓi=1 ∈ Aℓ via

Q 7→ XQ =
ℓ∑

i=1

∑
n∈Z

Sn(Qi)
∂

∂uin
. (2.4)

Conversely, given an evolutionary vector field X, we associate to it the
vector (X(ui))ℓi=1 ∈ Aℓ, which is called the characteristics of X. Given two
evolutionary vector fields XP and XQ their Lie bracket is

[XP , XQ] = X[P,Q] , (2.5)

where (i = 1, . . . , ℓ)

[P,Q]i = XP (Q
i)−XQ(P

i) =
ℓ∑

j=1

∑
n∈Z

(
Sn(P j)

∂Qi

∂ujn
− Sn(Qj)

∂P i

∂ujn

)
.

Moreover, given an evolutionary vector field X of characteristic Q ∈ Aℓ, we
denote by X̂ the induced map X̂ : F → F defined by

X̂(F ) = X̂

(∫
f

)
=

∫
X(f) =

∫
Q · δF

δu
, (2.6)

where the in last identity we are using the usual dot products of vectors.
We call X̂ a local 1-vector. Local 1-vectors form a Lie algebra with bracket
induced by (2.5).

In the sequel, with a slight abuse of notation, we will drop the hat sign
and we will use the same symbol for an evolutionary vector field of A and
for its local 1-vector on F .

2.2. Difference operators and multiplicative Poisson vertex alge-
bras. We denote by Mℓ(A) = Matℓ×ℓ(A[S,S−1]) the algebra of (local) ma-
trix difference operators. Elements of Mℓ(A) are Laurent polynomials

K(S) =
N∑

l=M

KlS l , Kl = (Kij
l )ℓi,j=1 ∈ Matℓ×ℓ(A) , (2.7)

with the associative product ◦ defined by the relation

S ◦A = S(A)S , A ∈ Matℓ×ℓ(A) .
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We say that K(S) as in (2.7) is a difference operator of order (M,N). A
difference operator of this class defines a bilinear map F × F → F by the
formula

B(F,G) =

∫
δF

δu
·K(S)

(
δG

δu

)
. (2.8)

The adjoint of a difference operator K(S) = (Kij(S)) as in (2.7) is the
difference operator K∗(S) = ((K∗)ij(S))ℓi,j=1, where

(K∗)ij(S) =
N∑

l=M

S−l ◦Kji
l . (2.9)

If K is skewadjoint, namely K∗(S) = −K(S), then the bilinear map B is
skewsymmetric. Viceversa, if B as in (2.8) is skewsymmetric, then K(S)
is skewadjoint (such B will be called a local 2-vector in Section 2.3). Note
that, a local difference operator of the form (2.7) is skewadjoint if and only
if M = −N for N ⩾ 0 and

Kij
−l = −S−lKji

l , (2.10)

for every i, j = 1, . . . , ℓ and l = 0, . . . , N , [8, Proposition 9]. In particular,
this means that K0 is a skewsymmetric matrix.

A (local) multiplicative λ-bracket on an algebra of difference functions
A is a bilinear operation A × A → A[λ, λ−1] that satisfies the following
properties:

(1) sesquilinearity: {Sfλg} = λ−1{fλg} and {fλSg} = λS{fλg}, for
every f, g ∈ A;

(2) left and right Leibniz rules: {fλgh} = {fλg}h + g{fλh}, {fgλh} =
{fλSh}g + {gλSh}f , for every f, g, h ∈ A.

The notation {fλSg}h should be read as follows: write

{fλg} =

N∑
p=M

cpλ
p , (2.11)

then {fλSg}h =
∑N

p=M cpλ
pSph, namely we replace λ with λS in the ex-

pansion of the λ-bracket and we let the shift operator act on the right.
Given a λ-bracket on A we define a matrix difference operator

K(S) = ({ujSu
i})ℓi,j=1 (2.12)

by replacing λ with the shift operator S. On the other hand, given a matrix
difference operator K(S) we associate to it a multiplicative λ-bracket on A
according to the following Master Formula [12]

{fλg}K =

ℓ∑
i,j=1

∑
m,n∈Z

∂g

∂ujm
(λS)mKji(λS)(λS)−n ∂f

∂uin
. (2.13)

In particular, writing K(S) as in (2.7), the Master Formula (2.13) on gen-
erators becomes

{uiλuj}K = Kji(λ) =

N∑
l=M

Kji
l λl . (2.14)
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When A = Pℓ, equations (2.12) and (2.13) give a one-to-one correspondence
between multiplicative λ-brackets on Pℓ and the algebra of matrix difference
operators Mℓ(Pℓ) (this is also true for some algebras of difference functions,
see Remark 2.3 in [12]).

Note also that the bilinear operation defined in (2.8) is given in terms of
the multiplicative λ-bracket (2.13) as follows

B(F,G) =

∫
{gλf}K

∣∣
λ=1

. (2.15)

For an element f ∈ A we define its Fréchet derivative as the difference
operator Df (S) : Aℓ → A defined by (see (2.4))

Df (S)Q = XQ(f) =

ℓ∑
i=1

∑
n∈Z

∂f

∂uin
SnQi , Q = (Qi)ℓi=1 ∈ Aℓ . (2.16)

More generally, for a collection of elements ϕ = (ϕ1, . . . ϕm) ∈ Am, the
corresponding Fréchet derivative is the matrix difference operator Dϕ(S) :
Aℓ → Am defined by (k = 1, . . . ,m)

(Dϕ(S)Q)k = Dϕk(S)Q
(
= XQ(ϕ

k)
)
, Q = (Qi)ℓi=1 ∈ Aℓ . (2.17)

Explicitly, Dϕ(S) =
(
Dij

ϕ (S)
)
∈ Matm×ℓ(A[S,S−1]) is the matrix difference

operator with entries

Dij
ϕ (S) =

∑
n∈Z

∂ϕi

∂ujn
Sn , i = 1, . . . ,m , j = 1 . . . , ℓ . (2.18)

By equation (2.9), the adjoint of the Fréchet derivative operator Dϕ(S) is

the matrix difference operator D∗
ϕ(S) =

(
(D∗

ϕ)
ij(S)

)
∈ Matℓ×m(A[S,S−1]),

where

(D∗
ϕ)

ij(S) =
∑
n∈Z

S−n ◦ ∂ϕj

∂uin
, i = 1, . . . ,m , j = 1 . . . , ℓ . (2.19)

In particular, from (2.19), we have that D∗
f (S)(1) = δF

δu , where F =
∫
f ,

f ∈ A. Hence, using equations (2.16) and (2.19) we can then rewrite the
Master Formula (2.13) as

{fλg}K = Dg(λS)K(λS)D∗
f (λS)(1) . (2.20)

Let A be an algebra of difference functions endowed with a multiplicative
λ-bracket {· λ ·}. As in [12], we say that A is a multiplicative Poisson ver-
tex algebra (multiplicative PVA) if the multiplicative λ-bracket satisfies the
skewsymmetry property

{gλf} = −→{f(λS)−1g} (2.21)

and the Jacobi identity

{fλ{gµh}} − {gµ{fλh}} − {{fλg}λµh} = 0 , (2.22)

for every f, g, h ∈ A. The notation used in (2.21) means the following:

let {fλg} be as in (2.11), then →{f(λS)−1g} =
∑N

p=M (λS)−p cp, namely
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the formal parameter λ of the bracket is replaced by (λS)−1 and the shift
operator acts on the coefficients cp.

Let K(S) be a matrix difference operator and {· λ ·}K be the correspond-
ing λ-bracket on A defined by (2.13). It is shown in [12] that skewsymmetry
(2.21) holds if and only if K(S) is skewadjoint, and that, assuming K(S) is
skewadjoint, the Jacobi identity (2.22) holds if and only if

ℓ∑
s=1

∑
n∈Z

(
∂Hkj(µ)

∂usn
(λS)nHsi(λ)− ∂Hki(λ)

∂usn
(µS)nHsj(µ)

)

=
ℓ∑

s=1

∑
n∈Z

Hks(λµS)(λµS)−n∂H
ji(λ)

∂usn
, for every i, j, k = 1 . . . ℓ .

(2.23)

We say that a local difference operator of the form (2.7) is Hamiltonian if
and only if its associated λ-bracket (2.14) defines a multiplicative Poisson
vertex algebra structure on A, namely it is skewadjoint and the condition
(2.23) holds.

2.3. Local poly-vectors and the θ formalism. A local 1-vector is a
linear map F → F of the form (2.6). In this paragraph we extend the
definition of local 1-vectors to local poly-vectors and recall the θ formalism
as a convenient framework to describe their complex and their operations.

First, recall from [8] that a local p-vector, in the context of difference
algebras, is an alternating p-linear map Fp → F of the following form

B(F1, . . . , Fp) =
∑∫

δF1

δui1
K

i1,i2,...,ip
n2,...,np

(
Sn2

δF2

δui2

)(
Sn3

δF3

δui3

)
· · ·
(
Snp

δFp

δuip

)
.

(2.24)
We identify local 0-vectors with local functionals in the obvious way. More-
over, a skewadjoint difference operator defines a local 2-vector (or bivector)
according to the formula (2.8), since the bilinear map B is skewsymmetric;
conversely, any bivector is defined by a skewadjoint difference operator, see
[8]. The Lie bracket of local 1-vector and the action of a local 1-vector on a
local functional, i.e. the Lie derivative of a local functional along the local
1-vector, have already been described in (2.5) and (2.6).

In order to characterise the full complex of local poly-vectors (from now on
we skip the term “local” and simply call them poly-vectors), we adopt the so-
called “θ formalism”, which is now a standard machinery in the differential
case (see [19, 24, 25, 2, 3]) and has already been adapted to the difference case
(see [8] for more details), which extends to the infinite dimensional setting
the well-known fact that, for a finite dimensional manifold M , T ∗[1]M is
isomorphic to Γ(Λ(TM)).

To this aim, we introduce the space of densities of poly-vectors

Â = A[θi,n | i = 1, . . . , ℓ, n ∈ Z]. (2.25)

The space Â is graded according to

deg f = 0 , f ∈ A , deg θi,n = 1 ,

and the product in Â is graded commutative: fg = gf , fθi,n = θi,nf , for
f, g ∈ A, but θi,nθj,m = −θj,mθi,n. The shift operator naturally extends to
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Â by Sθi,n = θi,n+1 (we will often simply denote θi,0 = θi). We also extend

the filtration (2.2) to a filtration of Â by letting

Âp
n,i =

{
ω ∈ Âp

∣∣∣∣ ∂ω

∂ujm
= 0 for (ϵ(m), j) > (ϵ(n), i) in the lexicographical order

}
.

for every n ∈ Z, i = 1, . . . , ℓ and p ⩾ 0. For every n ∈ Z we also let
Âp

n,0 = Âp
m,ℓ, where m ∈ Z is such that ϵ(m) = ϵ(n)− 1.

The main point of this construction is the identification of

F̂ :=
Â

(S − 1)Â
with the space of poly-vectors described above. Since S respects the grada-
tion of Â, the space F̂ is graded as well and its homogeneous components
F̂p of degree p are in one-to-one correspondence with p-vectors. Indeed, a
generic element of F̂p is of the form

B =

ℓ∑
i1,...,in=1

∑
n2,...,np∈Z

∫
θi1K

i1,i2,...,ip
n2,...,np θi2,n2θi3,n3 · · · θip,np , (2.26)

K
i1,...,ip
n2,...,np ∈ A, and it is in 1-to-1 correspondence with the p-vector in (2.24).
On the space of poly-vectors it is defined a degree −1 bilinear operation

called the Schouten bracket, which extends the notion of commutator of 1-
vectors and of Lie derivative. Such bracket enjoys of a graded version of the
skewsymmetry and of the Jacobi identity, typical of a Gerstenhaber algebra:

[B,A] = −(−1)(a−1)(b−1)[A,B] (2.27)

[A, [B,C]] = [[A,B], C] + (−1)(a−1)(b−1)[B, [A,C]] (2.28)

with A ∈ F̂a and B ∈ F̂b. Note that this grading corresponds to the
one of standard Schouten brackets and it is different from the (simpler)
grading of the bracket defined in [8] (which is the one commonly used in
almost all the literature on the differential case, with the notable exception of
Getzler’s seminal paper [19]). Such bracket is nothing else that the canonical
symplectic structure on (our replacement of) T ∗[1]M [30], namely

[A,B] = −
ℓ∑

l=1

∫ (
δA

δul
δB

δθl
+ (−1)a

δA

δθl

δB

δul

)
. (2.29)

The variational derivative with respect to θ in (2.29) and in the following
is defined by the same formula as the variational derivative with respect
to u; note that the partial derivative with respect to θ must be odd (i.e.
∂θ(ab) = (∂θa)b+(−1)deg aa(∂θb)) to be consistent with θi,nθj,m = −θj,mθi,n.
Moreover, this choice of signs not only is consistent with properties (2.27)
and (2.28), but also coincides with the commutator induced by (2.5) and
the identification of [X,R] = LXR for a 1-vector X and any poly-vector R.

A skewadjoint difference operator K = K(S) as in (2.7) defines a bivector
P by

P =
1

2

ℓ∑
i,j=1

∫
θiK

ij(θj) =
1

2

ℓ∑
i,j=1

N∑
l=M

∫
θiK

ij
l θj,l. (2.30)
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Note that, thanks to the skewsymmetry, we can recover the difference oper-
ator K from P by computing

ℓ∑
j=1

Kij(θj) =
δP

δθi
. (2.31)

We say that a bivector is Poisson if its Schouten bracket with itself van-
ishes [P, P ] = 0 (the identity is non trivial because of the graded skewsym-
metry of the bracket). Moreover, there is a 1-to-1 correspondence between
Poisson bivectors and multiplicative PVAs structures on algebras of differ-
ence functions given by (2.13), see [8] for further details.

Remark 3. Because of the interplay between skewsymmetry in the exchange
of the variables θi and the integral operation, it is not always obvious how
to impose the vanishing of an element of F̂ . A convenient “normalization
operator” has been introduced by Barakat in the differential setting [1]. Note

that B ∈ F̂0 is vanishing if and only if its variational derivative with respect
to the variables ui is 0. Given an element B of F̂p for p ⩾ 1, we choose as
its representative in Âp the element

NB =

ℓ∑
a=1

1

p
θa

δB

δθa
(2.32)

and observe that B = 0 if and only if NB = 0.

2.4. Homomorphisms of algebras of difference functions and point
transformations. Let A be an algebra of difference functions in ℓ vari-
ables u1, . . . , uℓ, let B be an algebra of difference functions in m variables
v1, . . . vm. By a homomorphism of algebras of difference functions we mean
an associative algebra homomorphism ϕ : B → A such that ϕ(Sf) = Sϕ(f),
for every f ∈ B (by an abuse of notation we are denoting the shift automor-
phisms of A and B with the same symbol). Assuming that ϕ is injective,
we have m ⩽ ℓ (in the examples that will interest us we have m = ℓ) and
we can identify B with the subalgebra ϕ(B) ⊂ A. We can regard injective
homomorphisms of algebras of difference functions as “changes of variables”.
In this section we then review the usual change of variables formulas for vec-
tor fields, variational derivatives and difference operators, and we describe
a special class of homomorphisms, that are called point transformations,
which will be used throughout the paper.

Denote by ϕi = ϕ(vi) ∈ A, for every i = 1, . . . ,m, and consider the Fréchet

derivative operator Dϕ(S) =
(
Dij

ϕ (S)
)
∈ Matm×ℓ(A[S,S−1]) associated to

the collection (ϕ1, . . . , ϕm) ∈ Am using (2.19). Let also K(S) ∈ Mℓ(A)
be a matrix-difference operator and consider the corresponding λ-bracket
on A given by the Master Formula (2.13) or equivalently by (2.20). From
equation (2.16), we have Dui(S) = (δij)

ℓ
j=1, for every i = 1, . . . , ℓ. Hence,

from the Master Formula (2.20) we get (f ∈ B)

{uiλϕ(f)}K =
(
Dϕ(f)(λS)K(λ)

)
i
, i = 1. . . . , ℓ . (2.33)

On the other hand, using the Master Formula (2.13) twice, first with respect
to the variables ϕ1 = ϕ(v1), . . . , ϕm = ϕ(vm), and then with respect to the
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variables u1, . . . , uℓ, we get (i = 1, . . . , ℓ)

{uiλϕ(f)}K =

m∑
k=1

∑
n∈Z

ϕ

(
∂f

∂vkn

)
(λS)n{uiλϕk}K

=

ℓ∑
j=1

m∑
k=1

∑
n,ñ∈Z

ϕ

(
∂f

∂vkn

)
(λS)n ∂ϕ

k

∂ujñ
(λS)ñ{uiλuj}K

= (ϕ (Df (λS))Dϕ(λS)K(λ))i .

(2.34)

In the last equality of (2.33) we used (2.16) and (2.18) and we note that
Df (S) is the Fréchet derivative (2.16) of f ∈ B which computed with respect
to the variables v1, . . . , vm. Combining equations (2.33) and (2.34) we get
the identity (

Dϕ(f)(λS)− ϕ (Df (λS))Dϕ(λS)
)
K(λ) = 0 ,

which holds for any matrix difference operator K(S) ∈ Mℓ(A). We then
get, for every f ∈ B,

Dϕ(f)(λ) = ϕ (Df (λS))Dϕ(λ) . (2.35)

Let XQ be an evolutionary vector field on A as in (2.4) such that XQ(B) ⊂
B (as before we are identifying B ≃ ϕ(B) ⊂ A). Using equations (2.16)
and (2.17) we have that XQ(ϕ

i) = Dϕi(S)Q = (Dϕ(S)Q)i ∈ B, for every
i = 1, . . . ,m. Hence, applying both sides of (2.35) to Q and using (2.16) we
get the identity

XQ(ϕ(f)) = Dϕ(f)(S)Q = ϕ (Df (S))Dϕ(S)Q = ϕ
(
XDϕ(S)Q(f)

)
,

which states the change of variables formula for the restriction of the vector
field XQ to B in terms of the vector field XDϕ(S)Q on B.

Let F =
∫
f ∈ B/(S − 1)B. Since ϕ commutes with S we denote by

ϕ(F ) = ϕ(
∫
f) =

∫
ϕ(f) ∈ A/(S−1)A. Recall from Section 2.2 that δϕ(F )

δu =

D∗
ϕ(f)(S)(1) ∈ Aℓ and similarly δF

δv = D∗
f (S)(1) ∈ Bm (note that the latter

Fréchet derivative is computed with respect to the variables v1, . . . , vm).
Computing the adjoint operators of both sides of (2.35) and applying them
to 1 we get the change of variables relation between the variational derivative
of F and ϕ(F ):

δϕ(F )

δu
= D∗

ϕ(S)
(
ϕ

(
δF

δv

))
.

Furthermore, let us denote by K̃(S) ∈ Mm(A) the matrix difference opera-

tor with entries K̃ij(λ) = {ϕj
λϕ

i}K , i, j = 1, . . . ,m. It immediately follows
from (2.20) that we have the change of variables relation between K(S) and
K̃(S) given by

K̃(λ) = Dϕ(λS)K(λS)D∗
ϕ(λ) . (2.36)

If the entries of K̃(S) belong to B[S,S−1] and K(S) is a Poisson structure

on A, then K̃(S) is a Poisson structure on B.
In [15, 16], the authors think of (u1, . . . , uℓ) as local coordinates on an

ℓ-dimensional manifold M and they classify a certain class of Hamiltonian
difference operators up to local change of coordinates onM . The importance
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of considering invariance with respect to local change of coordinates of the
underlying manifold M stems from the fact that the invariant Hamiltonian
difference operators provide interesting ”geometric objects” related to the
manifold M , see for example Remark 9. In terms of algebras of difference
functions, a local change of coordinates correspond to a point transforma-
tion.

Definition 4. Let A be an algebra of difference functions in the variables
u1, . . . , uℓ and let B be an algebra of difference functions in the variables
v1, . . . , vℓ. An injective homomorphism of algebras of difference functions
ϕ : B → A is called a point transformation if ϕ(B0) ⊂ A0.

Let ϕ : B → A be a point transformation and let, as before, ϕi = ϕ(vi) ∈
A, i = 1, . . . , ℓ. In this case, since by assumption ϕi ∈ A0, we have ∂ϕi

∂uj
n
= 0,

for every n ̸= 0 (see Remark 2) and the Fréchet derivative (2.18) reduces to
the Jacobian matrix

Jϕ = Dϕ(S) =
(
∂ϕi

∂uj

)ℓ

i,j=1

∈ Matℓ×ℓ(A) .

This matrix is non-degenerate (meaning that det Jϕ ̸= 0) since ϕ is injective.
Under a point transformation, the change of variables formula (2.36) for a
Hamiltonian operator K(S) becomes

K̃(S) = JϕK(S)JT
ϕ . (2.37)

Since Jϕ has order 0 as a matrix difference operator and it is nondegenerate,

then the matrix difference operators K(S) and K̃(S) have the same order.
An example of a point transformation is the homomorphism of algebras

of difference functions ϕ : C[ũ±1
n , ṽ±1

n | n ∈ Z] → C[u±1
n , v±1

n , log un | n ∈ Z]
defined on generators by

ϕ(ũ) = log u , ϕ(ṽ) = v ,

used in Remark 16 to pass from the first Hamiltonian operator of the Toda
lattice to the Hamiltonian operator (1.2).

Remark 5. If we drop the request that ϕ(B0) ⊂ A0 in Definition 4 we get
a big group of transformations acting on the space of matrix Hamiltonian
difference operators extensively studied in [5, 6]. It is clear from (2.36) that
these transformations do not preserve the order of Hamiltonian operators,
and invariant Hamiltonian operators under such transformations lose track
of the geometric properties of the underlying manifold M .

In fact, since we can always embed an algebra of difference functions in a
suitable completion of an algebra of differential functions (see for example
[4] or the appendix in [29]), an injective homomorphism between algebras
of difference functions corresponds (under a mild non-degeneracy assump-
tion) to a Miura-type transformation, in the sense of Dubrovin-Zhang [17],
between algebras of differential functions. For example, the homomorphism
ϕ : C[vn | n ∈ Z] → C[un | n ∈ Z] given on generators by ϕ(vn) = unun+1,
which sends the modified Volterra lattice in the Volterra lattice [20], gives
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rise to the Miura-type transformation

µ(v) =
∑
k∈Z+

1

k!
u∂k

xuϵ
k = u2 + u∂xuϵ+

1

2
u∂2

xuϵ
2 + . . . .

The requirement ϕ(B0) ⊂ A0 in Definition 4 of a point transformation cor-
responds to the strongest condition that the corresponding Miura transfor-
mation is independent of ϵ.

3. Hamiltonian matrix difference operators

Recall from Section 2, that a matrix difference operator as in (2.7) is said
to be Hamiltonian if its associated bivector (2.30) is Poisson; alternatively,
if its associated λ-bracket (2.14) defines a multiplicative Poisson vertex al-
gebra.

In this paper, we are particularly interested in Hamiltonian operators of
order (−1, 1); indeed, several examples of Hamiltonian structures for inte-
grable difference equation belong to this class (see e.g. [20]), which can be
regarded as a discretisation of the Hamiltonian operators of hydrodynamic
type (namely, differential operators of order 1), see [14, 15].

A generic skewsymmetric difference operator K = K(S) of this class is of
the form

K = AS − S−1 ◦AT +B, (3.1)

where A,B ∈ Matℓ×ℓ(A) and B = −BT . The corresponding λ-bracket and
bivector (in the θ formalism) are, respectively, (1 ⩽ i, j ⩽ ℓ)

{uiλuj}K = Ajiλ− S−1Aijλ−1 +Bji, (3.2)

PK =

∫ (
Aijθiθj,1 +

1
2B

ijθiθj
)
. (3.3)

Substituting (3.1) into (2.23) we have that the λ-bracket defined by (3.2)
satisfies the Jacobi identity (2.22) if and only if the following identity holds
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for every i, j, k = 1, . . . , ℓ:

ℓ∑
s=1

∑
n∈Z

(
∂Akj

∂usn
SnAsi +

∂Akj

∂usn+1

Sn+1Bsi − ∂Akj

∂usn+2

Sn+1Ais

)
λn+1µ

+
ℓ∑

s=1

∑
n∈Z

(
∂Bkj

∂usn
SnAsi +

∂Bkj

∂usn+1

Sn+1Bsi − ∂Bkj

∂usn+2

Sn+1Ais

)
λn+1

−
ℓ∑

s=1

∑
n∈Z

S−1

(
∂Ajk

∂usn
SnAsi +

∂Ajk

∂usn+1

Sn+1Bsi − ∂Ajk

∂usn+2

Sn+1Ais

)
λnµ−1

−
ℓ∑

s=1

∑
n∈Z

(
∂Aki

∂usn
SnAsj +

∂Aki

∂usn+1

Sn+1Bsj − ∂Aki

∂usn+2

Sn+1Ajs

)
λµn+1

−
ℓ∑

s=1

∑
n∈Z

(
∂Bki

∂usn
SnAsj +

∂Bki

∂usn+1

Sn+1Bsj − ∂Bki

∂usn+2

Sn+1Ajs

)
µn+1

+

ℓ∑
s=1

∑
n∈Z

S−1

(
∂Aik

∂usn
SnAsj +

∂Aik

∂usn+1

Sn+1Bsj − ∂Aik

∂usn+2

Sn+1Ajs

)
λ−1µn

=

ℓ∑
s=1

∑
n∈Z

(
AksSn ∂Aji

∂us1−n

+BksSn ∂Aji

∂us−n

− (S−1Ask)Sn ∂Aji

∂us−1−n

)
λn+1µn

+

ℓ∑
s=1

∑
n∈Z

(
AksSn ∂Bji

∂us1−n

+BksSn ∂Bji

∂us−n

− (S−1Ask)Sn ∂Bji

∂us−1−n

)
λnµn

−
ℓ∑

s=1

∑
n∈Z

(
AksSn ∂Aij

∂us1−n

+BksSn ∂Aij

∂us−n

− (S−1Ask)Sn ∂Aij

∂us−1−n

)
λnµn+1 .

(3.4)

Proposition 6. Let K be a Hamiltonian difference operator of the form
(3.1). If A is nondegenerate, then

Aij = Aij(u, u1), Bij = Bij(u) , (3.5)

for every i, j = 1, . . . , ℓ and denoting uq = (u1q , . . . , u
ℓ
q).

Proof. SinceK is Hamiltonian, equation (3.4) holds for every i, j, k = 1, . . . , ℓ.
Let us denote

i1 = max

{
i
∣∣∣ ∃ l,m, n s.t.

∂Alm

∂uni
̸= 0

}
(3.6)

i0 = max

{
i
∣∣∣ ∃ l,m, n s.t.

∂Blm

∂uni
̸= 0

}
(3.7)

j1 = max

{
j
∣∣∣ ∃ l,m, n s.t.

∂Alm

∂un−j

̸= 0

}
(3.8)

j0 = max

{
j
∣∣∣ ∃ l,m, n s.t.

∂Blm

∂un−j

̸= 0

}
. (3.9)
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First, let us suppose i0 ⩾ 1 and i1 ⩾ 2 and consider the coefficient of λi1+1µ
in equation (3.4). We obtain the identity

ℓ∑
s=1

(
∂Akj

∂usi1
Si1Asi +

∂Akj

∂usi1+1

Si1+1Bsi − ∂Akj

∂usi1+2

Si1+1Ais

)
= 0 ,

which, taken into account (3.6), reduces to

ℓ∑
s=1

∂Akj

∂usi1
Si1Asi = 0 , (3.10)

for all i, j, k = 1, . . . , ℓ. If A is nondegenerate, then (3.10) contradicts the
definition of i1 for i1 ⩾ 2, so we can conclude that i1 ⩽ 1. On the other
hand, let us assume that j1 ⩾ 1. By computing the coefficient of λ−j1−2µ−1

in (3.4) we obtain the identity

ℓ∑
s=1

∂Ajk

∂us−j1

S−j1−1Ais = 0 ,

which, if A is nondegenerate, contradicts (3.8). Hence, we have that j1 ⩽ 0.
Together with the constraint on i1 this gives the first part of (3.5).

Similarly, using the assumption that A is nondegenerate, the same anal-
ysis for the coefficient of λi0+1µ0 in (3.4) leads us to conclude that i0 ⩽ 0,
while the same argument applied to the coefficient of λ−j0−1µ0 forces us to
exclude j0 ⩾ 1, giving the second part of (3.5). □

Theorem 7. Let K be a difference operator of the form (3.1) such that the
conditions given by (3.5) hold. Then, K is Hamiltonian if and only if

ℓ∑
s=1

(
∂Akj

∂us1
SAsi −AksS ∂Aji

∂us

)
= 0 , (3.11a)

ℓ∑
s=1

(
∂Akj

∂us
Asi +

∂Akj

∂us1
SBsi − ∂Aki

∂us
Asj − ∂Aki

∂us1
SBsj −AksS ∂Bji

∂us

)
= 0 ,

(3.11b)

ℓ∑
s=1

(
∂Akj

∂us1
Ais +

∂Akj

∂us
Bis − ∂Aij

∂us1
Aks − ∂Aij

∂us
Bks +

∂Bki

∂us
Asj

)
= 0 ,

(3.11c)

ℓ∑
s=1

(
∂Bkj

∂us
Bsi +

∂Bik

∂us
Bsj +

∂Bji

∂us
Bsk

)
= 0, (3.11d)

for every i, j, k = 1, . . . , ℓ.

Proof. Using the assumption (3.5), by a straightforward computation, we
have that the coefficients of (λ2µ)±1, (λµ2)±1 and (λµ−1)±1 vanish if and
only if condition (3.11a) holds, the coefficients of λµ, λ−1 and µ−1 vanish
if and only if condition (3.11b) holds, the coefficients of λ−1µ−1, λ and µ
vanish if and only if condition (3.11c) holds, and the constant term (in λ
and µ) vanishes if and only if condition (3.11d) holds. □
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Remark 8. Consider A0 of Remark 2. For every f, g ∈ A0, let

{f, g} =

ℓ∑
i,j=1

∂g

∂uj
Bji(u)

∂f

∂ui
∈ A0 . (3.12)

By Theorem 7, A0 with the bracket (3.12) is a Poisson algebra.

Remark 9. As stated in [15] (see [27] for further details), in the case when the
matrix A is nondegenerate, the Hamiltonian operators of the form (3.1) are
in one-to-one correspondence with admissible Poisson-Lie groups (G, r, k)

(here, r ∈ g ⊗ g and k ∈
∧2 g, g = Lie(G), are required to satisfy certain

axioms). Under this correspondence the matrices A and B take the form

A(ul, ul1) = L(ul) rR(ul1) , B(ul) = L(ul)(πG +Ad
(2)
u−1 k)L(u

l) ,

where the columns of L(ul) (respectively, the rows of R(ul)) define a basis
of left invariant (respectively, right invariant) vector fields on G in a local

chart (u1, . . . , uℓ), πG is the Poisson structure of G, and Ad(2) denotes the
adjoint action of G on g⊗ g.

Remark 10. When the matrix A is nondegenerate, hence invertible, similarly
to the proof of Theorem 2.5 of [12], we can rewrite (3.11a) as

ℓ∑
s=1

(
A−1

)
is

∂Asj

∂uk1
=

ℓ∑
s=1

S
(
∂Ajs

∂ui
(
A−1

)
sk

)
, (3.13)

for every i, j, k = 1, . . . , ℓ. However, in contrast with the scalar case (ℓ = 1),
we cannot infer from (3.13) that ∂uk

1
logAij = S∂ui logAjk, because A and its

derivatives do not necessarily commute (in particular, they do not commute
in the examples provided in [20]).

3.1. Normal forms for ℓ = 2 difference Hamiltonian operators. In
the following part of the paper, we focus on the ℓ = 2 component case. This
is motivated by the richness of examples available in the literature (see [20]
for a review) and in particular by the Toda lattice integrable system.

Consider a matrix difference operator K ∈ M2(A) as in (3.1). Through-
out this section we assume that A has no zero-divisors and that C = C̄ is a
field.

If K is Hamiltonian, then Proposition 6 fixes the dependency of A and B
on the variables uq, q ∈ Z, when A is nondegenerate. The classification for
this class of operators has been studied in [15]. We present this result, for
ℓ = 2, in Section 3.1.1 in the non-Abelian case, and in Section 3.1.2 in the
Abelian case. For a degenerate matrix A, the dependence on the variables u1
(to ensure thatK is Hamiltonian) provided by Proposition 6 is not necessary.
However, all the examples known to us (see [20]) satisfy it, therefore this is
the case that we study comprehensively in Section 3.1.3. Finally, we present
a few sparse examples of difference Hamiltonian operators with degenerate
leading terms with more general dependency on the variables than the one
required by Proposition 6.
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3.1.1. The Hamiltonian difference operator corresponding to Aff(R). As it
is showed in [15], this is the normal form – depending on several parameters
– of non-constant Hamiltonian operators K as in (3.1) with nondegenerate
leading term.

Let G = Aff(R) be the Lie group of affine transformations of R. It is a
two-dimensional non-Abelian Lie group that we can represent as the matrix
group

G =

{(
u v
0 1

) ∣∣∣u, v ∈ R, u ̸= 0

}
⊂ GL2(R) .

Its corresponding Lie algebra is the two-dimensional non-Abelian Lie algebra

g =

{(
u v
0 0

) ∣∣∣u, v ∈ R
}

⊂ gl2(R) .

We denote by e1 =

(
1 0
0 0

)
and e2 =

(
0 1
0 0

)
a choice for a basis of g. A

basis of the space of left-invariant (resp. right-invariant) vector fields on G
is given by

L1 = u
∂

∂u
, L2 = u

∂

∂v
. (resp. R1 = u

∂

∂u
+ v

∂

∂v
, R2 =

∂

∂v
.)

Let r =

(
a b
c d

)
∈ gl2(R) (note that, as vector spaces, g⊗ g ∼= gl2(R)), then

the matrix A = A(u, v, u1, v1) from Remark 9 takes the form

A =

(
u 0
0 u

)(
a b
c d

)(
u1 v1
0 1

)
=

(
auu1 u(av1 + b)
cuu1 u(cv1 + d)

)
. (3.14)

Consider also the Lie algebra g∗ = Re∗1 ⊕ Re∗2 with Lie bracket

[e∗1, e
∗
2] = αe∗1 + βe∗2, α, β ∈ R. (3.15)

The corresponding bivector πG takes the form

πG =

(
0 −α(1− 1

u)− β v
u

α(1− 1
u) + β v

u 0

)
.

Let k =

(
0 γ
−γ 0

)
∈ so2(R) (note that, as vector spaces,

∧2 g ∼= so2(R)).

Then, the matrix B = B(u, v) in Remark 9 takes the form

B =

(
u 0
0 u

)(
0 −α(1− 1

u)− β v
u − γ

u
α(1− 1

u) + β v
u + γ

u 0

)(
u 0
0 u

)
=

(
0 −α(u2 − u)− βuv − γu

α(u2 − u) + βuv + γu 0

)
. (3.16)

By Theorem 7, the difference operatorK = AS+B−S−1◦AT is Hamiltonian
if and only if the following conditions are met

aα+ cβ = 0 ,
a(α− γ) + bβ = 0 ,
bα+ dβ = ad− bc ,
c(α− γ) + dβ = ad− bc .

(3.17)

The conditions in (3.17) are satisfied if and only if the matrix r defines a
Lie algebra homomorphism from g∗ (with Lie bracket (3.15)) to g, and r∗
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defines a Lie algebra homomorphism from g∗ (with Lie bracket [e∗1, e
∗
2 ]̃ =

(α− γ)e∗1 + βe∗2) to g in agreement with the results from [15] mentioned in
Remark 9.

For the simplest choice α = 0, β = 1 in (3.15), and k = 0, conditions (3.17)
are satisfied for r = 12 (the identity matrix). In this case the Hamiltonian
operator K = AS +B = S−1 ◦At becomes

K =

(
u(S − S−1) ◦ u u(S − 1) ◦ v
v(1− S−1) ◦ u uS − S−1 ◦ u

)
,

which is the well-known second Hamiltonian structure of the Toda lattice
(see for example [20]).

3.1.2. The Hamiltonian difference operator corresponding to the 2-dimensional
Abelian lie group. Let

G =

{(
u 0
0 v

) ∣∣∣u, v ∈ R, uv ̸= 0

}
⊂ GL2(R)

be the 2-dimensional Abelian Lie group and let g = Re1 ⊕ Re2 be its Lie
algebra (which is Abelian as well). In this case, a basis of the space of left-
invariant (as well as right-invariant) vector fields is the basis of coordinate
vector fields ∂

∂u and ∂
∂v . Then the matrix A from Remark 9 is simply

A = r =

(
a b
c d

)
, detA ̸= 0. (3.18)

Following the procedure in [15], we obtain that the bivector πG correspond-
ing to the Lie algebra g∗ with Lie bracket (3.15) is

πG =

(
0 αu+ βv

−αu− βv 0

)
.

Let k =

(
0 γ
−γ 0

)
∈ so2(R) Then, the matrix B = B(u, v) in Remark 9

takes the form

B =

(
0 αu+ βv + γ

−αu− βv − γ 0

)
.

According to the results in [15], K = AS + B − S−1 ◦ AT is a difference
Hamiltonian operator if and only if the matrices r and r∗ define a Lie algebra
homomorphism from g∗ with Lie bracket (3.15) to the Abelian Lie algebra g.
Since both r and r∗ are invertible, this condition forces α = β = 0. Hence,

B =

(
0 γ
−γ 0

)
, γ ∈ R .

On the other hand, let A be as in (3.18) and let

B =

(
0 f(u, v)

−f(u, v) 0

)
.

From (3.11a)-(3.11d) we have that K = AS + B − S−1 ◦ AT is a difference
Hamiltonian operator if and only if

A

(∂f
∂u
∂f
∂v

)
= AT

(∂f
∂u
∂f
∂v

)
= 0 .
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Since, by assumption, A is nondegenerate, we then have f = γ ∈ R in
agreement with the results of [15].

3.1.3. The case when the matrix A is degenerate. We study the Hamiltonian
difference operators K of the form (3.1) with a matrix A which is degenerate
and satisfies (3.5), namely, A = A(u, v, u1, v1), where we are denoting u

1 = u
and u2 = v. First, we prove the following technical result.

Lemma 11. If A is a degenerate matrix of the form

A =

(
a11(u, v, u1, v1) µ(u1, v1)a11(u, v, u1, v1)
a21(u, v, u1, v1) µ(u1, v1)a21(u, v, u1, v1)

)
, (3.19)

then there exists a point transformation leading it to the form

Ã =

(
ã11(u, v, u1, v1) 0
ã21(u, v, u1, v1) 0

)
. (3.20)

Proof. By (2.37), the transformed difference operator K̃ is of the same order,
and in particular the matrix A of the form (3.19) is transformed into

Ã =

(
ã11 ã12
ã21 ã22

)
(3.21)

with

ã12 =

(
∂ũ

∂u
a11 +

∂ũ

∂v
a21

)
S
(
∂ṽ

∂u
+ µ(u, v)

∂ṽ

∂v

)
, (3.22a)

ã22 =

(
∂ṽ

∂u
a11 +

∂ṽ

∂v
a21

)
S
(
∂ṽ

∂u
+ µ(u, v)

∂ṽ

∂v

)
. (3.22b)

From (3.22a) and (3.22b) we can get ã12 = ã22 = 0 if

∂ṽ

∂u
+ µ(u, v)

∂ṽ

∂v
= 0. (3.23)

Equation (3.23) is a homogeneous linear PDE for the function ṽ = ṽ(u, v)
that can be solved, for example, with the method of characteristics. □

Observe that a generic degenerate matrix A, depending on the aforemen-
tioned variables (u, v, u1, v1) can be of the form (3.20) – possibly after the
swapping of columns –, of its transposed, or of the form

A =

(
a11(u, v, u1, v1) a12(u, v, u1, v1)

µ(u, v, u1, v1)a11(u, v, u1, v1) µ(u, v, u1, v1)a12(u, v, u1, v1)

)
(3.24)

with a11, a12 ̸= 0. The first step in our classification of Hamiltonian op-
erators with degenerate leading term is showing that, in some coordinate
system, (3.20) is indeed the only possible form. First of all, note that we
can switch from the matrix A to AT by exchanging (S, uln) ↔ (S−1, ul−n),
as it can be deduced from the form of (3.1). Then, observe that detA = 0
means a11a22 − a12a21 = 0. If a12 = 0, then a11 or a22 must be equal to 0
too, therefore obtaining the “one-column” (i.e. (3.20)) or “one-row” case (by
transposition of (3.20)). Finally, if a12 ̸= 0, we can solve for a21 and obtain
a21 = a11a22/a12 = µa11; we can also rewrite a22 = µa12 therefore obtaining
(3.24). Again, note that if a11 vanishes we are back to the “one-column”
case.
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Lemma 12. Let (A,B) define a Hamiltonian difference operator K of the
form (3.1) where A is of the form (3.24). Then

a12(u, v, u1, v1) = λ(u1, v1)a11(u, v, u1, v1) , (3.25)

for some function λ(x, y). Namely, A can be expressed as

A =

(
a11 λ(u1, v1)a11
µa11 λ(u1, v1)µa11

)
,

where we omit to denote the dependency on (u, v, u1, v1) of the functions a11
and µ.

Proof. For i = j = k = 1 and i = 2, j = k = 1, condition (3.11a) yields(
∂a11
∂u1

+
∂a11
∂v1

Sµ
)
Sa11 − a11S

∂a11
∂u

− a12S
∂a11
∂v

= 0 (3.26)(
∂a11
∂u1

+
∂a11
∂v1

Sµ
)
Sa12 − a11S

∂a12
∂u

− a12S
∂a12
∂v

= 0. (3.27)

Since we can assume that both a11 and a12 are different from 0, we may
divide (3.26) by Sa11 and (3.27) by Sa12 and observe that the first two
terms in both the equations are the same. Equating the remaining ones we
obtain

a11S
(
∂ua11
a11

− ∂ua12
a12

)
= a12S

(
∂va12
a12

− ∂va11
a11

)
. (3.28)

Observe that, since we assume that a11 and a12 are not vanishing, if the
parenthesis in the LHS of (3.28) vanishes, the parenthesis in the RHS of
(3.28) vanishes as well. Hence, (3.25) holds. If one of the two brackets does
not vanish, then the other does not vanish as well and we can rewrite (3.28)
as

a11
a12

= S

(
∂va12
a12

− ∂va11
a11

∂ua11
a11

− ∂ua12
a12

)
whose LHS can only depend on (u, v, u1, v1), while the RHS depends on
(u1, v1, u2, v2). This would imply that the ratio between a11 and a12 must
be a function of (u1, v1) only as in (3.25). □

By Lemmas 11 and 12, we can then focus on solving the full set of con-
ditions (3.11a)-(3.11d) for A as in (3.20). One further simplification of the
problem can be derived from (3.11a) for i = k = 1, j = 2, which yields
∂ua21 = 0. This means that we now need to specialise the set of equations
(3.11) to the simpler case

A =

(
a11(u, v, u1, v1) 0
a21(v, u1, v1) 0

)
B =

(
0 b(u, v)

−b(u, v) 0

)
. (3.29)

The direct solution of the sets of equation (3.11) for this choice is now
still quite a cumbersome endeavour, which splits in the two subcases for
b ̸= 0 and b = 0. Our approach is the following: first we find all the possible
Hamiltonian difference operator K of the form (3.1), depending on a number
of arbitrary functions – this is the content of Propositions 13 and 14; then
we look for point transformations which simplify their expressions, fixing as
many as these functional parameters as possible – the final result is given
in Theorem 15.
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Proposition 13. Let A and B be as in equation (3.29) and let us assume
that b ̸= 0. Then, the pair (A,B) defines a Hamiltonian difference operator
of the form (3.1) if and only if it is of one of the following two forms:

(1)

A =

(
f(u, v)f(u1, v1)g(v)F (u, v) 0

f(u1, v1)g(v) 0

)
, B =

(
0 κf(u, v)g(v)

−κf(u, v)g(v) 0

)
(3.30)

where F (u, v) is a solution of

f(u, v)2∂uF (u, v) = ∂vf(u, v), (3.31)

for arbitrary nonvanishing constant κ, a single-variable function g(x)
and a two-variable function f(x, y).

(2)

A =

(
f(u, v)f(u1, v1)g(v, v1) 0

0 0

)
, B =

(
0 f(u, v)k(v)

−f(u, v)k(v) 0

)
(3.32)

for an arbitrary single-variable function k(x) and two two-variable func-
tions f(x, y) and g(x, y).

Proof. The form of the admissible Hamiltonian difference operators is ob-
tained by directly solving the set of equations (3.11) with the aid of a com-
puter algebra software as Mathematica. We consider independently the
three cases a11, a21 ̸= 0, a11 = 0, and a21 = 0.

(i) a11, a21 ̸= 0. We start from (3.29) and write (3.11b), yielding

a11∂u1Sb = (Sb) ∂u1a11, a21∂u1Sb = (Sb) ∂u1a21.

The two equations are identically solved if b = 0, which is the case studied
in Proposition 14. If b does not vanish, then the ratio between a11 and Sb,
as well as the ratio between a21 and Sb, does not depend on u1. Keeping
into account the different functional dependency of b, a11 and a21 we can
replace a11 = R1(u, v, v1)Sb and a21 = R2(v, v1)Sb.

After this substitution and assuming that none of the factors identically
vanishes, we obtain the following two equations from (3.11a):

S (bR2) ∂v1R1 +R1S (R2∂vb+R1∂ub− b∂uR1) = 0, (3.33)

S (bR2) ∂v1R2 +R2S (R2∂vb+R1∂ub− b∂uR1) = 0. (3.34)

Dividing (3.33) by R1 and (3.34) by R2 we immediately see that they imply
∂v1R1/R1 = ∂v1R2/R2, namely that the ratio between R1 and R2 does not
depend on v1. We can then replace R1(u, v, v1) with K(u, v)R2(v, v1). The
remaining condition is

(Sb) ∂v1R2 +R2S (∂vb+K∂ub− b∂uK) = 0,

or equivalently

∂v1R2

R2
= −S

(
∂vb+K∂ub− b∂uK

b

)
. (3.35)
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Similarly, from (3.11c) we obtain

∂vR2

R2
=

∂vb+K∂ub− b∂uK

b
. (3.36)

Note that the LHS of (3.35) (resp. (3.36)) can depend at most on (v, v1),
while the RHS may depend on (u1, v1) (resp. (u, v)). This means that
∂v1R2/R2 does not depend on v (resp. ∂vR2/R2 does not depend on v1),
which tells us that R2(v, v1) = g(v)h(v1). With this factorization, the LHS
of (3.35) reads h′(v1)/h(v1) and the one of (3.35) is g′(v)/g(v). Taking into
account the shift on the RHS of (3.35) and comparing the RHS of the two
conditions, we have g′(v)/g(v) = −h′(v)/h(v), namely h(v) = ρ/g(v) for a
nonzero constant ρ. Summarizing, we have now

a11(u, v, u1, v1) =
ρ g(v)

g(v1)
K(u, v)b(u1, v1) (3.37)

a21(v, u1, v1) =
ρ g(v)

g(v1)
b(u1, v1) . (3.38)

To simplify the expression, and noting that we have b here an arbitrary
function of the two variables (u1, v1), we can redefine ρb(x, y)/g(y) =: f(x, y)
from which, after calling 1/ρ = κ, we have

a11 = f(u1, v1)K(u, v)g(v), a21 = f(u1, v1)g(v), b = κf(u, v)g(v).

Rewriting (3.36) in this form we are left with the equation

f∂uK − ∂ufK = ∂vf, (3.39)

which we can regard as an ODE for K. Equation (3.39) takes the simpler
form (3.31) if we factorize K = f(u, v)F (u, v); being a solution of an ODE
in the variable u, the solution F (u, v) additionally depends on an arbitrary
function k(v). The replacement of K(u, v) in the expression for a11 gives us
(3.30).

(ii) a11 = 0. We start once again from (3.29) with a11 = 0. From (3.11a)
we obtain ∂v1a21 = 0. Moreover, (3.11b) and (3.11c) yield the conditions

S ∂ub

b
=

∂u1a21
a21

,
∂vb

b
=

∂va21
a21

.

The different dependency of variables of the LHS and RHS of these con-
ditions, as well as their form, give the solutions a21 = f(u1)g(v), b =
κf(u)g(v). Note that this solution is of the same form as (3.30) for f(x, y) =
f(x) and k(v) = 0, from which F = 0.

(iii) a21 = 0. In this case, (3.11a) yields

S ∂ua11
a11

=
∂u1a11
a11

. (3.40)

Comparing the dependency of the terms on the LHS and on the RHS, we
obtain the three conditions ∂uu1 log a11 = 0, ∂uv1 log a11 = 0, ∂vu1 log a11 =
0, that are solved by a11 = f(u, v)g(v, v1)h(u1, v1). Finally, (3.40) with such
an ansatz gives h(u1, v1) = f(u1, v1)h(v1) – the arbitrary single-function
variable h(v1) can be absorbed into the arbitrary function g(v, v1) to give
the form of A in (3.32). Finally, for b ̸= 0 both (3.11b) and (3.11c) yield the
condition ∂ub/b = ∂uf/f , whose solution is b(u, v) = f(u, v)k(v). □
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Proposition 14. Let A and B be as in equation (3.29) and let us assume
that b = 0. Then A defines a Hamiltonian difference operator of the form
(3.1) if and only if is of one of the following three forms:

(1)

A =

(
f(u)g(v)f(u1)g(v1)F (u, v) 0

f(u1)g(v1) 0

)
(3.41)

where F (u, v) is a solution of

f(u)g(v)2∂uF (u, v)− g′(v) = 0, (3.42)

for arbitrary single-variable functions f(x), g(x).
(2)

A =

(
0 0

f(u1, v) 0

)
(3.43)

for an arbitrary two-variable function f(x, y);
(3)

A =

(
f(u, v)f(u1, v1)g(v, v1) 0

0 0

)
(3.44)

for arbitrary two-variable functions f(x, y), g(x, y).

Proof. As in the previous case, we start from (3.29) and consider separately
the cases a11, a21 ̸= 0, a11 = 0, and a21 = 0.

(i) a11, a21 ̸= 0. From (3.11c) for b = 0 and i = j = k = 2 we obtain

a11
∂a21
∂u1

= a21
∂a11
∂u1

which, where a11 and a21 are not zero, implies that a11 = a21R(u, v, v1).
After this substitution, the system (3.11a) is reduced to

∂v1a21 + (SR) ∂u1a21 − a21∂u1SR = 0 (3.45)

a21∂v1R+R∂v1a21 +R (SR) ∂u1a21 −Ra21∂u1SR = 0. (3.46)

Observe that (3.46) is a21∂v1R + R(3.45), so we conclude that R does not
depend on v1. Finally, we are left with (3.45) to solve. The equation can
be regarded as a linear nonhomogeneous ODE for SR, that can then be
expressed in terms of a21, its derivatives, and an arbitrary function h of
single-variable. If we also require that SR should not depend on v because
it is naturally a function of only (u1, v1), this forces a21(v, u1, v1) to be of
the form f(u1)g(v1). Rewriting SR(u1, v1) as f(u1)g(v1)SF (u1, v1) we then
reduce (3.45) to the form (3.42).

(ii) a11 = 0. The only condition we obtain from (3.11a) is ∂v1a21 = 0;
(3.11b) and (3.11c) are all identically satisfied by a21 = f(u1, v).

(iii) a21 = 0. As for the similar case in the proof of Proposition 13, (3.11a)
admits as solution a11 = f(u, v)f(u1, v1)g(v, v1). For b = 0 there are not
further conditions. □

Theorem 15. Let K be a Hamiltonian difference operator of the form (3.1)
with a matrix A which is degenerate and satisfies (3.5). Then, up to point
transformations, K is of one of the following forms:
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(1) Constant form, with

A =

(
0 0
1 0

)
, B =

(
0 κ
−κ 0

)
, (3.47)

for an arbitrary constant κ.
(2) Type I form, with

A =

(
g(v, v1) 0

0 0

)
, B =

(
0 σ
−σ 0

)
(3.48)

for an arbitrary function g(x, y) of two variables and σ = 0, 1.
(3) Type II form, with A as in (3.43) and B = 0.

Proof. Let J =
(
a b
c d

)
, with detJ ̸= 0, a = a(u, v), b = b(u, v), c = c(u, v),

and d = d(u, v) such that ∂va = ∂ub, ∂vc = ∂ud, be the Jacobian matrix
of the point transformation. From equation (2.37), the matrices A and B
defining the Hamiltonian operator transform as

Ã = JA
(
SJT

)
, B̃ = JBJT . (3.49)

Case 1. Let us consider A and B as in Proposition 13(1). Under point
transformations we have

Ã =

(
g(Sa)(Sf) (afF + b) g(Sc)(Sf) (afF + b)
g(Sa)(Sf) (cfF + d) g(Sc)(Sf) (cfF + d)

)
,

B̃ =

(
0 κ(det J)fg

−κ(det J)fg 0

)
.

For c = 0 and b = −afF , the matrix Ã assumes the form Ã11 = Ã12 =
Ã22 = 0, Ã21 = g(Sa)(Sf)d. Observing that all the functions in Ã12 depend

only on the variables (u, v), Ã12 can assume a constant value for af = α
constant and, independently, gd = β. Choosing the two constants in such
a way that their product is 1 gives Ã of the form (3.47). Summarizing, our
ansatz for the Jacobian matrix is

J =

(
α

f(u,v) −αF (u, v)

0 1
αg(v)

)
.

It is immediate to see that det J = 1/f(u, v)g(v) ̸= 0, so B̃ takes the form
(3.47) for any arbitrary nonzero κ (as in (3.30)); to be sure that J is indeed a
Jacobian matrix we need to verify ∂va = 0 = ∂ub and ∂vc = ∂ud. This latter
identity is indeed equivalent to the definition of F (u, v) in (3.31), so it is
verified. We can repeat the same computation for A as in Proposition 14(1).
An ansatz for the Jacobian matrix taking A to the constant form is

J =

( α
f(u)g(v) −αF (u, v)

0 1
α

)
for an arbitrary constant α; the final result is the same as (3.47) with κ = 0.

Case 2. Take A as in Proposition 13(2). Under point transformations we
have

Ã =

(
afg(Sa)(Sf) afg(Sc)(Sf)
cfg(Sa)(Sf) cfg(Sc)(Sf)

)
, B̃ =

(
0 (det J)fk

(det J)fk 0

)
.
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For c = 0, a = 1/f(u, v) the matrix Ã assumes the form Ã12 = Ã21 =

Ã22 = 0 and Ã11 = g(v, v1); B̃ assumes the form B̃12 = −B̃21 = d k(v).
Therefore, it is possible to obtain the form (3.48) with σ = 1 with a point
transformation whose Jacobian matrix is

J =

(
1

f(u,v) b(u, v)

0 1
k(v)

)
,

where b(u, v) is a solution of f2∂ub + ∂vf = 0. Note that also in the new
coordinates we have g = g(ṽ, ṽ1). On the other hand, an operator of the
form of Proposition 14(3)is defined by a matrix A of the same form. We can
then use a point transformation with Jacobian matrix

J =

( 1
f(u,v) b(u, v)

0 1

)
to obtain the same form for Ã and B̃ = B = 0.

Case 3. A matrix A as in Proposition 14(2), under point transformations,
becomes

Ã =

(
(Sa)bf (Sc)bf
(Sa)df (Sc)df

)
.

For a generic function f(u1, v) it is not possible to find a Jacobian matrix
producing a constant matrix, because that would require a factorized form
for the function f = g(u1)h(v). If that were the case, a Jacobian of the form

J =

(
0 1

αh(v)
α

g(u) 0

)
would take the operator to the form (3.47) with κ = 0. On the other hand,
if f is not factorized we cannot simplify further. □

Remark 16. Observe that the matrices (A,B) for the first Hamiltonian struc-
ture of the Toda lattice (see for example the review paper [20])

H =

(
0 u(S − 1)

(1− S−1) ◦ u 0

)
(3.50)

are, respectively

A =

(
0 u
0 0

)
, B =

(
0 −u
u 0

)
.

A is degenerate, so H must be equivalent, under point transformations, to
one of the three normal forms of Theorem 15. It is indeed of the constant
form (3.47) for κ = 1 under the point transformation ũ = v, ṽ = log u.
In Section 4.3 we study the Poisson cohomology of the (equivalent for the
exchange of u and v variables) Hamiltonian structure of the form

H0 =

(
0 S − 1

1− S−1 0

)
. (3.51)

Remark 17. As previously remarked, the form A = A(u, v, u1, v1) and B =
B(u, v) is a necessary condition for a difference operator K of the form (3.1)
to be Hamiltonian if A is nondegenerate. When A is degenerate, Proposi-
tions 13 and 14 produce only a subfamily – to which all the examples known
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in the literature belong – of all the possible solutions of (3.4). For example,
operators of the form

A =

(
g(vM , . . . , vN ) 0

0 0

)
, B =

(
0 0
0 0

)
,

M ⩽ N , are solutions too.

4. The Poisson cohomology

4.1. The Poisson cohomology of a difference Hamiltonian struc-
ture. Let P be a Poisson bivector. It is well known that from the property
[P, P ] = 0 and the graded Jacobi identity for the Schouten bracket (2.28)
it follows that the adjoint action of P , which we denote by dP = [P,−],
is a coboundary operator (i.e. a differential) on the graded space of local

poly-vectors which we have identified with F̂ in Section 2.3. Explicitly (cf.
(2.29)) it is given by

dP (Q) = −
ℓ∑

l=1

∫ (
δP

δθl

δQ

δul
+

δP

δul
δQ

δθl

)
, Q ∈ F̂ .

This turns (F̂ , dP ) into the Poisson-Lichnerowicz complex

0 → F̂0 = F dP−−→ F̂1 dP−−→ F̂2 → · · ·

Note that, in contrast with the finite dimensional case, there exist nontrivial
p-vectors for any value of p ⩾ 0, so the complex does not terminate. The co-
homology of this complex is the so-called Poisson cohomology (originally in-
troduced by Lichnerowicz [23] in finite dimensional Poisson geometry, see [8]
for the difference case); it controls the deformation theory of the Hamilton-
ian operator and carries information about the existence of bi-Hamiltonian
hierarchies [19, 21, 11].

The Poisson cohomology for the normal form of a scalar Hamiltonian dif-
ference operator of (−1, 1)-order has been previously computed in [8]. In this
section, we extend the results to some class of multi-component operators.
We study in particular the operatorH0 in (3.51), which is the normal form of
the (−1, 1)-order Hamiltonian structure of the Toda lattice. Its importance
in the study and classification of two-component difference systems will be
discussed in Section 5, since it appears in several bi-Hamiltonian pairs.

Throughout this section we assume thatA is a normal algebra of difference
functions (see Section 2.1) and that C = C̄ is a field.

4.2. The Poisson cohomology of an ultralocal structure. Hamilton-
ian structures of order (0, 0) are called ultralocal. Because of the skewsym-
metry requirement, there are not nontrivial ultralocal structures in the
scalar case. The picture is richer in the multi-component case. Specializ-
ing the computation of the Jacobi identity (3.4) for a λ-bracket of the form
{uiλuj} = Bji ∈ A gives that B needs to satisfy (3.11d) and the conditions

ℓ∑
s=1

∂Bij

∂usn
SnBsk = 0 for i, j, k = 1, . . . ℓ and n ̸= 0 . (4.1)
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Assuming that B is nondegenerate, then condition (4.1) implies Bij ∈
A0 ⊂ A. Hence, nondegenerate ultralocal difference Hamiltonian structures
are in one-to-one correspondence with nondegenerate Poisson bivectors on
a ℓ-dimensional manifold whose space of functions is A0 (see Remark 8).
Indeed, the density of the associate bivector

PB =
1

2

ℓ∑
i,j=1

∫
θiB

ijθj (4.2)

defines a Poisson bivector on A0.
The Poisson cohomology in the finite dimensional case, for B nondegen-

erate, has been computed by Lichnerowicz himself [23], who proved that it
is isomorphic to the De Rham cohomology of the manifold. The same result
holds true even if we consider ultralocal operators on the full space F̂ . We
have then

Theorem 18. Let B be a nondegenerate ultralocal Hamiltonian operator
with associated bivector PB given by (4.2). Then Hp(F̂ , dPB

) = δp,0C, p ⩾ 0.

Proof. As previously observed, a nondegenerate ultralocal Hamiltonian op-
erator is a nondegenerate Poisson structure on the underlying space of func-
tions A0. As it is well known, such a structure is the inverse of a symplectic
form, and thus there exists a reference frame on A0 (the Darboux coor-
dinates) in which it is constant, namely we may assume Bij ∈ C. Let

DPB
: Â → Â be the linear operator

DPB
:=

ℓ∑
i=1

∑
m∈Z

Sm

(
δPB

δθi

)
∂

∂uim
=

ℓ∑
i,j=1

∑
m∈Z

Bijθj,m
∂

∂uim
. (4.3)

Note that
∫
DPB

(Q) = −dPB
Q and that, as seen in the proof of Theorem

2 of [8], D2
PB

= 0. Hence we have a complex (Â, DPB
). We can regard this

complex as the basic de Rham complex (Ω̃(A), δ) defined in [12, Section 5],

by identifying θ̃im :=
∑ℓ

j=1B
ijθj,m ∈ Â with the differential δuim ∈ Ω̃(A).

Under this identification, (F̂ , dPB
) is identified with the reduced de Rham

complex (Ω(A), δ). From Theorem 5.1 and Theorem 5.2 in [12] (see Remark

1) we have that Hp(Â, DPB
) = Hp(F̂ , dPB

) = δp,0C, p ⩾ 0. □

4.3. The Poisson cohomology of H0. Let us consider the first Hamilton-
ian structure of Toda lattice given in (3.51). Its associated Poisson bivector
(2.30) is

P0 =

∫
θ (ζ1 − ζ) , (4.4)

where for simplicity we denote θ1,m = θm and θ2,m = ζm, m ∈ Z, conjugate
variables to u1m = um and u2m = vm. In this section we compute its Pois-
son cohomology, showing that it is nontrivial but it is concentrated in the
ultralocal part of F̂ . In the sequel, given a closed ω ∈ F̂p, p ⩾ 0, we denote
[ω] = ω + dP0(F̂p−1) ∈ Hp(F̂ , dP0).
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Theorem 19. The Poisson cohomology Hp(F̂ , dP0) is trivial for p > 2. For
p ⩽ 2 we have

H0(F̂ , dP0) = C[∫ 1]⊕ C[∫ u]⊕ C[∫ v] , (4.5)

H1(F̂ , dP0) = C[∫ θ]⊕ C[∫ ζ]⊕ C[∫ (uθ − vζ)] , (4.6)

H2(F̂ , dP0) = C[∫ θζ] . (4.7)

The proof of Theorem 19 is obtained in two main steps. Recall from [8]

that we have the differential on Â

DP0 =
∑
m∈Z

(
(ζm+1 − ζm)

∂

∂um
+ (θm − θm−1)

∂

∂vm

)
, (4.8)

such that
∫
DP0(Q) = −dP0Q, for every Q ∈ F̂ . As a first step we compute,

in Proposition 22, the cohomology of the auxiliary complex (Â, DP0). In the

second step, since S − 1 and DP0 commute we have that ((S − 1)Â, DP0) ⊂
(Â, DP0) is a subcomplex. Hence, we use the short exact sequence of com-
plexes

0 −→ ((S − 1)Â, DP0)
α−→ (Â, DP0)

β−→ (F̂ , dP0) −→ 0 , (4.9)

where α is the inclusion map and β =
∫
is the projection map, together with

the standard long exact sequence machinery to compute the cohomology of
the complex (F̂ , dP0).

Let us start by recalling the filtration Âp
n,i of Â introduced in Section 2.3.

We define local homotopy operators hn,i : Âp
n,i → Âp−1

n,i , n ∈ Z, i = 1, 2, as
follows

hn,1 =

(∫
dun

)
Xn,1 and hn,2 =

(∫
dvn

)
Xn,2 , (4.10)

where the integral map (2.3) is extended to an endomorphism of Âp
n,i by

letting it act trivially on the variables θm and ζm, and Xn,1 and Xn,2 are
the following vector fields

Xn,1 =
1

2

(∑
m>n

∂

∂ζm
−
∑
m⩽n

∂

∂ζm

)
and Xn,2 =

1

2

(∑
m⩾n

∂

∂θm
−
∑
m<n

∂

∂θm

)
.

For example, for ω = fP ∈ Âp
n,1, where f ∈ An,1 and P ∈ C[θm, ζm | m ∈ Z]

of degree p, we have

hn,1(ω) =
1

2

(∫
f dun

)(∑
m>n

∂P

∂ζm
−
∑
m⩽n

∂P

∂ζm

)
. (4.11)

By a direct computation we have (m,n ∈ Z)

Xn,1(ζm+1 − ζm) = δm,n , Xn,2(θm − θm−1) = δm,n . (4.12)

Lemma 20. Let ω ∈ Âp
n,i. The operators hn,i satisfy the following homotopy

condition

hn,i(DP0(ω)) +DP0(hn,i(ω))− ω ∈ Âp
n,i−1 . (4.13)
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Proof. It is clear from (4.8) that DP0(Â
p
n,i) ⊂ Âp+1

n,i . Hence, hn,i(DP0(ω)) +

DP0(hn,i(ω))− ω ∈ Âp
n,i. To prove the claim we need to show that

∂

∂uin
(hn,i(DP0(ω)) +DP0(hn,i(ω))− ω) = 0 (4.14)

(where we recall that we have set u1n = un and u2n = vn).
Let us prove (4.14) for i = 1. By linearity, it suffices to check it for

ω = fP , where f ∈ An,1 and P ∈ C[θm, ζm | m ∈ Z] of degree p. From
the definition of the differential DP0 in (4.8), the definition of the homotopy
operator hn,1 and the first identity in (4.12) we have

hn,1(DP0(ω)) =

(∫
∂f

∂un
dun

)
P

−
∑
m∈Z

(∫
∂f

∂um
dun

)
(ζm+1 − ζm)Xn,1(P )

−
∑
m∈Z

(∫
∂f

∂vm
dun

)
(θm − θm−1)Xn,1(P ) .

(4.15)

On the other hand, using (4.11) and the definition of DP0 in (4.8) we get

DP0(hn,1(ω)) = −
∑
m∈Z

∂

∂um

(∫
f dun

)
(ζm+1 − ζm)Xn,1(P )

−
∑
m∈Z

∂

∂vm

(∫
f dun

)
(θm − θm−1)Xn,1(P ) .

(4.16)

Equation (4.14) for ω = fP follows from (4.15) and (4.16) using the fact that
partial derivatives commute and that ∂

∂un
(
∫
g dun) = g, for every g ∈ An,1.

The proof of (4.14) for i = 2 is done similarly using the second identity in
(4.12) to compute hn,2(DP0(ω)). □

Let us assume that ω ∈ Âp
n,i is such that DP0(ω) = 0. Then, by (4.13) we

have that ω = DP0(hn,i(ω)) + ω̃, for some ω̃ ∈ Âp
n,i−1 such that DP0(ω̃) =

0. Repeating the same argument finitely many times we have that ω =
DP0(ω̄) + ω̃ for some ω̄ ∈ Âp−1

n,i and ω̃ ∈ Âp
0,0. Hence,

Ker
(
DP0 : Âp → Âp+1

)
= DP0(Âp−1) + Âp

0,0 , (4.17)

for every p ⩾ 0.
Note that Âp

0,0 is spanned (over C) by monomials (recall that we denoted

θ1,n = θn and θ2,n = ζn)

ω = θi1,n1θi2,n2 . . . θip,np , (4.18)

where (ϵ(n1), i1) > (ϵ(n2), i2) > . . . (ϵ(ip), np) in the lexicographic order. We
define the degree of ω as in (4.18) by letting

degω =

p∑
k=1

ϵ(np) . (4.19)
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We then have the direct sum decomposition

Âp
0,0 =

⊕
n⩾0

Âp
0,0[n] ,

where Âp
0,0[n] is the subspace consisting of homogeneous elements of degree

(4.19) equal to n.

Lemma 21. Let ω ∈ Âp
0,0. There exist ω̃ ∈ Âp

0,0[0] such that

ω − ω̃ ∈ DP0(Âp−1) . (4.20)

Proof. By linearity it suffices to check (4.20) for ω as in (4.18) with degω > 0
(and thus ϵ(n1) > 0, namely n1 ̸= 0.). We have four possible cases.

(a) If i1 = 1 and n1 > 0, then, using the definition of DP0 we have

ω = θn1−1θi2,n2 . . . θip,np +DP0(vn1θi2,n2 . . . θip,np) ,

and deg(θn1−1θi2,n2 . . . θip,np) < deg(ω) since ϵ(n1 − 1) < ϵ(n1).
(b) If i1 = 1 and n1 < 0, we have

ω = θn1+1θi2,n2 . . . θip,np −DP0(vn1+1θi2,n2 . . . θip,np) ,

and deg(θn1+1θi2,n2 . . . θip,np) < deg(ω) since ϵ(n1 + 1) < ϵ(n1).
(c) If i1 = 2 and n1 > 0, we have

ω = ζn1−1θi2,n2 . . . θip,np +DP0(un1−1θi2,n2 . . . θip,np) ,

and deg(ζn1−1θi2,n2 . . . θip,np) < deg(ω) since ϵ(n1 − 1) < ϵ(n1).
(d) If i1 = 2 and n1 < 0, we have

ω = ζn1+1θi2,n2 . . . θip,np −DP0(un1θi2,n2 . . . θip,np) ,

and deg(ζn1+1θi2,n2 . . . θip,np) < deg(ω) since ϵ(n1 + 1) < ϵ(n1).

We have thus found ω̃1 ∈ Âp
0,0 with deg(ω̃1) < deg(ω) such that ω − ω̃1 ∈

DP0(Âp−1). Iterating this process finitely many times we arrive at (4.20).
□

We are then able to describe the cohomology of the differential (Â, DP0).

For an element ω ∈ Âp such that DP0(ω) = 0, we denote by [ω] = ω +

DP0(Âp−1) ∈ Hp(Â, DP0) its cohomology class.

Proposition 22. The cohomology H(Â, DP0) is finite-dimensional and we
have

H(Â, DP0)
∼= C ⊕ Cθ ⊕ Cζ ⊕ Cθζ . (4.21)

In particular, H0(Â, DP0) = C[1], H1(Â, DP0) = C[θ]⊕ C[ζ], H2(Â, DP0) =

C[θζ] and Hp(Â, DP0) = 0, for p ⩾ 3.

Proof. From (4.17) and (4.20) we then have

Ker
(
DP0 : Âp → Âp+1

)
= DP0(Âp−1) + Âp

0,0[0] ,

for every p ⩾ 0. To conclude the proof we note that

Âp
0,0[0] =


C , p = 0 ,

Cθ ⊕ Cζ , p = 1 ,
Cθζ , p = 2 ,
0 , p ⩾ 3 .



32 MATTEO CASATI AND DANIELE VALERI

and that DP0(Âp−1) ∩ Âp
0,0[0] = 0 for p ⩽ 2. □

Next, we use Proposition 22 to conclude the proof of Theorem 19. The
short exact sequence (4.9) induces the long exact sequence

0 −→ H0((S − 1)Â, DP0)
α0−→ H0(Â, DP0)

β0−→ H0(F̂ , dP0)
γ0−→

γ0−→ H1((S − 1)Â, DP0)
α1−→ H1(Â, DP0)

β1−→ H1(F̂ , dP0)
γ1−→

γ1−→ H2((S − 1)Â, DP0)
α2−→ H2(Â, DP0)

β2−→ H2(F̂ , dP0)
γ2−→

γ2−→ H3((S − 1)Â, DP0)
α3−→ H3(Â, DP0)

β3−→ H3(F̂ , dP0)
γ3−→

γ3−→ H3((S − 1)Â, DP0) . . . .

(4.22)

We start by computing the cohomology of the complex ((S − 1)Â, DP0) and
the maps αp in (4.22).

Lemma 23. (a) We have that H0((S − 1)Â, DP0) = 0 and, for p ⩾ 1,

Hp((S − 1)Â, DP0)
∼= Hp(Â, DP0) . (4.23)

(b) All the linear maps αp, p ⩾ 0, in the long exact sequence (4.22) are
trivial.

Proof. Since DP0 and (S−1) commute, we clearly have Ker(DP0 |(S−1)Âp) =

(S − 1)Ker(DP0 |Ap) ⊂ Âp, for every p ⩾ 0, and DP0((S − 1)Âp−1) = (S −
1)DP0(Ap−1) ⊂ Âp, for every p ⩾ 1. Note that S − 1 : Âp → Âp is injective

for p ⩾ 1 while for p = 0 we have Â0 = A and Ker(S − 1)|A = C. Hence, we
have

H0((S−1)Â, DP0) = Ker(DP0 |(S−1)A) = (S−1)Ker(DP0 |A) = (S−1)C = 0 ,

and, for p ⩾ 1,

Hp((S − 1)Â, DP0) =
Ker(DP0 |(S−1)Âp)

DP0((S − 1)Âp−1)
=

(S − 1)Ker(DP0 |Âp)

(S − 1)DP0(Âp−1)

∼=
Ker(DP0 |Âp)

DP0(Âp−1)
= Hp(Â, DP0) ,

where in the third identity we used the fact that S − 1 is injective. This
proves part (a). The claim of part (b) is clear for p ̸= 1, 2 using part (a)
and Proposition 22. From part (a) and Proposition 22 we also have that

H1((S − 1)Â, DP0) is the linear (over C) span of the cohomology classes of
(S − 1)θ and (S − 1)ζ. Since

(S − 1)θ = DP0(v1) and (S − 1)ζ = DP0(u) ,

they are mapped by α1 to the trivial cohomology class in H(Â, DP0). Simi-

larly, H2((S − 1)Â, DP0) is the linear (over C) span of the cohomology class
of (S − 1)θζ which is mapped by α2 to the trivial cohomology class in in

H(Â, DP0) since
(S − 1)θζ = DP0(v1ζ1 − uθ) .

This concludes the proof of part (b). □

Finally, we are able to prove Theorem 19.
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Proof of Theorem 19. By Proposition 22 and Lemma 23(a), using the long

exact sequence (4.22) we immediately have that Hp(F̂ , dP0) is trivial for
p > 2.

By Lemma 23 we have that H0((S − 1)Â, DP0) is trivial. Moreover, by
Lemma 23(b), α1 is trivial, hence γ0 is surjective. Then we have the following
short exact sequence from (4.22):

0 −→ H0(Â, DP0)
β0−→ H0(F̂ , dP0)

γ0−→ H1((S − 1)Â, DP0) −→ 0 , (4.24)

where the map β0 sends [1] ∈ H0(Â, DP0) to [
∫
1] ∈ H0(F̂ , dP0). Using

Proposition 22 and the isomorphism (4.23), from (4.24) we get that

H0(F̂ , dP0) = C[∫ 1]⊕ C[ω1]⊕ C[ω2] ,

where [ωi] ∈ H0(F̂ , dP0), i = 1, 2, are such that γ0([ω1])) = [(S − 1)θ] and
γ0([ω2])) = [(S−1)ζ]. Note that dP0(

∫
u) = dP0(

∫
v) = 0, and, by an explicit

computation using (4.8) and the definition of the connecting homomorphism
γ0 we have

γ0([∫ u]) = [DP0(u)] = [(S − 1)ζ] ,

and

γ0([∫ v]) = [DP0(v)] = [(S − 1)θ−1] = [(S − 1)θ] ,

where in the last identity we used the fact that θ − θ−1 = DP0(v). This
proves (4.5). Similarly, since α2 is trivial, then γ1 is surjective and, from
(4.22), we get the short exact sequence

0 −→ H1(Â, DP0)
β1−→ H1(F̂ , dP0)

γ1−→ H2((S − 1)Â, DP0) −→ 0 , (4.25)

where and β1[θ] = [
∫
θ], β1[ζ] = [

∫
ζ]. From (4.25) it follows that

H1(F̂ , dP0) = C[∫ θ]⊕ C[∫ ζ]⊕ C[ω] ,

where [ω] ∈ H1(F̂ , dP0) is such that γ1([ω]) = [θζ]. A choice for ω is
ω =

∫
vζ−uθ. Indeed, using the properties of the integral map and the def-

inition of dP0 given after (4.8) it is straightforward to check that dP0(ω) = 0,
and that, by an explicit computation using the definition of the connecting
homomorphism γ1, we have

γ1[ω] = [DP0(vζ − uθ)] = [θζ1 − θ−1ζ] = [(S − 1)θ−1ζ] = [(S − 1)θζ] ,

where in the last identity we used the fact that (θ− θ−1)ζ = DP0(vζ). This

proves (4.6). Finally, since α2 is trivial and H3((S − 1)Â, DP0) = 0 we have
the isomorphism

0 −→ H2(Â, DP0)
β2−→ H2(F̂ , dP0) −→ 0 ,

where β2[θζ] = [
∫
θζ], thus proving (4.7) and concluding the proof. □

Remark 24. The representative 1
2

∫
θζ of the cohomology class [12

∫
θζ] ∈

H2(F̂ , dP0) corresponds via (2.30) to the ultralocal Hamiltonian operator

H(ul) =

(
0 1
−1 0

)
.
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Remark 25. Observe that the normal forms of Hamiltonian difference oper-
ators provided by Theorem 15 are different from the Dubrovin-Novikov nor-
mal forms of hydrodynamic differential Hamiltonian operators [14]. Despite
this fact, by Theorem 19, we have an isomorphism of graded vector spaces
between the Poisson cohomology H(F̂ , dP0) and the Poisson cohomology of
a 2-component non-degenerate Dubrovin-Novikov differential Hamiltonian
operator [19].

5. Local bi-Hamiltonian pairs in two components

In this section we present a few examples of compatible pairs of local
Hamiltonian difference structures in two components, taken by [20].

As it is well known, the Poisson bivectors (P1, P2) associated to a pair of
compatible Hamiltonian structures satisfy the identity [P1+λP2, P1+λP2] =
0, for every λ ∈ C. In particular, the compatibility condition [P1, P2] = 0
means that the bivector P2 is a cocycle of dP1 .

In the previous section, we computed the Poisson cohomology of P0 given
in (4.4); Theorem 19 guarantees that all the bivectors P compatible with
P0 are a linear combination of the only nontrivial cocycle P(ul) =

∫
θζ with

trivial deformations, namely that there exist α ∈ C, X ∈ F̂1 such that
P = αP(ul) + [P0, X]. Observe, in particular, that the vector X must be
nonzero if P is not ultralocal.

Point transformations do not affect the Poisson cohomology; this means
that, where there exists a point transformation taking a bivector P1 to the
form P0, for any P such that [P1, P ] = 0 there must exist X ∈ F̂1 such that
P = αP ′

(ul)+ dP1X, where we denoted as P ′
(ul) the inverse transformed form

of the bivector P(ul).

When looking for the explicit expression of the local 1-vectorX =
∫
f(u, v, . . .)θ+

g(u, v, . . . )ζ in the following sections we need to make an ansatz on the
variable dependency of its components f, g ∈ A. To this end, we pre-
liminary observe the expression for the adjoint action of a local bivector

P = 1
2

∫ ∑ℓ
i,j=1

∑
s∈Z θiK

ij
s θj,s on a local 1-vector X =

∫ ∑ℓ
i=1X

iθi. A

direct computation using (2.29) shows that

[P,X] =

ℓ∑
i,j,l=1

∑
m,s∈Z

∫ (
θi
∂Xi

∂ulm

(
SmK lj

s

)
θj,s+m − 1

2
θi

(
SmX l

) ∂Kij
s

∂ulm
θj,s

)
.

(5.1)
Recall now the filtered spaces An,i defined in Section 2.1 and the filtration
given by equation (2.2) and let (−N,N) be the order of the matrix difference
operator corresponding to P . Assume that Xi ∈ Ap+1,0; from the first term
of (5.1) we can conclude that the order of the difference operator associated
to [P,X] is (−n, n), with n ⩽ N + |p|. This imposes a lower bound on p;
in general there is no upper bound on the number of shifted variables on
which the characteristics Xi of X should depend – we start looking from
the minimal possible dependency, namely Xi ∈ AN−n+1,0, and increase the
filtration in case we cannot find a solution there.
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We conclude the section showing how our cohomological approach to the
Hamiltonian structures can be used to derive new examples of local bi-
Hamiltonian pairs.

5.1. Toda lattice. The first Hamiltonian structure of the Toda lattice is
(3.50), whereas the second one is

H2 =

(
u(S − S−1) ◦ u u(S − 1) ◦ v
v(1− S−1) ◦ u uS − S−1 ◦ u

)
. (5.2)

As already claimed, the change of coordinate u′ = log u and v′ = v takes
the first Hamiltonian structure H given in (3.50) to the constant form H0

of (3.51). The same change of coordinates applied to H2 gives

H̃2 =

(
S − S−1 (S − 1) ◦ v

v(1− S−1) euS − S−1 ◦ eu
)

. (5.3)

Clearly, the change of coordinates does not affect the compatibility of the
two structures. Let us denote by P2 the Poisson bivector associated to H2 in
(5.2), by P̃2 the one associated to H̃2, by P1 the one associated toH of (3.50)
and, finally, P0 is given by (4.4) as above mentioned. From [P1, P2] = 0 we

have that P̃2 is a cocycle in H2(dP0). Because the only nontrivial cocycle
in H2(dP0) is the constant ultralocal operator H(ul), there must exist an

element X̃ ∈ F̂1 such that at least the coefficients of θθ1, θζ1, ζζ1 of H̃2

are given by the corresponding coefficients of dP0X̃; on the other hand the
coefficients of θζ may differ only up to an additive constant. In the original
coordinates of (3.50), we have P2 = [P1, X] + αP(ul) for some X ∈ F̂1, and

P(ul) =
1
2

∫
uθζ. We can then compute X directly in this coordinate system.

Explicitly, the two Poisson bivectors P1 and P2 are of the form

P1 =

∫
(uθζ1 − uθζ) (5.4)

P2 =

∫
(uu1θθ1 + uv1θζ1 − uvθζ + uζζ1) . (5.5)

We look for a vector X of the form X = f(u, v)θ + g(u, v)ζ satisfying the
equation [P1, X] = P2 − αP(ul). Note in particular that in our ansatz f and
g depend only on the coordinates (u, v) (i.e., not on their shifts). An explicit
computation with formula (2.29) gives

[P1, X] =

∫
(−u−1fvθ−1θ + (f − ufu)θζ1 − (f − ufu − ugv)θζ

−u1gvθ−1ζ − uguζζ1)

=

∫
(u(Sfv)θθ1 + (f − ufu − uSgv)θζ1 − (f − ufu − ugv)θζ

−uguζζ1) ,

(5.6)

where we denoted by fu the partial derivative of f with respect to the
variable u (similar meaning for fv, gu and gv). By direct inspection we have
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the system of equations
−uSfv = uu1

f − ufu − uSgv = uv1
−f + ufu + ugv = −uv − αu

−ugu = u

(5.7)

which can be solved only if α = 0, obtaining f = −uv and g = −u− 1
2v

2 and
then confirming that P2 is a coboundary. Recall that [P1, X] = L−X(P1).

Remark 26. It is very easy to notice that, as P2 is dP1-exact, also P1 is dP2

exact: it is sufficient to note that the change of coordinates u 7→ u, v 7→ v+λ
produces P2 7→ P2+λP1 (this corresponds to a local 1- vector X = −λ

∫
ζ).

However, we cannot obtain from it any information on the cohomology of
P2.

5.2. Bruschi-Ragnisco lattice. The Bruschi-Ragnisco lattice equation is
[20] {

ut = u(u− u−1)
vt = uv1 − u−1v

(5.8)

and it is bi-Hamiltonian with respect to the first structure of the Toda lattice
and to

H
(BR)
2 =

(
0 u(1− S−1) ◦ u

u(S − 1) ◦ u uSv − vS−1 ◦ u

)
(5.9)

which corresponds to the bivector

P
(BR)
2 =

∫ (
u2θζ + uu1ζθ1 + uv1ζζ1

)
. (5.10)

The compatibility between P1 and P2 implies that P
(BR)
2 = [P1, Y ] + P(ul).

Note that now it is impossible to find a solution using the ansatz of Section
5.1, because for the coefficient of the term ζζ1 we would have gu = −v1,
but we have postulated that g depends only on (u, v). We then make the
slightly more general ansatz that f and g depends on (un, vn) with n = 0,±1.
Computing the Schouten bracket of P1 and Y and comparing it with P2 we
obtain the following system of equations:

uS2fv−1 = 0
uSfv−1 − uSfv − u1fv1 = 0

u1fu1 + uS2gv−1 = 0
f − ufu + u1fu1 + uSgv−1 − uSgv = 0
−f + ufu − u−1fu−1 + ugv − ugv1 = u2 − αu

−uSfu−1 − u1gv1 = uu1
−ugu − uSgu−1 + u1gu1 = uv1

u1gu1 = 0

(5.11)

for which we find an easy solution for α = 0, namely f = 0, g = −uv1.

5.3. Two-component Volterra lattice. The two-component Volterra lat-
tice [20] {

ut = u(v1 − v)
vt = v(u− u−1)

(5.12)
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is bi-Hamiltonian with respect to the two Hamiltonian operators

H
(2V )
1 =

(
0 u(S − 1) ◦ v

v(1− S−1) ◦ u 0

)
(5.13)

and

H
(2V )
2 =

(
u(Sv − vS−1) ◦ u u(uS − u+ S ◦ v − v) ◦ v

v(u− S−1 ◦ u+ v − vS−1) ◦ u v(uS − S−1 ◦ u) ◦ v

)
.

(5.14)
The two associated bivectors are, respectively,

P
(2V )
1 =

∫
(uv1θζ1 − uvθζ) (5.15)

and

P
(2V )
2 =

∫
(uu1v1θθ1 + uv1(u+ v1)θζ1 − uv(u+ v)θζ + uvv1ζζ1) . (5.16)

We observe that the change of coordinates u′ = log u, v′ = log v brings

H
(2V )
1 to the constant form H0 in (3.50). Since the second cohomology

of P0 is concentrated in the ultralocal part, there exists a local 1-vector

X such that P
(2V )
2 = [P

(2V )
1 , X] + αP ′

(ul), where P ′
(ul) is obtained by the

inverse change of coordinate for H(ul) as P ′
(ul) =

1
2

∫
uvθζ. We look for the

solution adopting the ansatz X = f(u, v)θ + g(u, v)ζ and computing, as

usual P
(2V )
2 = [P

(2V )
1 , X]. We obtain the following set of equations

−uv1Sfv = uu1v1
v1f + uSg − uv1fu − uv1Sgv = uv1(u+ v1)

−vf − ug + uvfu + uvgv = −uv(u+ v)− αuv
−uv1gu = uvv1

(5.17)

From the first and fourth equation it is immediate to deduce f = −uv+ f̃(u)

and g = −uv+ g̃(v). For degree reasons, a possible solution for f̃ and g̃ must
be quadratic; it is then straightforward to find the solution f = −uv − u2

and g = −uv − v2, with the necessary and sufficient condition α = 0.

Remark 27. Note that the second Hamiltonian operator H
(2V )
2 is of the form

AS +B − S−1 ◦At with

A =

(
uv1u1 u(u+ v1)v1
0 uvv1

)
a nondegenerate matrix. According to Remark 9, then H

(2V )
2 must be de-

fined by a triple (Aff(R), r, k) associated to the Poisson-Lie group Aff(R)
and a choice of matrices r and k. Under the change of coordinate u′ = u/v,

v′ = −1/v + u/v, indeed, H
(2V )
2 takes the form

H̃
(2V )
2 =

(
0 u′

−u′u′1 −u′v′1 + u′

)
S +

(
0 −u′ − (u′)2

u′ + (u′)2 0

)
− S−1 ◦

(
0 −u′u′1
u′ −u′v′1 + u′

)
,
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namely A and B are respectively of the form (3.14) and (3.16) for r =(
0 1
−1 1

)
and k =

(
0 1
−1 0

)
. Furthermore, the Lie bracket (3.15) on g∗ is

[e∗1, e
∗
2] = e∗1.

5.4. Relativistic Volterra lattice. The relativistic Volterra lattice [20]{
ut = u(v1 − v + u1v1 − uv)
vt = v(u− u−1 + uv − u−1v−1)

(5.18)

is bi-Hamiltonian with respect to the same first Hamiltonian structure of the

two-component Volterra equation H
(2V )
1 and to the (−2, 2) order structure

H
(rV )
2 =

(
a(S) b(S)

−b∗(S) c(S)

)
,

where

a(S) = uS ◦ uv(1 + u)− uv(1 + u)S−1 ◦ u ,
b(S) = u(S ◦ uvS + uS + S ◦ v) ◦ v − uv(u+ v + uv) ,

c(S) = uv(1 + v)S ◦ v − vS−1 ◦ uv(1 + v) ,

which corresponds to the Poisson bivector

P
(rV )
2 =

∫
(uu1v1(1 + u1)θθ1 + uu1v1v2θζ2 + uv1(u+ v1)θζ1

−uv(u+ v + uv)θζ + uv(1 + v)v1ζζ1) . (5.19)

The compatibility of P
(rV )
2 with P

(2V )
1 means that there exists a local 1-

vector Y such that P
(rV )
2 − [P

(2V )
1 , Y ] is ultralocal, in particular either zero

or proportional to P ′
(ul) of the Section 5.3. Moreover, we note that P

(rV )
2 =

P
(2V )
2 + P̃2, which – by the linearity of the Schouten bracket – implies that

Y = X + X̃, with X as computed in Section 5.3. Since the order of P̃2 is

higher than the one of P
(2V )
1 , we expect the local 1-vector X̃ to depend at

least on the variables (u, v, u1, v1); indeed, we can find a solution of such a

form of the equation P̃2 = [P
(2V )
1 , X̃]. From the ansatz X̃ = f(u, v, u1, v1)θ+

g(u, v, u1, v1)ζ we obtain the system of equations

−u1v1fv1 − uv1Sfv = uu21v1
−u1v2fu1 = uu1v1v2

v1f + uSg − uv1fu + u1v1fu1 − uv1Sgv = 0
−vf − ug + uvfu + uvgv − uv1gv1 = −u2v2 − αu2

−uv1gu + u1v1gu1 = uv2v1
−u1v1gu1 = 0

(5.20)

which has solution f = −uu1v1 and g = −uv2 only if α = 0. Then we
reconstruct the local 1-vector Y as

Y = −
(
u2 + uv + uu1v1

)
θ −

(
v2 + uv + uv2

)
ζ (5.21)

and conclude P
(rV )
2 = [P

(2V )
1 , Y ].
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5.5. Relativistic Toda lattice. The relativistic Toda lattice [20]{
ut = u (u−1 − u1 + v − v1)
vt = v (u−1 − u)

(5.22)

is bi-Hamiltonian with respect to the Hamiltonian operators

H
(rT )
1 =

(
0 u(S − 1)

(1− S−1) ◦ u S−1 ◦ u− uS

)
(5.23)

and

H
(rT )
2 =

(
u(S − S−1) ◦ u u(S − 1) ◦ v
v(1− S−1) ◦ u 0

)
. (5.24)

Remark 28. Note that the pair (H
(rT )
1 , H

(rT )
2 ) can be obtained by the pair

(H,H2) of the Toda lattice ((3.51) and (5.3)) by noting H
(rT )
1 = H− H̃ and

H
(rT )
2 = H2 − H̃ with

H̃ =

(
0 0
0 uS − S−1 ◦ u

)
. (5.25)

In fact, (H,H2, H̃) is a triple of compatible Hamiltonian operators.

The first Hamiltonian operator in (5.23), whose associated bivector is

P
(rT )
1 =

∫
(uθζ1 − uθζ − uζζ1) (5.26)

can be brought to the constant form (3.50) by the change of coordinates
u′ = log u, v′ = u + v; this means that there must exist a local 1-vector

X such that, when written in the same coordinate system as P
(rT )
1 , is a

solution of [P
(rT )
1 , X] = P

(rT )
2 − αP(ul), where P

(rT )
2 is the Poisson bivector

associated to (5.24), namely

P
(rT )
2 =

∫
(uu1θθ1 + uv1θζ1 − uvθζ) , (5.27)

and P(ul) is the same ultralocal bivector of Section 5.1 and Section 5.2,
as one can easily verify by applying the inverse change of coordinates to
1
2

∫
θζ ∈ H2(F̂ , dP0). To find a solution we look for a more generic ansatz

than the previous examples (there are not solutions choosing simpler ones)
of the form X = fθ+gζ with both f and g depending on (un, vn), n = 0,±1.
The system of conditions we obtain is

uS2fv−1 = 0
u1fv1 + uSfv = uu1

−u1fv1 + u1fu1 + uS2gv−1 = 0
−f − ufv − u1fu1 + ufu + uSgv − uSgv−1 = uv1

f + ufv − ufu + u−1fu−1 + ugv1 − ugv = −uv − αu
u−1fv − u−1fu−1 − uS−1gv1 = 0
−u1gv1 − uS2gv−1 + u1gu1 = 0

f − ugv − uSgv − u1gu1 + ugu + ugu−1 = 0

(5.28)

whose solution is f = −uv − uu1, g = uv1 − u−1v−1 + uv + 1
2(u

2 + v2) with
α = 0.
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5.6. Derivation of bi-Hamiltonian pairs. Our result about the structure
of H2(F̂ , dP0) guarantees that any bivector P compatible with P0 is of the
form P = αP(ul) + [P0, X]. Therefore, given an arbitrary local 1-vector X
and a constant α, we can obtain a new compatible bivector; however, there
is no guarantee that the bivector P is Poisson and therefore that the pair
(P0, P ) is bi-Hamiltonian. There exist choices of X for which this is indeed
the case: the pairs of the previous section are some examples.

In this section, we characterize the local 1-vectors X that produce com-
patible Poisson bivectors and present a simple class of new examples. For
simplicity, we work with P0; however, any point transformation (such as
those connecting P0 with P1 of the previous examples) applied to both the
bivectors preserve the bi-Hamiltonian property.

Proposition 29. Let P0 be given by (4.4), let X ∈ F̂1 and let P = αP(ul)+
[P0, X]. The pair (P0, P ) is a bi-Hamiltonian pair if and only if[

X, [X,P0]− 2αP(ul)

]
= βP(ul) + [P0, Y ], (5.29)

for some value of the constant β and a local 1-vector Y .

Proof. We have already proved that P0 is a Poisson bivector and that P0

and P are compatible, so we only need to impose the Poisson property for
P , which reads

[αP(ul)+[P0, X], αP(ul)+[P0, X]] = 2α[P(ul), [P0, X]]+ [[P0, X], [P0, X]] = 0.

Using the graded Jacobi identity of the Schouten bracket, we rewrite

[P(ul), [P0, X]] = [[P(ul), P0], X]− [P0, [P(ul), X]] = −[P0, [P(ul), X]],

[[P0, X], [P0, X]] = [[[P0, X], P0], X]− [P0, [[P0, X], X]] = −[P0, [[P0, X], X]],

and, by graded skewsymmetry,

[P, P ] = [P0, 2α[X,P(ul)]− [X, [X,P0]]] = 0. (5.30)

Condition (5.30) is satisfied if and only if the second entry of the Schouten
bracket is a cocycle of dP0 which, by our Theorem 19, imposes the form
βP(ul) + [P0, Y ]. □

Local 1-vectors X satisfying this property are, for example, those whose
characteristics are linear in the (u, v) variables and their shifts, namely of

the form Xi = Aim
j ujm. It is quite cumbersome to observe condition (5.29)

directly; however, the bivector [P0, X] does not depend on u, v and their
shifts, and therefore it is always Poisson and compatible with P(ul), so that
αP(ul) + [P0, X] is Poisson, too. Explicitly we have

P = αP(ul) + [P,X] =

(
a(S) b(S) + α

−b∗(S)− α c(S)

)
where

a(S) = A1m
2

(
Sm−1 − Sm + S−m − S1−m

)
,

b(S) = A1m
1

(
Sm − Sm+1

)
+A2m

2

(
S1−m − S−m

)
,

c(S) = A2m
1

(
Sm − Sm+1 + S−m−1 − S−m

)
.
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A very simple example to illustrate this family can be obtained for any α
and X such that A10

2 is the only non-vanishing parameter; in this case X
satisfies the stronger properties [X, [X,P0]] = 0 and [X,P(ul)] = 0, from
which (5.29) is solved by β = Y = 0. The bi-Hamiltonian pairs are of the
form

P0 =

(
0 S − 1

1− S−1 0

)
, P =

(
−A10

2

(
S − S−1

)
α

−α 0

)
which, in the same local coordinates as the first Hamiltonian structure of
Toda, are

P1 =

(
0 u(S − 1)

(1− S−1) ◦ u 0

)
, P2 =

(
−A10

2 u(S − S−1) ◦ u αu
−αu 0

)
.

(5.31)
Other classes of examples can be obtained imposing different ansatz for

the local 1-vector X, and selecting among all the possible compatible bivec-
tors [P0, X] those which satisfy the Jacobi identity. If we chooseX = X(u, v)
at most cubic in its variables, we obtain two non-constant families of Hamil-
tonian operators compatible with P0, namely

P(1) =

(
0 p2(u)(S − 1)

(1− S−1) ◦ p2(u) q2(u)S − S−1 ◦ q2(u)

)
and

P(2) =

(
S ◦ p2(v)− p2(v)S−1 q2(v)(1− S−1)
(S−1 − 1) ◦ q2(v) 0

)
with p2(x), q2(x) arbitrary quadratic polynomials of one variable. Observe
that, despite the similar structure, P(1) and P(2) are not interchangeable
keeping P0 constant. Indeed, the transformations preserving P0 are only
those of the form ũ = a u+ b, ṽ = a−1v + c, and those can only change the
coefficients of the polynomials p2, q2, not their position or variable depen-
dency.

6. Final remarks

In this work we addressed the study of multi-component difference Hamil-
tonian operators, extending to the ℓ = 2 case the investigation on their
structure carried out in [12, 13] and on their Poisson cohomology presented
in [8]. About the former problem, we have insofar limited ourselves to the
“first neighbours” operators of order (−1, 1). While Dubrovin’s result [15]
holds true for any number of components, it is worthy noticing that most of
the differential-difference integrable systems studied in the literature have a
leading order defined by degenerate matrices and therefore fall outside the
scope of Dubrovin’s work. In Proposition 13 and Proposition 14 we listed
the ℓ = 2 degenerate cases depending on once-shifted variables.

Our computation of the Poisson cohomology for ℓ = 2 Hamiltonian oper-
ators essentially carries the same message as the previously studied scalar
case [8]: the only nontrivial part of the Poisson cohomology is concentrated
in the so-called ultralocal part, and hence do not exist “dispersive” (such
a term is borrowed from the analogue differential case: strictly speaking,
of order (−N,N) for N > 1) deformations of (−1, 1)-order Hamiltonian
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operators. This hints to a prominent role, within the theory of differential-
difference integrable systems, for operators of (−1, 1)-order, as it is indeed
demonstrated by the abundance of examples in such a class [20].

As it was already observed in [12], the n-stretched versions, namely the
ones obtained from the substitution (Sk 7→ Snk, uik 7→ uink), of all the Hamil-
tonian operators in our classification are Hamiltonian operators, too. How-
ever, we expect that their corresponding Poisson cohomology becomes richer,
in particular allowing nontrivial “dispersive” deformations. Moreover, as the
order of the Hamiltonian operators grows, also the classification will grow
richer, as it is already the case for the ℓ = 1 case – indeed, there exist ex-
amples [20] of integrable differential–difference systems in two components
with bi-Hamiltonian structure of order (−2, 2) that, for the moment, fall
outside the scope of our classification.

Finally, the class of Hamiltonian operators we considered in this paper
is limited to the local ones. Nonlocal Hamiltonian operators in the ℓ = 1
case have been considered in [13, 6]. An extension of their results to the
ℓ > 1 case is of interest, not only to better investigate multi-component
differential-difference integrable systems as the ones considered in this work,
but also in the direction of non-commutative systems, whose Hamiltonian
structure, even in the simplest cases, is often nonlocal [9, 10, 18].
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