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ABSTRACT. This paper deals with ground states for systems governed by generalized Lennard-
Jones potentials LJ?(r) :=r~? —r~%, for 0 < ¢ < 1 < p. The energy per particle diverges
to —oo as the number N of particles diverges. As a consequence, the average distance
between particles vanishes as N — +oo. After suitable scaling, we prove that such a model
converges, as N — +oo and in the sense of I'-convergence, to a rotating stars model; the
effective energy is given by the sum of a repulsive pressure term and an attractive nonlocal
interaction functional. The ground states of such a limit energy have non constant density. As
a consequence, for the generalized Lennard-Jones potentials considered here, crystallization
does not occur in any reasonable sense.
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1. INTRODUCTION

The crystallization problem, in its basic form, consists in understanding periodic configura-
tions of atoms as ground states of suitable pairwise potential interactions. Minimal assumptions
on the pairwise potential are that it depends only on the distance between the particles, and
that it is short range repulsive and long range attractive; the canonical reference choice for such
a potential is given by the Lennard-Jones potential LJ'?6(r) := r=12 —y=6_ At least for chains
of particles in one dimension the Lennard-Jones model is able to predict crystallization: in [6]
the authors prove that, for any given N € N, there exists a configuration Xy = {z1,...,xn}
of N particles, with z; < z; for i < j, minimizing the energy >, LJY25(|z; — x4]); moreover,
as N — 400, the particles tend to be equispaced: there is an optimal distance 7 such that,
as N — +oo the distance between two consecutive particles tends to 7, provided that the
distance between such a pair of particles and both the first and the last particle of the chain
diverge.
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A natural question is to understand what happens for more general potentials (we refer the
interested reader to the review [3]). In [§] it is proved that crystallization happens for a quite
large class of short range repulsive and long range attractive potentials: roughly speaking,
potentials with a single inflection point enjoy crystallization, otherwise explicit examples can
be constructed where periodic but not equispaced configurations have less energy density with
respect to the equispaced configuration.

The results mentioned above assume that the potential is stable, namely that the attractive
part of the potential is integrable at infinity, such as —r~9 for ¢ greater than the dimension:
such an assumption guarantees that the energy per particle is uniformly bounded with respect
to N, and that, in turn, the minimal distance between particles remains positive. The
last condition has always been considered as essential in order to even start talking about
crystallization.

Unstable potentials are, to our knowledge, much less studied. For such systems the total
energy is superlinear with respect to NV, the energy per particle is unbounded, and the mutual
distance between particles vanishes as N — +o0o. In order to study these systems a multiscale
analysis approach is mandatory.

In this paper we will focus on the so called generalized (p, ¢)-Lennard-Jones potentials, also
referred to as Mie potentials, defined as LJP(r) := r~P — r~9. Specifically, we consider the
case 0 < ¢ < 1 < p; the assumption ¢ < 1 implies that the potential is not stable. For such a
range of parameters we provide a complete I'-convergence analysis as the number of particles
diverges. As a byproduct of this analysis we show that crystallization does not occur.

In order to describe our results it is convenient to first detect the intrinsic scales (see ) of
our model. To this purpose, given N € N consider a string of equispaced particles. Optimizing

with respect to the mutual distance between particles it turns out that the characteristic
-1

distance is of order ry := N »=a. This says that as IV increases the distance between particles

p—1

should vanish, while the total length of the chain of particles is of order Ry := Nry = Nr—a
which diverges as N — 4-00. These scales are based on the ansatz that the optimal chain is
made of uniformly distributed particles. As a matter of fact, even if such an ansatz turns
out to be wrong, the detected intrinsic scales are correct (since configurations with uniformly
distributed particles have energy comparable with that of true minimizers).

After encoding all the natural scalings in our energy functionals we compute their I'-limit
as the number of particles N diverges. The limit energy is given by the sum of a repulsive
pressure term and of an attractive nonlocal term. This energy is known as governing (in three
dimensions) the so-called rotating stars model [I} 2], and it has been extensively studied in
[4, [5]. In this respect, our model provides a rigorous derivation in terms of I'-convergence of
such a rotating stars model, obtained by coarse graining of a discrete model for interacting
particles through Lennard-Jones type potentials. By standard rearrangement arguments it is
very easy to see that ground states for the rotating stars model have maximal density at the
center of mass. Moreover, by computing first variations we show that the density of ground
states is not constant. In terms of the approximating (p, ¢)-Lennard-Jones energy functionals
this means that crystallization does not occur in any reasonable sense, since in fact the limit
density for chains of ground states becomes non constant.

Replacing the repulsive part of the potential with an hard sphere constraint would give back
in the limit problem a maximal density constraint; the corresponding ground states saturate
such a maximal allowed density, restoring also crystallization properties [7].
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In fact, we expect that for the generalized (p, ¢)-Lennard-Jones model considered here, in
higher dimensions the ground states are macroscopic radial shapes, microscopically filled by
optimal packing of hard spheres; in such a lattice structure the radius of the hard sphere
should depend on the distance from the center of mass, with maximal density of the spheres in
the center of mass. The analysis of ground states of generalized (p, ¢)-Lennard-Jones models
in any dimension and for all values of the parameter p and ¢ deserves, in our opinion, further
investigation.

Notation of the paper In this paper we use the following notation: B(R) denotes the family
of Borel sets E C R, while the corresponding Lebesgue measure will be denoted by |E|. M;(R)
denotes the space of (non negative) finite Radon measures in R. The Dirac delta measure
centered in x( is denoted by d,,, while the Lebesgue measure by £ or dz. We denote with
C(*,- -+ ,*x) a constant that depends on *, - ,*; this constant may change in the steps of a
proof.

2. THE I'-CONVERGENCE RESULT

Let p, ¢ > 0 be such that p > 1 > ¢. In this paper we deal with energy functionals of the
type

(2.1) E(X) = Yo Ve g,

ij€{1,...,N},i<j

where X = {x1,...,zny} C R and we will focus our interest in V : (0, +00) — (0, +00) defined
by (see Figure

(2.2) V(r) = LJP(r) := 1.1

B rp rq.

LJPa(r)

—

Figure 1. The function r — V(r)

We will often refer to x € X as a particle, moreover from now on N € N will be the number
of particles, that is N = #X.
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Given X ={z1,...,zn} C R, we define
1 1
03 HX= Y o &M= Y
.. . .‘xz_x]’p .. . "H?Z—.%']‘q
7/7]6{17"'7N}7Z<] 7’7]6{17"'7N}7’L<]
then
(2.4) E(X) = &(X) — &(X).

It is also convenient to introduce the energies per particle

(25)  ep(mi) : Z |z — x| x]|P eq(w;) = Z %: €p.q(Ti) = ep(wi) — eq(wi).

T F#T; T #x; |$Z _xj‘q
so that
1 1 1
26) &) =32 e &) =5 elwn),  EX) =53 el
i=1 i=1 i=1
As we will see, natural scaling quantities are given by
p(1—q) 2p—pg—q
(2.7) TN—NPq RN—NPq eN—NPq, ey: =N p»a ., forall NeN.

Here ry represents the typical distance between particles, Ry the total length of the chain
of particles, ey the order of the total energy in terms of N, and ey = N 'ey the order of
the average energy per particle. For every N € N, the corresponding scaled energy Ex(X) is
defined as
£(X)
EN

where X is any finite subset of R with cardinality equal to N.

We denote by Mpy(R) the class of bounded Radon Measures on R. Now, we recall the tight
convergence of a sequence of measures.

En(X) =

Definition 2.1 (Tight convergence). We say that {un}yen C Mp(R) tightly converges to

€ My(R), if uy = g and py(R) — u(R), as N — 4o00. We write iy Lo it {un} Nen
tightly converges to pu.

We consider the space M;(R) endowed by the following law of convergence.

Definition 2.2 (Law of convergence). Let {un}nen € Mp(R) and u € Mp(R); we say that
N = i as N — +oo, if and only if
an — w, as N — +o0, in the tight topology of M(R),

where iy € Mp(R) are defined by

1
(2.8) an(A) = NN (RyA), for all borel set A,

for Ry = Nva i introduced in (12.7)).

Definition 2.3. We introduce the space of the empirical measures as follows

N
= {25% : NeN, z; # z; for alli;ﬁj} C My(R).
i=1
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Moreover, given N € N we define the set EMpy C EM as
EMy ={pneéM : p(R) =N}.

Clearly, there is a one to one correspondence, that we denote with A, between the fi-
nite subsets of R with cardinality N and the set EMpy. We introduce the functionals

En: Mp(R) — RU {+0o0} as follows
En(A(w)) for p € EMn,

2. E =

(2.9) N () { + o0 for p € My(R) \ EMp .

We define also
B(n) = E(AW)),  Ep() = &AW, Ey(p) = & (A()), for all u € EM(R),
E(p) =400, Ey(p):=+o00, E4(p):=—+oo, forall p € Mp(R)\ EM(R).

We notice the following rescaling formula:

Eq(MN)

(2.10)
en

= Eq(/lN)

which holds since ey = N2(Ry) ™.

We are in a position to provide the I'-convergence result for the functionals En, as N — 400,
where E)y is defined in . First, we introduce the candidate I-limit F' : My(R) — RU{+o0}
defined as
(2.11)

1

z)Ptt $—1 x x or = 1
Pl = C(p)/Rf( Prd 2/R/le—quf( )f(y)dzdy  for p= fL € D(F),
+ o0 for p € My(R)\ D(F),

where the set ©(F) C My(R) is defined by
(2.12) D(F) = {M € My(R): p=fLY f e LPT(R), f(z) >0 ae., /f(m) de =1 }
R

and ((p) :==> 7, # is the Riemann zeta function evaluated at p.
Theorem 2.4. The following I'-convergence result holds true.

(i) (Compactness) Let U C R be an open bounded set and let {un}nen C Mp(R) be such
that supp(fin) C U, uny € EMy for every N € N and

(2.13) En(un) <M for every N € N,

for some constant M independent of N. Then, up to a subsequence, un L e My(R)
and p € D(F), where D(F) is the set defined in (2.12)).

(ii) (Lower bound) Let pn € My(R). For every {un}nen C Mp(R) with un E it holds

(2.14) F(p) < liminf Ex(un).
N—+o00
(iii) (Upper bound) For every pn € My(R) there exists {pun} nven C Mp(R) such that py N ,u
and
(2.15) F(p) > limsup En(pun) -

N—+o0
In order to give a detailed description of this Theorem, we will divide the proof in different
sections.
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3. COMPACTNESS

In this section we prove that sequences of discrete measures py with bounded energy
En(un) converge, up to subsequences, to absolutely continuous measures with density in
Lrtt

We start by estimating the energy per particle for a pair having minimal distance in a given
configuration of N < N particles.

Lemma 3.1. Let N, N € N with N < N and let X = {z1,...,25} C RV, Moreover, let
i € {1,...N =1} be such that r := ;1 —x; = min{wj11 —a;}. Then, epq(x;) > 5 — 2]1\[_1;1 L.
In particular, for all 5 > 0 small enough (depending only on p and q), if r < éry we have

epqlxi) > (07P — l%qéfq)r;,p, where ry is defined in (2.7)).

Proof. Let Y be a configuration with 2N + 1 r-equispaced points. Then we have ep(xi) > r7P,
while

N N
(3.1) eq(mi) < eqlyg ) <2r7) iT7< qu/ t9dt = q )leqr*q_
i=1 0 —4q
We conclude that
_ 2 _ 2 o
(32) 6P,q(xi) >r p—ﬂNl p=4 >r p_il—qu 9p—q,

The last part of the statement follows by first applying the above estimate for r = dry
(notice that N l_qr;,q = r;,p ), and than observing that, for ¢ small enough, the quantity
(07P — l%qéfq) increases as d decreases. O

Proof of T heorem (i). Step 1. We claim that for every § small enough (depending only
on p and q) there are ky particles xz,, 2z, . .. ) Ty with ky < 40P(M + 1%1)]\7 such that, for
CN—ky ==supp pn \ {zz,. .., xgkN}, it holds that

3.3 min x; — xi| > or
( ) i7éj€CN7kN| ‘ ]| N

where M is the upper bound for the energies in (2.13)). Let us denote A; n := |zj41 — ;| for
all 7, and let 7; be such that

AilN: min AiN:
’ 1<i<N ’

then, for the configuration Cy_1 := supp pun \ {z7, },

(3.4) 26(X) =epq(xs,) +26(Cn-1).
If Az, v < 0rn then (3.4) and Lemma [3.1] give that (for J small enough)

0P _
(‘:(X) Z TTNP -+ 8<CN_1)

Let now 72 be such that A, n is the minimal distance between particles in C'y_2. Therefore,
for Cn_9 := {xi}i¢{il7i2} = Cn-1\ {27,} we have

E(X) > L(orn) P+ E(Cx-) > 25 (6r) P+ E(Cn ).
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We may iterate this procedure until the ky'" step (with 0 < ky < N — 1) when we find
a configuration for which all the relative distances between particles are larger than dry.
Recalling also the estimate ({3.1]), we have that

M N k
(85) —5— > E(X) > =2 (6ry) P+ E(Cn-ky)
N 4
k k B
> TN((WN) P —E(CNnoky) > TN(&“N) P— ——(6rn) N — k)"
kn _ 2 N
> -t p_ .
-4 (OrN) 1—gq 7“5)\,
For § small enough we deduce that
kn (M + %) N
()P <
4 e
that is,
2
(3.6) kn < 46P(M + T2 ).

Step 2. Since |an|(R) = 1 and supp(finy) C U, up to a subsequence we have iy K p for
some p € Mp(R) with |p|(R) = 1. We have to prove that the limit measure p is absolutely
continuous with respect to the Lebesgue measure £

Let us fix 6 > 0 and consider the splitting

(3.7) IN =N+ U NG = ANy e, b Hs = IOy s

where {zz,,...,2; } have been constructed in Step 1. Moreover, let ,&Z]'V s be defined (according
with ) by [ﬂ}v?é(A) = %u}'v’é(RNA) for every Borel set A C R.
Since iy 4 1, it easily follows that, up to a subsequence, ,&Z]'m 5 LN uf; for suitable nonnegative

measures ji}, p3.
By (3.3)) we have that for every interval I C R

Ry|I| 11— NiI|
rNO J
and hence ﬁ?\w(l) < %|I| + % Then ,ug( ) < 5\I| for any interval I C R so that u2 = f5L1,

for a suitable f5 € L°°(U) with || fs]lcc < §. Moreover, by (3.6) we have

(3.8) P s(RNT) < +1

1
. Hys (R) 2 1 2

3.9) ik s(R) = 22 < 2P (M + —— R)= 1 < 20P(M +——
(39) iy s(R) = 0 (M+=o) iR = fim ik s(R) < 20°(M + =)
We further notice that we may assume that p3 Ny 2 u?\,’ 5, for any dg < 01 (in the construction
in Step 1 we pick the same particles for do and §; but the procedure ends before for d9, then
'“:ILV, 5y S “}V, 51), so that ;@2 > ugl and fs, > fs5, for every d2 < d1; then f5 converges pointwise
to a function f; since by (3.9) ui(R) — 0 as § — 0, by Monotone Convergence Theorem we
have

= lim u} + p2 = lim u? = L.
po= Hm g+ ps = L pi f
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Step 3. We have to show that f € LP*!, so that pu € ©(F). This is in fact a consequence of
the proof of the I'-liminf inequality; for the reader’s convenience we anticipate here the main
estimates providing the desired summability property of f. By below we have that,
given € € (0,1) and ¢ small enough,

En(un) = (1 —€)EY (HN) B (uks)

where ,u?vy s is a suitable sequence of measures. By (4.16) we have liminfy —E?V(u?\ﬁ 5)=C>
—o0, while by (4.1) liminf EX (uy) > C(p)||f||}£¥i1 Therefore,

M > limint Ex (i) = liminf(1— ) BY, (ux) = B4 (i g) = (1= )C) I3 -
so that f € LPT! | O
4. I'-LIMINF INEQUALITY

Theorem 4.1. Let {un}nen be such that uy € EMy for every N € N and puy £ fLY, with
feL; then

(4.1) lim inf 220N )>g( )/prﬂ(x) da.

N—+o00 eN

Proof. For any L > 0 we divide the interval (—L, L) in 2L? intervals Iy, 1, of lenght L™!; we
denote by my, 1, the average of f on Iy and set fr := >, Mg, LX1,, - We define Ng =
Nin(Ii,r) € N and we observe that

(4.2) lim ML = f(z)dx = fo(z)dz

N——+o0 N Ik,L Ik,L

Let A;“ = |Tk,; — Tk,itj|, where xj; denotes the ith particle in Iy 1, and let ¢ : (0,400) = R

be the convex function ¢(z) := i. By Jensen inequality, for all I} ;, we have that
Ep(MN L R, 0) Ni,r N, —j . l 1 Ni,r ' ZinL J A?,z’
(4.3) o = ]Zl Zzl A a jzl(Nk,L —J)y <]\7]€7L_]> .
We observe that for all I, ;, and for all 7 < Nj, , we have
Ng,L—J
(4.4) > AN < jRy|L .
i=1

Let M € N be fixed and let M}, := min{M, Ny, 1.}. By the formulas (4.3)), ([4.4) we have

212 2L2 Ng, L Ni,L—=7 Akii
E E L RNT, 1 Ay
P(NN) >Z p(ﬂN Ry kL 722 NkL—] (Z )

en i en I et Nir —J
NkL . 2L2% My .
~ (JBN| g L] 1 (N, —J)°
(4.5) > — Ni.L, — <’. > — Nir =)
o Ns 3 ) % o 2 2O D R
212 M,
> LSS iy - g S I
- J”R]vak,L!p

kljl
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By ([@.2), ([4.5), since ey Ry, = NP*1 and using also that, whenever flk L f>0, My, =M for
N large enough, we have Y

2L2% My

Ep(un) NkL — My)?
> — (N WL = Wk)
}\%gjrlnl)g eN }\llgfcli eN ;jzl kL pRIZDV|[k7L|p
M 2172 1 p
(4.6) = — fr(z)dz fr(z)dz
S5\ f,, o) [ ke
M
:Z.p/fgﬂ( ) d
=R
Then ) follows by sending L, M — +oo, since Z] ljlp — ((p) as M — 400 and
J= [T p+1 dx = Jp [P (z)dz as L — 400 (where [ fP7(z) dz = +o0o0 whenever f ¢ LPT1).
([l
For all R > 0 we define the set
(4.7) D(R) :={(z,y) eR*: 0 < |z —y| < R}.

Lemma 42 Let 6 > 0 and for all N € N let vy = Zf\[léi be such that N < N,
|z, — x| > & for every i # j and + NUN L fLY as N — 400. Then

1 f(@)f(y)
4, li S — = dy.
(48) N-3poo r2 N2|x — yld vy ® vw) rR2 | —yld dedy
Proof. Since vy 5 fL1, it holds that
1 LR e L 2
(4.9) YN ® N = Z O ® 570, = f@) (W)L

0¥
as N — +o00, in My(R?). Since for every z; # x; € suppvy it holds |z; — z;| > %, then for
every x € (aci—giN,:L'i—l—:giN) andy € (xj—giN,:Uj—i—giN) we have |[z—y| < \xi—xj\—i-% < 2lxi—xjl,

so that
2
L L3 1
|z; — ;|9 N 26 (@i— e 2 |z — y|9

i— 3N 2t aN
Summing over the pairs (z;,z;) € D(R) the above inequality, we obtain that for every fixed
e > 0, for R small enough (depending only on ¢ and §) and N large enough

dz dy.

H 3N’ +3N

(4.10)

[ O By I T [
5 . VN Q@ VN s
D(R) N2‘$ - y‘q 20 zi— 5 x; ‘.ZC - y’q

=1 3N \x]—:c |<R

N Lo
3 2 i+ = r+2R 1
§2‘1<> Z/ w dm/ 1 gy<e.
25) 2 )os Soan Tr—ylt
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Moreover, arguing as in the compactness proof (see also (4.14)) below) we easily deduce that
I fllpe < %; therefore, again for R small enough (actually for the same choice of R as before)
we also have

(4.11) / mdxdy <e.

On the other hand, using that (z,y) — X]‘lez‘(f) € Cy(R?\ D(R)), by (4.9) we deduce that
@I 40

2\ D(R) !3«" —yl

1

4.12 lim ———d(vn ® vy :/
( ) N—+o0 R2\D(R) N2]x—y|‘1 ( ) R

By (4.10)), (4.11]), and (4.12)), in view of the arbitrariness of ¢, follows. O
We are now in condition to prove the I'-liminf inequality for the energy Ey.

Proof of Theorem[2.4) (ii). Fix € > 0 and let V.(t) :== et P — 74
Step 1. For § > 0 small enough, we may split un as uy = pk s + 45, as in (3.7) in such a
way that

(4.13) v — aj| > 0ry for every a; # xj € supp py 5.
Notice that (4.13]) implies

2
(4.14) [ﬁv?é(I) < gm for every interval I C U.

Let x € M}v, s and let e;q(x) be its energy corresponding to the potential V.. Then, recalling
(3.2) we have that, for 6 small enough and r < dry

2 2
epg(Ti) > er” p—il_qu U9 > er P — 1_qN1_qr_qZO.
This gives that
(4.15) En(uy) > (1—2)ER (un) — EX (1) -

Step 2- Conclusion. By (4.13]) we may apply Lemma with the measures vy replaced by
the measures [L?\w, defined as ﬂ%v’(S(A) = M?\L(;(RNA) for all A C R Borel.

Up to a subsequence, /ﬁv 5 BN f52£1 as N — +oo for some f52 € L°. Therefore, in view of
(4.8) (and recalling also (2.10])) we get

I 3 @) f3 W)
4.16 li E1 li ——dpd s = Lo 72000 .
( ) NHHEOO <MN6) NHHEOO R2 ]a: — y]q s R2 |LU — y|q dz dy
By (4.15]), exploiting (4.1)) in Theorem and using (4.16)) we obtain
4.17 lim inf 1- P g L@IW) 4, q
(4.17) liminf By (un) 2 ( €>/]Rf e oy W

As in the proof of the compactness property, we may assume that fs monotonically converges
to f as  — 0. Therefore, passing in the limit as e, 6 — 0 in (4.17)), in view of the monotone
convergence theorem, we deduce the I'-liminf inequality (2.14])). O
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5. I' — lim sup INEQUALITY

In order to prove the I' —lim sup inequality, we treat separately the positive and the negative
term of the energy. We start below with the positive term, for which we construct a recovery
sequence that we adopt in the general construction. Indeed, for any sequence of measures

converging with respect to £>, we have the right control for the lim sup of the negative part.

Lemma 5.1. For every u = fL' € D(F) there exists {un}nen C Mp(R) such that uy A 1
and

(5.1) limsupM < C(p)/ f(z)P da.
N—+oo EN R

Proof. By a standard diagonal argument in I'-convergence we can assume f = Z?:l @iXI;s
where I; are disjoint intervals. Consider the sets

h
N
Xin = <N> N Ry1;, Xy = U XinN,
Q; |
i=1
and let iy be the corresponding empirical measures. Then, it is easy to see that iy E f-In

particular, w — 1 as N — +o00. Moreover (let us denote X; x by X; below, for shortness),
for v := min,;»; dist(1;, I;), for any x; € X; and x; € Xj it holds |z; — ;| > Ry~y. Therefore,

for N large enough
1 2N?
Z Z |x - |p S Rp fyp7
i#] TREXi, YEX k ! N

and then, using that ey Ry, = N1*P and p > 1 we have

E,(fi hoE(X, 1
hm p(ILLN) —_ hm Z’L—l p( Z) Z Z P
N—+oo ey N—+o0 eN N%+oo eN 7] oreximeX, |xk — yl|P

h
= lim M
N—+o00 eEN
For every 1, denoting N; = #X, and X; = {y1,...,yn,}, we compute
—1N;—k ~1N;—k p o N;—

B -y gE-g Nk

Therefore, using that ey = Nr,”, we obtain

!yz+k —ylp

N;—1
—~ Na;| ;| — k
lim ZZ 18 Za lim —276” |

N—+o0 " Nos4+o0o N - kp

) Zaf“lfn = O fll -
=1

We have proved that fin satisfies . Now, it remains to slightly modify fix in order to
obtain a sequence py that still satisfies (5.1), and such that |uy|(R) = N. This can be
easily done either by removing few particles from iy (and auch a modification decreases the
energy), or adding few particles to fiy (that, as long as the new particles are placed far enough
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from each other and from the particles of iy, produces an increase of the energy as small as
desired). O

Now we show the desired lim sup inequality for the negative part of the energy along any
sequence of measures converging in the sense of Definition

Proposition 5.2. Let {un}nen C My(R) such that uy € EMp for all N € N and py N
w € D(F) as N — +oo, where D(F) is defined in (2.12)). Then

E 1 1
limsup—M < —//d(,u@,u).
N—4o00 en 2 JrJr |z —yl?

Proof. Let fix be as defined in ([2.8) and let p:= f£' € ®(F). Then, setting
In(A) == v @ iv(A\ {(z,y) : = =y}) for all A€ B(R?),

it is easy to see that

(5.2) ny 5 FLY® LY as N — +oc.
We can rewrite %}’?) by suitably rescaling, as follows:
E 1 1
(5.3) Eqlun) _ // dny -
eN 2 JrJr |z —yld

Notice that the functional
1 1
u»—)/ ———dpu = sup min{M, ——— } du,
R2 |2 — yl? M>0Jr2 |z —yle
being the supremum over M of continuous functionals, is lower semicontinuous on the family

M;(RQ) of positive finite measures on R? with respect to the tight convergence.
Hence by (5.2)) we deduce that

1 1
5.4 //f:cfy dxdygliminf//d N-
(54 RR|$—y|q()() NSYoo Je JaJz —yla
We then conclude by (5.3) and (5.4)). d
Corollary 5.3 (Variational characterization of the harmonic series). Forp > 1

+o0

U el Eolen) 2 1

(5.5) ¢(p) = ; o = inf {}gg inf =22 v S XL

Proof. Theorem [£.1] implies the inequality

. .. Ep(un) L
. <inf<1 £ I
(5.6) ((p) <in { N inf =55 gy = X0, £
By Lemma we get that there exists {un}nen € Mp(R) such that uy € EMy for all

N € N with pn X X[OJ]El and

(5.7) tim EN) _ ) [ xoa@ds = o)

N—+o0 eN

Therefore by (5.6 and ([5.7)) we obtain (5.5]). O
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6. ASYMPTOTIC BEHAVIOR OF MINIMIZERS

In this section we discuss the asymptotic behavior of (quasi) minimizers of the energy
functionals En. This analysis relies on the I'-convergence analysis provided by Theorem [2.4]
and on some compactness properties of quasi minimizers.

First, notice that Theorem [2.4] does not provide tight convergence for general sequences
with bounded energy, but only for sequences with support contained in a given bounded open
set U. In fact, one may easily construct measures py with bounded energy such that pn(-)
and pn (- — N) both converge in the sense of Definition to some measures with positive
mass. As a consequence of concentrated compactness arguments [5] we will see that tight
convergence holds (up to a subsequence and up to translations) for quasi minimizers.

First, we will show that the I’-limit F' admits minimizers. In the following we will consider
the functional F' extended also to absolutely continuous measures p = f dz with [ f(z)dz =m
with arbitrary mass m > 0.

Proposition 6.1. For all m > 0 the functional F admits a minimizer among absolutely
continuous measures p = f dz with f € LPTY(R) and [ f(x)dz = m. Moreover, denoted by
I(m) the corresponding minimal value we have that I(m) < 0 for all m > 0 and that I is
strictly subadditive.

Proof. The proof is done in [5]; for the reader convenience we check that the assumptions
therein are satisfied.
Assumptions (10) and (11) in [5] are satisfied for p > ¢q. Moreover,

I(m) < F(%El L jo, ) <0 for [ large enough,

so that I(m) < 0 for all m > 0. Furthermore (15) in [5] holds (with the parameter m there
replaced by our parameter ¢ € (0,1)). As a consequence the assumption (S.2), that is the
strictly subadditivity of I is satisfied in view of Corollary II.1, and in turn F' admits minimizers
for any given positive mass m > 0. g

The compactness property for quasi minimizers also follows by concentrated compactness
arguments in [5]; next Lemma, whose proof is left to the reader, describes in a convenient
formalism for our purposes the so called vanishing vs concentration dichotomy in [5].

Lemma 6.2. Let {un} be a sequence of probability measures. Up to a (not relabeled) sub-
sequence, there exist sequences of translations {Tni}Nken With |TN g — TN k| — +00 as
N — 400 for all fized ki # ka, a sequence of measures {vi}reny and m, € [0, 1] such that:
(a) There exists open sets An such that un(An) — my, and py(Anx N Bi(zn)) — 0 for
every sequence {TN}Nen;

(b) pun (- = Tng) = vie tightly;
(c) Setting my, := vi(R) we have my1 < my, for allk € N and Y, my =1 —m,.

Notice that it is very easy to see that, for fixed N € N, there exists a minimizer py of
Ejy. Next proposition establishes that any sequence of quasi minimizers (and in particular of
minimizers) up to a subsequence and up to a translation converge in the sense of Definition
to some measure g which is a minimizer of the I'-limit F' defined in .

Proposition 6.3. Let uy be such that Enx(uy) —inf Exy — 0. Then, up to a subsequence,
there exists a sequence of translations {Tn} such that fin(- — Tn) L p(-) € Mp(R) and



14 V. CRISMALE, A. KUBIN, A. NINNO, AND M. PONSIGLIONE

w € O(F), where D(F) is the set defined in (2.12). Moreover, p is a minimizer of the
functional F defined in (2.11)).

Proof. Let x; y be the particles in py with ; v < zj4q v for alli = 1,... N — 1 and set
A N = xit1,N — = N. By Lemma arguing similarly to the proof of Theorem (i), and
taking into account the quasi minimality of un we deduce that there exists 4 > 0 such that
A;n > ory for all but Ky indices ¢ with Ky/N — 0 as N — 4o00. We can assume that

A;ny > 6ry forall 1 <i < N —1. In fact, denoting by {y; }JK:N1 the Ky particles for which
A; N < 0rn, let us consider Ay = uy — ZKN Oy, + ZKN dz;, where {z]}KN are very far apart
one from each other and from the remaining particles {z;}Y; \ {y]} . Since Ky /N — 0,

still Ay — g and, moreover, Ex(Ax) < En(py), being the energy per partlcle y; positive and
the energy per particle z; arbitrarily close to 0 for z; sufficiently far from the other particles.

Now we apply Lemma with pn replaced by jiy. Arguing as in the proof of the I'-liminf
inequality of Theorem (and using also that the minimal distance between the particles of
pn is larger than dry) one can prove that

lim inf B (sy) > > F(y) =) I(my) > I(1—my) > 1(1),
k k

where, in view of Proposition the last two inequalities are strict whenever m; < 1 or
my > 0. Therefore, we must have m; = 1 which is equivalent to the tight convergence (up to
subsequences and up to a translation) of fix to p = v;.

The remaining statements are easy consequences of the I'-convergence analysis already done
to prove Theorem O

In this paper we do not study in details minimizers of F', confining our interest to the fact
that homogeneous states are not minimizers.

Proposition 6.4. Any minimizer ju of I is not of the form tL'_4, t > 0, A € B(R).

Proof. Notice that, given ¢ > 0, by Riesz rearrangement inequality

6.1 inf F(tLn) = tP¢(p) — t2 // d dy = F(tLW o ,-11).
( ) AEB(RI)I}|A\:t—1 ( A) C( Azlép |.’L‘—y|q ray = ( [0, 1])

Then we compute the first variation of F' at u = f£' in the direction h, with Jg hdz = 0:

FI(FLY R = 1 (f+h)_F(f):(p—|—1)/pr(x) / R]x—y]qdd

e—>0 IS

For f = txjos-1) we will show that there exists h such that F'( fLYH[h] < 0. To short notation
we will fix ¢t = 1.

e Ly

Let 21, x2 € (0,1) and let us consider

b Xzr—Lz1+1]  Xza—2L ea+1]
e 2n 2n
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t . .
We have that fR hydz =0 and h,, — 0, — dz, so that, by standard properties of convolution,

it holds 1 1
lim F'(L'L hy) = — / < — ) dz.
n—+00 (o)l o1 \|z—z1|9 |z — 227

For z; = % and xo small enough we get

lim F'(L'g 1)) [ha] <O,

n—-+0o0o

SO Ell_[(u] is not a minimizer for F. d

Remark 6.5. By Proposition [6.3]and Proposition [6.4 we deduce that, for the energy £ defined
in (2.1)), crystallization in any reasonable sense does not hold. In fact, for N large enough, the
density of a minimal in energy chain of particles is not uniform (being in fact maximal in the

middle of the chain).
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