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Abstract

We overview our recent experimental studies on the nonlinear spatial reshaping of multimode
beams at the output of multimode optical fibers. We use a holographic mode decomposition
technique, which permits to reveal the variation of the spatial mode composition at the fiber
output, as determined by either conservative (the Kerr effect) or dissipative (Raman scattering)
nonlinear processes. For the first case, we consider the effect of spatial beam self-cleaning, and we
compare experimental mode decompositions with predictions based on the thermodynamic theory,
including the case of beams carrying nozero orbital angular momentum. For the second case, we
analyze the beam mode content at the output of a Raman laser based on a graded index multimode
fiber.

1 Introduction

Nonlinear optical effects are particularly effective in optical fibers, in spite of their relatively low nonlin-
earity. This is because of their small effective area and long guiding lengths, whose combination favor
the observation of nonlinear phenomena such as the Kerr effect, Raman scattering, self-steepening,
temporal soliton and supercontinuum generation [1, 2, 3]. Over the past decades, the large majority of
research works focused on single-mode fibers. The propagation of a single mode naturally guarantees
a high quality beam profile at the fiber output, which is relevant in many applications. Moreover,
modal dispersion is absent in single-mode fibers, which rapidly made them the solution of choice for
optical telecommunication links. Nevertheless, in recent years there has been a resurgence of interest
in the use of multimode (MM) fibers. As their name conceptualizes, MM fibers permit the simultane-
ous propagation of a many guided modes, thanks to their larger core size with respect to single-mode
fibers. Moreover, owing to their larger core area, MM fibers support the propagation of higher energy
pulses with respect to single-mode fibers. These properties may permit, on the one hand, to overcome
the current capacity crunch in single-mode fiber-based links, and, on the other hand, to scale up the
energy of pulses (or the continuous-wave power) delivered by fiber lasers.

In MM fibers, guided modes may exchange their energy via either linear or nonlinear processes
during their propagation. Indeed, the degree of freedom given by the mode interactions unravels a
host of nonlinear phenomena, which are peculiar to MM fibers [4]. As discussed in recent works,
multimodality synergetically merges with typical effects of nonlinear fiber optics[5, 6], which are espe-
cially attractive for many applications of MM fibers, e.g., in medical and biological imaging. Another
remarkable example is provided by the generation of spatiotemporal or MM solitons: originally theo-
retically predicted by Hasegawa in 1980 [7], these solitons not been experimentally characterized until
quite recently [8, 9]. In addition, it is worth mentioning the work of [10], where the effect of soliton
self-mode conversion was experimentally demonstrated. Exploiting fiber multimodality makes it pos-
sible to control the group velocity of nonlinear waves [10], to obtain phase-matching with parametric



four-wave interactions [11], and to demonstrate the spatiotemporal mode locking of MM fiber lasers
[12, 13].

Among the many novel phenomena, potentially relevant for applications is the so-called spatial
beam-self cleaning (BSC) effect. BSC consists of the transformation, from speckles to a bell-shape, of
the beam profile at the output of a MM fiber: this entails a substantial increase of the spatial beam
quality or brightness [14]. As a matter of fact, the main disadvantage of MM fibers is the low spatial
quality of radiation at their output. This is because the coherent superposition of a large number of
modes with dfifferent relative phases leads to a highly speckled intensity profile [15]. In contrast, BSC
permits to overcome this issue, which promises to widen the use of MM fibers in high-power photonic
devices and systems.

Since its first observation in 2016 [11], it appeared evident that BSC is driven by the Kerr effect
via degenerate four-wave-mixing processes. At a first sight one may think of BSC as a sort of beam
condensation, where all of the beam power is transfered towards the fundamental MM fiber mode.
However, it has been demonstrated that the occupancy of higher-order modes is not negligible in
typical self-clened beams [16].

To date, a comprehensive understanding of the physical mechanisms which lay behind BSC is still
under debate. Indeed, BSC has been described in analogy with 2D hydrodynamic turbulent systems,
where most of the beam energy flows into the fundamental mode, with a concomitant redistribution
of energy towards high-order modes [17]. A different description has also emerged, in the frame of a
thermodynamic approach [18], where the fiber modes are seen as analogues to particles of a gas. It is
worth to mention that four-wave-mixing is particularly effective in graded-index (GRIN) MM fibers,
whose parabolic index profile enhances the four-wave interactions among many phase-matched spatial
modes [19]. Indeed, so far virtually all the experimental observations of BSC in MM fibers are limited
to the case of GRIN fibers.

In this regard, it must be noted that spatially cleaned beams may also be generated by exploiting
Raman nonlinearity of MM fibers. In recent literature, several studies have reported how Stokes waves
which are generated from MM pumps appear as bell-shaped beams [9, 20, 21]. This Raman clean-up
effect unlocked the possibility of developing a new class of MM fiber lasers, which are referred to as
Raman fiber laser (RFL).

Regardless of the type of nonlinearity involved in determining the nonlinear beam dynamics, the
interactions among the multiple modes of MM fibers play a crucial role in determining the nonlinear
beam evolution. This makes it necessary to develop appropriate mode decomposition (MD) techniques,
which were missing in the 1980s, when theoretical studies of nonlinear beam dynamics in MM fibers
were firstly reported [22, 23]. Indeed, various MD methods have been described in recent literature:
these can be generally categorized in three groups, depending on whether they are based on deep
learning and genetic algorithms [24, 25], complete wavefront characterization with a lateral shearing
interferometer together with simple projection of the measured field on the modes [26, 27], or phase
modulation and optical correlation filters [28, 29].

In this work we exploit a holographic MD technique, which belong to the last group, and used it
for retrieving the power dependence of the mode content of laser beams at the output of GRIN MM
fibers. At variance with other methods, which either permit to analyze a small number of modes, or
provide a low resolution of the beam profile image, our method relies on high-resolution cameras, and
it allows for determining both the amplitude and the phase associated with a relatively large number
(up the order of a hundred) of guided modes. We apply this holographic MD method to the analysis
of BSC beams, and to the study of the nonlinear evolution of orbital angular momentum (OAM)
beams. Moreover, we also consider beam propagation driven by the Raman nonlinearity. Specifically,
we analyze the mode content at the output of a RFL system. This work is organized as follows. In
Section 2, we describe the holographic MD method; in Section 3, we exploit this method for confirming
theoretical previsions of the statistical mechanics approach to nonlinear beam dynamics; in particular,
we experimentally verify that the phenomenon of BSC can indeed be described within a statistical
mechanics framework;in Section 4 we applied the holographic MD method to a RFL system. Finally,
in Section 5, we draw the conclusions.



2 Holographic mode decomposition

The holographic MD technique is implemented by using a spatial light modulator (SLM), which is
a computer-controlled device that imposes some form of spatial modulation (amplitude, phase, or
amplitude-phase) on radiation. In particular, here we rely on a phase-only SLM, which encodes a
phase H(z,y) to the near-field of the beam to be decomposed U (z,y) (see the sketch in Fig. 1). Being
at the output of a GRIN MM fiber, the latter can be represented as a superposition of Laguerre-
Gaussian (LG) [30, 31, 32] modes, which are the eigenmodes of this fiber. Formally, this can be
represented as:

U(Ivy) = Z Z Bmp'd)mp(xvy)v (1)

even,odd m,p=0

where B,,, is the complex amplitude of modes with principal quantum number n = 2p + |m/|, m is
the orbital quantum number and p is the radial quantum number.

The main objective of MD consists of determining the values of By,,. Mathematically, this can be
expressed as a simple dot product: By, = (mp|U). In practice, such an operation can be implemented
by using a spatial filter with a transmission function T5,,(x,y) equal to w;knp(x, y), and a Fourier lens
(Ly in Fig. 1) acting as an integrator [33]. In order to determine the contribution of each mode,
different phase patterns are reproduced on the SLM, which transform the SLM transmission function
into Ty, (2, y) up to certain coefficient. In the Fourier plane, the intensity distribution I, is measured

by means of the camera depicted in Fig. 1, which can be expressed as:
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Hence B,,,(z',y')|0,0) = Bmp, that is, the field amplitude at the center of the Fourier plane, gives
the exact desired value of the mode amplitude. In order to check the correctness of the results, it is
necessary to recompose the beam and compare it with the original near-field profile. In order to do
so, it is necessary to determine the intermodal phases. This can be done in the same way as with
the amplitudes, by calculating the intermodal interference of each mode with the fundamental one, as
described in [34].

Numerical simulations demonstrated the influence of various factors on the decomposition accu-
racy [35]; the most critical were the value of the spatial frequency shift (which must be a multiple
of the sampling frequency), and the choice of the correlation answer point of intensity measurement
(which must strictly correspond to the center of the correlation answer). The same work demonstrates
methods for minimizing the negative impact of these factors, and reports a successful modal analysis
of speckled beams propagating in a GRIN MM fiber containing ~80 modes. Thus, it can be concluded
that the SLM-based correlation filter method is suitable for accurately analyzing the modal content of
radiation at the output of a MM fiber.

In our experiments, we used a 2 m long GRIN MM fiber with a core size of 50 pm and whose
output facet was imaged onto the SLM by means of two confocal lenses (not shown in Fig. 1). Finally,
we inserted a polarizing beam slitter (PBS in Fig. 1), in order to project the beam polarization
vector on a given direction. As a matter of fact, the SLM only works for linearly polarized waves.
Moreover, the experimental analysis was limited to the first 78 modes,i.e., only modes with n < 11
were considered. This number was chosen as a trade-off between a reasonable running time of the
algorithm, and sufficiently high quality of the beam reconstruction.

3 Verification of optical beam thermalization

As a testbed for our MD tool, we consider a test of the validity of the beam thermalization theory for
describing BSC in MM fibers. The thermodynamic approach has been first introduced by Aschieri et
al. in 2011 [36], and recently expanded for framing the physics of highly multimode nonlinear optical
systems within a thermodynamic description [18]. The thermodynamic relies on the the hypothesis
that MM systems reach an equilibrium as a consequence of their nonlinear evolution, upon which
some key physical parameters are conserved. For instance, when applied to MM fibers, one may
consider the conservation of the total optical power (P), provided that there are no optical losses, of
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Figure 1: Sketch of the experimental MD setup. The near-field at the output of a GRIN MM fiber
U(z,y) is projected onto the SLM, which encodes a phase H(x,y). The polarization of the beam
is filtered by means of the PBS. The lens Ly projects the Fourier transform of the modulated field
onto a CCD camera which captures the first diffraction maximum (q,q), containing information about
the amplitude or phase of each mode, and permitting to retrieve the mode occupancy distribution
(histogram in the bottom left corner). An example of measured and reconstructed distributions is
shown on the right side of the figure.

the Hamiltonian or total linear momentum (H), and of the total OAM (M), which is ensured by the
cylindrical geometry of optical fibers.

According to the theory, at thermal equilibrium the modes approach a generalized Rayleigh-Jeans
(R-J) distribution, which can be expressed in the ,,, base as [37]:

1

|Bmp|2 = .
o= ST+ ) +m

(3)

where «, 8, and « are parameters which come from the conservation laws of P, H, and M, respectively.
It is straightforward to demonstrate that

P oy [Buyl, (4)
H o (n) = Zn : ‘Bm,p|2v (5)
M x (m) = Zm- |Bop|?- (6)

Owing to these proportionality relationships, it is possible to demonstrate the conservation of H
and M by experimentally verifying the conservation of (n) and (m), respectively. In this regard, we
underline that since the values of the intensity profiles recorded by the cameras are given in arbitrary
units, the setup only makes it possible to estimate the relative values of the mode intensities, i.e.,
the value of the power fraction normalized to the total beam power. Finally, in order to ensure
the conservation of P, we used a laser source emitting picosecond pulses at 1030 nm of wavelength
(A). Indeed, it is well known that at this wavelength the linear absorption is less than 1 dB/km [1].
Moreover, the thermodynamic theory only holds for weak nonlinearity, i.e., with peak powers of the
order of a few kiloWatts, which are about three orders of magnitude lower than the values needed for
triggering catastrophic self-focusing, as well as nonlinear absorption effects in standard MM fibers [38].

3.1 The spatial beam self-cleaning effect

Let us consider first the simplest case where the beam does not carry any OAM, i.e., M = 0. By
combining eqgs. (3) and (6), it is easy to demonstrate that -y = 0. Therefore, the equilibrium distribution
(3) boils down to the standard R-J distribution, which no longer depends on the sign of m. In particular,
the equilibrium distribution only depends on n. This result is given by a peculiarity of GRIN MM
fibers, i.e., the equal spacing of its mode propagation constants [39].

Whenever M = 0, the thermodynamic theory applies to the description of the BSC effect [40, 41,
42]. Indeed, it can be seen in Fig. 2a how the occurrence of BSC is associated with an experimental
mode distribution (histogram) that matches well with the theoretical R-J distribution (red line). To



the contrary, when the laser input peak power (P,) is too low for obtaining the BSC effect, the output
beam has a speckled intensity profile: the corresponding mode distribution does not obey the R-J
law (cfr. Fig. 2b). Indeed, the discrepancy between the experimental mode distribution and the R-J
law is expected to be reduced, when moving from a speckled pattern (out-of-equilibrium beam) to
a bell-shaped intensity profile (thermalized beam), i.e., by increasing P,. This is shown in Fig. 2c,
where we plot the root-mean-square error (RMSE) of the theoretical curve (eq. (3) with v = 0), with
respect to the experimental MD data. As it can be seen, despite some small fluctuations, the RMSE
progressively quenches as P, grows larger.

Finally, Fig. 2d shows that both H and M remain constant, within the experimental error, for all
values of P,. In particular, in agreement with theory, we found that (m) = 0 (see the red dashed line
in Fig. 2d). Moreover, modes having opposite sign of m turn out to have nearly the same occupancy
(not shown), in agreement with the symmetry with respect to m = 0 of eq. (3) when v = 0.
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Figure 2: a) Experimental MD (histogram) of a thermalized beam at P, = 8.81 kW, i.e., at the
occurrence of BSC. b) Experimental MD (histogram) of an out-of-equilibrium beam at P, = 0.88 kW,
i.e., at a power below the BSC threshold. The insets of (a) and (b) show the measured near-field
intensity at the MM fiber output facet, whereas the dashed red line which is reported in both (a)
and (b) is the fitting R-J law of the experimental data in (a). ¢) Root-mean-square-error between the
experimental mode composition and the R-J law (3) as a function of P,. (d) Values of (n) and (m)
calculated from the experimental MD data as a function of P,.

3.2 Thermalization of OAM-carrying beams

Let us now consider the general case with M # 0. Experimentally, this corresponds to injecting an
OAM-carrying beam at the input of the MM fiber. This can be easily achieved in optical fibers by
exploiting their cylindrical geometry. Indeed, in order to provide OAM to a Gaussian laser beam it is
sufficient to inject it into the fiber core with nonzero tilt angle () and transverse displacement (yo)
with respect to the fiber axis [43, 44]. In this way, the beam acquires an OAM, so that

sin
<Wm=%%A- (7)

The experimental results of the MD analysis are reported in Fig.3. In particular, in Fig. 3a,
we report how the RMSE between the experimental data and the theoretical prediction of eq. (3)
is progressively reduced as the peak pulse power grows larger. In other words, similarly to the case
of BSC, the RMSE quenches as P, grows larger. This indicates that, whenever sufficient power is
provided, the four-wave mixing processes allow for reaching beam thermalization, which, indeed, turns
out to be well described by the generalized R-J law (3). Moreover, in analogy with the results in



Section 3.1, we verified the validity of the hypothesis at the basis of the thermodynamic theory, i.e.,
the conservation laws of H and M. This is shown in Fig. 3b where we plot, as a function of P,, the
values of (n) and (m). These were computed from the values of B,, , provided by the holographic MD.
As it can be seen, both (n) and (m) remain constant, within the experimental error. In particular, at
variance with BSC, here we found that (m) # 0.

The conservation of (n) and (m), which is associated with the conservation of linear and angular
momentum, respectively, has been experimentally verified. As it can be seen, when P, varies, both (n)
and (m) fluctuate within experimental errors around the constant value of -0.25. Such a value is rather
close to -0.21, which is the value predicted by eq. (7) when substituting the experimental parameters
¥ = 2° and yp = —1 pm.
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Figure 3: a,b) Same as Fig. 2c,d when coupling the laser beam into the GRIN MM fiber within a tilt
angle ¥ = 2° and an offset yg = —1 pm with respect to the fiber axis.

4 Beam mode content at the output of a MM Raman fiber
laser

Similar to the case of four-wave-mixing, also Raman scattering may be responsible for an increase of
the spatial quality of laser beams. Indeed, it was recently shown that RFLs pumped by MM laser
diodes (LD) provide an efficient conversion mechanism for highly MM pump beams into Stokes beams
with high quality [45, 46, 47]. In particular, in [48], the record level of brightness enhancement (BE =
73) was demonstrated, along with a value of M? equal to 2 with a power ~50 W. As the low value of
M? indicates, the Stokes beam has a nearly Gaussian shaped profile. Still, in analogy with BSC, the
occupancy of higher-order modes is non negligible. Therefore, performing a MD analysis is crucial for
investigating the physical processes that provide the complex nonlinear modal interactions that occur
in a RFL.

Our MD tool was adapted to analyze the modal content of both the pump and the signal (Stokes)
beams at the output of a continuous-wave (CW) RFL based on a GRIN fiber. In particular, a bandpass
filter was added, in order to separately analyze the pump and the Stokes beams. A full description of
the setup can be found in [49]. In Fig. 4 we limit ourselves to sketch the laser cavity, which was made
with a piece of GRIN MM fiber with a core diameter of 100 pm, and with fiber Bragg gratings which
acted as cavity mirrors. We underline that the generated Stokes radiation was previously investigated
in terms of the beam quality parameter M? in [47] and beam profile in [48, 50]. An important detail
of the laser is that the output fiber Bragg grating has a mode-selective reflection coefficient, since it
was inscribed by means of a femtosecond laser in the central part of the fiber core. In this way, the
fundamental mode reflection coefficient is 10 dB higher than that of higher-order modes. As a result,



the generated Stokes beam is of high quality and has a narrow spectrum, with a single bell-shaped
intensity peak determined by the predominant content of the fundamental mode [47, 48, 50].
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Figure 4: Schematic of the RFL (LD: MM pumping laser diodes; UV HR FBG: strong-reflective FBG
recorded by UV radiation; FS LR FBG: weak-reflective FBG recorded by femtosecond pulses).

As mentioned above, when analysing nonlinear beam dynamics dominated by the Kerr effect,
we truncated our MD analysis to 78 modes. However, such a value is quite a small number for
the full characterization of the pump beam of our RFL. As a matter of fact, according to previous
studies [48, 50], radiation almost occupies the entire core of the GRIN fiber. Therefore, in this study
the number of modes considered for MD was increased up to ~780. In order to reduce the experiment
time, which scales with the number of modes considered, we excluded measurements of the relative
intermodal phase, which does not contribute to the resulting intensity distribution at the output, owing
to the presence of a large number of longitudinal modes with random non-stationary phases. These
steps allowed us to perform an accurate MD of Stokes radiation up to ~20 W, as well as a MD of
pump radiation.
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Figure 5: Power distribution (histogram) of modes contributing to the pump beam, for different power
values of the Stokes beam (indicated in the legend). The Raman threshold power is below 1.5 W. The
modes are sorted by n and averaged by their degree of degeneracy; The images on the right are the
reconstructed (retrieved) and measured profiles of the residual pump beam, respectively, under and
well-above the lasing threshold.

The most interesting observation is the behavior of the mode distribution for the pump beam at
n < 10, either below or above the Raman threshold. Indeed, we observed that above the Raman
threshold the contribution of the first three LG modes (LGg o, LG1,0, LG_1), i.e., modes having
n < 1, decreases by about 30% when the power grows larger (Fig. 5). It is clear that the first 5-7
principal quantum numbers (PQNs) are involved in the depletion process, which indicates the presence
of significant interactions between the pump modes with different quantum numbers and the Stokes
beam [49].

Our analysis of the Stokes radiation demonstrates that the fraction of the fundamental mode is
about 40%, and more than 60% of all of the beam energy is concentrated in the first three modes
only (Fig. 6). This leads to an increase in the brightness of the Stokes beam, when compared to the



pump beam. At the same time, the data obtained show that the value of the previously measured
parameter M?2 higher than 1 is associated with a significant contribution of LG1,0 and LG_1 o modes
to the output beam of the Stokes wave.
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Figure 6: Power distribution by modes contributing to the Stokes beam at low (1.5 W) and high
(20 W) output power of the Stokes radiation component, sorted by PQN and averaged by degree of
degeneracy of modes (left); reconstructed and measured output profiles of the Stokes beam (right).
The dashed lines represent exponential fit curves.

The distribution of modes in a dissipative system with coupled modes, such as the RFL, of course
differs from the distribution observed in the case of a conservative system, such as that dominated by
Kerr nonlinearity. In this system, FBG gain and loss were present for each subsequent bypass of the
cavity, so the distribution of modes is derived from a system of balance equations for mode powers.
Several requirements apply in this system of equations: 1) the gain of the fundamental mode is much
greater than the gain values for the other modes; 2) random linear coupling dominates over nonlinear
effects; 3) linear coupling is highest for neighboring modes, while other coupling coefficients can be
neglected. The final mode distribution can be described by the following exponential function:

Pk ~ Poeikln ﬁ (8)

where Py is the power of the kth mode, C is a linear mode coupling coefficient.

When comparing the experimental distribution of modes with various analytical expressions, we
can see that experiments are better described by the exponential distribution (shown by dashed lines
in Fig. 6). This means that in a dissipative system with coupled modes one can observe a specific
distribution, which is mainly determined by the special filtering properties of the modes with gain and
loss, and the random characteristics of linear mode coupling.

5 Conclusion

In this work, we applied a MD technique based on digital holography in order to analyze the modal
content of radiation propagating in nonlinear GRIN MM fibers. Specifically, we reported two study
cases. In the first case, the nonlinear beam dynamics is dominated by degenerate four-wave-mixing
processes. Whereas, the second study case was focused on a MM RFL. According to theoretical ap-
proaches based on statistical mechanics, at high input powers four-wave-mixing leads to an equilibrium
distribution, which follows the R-J law. This has been experimentally verified, both in the presence
and in the absence of OAM of light. In particular, in the former case, our results confirmed that the
phenomenon of BSC can be described in terms of classical wave thermalization. A ”clean” spatial
profile was also observed for the Stokes wave generated by Raman scattering in a MM RFL. However,
as we experimentally demonstrated, in such a MM system the mode distribution which is associated to
a bell-shaped beam does not follow the R-J law. To the contrary, we proposed an empirical exponential
law, which turns out to be in good agreement with experimental data.
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