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ABSTRACT
We consider the leader-following control problem on connected directed graphs for
stochastic linear agents in the presence of communications and actuator delays.
We propose to use a distributed protocol for detecting the distance of agents from
the leader and we show that by suitably using this information it is possible to
solve efficiently the leader-following control problem by means of predictors, thus
recovering results for the single-agent case. The proposed predictor and controller
are easy to design and the delay bound that guarantees stability can be computed
from closed-form expressions without resorting to LMIs.
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1. Introduction

This work is devoted to the stochastic leader-following control problem over static
networks in the presence of input and communicating delays by means of a stabiliz-
ing distributed predictor-based control law. In recent years the distributed consensus
problem and the leader-following control problem for multi-agent systems communi-
cating over a network have received considerable interest. The problem has been solved
for linear agent dynamics with fixed or switching network topology – see for example
Dong and Hu (2016); Hong, Hu, and Gao (2006); Z. Li, Wen, Duan, and Ren (2015); Ni
and Cheng (2010); Olfati-Saber, Fax, and Murray (2007); W. Ren and Beard (2005);
X. Wang, Li, and Shi (2013) – and extended to output-feedback consensus – Kim,
Shim, and Seo (2010); Lv, Li, Duan, and Chen (2016); J. Wang, Lanzon, and Petersen
(2015) –, measurement noise – Cheng, Hou, and Tan (2014); Cheng, Hou, Tan, and
Wang (2011); Cheng, Wang, Ren, Hou, and Tan (2016); Hu and Feng (2010); T. Li
and Zhang (2009, 2010) – and nonlinear systems – Battilotti and Califano (2019); Ding
and Li (2016a); Z. Li, Ren, Liu, and Fu (2012); Yu, Chen, Cao, and Kurths (2009).

On the other hand, the feedback control problem of deterministic linear systems
affected by input and output delays has been studied in recent years, starting from
the well-known approaches based on finite spectrum assignment Manitius and Olbrot
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(1979); Olbrot (1978), up to reduction approaches Artstein (1982) in which the con-
trol is defined through an integral over the delay interval. These approaches have been
extended beyond linear systems by Krstic (2010) and they can compensate, in prin-
ciple, constant delays of any magnitude. Yet, they require a careful implementation
and are typically quite computationally intensive. Recently, approaches based on an
ODE-PDE cascade have been proposed to deal with large and/or time-varying de-
lays (see for example Krstic and Smyshlyaev (2008); Sanz, Garcia, and Krstic (2019)
and the references therein). Instead, for relatively small delay (that is, not arbitrarily
large) another class of approaches based on control Lyapunov functionals that typically
lead to control gains computed through LMIs was devised Fridman (2014). Approxi-
mate finite-dimensional predictors define a third class, that contains approaches like
truncated predictor feedback Zhou, Lin, and Duan (2012) and closed-loop predictors
Cacace, Conte, Germani, and Palombo (2016). Predictors in this class are typically
simple to implement and have an upper bound for the maximum tolerable delay. How-
ever, it is possible to use a cascade of predictors to compensate for arbitrarily large
delays. For example, in Cacace, Conte, Germani, and Palombo (2016) a cascade of
predictors in the form of delay differential equations is shown to be able to compen-
sate any delay and to generate the same trajectory as the (undelayed) optimal control.
The case of stochastic systems with input and output delays is more recent and fewer
approaches exist. Several works investigate the control problem for linear stochastic
systems with input and state delays in the stochastic H∞ framework Hinrichsen and
Pritchard (1998), see for example H. Li, Chen, Zhou, and Lin (2009). In Gershon,
Fridman, and Shaked (2017) a predictor-based control is applied for the first time to
linear systems with state multiplicative noise. In Cacace, Conte, and Germani (2016) a
closed-loop predictor containing the exponential of the closed-loop matrix is proven to
be able to compensate small delays with guaranteed delay bounds for systems with ad-
ditive noise. In Cacace, Germani, Manes, and Papi (2019) the same predictor is applied
to the control problem of systems with nonlinear diffusions. All of these work deal with
small delays. In Cacace, Germani, Manes, and Papi (2021) and Cacace, d’Angelo, and
Germani (2021) the stability results of cascaded closed-loop predictors for determin-
istic systems are extended to stochastic linear systems (possibly time-varying) with
additive noise and arbitrarily large time-varying input delay, under suitable hypothesis
on the delay function.

In a distributed context the presence of delays cannot be ignored. Whereas actuator
delays can be dealt with in a similar way as for single systems – C. Wang and Ding
(2016); C. Wang, Zuo, Lin, and Ding (2017) –, communication delays represent a
serious problem for the stability of consensus and are more difficult to manage. Many
works in the recent literature study the consensus problem with measurement noise
and communication delays of first or second-order multi-agent systems – Liu, Liu, Xie,
and Zhang (2011); Olfati-Saber and Murray (2004); H. Ren and Deng (2017); Zhang,
Li, Zhao, and Huo (2018); Zhu and Cheng (2010); Zong, Li, and Zhang (2019). In
detail, Liu et al. (2011) solve the mean square consensus problem of single-integrator
systems with measurement noise and communication delays under strongly connected
and balanced digraphs, Olfati-Saber and Murray (2004) consider first-order integrators
under switching topology and communication delay, H. Ren and Deng (2017) solve
the consensus problem for a tracking problem on integrators, Zhang et al. (2018)
consider stochastic single integrators with delay, Zong et al. (2019) consider a network
of integrators with communication delays and additive, as well as multiplicative, noise
and Zhu and Cheng (2010) provide an approach for second-order systems with multiple
and time-varying delays. For general linear systems, Z. Wang, Zhang, Fu, and Zhang
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(2017) solve the problem of delay through a predictor that involves an integral term.
Since this approach results in significant complexity of the implementation, which
is particularly critical for agents without large computing resources, Zhou and Lin
(2014) propose a truncated predictor approach for the case of deterministic agents,
that however requires that the open-loop dynamics is not exponentially unstable. The
approach in C. Wang, Zuo, Qi, and Ding (2018) addresses general linear systems with
possibly nonlinear disturbance and communications delay. This approach is based on
a novel extended state predictor, and the solution is found through LMIs.

In this work we address general stochastic linear systems with actuator and com-
munication delays over a digraph. The improvement with respect to existing proposals
is that we design a computationally cheap controller that does not involve distributed
terms, it is amenable of a direct and constructive design and provides a non conser-
vative delay bound, which is easy to compute without resorting to LMIs.

We emphasize that the presence of communication delays poses significant chal-
lenges to the solution of distributed estimation and consensus problems, since, loosely
speaking, the delay accumulates over network paths and the synchronization of infor-
mation coming from neighboring nodes is lost. The approach pursued in this paper is
based on the following elements:

• a distributed stratification algorithm to redirect the flow of information from
the leader to the followers, thus avoiding network loops that are particularly
detrimental in presence of delays;

• a new consensus filter to estimate the state of the leader, that exploits the
modified structure of the communication graph;

• the application of existing results on finite-dimensional filters and controllers for
single systems affected by input and output delays.

In this way, we are able to recover the same performance as in the case of single
agents with input and output delays – Cacace, Conte, Germani, and Palombo (2016);
Cacace, Germani, and Manes (2014) –, and the proposed protocol may also reduce
redundant communications among agents, thus improving the overall efficiency of the
solution of the leader-following problem. To the best of our knowledge, this is the first
approach for the leader-following problem with fully stochastic linear agents of general
type in presence of communication delays.

The paper is organized as follows: Section 2 proposes the stochastic problem set-
ting and a few preliminaries. Section 3 introduces the algorithm that constraints the
communication topology. Section 4 introduces a distributed state estimator for the
modified graph structure based on Kalman-Bucy filtering in the case of no commu-
nication delay. Section 5 describes the predictor-based controller for stabilizing the
delayed leader-tracking error estimate for the multi-agent system. Numerical simula-
tions in Section 6 show that the proposed approach provides non conservative delay
bounds and conclusions are drawn in Section 7.

Notation. The symbol ⊗ is the Kronecker product, σ(M) is the spectrum of the
square matrix M and tr(M) its trace. Moreover, µ(M) = maxiℜ{σi(M)} is the spec-
tral radius, and if µ(M) < 0, M is said to be Hurwitz stable. M > 0 denotes a
positive definite matrix, and the matrix In is the identity of size n. The operators
rowi(Ai), coli(Ai), and diagi(Ai) yield respectively the horizontal, vertical and diag-
onal composition of matrices Ai. st(M) denotes the vertical stack of the columns of
M . ∥x∥ denotes the Euclidean norm for x ∈ Rn and ∥M∥ the operator norm. On a
filtered probability space (Ω,F , {Ft},P), E[·] denotes the expectation, and L2(Ω;Rn)
denotes the linear space of square integrable random vectors of Rn endowed with
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the norm ∥x∥2L2
= E

[
∥x∥2

]
. L2

T ([0, T ] × Ω;Rn) is the linear space of Rn-valued

stochastic processes in [0, T ], such that x ∈ L2
T ([0, T ] × Ω;Rn) if |x|T < ∞ where

|x|2T =
∫ T
0 ∥x(τ)∥2L2

dτ . Time dependence is made explicit in the presence of delays.

2. Problem Formulation and Preliminaries

In a complete probability space (Ω,F , {Ft},P) with a filtration {Ft} right-continuous
with F0 and containing all P-null sets we consider a group of N+1 agents consisting of
N followers denoted by indices k ∈ I := {1, . . . , N} and one leader indexed by 0. Let

W
(1)
k ∈ Rd1 and W

(2)
k ∈ Rd2 be 2N independent standard Wiener processes defined on

the aforementioned probability space, and moreover for i = {1, 2}, the noise W
(i)
k is

independent of W
(i)
j for j ̸= k. Each agent is a linear stochastic system in the form

dxk(t) = (Axk(t) +Buk(t− δu)) dt+ F dW
(1)
k (t) (1)

dyk(t) = Cxk(t) dt+GdW
(2)
k (t), (2)

where xk ∈ Rn is the state of the system, xk(0) ∈ L2(Ω;Rn) independent from W
(1)
k

and W
(2)
k , yk ∈ Rq is the output, uk ∈ Rp is the control input affected by a known

actuator delay δu, uk(τ) = ψk(τ) for τ ∈ [−δu, 0), ψk ∈ L2
δu
([−δu, 0];Rp). The matrices

A,B,C, F,G are of appropriate dimensions, with FF⊤ and GG⊤ positive definite. The
information available to each agent is its own instantaneous output dyk(t), the output
of its neighbors, affected by a communication delay δo, and the estimates of the leader
tracking error of its neighbors with the leader, that are also delayed (see Section 5.1).
Moreover, we shall see that neighboring nodes also exchange the covariance matrices
of the filter (as discussed in the subsequent Remarks 3 and 4).

In the leader-following framework it is reasonable to assume that the leader has
no neighbors and the leader’s control input is zero, Ding and Li (2016b); Z. Li et al.
(2015); Ni and Cheng (2010); H. Ren and Deng (2017); C. Wang et al. (2018), that is,

dx0(t) = Ax0(t)dt+ F dW
(1)
0 (t) (3)

dy0(t) = Cx0(t) dt+GdW
(2)
0 (t). (4)

The communication connections among agents are described by a directed graph
G = (V, E), where V = {v0, v1, . . . , vN} represents the agents and E represents the
connections among the agents, (vk, vj) ∈ E represents the communication from the j-
th agent to the k-th agent, but not vice versa. The associated adjacency matrix of G is
denoted by A = [akj ](N+1)×(N+1) ∈ R(N+1)×(N+1). If there is a connection from agent
j to agent k, akj = 1; otherwise akj = 0. The Laplacian matrix L = [ℓkj ](N+1)×(N+1)

associated with A is defined by ℓkk =
∑N

j=0 akj and ℓkj = −akj when k ̸= j. The set of

neighbors of agent k is defined as N k = {j : ℓkj = −1}. In order to track the leader’s
state each agent makes use of information from its neighbors, but this information is
affected by a known communication delay δo.

Assumption 1. When j ∈ N k (or equivalently akj = 1 ) agent j can send information
to agent k, with a known communication delay δo.
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Assumption 2. The couples (A,C) and (A,B) are observable and controllable, re-
spectively.

Assumption 3. The communication topology G contains a directed acyclic graph
(DAG) with the leader as root.

We define the leader-tracking error ηk of node k as

ηk := xk − x0. (5)

The process {ηk} satisfies

dηk(t) = (Aηk(t) +Buk(t− δu)) dt+ F dW̃
(1)
k (t), (6)

where W̃
(1)
k =W

(1)
k −W

(1)
0 .

Definition 2.1. We say that the process {ξ(t)}t≥t0 is

• exponentially centered with rate α: if there exists κ > 0 such that ∥E[ξ(t)]∥ ≤
κe−αt for any initial condition;

• mean square bounded : if there exists κ > 0 such that ∥ξ(t)∥L2
< κ for any t ≥ 0

and any initial condition.

The problem considered in this paper is the following.
Goal: Given α, design a local output-feedback control law and determine bounds δ∗u(α)
and δ∗o(α) such that, when δu < δ∗u(α) and δo < δ∗o(α), ∀k ∈ I the leader tracking error
ηk is exponentially centered with rate α and mean square bounded.

Remark 1. We note that the function ∥ηk(t)∥L2
cannot converge to zero due to the

noise processes in (1) and (3).

Similarly to C. Wang et al. (2018), let {zk} be the process

dzk = Cηk dt+G dW
(2)
k . (7)

The fictitious output process (7) is not available. Nevertheless, it enjoys the following
two properties that are immediate to prove (see C. Wang et al. (2018) for details).

Lemma 2.2. For any k, j ∈ I, dzk − dzj = dyk − dyj.

Lemma 2.3. For any k ∈ I,

dz̃k :=

N∑

j=0

ℓkjdzj =

N∑

j=0

akj(dyk − dyj). (8)

Lemma 2.3 states that, even though dzk is not available at agent k ∈ I, the term
dz̃k can be computed from the difference dyk−dyj between neighboring nodes. Finally,

we note that η0 = 0 and z0 = GW
(2)
0 .

5



3. Link Weighting for the Leader-Following Problem

In this section we introduce a simple distributed algorithm to restrict the communica-
tion among nodes so that the associated topology becomes a DAG with the leader as
the root. This is obtained by replacing the Laplacian entries ℓkj with the new entries
ℓ̄kj defined by the following (distributed) algorithm.

Algorithm 1.

Step 1) For each agent k ∈ {0, . . . , N}, set

dk =

{
0 if k = 0

∞ otherwise
(9)

Step 2) Each agent k ∈ {1, . . . , N}, at each step, sends dk to the neighbors and
update the value of dk as

dk = min
j∈N k

{dj}+ 1 (10)

ℓ̄kj =

{
ℓkj if dj < dk

0 otherwise
(11)

ℓ̄kk =−
∑

j∈N k

ℓ̄kj . (12)

The idea behind the algorithm is the following. If d̄k denotes the distance of the
agent k from the leader, expressed as the minimum number of graph edges from the
leader to agent k, the variable dk converges to d̄k in exactly d̄k steps. All incoming
information from agents that have the same distance or are farther away from the
leader is suppressed by setting ℓkj = 0 whenever dj ≥ dk. Consequently, the resulting
graph has no oriented cycles and the information reaching agent k originates from
agents that are closer than k to the leader (or, equivalently, N k contains only agents
j that satisfy dj < dk). It is immediate to prove the following.

Proposition 3.1. Under Assumption 3, the graph associated to the transformed
Laplacian matrix L̃ is a DAG with the leader as root.

In practice, a distributed controller that implements Algorithm 1 at node k only
needs to compute and send dk to the neighbors and to disregard any communication
from neighbors j such that dj ≥ dk. Consequently, the communications arriving at the
controller k originates from nodes j that are closer than k to the leader. In the sequel,
we assume that the links in the communication topology have been changed according
to Algorithm 1. The next propositions are a standard consequence of the fact that L̃
is a DAG (see Kahn (1962)).

Proposition 3.2. The transformed Laplacian matrix L̃ has the following structure:

L̃ =

[
0 01×N

L2 L1

]
(13)

where L1 ∈ RN×N and L2 ∈ RN×1. Furthermore, L1 is a non-singular matrix with
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positive eigenvalues.

Proposition 3.3. Any DAG admits a topological ordering such that the associated
Laplacian matrix is triangular.

Remark 2. The idea behind Algorithm 1 is that the leader-following control problem
differs from a the classic consensus problem in that the flow of information should be
oriented from the leader to the followers, whereas in the consensus problem all the
agents have the same role. We claim that the presence of loops in the topology has
no effect for instantaneous communications, but it is actually detrimental in presence
of delays. For example, the behavior of an agent having the root as neighbor can be
influenced by other neighbors that are farther away from the leader and communi-
cate outdated estimates of the leader’s behavior. This makes the network much more
sensitive to delays and the design of the local controllers more complicated and less
robust.

4. Leader-Tracking Error Estimation in the Undelayed Case

The aim of this Section is to design an estimator of the leader-tracking error variable
ηk = xk − x0 in the undelayed case, namely δu = δo = 01. The estimate at node k is
denoted with η̂k and the corresponding estimation error is ε̂k = ηk − η̂k. Notice that,
by definition, η0 ≡ 0, thus we can set η̂0 ≡ 0 and ε̂0 = 0. Thus, in the case δu = 0, the
available measurement process {z̃k} can be expressed as

dz̃k =

N∑

j=0

ℓkjdzj =

(
Ckηk +

∑

j∈N k

ℓkjCη̂j +
∑

j∈N k

ℓkjCε̂j

)
dt+GdW̃

(2)
k , (14)

where Ck = ℓkkC, W̃
(2)
k =

∑N
j=0 ℓkjW

(2)
j . We remark again that in accordance to

Lemma 2.3, the quantity z̃k is available to the agent k, and the reason to use it is that

it involves the leader-tracking error ηk. For each k ∈ I, the process {W̃ (2)
k } is a Wiener

process, since it is a linear combination (with coefficients ℓkj) of the independent

Wiener processes {W (2)
j }, and it has covariance matrix given by

E
[
W̃

(2)
k

(
W̃

(2)
k

)⊤]
=

N∑

j=0

N∑

i=0

ℓkjℓkiE
[
W

(2)
j W

(2)
i

⊤
]
= ℓ̃k Id2

t, (15)

where ℓ̃k :=
∑N

j=0 ℓ
2
kj > 0. From equations (6) and (14) it follows that ηk can be

estimated by a Kalman-Bucy like filter, and, in order to derive an implementable

filter, we approximate the measurement error process
∑

j∈N k ℓkjCε̂jdt+GdW̃
(2)
k with

a white process having power spectral density

R̃k =
∑

j∈N k

ℓ2kjCPjC
⊤ + ℓ̃kGG

⊤, (16)

1We note that the input delay does not play any role in the estimation phase.
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where Pj = E[ε̂j ε̂⊤j ] is the covariance of the estimation error of the neighbors j ∈ N k.
Each agent k computes and sends to the agents that have it as neighbor: (i) its own
estimate η̂k; (ii) its present measurement dyk; (iii) the present value of its covariance
of the estimation error Pk. These variable are computed according to the following
filtering algorithm

dη̂k = (Aη̂k +Buk) dt+ Lk

(
dz̃k − C

N∑

j=0

ℓkj η̂j dt
)

(17)

dz̃k =

N∑

j=0

akj(dyk − dyj) (18)

Lk = PkC
⊤
k R̃

−1
k (19)

Ṗk = APk + PkA
⊤ +Q− LkCkPk, (20)

with η̂k(0) = E[ηk(0)], Pk(0) = E[ηk(0)η⊤k (0)], Q = 2FF⊤. It is easy to see that the
proposed filter (17) can be also written as

dη̂k = (Aη̂k +Buk) dt+ Lk

N∑

j=0

ℓkj (dzj − Cη̂j dt) , (21)

where, as remarked in Lemma 2.3, even though the fictitious output dzj is not available,

the quantity
∑N

j=0 ℓkjdzj can be computed. Thus, the version (21) of the filter can

also be implemented. We note that the implementation of the proposed filter (17)–(21)
requires to exchange the measurements dyj , the estimates η̂j and the error covariances
Pj among neighboring nodes.

By defining L = diag(L1, . . . , LN ), η̂ = col(η̂1, . . . , η̂N ), u = col(u1, . . . , uN ), z =
col(z1, . . . , zN ), from (21) we can write the aggregate system of the filters of all followers
as

dη̂ = [(IN ⊗A)− L (L1 ⊗ C)] η̂ dt+ (IN ⊗B)udt+ L(L2 ⊗ In) dz. (22)

In the Theorem below, we prove internal stability of the stationary solution of the
global filter introduced above (which exists by Khasminskii (2011)), uniform bound-
edness of the estimation error, and consistency of the estimator.

Theorem 4.1. Under the Assumptions 1, 2, 3 and with the communications topology
induced by Algorithm 1, when δo = 0 the filters (17)–(20) for each follower k ∈ I
applied to the system (6) with the measurements (18) are asymptotically stationary
and internally stable. Moreover, the steady state estimation error ˆ̄εk satisfies ∥ˆ̄εk∥2L2

≤
tr{P̄k}, ∀k ∈ I, with P̄k steady state value of Pk.

The proof is given in Appendix B.

Remark 3. Note that the computation of the filter parameters can be performed by
each agent in a distributed fashion. In fact, the filter (17)–(20) of agent k relies on:
dz̃k, which can be computed from the difference dyk − dyj among neighboring nodes;
the delayed estimates η̂j(t − δo) associated with the neighboring nodes; and the gain

Lk, which depends on R̃k computed through the Pj of neighboring nodes.
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Since the considered system is time-invariant, a steady state value for the Pj ’s
is eventually reached. Thus, each node exchanges the covariance matrix Pj with its
neighbours up to the moment when such a steady state value is achieved.

When δu = δo = 0 the output feedback that makes the leader-tracking error variable
mean square bounded can be easily designed by using η̂k.

Corollary 4.2. If δu = 0 and δo = 0, given any α > 0 and gain K such that µ(Ã) <

−α, Ã := A−BK, with the control law, k ∈ I,

uk = −Kη̂k, (23)

with η̂k defined in (17), then the consensus processes ηk defined in (6) are exponentially
centered with rate α and mean square bounded.

5. Leader-Following Control with Delays

5.1. Leader-tracking error estimate with communication delays

Let us now consider the output feedback leader-following control problem for a stochas-
tic multi-agent system subject to input and communication delays in the form (1)–(2).
In presence of a communications delay δo each agent receives from its neighbors j, for
t ≥ δo,

dȳj(t) = Cxj(t− δo)dt+GdW
(2)
j (t− δo). (24)

In this equation, the differential dW
(2)
j (t− δo)

.
= d

(∫ t−δo
0 dW

(2)
j (s)

)
, t ≥ δo. With the

initial condition ȳj(δo) = y(0), it is easy to check that, for t ≥ δo,

ȳj(t) =ȳj(δo) +

∫ t

δo

Cx(s− δo) ds+

∫ t

δo

GdW
(2)
j (s− δo)

=y(0) +

∫ t−δo

0
Cx(τ) dτ +

∫ t−δo

0
GdW

(2)
j (τ) = yj(t− δo). (25)

We shall solve the problem by designing: (i) a filter to estimate the leader-tracking
error variable ηk(t) from dȳj(t); (ii) a predictor of ηk(t+ δu) from an estimate of ηk(t).
Clearly, an alternative solution is to use the filter in point (i) to estimate ηk(t + δu)
from dȳj(t), but the solution with two modules is more flexible and works for a larger
total delay.

Let us set Āk = A − L̄kCk, where L̄k is the stationary value of the filter gain Lk,
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then consider the following estimation algorithm, for t ≥ δo,

dη̂k(t) =Aη̂k(t)dt+Buk(t− δu)dt

+eĀkδoL̄k


dz̃k(t− δo)− C

N∑

j=0

ℓkj η̂j(t− δo) dt


 (26)

dz̃k(t− δo) =

N∑

j=0

akj(dȳk(t)− dȳj(t)) (27)

L̄k =P̄kC
⊤
k R̃

−1
k (28)

Āk =A− L̄kCk (29)

R̃k =

N∑

j=1

j ̸=k

ℓ2kjCP̄jC
⊤ + ℓ̃kGG

⊤ (30)

0 =AP̄k + P̄kA
⊤ +Q− L̄kCkP̄k, (31)

with η̂k(τ) = 0 for τ ≤ δo, z̃k(0) = 0.

Theorem 5.1. Under Assumptions 1, 2 and 3, and with the communications topology
induced by Algorithm 1, if αk ∈ (0,−µ(Āk)), k ∈ I, are such that

γo(αk, δo) :=

∫ δo

0
∥Cke

ĀkθL̄k∥eαkθ dθ < 1, (32)

then the filters (26)–(31) applied to the system (6) with the measurements (27) are
asymptotically stationary and internally stable. Moreover, ∀k ∈ I the estimation error
ε̂k is exponentially centered with rate αk and mean square bounded.
As a consequence, with the control law, k ∈ I, (23), with η̂k defined in (26), then the
consensus processes ηk defined in (6) are exponentially centered with rate α and mean
square bounded.

The proof, reported in Appendix C, is inspired to the one used in Cacace, Conte,
d’Angelo, Germani, and Palombo (2022) for the case of single systems with measure-
ment delays.

We stress that the delay bound for δo in (32) is sufficient, that is, it can be less than
the actual maximum allowable delay for the stability of the filters.

5.2. Leader-following control with input delays

The predictor-based control is a feedback from the prediction θk(t) of ηk(t+ δu) from
the estimate η̂k(t). The prediction θk is thus δo + δu time units ahead of the available
information.

Theorem 5.2. If the hypotheses of Theorem 5.1 are satisfied by some choice {αk},
given any set of gains Kk such that Ãk := A− BKk with µ(Ãk) < −αk, consider the
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control law for t ≥ 0

uk(t) = −Kkθk(t) (33)

θ̇k(t) = Ãkθk(t) +BKke
Ãkδu (η̂k(t)− θk(t− δu)) , t ≥ δo (34)

θk(t) = 0, t ∈ [−δu, δo] (35)

with η̂k(t) defined by (26)–(31). If ∀k ∈ I

γu(αk, δu) :=

∫ δu

0
∥Kke

ÃkθB∥eαkθ dθ < 1, (36)

then under the control law (33)–(34), ∀k ∈ I the processes ηk defined in (6) are
exponentially centered with rate αk and mean square bounded.

Remark 4. Note that a distributed computation of the control parameters by each
agent is possible. In fact, the control law (33) of agent k relies on Kk, which can be
computed by the agent with standard eigenvalues assignment such that the condition
µ(Ãk) < −αk is satisfied, and on the process θk which depends on the known delay
and on the estimate η̂k provided by the filter (the filter parameters are also computed
in a distributed fashion, see Remark 3).

Proof of Theorem 5.2. The delay differential equation (34) defines a stochastic pro-
cess for all t ≥ −δu (see Theorem 1.5 of Khasminskii (2011)). Let us define the pre-
diction error vk,

vk(t) = ηk(t)− θk(t− δu), t ≥ 0. (37)

When uk(t) = −Kkθk(t), by replacing (34) and (6) in (37) we obtain the following
stochastic differential equation for t ≥ max{2δu, δo}:

dvk(t) =dηk(t)− θ̇k(t− δu)dt

=Aηk(t)dt−BKkθk(t− δu)dt+ F dW̃
(1)
k (t)

− (A−BKk)θk(t− δu)dt−BKke
Ãkδu (η̂k(t− δu)− θk(t− 2δu)) dt

=Avk(t)dt+ F dW̃
(1)
k (t)−BKke

Ãkδu

· (η̂k(t− δu)− ηk(t− δu) + ηk(t− δu)− θk(t− 2δu)) dt

=Avk(t)dt−BKke
Ãkδu (vk(t− δu)− ε̂k(t− δu)) dt+ F dW̃

(1)
k (t). (38)

Since ε̂k is exponentially centered with rate α and mean square bounded, Theorem
1 in Cacace, Germani, et al. (2021) guarantees in the hypothesis (36) that the same
holds for vk. But since

dηk(t) = Ãkηk(t)dt+ vk(t)dt+ dW̃
(1)
k (t), (39)

the thesis follows. □
Notice that {αk} is not used in the implementation of the filter and controller, but it

is the lower bound for the convergence rate to 0 of the expected value of ε̂k and ηk and
it is not part of the design. Theorems 5.1–5.2 state that ∀k αk cannot be larger than
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the spectral abscissa of Āk and Ãk, which is intuitive, and that they also depend on
the input and output delay via (32), (36). The gain Kk is computed through standard
eigenvalue assignment algorithms. The dynamics of the leader-tracking error variable
is both exponentially centered and mean square bounded when γu(0, δu) < 1. The
function γu is monotonically increasing with δu, thus a delay bound is guaranteed to
exist (it may be infinite if γ(0,∞) < 1) and it is trivial to compute. In general, this
bound increases with the norm of Kk, thus a slower rate of convergence to 0 of the
mean of ηk corresponds to a larger delay. Conversely, given δu, it is rather easy to check
whether there exist gainsKk that make the closed-loop dynamics of the leader-tracking
error variable exponentially centered and mean square bounded. For example, in the
scalar input case, Kk is uniquely determined by the choice of the eigenvalues of Ãk,
thus the largest delay bound is obtained with the smallest gain Kk that moves all the
eigenvalues of Ãk in the left-hand part of the complex plane. Notice that the condition
γu(0, δu) < 1 is only sufficient, however for scalar inputs it is sometimes a necessary
condition Cacace et al. (2014). Finally, when the total delay exceeds the largest delay
bound, it is possible to resort to a chain of predictors (see Cacace, Germani, et al.
(2021)).

6. Numerical Simulations

6.1. Interconnected kinematic planar systems

In this Section, an example is used to demonstrate the potential applications of the
proposed approach. Suppose a network of five kinematic planar systems are subject to
the connection topology with Laplacian L specified by the DAG G1 shown in Fig. 1.
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Figure 1. Communication digraph G1.

The communication graph in Fig. 1 shows that only the followers indexed by 1 and
2 can get access to the leader and the communication topology contains a directed
spanning tree. The dynamics of the i-th agent is described by (1)–(2), with

A =




0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0


 , B =




0 0
1 0
0 0
0 1


 , F =




0 0
0.02 0
0 0
0 0.02


 ,

C =

(
1 0 0 0
0 0 1 0

)
, G =

(
0.05 0
0 0.05

)
,

(40)

with xk(t) ∈ R4, uk(t) ∈ R2, yk(t) ∈ R2. The noise processes W
(1)
k (t),W

(2)
k ∈ R2, with

k = 0, 1, . . . , 4, are assumed to be independent standard Wiener processes. The initial
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states of the agents are chosen, in a uniformly random fashion, in the interval [0.5, 8.5]

for all four components of each agent’s state, and u(τ) =
(
0 0

)T
, ∀τ ∈ [−δu, 0] and

y(τ) =
(
0 0

)T
,∀τ ∈ [−δo, 0]. A feedback gain K moving the eigenvalues of each

agent’s dynamics to {−2,−2.2,−2.4,−2.6} is found to be

K =

(
5.63 4.76 −0.28 −0.12
−0.26 −0.11 4.89 4.44

)
. (41)

With this gain, the total delay bound of δo + δu to have exponentially centered agent
processes obtained from the condition γ(0, δmax) = 1 is δmax = 0.41s. Fig. 2 shows the
empirical value of the mean square leader-tracking error process E

[
∥ηk∥2

]
, for k =

1, . . . , 4, averaged over 100 simulations with constant delays δu = 0.2s and δo = 0.15s.
Even though δ = δu + δo = 0.35 is close to the delay bound δmax, the values of E∥ηk∥2
quickly converge to a bounded steady-state value. This value is slightly different across
agents as a consequence of the network topology.
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Figure 2. Evolution of E∥ηk∥2 obtained averaging over 100 realizations, k = 1, 2, 3, 4, as a function of time.
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Figure 3. Delay bound for exponentially centered property and mean square boundedness as a function of
the most positive eigenvalues assigned to the closed-loop matrix Ã (left). Steady-state value of E∥ηk∥2 obtained

averaging over 100 realizations, for k = 1, 2, 3, 4, as a function of the total delay δ (right)

In Fig. 3 we investigate the total delay bound in order to have exponentially centered
and mean square bounded leader-tracking error processes, i.e. δmax, depends on the
eigenvalues assigned to Ã and therefore on the gain K. We design K so that σ(Ã) =

13



{λ̄, λ̄− 0.05, λ̄± 0.05j} with λ̄ varying between −3 and −0.05. The resulting bounds
are plotted in Fig. 3 (left). The plot shows that δmax tends to 0 when the eigenvalues

of Ã move on the left direction of the complex plane. Conversely, the delay bound
becomes arbitrarily large when the eigenvalues tend to the imaginary axis. This is a
consequence of the fact that µ(A) = 0, thus A can be made exponentially centered
with an arbitrarily small K. Thus, in this example, when α → 0 the control law at
each agent can be designed to compensate for arbitrary delays.

Finally, we investigate how conservative the delay bounds of Theorem 5.2 are: Fig.
3 (right) shows the steady-state mean square value of the leader-tracking error process
{ηk} as a function of the total delay δ. The plot shows that the predictor is effective
exactly up to the theoretical bound δmax = 0.41s and that E

[
∥ηk∥2

]
blows up for any

delay exceeding this value.

6.2. Interconnected unstable integrators
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<latexit sha1_base64="o9rKhvd0quU2QD7xkuG5Xb41Kxc=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmIzGxIncGoyWJjSUkgiRwIXvLgBv2PrI7a0IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt0LuEElI+yQJIW9RCMPA4X3wfQm8+8fURsZR3c0S9AP+SSSYyk4pVL7clituXU3B1slXkFqUKA1rH4NRrGwIUYkFDem77kJ+XOuSQqFi8rAGky4mPIJ9lMa8RCNP8+DLtiZNZxilqBmUrFcxN8bcx4aMwuDdDLk9GCWvUz8z+tbGl/7cxklljAS2SGSCvNDRmiZNoBsJDUS8Sw5MhkxwTUnQi0ZFyIVbVpJJe3DW/5+lXQv6p5b99qNWrNRNFOGEziFc/DgCppwCy3ogACEJ3iGF8c6r86b8/4zWnKKnWP4A+fjGxnmkTA=</latexit><latexit sha1_base64="o9rKhvd0quU2QD7xkuG5Xb41Kxc=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmIzGxIncGoyWJjSUkgiRwIXvLgBv2PrI7a0IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt0LuEElI+yQJIW9RCMPA4X3wfQm8+8fURsZR3c0S9AP+SSSYyk4pVL7clituXU3B1slXkFqUKA1rH4NRrGwIUYkFDem77kJ+XOuSQqFi8rAGky4mPIJ9lMa8RCNP8+DLtiZNZxilqBmUrFcxN8bcx4aMwuDdDLk9GCWvUz8z+tbGl/7cxklljAS2SGSCvNDRmiZNoBsJDUS8Sw5MhkxwTUnQi0ZFyIVbVpJJe3DW/5+lXQv6p5b99qNWrNRNFOGEziFc/DgCppwCy3ogACEJ3iGF8c6r86b8/4zWnKKnWP4A+fjGxnmkTA=</latexit><latexit sha1_base64="o9rKhvd0quU2QD7xkuG5Xb41Kxc=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmIzGxIncGoyWJjSUkgiRwIXvLgBv2PrI7a0IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt0LuEElI+yQJIW9RCMPA4X3wfQm8+8fURsZR3c0S9AP+SSSYyk4pVL7clituXU3B1slXkFqUKA1rH4NRrGwIUYkFDem77kJ+XOuSQqFi8rAGky4mPIJ9lMa8RCNP8+DLtiZNZxilqBmUrFcxN8bcx4aMwuDdDLk9GCWvUz8z+tbGl/7cxklljAS2SGSCvNDRmiZNoBsJDUS8Sw5MhkxwTUnQi0ZFyIVbVpJJe3DW/5+lXQv6p5b99qNWrNRNFOGEziFc/DgCppwCy3ogACEJ3iGF8c6r86b8/4zWnKKnWP4A+fjGxnmkTA=</latexit><latexit sha1_base64="o9rKhvd0quU2QD7xkuG5Xb41Kxc=">AAAB83icbVA9TwJBEJ3DL8Qv1NJmIzGxIncGoyWJjSUkgiRwIXvLgBv2PrI7a0IIv8BWKztj6w+y8L94d16h4Kte3pvJvHlBoqQh1/10SmvrG5tb5e3Kzu7e/kH18KhrYqsFdkSsYt0LuEElI+yQJIW9RCMPA4X3wfQm8+8fURsZR3c0S9AP+SSSYyk4pVL7clituXU3B1slXkFqUKA1rH4NRrGwIUYkFDem77kJ+XOuSQqFi8rAGky4mPIJ9lMa8RCNP8+DLtiZNZxilqBmUrFcxN8bcx4aMwuDdDLk9GCWvUz8z+tbGl/7cxklljAS2SGSCvNDRmiZNoBsJDUS8Sw5MhkxwTUnQi0ZFyIVbVpJJe3DW/5+lXQv6p5b99qNWrNRNFOGEziFc/DgCppwCy3ogACEJ3iGF8c6r86b8/4zWnKKnWP4A+fjGxnmkTA=</latexit>

6
<latexit sha1_base64="OdlByfEizg4DE7wKUgZ7WP7Y8og=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRBJSRaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhjwlgLbItQhbrncYNKBtgmSQp7kUbuewq73vQm87sz1EaGwQPNI3R9PgnkWApOqXR/WRlWa3bdzsFWiVOQGhRoDatfg1EoYh8DEoob03fsiNyEa5JC4aIyiA1GXEz5BPspDbiPxk3ypAt2FhtOIYtQM6lYLuLvjYT7xsx9L530OT2aZS8T//P6MY2v3UQGUUwYiOwQSYX5ISO0TCtANpIaiXiWHJkMmOCaE6GWjAuRinHaSdaHs/z9Kulc1B277tw1as1G0UwZTuAUzsGBK2jCLbSgDQLG8ATP8GLNrFfrzXr/GS1Zxc4x/IH18Q1QMJFF</latexit><latexit sha1_base64="OdlByfEizg4DE7wKUgZ7WP7Y8og=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRBJSRaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhjwlgLbItQhbrncYNKBtgmSQp7kUbuewq73vQm87sz1EaGwQPNI3R9PgnkWApOqXR/WRlWa3bdzsFWiVOQGhRoDatfg1EoYh8DEoob03fsiNyEa5JC4aIyiA1GXEz5BPspDbiPxk3ypAt2FhtOIYtQM6lYLuLvjYT7xsx9L530OT2aZS8T//P6MY2v3UQGUUwYiOwQSYX5ISO0TCtANpIaiXiWHJkMmOCaE6GWjAuRinHaSdaHs/z9Kulc1B277tw1as1G0UwZTuAUzsGBK2jCLbSgDQLG8ATP8GLNrFfrzXr/GS1Zxc4x/IH18Q1QMJFF</latexit><latexit sha1_base64="OdlByfEizg4DE7wKUgZ7WP7Y8og=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRBJSRaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhjwlgLbItQhbrncYNKBtgmSQp7kUbuewq73vQm87sz1EaGwQPNI3R9PgnkWApOqXR/WRlWa3bdzsFWiVOQGhRoDatfg1EoYh8DEoob03fsiNyEa5JC4aIyiA1GXEz5BPspDbiPxk3ypAt2FhtOIYtQM6lYLuLvjYT7xsx9L530OT2aZS8T//P6MY2v3UQGUUwYiOwQSYX5ISO0TCtANpIaiXiWHJkMmOCaE6GWjAuRinHaSdaHs/z9Kulc1B277tw1as1G0UwZTuAUzsGBK2jCLbSgDQLG8ATP8GLNrFfrzXr/GS1Zxc4x/IH18Q1QMJFF</latexit><latexit sha1_base64="OdlByfEizg4DE7wKUgZ7WP7Y8og=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRBJSRaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhjwlgLbItQhbrncYNKBtgmSQp7kUbuewq73vQm87sz1EaGwQPNI3R9PgnkWApOqXR/WRlWa3bdzsFWiVOQGhRoDatfg1EoYh8DEoob03fsiNyEa5JC4aIyiA1GXEz5BPspDbiPxk3ypAt2FhtOIYtQM6lYLuLvjYT7xsx9L530OT2aZS8T//P6MY2v3UQGUUwYiOwQSYX5ISO0TCtANpIaiXiWHJkMmOCaE6GWjAuRinHaSdaHs/z9Kulc1B277tw1as1G0UwZTuAUzsGBK2jCLbSgDQLG8ATP8GLNrFfrzXr/GS1Zxc4x/IH18Q1QMJFF</latexit>

8
<latexit sha1_base64="1mA5HRw081grW4CBt+iKsWZj+uQ=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIREikj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaNLwF1LHCaEW2SGSCvNDVhiZNoBsLA0S8Sw5MqmZ4IYToZGMC5GKSVpJJe3DW/1+nXSv6p5b99rXteZ10UwZzuAcLsGDG2jCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x6TkTM=</latexit><latexit sha1_base64="1mA5HRw081grW4CBt+iKsWZj+uQ=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIREikj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaNLwF1LHCaEW2SGSCvNDVhiZNoBsLA0S8Sw5MqmZ4IYToZGMC5GKSVpJJe3DW/1+nXSv6p5b99rXteZ10UwZzuAcLsGDG2jCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x6TkTM=</latexit><latexit sha1_base64="1mA5HRw081grW4CBt+iKsWZj+uQ=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIREikj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaNLwF1LHCaEW2SGSCvNDVhiZNoBsLA0S8Sw5MqmZ4IYToZGMC5GKSVpJJe3DW/1+nXSv6p5b99rXteZ10UwZzuAcLsGDG2jCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x6TkTM=</latexit><latexit sha1_base64="1mA5HRw081grW4CBt+iKsWZj+uQ=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIREikj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaNLwF1LHCaEW2SGSCvNDVhiZNoBsLA0S8Sw5MqmZ4IYToZGMC5GKSVpJJe3DW/1+nXSv6p5b99rXteZ10UwZzuAcLsGDG2jCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x6TkTM=</latexit>7

<latexit sha1_base64="4YOH9pnyxqzYJY/LGtGuUaTIL0w=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIRUigj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaHLjL6SOE0ItskMkFeaHrDAybQDZWBok4llyZFIzwQ0nQiMZFyIVk7SSStqHt/r9Oule1T237rWva83ropkynME5XIIHDWjCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x0EkTI=</latexit><latexit sha1_base64="4YOH9pnyxqzYJY/LGtGuUaTIL0w=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIRUigj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaHLjL6SOE0ItskMkFeaHrDAybQDZWBok4llyZFIzwQ0nQiMZFyIVk7SSStqHt/r9Oule1T237rWva83ropkynME5XIIHDWjCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x0EkTI=</latexit><latexit sha1_base64="4YOH9pnyxqzYJY/LGtGuUaTIL0w=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIRUigj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaHLjL6SOE0ItskMkFeaHrDAybQDZWBok4llyZFIzwQ0nQiMZFyIVk7SSStqHt/r9Oule1T237rWva83ropkynME5XIIHDWjCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x0EkTI=</latexit><latexit sha1_base64="4YOH9pnyxqzYJY/LGtGuUaTIL0w=">AAAB83icbVC7TsNAEFyHVwivACXNiQiJKrIRUigj0VAmEnlIiRWdL5twyvls3a2RoihfQAsVHaLlgyj4F2zjAhKmGs3samcniJW05LqfTmljc2t7p7xb2ds/ODyqHp90bZQYgR0Rqcj0A25RSY0dkqSwHxvkYaCwF8xuM7/3iMbKSN/TPEY/5FMtJ1JwSqV2Y1StuXU3B1snXkFqUKA1qn4Nx5FIQtQkFLd24Lkx+QtuSAqFy8owsRhzMeNTHKRU8xCtv8iDLtlFYjlFLEbDpGK5iL83Fjy0dh4G6WTI6cGuepn4nzdIaHLjL6SOE0ItskMkFeaHrDAybQDZWBok4llyZFIzwQ0nQiMZFyIVk7SSStqHt/r9Oule1T237rWva83ropkynME5XIIHDWjCHbSgAwIQnuAZXpzEeXXenPef0ZJT7JzCHzgf3x0EkTI=</latexit>

9
<latexit sha1_base64="prGH0HwENDQTZ/AWMdK7gw/Jd3s=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBG8sETAwkR9jbTOKSvQ92Z4UQ8gtstbITW3+Qhf/Fu/MKTXzV470Z5s0LEiUNue6nU1pb39jcKm9Xdnb39g+qh0ddE1stsCNiFetewA0qGWGHJCnsJRp5GCi8D6Y3mX//iNrIOLqjWYJ+yCeRHEvBKZXa18Nqza27Odgq8QpSgwKtYfVrMIqFDTEiobgxfc9NyJ9zTVIoXFQG1mDCxZRPsJ/SiIdo/HkedMHOrOEUswQ1k4rlIv7emPPQmFkYpJMhpwez7GXif17f0vjKn8sosYSRyA6RVJgfMkLLtAFkI6mRiGfJkcmICa45EWrJuBCpaNNKKmkf3vL3q6R7Uffcutdu1JqNopkynMApnIMHl9CEW2hBBwQgPMEzvDjWeXXenPef0ZJT7BzDHzgf3yAikTQ=</latexit><latexit sha1_base64="prGH0HwENDQTZ/AWMdK7gw/Jd3s=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBG8sETAwkR9jbTOKSvQ92Z4UQ8gtstbITW3+Qhf/Fu/MKTXzV470Z5s0LEiUNue6nU1pb39jcKm9Xdnb39g+qh0ddE1stsCNiFetewA0qGWGHJCnsJRp5GCi8D6Y3mX//iNrIOLqjWYJ+yCeRHEvBKZXa18Nqza27Odgq8QpSgwKtYfVrMIqFDTEiobgxfc9NyJ9zTVIoXFQG1mDCxZRPsJ/SiIdo/HkedMHOrOEUswQ1k4rlIv7emPPQmFkYpJMhpwez7GXif17f0vjKn8sosYSRyA6RVJgfMkLLtAFkI6mRiGfJkcmICa45EWrJuBCpaNNKKmkf3vL3q6R7Uffcutdu1JqNopkynMApnIMHl9CEW2hBBwQgPMEzvDjWeXXenPef0ZJT7BzDHzgf3yAikTQ=</latexit><latexit sha1_base64="prGH0HwENDQTZ/AWMdK7gw/Jd3s=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBG8sETAwkR9jbTOKSvQ92Z4UQ8gtstbITW3+Qhf/Fu/MKTXzV470Z5s0LEiUNue6nU1pb39jcKm9Xdnb39g+qh0ddE1stsCNiFetewA0qGWGHJCnsJRp5GCi8D6Y3mX//iNrIOLqjWYJ+yCeRHEvBKZXa18Nqza27Odgq8QpSgwKtYfVrMIqFDTEiobgxfc9NyJ9zTVIoXFQG1mDCxZRPsJ/SiIdo/HkedMHOrOEUswQ1k4rlIv7emPPQmFkYpJMhpwez7GXif17f0vjKn8sosYSRyA6RVJgfMkLLtAFkI6mRiGfJkcmICa45EWrJuBCpaNNKKmkf3vL3q6R7Uffcutdu1JqNopkynMApnIMHl9CEW2hBBwQgPMEzvDjWeXXenPef0ZJT7BzDHzgf3yAikTQ=</latexit><latexit sha1_base64="prGH0HwENDQTZ/AWMdK7gw/Jd3s=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe4koHYBG8sETAwkR9jbTOKSvQ92Z4UQ8gtstbITW3+Qhf/Fu/MKTXzV470Z5s0LEiUNue6nU1pb39jcKm9Xdnb39g+qh0ddE1stsCNiFetewA0qGWGHJCnsJRp5GCi8D6Y3mX//iNrIOLqjWYJ+yCeRHEvBKZXa18Nqza27Odgq8QpSgwKtYfVrMIqFDTEiobgxfc9NyJ9zTVIoXFQG1mDCxZRPsJ/SiIdo/HkedMHOrOEUswQ1k4rlIv7emPPQmFkYpJMhpwez7GXif17f0vjKn8sosYSRyA6RVJgfMkLLtAFkI6mRiGfJkcmICa45EWrJuBCpaNNKKmkf3vL3q6R7Uffcutdu1JqNopkynMApnIMHl9CEW2hBBwQgPMEzvDjWeXXenPef0ZJT7BzDHzgf3yAikTQ=</latexit>

10
<latexit sha1_base64="97uAg+wCvXUHjaVHqnaOO2UAeEo=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGREsSG0s0giRwIXvLgBv29i67cySE8A9stbIztv4fC/+Ld+cVCr7q5b2ZzJsXxEpact1Pp7S2vrG5Vd6u7Ozu7R9UD486NkqMwLaIVGS6AbeopMY2SVLYjQ3yMFD4EEyuM/9hisbKSN/TLEY/5GMtR1JwSqU7zx1Ua27dzcFWiVeQGhRoDapf/WEkkhA1CcWt7XluTP6cG5JC4aLSTyzGXEz4GHsp1TxE68/zpAt2llhOEYvRMKlYLuLvjTkPrZ2FQToZcnq0y14m/uf1Ehpd+XOp44RQi+wQSYX5ISuMTCtANpQGiXiWHJnUTHDDidBIxoVIxSTtpJL24S1/v0o6F3XPrXu3jVqzUTRThhM4hXPw4BKacAMtaIOAETzBM7w4U+fVeXPef0ZLTrFzDH/gfHwDg5qRZg==</latexit><latexit sha1_base64="97uAg+wCvXUHjaVHqnaOO2UAeEo=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGREsSG0s0giRwIXvLgBv29i67cySE8A9stbIztv4fC/+Ld+cVCr7q5b2ZzJsXxEpact1Pp7S2vrG5Vd6u7Ozu7R9UD486NkqMwLaIVGS6AbeopMY2SVLYjQ3yMFD4EEyuM/9hisbKSN/TLEY/5GMtR1JwSqU7zx1Ua27dzcFWiVeQGhRoDapf/WEkkhA1CcWt7XluTP6cG5JC4aLSTyzGXEz4GHsp1TxE68/zpAt2llhOEYvRMKlYLuLvjTkPrZ2FQToZcnq0y14m/uf1Ehpd+XOp44RQi+wQSYX5ISuMTCtANpQGiXiWHJnUTHDDidBIxoVIxSTtpJL24S1/v0o6F3XPrXu3jVqzUTRThhM4hXPw4BKacAMtaIOAETzBM7w4U+fVeXPef0ZLTrFzDH/gfHwDg5qRZg==</latexit><latexit sha1_base64="97uAg+wCvXUHjaVHqnaOO2UAeEo=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGREsSG0s0giRwIXvLgBv29i67cySE8A9stbIztv4fC/+Ld+cVCr7q5b2ZzJsXxEpact1Pp7S2vrG5Vd6u7Ozu7R9UD486NkqMwLaIVGS6AbeopMY2SVLYjQ3yMFD4EEyuM/9hisbKSN/TLEY/5GMtR1JwSqU7zx1Ua27dzcFWiVeQGhRoDapf/WEkkhA1CcWt7XluTP6cG5JC4aLSTyzGXEz4GHsp1TxE68/zpAt2llhOEYvRMKlYLuLvjTkPrZ2FQToZcnq0y14m/uf1Ehpd+XOp44RQi+wQSYX5ISuMTCtANpQGiXiWHJnUTHDDidBIxoVIxSTtpJL24S1/v0o6F3XPrXu3jVqzUTRThhM4hXPw4BKacAMtaIOAETzBM7w4U+fVeXPef0ZLTrFzDH/gfHwDg5qRZg==</latexit><latexit sha1_base64="97uAg+wCvXUHjaVHqnaOO2UAeEo=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGREsSG0s0giRwIXvLgBv29i67cySE8A9stbIztv4fC/+Ld+cVCr7q5b2ZzJsXxEpact1Pp7S2vrG5Vd6u7Ozu7R9UD486NkqMwLaIVGS6AbeopMY2SVLYjQ3yMFD4EEyuM/9hisbKSN/TLEY/5GMtR1JwSqU7zx1Ua27dzcFWiVeQGhRoDapf/WEkkhA1CcWt7XluTP6cG5JC4aLSTyzGXEz4GHsp1TxE68/zpAt2llhOEYvRMKlYLuLvjTkPrZ2FQToZcnq0y14m/uf1Ehpd+XOp44RQi+wQSYX5ISuMTCtANpQGiXiWHJnUTHDDidBIxoVIxSTtpJL24S1/v0o6F3XPrXu3jVqzUTRThhM4hXPw4BKacAMtaIOAETzBM7w4U+fVeXPef0ZLTrFzDH/gfHwDg5qRZg==</latexit>

11
<latexit sha1_base64="reubQmXaSov2XeDUot8rsCKE684=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIreGREsSG0s0giRwIXvLgBv2PrI7R0II/8BWKztj6/+x8L94d16h4Kte3pvJvHl+rJUl1/10SmvrG5tb5e3Kzu7e/kH18Khjo8RIbMtIR6brC4tahdgmRRq7sUER+Bof/Ml15j9M0VgVhfc0i9ELxDhUIyUFpdId54Nqza27Odgq4QWpQYHWoPrVH0YyCTAkqYW1Pe7G5M2FISU1Lir9xGIs5ESMsZfSUARovXmedMHOEisoYjEapjTLRfy9MReBtbPATycDQY922cvE/7xeQqMrb67COCEMZXaIlMb8kJVGpRUgGyqDRCJLjkyFTAojiNAoJqRMxSTtpJL2wZe/XyWdizp36/y2UWs2imbKcAKncA4cLqEJN9CCNkgYwRM8w4szdV6dN+f9Z7TkFDvH8AfOxzeFKZFn</latexit><latexit sha1_base64="reubQmXaSov2XeDUot8rsCKE684=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIreGREsSG0s0giRwIXvLgBv2PrI7R0II/8BWKztj6/+x8L94d16h4Kte3pvJvHl+rJUl1/10SmvrG5tb5e3Kzu7e/kH18Khjo8RIbMtIR6brC4tahdgmRRq7sUER+Bof/Ml15j9M0VgVhfc0i9ELxDhUIyUFpdId54Nqza27Odgq4QWpQYHWoPrVH0YyCTAkqYW1Pe7G5M2FISU1Lir9xGIs5ESMsZfSUARovXmedMHOEisoYjEapjTLRfy9MReBtbPATycDQY922cvE/7xeQqMrb67COCEMZXaIlMb8kJVGpRUgGyqDRCJLjkyFTAojiNAoJqRMxSTtpJL2wZe/XyWdizp36/y2UWs2imbKcAKncA4cLqEJN9CCNkgYwRM8w4szdV6dN+f9Z7TkFDvH8AfOxzeFKZFn</latexit><latexit sha1_base64="reubQmXaSov2XeDUot8rsCKE684=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIreGREsSG0s0giRwIXvLgBv2PrI7R0II/8BWKztj6/+x8L94d16h4Kte3pvJvHl+rJUl1/10SmvrG5tb5e3Kzu7e/kH18Khjo8RIbMtIR6brC4tahdgmRRq7sUER+Bof/Ml15j9M0VgVhfc0i9ELxDhUIyUFpdId54Nqza27Odgq4QWpQYHWoPrVH0YyCTAkqYW1Pe7G5M2FISU1Lir9xGIs5ESMsZfSUARovXmedMHOEisoYjEapjTLRfy9MReBtbPATycDQY922cvE/7xeQqMrb67COCEMZXaIlMb8kJVGpRUgGyqDRCJLjkyFTAojiNAoJqRMxSTtpJL2wZe/XyWdizp36/y2UWs2imbKcAKncA4cLqEJN9CCNkgYwRM8w4szdV6dN+f9Z7TkFDvH8AfOxzeFKZFn</latexit><latexit sha1_base64="reubQmXaSov2XeDUot8rsCKE684=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIreGREsSG0s0giRwIXvLgBv2PrI7R0II/8BWKztj6/+x8L94d16h4Kte3pvJvHl+rJUl1/10SmvrG5tb5e3Kzu7e/kH18Khjo8RIbMtIR6brC4tahdgmRRq7sUER+Bof/Ml15j9M0VgVhfc0i9ELxDhUIyUFpdId54Nqza27Odgq4QWpQYHWoPrVH0YyCTAkqYW1Pe7G5M2FISU1Lir9xGIs5ESMsZfSUARovXmedMHOEisoYjEapjTLRfy9MReBtbPATycDQY922cvE/7xeQqMrb67COCEMZXaIlMb8kJVGpRUgGyqDRCJLjkyFTAojiNAoJqRMxSTtpJL2wZe/XyWdizp36/y2UWs2imbKcAKncA4cLqEJN9CCNkgYwRM8w4szdV6dN+f9Z7TkFDvH8AfOxzeFKZFn</latexit>

12
<latexit sha1_base64="aZjSKHssYtLYCK/tp18llMkqgHc=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjSFBGoqEMiDykxIrWl0045fzQ3TpSZOUPaKGiQ7T8DwX/gm1cQMJUo5ld7ex4kZKGbPvTKm1sbm3vlHcre/sHh0fV45OuCWMtsCNCFeq+BwaVDLBDkhT2I43gewp73uwm83tz1EaGwQMtInR9mAZyIgVQKt07jVG1ZtftHHydOAWpsQLtUfVrOA5F7GNAQoExA8eOyE1AkxQKl5VhbDACMYMpDlIagI/GTfKkS34RG6CQR6i5VDwX8fdGAr4xC99LJ32gR7PqZeJ/3iCmybWbyCCKCQORHSKpMD9khJZpBcjHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+v066Tbqjl137pq1VrNopszO2Dm7ZA67Yi12y9qswwSbsCf2zF6sufVqvVnvP6Mlq9g5ZX9gfXwDhriRaA==</latexit><latexit sha1_base64="aZjSKHssYtLYCK/tp18llMkqgHc=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjSFBGoqEMiDykxIrWl0045fzQ3TpSZOUPaKGiQ7T8DwX/gm1cQMJUo5ld7ex4kZKGbPvTKm1sbm3vlHcre/sHh0fV45OuCWMtsCNCFeq+BwaVDLBDkhT2I43gewp73uwm83tz1EaGwQMtInR9mAZyIgVQKt07jVG1ZtftHHydOAWpsQLtUfVrOA5F7GNAQoExA8eOyE1AkxQKl5VhbDACMYMpDlIagI/GTfKkS34RG6CQR6i5VDwX8fdGAr4xC99LJ32gR7PqZeJ/3iCmybWbyCCKCQORHSKpMD9khJZpBcjHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+v066Tbqjl137pq1VrNopszO2Dm7ZA67Yi12y9qswwSbsCf2zF6sufVqvVnvP6Mlq9g5ZX9gfXwDhriRaA==</latexit><latexit sha1_base64="aZjSKHssYtLYCK/tp18llMkqgHc=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjSFBGoqEMiDykxIrWl0045fzQ3TpSZOUPaKGiQ7T8DwX/gm1cQMJUo5ld7ex4kZKGbPvTKm1sbm3vlHcre/sHh0fV45OuCWMtsCNCFeq+BwaVDLBDkhT2I43gewp73uwm83tz1EaGwQMtInR9mAZyIgVQKt07jVG1ZtftHHydOAWpsQLtUfVrOA5F7GNAQoExA8eOyE1AkxQKl5VhbDACMYMpDlIagI/GTfKkS34RG6CQR6i5VDwX8fdGAr4xC99LJ32gR7PqZeJ/3iCmybWbyCCKCQORHSKpMD9khJZpBcjHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+v066Tbqjl137pq1VrNopszO2Dm7ZA67Yi12y9qswwSbsCf2zF6sufVqvVnvP6Mlq9g5ZX9gfXwDhriRaA==</latexit><latexit sha1_base64="aZjSKHssYtLYCK/tp18llMkqgHc=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjSFBGoqEMiDykxIrWl0045fzQ3TpSZOUPaKGiQ7T8DwX/gm1cQMJUo5ld7ex4kZKGbPvTKm1sbm3vlHcre/sHh0fV45OuCWMtsCNCFeq+BwaVDLBDkhT2I43gewp73uwm83tz1EaGwQMtInR9mAZyIgVQKt07jVG1ZtftHHydOAWpsQLtUfVrOA5F7GNAQoExA8eOyE1AkxQKl5VhbDACMYMpDlIagI/GTfKkS34RG6CQR6i5VDwX8fdGAr4xC99LJ32gR7PqZeJ/3iCmybWbyCCKCQORHSKpMD9khJZpBcjHUiMRZMmRy4AL0ECEWnIQIhXjtJNK2oez+v066Tbqjl137pq1VrNopszO2Dm7ZA67Yi12y9qswwSbsCf2zF6sufVqvVnvP6Mlq9g5ZX9gfXwDhriRaA==</latexit>

13
<latexit sha1_base64="aQlJZhZZIpORHqeLqvRcmIprl+Y=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIhEpSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDvTKRfQ==</latexit><latexit sha1_base64="aQlJZhZZIpORHqeLqvRcmIprl+Y=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIhEpSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDvTKRfQ==</latexit><latexit sha1_base64="aQlJZhZZIpORHqeLqvRcmIprl+Y=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIhEpSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDvTKRfQ==</latexit><latexit sha1_base64="aQlJZhZZIpORHqeLqvRcmIprl+Y=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIhEpSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDvTKRfQ==</latexit>

14
<latexit sha1_base64="0XGhzGxRYQE3kOH47hGHvZ7fdwY=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTaKBGUkGsogyENKrOh82YRTzmfrbg2KonwCLVR0iJbvoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKV+Z0HNFZG+o6mMfohH2s5koJTKt169fKgUnVrbg62TLyCVKFAc1D56g8jkYSoSShubc9zY/Jn3JAUCuflfmIx5mLCx9hLqeYhWn+WR52z08RyiliMhknFchF/b8x4aO00DNLJkNO9XfQy8T+vl9Do0p9JHSeEWmSHSCrMD1lhZNoBsqE0SMSz5MikZoIbToRGMi5EKiZpKVkf3uL3y6R9XvPcmndTrzbqRTMlOIYTOAMPLqAB19CEFggYwxM8w4vz6Lw6b877z+iKU+wcwR84H9++wpF+</latexit><latexit sha1_base64="0XGhzGxRYQE3kOH47hGHvZ7fdwY=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTaKBGUkGsogyENKrOh82YRTzmfrbg2KonwCLVR0iJbvoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKV+Z0HNFZG+o6mMfohH2s5koJTKt169fKgUnVrbg62TLyCVKFAc1D56g8jkYSoSShubc9zY/Jn3JAUCuflfmIx5mLCx9hLqeYhWn+WR52z08RyiliMhknFchF/b8x4aO00DNLJkNO9XfQy8T+vl9Do0p9JHSeEWmSHSCrMD1lhZNoBsqE0SMSz5MikZoIbToRGMi5EKiZpKVkf3uL3y6R9XvPcmndTrzbqRTMlOIYTOAMPLqAB19CEFggYwxM8w4vz6Lw6b877z+iKU+wcwR84H9++wpF+</latexit><latexit sha1_base64="0XGhzGxRYQE3kOH47hGHvZ7fdwY=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTaKBGUkGsogyENKrOh82YRTzmfrbg2KonwCLVR0iJbvoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKV+Z0HNFZG+o6mMfohH2s5koJTKt169fKgUnVrbg62TLyCVKFAc1D56g8jkYSoSShubc9zY/Jn3JAUCuflfmIx5mLCx9hLqeYhWn+WR52z08RyiliMhknFchF/b8x4aO00DNLJkNO9XfQy8T+vl9Do0p9JHSeEWmSHSCrMD1lhZNoBsqE0SMSz5MikZoIbToRGMi5EKiZpKVkf3uL3y6R9XvPcmndTrzbqRTMlOIYTOAMPLqAB19CEFggYwxM8w4vz6Lw6b877z+iKU+wcwR84H9++wpF+</latexit><latexit sha1_base64="0XGhzGxRYQE3kOH47hGHvZ7fdwY=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTaKBGUkGsogyENKrOh82YRTzmfrbg2KonwCLVR0iJbvoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKV+Z0HNFZG+o6mMfohH2s5koJTKt169fKgUnVrbg62TLyCVKFAc1D56g8jkYSoSShubc9zY/Jn3JAUCuflfmIx5mLCx9hLqeYhWn+WR52z08RyiliMhknFchF/b8x4aO00DNLJkNO9XfQy8T+vl9Do0p9JHSeEWmSHSCrMD1lhZNoBsqE0SMSz5MikZoIbToRGMi5EKiZpKVkf3uL3y6R9XvPcmndTrzbqRTMlOIYTOAMPLqAB19CEFggYwxM8w4vz6Lw6b877z+iKU+wcwR84H9++wpF+</latexit>

15
<latexit sha1_base64="jJ9leQ1ltUF0t0fMizZF/q3X8jU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJREJSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDwFKRfw==</latexit><latexit sha1_base64="jJ9leQ1ltUF0t0fMizZF/q3X8jU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJREJSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDwFKRfw==</latexit><latexit sha1_base64="jJ9leQ1ltUF0t0fMizZF/q3X8jU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJREJSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDwFKRfw==</latexit><latexit sha1_base64="jJ9leQ1ltUF0t0fMizZF/q3X8jU=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJREJSRaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP+iYMNYC2yJUoe55YFDJANskSWEv0gi+p7DrTa8yv/uA2sgwuKNZhK4Pk0COpQBKpVvnvDKs1uy6nYMvE6cgNVagNax+DUahiH0MSCgwpu/YEbkJaJJC4bwyiA1GIKYwwX5KA/DRuEkedc5PYgMU8gg1l4rnIv7eSMA3ZuZ76aQPdG8WvUz8z+vHNL50ExlEMWEgskMkFeaHjNAy7QD5SGokgiw5chlwARqIUEsOQqRinJaS9eEsfr9MOmd1x647N41as1E0U2ZH7JidModdsCa7Zi3WZoJN2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDwFKRfw==</latexit>0
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Figure 4. Communication digraph G2.

We propose here an example where 16 unstable agents are interconnected through
the DAG G2 as shown in Fig. 4. In this case, the dynamics of the i-th agent is simply
described by

A =

(
−0.5 1
0 0.1

)
, B =

(
0
1

)
, F = σxB,C =

(
1 0

)
, G = σy, (42)

with xk ∈ R2, uk, yk ∈ R, and the noise amplitudes σx = 0.02 and σy = 0.05. As
before, the noise processes are assumed to be independent standard Wiener processes.

Assuming a uniformly random choice of the initial conditions in the interval [0.5, 8.5]
and a feedback gain K = [2.55, 3.8] placing the closed-loop system eigenvalues (that
is, the eigenvalues of Ã) to {−2,−2.2}, the total delay bound is δmax = 0.58s. In this
respect, Fig. 5 (left) shows that, in spite of the clear instability of the single agent
dynamics, the leader-following result is nonetheless preserved by the control law so
long as the total delay stays within the upper bound δmax.

Moreover, Fig. 5 (right) shows that the steady-state value of E∥ηk∥2 obtained aver-
aging over 100 realizations, k ∈ {1, . . . , 15}, with δo = 0.15s and δu = 0.20s, increases
as the eigenvalue of Ã with the largest real part is progressively moved closed to the
imaginary axis.

Finally, in Fig. 6 we report the trajectories in the plane (x1, x2), of the 16 agents

initially placed around the point [5, 5], for σ(Ã) = {−2, −2.2} and t ∈ [0, 15], when
δo = 0.15 and δo + δu = 0.50 (left) and δo + δu = 0.58 = δmax (the total delay
bound). In both cases the trajectories of the followers converge to the leader, that
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Figure 5. Steady-state value of E∥ηk∥2 obtained averaging over 100 realizations, k ∈ {1, . . . , 15}, for the

system of Section 6.2 with σ(Ã) = {−2, −2.2}, as a function of the total delay δ (left) and as a function of the

closed-loop spectral abscissa for δo = 0.15s and δu = 0.20s (right).
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Figure 6. Trajectories of the 16 agents for the system of Section 6.2 with total delay δo + δu = 0.50 (left)

and δo + δu = 0.58 (right). The initial positions are chosen randomly around the point [5, 5] and t ∈ [0, 15].

moves exponentially fast along the straight line, but the variance of the tracking error
E∥ηk∥2 is much larger in the plot on the right, since the followers are disseminated
along the trajectory and they follow the leader with a noticeable lag.

6.3. Network of unmanned aerials vehicles

We consider an example adapted from C. Wang et al. (2018) to illustrate the effects
of the link weighting mechanism and compare the total delay bounds. A network
of unmanned aerials vehicles is composed by one leader and 4 followers with state
x(t) ∈ R2, input uk(t) ∈ R2, and dynamics, k = 0, . . . , 4,

ẋk(t) = Axk(t) +Buk(t) + ψ(xk(t)), (43)

yk(t) = Cxk(t), (44)

A =

(
0 −1
1 0

)
, B =

(
1 0.5
0.5 1

)
, C =

(
1 0

)
, ψ(x) = β

(
sin(x1)
sin(x2)

)
. (45)

This system is nonlinear, but since in (43) ψ(x) ∈ [−β, β] × [−β, β] is uniformly
bounded with respect to x, we may consider it a zero-mean uniformly distributed
disturbance and use the representation (1) with F =

√
β2/3I2. This approximation
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Figure 7. Communication topology for the example in Section 6.3 (left). The graph resulting from weighting
the edges according to the algorithm of Section 3 (right).

is legitimate, since the delay bounds of Theorem 5.1 and Theorem 5.2 do not depend
on the noise terms but only on the stability properties of the deterministic part of the
closed-loop system in presence of delay.

The network topology is shown in Figure 7 (left). The agents are strongly connected,
but by using the communication links according to the algorithm of of Section 3 the
connection is restricted to the DAG in Figure 7 (right). Notice that, by disregarding
the link from node 4, the estimation task of node 1 becomes simpler and node 4 is not
affected.

The control gain Kk can be chosen identical for all the agents and it is computed
by a plain eigenvalue assignment algorithm for Ãk = A−BKk. By choosing σ(Ãk) =
{−0.6± j} we obtain

Kk =

(
0.8 −0.4
−0.4 0.8

)
(46)

By setting αk = −µ(Ãk) = 0.6 in (36) we can compute the delay bound δmax for δo+δu
that ensures a rate of convergence αk of the leader tracking error ηk to its stead-state
value, and we obtain δmax = 0.940. The simulations confirm that practical consensus,
with an average steady state ∥ηk(t)∥ of about 1% of ∥xk(t)∥ is obtained when t > 10
for δo + δu up to about 0.7, thanks to the robust stability properties of the predictor.
This compares favourably with the results reported in C. Wang et al. (2018), where
the total delay is δ = 0.1 and practical consensus is reached for t > 150. Although
the comparison is only partial because the scheme in C. Wang et al. (2018) includes
additional modeled disturbances, the proposed method displays better performance in
dealing with delays. Besides, the design in C. Wang et al. (2018) requires to solve a
systems of LMIs to tune the gain parameters, an explicit formula for the delay bound
is not available, and the computation of the parameters depends on the knowledge of
the eigenvalues of the Laplacian matrix of the graph. In contrast, our approach relies
on a straightforward eigenvalue placement algorithm, is completely distributed and
provides an explicit sufficient bound for the total delay.

7. Conclusions

This paper proposes a novel approach to the leader-following control problem. We
showed that by suitably layering the network topology it is possible to obtain a strat-
ified decoupling of the estimation error. In this way, a modular design is achieved and
each agent may set the control gain independently from the other agents, in analogy
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with the case of single systems. We claim that in presence of delays this approach
is more flexible and robust and it incorporates the intrinsic properties of the flow of
information in the leader following context. This additional flexibility can be exploited
to deal with more complex settings, for example heterogeneous agent structure, non
uniform and time-varying delays, or multiplicative noises that will be the subject of
further research. Further developments can include the consideration of unknown de-
lays and the robust stability under the delay estimation error.
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Appendix A.

Lemma A.1. Let Pε̂kk
= Pε̂k = E[ε̂kε̂⊤k ] and Pε̂ji = E[ε̂j ε̂⊤i ] be the covariance and

cross-covariance of the estimation error, then we have

Mk :=

N∑

j,i=1

j ̸=k ̸=i

ℓkjℓkiCPε̂jiC
⊤ ≥ 0. (A1)

Proof. We notice that the matrix

Ξk := E

[
st−1

{(
k−1∑

j=1

ℓkj ε̂j

)[2]}]
, (A2)

is positive semi-definite since it is the covariance matrix of the random vector∑k−1
j=1 ℓkj ε̂j . Moreover, because of Assumption 3 and Algorithm 1, we can use Propo-

sition 3.3 to obtain that the Laplacian L (and thus L1) is lower triangular, and it is
not difficult to see that Mk = C ΞkC

⊤, and the proof is completed.
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Appendix B. Proof of Theorem 4.1

We first prove by induction that equation (20) admits a stationary solution for all k ∈
I. In fact, as a consequence of Assumption 3 and Algorithm 1, for the agents i having
the leader as neighbor, equation (16) becomes R̃i = GG⊤ which is positive definite.
Thus, because of Assumption 2, equation (20) for k = i has a unique positive definite
stationary solution P̄i. Due to Proposition 3.3, the covariance R̃k depends on the Pj ’s

for j < k. Thus, each R̃k admits a stationary value R̄k, and, as a consequence, because
of Assumption 2, equation (20) has a unique positive definite stationary solution P̄k

satisfying

AP̄k + P̄kA
⊤ +Q− ℓ2kkP̄kC

⊤R̄−1
k CP̄k = 0. (B1)

By noticing that

dzj − Cη̂j dt = Cε̂j dt+GdW
(2)
j , (B2)

we obtain the following error dynamics for the k-th follower

dε̂k = Aε̂k dt− Lk

N∑

j=0

ℓkj

(
Cε̂jdt+G dW

(2)
j

)
+ F dW̃

(1)
k . (B3)

Let L̄k = P̄kC
⊤
k R̄

−1
k be the stationary value of the gain (19), and set L̄ =

diag(L̄1, . . . , L̄N ). The aggregate error ε̂ = col(ε̂1, . . . , ε̂N ) of the stationary filters
(17)–(20) is given by

dε̂ =
[
(IN ⊗A)− L̄(L1 ⊗ C)

]
ε̂ dt+ E dN, (B4)

with E = row(IN ⊗ F,−L̄(L2 ⊗G), N = col(W̃ (1),W (2)), W̃ (1) = colk(W̃
(1)
k ) W (2) =

colk(W
(2)
k ).

Moreover, since the Laplacian L (and L1) is triangular, the matrix Ā := (IN ⊗A)−
L̄(L1⊗C) is block-triangular with entries Āk := A−ℓkkL̄kC (note that ℓkk = σk(L1)).
∀k ∈ I Āk is Hurwitz. In fact from (B1),

ĀkPk + PkĀk =APk + PkA
⊤ − 2ℓ2kkPkC

⊤R̄−1
k CPk

=−Q. (B5)

Therefore, Ā is Hurwitz and this implies the internal stability of the filter and the
uniform boundedness of the error. Finally, let us prove the bound on the covariance
matrix of the estimation error. We can rewrite (B3) as

dε̂k =Akε̂k dt− Lk

∑

j∈N k

ℓkjCε̂jdt+ Lk

N∑

j=0

ℓkjG dW
(2)
j + F dW̃

(1)
k ,

Ṗε̂k =AkPε̂k + Pε̂kA
⊤
k − Lk


 ∑

j,i∈N k

ℓkjℓkiCPε̂jiC
⊤


L⊤

k − ℓ̃kLkGG
⊤L⊤

k +Q, (B6)
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where Pε̂k and Pε̂ji are defined in Lemma A.1, and Ak = A − LkCk. Since the term

ℓ̃kLkGG
⊤L⊤

k in (B6) is positive semi-definite and because of Lemma A.1, we have the
following differential matrix inequality

Ṗε̂k ≤ AkPε̂k + Pε̂kA
⊤
k +Q. (B7)

By considering (20) and (B6) by setting Λk = P̄ε̂k − P̄k, we can write

Λ̇k ≤ ĀkΛk + ΛkĀ
⊤
k − P̄kC

⊤
k L̄

⊤
k = −Υk − P̄kC

⊤
k R̃

−1
k CkP̄k ≤ 0, (B8)

where we use the fact that, since the matrix Āk is Hurwitz, then there exists Υk > 0
such that ĀkΛk+ΛkĀ

⊤
k = −Υk. Therefore, it follows that ∥ˆ̄εk∥2L2

= tr{P̄ε̂k} ≤ tr{P̄k}.
□

Appendix C. Proof of Theorem 5.1

In the case of communication delays equation (B3) of the estimation error ε̂k(t) =
ηk(t)− η̂k(t) becomes, for t ≥ δo,

dε̂k(t) =Aε̂k(t) dt− eĀkδoL̄kCkε̂k(t− δo) + F dW̃
(1)
k (t)

− eĀkδoL̄k

∑

j∈N k

ℓkj

(
Cε̂j(t− δo)dt+GdW

(2)
j (t− δo)

)
, (C1)

whereas for τ ∈ [0, δo] we have ε̂k(τ) = ηk(τ), since η̂k(τ) ≡ 0 by definition. The
solution ε̂k(t) admits the following representation, t ≥ δo

ε̂k(t) =

∫ t

t−δo

eĀk(t−τ)L̄kCkε̂k(τ) dτ +

∫ t

0
eĀk(t−τ)F dW̃

(1)
k (τ)

−
∫ t−δo

0
eĀk(t−τ)L̄kC

∑

j∈N k

ℓkj ε̂j(τ) dτ

−
∑

j∈N k

ℓkj

∫ t−δo

0
eĀk(t−τ)L̄kGdW

(2)
j (τ) + ϑk,δo , (C2)

ϑk,δo =ηk(δo)−
∫ δo

0
eĀk(δo−τ)L̄kCkηk(τ) dτ +

∫ δo

0
eĀk(δo−τ)F dW̃

(1)
k (τ) (C3)

21



as it can be verified by explicit differentiation. Notice that the choice of constant vector
ϑk,δo ensures ε̂k(δo) = ηk(δo). Pre-multiplying by Ck and taking L2 norm we get

∥Ckε̂k(t)∥L2
≤
∫ δo

0

∥∥∥Cke
Āk(θ)L̄k

∥∥∥ dθ sup
τ∈[t−δo,t]

∥Ckε̂k(τ)∥L2

+

(∫ t

0

∥∥∥Cke
Ākθ
∥∥∥
2
dθ

) 1

2


∥F∥2 +

∑

j∈N k

|ℓkj |∥L̄kG∥2



1

2

+

∫ t

0

∥∥∥Cke
Āk(θ)L̄k

∥∥∥ dθ sup
τ∈[t−δo,t]

∑

j∈N k

|ℓkj |∥Cε̂j(τ)∥L2
+ ϕk,δo

= γo(0, δo) sup
τ∈[t−δo,t]

∥Ckε̂k(τ)∥L2
+ βk, (C4)

where ϕk,δo = ∥Cϑk,δo∥L2
< ∞ depends on the initial conditions in [0, δo]. We now

proceed inductively on the distance dk from the leader, as computed in (10). When
dk = 1, N k = {0} and consequently

βk =

(∫ t

0

∥∥∥Cke
Ākθ
∥∥∥
2
dθ

) 1

2 (
∥F∥2 + ∥L̄kG∥2

) 1

2 + ϕk,δo < ∞, (C5)

because ε̂0 ≡ 0. Thus, since γo(0, δo) < γo(αk, δo) < 1 we obtain the following bound

∥Ckε̂k(t)∥L2
≤ βk

1− γo(0, δo)
< ∞. (C6)

We now prove that if ∥Ckε̂j(t)∥L2
≤ ∞ for the nodes with dj < d then the same

holds for the nodes k with dk = d. In fact, when the Laplacian matrix is transformed
according to the procedure described in Section 3 and dk = d all the nodes j in Nk

have distance dj < d and it holds by inductive hypothesis that ∥Ckε̂j(t)∥L2
≤ ∞. This,

together with the fact that Āk is Hurwitz and the integrals in [0, t] are bounded for
t → ∞, implies that βk < ∞. Therefore, (C6) holds for all the nodes k with dk = d.
Since the depth of the DAG is finite, ∥Ckε̂j(t)∥L2

is bounded for all k ∈ I, but, since
(A,C) is observable, is immediate to see from (C1) that ∥Ckε̂k(t)∥L2

< ∞ implies
∥ε̂k(t)∥L2

<∞. Finally, it is easily derived that ε̂k is exponentially centered with rate
αk by considering the auxiliary variable ε̂αk = eαtε̂k, writing the equation of E[ε̂αk ], that
does not contain the noise terms, and repeating the same steps as above. □
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