arXiv:2209.12933v2 [math.AT] 25 Jan 2023

INTEGRALS DETECTING DEGREE 3 STRING COBORDISM
CLASSES

DOMENICO FIORENZA AND EUGENIO LANDI

ABSTRACT. The third string bordism group is known to be Z/247. Using Wal-
dorf’s notion of a geometric string structure on a manifold, Bunke-Naumann and
Redden have exhibited integral formulas involving the Chern-Weil form represen-
tative of the first Pontryagin class and the canonical 3-form of a geometric string
structure that realize the isomorphism Bords™™™® — 7/247 (these formulas have
been recently rediscovered by Gaiotto—Johnson-Freyd—Witten). We will show how
these formulas naturally emerge when one considers certain natural U(1)-valued
and R-valued 3d TQFT associated with the classifying stacks of Spin bundles with
connection and of String bundles with geometric structure, respectively.

1. INTRODUCTION

It is not hard to show that in degree n less or equal to 6 the String bordism group,
Bordimring is isomorphic to the framed bordism group Bordff. Indeed, BString =
BO(8) is the eighth stage in the Whitehead tower of the classifying space of or-
thogonal group and so the obstructions to lifting the classifying map of the tangent
bundle of an n-dimensional string manifold M through all the higher stages of the
tower lie in the cohomology groups H*¥(M;m,BO) for k > 8. In particular, all of
these obstructions vanish if n < 7. By the celebrated Pontryagin-Thom isomorphism
one has Bordff ~ 7,(S), where S is the sphere spectrum or, equivalently, that Bord,ﬂr
is isomorphic to the n-th stable homotopy group of the spheres. All this together,
for n = 3, gives

Bord;"™™ ~ Bord ~ m3(S) = Z/247Z

One may wish to express the isomorphism ¢: Bord; ™8 = Z/247 as some charac-
teristic number given by integrating some canonical differential 3-form on a closed
string 3-manifold M: ¢[M] = SM wys. Clearly, there is no hope that this can be
true, since the integral takes real values while ¢ takes values in Z/24Z, and there
is no injective group homomorphism from 7Z/247 to R. There is however a variant
of this construction that may work. Instead of considering just a string 3-manifold
M, one considers a string 3-manifold M endowed with some additional structure Y.
This structure should be such that any M admits at least one Y. To the pair (M, Y)
there could be associated canonical 3-form wy v such that SM warr takes integral
values. Then, if a change in the additional structure T results in a change in the
value S 2 Wa,x by a multiple of 24 one would have a well defined element

f Wh,T mod 24
M 1
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in 7Z/247, depending only on the string 3-manifold AM; and this could indeed rep-
resent the isomorphism . In this form the statement is indeed almost true. The
correct version of it has been found by Bunke and Naumann [BN14] and, indepen-
dently, by Redden [Red11]. Their additional datum Y consists of a triple (n, W, V),
where 7 is a geometric string structure on M in the sense of Waldorf [Wall3], W is
a spin 4-manifold with 0W = M,! and V is a spin connection on W such that the
restriction V‘ y coincides with the spin connection datum of the geometric string
structure 7. Out of the data (M, n, W, V) one can compute

1
V0L W)= 3 [ B ) - |

where p{" (V) is the Chern-Weil 4-form for the first Pontryagin class, evaluated
on the connection V, and w,, is the canonical 3-form associated with the geometric
string structure 7.2 From the interplay between geometric string structures and
differential cohomology it follows that (M, n, W, V) € Z. Keeping (M, n) fixed and
letting (W, V) vary, one finds

1

¢(M7n7 Wl,Vl) _w(Mana WOvv()) = 5 prl(W)v

where W = Wj U W3 denotes the closed spin 4-manifold obtained gluing together
W (with the opposite orientation) and W along M, and ip; (W) € H*(W;Z) is the
first fractional Pontryagin class of W. One has

AW = =57 | ()
for any closed oriented 4-manifold W. By the Atiyah-Singer index theorem, the A-
genus of a closed oriented manifold is an integer if the manifold is spin, and is an even
integer if moreover the dimension of the manifold is of the form 8k + 4. Therefore
in our case we have that §, pi(W) € 48Z and so {,, sp1(W) € 24Z. Therefore the
function

(M, n) = (M,n,W,V) mod 24

is well defined. One concludes by showing that (M, n) is actually independent
of the geometric string structure 7, and only depending on the string cobordism
class of M. Additivity is manifest from the definition, so the above integral formula
defines a group homomorphism 1 : Bordgtring = Z,/247. A direct computation with
the canonical generator of Bordgmng, i.e., with S® endowed with the trivialization
of its tangent bundle coming from S® =~ SU(2), then shows that v is indeed an
isomorphism.

The aim of this note is to show how the above integral formula for v, as well as its
main properties, naturally emerge in the context of topological field theories with
values in the symmetric monoidal categories associated with morphisms of abelian

groups.

ISuch a W surely exists, since BordgIDin =0.
2This expression has been recently considered by Gaiotto-Johnson-Freyd-Witten in the context

of minimally supersymmetric models in two dimensions [GJFW19].
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2. SYMMETRIC MONOIDAL CATEGORIES FROM MORPHISMS OF ABELIAN GROUPS
AND TQFTs

By Bordi 4_1(X) we will denote the symmetric monoidal category of (d,d — 1)-
bordism with tangential structure £ and background fields X. Contenting us with
an informal definition,® this we mean that the objects of Bordfl’ 4_1(X) are (d — 1)-
dimensional closed manifolds M equipped with a certain reduction & of the structure
group of the “d-stabilized” tangent bundle TM®R, and amap f: M — X to a space,
or more generally smooth stack, of background fields X. Morphisms W : My — M,
in Bordi 4—1(X) are d-manifolds with a -structure on the tangent bundle and map
to X such that dW = My ] M; and such that the restrictions of the tangential
structure and of the map to the target of W coincide “up to a sign” with those of the
M;’s. The only tangential structures we will be concerned with will be orientations,
spin, and string structures; we will denote them by or, Spin, and String, respectively.
The monoidal structure on Bordi 4_1(X) is given by disjoint union.

Remark 2.1. The trivial bundle R will always be oriented with {1} as a positively
oriented basis. This way the datum of a d-stable orientation on (d — 1)-manifold M
reduces to the datum of an orientation of M.

Ezample 2.2. Let X = Q%! be the smooth stack of closed (d — 1)-forms. Then an
object of Bor gfd_l(Qz_ ') is given by a closed oriented (d — 1)-manifold M equipped
with an (automatically closed) (d — 1)-form wy_y1.a7. A morphism W: My — M; in
Bordgfd_l(Qfl_l) is the datum of an oriented d-manifold W with 0W = M [ [ My*?,
where “opp” denotes the opposite orientation, equipped with a closed (d — 1)-form
w4—1;w such that

Wd—l;W\Mi = Wd—1;M;
for i =0, 1.

Definition 2.3. Let C be a symmetric monoidal category. A (d, d—1)-dimensional C-
valued topological quantum field theory (TQFT for short) with tangential structure
¢ and background fields X is a symmetric monoidal functor

Z: Bordj, ,(X) > C.

A typical target is C = Vect, the category of vector spaces (over some fixed
field K). In this case the functor Z maps the (d — 1)-manifold M (with tangential
structure and background fields) to a vector space V), and the d-manifold W to a
liner map ow: Vi, — Var,. Equivalently, if W is a d-manifold with 0W = M| then
Z(W) is an element of Vj;.* This example is so typical® that when one speaks of a
TQFT without specifying the target C one means C = Vect. Yet there are plenty of

3See, e.g., [Lur09, GP21] for for a rigorous definition, and, e.g., [Sch13] for an introduction to
smooth stacks in the context of field theories.

4this corresponds to thinking of all of the boundary of W as “outgoing” so that Wy = ¢J, and
to identifying elements of V), with linear maps K — Vj; by means of the distinguished basis {1}
of K.

°Tt is the original Atiyah’s definition [Ati88]
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interesting targets other than Vect. Here we will be concerned with the symmetric
monoidal categories naturally associated with abelian groups and with morphisms
of abelian groups.

Definition 2.4. Let (A, +) be an abelian group.® By A® we will denote the sym-
metric monoidal category with

Ob(A®) = A;

id, ifa=1»5

(%) otherwise

Hom e (a,b) = {

The tensor product is given by the sum (or multiplication) in A and the unit object
is the zero (or the unit) of A. Associators, unitors and braidings are the trivial ones.

Remark 2.5. Notice that A® is a rigid monoidal category: the dual of an object a is
given by the opposite element —a (or the inverse element a1).

Spelling out Definition 2.3 for C = A® we see that a TQFT with tangential
structure ¢ and background fields X with values in A® consists into a rule that
associates with any closed (d — 1)-manifold M, ; (with tangential structure and
background fields) an element Z(M,; 1) € A in such a way that:

o Z(My—yu M, |)=Z(Mg—1)+ Z(M}_,) (monoidality);
o if My 1 = 0W, then Z(My_1) = 0 (functoriality).

Ezample 2.6 (Stokes’ theorem for closed forms). A paradigmatic example of a TQFT
with values in an abelian group is provided by Stokes’ theorem. Take the stack X of
background fields to be the smooth stack Q%" of closed (d — 1)-forms as in Example
2.2, and let R® be the symmetric monoidal category associated with the abelian
group (R, +). Then

Z: Bordy,_,(Q4") - R®
(Mg—1,wq—1) — Wd—1
Mg 1

is a TQFT. The monoidality Z((M,wn) u (M war)) = §,, wm + §,, war is given
by the additivity of the integral, and functoriality is precisely Stokes’ theorem: if
My 1 = 0Wy and wy_ is the restriction to My 1 of a closed (d — 1)-form on Wy
(that we will denote by the same symbol w,_1), we have

Z(Mg—1,w4-1) = J Wi—1 = J Wy—1 = J dwg—1 = 0.
Md—l aWd Wd

Remark 2.7. Chern-Weil theory provides differential form representatives for Pon-
tryagin classes. These representatives can be seen as morphisms of smooth stacks

ng: BSOV — Q4k

cl

5We will be also using the multiplicative notation (A4, -).
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where BSOy = lim BSO(n)y is the stack of principal SO-bundles with connections.
We have an induced symmetric monoidal morphism

BOTdZZHAk(BSOV) - BordZZ+1,4k(Q§f)
and so a TQFT
Z: Bordgj 1 44(BSOy) — R®

(M4/€7 Pv V) = ng(v)

My,
If one keeps the principal bundle P fixed and changes the so-connection V into a
new connection V', the difference py™W (V) — pg"V(V’) is an exact form, so that our
TQFT descends to a TQFT with background fields BSO, i.e., we have a commutative
diagram

Bordf},; 4(BSOy) ——— B®

|

Bord(, ;1,4 (BSO)

The ((4k + 1)-stabilized) tangent bundle provides a symmetric monoidal section to
the forgetful morphism Bordj ,; 4,(BSO) — Bordj; , ; 4, so we get an absolute (i.e.,
with trivial background) oriented TQFT

. or ®
Z: Bordy g 4 — R

My

The same argument applies replacing the single Pontryagin class p, with a poly-
nomial ® = ®(py,po,...) in the Pontryagin classes. This way one obtains plenty
of R-valued oriented TQFTs. These are in particular R-valued oriented cobordism
invariants, and Thom’s isomorphism

Q§O®R = R[pl,pg,...]

implies that indeed every R-valued oriented cobordism invariant is of this form.

More generally, one can associate a symmetric monoidal category with a morphism
of abelian groups, as follows.

Definition 2.8. Let ¢4: Anor — Ao, be a morphism of abelian groups. By ¢% we
will denote the symmetric monoidal category with

Ob(w%) = Aob;

Hom g (a,b) = {z € Anor 1 a+ a(z) = b}.

The composition of morphism is given by the sum in A,,.. The tensor product of
objects and morphisms is given by the sum in A, and in A, respectively. The
unit object is the zero in A,},. Associators, unitors and braidings are the trivial ones,
i.e., they are given by the zero in Ap,.
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Remark 2.9. Tt is easy to see that Definition 2.8 is indeed a generalization of Defini-
tion 2.4: if 14: 0 — A denotes the initial morphism for A, then one has an evident
isomorphism (§ ~ A®.

As we did for TQFTs with values in A®, we can spell out the data of a TQFT (with
tangential structure ¢ and background fields X) with values in ¢%. It consists into a
rule that associates with any closed (d—1)-manifold M,_; (with tangential structure
and background fields) an element Z(My 1) € Agp, and with any d-manifold Wy
(with tangential structure and background fields) an element Z(W,) € Aper in such
a way that:

o Z(Myyu My |)=2Z(My1)+Z(M, |)and Z(WyuW)) = Z(W,)+ Z(W))
(monoidality);
o if My 1 =0W,then Z(My_1) = @a (Z(W,)) (functoriality).

The following example is the immediate generalization of Example 2.6.

Ezample 2.10 (Stokes’ theorem). Take as stack of background fields the smooth
stack Q2971 of smooth (d — 1)-forms. Then we have a TQFT

Z: Bordflfdfl(Qd_l) — id®

(Mg_1,wq-1) — Wd—1
Mg_1

(Wa,wa—1) — dwg_1.
Wy
As in Example 2.6, monoidality is given by the additivity of the integral and functo-
riality is given by Stokes’ theorem: if My 1 = Wy, wy_1 is the restriction to My 4
of a (d — 1)-form on W, (that we will denote by the same symbol wy—1), then we

have
Z(Mdflawakl) = f Wg—1 = f Wg—1 = J dwg—1
Md—l aWd Wd

= Z(Wd,wd,l) = ldR (Z(Wd,wd,l)) .

Ezample 2.11 (Holonomy and curvature). A generalization of the above Example for
d = 2 is obtained by taking X = BU(1)y, the stack of principal U(1)-bundles with
connection. As target we take the symmetric monoidal category associated with the
exponential morphism
exp(2mi—): R — U(1).
There’s a natural TQFT produced by these data and given by
Z: Bords', (BU(1)y) — exp(2mi—)®
(Ml, P, V) = hOl]\/[1 (V)
1
(W27P7V)H—,J FV7
27 Jyy,

™

where holy, (V) is the holonomy of the connection V along the closed oriented 1-
manifold M; (i.e., the usual holonomy along a copy of S!, extended monoidally using
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the fact that M; is a disjoint union of finitely many copies of S!), and Fy is the
curvature 2-form of V. The fact that Z is a TQFT is encoded in the fundamental
integral identity relating holonomy along the boundary and curvature in the interior:

holow, (V) = exp ( JWQ Fv> |

Remark 2.12. The stack BU(1)y can be seen as the stack associated by the Dold-Kan
correspondence with the chain complex of sheaves

s-dlo
C*(=U(1) == (=),
with C*(—; U(1)) in degree 1. This precisely encodes the fact that the local data for
a principal U(1)-bundle with connection (P, V) over smooth manifold M endowed
with an open cover U = {U,}, € I are given by
e smooth maps g,s: Uss — U(1)
e 1-forms A, on U,

such that

® 9ap9py9va =1 on Uagpy;
o Ag— A, = ﬁdlog(gaﬁ) on Ugg.
If M is a smooth manifold, the set of homotopy classes of maps from M to BU(1)y
classifies the isomorphism classes of principal U(1)-bundles with connection over M,
so that
(M, BU(1)] = F2(M; Z),

where H "(—;Z) denotes degree n ordinary differential cohomology (or Deligne co-
homology), see, e.g., [Bry93,FSS12]. In terms of the Dold-Kan correspondence, this
reduces to the usual definition of ordinary differential cohomology as an hypercoho-
mology:

H™(M;Z) =~ H"(M;C*(—; U(1)) » Q') = H(M;Z — Q° — QY).

Remark 2.13. A second, equivalent, description of the stack BU(1)y is as the homo-
topy pullback

S F
|
B?Z — B’R
where F is the map sending U(1)-connection to its curvature and Q% — BR is
actually the span
Q2 — (QO -0 - le) < BR,
and is the map inducing at the cohomology level the morphism Q% (M) — H32g (M) =~
H?(M;R) mapping closed 2-form to its de Rham cohomology class. This description
is the one that directly encodes the naive idea of an ordinary differential cohomology

class as the datum of integral cohomology class together with a closed differential
form representing it, see, e.g., [Bunl2, Proposition 3.24].
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Ezample 2.14 (Higher holonomies and curvatures). Example 2.11 admits an imme-
diate higher dimensional generalization. One considers the higher stack B"U(1)y of
U(1)-n-principal bundles with connection, that can be equivalently defined as the
homotopy pullback

B"U(1)v 2“ Qi
[ =
Bn—HZ SN Bn+1R

or via the Dold-Kan correspondence, as the stack associated by the n-terms Deligne
complex
dlog

€7 (-, U(1) 2%,
and defines an (n + 1, n)-dimensional TQFT as

QliQ2—>iQn

)

Z: Bordy',, ,(B"U(1)y) — exp(2mi—)®
(M, P,V) — holy, (V)

1
(Wysr, P, V) —f Fo,
Wi

271

Remark 2.15. The morphism of chain complexes

0 > 0 yoe » 0 > Q°
l 7 dlog l l l lid
C*(—,U(1)) Z—= o —4 ... y 1l 4y g

induces a morphism of smooth stacks 2" — B"U(1)y interpreting n-forms as par-
ticular connections on trivial U(1)-n-bundles. For these particular connections, ho-
lonomy along a closed oriented n-manifold reduces to integration. More precisely,
we have a commutative diagram

[M,, Q"] —— [M,,B"U(1)v]
Sl ‘ lhol
R —2PCTD Ly,

Notice how the additivity of the integral is translated into the multiplicativity of
holonomy by the group homomorphism exp(27i—). Moreover, for n-forms seen as
particular connections, the curvature is identified with the de Rham differential;
namely, we have a commutative diagram

| /

B"U(1

Qn+1

With our last Example in this Section we finally connect to spin structures.



INTEGRALS DETECTING DEGREE 3 STRING COBORDISM CLASSES 9

Ezample 2.16 (TQFTs from spin connections). Let BSpin = lim BSpin(n) be the
classifying space for the infinite spin group. One has H*(BSpin;Z) =~ Z, with a
generator given by the first fractional Pontryagin class %pl. This can equivalently
be seen as a map (well defined up to homotopy) %pl : BSpin — K(Z,4). Also
the Eilenberg-MacLane space K(Z,4) can be seen as a classifying space: one has
K(Z,4) ~ B3U(1), i.e., K(Z,4) is the classifying space for U(1)-principal 3-bundles.
Brylinksi and McLaughlin show in [BM94] how one can construct a Cech cocycle
representative for %pl starting from a Cech cocycle representative for a principal
Spin bundle. This construction can be reinterpreted as a refinement of the map of
classifying spaces %pl : BSpin — B3U(1) to a morphism of smooth stacks

1
5P BSpin — B*U(1)

Brylinski and McLaughlin also show how from the cocycle data for a spin connection
on a principal Spin bundle one can construct a Deligne cocycle representative for
an ordinary differential cohomology class %ﬁl lifting %pl to differential cohomology.
This too admits a natural interpretation in terms of smooth stacks: it is a lifting
of %pl to a morphism of smooth stacks %151 : BSping — B3U(1)y, i.e., we have a
commutative diagram

l ~
BSping —— B3U(1)v

(1) | 1 |

BSpin —— B3U(1),
Composing with the curvature morphism 5= F: B3U(1)y — QF from Example 2.14,
we obtain the commutative diagram

1,.CW
2P1

BSpinV 1—A> B3U(1)V le
2p1 F

@ |

BSpin —— B*U(1),
3P1

where the bent arrow on the top is the Chern-Weil representative for %pl seen as
a morphism of smooth stacks (see Remark 2.7). Therefore, we obtain a (4, 3)-
dimensional TQFT with background fields given by spin connections and target
exp(2mi—)® by setting

Zspin: Bordy'3(BSping ) — exp(2mi—)®

L,
(13 P.9) = ol (35:(9))

1
Wy
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3. GEOMETRIC STRING STRUCTURES

In this Section we recall Waldorf’s notion of a geometric string structure [Wall3].
We present it by using the language of smooth stacks. Doing this, on the one hand
the presentation is extremely fast, and on the other hand all the main features of
geometric string structures are very easily derived.

To begin with, recall that the classifying space of the string group is given, essen-
tially by definition, by the homotopy fiber of the first fractional Pontryagin class.
In other words BString is defined as the homotopy fiber product

BString —— =
Lo
1

BSpin —— K(Z,4)

We have already remarked that K(Z,4) =~ B3U(1), so that BString is equivalently
defined as the homotopy fiber of %pl : BSpin — B3U(1). We have also recalled that,
seen this way, the first fractional Pontryagin class can be refined to a morphism of
smooth stacks %pl : BSpin — B3U(1). This naturally leads to defining the smooth
stack of principal string bundles as the homotopy pullback

BString ——— =
L

BSpin —— B3U(1)

Explicitly, this means that a principal string bundle over a manifold M is the da-
tum of principal spin bundle P over M together with the choice of a trivialization
of the associated principal U(1)-3-bundle. Notice that this contains both a topolog-
ical condition (the U(1)-3-bundle has to be trivializable, and this is equivalent to
ip1(P) =0 € H*(M;Z)) and additional structure (the choice of a trivialization).
We also noticed that the morphism of stacks %pl : BSpin — B3U(1) admits a
refinement to a morphism of stacks ip; : BSping — B*U(1)y, and this leads to

defining the stack of principal string connections as the homotopy pullback

BStringg ——— =
L,
i1
BSping —— B?*U(1)v
Yet, it is not BStringy the stack we are interested here, but a variant of it that

has a “more topological” nature as we are going to explain in Proposition 3.8 and
in Remark 3.9. To begin with, notice that the sequence of forgetful morphisms of
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chain complexes

L dlog

C*(—U(1) =— Q' — 02 — 03

Co(—U) EE g 42 g

ﬁdlog Hl l H
C*(—;U(1)) > > 0 > 0
C*(—;U(1)) > 0 > 0 > 0

induces the sequence of morphisms of smooth stacks
B*U(1)y — BB?U(1)y — B’BU(1)y — B*U(1).

Precomposing this on the left with $p; : BSping — B*U(1)y we obtain maps

1. -
élag’): BSpiny — B*'B'U(1)y,

fort=0,...,3.

Definition 3.1. For ¢ = 0,...,3, the smooth stack BStringg) is defined as the
homotopy pullback

BString@ — *

[,

BSping —— B3 BiU(1)y
The stack BStringg) will be called the stack of geometric string structures.

Remark 3.2. In terms of Definition 3.1, the stack BStringy of principal string con-

nections is BString(vg) and the morphism %f)l is %f)(l?’). If M is a smooth manifold,

then a map M — BString(vg) consists in the datum of a principal spin connection on
M together with a trivialization of the associated U(1)-3-connection. On the other
hand, a map M — BString(vg) consists in the datum of a principal spin connection
on M together with a trivialization of the associated U(1)-3-bundle, entirely for-
getting the connection data. A geometric string structure on M lies between these
two extremes: it consists into a principal spin connection on M together with a

trivialization of part of the data of the associated U(1)-3-connection.

Remark 3.3. By definition, the datum of a geometric string structures on a manifold
M is equivalently the datum of a homotopy commutative diagram

M—

e

BSping -~ BB2U(1)y
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As a consequence, two geometric string structures on M provide the fillers for the
homotopy commutative diagram

M
RN
* BSping L

N

BB2U(1)y

This shows that the first geometric string structure is changed into the second by
the action given by pasting a homotopy commutative diagram of the form

M
S
BB2U(1)v

By definition of based loop space of a pointed stack, such a diagram is equivalent
to a map from M to the based loop space of BB?U(1)y, i.e., to B*U(1)y. This
shows that equivalence classes of geometric string structures on M are a torsor for
[M,B*U(1)y] = H*(M;Z).

Remark 3.4. The sequence of forgetful morphisms B*'B'U(1)y — B* "B 1U(1)y
refines the commutative diagram

1.«
BSping —— B3U(1)y

Lo

BSpin —— B3U(1)

to a commutative diagram

BSping > B3U(1)y + BB2U(1)y » B?BU(1)y - B3U(1)

! 1 |

BSpin 2 » B3U(1)

Remark 3.5. By the pasting law for homotopy pullbacks, the defining diagram for
the stack of geometric string structures can be factored as

BString(é) Q3 >
R |
1A

BSping —— B3U(1)y —— BB2U(1l)y
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where both squares are homotopy pullbacks. This in particular shows that a geo-
metric string structure comes equipped with a canonical 3-form. From Remark 2.15
and Example 2.16 we obtain the commutative diagram

BStringg) — 08

|- l\

271'2

2P1

showing that, if ws s is the canonical 3-form on a smooth manifold M equipped
with a geometric string structure and V is the underlying spin connection, then one
has

1
dw3,M ép?w(v>7
i.e., wg s is a trivialization of the Chern-Weil de Rham representative of the first
fractional Pontryagin class of the principal spin bundle P on M coming with the
choice of a spin connection on P.

Lemma 3.6. The sequence of forgetful morphisms B3~'B'U(1)y — B 'B~'U(1)v

induces a sequence of forgetful morphisms BStrmg(v) — BStrlng(v 2 fori=1,...,3.

Proof. By the pasting law for homotopy pullbacks, we have the following homotopy
commutative diagram, where each square is a homotopy pullback, and where the
S; are stacks we give no particular name since we are not specifically interested in
them:

BString(é) —

_
BStringg) > 3 >
N _
BStringg) > Sp >y BQ2 ——— «
| J J l
. (0) Lo s . R20)1
N _ J l _ l
~ 1.~ v 2

BSping 2> B3U(1)y - BB2U(1)y -+ B2BU(1)y » B*U(1)
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Lemma 3.7. Forgetting the connection data induces a natural homotopy commuta-
tive diagram

BString(VO) —— BSping

BString — BSpin
Proof. From Definition 3.1 and Remark 3.4 we have the homotopy commutative
diagram

BString(VO) — > =

|7 |

BSping ——— B?U(1)
BSpin —— B3U(1)

Forgetting the middle line and recalling the definition of BString and the universal
property of homotopy pullbacks, we get a homotopy commutative diagram

BString(VO) S
BSping BString
l / _
) ip1 )
BSpin » B3U(1)
which in particular in its leftmost part gives the statement. O]

Proposition 3.8. Let M be a smooth manifold, and let P: M — BSpin be a
principal spin bundle on M. Then P can be enhanced to a geometric string structure
on M if and only if 3p(P) = 0.

Proof. By Lemma 3.6 and Lemma 3.7, a lift of P to a geometric string structure
induces in particular a lift of P to a string bundle, i.e., to a morphism P: M —
BString. By definition of BString this is equivalent to a trivialization of %pl(P),
and so implies 2p;(P) = 0 in H*(M;Z). Vice versa, if $p;(P) = 0 in H*(M;Z) then
+p1(P) is homotopically trivial in [M, B3U(1)]. Since every spin bundle admits a
spin connection, we can lift P to a principal string connection (P, V): M — BSping.
By Remark 3.4, we have %p(lo)(P, V) ~ 1pi(P), and so §p§°)(P, V) is homotopically
trivial in [M,B3U(1)]. By Definition 3.1 this means that (P, V) can be lifted to
a morphism n©®: M — BString(vg). From the proof of Lemma 3.6 we see that
the obstruction to lifting n® to a morphism n®: M — BString(vl) is given by an
element in [M,B*Q'] ~ H?*(M,Q') = 0, where the latter equality follows from
the fact that Q! is a fine sheaf on M. Similarly, the obstruction to lifting (V) to a
morphism 7?): M — BStringg) is given by an element in [M, BQ?] =~ H'(M,Q?) =
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0. Therefore we see there is no obstruction to enhancing P to a geometric string
structure. O

Remark 3.9. Since H°(M,3) = Q3(M) is nonzero, the argument in the proof of
Proposition 3.8 can’t be used to show that a string bundle on M always admit
a string connection. At the same time, it does not really prevents such a con-
nection to exist: the argument shows that for a particular choice of a geometric
string structure lifting the topological structure of the string bundle there could be
a nonzero obstruction (the canonical 3-form of the geometric string structure) to an
actual string connection, but it is still possible that changing the spin connection
on the underlying spin bundle and its lift to a geometric string structure this ob-
struction may vanish. The question whether a string bundle always admits a string
connection or not” is, up to our knowledge, undecided at the moment and there
is no consensus on which answer should be expected, see, e.g., the discussion at
https://mathoverflow.net/q/426197.

4. MORPHISMS OF MORPHISMS OF ABELIAN GROUPS AND HOMOTOPY FIBERS

In Section 2 we have seen how one can associate a rigid symmetric monoidal
category to a morphism of abelian groups. This construction is actually functorial.
To see this, recall that morphisms of abelian groups are the objects of a category
whose morphisms are commutative diagrams. That is, if pg: Hyno — Ho, and
va: Guor — Gop are morphisms of abelian groups, then a morphism from @y to pg
is a commutative diagram of the form

$H
Hmor — Hob

f morl lf ob

PG
Gmor —_— C7Y0b

The pair (fob, fmor) defines a symmetric monoidal functor f: ¢ — ¢%, and the
functoriality of the construction is easily checked. We recall the following

Definition 4.1. Given a functor p : D — C and an object c of C, the homotopy fiber
(or essential fiber) of p over c is the category hofib (p; ¢) with objects the pairs (z, b)
with z an object in D and b € hom¢ (¢, p(z)) an isomorphism; morphisms from (z, b)
to (2/,b') in hofib (p; ¢) are those morphisms a :  — 2’ in D such that the diagram

p(a)
p(z) — p(a’)
N A
b o TV
commutes. By relaxing the condition that b is an isomorphism, and allowing it to
be an arbitrary morphism, we obtain the notion of laz homotopy fiber and denote it
by hOﬁblax (pv C)'

7Or, more generally, whether a principal G bundle for G a Lie 2-group always admits a G-
connection as it is the case for ordinary Lie groups.
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When p : D — C is a monoidal functor between monoidal categories, we will
always take ¢ to be the monoidal unit 1¢ of C, and will simply write hofib (p) and
hofibj.y (p) for hofib (p; 1¢) and hofiby.y (p; 1¢), respectively. It is immediate to see
that if p is a monoidal functor, the monoidal structures of C and D induce a natural
monoidal category structure on hofib (p) and on hofiby. (p).

Remark 4.2. 1f C is a groupoid, then there is no difference between the homotopy
fiber of p at ¢ and its lax homotopy fiber. This consideration in particular applies
to the categories ®.

When p is the monoidal functor f: ¢§ — & associated with a commutative
diagram of abelian groups, we can give a simple explicit description of the homotopy
fiber of p. This is provided by the following easy Lemma.

Lemma 4.3. Let
Hmor & Hob

fﬂlorl lfob

Gmor L Gob
be a commutative diagram of abelian groups, and let f: ©5 — ©% be the associated

monoidal functor. Then we have

Ob(hofib (f)) = Gmor X6, Hob

Juor(®) = 9" — g }
o) =h —h

Proof. By definition, an object in hofib (f) is a pair (g, h) with h an object in @y
and ¢ an isomorphism from 1., to f(h) in ¢g. Making this explicit, we see that
h € Hy,, and g € Gy is such that O, + pc(g9) = fon(h), i-e., oa(g) = fon(h). This
gives Ob(hofib (f)) = Gumor X, Hob. As far as concerns the morphisms, we have

Morhoﬁb(f) ((ga h)v (glv h,)) = {l‘ € Hmor s.t. {

fmor($)
ob(h) ——— fon (W
Morhofin(s) (9, h).(¢', B')) = L &+ h — h's.t. fou (1) = /,f () commutes
! OG’ob g/
={r € Hyor 8:t. fror(z) + g =¢ and h + py(z) = 1’}

={r € Hyor 8-t fuor(z) = ¢ — g and oy (x) = W' — h}.

Lemma 4.4. A commutative diagram of abelian groups of the form

OH
Hmor —_— Hob

| 27 |

PG
Gmor —_— Gob

induces a symmetric monoidal functor Z: hofib (f) — ker(¢g)® acting on the objects
as (g,h) — g — A(h). Moreover, = is an equivalence iff oy is an isomorphism.
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Proof. To begin with, let us check that = does indeed take its values in ker(pq)®.
For (g, h) an object in hofib (f), by Lemma 4.3 we have

vc(E(g, 1)) = vclg — A(h)) = ¢c(g) — fon(h) = 0g,,-

Since ker(pg)® is a discrete category, in order to show that = is a functor we only
need to show that a morphism x : (g, h) — (¢’, ') in hofib (f) induces an identity
=(g,h) = E(¢',h'). From Lemma 4.3 we know that z satisfies the two identities
fmor(x) = ¢’ —g and py(x) = ' —h. Since fuo = Aoy, the two identities together
give
9 =9 = fuor(x) = Aon(x)) = AW = h) = Mh') = A(h),

ie., g— A(h) = ¢ — A(R') which is the desired identity. The monoidality of = is
manifest. To prove the second part of the statement, we begin by noticing that since
(9,0m,,) is mapped to g, the functor = is always essentially surjective and so it is
an equivalence iff it is fully faithful. If = is fully faithful, then we must have

Morwofin(s) (9, 1), (9, 1)) = {O0s,,, }-
Since
ker(ppy) < ker(fmor) S Morhoﬁb(f)((g, h), (g, h)),

this implies the injectivity of ¢g. Since both (0g,,.,0m,, ) and (A(h), h) are mapped
by Z to Og,,.,, fully faithfulness implies the existence of a morphism from (0g,,.,, Or,, )
to (A(h),h) in hofib (f), and by Lemma 4.3 such a morphism is in particular an
element x in Hy,,, such ¢y () = h. This shows that ¢y is also surjective, and so an
isomorphism. Vice versa, assume @y is an isomorphism, and let (g, k) and (¢', /')
be such that =(g, h) = Z(¢’, k). This is equivalent to A\(k' —h) = ¢’ — g. Since @y is
an isomorphism there exists a unique element x in H,,, such that ¢y (z) = h' — h.
We also have

fmor(x> = A (@H(x)) = )‘(h’/ - h) = g/ -9
so that this element x is a morphism (necessarily unique) from (g,h) to (¢, k')
in hofib (f). Finally, let (g,h) and (¢’,h’) be such that =(g,h) # =Z(¢,h'). If
Morhofib(s) ((9, 1), (¢', b)) is nonempty, then also Morye(,q@(9 — A(h), g — (')
has to be nonempty, and so we get g — A(h) = ¢" — A(I'), a contradiction. This
shows that if ¢y is an isomorphism then = is an equivalence. 0

5. THE BUNKE-NAUMANN—REDDEN MORPHISM

Since BStringg) comes equipped with a morphism of smooth stacks BStringg) 28,

(® we have an associated symmetric monoidal functor Bordy" (BStrlngv)) — Bordj’(2?).
Composing this with the id¥-valued TQFT from Example 2.10, we obtain an id%-
valued TQFT

ZString - Borng(BStringg)) — id%.

It maps a closed oriented 3-manifold M3 equipped with a geometric string structure
n to SMS ws, v, Where ws,p/is the 3-form on M; associated with the geometric string
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structure, and maps an oriented 4-manifold W, equipped with a geometric string

structure to
1

f dws;M = éf P?W(V),
Wy Wy

where the last identity is Remark 3.5.

From Example 2.16 we have an exp(27i—)®-valued TQFT Zgyi, : Bord)'s(BSping) —
exp(27i—)® mapping a closed oriented 3-manifold Mz equipped with a spin connec-
tion (P, V) to holy, (3p1(V)) and an oriented 4-manifold W, (equipped with a

)

spin connection) to %SW4 p{" (V). Moreover, the projection BString(v2 — BSping

induces a symmetric monoidal functor
Bordeg(BStringg)) — Bord{’;(BSping)

and the commutative diagram of abelian groups

R—% LR
ide lexp(%ri—)
R exp(2mi—) U(]_)

induces a symmetric monoidal functor

(idg, exp(27i—)): id® — exp(2mi—)®.

Lemma 5.1. The diagram of symmetric monoidal functors

ZString

Bordeg(BString(g)) y id®

l l(idR,exp(Qﬂ'i—))

Bordy';(BSping ) _ Teem exp(2mi—)®

commutes, with identity 2-cell.

Proof. The commutativity of the diagram at the objects level is the identity

exp <2m’f w3;M> = holyy, <%1§1(V))
M3

for a closed 3-manifold M3 equipped with a geometric string structure. This is
provided by Remark 2.15. U

By the naturality of the (lax) hofiber construction, and recalling that for a mor-
phism of groupoids there is no distinction between the homotopy fiber and the lax
homotopy fiber, Lemma 5.1 implies we have a distinguished symmetric monoidal
functor

hofiby.y (Bordf3 (BStringg)) — Bordj’, (BSpinV)> — hofib (idg, exp(2mi—)) .
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Since the commutative diagram defining the morphism (idg, exp(27i—)) factors as

R—%® LR
ide idg lexp(%rif) ,
R exp(2mi—) U(l)

from Lemma 4.4 we have a symmetric monoidal equivalence
Z: hofib ((idg, exp(27i—))) — ker(exp(2mi—)® = Z%,

acting on Ob(hofib ((idg, exp(2mi—)))) = R xya) R as (g,h) — g — h. Putting
everything together we obtain a symmetric monoidal functor

Z9PI . Hofibpay (BOrdeg(BString(vQ)) - Bordeg(BSpinv)) -7

String *

ZSpm

String 48 the Bunke—Naumann—

Proposition 5.2. The symmetric monoidal functor
Redden map 1 from the Introduction.

Proof. By definition of lax homotopy fiber, an object in the source of ngii?lg consists

of an object in Bordj'y (BString(vZ)), i.e., in a closed oriented 3-manifold M5 equipped
with a geometric string structure, together with a morphism in Bord{';(BSpiny)
from the unit object (i.e., the empty manifold) to the spin manifold underlying Ms;.
This is precisely the datum of a spin 4-manifold W, with dW,; = Ms, equipped
with a spin connection V such that the restriction V} M coincides with the spin
connection datum of the geometric string structure 7. In other words, the objects of

hofiby,x (Bor Zg(BStringg)) — Borde?)(BSpinv)) are precisely the geometric data

of the Bunke-Naumann—Redden construction. Now, let us compute Z, Spin (M3, n, Wy, V),

String

where we see the quadruple (Ms,n, Wy, V) as a pair consisting of the object (M3, )
and of the morphism (Wy, V). On the object (M3,n) we act with Zgiing at the object
level, obtaining the object §,, ws.ar of id2. On the morphism (W, V) we act with
Zspin at the morphisms level, obtaining the morphism 3 §iv, TV (V) of exp(2mi—)®,
We thus obtain the object (5 §;,, P (V), §,,, wsar) of hofib ((idg, exp(27i—))). The
equivalence = finally maps this to

VO W 9) = 3 |

Wy

p{ "V (V) — J W3 M -

M3

Notice how by construction 1) takes integral values. 0

Remark 5.3 (Further examples). There are other situations where exactly the same
construction as the one we presented here applies. For instance one can replace the
first fractional Pontryagin class %pl with the first Chern class ¢;. In this case one
notices that the classifying space BSU of the special unitary group is the homotopy
fiber of ¢;: BU — K(Z,2) so that SU and U enjoy the same kind of relationship
as String and Spin. Then one verbatim repeats the construction presented in the
article to obtain an integral formula realizing the isomorphism

Bord}V =~ 7/2.
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In this case the relevant vanishing bordism group is BordY = 0, and the relevant
index theorem is Gauss-Bonnet formula: for a closed oriented 2-manifold Wy the
integer SWQ c1(Ws) is even.

Another example is obtained by going one step higher in the Whitehead tower
of the orthogonal group and consider the Fivebrane group instead of the String
group. One has that the classifying space BFivebrane is the homotopy fiber of
%pQ : BString — K(Z,8), so Fivebrane is to String as String is to Spin, and one has a
vanishing 7-dimensional bordism group given by Bord?ming = 0. For a closed oriented
string 8-manifold Wy, which is in particular a closed oriented spin 8-manifold with

p1(Ws) = 0 in H3(Wy;Q), the Atiyah—Singer index theorem gives that
1

A(Wy) = 5760 )y (—4p2(Ws) + Tp1(Ws)?) =

—@ . pz(Ws)

is an integer. Therefore % SWS p2(Wy) € 2407, and verbatim repeating the arguments
in the present paper should give an integral formula realizing the isomorphism

Bordivebrane ~ 7,/9407.

The reader should however be advised that the argument for fivebrane bordism
sketched above is not complete: in order to make it fully work one would need to
know that any principal string bundle admits a string connection and as we noticed
in Remark 3.9 this is presently not clear. The fact that the argument presented
above produces the correct order 240 for the seventh fivebrane bordism group could
be seen as an indication that the answer to whether every principal string bundle
admits a string connection may be affirmative.
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