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Optimal Investment-consumption
for Partially Observed Jump-diffusions

Claudia Ceci

Abstract. We deal with an optimal consumption-investment problem under
restricted information in a financial market where the risky asset price follows
a non-Markovian geometric jump-diffusion process. We assume that agents
acting in the market have access only to the information flow generated by
the stock price and that their individual preferences are modeled through a
power utility. We solve the problem with a two steps procedure. First, by
using filtering results we reduce the partial information problem to a full
information one involving only observable processes. Next, by using dynamic
programming, we characterize the value process and the optimal-consumption
strategy in terms of solution to a backward stochastic differential equation.
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1. Introduction

In this paper we study an extension of the classical Merton optimal investment-
consumption problem to a partially observable financial market in which asset
prices follow geometric jump-diffusions. A single agent manages his portfolio by
investing in a bond and in the stock asset S; and chooses a portfolio-consumption
strategy in order to maximize on a finite horizon his total expected utility from
consumption and terminal wealth. The agent’s information is described by the
natural filtration of the stock price process,{EtS }telo, 1), hence his decisions must
be adapted to {F? }tejo, ) and this leads to a utility maximization problem under
restricted information.

This work was partially supported by PRIN 2008 “Probabilitd e Finanza”.
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Utility maximization problems in a full information setting have been largely
studied in the literature by using different approaches, such as convex duality
methods, stochastic control techniques based on the Hamilton—Jacobi—Bellman
equation or backward stochastic differential equations (see for example [2, 8, 11,
14, 17, 20, 21, 25] and references therein). Portfolio selection problems with partial
information have been studied among others in [16, 23, 24] in a continuous setting,
in [1, 18] for jump-diffusions and in [6] in the case where the risky asset follows
a Markov pure jump process. In [1] it is assumed that investors are only able
to observe the stock price process and not the Markov chain which drives the
jump intensity. In [18] a default model is studied where investors only observe
asset prices and default times, while the drift of the asset price dynamics and the
default intensities are not directly observable.

The contribution of this note consists in solving the utility maximization
problem with intermediate consumption under partial information in a general
jump-diffusion setting. More precisely, we do not assume Markovianity of the asset
price dynamics and we work with a jump component described by a general integer-
valued measure.

The outline of the paper is as follows. In Section 2, we describe the market
model and the optimal investment-consumption problem under restricted infor-
mation. In Section 3, by projection on the information flow we reduce the partial
observable problem to a full information one and we give a representation theorem
for Ets -martingales. In Section 4, we formulate the full information problem (with
respect to the filtration {Ets }teo, 7)) as a stochastic control problem. The special
form of the power utility leads to a factorization of the associated value process
into a part depending on the current wealth and the so-called opportunity process
Ji ([21, 22]) around which our analysis is built. In Section 5, by using dynamic
programming we show that J; solves a backward stochastic differential equation
and we provide a feedback formula for the optimal consumption in terms of J;.
We discuss the particular case of bounded investment strategies and finally we
characterize the opportunity process in the case of non constrained strategies via
a sequence of solutions of Lipschitz BSDEs. We conclude the section providing
a verification result and giving as application a simplified model where the risky
asset dynamics is driven by two independent point processes whose intensities are
not directly observed by investors.

2. The market model and problem formulation

In this paper, we consider a complete filtered probability space (2, {E;}:c0,77, P)
endowed with a Brownian motion W; with values in R and a Poisson random
measure N (dt,d() independent of W;. Here T is a fixed final time. The financial
market consists of a nonrisky asset, with price process normalized to unity, and
one risky asset with logreturn process Y; given by the following jump-diffusion
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process

dY; = bydt + o,dW, +/ K (t;Q)N(dt,d¢), Yo =0. (2.1)
Z

The mean measure of N(dt,d() is denoted by v(d¢) dt with v(d() a o-finite mea-
sure on a measurable space (Z,Z). The coefficients b; and o; are progressive F,-
adapted processes with oy > 0 P-a.s. Vt € [0, T], and K (¢;¢) is an R-valued (P, F,)-
predictable process joint measurable w.r.t. (¢,{) € [0,T] x Z. We also assume some
requirements for (2.1) to be well defined

T T T
IE/O |be|dt < oo IE/O ofdt < 0o IE/O /Z|K(t; v (d¢)dt < oo (2.2)

and which entail that Y; has finite first moment. The price S; of the risky asset
follows a geometric jump-diffusion process given by

Sy = SQGY‘ So € RT.

From Itd’s formula we get that S; solves the following differential equation

dsS; = S, {utdt + o dW, +/ K(t;¢)N(dt, dg)}
zZ

where
1 ~ .
e = by + 50—37 K(t;¢) = K60 — 1.
We are interested in solving an optimal portfolio problem for an agent who has
access only to the observable flow generated by asset prices

FY =o0{Sss<t}=F =o{Vis<t} CF,

We shall call this situation the case of partial information to distinguish it from
the case of full information where investors observe the whole filtration {F, } ;0.7
We assume that {EtS }teqo, 1) satisfies the usual conditions of right-continuity and
completeness.

The investor starts with initial capital zo > 0, invests at any time ¢ € [0, T]
the fraction 0; of the wealth Z; in stock S; and also consumes at the rate C;Z;.
We consider both cases of utility from terminal wealth only and with intermediate
consumption. As in [21] and [22], to unify the notations we introduce the measure
w(dt) on [0,T] by u(dt) = 0 in the case without consumption and u(dt) = dt in
the case with consumption and assume the convention Cr = 1 (which means that
all the remaining wealth is consumed at time 7).

Because the agent’s information is described by the filtration {E; Feelo,]
the decisions (6;, Cy) must be adapted to FY. By considering F¥-predictable, self-
financing trading strategies, the dynamics of the wealth process controlled by the
investment-consumption process (6;, C;) evolves according with

dZt = Zt— <0t% - Oﬂl,(dt)) 5 Zo = Z20- (23)

-
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The solution process Z; to (2.3) of course depends on the chosen strategy (6, C).

To be precise we should therefore denote the process Z; by Zf ‘“ but sometimes
we will suppress 6, C'.
For an agent with power utility

Ulx)=— 0<a<l1

the objective is to maximize over a suitable class of strategies A either the expected
utility from terminal wealth

sup E[U(Z{gp’c)}
(0,0)eA
and with intermediate consumption
T
sup E[/ U(C, 229 dt + U(Z%C)}
(0,0)eA 0

Defining p%(dt) = p(dt) 4+ d¢ry(dt), where §, denotes the Dirac measure at the
point a, both the cases can be written as

T
sup E[ / U(Cth’C)uo(dt)} (2.4)
(0,c)eA 0

Let us come back to the market model. We introduce the discrete random
measure ([4],[13]) associated to the jump component of Y;

m(dt,dz) = Y (s av.y(dt,dz) (2.5)
s:AYs#0

and observe that for any real-valued function f(z) the following equality holds

//f Ok (s:0)20y (8, ON (ds, dC) = //f m(ds,dz).  (2.6)

We recall Proposition 2.2 in [5] which provides the (P, F,)-local characteristics
of m(dt,dz) in terms of the measure v(d().

Proposition 2.1. Let Vt € [0,T], VA € B(R) (where B(R) denotes the family of
Borel sets of R)

Di(w)={¢ € Z: K(t,w;() € A\{0}} C Dy(w) = {¢ € Z: K(t,w; () # 0}
Under the assumption
]E/T v(Ds) ds < oo (2.7)
the (P, F,)-predictable projection gfm is given by
mP(dt,dz) = NPy (dx)dt

where Ay i a non-negative F,-predictable process and ®.(dx) is an F,-predictable
process taking values in the space of probability measures over (R, B(R)) and they



Optimal Investment-consumption 341
satisfy VA € B(R)

mP(dt, A) = \®¢(A)dt = v(D{)dt. (2.8)

In particular Ay = v(Dy) provides the (P, F,)-predictable intensity of the point
process N = m((0,t],R) which counts the total number of jumps of Y until time t.

Remark 2.2. Equation (2.8) can be also written as
mP(dt, dz) = A\ @y (dx)dt = / Ok (50) (d)v(dQ)dt.
Dy

Let us observe that the local characteristics (A, ®¢(dx)) of m(dt,dz) are not ob-
servable by investors since the process K (¢;¢) is not Ets -adapted.

The (P, F,)-semimartingale structure of the risky asset S; is described in the
following proposition.

Proposition 2.3. Under (2.2), (2.7) and in addition

T
B[ [ IR < oo (29
0o Jz
St is a (P, F,)-semimartingale with the decomposition
Sy = So+ M7 + A?

where

t t

Af:/ST,qur —&—//Srf (e — 1)\ @, (dzx)dr
0 0JR

is a process with finite variation paths, and
t t
M7 = / S0, dW, + / / S, (e” — 1)(m(dr,dx) — X\, ®,(dx)dr)
0 o Jr

is a (P, F})-local martingale.

Proof. Under (2.2), (2.7) and (2.9), the process

t t t
/ usd8+/ adeS—F/ /K(S;C)N(ds,do
0 0 0Jz
t _ t top
:/ {u5+/K(s;C)y(dC)}ds+/ odes+/ /K(s;()(N(d&d()—u(dC)ds)
0 Z 0 0Jz
is a (P, F,)-semimartingale, hence S; is a semimartingale being the Doléans-Dade

exponential of a semimartingale. The expressions of the processes A7 and M}
follow by Equation (2.6). O
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3. Reduction to an optimization problem
with complete information

To solve the utility maximization problem under partial information we first reduce
it to a full information one involving only Ets -adapted processes. To this aim we
need to compute the (P, Ef )-predictable projection of the integer-valued measure
m(dt, dx).

From now on we will denote by ﬁt the (P, FS) optional projection of a generic
process Ry, satisfying E|R;| < oo V¢ € [0, T, defined as the unique optional process
(in a P-indistinguishable sense) such that for each F -stopping time T, R, =

E[R,|F?] P-a.s. on {1 < oc}.

Remark 3.1. We recall two well-known facts: for every (P, E,)-martingale my, the
projection 7y, is a (P,FY)-martingale and that for any progressively measurable
process ¥; with EfOT |W,|dt < oo

. t
/ U.ds — / W.ds
0 0
is a (P,F?)-martingale. Note that this implies that EfOT U, dt = EfOT U, dt.
Let us denote by P(E?) the E7-predictable o-field on (0, 7] x Q.

Proposition 3.2. Let us assume (2.7). The (P, FY)-predictable projection, vP(dt,
dzx), of m(dt,dx) is giwven by vP(dt,dx) = vl (dz)dt, where V! (dz) is a measure-
valued F -predictable process satisfying vP(dz) = (\®;)(dz), dP x dt-a.e. More
precisely, for each H(t,z), P(F)-measurable

/ /Htx ) v (dx)dt l/ /Htm (A Dy (dm)dt]
:E[/OT/RH(t,x) m(dt,dw)].

Proof. By definition of (P,F,)-predictable projection of the integer-valued mea-
sure m(dt,dz) it follows that, for each H(t,x) (P,F,)-predictable process jointly
measurable w.r.t. (¢t,z) € [0,7T] x R, verifying the condition

T
E/ / |H (r, 2)| A\ @, (dx)dr < oo,
o JR
the process

me :/ /H(T7 x)(m(dr,dx) — X\ @, (dzx)dr) (3.1)
0o Jr

<= disp
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is a (P, F,)-martingale. Let us now consider in (3.1) a process H(t,x) which is
(P, EtS )-predictable. By Remark 3.1 we get that

/Ot/RH(r, xr)m(dr,dz) — E {/Ot/RH(r, 2)Ar @, (dz)dr|ES

is a (P,F?)-martingale, and

/Ot/RH(r,x)m(dr,dcc) _/Ot/RH(Tal‘)m(dx)dr

is a (P, F;)-martingale. In particular, for any A € B(R)

t —_— t —
m((0,t], A) — / v(D&)ds = m((0,t], A) — / / AsDs(dx)ds
0 0Ja
is a (P, F;)-martingale. Hence, since v(D;) is a progressively measurable process,
it provides the (P,F?)-intensity of Ny(A) = m((0,t], A) and as in [4, Theorem
T13] one can find a (P, Ef )-intensity, A\#', that is predictable. It suffices define A,

—

for any A € B(R), as the Radon—Nikodym derivatives of P(dw)v(Dj')(w)dt w.r.t.
P(dw)dt on P(EY). O

Throughout the paper we denote by m®(dt,dz) the (P, Ef )-compensated
martingale random measure

m®(dt,dx) = m(dt, dzx) — vP (dz)dt

and we recall that, for any H (¢, z), jointly measurable process, F¥-predictable such
that

E/OT/Z |H (t, z)|v) (dx)dt < oo <resp. /OT/Z|H(t7x)|1/f(dx)dt < 00 P—a.s.)

the process fOT [, H(t,z)m*(dt,dz) is a (P,F})-martingale (resp. local-martin-
gale).
Next, assuming
T bl
E/ it < oo, (3.2)
0o Ot
and the volatility o, to be Ets -adapted, we introduce the innovation process
t 1 ~
It = Wt +/ —(bs — bs)dS.
0 Os

By extending classical results in filtering theory ([19]) to our frame we have the
following

Proposition 3.3. Let o; to be Ef—adapted. The random process {Ii}icio,r) 95 @
(P, F)-Wiener process.
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Proof. By Equation (2.6) we get that [, K(t;¢)N(dt,d¢) = [ « m(dt,dz). Hence,
taking into account Equation (2.1), we have

1 ~
dl; = — {dYt — by — / T m(dhdm)} ,
Ot R

which implies that I; is an Ef -adapted process. We now compute the following
conditional expectation, Vs <t

t _
l/{@—ﬁﬁmuﬁ
S O"u. O"u.

Since, the first term of the right-hand side vanishes because of the properties of
the conditional expectation and the second one vanishes because Wy is an F,-
Brownian motion and Ets C F, we get that I; is a (P, EtS )-martingale. Finally, the
thesis follows by the Lévy Theorem. a

E[l, - I, |EJ] =E + E[W, — W, | E3].

Taking into account (2.6), Propositions 3.2 and 3.3, we are able to give the
(P, F?)-decompositions of the semimartingales Y; and S;

t t t
Y, =Y, +/ {bs + / .TI/p(d.T)}dS —|—/ osdl +/ /x m®(ds,dz)  (3.3)
0 R 0 o Jr

¢
St = SO +/ Ss{ﬁs + /(ez — 1)l/§(d‘r)}d8
0 R
¢ ¢
+/ Ssosdl +/ / S, (e® — 1)m®(ds, dz).
0 o Jr

Remark 3.4. Let us observe that by Proposition 3.2 and assumptions (2.9) we get

that
E[/()T/R|e‘”—1|yf(dx)ds} :E[/OT/RM—H@(@)&}

:E[/()T/R|ef”—1|/\t<1>t(dx)dt} :E/OT/Z|f<(t;<)|y(d<) < 0.

By virtue of (3.4) the wealth process Z; induced by the investment-
consumption strategy (6, Cy), satisfies

(3.4)

dZt = Zt* <9tﬁtdt — C’t,u(dt) + gtO'tdIt + 9t / (61 - 1)m(dt, dl’)) .
R

Then the utility maximization problem defined in (2.4) can be now treated as a full
information problem since all the processes involved are adapted to the observable
flow {E} }iejo1)-

The last part of this section is devoted to derive a martingale representation
theorem for (P, Fy)-martingales. Let us observe that from Proposition 3.3 it follows
that

F{VF]' CF}
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where Ff" = o{m((0,s] x A);s <t, A € B(R)}, and in general this inclusion holds
in a strict sense. From now on we will assume a stronger condition than (3.2),

that is
T /N2
E/ (—s> ds < oo P-as. (3.5)
0 \0s

and we consider the positive local martingale defined as the Doléans-Dade expo-
nential of the (P, F,)-martingale — fot %dWS,

L :Exp<—/0t3—deS> zexp{ —/OtS—deS—%/Ot <§—‘: >2ds}.
We shall make the usual standing assumption
Assumption A: L; is a (P, E,)-martingale, that is E[Ly] = 1.
Under this last assumption we can define on F- a probability measure () equivalent

to P such that
dQ

dpP
By Girsanov theorem the process

I, =Lr. (3.6)

N th
Wt = Wt + —SdS
0 Os
is a (Q,F,)-Wiener process, moreover since by the definition of I; the following
equality is fulfilled
P~
— be
0 Os
it turns out that the process Wt is EtS -adapted, and as a consequence
~ dQ by
— Sy _ _ s

Os

Let us notice that, by Jensen’s inequality and (3.5)

T ()2 T 73 T 2
E/ (b%dth/ b—’;dt:E/ (ﬁ> dt < 0.

o O 0o T 0 Ot
In order to derive a representation theorem for (P, Ef )-martingales we need an
additional assumption on ;. Since oy is EtS -adapted and Ets = EZ/ there exists
for each t € [0,7] a Borel measurable H, : Dr[0,T] — (0,+00) such that o, =
H:(Y a+) P-a.s. Here Dg[0,T| denotes the space of cadlag R-valued paths endowed
with the Skorokhod metric, and we assume that H, satisfies a global Lipschitz
condition on Dg|[0,T7.

We summarize below all the conditions introduced in this section that we

shall use from now on

Assumptions B: Assumption A, (2.2), (2.7), (2.9), (3.5) and assume o; to be F?-
adapted and such that H; satisfies a global Lipschitz condition on Dg[0, T
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Lemma 3.5. Under Assumptions B, the filtration Ef coincides with the filtration
generated by Wy and the jump measure m(dt, dx), that is

F=F Vv

Proof. Since W; and m(dt,dz) are F7-adapted we have that E;W VE™ C F’. To
prove the converse, let us observe that, taking into account (3.3) and (3.7), the
process Y; solves under the probability @, defined by (3.6), the following equation

driven by W; and m(dt, dx)
dY, = o dW, + / z m(dt, dz). (3.9)
R

Finally, since oy = H¢(Y.5¢) P-a.s. and H; : Dr[0,T] — (0, 4+00) satisfies a global
Lipschitz condition on Dg[0, T, the stochastic functional differential equation (3.9)

has a unique strong solution F}" v F™™-adapted, hence Ets =F CFY VE", and
this concludes the proof. ([l

Finally we are able to prove the announced martingale representation theo-
rem, which extend to a non-Markovian case Proposition 2.6 in [7].

Proposition 3.6. Under Assumptions B, every (P,Ef)-local—martingale M; admits
the decomposition

t t
M, = M, —|—/ /n(t,x)ms(ds,dz) —|—/ psdls
0o Jr 0

where n(t,x) a Ef—pr@dictable process and Y a Ef—adapted process such that

T T
/ / [n(t, z)|vf (dz)dt < oo, / Yidt < oo  P-a.s.
o Jr 0

Proof. Let Q be the probability measure defined on F, by (3.6). Notice that
fOT VP (R)dt < oo P-a.s. since fOT VP (R)dt = fOTXtdt P-a.s. and, by (2.7),
]EfOT Nedt = ]EfOT Aedt < oo. Hence, recalling that EtS = EtVNV Vv F" we can ap-
ply Remark 3.2 in [3] which states that for any M;, (Q,E>)- local-martingale,
there exist two Ef -adapted processes g(t, x) predictable and Jt such that

t t
M, = M, +/ /ﬁ(s7x)ms(ds7da;) +/ s dW
0 JR 0
with
T T _
/ / [1(t, 2)|v} (dx) < oo, / Yidt < oo Q-as.
0o Jr 0

Let M, be a (P, EtS )-local martingale, by Kallianpur—Striebel formula M, = MtZ; !
is a (Q, FY)-local martingale, where L, is defined in (3.8). We can write M; = M, L,
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and by the product rule we deduce

dM; = M,-dL, + L,-dM, + d(M¢,L¢), + d<z AMSAES>

s<t
B o
= Lt (¢t — O__tMt> dIt + / Ltfn(t,x)ms(dt, dﬁC)
t R

which gives the martingale representation for M; with ¥, = EtJt — E—th and
n(ta ‘T) = Lt*ﬁ(twr)' D

4. The optimal investment-consumption problem

In this section we focus on formulating the EtS -optimal investment-consumption
problem as a stochastic control problem. We begin by recalling that the wealth
process Z; satisfies

dZt = Zt— (Gt? — CﬂL(dt)) (41)
t—

=7, {Gtﬁtdt — Cyp(dt) + 0zovdl; + 6, /
R

(€% — 1)m(dt, dw)}.

The set of admissible strategies A consists of all the pairs (0, C;), where 6, is an

R-valued, EtS -predictable process and C; a non-negative Ets -adapted process such
that Cr =1 and

T
/ {|0tﬁt — Cy| + 0?07 + |0t|/ le® — 1|Vf(dx)}dt < oo P-as. (4.2)
0 R
VeeR 1460:(e”—1)>0 dP xdt-ae. (4.3)

Proposition 4.1. Let {0, C }1e[0,1) be an admissible strategy. Then the wealth equa-
tion has a unique positive solution Zf ¢ given by

vac = z0e j(;‘ fR log(1+0s (em—l))m(ds,dz)+f(;‘ Gsasdls—s-f(f(Gsﬁs—%GEUg)ds—fJ Cs#(dS). (44)

Proof. Equation (4.1) can be written as dZ; = Z,—dM;"®, where from (4.2)

t t
M = / {0s12s + 95/(61 — )P (dx)}ds — / Csp(ds)
0 R 0

t t
+/ Gsasdls+/ 03/(ex—l)ms(ds,dx)
0 0 R

isa (P, Ets )-semimartingale. By the Doléans-Dade Theorem we get that there exists
a unique semimartingale Zf ad given by

6,C 1
t

0 1 6,C\¢ _ 0,C
Z0C =z M T2 <L (14 AMEC)em AV
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Moreover, Z2¢ > 0 if and only if 1 + AM?C =1+ Jg 0s(e® = 1)m({s},dzx) > 0
Vs < t, and this condition is implied by (4 3). Finally, by standard computation
we derive expression (4.4). O

Remark 4.2. Let us observe that the pair (0;,C,) = (0,0), V¢t € [0,T), is an
admissible strategy whose associated wealth is given by Z? 0= 2.

Remark 4.3. For any (0,C) € A, the following inequality is fulfilled
/ [(14 60,(e” — 1)) — 1|v) (dx) < / |0:]|e” — 1|v) (dz) < oo P-as.  (4.5)
R R

As a consequence

/ /{1+9 (e® — 1)]* — 1}m5(ds, dz) + /oszasdIs
+/O a(Bstisds — Csu(ds)) / /{ [1465(e” —1)]* — 1} (dx)ds

is a (P,F?)-semimartingale and by (4.4), using standard computations, we have
27 = 2gebole 1022 By (M () (4.6)
where we recall Exp denotes the Doléans-Dade exponential.
From now on we shall furthermore assume that
sup E[/T(C’tZt)auO(dt)} < 00
(6,0)eA 0

As usual in stochastic control frame we introduce the associated value process
which gives a dynamic extension of the optimization problem (2.4) to each initial
time ¢ € [0,T]. For any t € [0,T], (§,C) € A, let us consider the set of strategies
coinciding with (@, C) until time ¢

At(eac) = {(950) cA: (95505) = (9_57 3)75 < t}
and define the value process as
T @
Vi0,C)—ess  sup E[ | EE s 1w,
(0.0)eA 6.0) Lt

From the dynamic programming principle ([10]) ¥(0,C) € A

Vi8.0)+ / (G2 as)

«

is a (P,Fy)-supermartingale and (6*,C*) € A is optimal for problem (2.4) if and

only if
t C*Ze*,c* «
vior.cn+ [ 2Ly
0
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is a (P,F?)-martingale. By Equation (4.4) we get that, for any (,C) € A

(/)"
«

W(éaé): Jt

where the cadlag process J; does not depend on (0, C) and is defined as

T

CsZ)™

J; =ess  sup E[/ %uo(dsﬂﬁts ) (4.7)
oed, Lo 4

here A, denotes the set of admissible strategies over [t,T]. The process J; is the
so-called opportunity process and it is a suitable tool to derive results about the
optimal investment-consumption strategy. In particular, the Bellman optimality
principle can be stated as follows.
Proposition 4.4. The following properties hold true:
(i) {Jt}tepo, 1) s the smallest cadlag FP-adapted process s.t. Jr =1 and ¥(6,C) €
A, (229 g, + fg(C’stvc)o‘u(ds) is a (P, EY)-supermartingale.
(ii) (6*,C*) € A is an optimal investment-consumption strategy if and only if
(22, + fOt(C';‘Zg*’C*)au(ds) is a (P, EY)-martingale.
We give now some other properties of the process J;.

Proposition 4.5. V¢ € [0,T], J; > 1, P-a.s. and sup,¢o ) E[J:] < Jo < cc.

Proof. Since (0;,C;) = (0,0) ¥t € [0,T) is an admissible strategy, by (4.7) we
get that J; > 1 and, from Proposition 4.4, J; is a (P, EtS )-supermartingale. Then

E(J;) < Jo, where Jy = = Sup(e,c)eAE[foT U(OtZt),uo(dt):l < 0o0. O

5. A BSDE approach

In this section, we address the problem of characterizing dynamically the oppor-
tunity process J;. In all this section we make the class of hypotheses summarized
in Assumptions B. First, let us fix some notations

e SP.1 < p < 400, denotes the space of R-valued Ets -adapted stochastic pro-

cesses {Ht}tE[O,T] with ||H||SP = || supte[O’T] | Ht | ||Lp < 00.
o L2, ( Lll,p)loc ) denotes the space of R-valued F7-predictable processes

{U(t,2) }+e(0,7) indexed by 2 with

T
]E/ /| U(t,z) |*vP(dz)dt < oo
0 JR

T
(resp./ /| Ul(t,x) |* vP(dz)dt < oo, P—a.s.).
0 JR
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e L? (Li.) denotes the space of R-valued Ets -adapted processes { Ry }+e[o, 1) With

T T
E/ | Ry |* dt < o (resp./ | Ry |* dt < o P—a.s.).
0 0

From Proposition 4.4, since (6;, Cy) = (0,0) € A, the process {J; }¢cjo,77, is a
(P, EtS )-supermartingale and it admits a unique Doob—Meyer decomposition
J% = ﬂlg _'14t

with m] a (P,EF?)-local martingale and A; a nondecreasing (P, E?)-predictable
process with Ag = 0. By the martingale representation result (Proposition 3.6)
there exist T'(t,z) € L. and R, € L} such that

vP loc

mg’:/ot/RF(s,x)mS(ds,dx)—&—/t R.dI,. (5.1)

0

Theorem 5.1. If there exists an optimal strategy (6*,C*) € A for the utility
mazimization problem (2.4), the process {Jy,I'(t,x), Rt }iepo,r) solves the follow-
ing BSDE

T T

Jt=1—/ /F(s,x)ms(ds,dz)—/ Rudl, (5.2)
t R t
T

—l—/ ess  sup {f(s, J,T,R,0)ds + (C — aCst),u(ds)}
t (0,0)eA

where

fty,u,r0)= /R (y + u(t, x)) [{1 + 0. (e” — 1)} — 1]1/f(dx) (5.3)

N ala—1
+ abior + {aGtut + %O’?Q?}y.

Moreover, the optimal strategy (0*,C*) realizes the essential supremum in (5.2)
and Cf = (Jt)ﬁ, P-a.s..

Proof. For any (6,C) € A we apply the product rule to compute (Z,")*J,
t t
(209, = z8J0+/ Jo-d(z80)° +/(Zf’—c>“d<fs (54)
0 0

+) AZE) AT +d(27C,T),.

s<t

Since by (5.1) and (4.6)
AJs = /]Rf(s,x)m({s},dz),

A(Z2) = (229) /R[{l +05(e” = 1)} — Um({s}, dx),
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we get that (5.4) becomes
d((29)* 1) = (229 ~dm]

ala—1)

+ (vac)ajt{ 5

O'?e?dt + th(Oé)} — (Zfic)adAt

+ /]R (Ji- +D(t,2))(Z29) [{1 + 0,(e® — 1)} — 1]m(dt, dx)
+ abio Ry (Z8C)dt.
Then, taking into account Equation (4.6)
d((Z0) )
= dM] — (20~ [dAt - /R(Jt + Tt x)) {1+ 0(e” — 1)} — 1]uf (do)dt

ala—1 ~
— (T)UfoJtdt — OéJt(gt/Ltdt — C’t,u(dt)) — aGtUthdt

with
M = M + /0 t /R (Z229)°D (s, 2){1 + 0s(e” — 1)}*m5 (ds, dx) (5.5)
+ /Ot /R(ngc)ajsf {1+ 04(e” — 1)}* — 1]m®(ds, dx)
+ a/ot 0s04(299)* I dI,.

Based on the above derivations, we obtain
d((Z{)*T) + CF(Z7)* uldt) (5.6)
=AM — (Z0C)*[dA, — f(t,J,T, R,0)dt — (CF — aCyJy)u(dt)]
with f(¢,y,u,r,0) given by (5.3). Since, by the Bellman optimality principle
(Proposition 4.4), ¥(0,C) € A
t
(20 i+ [ €2z utan 6.7
0
is a (P, F?)-supermartingale it follows that (5.5) is a (P, E?)- local martingale and
dA; — f(t,J,T, R,0)dt — (C — aCyJy)u(dt) > 0, which in turn implies

dA; > ess sup [f(t,J,T,R,0)dt + (C; — aCyJy)u(dt)].
(0,0)eA

On the other hand, again by the Bellman optimality principle, (6*,C*) € A is an
optimal strategy if and only if the associated process given in (5.7) by replacing
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(0,C) by (8*,C*) is a (P,F?)-martingale. Thus if and only if
dA; = f(t,J,T, R, 0%)dt + {(C})* — aC} J }u(dt)

=ess sup [f(t,J,[,R,0) + (Cf — aCyJy)p(dt)).
(6,0)eA

To conclude the proof, let us notice that since the essential supremum of Cp*—aC} J;
is attained in (Jt)ﬁ this implies that C} = (Jt)ﬁ7 P-as. O

Remark 5.2. Conditions for existence of optimal strategies can be found in [14]
for the case of terminal wealth and [15] for the case with consumption.

Remark 5.3. By Proposition 4.5, ¥t € [0,T] J; > 1 P-as., thus if (6*,C*) is
an optimal investment-consumption strategy then C} = (Jt)ﬁ7 which in turn
implies that vVt € [0,T], 0 < Cy <1, P-a.s.

We now study the utility maximization problem defined in (2.4) over the
subset A¥ c A of admissible strategies, (6,C) € A, such that 0 is uniformly
bounded by k, with k& > 1. In this frame the process J; is replaced by

T

SZS

JE =ess  sup JEU (Cza) ds+ —g |FS} (5.8)
(0.0)eA; t ¢

here A¥ denotes the set of admissible strategies A® over [t, T]. We introduce for
any (0,C) € A the process

T

CsZs

f’C::E[/ 7( Z"‘) ds +—T|FS}
t t

Proposition 5.4. Let us assume YVt € [0,T]
KO <e, M=v(D)<e¢, |ul<e, or<c P-as. (5.9)

with ¢ positive constant. Then, for any (0,C) € A*, €% is uniformly bounded on
t by a constant independent of (0,C).

Proof. Firstly, we observe that assumptions (5.9) imply
NP (R) = E[\JFS] < ¢ P-as.
and since v (dz) = @(dz), dP x dt-a.e.
/|ew—1|1/f(dx) :/|e —1|)\t<I>t (dz) [/ K(t;Ov(dO|FY| <@ P-as.
R
(5.10)

¥(#,C) € AF let us consider the probability measure P?* defined on F3. as
dPG a

|FS = LT = EXP(MG “)r
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with . .
M = / absosdl —l—/ /[(1 +05(e” — 1))* — 1Jm®(ds, dz)
0 o Jr

By the Doléans-Dade exponential formula for all t < s < T

ze LY s a-1,,
Z_f‘ = L_?exp {a/t KGT i+ TGTUT>dT - C’T,u(dr)}

+ a/ / [(1+6.(e" —1))* — I]Vf(dz)dr}
t Jz
and, taking into account (4.5), we get
Za S S
]E{—SQEE} < Efe {exp {a/ |0, 12| dr + a/ / |0, ]|e* — 1|Vf(dx)dr}|£f}
Z t t Jz
where E?® denotes the expectation w.r.t. P, Finally, by (5.9) and (5.10),
Z$ s (k) (s—1)
E|==|F;| <e P-a.s.
2

with ¢(k) a suitable positive constant independent of (6, C'), which in turn implies
that V¢ € [0, T

T «
=8| [O7L 00 | B < o4 e Pras 0
t t

Lemma 5.5. Under (5.9), ¥(0,C) € A*, the process {¢0°°, T%C(t, ), Rf7c}t€[07T]
is the unique solution in 5% x Lip x L? to the BSDE

T T

gf)c =1- / / 1"‘9’C(s7x)ms(ds7dx) - / Rg7cd‘[5 (511)
t R
T

t
4 / [£(5,€%C . T%C R?C 6)ds + (C% — aCse’C)pu(ds)]
t

with f(s,y,u,r,0) given in (5.3).

Proof. As in [2] we consider the space L(R, ) of measurable functions u(z) with
the topology of convergence in measure and define for u,u € L(R, vP),

=l = [ ute) - 0Pt ) ; (5.12)

By (5.9), ¥(6,C) € A*, u(z) € L(R,v?) and y € R there exists a positive constant
d(k), independent of (0, C), such that

/]R (y + u(z)) [{1 + 60, (e” — 1)} — 1]Vf(dx) (5.13)

< IGtI/R{IyIJrIu(x)I}Ief”—1|V§’(dz) < dE){lyl + llull}  P-as.
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Observing that the generator of BSDE (5.11) is given by
g(t,y,u,r0,C) = / (y +u(@)) [{1+6:(e” — 1)}* — 1]} (da) (5.14)
R
- -1
+ abioyr + CF + {oz(9t,ut —Ci) + %059?}3/

in the case with intermediate consumption (by (5.14) without the part in C if
there is no intermediate consumption), it follows that it is uniformly Lipschitz in
(y,u,r). By classical results (see for instance Proposition 3.2 in [2]) there exists a
unique solution (5 r ]R) € 8? x L?, x L? to BSDE (5.11) and following the same
computations as in the proof of Theorem 5.1 we get that

A((Z0°)E) + O (20 Y udt) = AME
where

dME = /(zec) Bt 2) {1 + 0 (e® — 1)}*m (dt, de)
R

+ [@OE (40" — D) U (@, de) + abrou(20) &
R

Equation (4.6) and conditions (5.9) imply that ¥(#,C) € A*
sup (Z09) < Ntz +T)  pg g,
t€[0,T]
where N; = m((0,¢],R) and d is a suitable positive constant. Now, the intensity
A¢ of the point process N; is bounded by ¢, hence for any constant b, E[e*N7] <
ee"=1e, This entails that V(0,C) € A*, (Z89) belongs to SP, for any p > 1.
Therefore M? is a (P,F7)-uniformly integrable martingale, whose ¢-time value is

the EtS -conditional expectation of its terminal value, which implies that Et = §f C.
O

Now we are in a position to solve the investment-consumption problem in
the case of bounded strategies.
Proposition 5.6. Under (5.9), the following hold:
o (JF.T*(t,z), RF) € 8 x L2, x L? is the unique solution to BSDE

T
Jt—l—// (s, z)m?®(ds, dz) — /R’;dls (5.15)
t

+/ ess sup [f(s, J*,TF RF 0)ds + (C — aCyJ")u(ds)]
o (0.0ed”
with f(s,y,u,r,0) given in (5.3).
e There exists an optimal strategy (0%, C*) € AF for (5.8).
o A strategy (0%,CF) € A* s optimal if and only if it attains the essential
supremum in (5.15).
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Proof. To prove that J* is a solution to BSDE (5.15) we follow the same lines
of the proof of Theorem 5.1. From Proposition 4.4, since (6;,C;) = (0,0) € A*,
the process {JF} e is a (P, F?)-supermartingale and it admits a unique Doob—
Meyer decomposition

JE=mi" — A"

with mj" a (P,F?)-local martingale and A7" a nondecreasing (P, 7 )-predictable

process with AOJk = 0. By the martingale representation result there exist
I%(t,x) € L., .. and RF € L such that

vP loc
® t t
my :/ /I‘k(s,x)ms(ds,dx)+/ RFI,.
0 JR

0

Again by the Bellman optimality principle (Proposition 4.4)
t
M0.0) e At (20Ot + [ Ozt atds) (5.16)
0

isa (P, EtS )-supermartingale. By applying the product rule and following the same
computations as in the proof of Theorem 5.1 (see Equation (5.6)), we get that
v(9,0) € AF

d((Z8C) JE) + 2 (200 u(dt) = dMy” — (20C)e {dA;{’”‘ — dF(t,J,T, R, 0, C)}

where dF (t,y,u,r,0,C) = f(t,y,u,r,0)dt+(C*—aCy)u(dt) and M7" is a (P, E>)-
local martingale. As a consequence

dA;]Ic >ess sup dF(t, J’“,l"l’c,l:ilﬁg7 5)
(6,C)eAF

and (9%, C*) € A" is an optimal strategy for the problem (5.8) if and only if

dA7" >ess sup dF(t,J",T* R* 6,C) = dF(t, J" T* R*, 6%, C*).
0,0)eA”

Notice that for any fixed (t,w, J*,T* RF), F(t, J*,T*, RF w;,wy) is continu-
ous with respect to the pair (w1, w2) € [—k, k] x [0, 1], since the following inequality
holds

PRt ) [[{1 + wi(e” = 1)} — 1] < [TF(t,2)|[wy|le” — 1]

and, taking into account that T*(t,z) and |e® — 1| € L2, , we can apply Lebesgue’s
Theorem on dominated convergence. Therefore, by a predictable selection theorem
we have that there exists (9, C¥) € A¥ which realizes the essential supremum of
F(t,J*,T% R* 0,C) over A*. Hence (0%, C*) € A* is an optimal strategy for the
problem (5.8) and (J*,T'*, R*) solves BSDE (5.15).

It remains to prove uniqueness of the solutions to BSDE (5.15). It is sufficient
to consider the case with intermediate consumption. Notice that the generator of
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BSDE (5.15) in such a case can be written as

g(t,y,u,r) =ess sup g(t,y,u,r0,0),
(0,c)eA"
where g(t,y,u,r,60,C) is given in (5.14).
Since we have, V(y,u,r), (y,u,7) € R x L(R,v?) x R

g(t,y,u,r) <ess sup |g(t,y,u,r,0,C)—g(t,y,ur,0,C)+ gty ur)
(6,0)eA"

by (5.9) and (5.13) we obtain
g(t7ya Uﬂ") - g(t7ga ﬂ, ?:) < L(|y - g| + ||U - a”t + |T - 7,:|)
(see (5.12) for the definition of ||ju —u||;) and by symmetry g(¢,y, u,r) is uniformly
Lipschitz in (y,u, 7).
Applying classical results it follows that (J*,I'*, R¥) € 8% x L?, x L? is the
unique solution to BSDE (5.15). O

We now come back to the non constrained case and we give a characterization
of the value process J; as the limit of the sequence {th}kZI- Let us observe that
this result does not require the existence of an optimal investment-strategy for the
investment-consumption problem (2.4).

Proposition 5.7. For any t € [0,T], we have that
Jy= lim JF P-as.

k—o0
Proof. We follow the same lines of the proof of Theorem 4.1 in [17]. Fix ¢t € [0, T],
since A¥ ¢ A*! vk, we have that {J}}4>1 is an increasing sequence and we define
the random variable
J'(t) = lim JF P-as.
k—o0

Now observing that Af C A, Vk, we get that JF < J; and therefore J'(t) < J;
P-a.s.

Before proving the opposite inequality we first observe that by monotone
convergence theorem for conditional expectation, since JF are Ets -supermartingales
Vk, J'(t) is a F;-supermartingale, and we can consider its cadlag version which
we denote by J/. By the Doob-Meyer decomposition we can write

dJ = / T/ (t, x)ym” (dt, dz) + R,dI; — dA}
R

with TV(t,z) € L} R, € L%_ and A, a nondecreasing (P,F?)-predictable

vP loc? loc
process. Following the same computations as in Theorem 5.1 (see Equation (5.6))
the product rules gives, V(6,C) € A

d((Z) ) Ty) + (2 ) () (5.17)
= dM" — (2]C)* [dA] = f(t,.T, T, R',6,C)dt — (C* — aCJ])p(dt)]
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where M/ is a (P,F¥)-local martingale defined as in (5.5). We now want to prove
that V(0,C) € A

t
28y T + / 2 (Z0€)" u(ds)

isa (P, Ets )-supermartingales. Let A be the set of uniformly bounded admissible
strategies. Since V(0,C) € A there exists n > 1 such that (§,C) € A", we have
that (9,C) € A* V& > n, and taking into account Equation (5.16), that

t
(2093t + [ C2(zi€)nids)
0
is a (P, Ets )-supermartingale. By monotone convergence theorem we derive that
t
vo.0) e A 2+ [ Cx(zto) ulds
0

is a (P,F?)-supermartingale and by Equation (5.17) we have
V(0,C) e A, dA, —[f(t,J T",R,0,C)dt + (C* — aCJ)u(dt)] > 0.
Thus
dA; >ess sup [f(t, I, R',0,C)dt + (C* — aCJ])u(dt)].
(6,0)eA
Now, since V(0,C) € A, 0; = limy, 0F with 6F = O jg, 1<k € A, we get
ess sup [f(t,J,I",R,0,C)dt + (C* — aCJ})p(dt)]
(6,0)eA
=ess sup [f(t,J T, R,0,C)dt + (C* — aCJ])u(dt)]
(6,C)eA
hence dA} > ess SUP(G,C)GA[f(t’ J T, R,0,C)dt + (C* — aCJ])u(dt)]. Again by
(5.17)

t
VO.C) €A MY = (2O T+ [ CoZiOy ulds) 20
0

isa (P, EtS )-supermartingale, since it is a non-negative local martingale. This im-
plies that (Zf’C)O‘J{+fOt C* (2% u(ds) is a (P, F?)-supermartingale V(6, C) € A.
Finally, by Bellman principle J] > J; P-a.s. Vt € [0,T] and this concludes the
proof. [l

We conclude this section by giving a verification result for the general case
and providing an example which can be solved using this result.

Proposition 5.8. Under the assumptions:
(i) there exists a solution (J;,T'(t,x), R;) to BSDE (5.2) such that Mtj defined
in (5.5) is a (P, FY)-local martingale
(ii) there exists (6*,C) € A which attains the essential supremum in Equation
(5.2) with (Ji,T(t,x), Ry) replaced by (J¢, T(t, z), Ry)
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(iii) f*’c* is the unique solution to BSDE (5.11) associated with (0*,C*).
Then J, = J; P-a.s. for anyt € [0,T], and (0*,C*) is an optimal strategy.

Proof. Let (£7f(t, x), ﬁt) be a solution to BSDE (5.2), by applying the product
rule and following the same computations as in the proof of Theorem 5.1 (see
Equation (5.6)), we get that V(6,C) € A

d((Z{C)*T) + Ce(Z]) ) )

— M - (zfvcw{ess sup dF(t,J.T.7.8.C) — dF(t, J,T, R0, o>}
(6.0)eA

where dF'(t,y,u,r,0,C) = f(t,y,u,r,0)dt+(C* —aCy)u(dt) and M7 isa (P,EY)-

local martingale such that My = 2§'Jo. Notice now that

~ _ t
A@]z(Z?CPJr+/“C§@£”V%szO
0

and since every non-negative local martingale is a supermartingale the process M 7
is a (P, Ets )-supermartingale.

Thus V(0,C) € A, (28°)>J, —&—fot C(2%C)ds is a (P, FY)-supermartingale,
and from Bellman principle it yields that J, > J, P-as. for any t € [0,T].

To prove the opposite inequality, let us observe that by (ii), J; solves
BSDE Equation (5.11) associated to (6*,C*) € A, and by (iii), J; = f*’c* <
esssup(gyé)eAgf’c = J;, P-as. for any ¢ € [0,T]. Hence J, = J;, P-as. and
(6*,C*) is an optimal strategy. |

FEzample. We now present a particular model where the risky asset follows a geo-
metric jump-diffusion driven by two independent point processes whose intensities
are not directly observed by investors. Let us assume

2
K(t:0) =D Kj(t)p,)(C)
j=1
with K1(t) > 0,Ka(t) < 0 (P,FY)-predictable processes and Dj(t), j = 1,2,
(P, EtS )-predictable processes taking values in Z. In this particular case the logre-
turn process solves

2
dY, = bydt + o dWy + »  K;(t)N}
j=1
with N/ = N((0,t), D;(t)), j = 1,2, independent counting processes with (P, F,)-
predictable intensities given by A} = v(D,(t)). In this model the agent can observe
the processes K;(t) but not the intensities A]. As in the general case we assume oy



Optimal Investment-consumption 359

a strictly positive EtS -adapted process. The integer-valued random measure defined
in (2.5) and its (P, F?)-predictable dual projection are given by

2
m(dt, dz) Z(SK w0 (dx)N} | vP(dt,dx) = O, o) (da) X dt

Jj=1

respectively, where X{, j = 1,2, denote the (P, Ef )-predictable intensities of th.
From now on we assume V¢ € [0,T], P-a.s.

|be| < Aa, |oo] < Ao, AL S N < Ag, Ay S Kj(t) < Ag, j=1,2 (5.18)
t J

with A;, i = 1,2, positive constants. We consider the case with intermediate con-
sumption. The BSDE (5.2) adapted to this particular model is given by

2 T ) . T
J=1- Z/ T(s,7) (N} — X dt) — / R.dl, (5.19)
=17t t

T
+ / ess sup h(s,J,I'(1),T'(2),R,0,C)ds
t (0,0)eA

where

2
h(t,y7U1,U2,T,9,C Z y+u] {1+9t( Kty )} - 1]3\3
j=1

—~ -1
+ a@tatr + Cta + {a(@tut - Ot) + %O’?@?}y

We begin by observing that by (4.3) any admissible trading strategy 6; necessarily
satisfies 6, € (—ﬁ, elet)_J for a.e. ¢ and assumption (5.18) yields that
admissible investment strategies take values in a compact space. Following similar
computations as those performed in the proofs of Lemma 5.5 and Proposition
5.6 we obtain that the generator of the BSDE (5.19) is uniformly Lipschitz in
(y, u1,ug, ).

From classical results there exists a unique solution, (.J;, I'(t,1),T'(t,2), R;) €
§? x Lf X Lg x L2, to the BSDE (5.19). Here L? denotes the space of R-valued
F¥-predictable processes {U(t) }+efo,r) such that EfOT U (t)[2Xidt < oo.

Finally, we have that for any fixed (¢,y,u1,us,7) the essential supre-
mum of h(t,y,u1,us,r,0,C) is achieved at (9*(t,y7u1,u2,r),0* = yﬁ) where
0*(t,y, u1,us,r) is such that %lgzg* = 0. Indeed, it is sufficient to observe that

‘322 < 0 P-a.s. and that

h
lim @ = 400, lim 3_ = —o00 P-as.

—1 1
0= R’ 00 0= o, 90
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Proposition 5.8 implies that J, coincides with the opportunity process and the
unique optimal investment-consumption strategy is given by

(05,Cy) = (0°(t, Je, D(t,1),T(t,2), Re), (J)77)
with (Jg, T'(t,1), T(t, 2), R¢) unique solution of BSDE (5.19).
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