
Advances in Mathematics 482 (2025) 110555

Contents lists available at ScienceDirect

Advances in Mathematics  

journal homepage: www.elsevier.com/locate/aim

Convergence and collapsing of CATp0q-lattices

Nicola Cavallucci ˚,1, Andrea Sambusetti 2

a r t i c l e i n f o a b s t r a c t 

Article history:
Received 26 November 2024
Received in revised form 9 
September 2025
Accepted 17 September 2025
Available online 30 September 2025
Communicated by C. Leininger

MSC:
53C21
53C23

Keywords:
CAT(0) groups
Collapsing
Gromov-Hausdorff limits
Homology manifold
Entropy rigidity

We study the theory of convergence for CATp0q-lattices 
(that is groups Γ acting geometrically on proper, geodesi
cally complete CATp0q-spaces) and their quotients (CATp0q
orbispaces). We describe some splitting and collapsing phe
nomena, explaining precisely how the actions can degenerate 
to a possibly non-discrete limit action, and prove a com
pactness theorem for the class of compact CATp0q-homology 
orbifolds. Finally, as an application of this theory, we prove 
an isolation result for flat orbispaces and an entropy-pinching 
theorem.

© 2025 The Authors. Published by Elsevier Inc. This is an 
open access article under the CC BY license (http://

creativecommons.org/licenses/by/4.0/).

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1. Packing condition and convergence of CATp0q-lattices. . . . . . . . . . . . . . . . . . . . . . 3
1.2. Collapsing and non-collapsing sequences and their limits . . . . . . . . . . . . . . . . . . . . 5
1.3. Group splitting and collapsing in the Lie setting . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4. A compactness theorem for CATp0q-homology orbifolds . . . . . . . . . . . . . . . . . . . . . 8
1.5. Isolation and pinching theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

* Corresponding author.
E-mail address: n.cavallucci23@gmail.com (N. Cavallucci).

1 N. Cavallucci has been partially supported by the SFB/TRR 191, funded by the DFG.
2 A. Sambusetti is member of GNSAGA and acknowledges the support of INdAM during the preparation 

of this work.

https://doi.org/10.1016/j.aim.2025.110555
0001-8708/© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC 
BY license (http://creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.aim.2025.110555
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2025.110555&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:n.cavallucci23@gmail.com
https://doi.org/10.1016/j.aim.2025.110555
http://creativecommons.org/licenses/by/4.0/


2 N. Cavallucci, A. Sambusetti / Advances in Mathematics 482 (2025) 110555 

2. Preliminaries on CATp0q-spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.1. Isometry groups and orbispaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2. Lie isometry groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3. The packing condition and Margulis’ lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.4. Discrete, virtually abelian groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.5. Finiteness results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3. Splitting under collapsing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.1. Space splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2. Group splitting: a counterexample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3. Group splitting: when the isometry group is Lie . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4. Convergence and collapsing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.1. Equivariant Gromov–Hausdorff convergence and ultralimits . . . . . . . . . . . . . . . . . . 28
4.2. Convergence of CATp0q-lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.3. Convergence without collapsing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.4. Convergence with collapsing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.5. Riemannian limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
4.6. Limit dimension and limit Euclidean factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.7. Collapsing when the isometry groups are Lie . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.8. Isolation of Euclidean spaces and entropy rigidity . . . . . . . . . . . . . . . . . . . . . . . . . 43

Appendix A. Continuity of entropy under GH-approximations . . . . . . . . . . . . . . . . . . . . . . . . 44
Appendix B. Table of constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

1. Introduction

The theory of CATp0q-groups, i.e. groups admitting a geometric action on some 
CATp0q-space, whose roots can be traced back to the ’70s with the works of Gromoll-Wolf 
[30] and Lawson-Yau [38] on fundamental groups of compact, nonpositively curved man
ifolds, has flourished in the last twenty years, with stunning developments in geometric 
group theory and applications to low dimensional topology; let us just mention all the re
search opened by the rank rigidity conjecture for CATp0q-spaces and the methods coming 
from the theory of cubulable groups, with application to the virtually Haken conjecture.

The works of Caprace and Monod [10], [11] shed some new light on the structure 
of CATp0q-spaces possessing a geometric action; as we will see, their results, together 
with the deep, recent insights on the topology of locally compact, geodesically complete, 
CATpκq-spaces provided by Lytchak and Nagano in [42], [41], will be of great importance 
for our work.

In this paper, which should be thought as a companion paper of [19], we continue the 
study of packed CATp0q-spaces and discrete group actions on such spaces initiated in [16] 
and [17], investigating the convergence of geometric actions of groups on CATp0q-spaces 
along the line of the classical theory of convergence in Riemannian geometry.

Namely, we will be interested in uniform CATp0q-lattices, that is discrete, cocompact 
isometry groups Γ of some CATp0q-space X; one equivalently says that Γ acts geomet
rically on X. Throughout this paper all CATp0q-spaces will be assumed to be proper 
and geodesically complete, which ensures many desirable geometric properties, such as 
the equality of topological dimension and Hausdorff dimension, the existence of a canon
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ical measure μX , etc. (see Section 2 for fundamentals on CATp0q-spaces). Our goal is 
to describe precisely the structure of equivariant Gromov–Hausdorff limits of sequences 
of (possibly collapsing) geometric actions on CATp0q-spaces Γn ñ Xn, and of the cor
responding quotients Mn “ ΓnzXn. As an application of the theory, we will present a 
compactness result (Theorem D) and some rigidity and pinching theorems (Theorems E
and F below); see also some stability results in Section 4 (Theorem 4.14 and Corollar
ies 4.15, 4.18).

1.1. Packing condition and convergence of CATp0q-lattices.

To begin with, let us denote by

CAT0pD0q

the class of uniform CATp0q-lattices3 pΓ, Xq with diampΓzXq ď D0. We will also say 
that Γ acts D0-cocompactly on X when diampΓzXq ď D0, and that the space X is D0
cocompact. Notice that the constant D0 is there simply to fix a scale, as the metric of any 
cocompact CATp0q-space X can be renormalized in order that it becomes D0-cocompact.

The lattice Γ is called nonsingular if there exists at least a point x P X with trivial 
stabilizer: this is a mild assumption on the action which rules out pathological (although 
differently interesting) cases, see for instance [17, Example 1.4] and [5, Theorem 7.1]. 
This condition is automatically satisfied for instance when the lattice is torsion-free or 
X is a homology manifold (see Section 2.1 and [17]).

We will call the quotient metric space M “ ΓzX a CATp0q-orbispace and say that 
the CATp0q-orbispace M is nonsingular if Γ acts nonsingularly on X. Notice that if Γ
is torsion-free then M is a locally CATp0q-space.

The starting point of our study is to understand when a family of uniform CATp0q
lattices admits a limit (possibly not a lattice), i.e. the precompactness of our class 
CAT0pD0q. The notion of convergence that we will use is the equivariant Gromov--
Hausdorff convergence (à la Fukaya, cp. [28]). We refer to Section 4 for the precise 
definition; let us just mention here that, if we denote by BΓpx, rq the subset of ele
ments γ P Γ moving x P X less than r, saying that a sequence of lattices pΓj , Xjq

converges towards a limit action pΓ8, X8q simply means that there exist Gromov--
Hausdorff ε-approximations fε : BXj

pxj ,
1
ε q Ñ BX8 px8, 1

ε q between larger and larger 
balls of Xj , X8 centered at basepoints xj and x8, which are ε-equivariant with respect 
to maps ϕε : BΓj

pxj ,
1
ε q Ñ BΓ8 px8, 1

ε q (that is, with an equivariancy error smaller than 
ε), for ε Ñ 0. For sequences of lattices which are D0-cocompact, the limit does not 
depend on the basepoints xj, x8; moreover, this is equivalent (up to subsequences) to 
taking the ultralimit group Γω acting on the ultralimit metric space Xω defined using 
any non-principal ultrafilter ω, provided that the space Xω is proper, see [13] and §4.1.

3 We emphasize that by uniform CATp0q-lattice we mean a CATp0q-group Γ with a fixed, faithful geo
metric action of Γ on some CATp0q-space X, which explains the notation pΓ, Xq.
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Now, the answer to the existence of limits for a family of CATp0q-lattices is simple and 
comes from the very definition of equivariant GH-convergence: any family of isometry 
groups Γj ă IsompXjq (sub-)converges to some limit isometry group Γ8 of a space X8, 
as soon as the spaces Xj converge to X8 with respect to the pointed Gromov–Hausdorff 
distance, see Proposition 4.4. Hence, the precompactness of a sequence in CAT0pD0q

reduces to precompactness of the underlying spaces.
Recall that a metric space X is said to satisfy the P0-packing condition at scale r0

(for short, X is pP0, r0q-packed) if every ball of radius 3r0 in X contains at most P0
points that are 2r0-separated. For geodesically complete CATp0q-spaces, the convexity 
of the distance function implies that a packing condition at some scale r0 yields an 
explicit, uniform control of the packing function PackpR, rq of X (that is, the maximum 
number of disjoint r-balls that one can pack in any R-ball), see [16, Theorem 4.2]. This 
is exactly Gromov’s classical condition for precompactness of a family of spaces (also 
known as ``uniform compactness of r-balls'', cp. [31], or ``geometrical boundedness'' [21]). 
Moreover, it is easy to see that every compact metric space, as well as every metric space 
X admitting an uniform lattice, is pP0, r0q-packed for some constants P0 and r0 (cp. the 
proof of [13, Lemma 5.4]). Summarizing: the class CAT0pD0q has a natural filtration

CAT0pD0q “
ď

P0,r0

CAT0pP0, r0, D0q (1)

where CAT0pP0, r0, D0q is the subset of CAT0pD0q made of lattices pΓ, Xq such that X
is pP0, r0q-packed, and from the packing assumption one can deduce the following:

Proposition (Proposition   4.7). A subset ℱ Ď CAT0pD0q is precompact with respect to the 
equivariant pointed Gromov–Hausdorff convergence if and only if there exist P0, r0 ą 0
such that ℱ Ď CAT0pP0, r0, D0q.

We stress the ``only if'' part in the above statement: for a family of CATp0q-lattices 
with uniformly bounded codiameter, the uniform packing assumption at some fixed scale 
is a necessary condition in order to converge. In view of this, this assumption is crucial 
for studying equivariant Gromov–Hausdorff limits and is, in a sense, minimal.

This pP0, r0q-packing condition should be thought as a weak, local substitute of a 
lower bound on the curvature; however, it is much weaker than assuming the curvature 
bounded below in the sense of Alexandrov, or than a lower bound of the Ricci curvature 
in the Riemannian case, and even of a CDpκ, nq condition. Indeed, the Bishop-Gromov’s 
comparison theorem for Riemannian n-manifolds with RicX ě ´pn ´ 1qκ for κ ě 0 (or 
its generalization to CDpκ, nq spaces, see for instance [51]) yields a doubling condition

μpBXpx, 2rqq

μpBXpx, rqq 
ď Cpκ, n, rq (2)

from which the packing condition at scale r0 ď r{4 easily follows. Notice however that 
the class of CDpκ, nq metric measure spaces which are CATp0q restricts to topologi
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cal manifolds, by [36], whereas our class contains non-manifolds. As proved in [16], for 
geodesically complete CATp0q-spaces, the packing condition at some scale is the same 
as a uniform upper bound of the canonical measure of all r-balls, a condition sometimes 
called macroscopic scalar curvature bounded below cp. [33], [48].

1.2. Collapsing and non-collapsing sequences and their limits

Coming to the problem of describing the possible limits of lattices in our class, the 
first important distinction is between collapsing and non-collapsing sequences. We define 
the free systole of a lattice Γ as

sys˛
pΓ, Xq “ inf 

xPX
inf 

gPΓ˚zΓ˛
dpx, gxq

where Γ˚ “ Γztidu and Γ˛ is the subset of elliptic elements of Γ.
For nonsingular lattices, when assuming a bound on the diameter, the smallness of 

the free systole is quantitatively equivalent to the smallness of the diastole of the lattice, 
that is the invariant

diaspΓ, Xq “ sup 
xPX

inf 
gPΓ˚

dpx, gxq

(see Proposition 2.9). Accordingly, a lattice pΓ, Xq is said to be ε-collapsed if 
sys˛pΓ, Xq ă ε, and a sequence pΓj , XjqjPN is said to converge collapsing to pΓ8, X8q if 
lim supjÑ`8 sys˛pΓj , Xjq “ 0; the sequence will be called non-collapsing otherwise.

The collapsing condition for uniform CATp0q-lattices turns out to be equivalent to the 
fact that the dimension of the limit orbispace M8 “ Γ8zX8 is strictly smaller than the 
dimension of the orbispaces Mj “ ΓjzXj , as we will prove in Theorem 4.16, Section 4.6; 
this is a very intuitive but nontrivial result, which follows a-posteriori from the analysis 
of both the collapsing and non-collapsing case. Therefore, we can also say unambiguously 
that the orbispaces Mj converge collapsing when sys˛pΓj , Xjq Ñ 0.

The following result shows that limits of CATp0q-lattices may well be non-discrete, 
both in the collapsing and in the non-collapsing case; they however always define a closed, 
totally disconnected group of isometries of a canonical factor of the limit space (which is 
another source of interest in the theory of totally disconnected groups):

Theorem A (Limits of CATp0q-lattices, Theorems   4.9 & 4.10). Let pΓj , XjqjPN Ď

CAT0pD0q be a sequence of lattices converging in the equivariant Gromov–Hausdorff 
distance to a limit isometry group pΓ8, X8q, and let Mj “ ΓjzXj the corresponding 
orbispaces. Then:

-- X8 is a proper, geodesically complete CATp0q-space,
-- Γ8 ă IsompX8q is a closed and D0-cocompact group,
-- the Mj’s converge to M8 “ Γ8zX8 in the Gromov–Hausdorff topology.
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Moreover, if the sequence pΓj, XjqjPN is:

i) non-collapsing, then the group Γ8 is totally disconnected; in addition, if each Γj is 
nonsingular, then Γ8 is discrete, isomorphic to Γj for j " 0, and M8 is equivariantly 
homotopic equivalent to Mj for j " 0;

ii) collapsing, then X8 splits isometrically as X 1
8 ˆ Rℓ with ℓ ě 1, Γ8 is not discrete 

with identity component Γ˝
8 – Rℓ, acting as the group of translation of the factor 

Rℓ; finally M8 “ Γ1
8zX 1

8 where Γ1
8 “ Γ8{Γ˝

8 is closed and totally disconnected.

If the limit M8 is a Riemannian manifold, then the equivariant homotopy equivalence 
between Mj and M8 can be promoted to homeomorphism, as we will see in Section 4.5
(Corollary 4.14).

Remarks (Non-discrete limits). 
i) A sequence of (singular) lattices can converge to a non-discrete group even without 
collapsing: an example can be found in [5]. In that paper the authors build an infinite, 
ascending chain of lattices Γj of a regular tree T with bounded valency, with same 
compact quotient, containing torsion subgroups Gj ă Γj whose order tends to infinity. 
The sequence pΓj , T q is non-collapsing (as T does not split) and the limit group Γ8

is a totally disconnected, non-discrete subgroup of IsompT q (since if it was discrete, 
there would be a bound on the order of its finite subgroups, by [8, Corollary II.2.8], 
contradicting the fact that the limit contains arbitrarily large finite subgroups too).
ii) In the collapsing case, even assuming that the lattices are nonsingular or torsion-free, 
one cannot improve in general the conclusion saying that the totally disconnected group 
Γ1

8 is discrete: see Example 3.6 and Remark 4.13.

1.3. Group splitting and collapsing in the Lie setting

By Theorem A, the class CAT0pD0q is not closed, because of the existence of either 
singular or collapsing sequences, which make the limit group non-discrete (while it is 
not difficult to see that the conditions of being D0-cocompact and pP0, r0q-packed are 
stable under Gromov–Hausdorff limits). The problem of determining a natural extension 
of CAT0pD0q which forms a compact class will be considered by the first author in [15].

However, as we will see in a moment, the limit M8 of the quotient orbispaces 
Mj “ ΓjzXj might still be a reasonable CATp0q-orbispace, even when the sequence 
is collapsing. For this, we need to understand more deeply how collapsing occurs in our 
class, and it is exactly the purpose of the following.

The main idea to give M8 a CATp0q-orbispace structure is that, for a collapsing 
sequence, the spaces Xj split as Yj ˆ Rℓ and we would like to prove a corresponding 
splitting of the groups Γj “ ΓYj

ˆZℓ, with each factor preserving the product decompo
sition; then, we would show that collapsing only happens in the Euclidean factor via the 
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action of Zℓ, and disintegrate the action of the continuous part Γ˝
8 of the limit group 

Γ8 on X8 “ Y8 ˆ Rℓ.
Unfortunately, this picture breaks down for general nonsingular CATp0q-lattices: as 

opposite to the Riemannian case (where, for any lattice of a non-positively curved Rie
mannian manifold with Euclidean factor Rℓ, it is always possible to virtually split a free 
abelian subgroup of rank ℓ), we will see in §3.2, Example 3.6, an example of a collapsing 
sequence of lattices pΓj , Xjq belonging to CAT0pP0, r0, D0q, where Xj is the product of 
a tree T with R2, but Γj does not split any abelian group of positive rank (not even 
virtually). Actually, the splitting of a CATp0q-space X as X 1 ˆRℓ forces a lattice Γ of X
to act preserving the components (i.e. every g P Γ acts as pg1, g2q, where g1 P IsompX 1q

and g2 P IsompRℓq), but, in general, the projections of Γ on IsompX 1q and IsompRnq

are not discrete, as [12, Example 1] shows; this is precisely the obstruction to virtually 
splitting the Zℓ-factor from Γ.

On the other hand, the group splitting always holds (virtually) for sufficiently col
lapsed uniform lattices of CATp0q-spaces whose full isometry group is Lie:

Theorem B (Group splitting in the Lie setting, extract from Theorem   3.7). Given 
P0, r0, D0, there exist σ˚

0 “ σ˚
0 pP0, r0, D0q ą 0 and I0 “ I0pP0, r0, D0q such that the 

following holds. Let X be a proper, geodesically complete, CATp0q-space whose isometry 
group is a Lie group, and let X “ Y ˆ Rn be the splitting of the maximal Euclidean 
factor of X: then, every uniform lattice Γ of X has a normal, finite index subgroup Γ̌
which splits as Γ̌ “ Γ̌Y ˆ Zn where Γ̌Y (resp. Zn) acts discretely on Y (resp. Rn).

If Γ is nonsingular then Γ̌ is nonsingular too. Moreover, if X is pP0, r0q-packed and 
Γ is D0-cocompact then sys˛pΓY , Y q ě σ˚

0 and Γ̌ can be chosen of index rΓ : Γ̌s ď I0.

In this situation, M “ ΓzX is finitely covered (in the sense of orbispaces) by the 
orbispace M̌ :“ Γ̌zX, which splits as a metric product Ň ˆ Tn, where Ň “ Γ̌Y zY and 
Tn “ ZnzRn is a torus. We will say in this case that the orbispace M splits virtually.

The first part of Theorem 3.7 is a pretty natural consequence of Caprace and Monod’s 
work on isometry groups of CATp0q-spaces. On the other hand, the control of the index of 
Γ̌ in Γ and the bound of the diastole on the non-Euclidean factor follow from a finiteness 
theorem proved in [19] and a subtle splitting result which will be recalled in Section 3.1, 
Theorem 3.1. Both estimates are crucial to understand Gromov–Hausdorff limit of the 
quotient spaces Mj “ ΓjzXj when the actions collapse. As a result, we obtain a complete 
description of how nonsingular lattices collapse, in the Lie setting:

Theorem C (Collapsing in the nonsingular, Lie setting). Assume that a sequence of non
singular lattices pΓj , XjqjPN Ď CAT0pD0q converge collapsing to pΓ8, X8q, and that the 
groups IsompXjq are Lie. Let Xj “ YjˆRj be the canonical splitting of the Euclidean fac
tor of Xj, let X8 “ X 1

8 ˆRℓ be the splitting given by Theorem A, with ℓ “ dimpΓ˝
8q ě 1, 

and let k8 “ limj kj ě ℓ be the dimension of the Euclidean factor of X8. Then:
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-- the lattice Γj has a normal subgroup of finite index Γ̌j splitting as Γ̌Yj
ˆ Zkj ;

-- the orbispace Mj “ ΓjzXj virtually splits as Ňj ˆ T
kj

j , where Ňj “ ΓYj
zYj is a 

nonsingular CATp0q-orbispace and Tkj “ Zkj zRkj is a flat torus.

Moreover:

(i) the Ňj’s converge non-collapsing to a nonsingular orbispace Ň8;
(ii) the tori Tkj converge to a flat torus Tk1

8, with k1
8 “ k8 ´ ℓ;

(iii) the Mj’s converge to the nonsingular orbispace M8 “ Γ1
8zX 1

8, where Γ1
8 “ Γ8{Γ˝

8

is discrete;
(iv) M8 is the quotient of Ň8 ˆ Tk1

8 by a finite group of isometries Λ8.

Finally, if pΓ8, X8q P CAT0pP0, r0, D0q and pΓ̌Y8 , Y8q is the limit of the pΓ̌Yj
, Yjq’s, 

then sys˛pΓ̌Y8 , Y8q ě σ˚
0 pP0, r0, D0q and |Λ8| ď I0pP0, r0, D0q (here σ˚

0 and I0 are the 
same as in Theorem B).

In other words, this theorem says that the collapsing occurs in this class only by 
possibly shrinking to a point a flat torus (virtual) fiber. This result is new even for 
collapsing sequences of compact Riemannian manifolds M with nonpositive sectional 
curvature ´κ ď kpMq ď 0. Notice that also the fact that k8 equals the dimension of the 
Euclidean factor of X8 is not trivial and follows by Theorem A, see Corollary 4.18.

1.4. A compactness theorem for CATp0q-homology orbifolds

An interesting case where the above convergence theorem applies is the one of CATp0q
homology orbifolds. A metric space M is a CATp0q-homology orbifold if it can be realized 
as the quotient M “ ΓzX of a proper CATp0q-space X which is a homology manifold 
(with respect to the induced topology) by a discrete group of isometries. We denote 
respectively by

ℋ𝒪-CAT0pD0q, ℋ𝒪-CAT0pP0, r0, D0q

the class of compact CATp0q-homology orbifolds M “ ΓzX with diampMq ď D0, and 
the subclass of those such that X is, moreover, pP0, r0q-packed.

Notice that, as a consequence of (1) we still have

ℋ𝒪-CAT0pD0q “
ď

P0,r0

ℋ𝒪-CAT0pP0, r0, D0q.

The class of CATp0q-homology orbifolds is interesting for many reasons. First remark 
that CATp0q-homology manifolds are always geodesically complete (cp. [8, Proposition 
II.5.12]); also, their lattices always yield nonsingular orbispaces (see discussion in Sec
tion 2.1).
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More importantly, the class ℋ𝒪-CAT0pP0, r0, D0q contains all nonpositively curved 
Riemannian manifolds with (uniformly) bounded sectional curvature. The advantage 
over Riemannian manifolds is that being a homology manifold is a property which is sta
ble under Gromov–Hausdorff convergence (as well as the CATp0q and the pP0, r0q-packing 
conditions), see [17, Theorem 6.1] and [41, Lemma 3.3]; in contrast, limits of Riemannian 
manifolds, even without collapsing, yield at best manifolds with C1,α-metrics, for which 
the Riemannian curvature is not defined.

Finally, the full isometry group of a CATp0q-homology manifold is always a Lie group, 
as we will prove in Section 2.1, Proposition 2.4, which allows us to apply the results of 
Theorem C in this class and show the following:

Theorem D (Gromov–Hausdorff compactness). For all fixed P0, r0 and D0, the class 
ℋ𝒪-CAT0pP0, r0, D0q is compact with respect to the Gromov–Hausdorff topology.

Actually, among the natural classes of metric spaces containing all Riemannian man
ifolds with bounded sectional curvature, ℋ𝒪-CAT0pP0, r0, D0q is the smallest class we 
know to be compact under Gromov–Hausdorff limits.

Comparing with the classical compactness theorems in Riemannian geometry (with 
bounded sectional curvature, e.g. [32], or bounded Ricci curvature as in [2], [3]), the 
novelty here is that, besides the wider generality of application (metric spaces, bounded 
packing instead of bounded curvature, torsion allowed), we do not assume any lower 
bound neither on the injectivity radius nor on the volume, thus allowing convergence to 
spaces of smaller dimension.

We stress the fact that, in order to obtain a closed class, it is necessary to consider also 
quotients by discrete groups with torsion. Indeed, a sequence of compact, nonpositively 
curved manifolds with uniformly bounded curvature does not converge, generally, to a 
locally CATp0q-manifold or even to a locally CATp0q-homology manifold, as the following 
simple example shows.

Example. Let Mj be the quotient of R2 by the discrete group Γj generated by tt, gju, 
where t is the translation of length 1 along the x-axis and gj is the glide reflection with 
axis equal to the y-axis, with translation length 1

j . Each Mj is a smooth, flat 2-manifold 
homeomorphic to the Klein bottle. However, the Mj ’s converge collapsing to a metric 
space M8 which is the quotient of R2 by the limit Γ8 of the groups xt, gjy. The limit 
space M8 is homeomorphic to the closed interval r0, 1s, which is not a homology manifold 
since it has boundary points; but it clearly is a (flat) Riemannian orbifold.

Remark. One can sharpen Theorem D in the Riemannian setting. Suppose that Mj “

ΓjzXj P ℋ𝒪-CAT0pP0, r0, D0q is a sequence of Riemannian orbifolds converging to M8: 
then, M8 is isometric to a quotient Γ1

8zX 1
8, where X 1

8 is a topological manifold. This 
follows by the same argument of the proof of Theorem D and [41, Theorem 1.3].
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1.5. Isolation and pinching theorems

The following results are two direct applications of the theory developed so far, and 
follow a classical scheme of proof: we assume to have a sequence of counterexamples and 
pass to the limit; then, we obtain a contradiction by using, respectively, a well-known 
result of Adams and Ballmann about virtually abelian lattices of CATp0q-spaces, and a 
continuity result for the entropy (which we will prove in Appendix A).

Theorem E (Isolation of Rn among cocompact CATp0q-spaces). There exists ε “

εpD0, nq ą 0 such that every D0-cocompact, geodesically complete CATp0q-space X sat
isfying dpGHpX,Rnq ă ε is isometric to Rn.

Notice that, in particular, this result implies that there do not exist arbitrarily small, 
D0-periodic deformations of the Euclidean metric of Rn which remain nonpositively 
curved, unless these deformations are flat.

Finally, we recall that the (packing, or covering) entropy of a proper CATp0q-space X
is the asymptotic invariant defined as

EntpXq “ lim sup
RÑ`8 

1 
R

logpPackpR, rqq (3)

This can be equivalently defined as the critical exponent of any uniform lattice of X, 
and does not depend on the small, chosen radius r, see Section 2.3. It is well-known [43] 
that the entropy of a Hadamard manifold X possessing a torsionless, uniform lattice Γ
coincides with the topological entropy of the geodesic flow on the unit tangent bundle 
of the manifold M “ ΓzX.

Theorem F (Entropy-rigidity of Rn). There exists h “ hpP0, r0, D0q ą 0 with the follow
ing property: for any geodesically complete CATp0q-space X which is pP0, r0q-packed and 
admits a D0-cocompact, discrete, nonsingular lattice, if EntpXq ă h then X is isometric 
to Rn, for some n.

As a consequence, any nonflat, compact Riemannian manifold M with sectional cur
vature ´κ ď KM ď 0 and diampMq ď D has topological entropy greater than a positive, 
universal constant h0 “ h0pκ,Dq (for h0 “ hpP0, r0, Dq, where pP0, r0q are the packing 
constant deduced from the lower curvature bound given by (2)).

Acknowledgments. The authors thank P.E. Caprace, S. Gallot and A. Lytchak for 
many interesting discussions during the preparation of this paper, and D. Semola for 
pointing us to interesting references.
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2. Preliminaries on CATp0q-spaces

We fix here some notation and recall some facts about CATp0q-spaces. Throughout 
the paper X will be a proper metric space with distance d. The open (resp. closed) ball 
in X of radius r, centered at x, will be denoted by BXpx, rq (resp. BXpx, rq); we will 
often drop the subscript X when the space is clear from the context.

A geodesic in a metric space X is an isometry c : ra, bs Ñ X, where ra, bs is an interval 
of R. The endpoints of the geodesic c are the points cpaq and cpbq; a geodesic with 
endpoints x, y P X is also denoted by rx, ys. A geodesic ray is an isometry c : r0,`8q Ñ X

and a geodesic line is an isometry c : R Ñ X. A metric space X is called geodesic if for 
every two points x, y P X there is a geodesic with endpoints x and y.

A metric space X is called CATp0q if it is geodesic and every geodesic triangle 
Δpx, y, zq is thinner than its Euclidean comparison triangle Δpx̄, ȳ, z̄q: that is, for any 
couple of points p P rx, ys and q P rx, zs we have dpp, qq ď dpp̄, q̄q where p̄, q̄ are the corre
sponding points in Δpx̄, ȳ, z̄q (see for instance [8] for the basics of CAT(0)-geometry). As 
a consequence, every CATp0q-space is uniquely geodesic: for every two points x, y there 
exists a unique geodesic with endpoints x and y.

A CATp0q-space X is geodesically complete if every geodesic c : ra, bs Ñ X can be 
extended to a geodesic line. For instance, if a CATp0q-space is a homology manifold then 
it is always geodesically complete, see [8, II.5.12].

The boundary at infinity of a CATp0q-space X (that is, the set of equivalence classes of 
geodesic rays, modulo the relation of being asymptotic), endowed with the Tits distance, 
will be denoted by BX, see [8, Chapter II.9].

A subset C of X is said to be convex if for all x, y P C the geodesic rx, ys is contained 
in C. Given a subset Y Ď X we denote by ConvpY q the convex closure of Y , that is the 
smallest closed convex subset containing Y . If C is a convex subset of a CATp0q-space 
X then it is itself CATp0q, and its boundary at infinity BC naturally and isometrically 
embeds in BX.

We will denote by HDpXq and TDpXq the Hausdorff and the topological dimension 
of a metric space X, respectively. By [42] we know that if X is a proper and geodesically 
complete CATp0q-space then every point x P X has a well defined integer dimension in 
the following sense: there exists nx P N such that every small enough ball around x has 
Hausdorff dimension equal to nx. This defines a stratification of X into pieces of different 
integer dimensions: namely, if Xk denotes the subset of points of X with dimension k, 
then

X “
ď

kPN

Xk.

The dimension of X is the supremum of the dimensions of its points: it coincides with 
the topological dimension of X, cp. [42, Theorem 1.1].
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Calling ℋk the k-dimensional Hausdorff measure, the formula

μX :“
ÿ

kPN

ℋk
zXk

defines a canonical measure on X which is locally positive and locally finite.

2.1. Isometry groups and orbispaces

The translation length of an isometry g of a CATp0q-space X is defined as

ℓpgq :“ inf 
xPX

dpx, gxq.

When the infimum is realized, the isometry g is called elliptic if ℓpgq “ 0 and hyperbolic 
otherwise. The minimal set of g, Minpgq, is defined as the subset of points of X where 
g realizes its translation length; notice that if g is elliptic then Minpgq is the subset of 
points fixed by g. An isometry is called semisimple if it is either elliptic or hyperbolic; a 
subgroup Γ of isometries of X is called semisimple if all of its elements are semisimple.

Let IsompXq be the group of isometries of X, endowed with the compact-open topol
ogy: as X is proper, it is a topological, locally compact group. A subgroup Γ of isometries 
is discrete if it is discrete as a subset of Isom(X) (with respect to the compact-open topol
ogy). A uniform lattice of X is a discrete isometry group Γ such that the quotient metric 
space ΓzX is compact; then, we call diampΓzXq the codiameter of Γ. We will often say 
that Γ is D-cocompact if diampΓzXq ď D, and that the space X is cocompact if it admits 
a uniform lattice. Notice that a cocompact CATp0q-space X is always proper.

The action of Γ on X (and, by extension, the group Γ itself) is called nonsingular 
if there exists a point x0 P X such that the pointwise stabilizer StabΓpx0q is trivial, 
and singular otherwise; see [17, Example 1.4] and [19, Remark 5.3] for examples of this 
phenomenon.

Finally, when dealing with isometry groups of CATp0q-spaces with torsion, a difficulty 
is that there may exist nontrivial elliptic isometries which act as the identity on open 
sets. Following [22, Chapter 11], a subgroup Γ of IsompXq will be called rigid (or slim, 
with the terminology used in [17]) if for all g P Γ the subset Fixpgq has empty interior.

Notice that a torsion-free group is trivially rigid, as well as any discrete group acting 
on a CATp0q-homology manifold, as proved in [17, Lemma 2.1]. Also, every rigid isometry 
group Γ is automatically nonsingular since, by Baire’s theorem, the union of fixed-point 
sets of all elliptic elements of Γ has empty interior, cp. [17, Proposition 2.11].

We will call the quotient metric space M “ ΓzX of a proper, geodesically complete, 
CATp0q-space X by a discrete group of isometries Γ, a CATp0q-orbispace. We will also 
say that the CATp0q-orbispace M is nonsingular (resp. rigid) if Γ acts nonsingularly 
(resp. rigidly) on X. Notice that if Γ is torsion-free then M is a locally CATp0q-space.

When restricting our attention to groups Γ acting rigidly on X (i.e. such that every 
g P Γ acting as the identity on an open subset is trivial) then our definition of CATp0q
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orbispace is equivalent to the notion of rigid, developable orbispace as defined in [22, 
Ch.11] through an orbifold atlas, with CATp0q universal covering in the sense of orbis
paces. However, our results will apply to all CATp0q-orbispaces as defined above (with 
some distinction between the singular and nonsingular cases).

Remark 2.1. Notice that a CATp0q-orbispace has more structure than simply the struc
ture of a metric space, including also the data of a group action on some CATp0q-space. 
In this sense, it is worth stressing that (as opposite to the case of Riemannian orbifolds) 
two lattices Γ1,Γ2 of different CATp0q-spaces X1, X2 may give the same metric quotient 
M .

An example of this (for CATp1q-orbispaces) is the k-triplex X constructed in [45]: 
this is a proper, geodesically complete, purely k-dimensional CATp1q-space (actually, a 
topological sphere) admitting a lattice Γ – Z3 such that M “ ΓzX is isometric to the 
CATp1q-orbispace M 1 “ Z2zSk, with Z2 acting as a rotation of π.

An example for CATp0q-orbispaces can be constructed by taking a ramified covering 
of a flat torus T “ Z2zR2: let X be obtained by taking two copies Tizγi of T minus 
a geodesic segment γ, and then glueing together the resulting couples of boundaring 
edges pγ`

1 , γ´
1 q with pγ´

2 , γ`
2 q. This yields a (metric) ramified covering f : X Ñ T from 

a topological surface of genus 2 to the initial torus, with ramification locus given by 
the endpoints of γ. Notice that X is a metric space which has an involutive isometry 
σ such that xσyzX “ T , and it can be seen as the quotient of a CATp0q-space X̃ by a 
lattice Γ containing an elliptic element σ̃ of order 2 (and all its conjugates). Calling Γ̃
the subgroup of IsompX̃q generated by σ̃ and Γ, we have that Γ̃zX̃ is also isometric to 
T .

On the other hand, the underlying metric space M “ ΓzX determines X and Γ
when Γ acts freely (since in this case X is just the universal cover of M), or when X is 
Riemannian, as the following result shows:

Proposition 2.2. Let Γ and Γ1 be discrete isometry groups of two Hadamard manifolds X, 
X 1 respectively. If ΓzX is isometric to Γ1zX 1 then there exists an isomorphism φ : Γ Ñ Γ1

and a φ-equivariant isometry F : X Ñ X 1.

Proof. The space M “ ΓzX “ Γ1zX admits two orbifold structures induced by the two 
actions of Γ and Γ1. By [37, Lemma 2.2] the two orbifold structures coincide since locally 
the actions of Γ on X and Γ1 on X 1 are isometrically equivariant. Since both X and X 1

are simply connected, we deduce that they are both orbifold universal coverings of M
(see for instance [37, Theorem 2.9], originally proved in [52]). By the universal property 
of the orbifold universal covering we get a diffeomorphism F : X Ñ X 1 commuting with 
the projections π and π1 on M . By construction F is also equivariant with respect to an 
isomorphism between Γ and Γ1. Finally, again by [37, Lemma 2.2] and the commutation 
property π1 ˝ F “ π, we get that F is a local isometry and therefore a global one. l
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Strictly speaking, in view of the discussion above, the quotient metric space M “ ΓzX

should only be called the support of the orbispace; we will continue to use the sloppy 
terminology CATp0q-orbispace both for the support and for the metric space with its 
uniformizing global chart X Ñ M , as far as the statements involved are clear. For this 
reason, we will say that two CATp0q-orbispaces M “ Γ{X and M 1 “ Γ1{X 1 are:
-- equivariantly homotopy equivalent, if there exist an isomorphism φ : Γ Ñ Γ1 and a 
φ-equivariant homotopy equivalence4 F : X Ñ X 1;
-- isometric as orbispaces if, moreover, the map F is an isometry.

2.2. Lie isometry groups

In general, the full isometry group IsompXq of a CATp0q-space is not a Lie group, for 
instance in the case of regular trees. When a CATp0q-space X admits a uniform lattice 
Γ then IsompXq is known to have more structure, as proved by P.-E. Caprace and N. 
Monod:

Proposition 2.3 ([11, Thm.1.6 & Add.1.8], [10, Cor.3.12]). Let X be a proper, geodesi
cally complete, CATp0q-space, admitting a uniform lattice. Then X splits isometrically 
as M ˆ Rn ˆ N , where M is a symmetric space of noncompact type and 𝒟 :“ IsompNq

is totally disconnected.
Moreover IsompXq – 𝒮 ˆ ℰn ˆ 𝒟, where 𝒮 is a semi-simple Lie group with trivial 

center and without compact factors, and ℰn “ IsompRnq.

In particular, under the assumptions of Proposition 2.3, the group IsompXq is a Lie 
group if and only if the factor 𝒟 is discrete, since 𝒟 is second countable being the 
isometry group of a proper metric space. On the other hand, IsompXq is always a Lie 
group when X is a CATp0q-homology manifold:

Proposition 2.4. Let X be a locally compact, CATp0q-homology manifold. Then IsompXq

is a Lie group.

Proof. If the dimension of X is smaller than or equal to 2 then X is a topological 
manifold. Otherwise we can find a IsompXq-invariant, locally finite subset E of X such 
that XzE is a topological manifold (see [41, Theorem 1.2]). Since X is a homology 
manifold, then every sufficiently small punctured ball Bpx, rqztxu around a fixed point 
x P X has the same homology of a sphere ([41, Lemma 3.1 and Lemma 2.1]). In particular, 
Bpx, rqztxu is connected for every small enough r. It is also locally path connected, so it 
is path connected. We show that XzE is path connected. Let x, y P X be two arbitrary 
points and let rx, ys be the geodesic joining them. Since E is locally finite, the geodesic 

4 That is, a map satisfying F pgxq “ φpgqF pxq for every x P X and every g P Γ, admitting moreover a 
φ´1-equivariant homotopy inverse G : X1

Ñ X (i.e. such that F ˝G and G˝F are homotopic to the identity 
through, respectively, Γ-equivariant and Γ1-equivariant homotopies).
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rx, ys meets E in a finite number of points tz1, . . . , zNu. For every i “ 1, . . . , N we can 
find ri ą 0 such that Bpzi, rqztziu does not contain other points of E and such that 
Bpzi, rqztziu is path connected. Hence, we can modify the geodesic rx, ys around zi in 
such a way that the new path avoids E. The resulting path is in XzE and joins x and 
y. This shows that XzE is path connected.

The Hausdorff dimension of XzE is at most the Hausdorff dimension of X, which 
coincides with its topological dimension, say n, as recalled at the beginning of Section 2; 
therefore, HDpXzEq “ n.

The classical work about the Hilbert-Smith Conjecture implies that the group 
IsompXq is a Lie group if and only if it does not contain a subgroup isomorphic to some 
p-adic group Zp, see for instance [40]. Now, a theorem of Repovş and Şçepin asserts 
that Zp cannot act effectively by Lipschitz homeomorphisms on any finite dimensional 
Riemannian manifold. The proof of [46, Theorem 1.1] adapts perfectly to our setting; 
indeed, if we suppose that the p-adic group acts on X by isometries we can apply [53] 
as in [46] to deduce that HDpXzEq ě n ` 2, giving a contradiction. l

2.3. The packing condition and Margulis’ lemma

Let X be a metric space and r ą 0. A subset Y of X is called r-separated if dpy, y1q ą r

for all y, y1 P Y . Given x P X and 0 ă r ď R we denote by PackpBpx,Rq, rq the maximal 
cardinality of a 2r-separated subset of Bpx,Rq. Moreover we denote by PackpR, rq the 
supremum of PackpBpx,Rq, rq among all points of X. Given P0, r0 ą 0 we say that X
satisfies the P0-packing condition at scale r0 (or that it is pP0, r0q-packed, for short) 
if Packp3r0, r0q ď P0. We will simply say that X is packed if it satisfies a P0-packing 
condition at scale r0, for some P0, r0 ą 0.

The packing condition should be thought as a metric, weak replacement of a Ricci 
curvature lower bound. Actually, by Bishop-Gromov’s Theorem ([6]), for a n-dimensional 
Riemannian manifold a lower bound on the Ricci curvature RicX ě ´pn ´ 1qκ, κ ě 0, 
implies a uniform estimate of the packing function at any fixed scale r0, that is

Packp3r0, r0q ď
vHn

κ
p3r0q

vHn
κ

pr0q 
(4)

where vHn
κ

prq is the volume of a ball of radius r in the n-dimensional space form with 
constant curvature ´κ.

Also remark that every metric space admitting a cocompact action is packed (for some 
P0, r0), see the proof of [13, Lemma 5.4].

The packing condition has many interesting geometric consequences for complete, 
geodesically complete CATp0q-spaces, as showed in [18], [16], [14], [17], [19]. Here, we 
just recall the following uniform bounds on the canonical measure of balls, and of the 
entropy and dimension. Recall from (3) that the (packing, or covering) entropy of a 
proper CATp0q-space X is the asymptotic invariant defined as
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EntpXq “ lim sup
RÑ`8 

1 
R

logpPackpR, rqq

and does not depend neither on the point x (by the triangular inequality) nor on the 
small, chosen radius r (by [16, Corollary 4.8]). It can be equivalently defined as the 
critical exponent of any uniform lattice Γ of X, as proved in [14], that is

EntpXq “ lim 
RÑ`8

1 
R

logp#pΓx X Bpx,Rqqq (5)

Proposition 2.5 ([16, Theorem 4.9]). Let X be a complete, geodesically complete, pP0, r0q
packed, CATp0q-space. Then X is proper, and

(i) there exist functions v, V : p0,`8q Ñ p0,`8q depending only on P0, r0 such that 
for all x P X and R ą 0 we have

vpRq ď μXpBpx,Rqq ď V pRq;

(ii) the entropy of X is bounded above in terms of P0 and r0, namely

EntpXq ď
logp1 ` P0q

r0
;

(iii) the dimension of X is at most n0 :“ P0{2.

Let now Γ be a subgroup of IsompXq. For x P X and r ě 0 we set

ΣrpΓ, X, xq :“ tg P Γ s.t. dpx, gxq ď ru (6)
ΓrpX,xq :“ xΣrpΓ, X, xqy (7)

The groups ΓrpX,xq are sometimes called ``almost stabilizers'' ; when the context is clear 
we will simply write ΣrpΓ, xq or Σrpxq and Γrpxq.

Notice that, since X is assumed to be proper and Γ acts by isometries, a subgroup 
Γ is discrete if and only if the orbit Γx is discrete and StabΓpxq is finite for some (or, 
equivalently, for all) x P X. This is in turn equivalent to asking that the subsets Σrpxq

are finite for all x P X and all r ě 0.
The following remarkable version of the Margulis’ Lemma, due to Breuillard-Green

Tao, is another important consequence of a packing condition at some fixed scale. It 
clarifies the structure of the almost stabilizers Γrpxq for small r. We describe it for 
geodesically complete CATp0q-spaces:

Proposition 2.6 ([7, Corollary 11.17]). Given P0, r0 ą 0, there exists ε0 “ ε0pP0, r0q ą 0
such that the following holds. Let X be a proper, geodesically complete, pP0, r0q-packed, 
CATp0q-space and let Γ be a discrete subgroup of IsompXq: then, for every x P X and 
every 0 ď ε ď ε0, the almost stabilizer Γεpxq is virtually nilpotent.
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We will often refer to the constant ε0 “ ε0pP0, r0q as the Margulis’ constant. The 
conclusion of Proposition 2.6 can be improved for cocompact groups, as in this case the 
group Γεpxq is virtually abelian (cp. [8, Theorem II.7.8]; indeed, a cocompact group of a 
CATp0q-space is always semisimple).

2.4. Discrete, virtually abelian groups

Recall that the (abelian, or Prüfer) rank of an abelian group A, denoted rkpAq, is the 
maximal cardinality of a subset S Ă A of Z-linear independent elements. The rank of 
a virtually abelian group G, rkpGq, is the rank of any free abelian subgroup A of finite 
index in G (notice that if A1 is a finite index subgroup of an abelian group A, then A
and A1 have same rank, so rkpGq is well defined).

Among CATp0q-spaces, the Euclidean space Rk and its discrete groups play a spe
cial role. In the following, we will denote by ℰk the group of isometries of Rk, and by 
TranslpRkq the normal subgroup of all translations, so that ℰk – TranslpRkq ¸ Opkq.

A crystallographic group is a discrete, cocompact group G of isometries of Rk. The 
simplest and most important of them, in view of Bieberbach’s Theorem, are Euclidean 
lattices: i.e. free abelian crystallographic groups. It is well known that a lattice must act 
by translations on Rk (see for instance [26]); so, alternatively, a lattice ℒ can be seen as 
the set of linear combinations with integer coefficients of k independent vectors b1, . . . , bk
(we will make no difference between a lattice and this representation); the integer k is 
called the rank of the lattice. For our purposes, the content of the famous Bieberbach’s 
Theorems can be stated as follows:

Proposition 2.7 (Bieberbach’s Theorem). There exists Jpkq, only depending on k, such 
that the following holds true. For every crystallographic group G of Rk the subgroup 
ℒpGq “ G X TranslpRkq is a normal subgroup of index at most Jpkq, in particular a 
lattice.

The subgroup ℒpGq is called the maximal lattice of G.
An almost immediate consequence of Bieberbach’ theorem is the following lemma, 

which will be crucial in characterizing the limits of collapsing sequences in Section 4.4. 

For this we set rk :“
c

2 sin
´

π
Jpkq

¯

.

Lemma 2.8. Let G be a crystallographic group of Rk, and let 0 ă r ă rk. If g P G moves 
all points of BRkpO, 1

r q less than r, then g P TranslpRkq.

Proof. Let gpxq “ Ax ` b be a nontrivial isometry of G satisfying the assumptions, 
with A P Opkq. If A “ Id there is nothing to prove. We assume, by contradiction, 
that A ‰ Id. Proposition 2.7 implies that gj is a translation for some j ď Jpkq. Since 
gjpxq “ Ajx `

řj´1
i“0 Aib, we deduce that Aj “ Id. Let us consider the (nontrivial) 

subspace V orthogonal to FixpAq. We can decompose V in the orthogonal sum of a 
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subspace V0, on which A acts as a reflection, and of some planes Vi, each of which A
acts on as a nontrivial rotation with angle ϑi. Since A has order at most Jpkq, we have 
ϑi ě

2π 
Jpkq

.
If V0 is not trivial then take a vector v0 of length 1 in V0. Denote by b0 “ λv0 the 

projection of b on the line spanned by v0. For all t P R it holds

dpgptv0q, tv0q “ } ´ 2tv0 ` b} ě |λ ´ 2t|.

So, for r ă
?

2, we can always find tr with |tr| ă
1
r such that |λ´ 2tr| ą r; but the point 

trv0 contradicts the assumptions on g.
On the other hand, if V0 is trivial, then there is at least a plane Vi on which A acts 

as a nontrivial rotation, say V1. Let b1 be the projection of b on V1. We choose v1 P V1
of norm 1 such that b1 “ λpAv1 ´ v1q for some λ ě 0. The length of Av1 ´ v1 is at 
least 2 sin

´

π
Jpkq

¯

, because ϑ1 ě
2π 
Jpkq

, therefore dpgptv1q, tv1q ě 2t sin
´

π
Jpkq

¯

@t ě 0. 

Again, if r ă

c

2 sin
´

π
Jpkq

¯

we can find tr with |tr| ď
1
r such that trv1 contradicts the 

assumptions on g. l

2.5. Finiteness results

The systole (or minimal displacement) and the free-systole of a discrete group Γ at a 
point x P X are defined respectively as

syspΓ, xq :“ inf 
gPΓ˚

dpx, gxq, sys˛
pΓ, xq :“ inf 

gPΓ˚zΓ˛
dpx, gxq,

where Γ˚ “ Γztidu and Γ˛ is the subset of all elliptic isometries of Γ.
Accordingly, the (global) systole and the free-systole of Γ are defined as

syspΓ, Xq “ inf 
xPX

syspΓ, xq, sys˛
pΓ, Xq “ inf 

xPX
sys˛

pΓ, xq.

The diastole and the free-diastole of Γ are

diaspΓ, Xq “ sup 
xPX

syspΓ, xq, dias˛
pΓ, Xq “ sup 

xPX
sys˛

pΓ, xq.

Notice that the action of Γ is nonsingular if and only if diaspΓ, Xq ą 0.
While obviously one always has, by definition,

syspΓ, Xq ď sys˛
pΓ, Xq ď dias˛

pΓ, Xq

syspΓ, Xq ď diaspΓ, Xq ď dias˛
pΓ, Xq

the free systole and the diastole are quantitatively equivalent (for small values) for non
singular, cocompact actions on packed CATp0q-spaces with bounded codiameter. More 
precisely:
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Proposition 2.9 (Theorem 3.1, [19]). Given P0, r0 and D0, there exist A0 “ A0pP0, r0q ą

0, B0 “ B0pP0, D0q ą 1 such that the following holds true: for every proper, geodesi
cally complete, pP0, r0q-packed, CATp0q-space X, and every discrete, nonsingular, D0
cocompact group Γ ă IsompXq we have

B
´1{diaspΓ,Xq

0 ď sys˛
pΓ, Xq ď A0 ¨ diaspΓ, Xq

provided that the free systole and the diastole are both smaller than mintr0, ε0u.
(Here, ε0 is the Margulis’ constant given by Proposition 2.6.)

This equivalence will be useful when studying the convergence of non-collapsing se
quences of groups with elliptic elements.

We conclude recalling two of the main findings of [19], which we will be crucial in 
our convergence results. The first is a general finiteness theorem for uniformly packed, 
D0-cocompact CATp0q-lattices Γ, up to abstract isomorphism. The second one is more 
subtle and also requires a uniform lower bound of the diastole: it bounds the number 
of such groups Γ up to isomorphism of marked groups. In order to state it correctly, 
recall that a marked group is a group Γ endowed with a generating set Σ; two marked 
groups pΓ,Σq and pΓ1,Σ1q are said to be equivalent if there exists a group isomorphism 
ϕ : Γ Ñ Γ1 such that ϕpΣq “ Σ1. It is well known (cp. for instance [50], [32]) that if X
is a geodesic metric space and Γ ă IsompXq is discrete and D0-cocompact, then for all 
D ě D0 the subset

Σ2Dpxq :“ tg P Γ s.t. dpx, gxq ď 2Du (8)

is a generating set for Γ, that is Γ2Dpxq “ Γ, for every x P X (recall the definition (7)) 
of Γrpxq: we call this a 2D-short generating set of Γ at x.

Theorem 2.10 ([19, Theorem A & Prop.5.1]). Let P0, r0 and D0 be fixed. There exist only 
finitely many nonsingular D0-cocompact lattices pΓ, Xq of proper, geodesically complete, 
CATp0q-spaces which are pP0, r0q-packed, up to group isomorphisms. Moreover, for every 
fixed D ě D0 and s ą 0, there exist only finitely many marked groups pΓ,Σq, up to 
equivalence of marked groups, such that:

-- Γ is a D0-cocompact lattice of a proper, geodesically complete, pP0, r0q-packed, 
CATp0q-space X satisfying syspΓ, xq ě s for some x P X,

-- Σ “ Σ2Dpxq is a 2D-short generating set of Γ at x.
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3. Splitting under collapsing

3.1. Space splitting

We record here one of the main results of [19]: if a uniform lattice Γ of a packed, 
CATp0q-space X is sufficiently collapsed (that is, the free-systole is sufficiently small), 
then X splits a non-trivial Euclidean factor.

Recall that the dimension of every (proper, geodesically complete) pP0, r0q-packed 
CATp0q-space X is bounded above by n0 “ P0{2, by Proposition 2.5. Recall also the 
Margulis’s constant ε0 given by Proposition 2.6, which depends only on the packing 
constants P0, r0. Then, we set

J0 :“ max 
kPt0,...,n0u

Jpkq ` 1 (9)

where Jpkq is the constant appearing in Bieberbach’s theorem (Proposition 2.7), bound
ing the index of the maximal lattice of every crystallographic group in dimension k. 
Notice that J0 depends only on n0, so ultimately only on P0. Finally, for a discrete sub
group Γ ă IsompXq, recall the definition (7) of almost-stabilizer Γrpxq ă Γ generated by 
Σrpxq given in Section 2.1.

Theorem 3.1 (see [19], Splitting Theorem 4.1 and its proof). Given P0, r0 and D0, 
there exists a function σP0,r0,D0 : p0, ε0s Ñ p0, ε0s (depending only on the parame
ters P0, r0, D0) such that the following holds. Let X be a proper, geodesically complete, 
pP0, r0q-packed, CATp0q-space, and Γ ă IsompXq be discrete and D0-cocompact. For 
every chosen ε P p0, ε0s, if there exists x0 P X such that rkpΓσpx0qq ě 1, where 
σ “ σP0,r0,D0pεq, then:

(i) the space X splits isometrically and Γ-invariantly as Y ˆ Rk, with k ě 1;
(ii) there exists ε˚ P pσP0,r0,D0pεq, εq such that the rank of the virtually abelian subgroups 

Γε˚ pxq is exactly k, for all x P X;
(iii) for every x P X there exists y P Y such that Γε˚ pxq preserves tyu ˆ Rk;
(iv) for every x P X the projection of Γε˚ pxq on IsompRkq is a crystallographic group, 

whose maximal lattice is generated by the projection of a subset Σ Ă Σ4J0¨ε˚ pxq;
(v) for every x P X the closure of the projection of Γε˚ pxq on IsompY q is compact and 

totally disconnected;
(vi) for every x P X the group Γε˚ pxq contains a finite index, free abelian subgroup A of 

rank k which is commensurated in Γ (hence, Γε˚ pxq is itself commensurated in Γ).

In particular, the above properties hold if sys˛pΓ, Xq ď σP0,r0,D0pεq.

Here, by Γ-invariant splitting we mean that every isometry of Γ preserves the product 
decomposition. By [8, Proposition I.5.3.(4)] we can see Γ as a subgroup of IsompY q ˆ
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IsompRkq. In particular it is meaningful to talk about the projection of A on IsompY q and 
IsompRkq. Recall that a subgroup G ă Γ is said to be commensurated in Γ if the groups 
G and γGγ´1 are commensurable in Γ for every γ P Γ (i.e. the intersection G X γGγ´1

has finite index in G for every γ P Γ).
Let us define, for the following, the constant (only depending on P0, r0, D0)

σ˚
0 :“ σP0,r0,D0pε0q (10)

Assertion (iii) yields, for every x P X, a slice tyu ˆ Rk preserved by Γσ˚
0

pxq (as σ˚
0 ă

ε˚
0 ă ε0), provided that sys˛pΓ, Xq ď σ˚

0 so that X splits as Y ˆRk. For our convergence 
theorems, we need to strengthen this conclusion and to show that, for at least one specific 
point x0, the slice can be chosen to be the one passing through x0. This is proved by the 
following:

Proposition 3.2. Let X be a proper, geodesically complete, pP0, r0q-packed CATp0q-space, 
and let Γ be a discrete, D0-cocompact subgroup of IsompXq. Assume that sys˛pΓ, Xq ď

σ˚
0 , so that X splits as Y ˆ Rk by Theorem 3.1. Then there exists x0 “ py0, vq P X such 

that Γσ˚
0

px0q preserves ty0u ˆ Rk.

The proof is based on a maximality argument similar to [17, Theorem 3.1]. We just 
need a very basic fact.

Lemma 3.3 ([17, Lemma 3.3]). For every x P X and r ą 0 there exists an open set U Q x

such that Σrpyq Ď Σrpxq for all y P U .

Proof of Proposition 3.2. We introduce a partial order on X defined by

x ĺ x1 if and only if Σσ˚
0

pxq Ď Σσ˚
0

px1
q.

This is indeed a partial order since the inclusion of subsets of Γ is. We can show that 
there is a maximal element as in the proof of [17, Theorem 3.1, Step 3], which we report 
here for the reader’s convenience: Lemma 3.3 implies that the function x ÞÑ #Σσ˚

0
pxq is 

upper semicontinuous and clearly Γ-invariant, so (by cocompactness) it has a maximum 
and it is enough to take a point x where the maximum is realized.

Apply Theorem 3.1.(iii) to the point x: there exists y0 P Y such that Γσ˚
0

pxq preserves 
ty0u ˆ Rk. If x P ty0u ˆ Rk, then we set x0 “ x and there is nothing more to prove. 
Otherwise call x0 the projection of x on the closed, convex, Γσ˚

0
pxq-invariant subset 

ty0u ˆ Rk. Let c : r0, dpx, x0qs Ñ X be the geodesic rx, x0s and set

T “ suptt P r0, dpx, x0qs s.t. Γσ˚
0

pcptqq “ Γσ˚
0

pxqu.

By definition T ě 0 and we claim that T “ dpx, x0q and it is a maximum.
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In fact, assume Γσ˚
0

pcptqq “ Γσ˚
0

pxq. So, Γσ˚
0

pcpt ` t1qq Ď Γσ˚
0

pcptqq “ Γσ˚
0

pxq for all 
t1 ą 0 small enough, by Lemma 3.3. On the other hand, for every g P Γσ˚

0
pxq we have 

dpx0, gx0q ď dpx, gxq (since g acts on Y fixing y0). Therefore, by the convexity of the 
displacement functions we deduce that Γσ˚

0
pxq Ď Γσ˚

0
pcpt` t1qq too. This shows that the 

supremum defining T is not realized, unless T “ dpx, x0q. Let now 0 ď tn ă T such 
that tn Ñ T , so the points cptnq converge to cpT q. By Lemma 3.3 we get Σσ˚

0
pcptnqq Ď

Σσ˚
0

pcpT qq for all n big enough. But Σσ˚
0

pcptnqq “ Σσ˚
0

pxq is maximal for ĺ because of 
the choice of x, therefore Σσ˚

0
pxq “ Σσ˚

0
pcptnqq “ Σσ˚

0
pcpT qq for all n big enough. This 

implies that T “ dpx, x0q is actually a maximum. Hence, Γσ˚
0

px0q “ Γσ˚
0

pxq, and x0 is 
the point we are looking for. l

A consequence of Theorem 3.1 is the following control of the almost stabilizers, which 
will be useful in studying converging sequences. Recall the function σP0,r0,D0 : p0, ε0s Ñ

p0, ε0s given by Theorem 3.1, where ε0 is the Margulis constant, and the constant J0

introduced at the beginning of this section. Then:

Corollary 3.4. Let X be a proper, geodesically complete, pP0, r0q-packed CATp0q-space, 
and let Γ be a discrete, D0-cocompact subgroup of IsompXq. Let σpΓ, Xq :“σP0,r0,D0pε˛q

be the constant obtained for ε˛ “min
!

ε0,
sys˛

pΓ,Xq

4J0

)

. Then

(i) the almost stabilizers ΓσpΓ,Xqpxq are finite, for all x P X;
(ii) there exists x0 P X such that ΓσpΓ,Xqpx0q fixes x0.

Observe that, since by (i) the group ΓσpΓ,Xqpxq is finite, then it has a fixed point (as 
it acts on a CATp0q-space, cp. [8, Chapter II, Corollary 2.8]). Here we are saying that 
for at least one specific point x0 we have that ΓσpΓ,Xqpx0q fixes exactly x0.

Proof of Corollary 3.4. We first prove (i), and set, for short, σ “ σpΓ, Xq. Suppose that 
there exists x P X such that Γσpxq is not finite: since Γσpxq is finitely generated and 
virtually abelian, then it contains a hyperbolic isometry, so rkpΓσpxqq ě 1. Theorem 3.1
implies that X splits isometrically and Γ-invariantly as Y ˆ Rk, with k ě 1, and that 
there exists ε˚ P pσ, ε˛q such that Γε˚ pxq projects on IsompRkq as a crystallographic 
group. Moreover, we can find elements of Σ4J0¨ε˚ pxq that project to translations on 
IsompRkq. But these elements are hyperbolic isometries of Γ with translation length at 
most 4J0 ¨ ε˚ ă sys˛pΓ, Xq, a contradiction.

Assertion (ii) follows from an argument similar to that of Proposition 3.2: we consider 
the same partial order x ĺ x1 ô Σσpxq Ď Σσpx1q, and find a maximal element x. The 
group Γσpxq being finite implies that the closed, convex set FixpΓσpxqq is not empty. If 
x P FixpΓσpxqq, then x0 “ x and there is nothing more to prove. Otherwise we call x0 the 
projection of x on FixpΓσpxqq, consider again the geodesic c : r0, dpx, x0qs Ñ rx, x0s Ă X

and we show as in Proposition 3.2 that
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T :“ suptt P r0, dpx, x0qs s.t. Γσpcptqq “ Γσpxqu “ dpx, x0q

by Lemma 3.3 and the convexity of the displacement function. Moreover, again by 
Lemma 3.3 and by the maximality of x it follows that T “ dpx, x0q is a maximum, 
hence Γσpx0q “ Γσpxq, and x0 is the announced fixed point. l

Finally, we record here another corollary of the splitting theorem, which will be used 
in studying the Euclidean factor of the limit of a sequence of collapsing actions in Sec
tion 4.6.

Theorem 3.5 ([19], Renormalization Theorem E). Given P0, r0, D0, there exist s0 “

s0pP0, r0, D0q ą 0 and Δ0 “ Δ0pP0, D0q such that the following holds. Let Γ be a 
discrete and D0-cocompact isometry group of a proper, geodesically complete, pP0, r0q
packed CATp0q-space X: then Γ admits also a faithful, discrete, Δ0-cocompact action by 
isometries on a CATp0q-space X 1 isometric to X, such that sys˛pΓ, X 1q ě s0.

Moreover, the action of Γ on X is nonsingular if and only if the action on X 1 is 
nonsingular.

3.2. Group splitting: a counterexample

The Splitting Theorem 3.1 might suggest that, under the assumption that the action 
is sufficiently collapsed, then also the group Γ virtually splits a non-trivial free abelian 
subgroup. Unfortunately, while this is always the case for non-positively curved Rieman
nian manifolds by the work of Eberlein [24] (indeed, in that case it is always possible to 
split virtually a free abelian subgroup whose rank coincides exactly with the rank of the 
maximal Euclidean factor of the space), this is no longer true for discrete, cocompact 
groups of general, geodesically complete CATp0q-spaces, as [12, Example 1] shows. More 
examples of this phenomenon can be found in [39] and a structural study has been done 
in [34].

In this section, we present a basic example, constructed in [39], showing that, no 
matter how the action is collapsed, the virtual splitting cannot be proved under our 
hypotheses.

Example 3.6. We construct a sequence of proper, geodesically complete, CATp0q-spaces 
Xj , all pP0, r0q-packed for the same constants P0, r0 ą 0, and a sequence of discrete, 
nonsingular groups Γj ă IsompXjq which are all D0-cocompact for some D0 ą 0 such 
that:

(a) each Γj has no non-trivial, virtually normal, abelian subgroups;
(b) sys˛pΓj , Xjq Ñ 0 as j Ñ `8.

Recall that a subgroup A of a group Γ is said to be virtually normal if there exists a 
finite index subgroup Γ1 such that A X Γ1 is normal in Γ1.
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Observe that (b) gives strong restrictions to the spaces Xj and the groups Γj in virtue 
of Theorem 3.1; indeed, the spaces Xj will split a Euclidean factor and the groups Γj will 
have a commensurated non-trivial, abelian subgroup. On the other hand, the condition 
that Γ virtually splits a free abelian factor of positive rank is equivalent to having a 
virtually normal, non trivial, free abelian subgroup, by [12, Theorem 2]; so, these groups 
Γj do not split.

The idea behind the example is very simple. We start as in [39] from the lattices 
ℒ`,ℒ´ of Z2 “ xa, b | ra, bs “ 1y respectively generated by ℬ` “ ta2b´1, ab2u and by 
ℬ´ “ ta2b, a´1b2u, and define the (torsion-free) HNN-extension

Γ “ xa, b, t | ra, bs “ 1, ta2b´1t´1
“ a2b, tab2t´1

“ a´1b2y

that is Γ “ Z2˚φ, where φ : ℒ` Ñ ℒ´ is given by φpa2b´1q “ a2b and φpab2q “ a´1b2. 
We denote by T its Bass-Serre tree: this is a locally finite tree, since rZ2 : ℒ˘s “ 5. 
The group Γ acts naturally on T and on R2, with a, b acting on the latter as orthogonal 
translations of length 1 and t as a rotation around the origin O of angle arccosp3

5 q.
Let us consider the diagonal action of Γ on the (proper, geodesically complete) 

CATp0q-space X :“ TˆR2, which is pP0, 1q-packed for some P0 ą 0. First notice that this 
action is faithful. In fact, the pointwise stabilizer of the axis of t on T is 

Ş

nPZ tnZ2t´n, 
which is trivial. Indeed, suppose that w P

Ş

nPZ tnZ2t´n, that is w “ tnznt
´n for some se

quence pznqnPN in Z2. Then dR2pwO,Oq “ dR2ptnznO,Oq “ dR2pznO,Oq for every n, as 
t fixes O. By discreteness of the action of Z2 on R2 we can assume that zn “ z P Z2 for in
finitely many n’s; therefore, there exist integers n ‰ m such that w “ tnzt´n “ tmzt´m, 
i.e. z “ tkzt´k for some k ‰ 0. This implies that zO “ tkzO, but since t acts as a 
rotation by an angle which is an irrational multiple of π, then tk does not fix any point 
different from O. It follows that z, and in turn w, is necessarily trivial.

Moreover, it is straightforward to check that the action of Γ on X is discrete, while 
both the actions of Γ on the two factors are not. Finally, the action of Γ on X is 
nonsingular (since Γ is torsion-free) and 1-cocompact, since it is on both factors.

It remains to check that Γ has no virtually normal, nontrivial, abelian subgroups. 
Suppose Γ virtually normalizes an abelian subgroup A of rank k ě 1. By [12, Theorem 
2.(ii)] the space X “ R2 ˆ T splits as Y ˆ Rk and a finite index subgroup Γ1 of Γ splits 
as a product ΓY ˆ Zk, where ΓY acts discretely on Y and Zk acts as a lattice on Rk. 
By [27, Theorem 1.1] we deduce that either Y “ T (if k “ 2) or Y “ R ˆ T (if k “ 1). 
The first case has to be excluded since in that case the projection of Γ on R2 would be 
discrete, containing the discrete group ΓY as finite index subgroup. In the second case 
we would find a finite index subgroup of the projection of Γ on R2 that preserves a line, 
which is clearly not possible. The irreducibility of Γ has been proved also in [39], after 
the proof of Theorem 7.5.

We now take Xj “
1
j ¨R2 ˆT and define Γj :“ Γ with its natural action on Xj induced 

by the action of Γ on X. The sequence of groups Γj acting on Xj clearly satisfies the 
conditions (a) and (b).
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The behavior of this sequence will be further studied in §4.4, Example 4.13.

3.3. Group splitting: when the isometry group is Lie

The purpose of this section is to prove that a uniform lattice Γ of a CATp0q-space X
with a nontrivial Euclidean factor Rk virtually splits a free abelian subgroup of rank k, 
provided that IsompXq is a Lie group. By Proposition 2.4, this holds, in particular, for 
all CATp0q-homology manifolds.

The group splitting stems almost immediately from [12]. However, for our convergence 
results, we need a more precise result, that is to bound the index in Γ of the subgroup 
Γ̌ which splits Zk.

Theorem 3.7. Given P0, r0, D0, there exist I0 and σ˚
0 ą 0 (the same as in Propo

sition 3.2), only depending on P0, r0, D0, such that the following holds. Let X be a 
proper, geodesically complete, pP0, r0q-packed, CATp0q-space whose isometry group is a 
Lie group, and let X “ Y ˆ Rn be the splitting of the maximal Euclidean factor of X. 
Then for every discrete, D0-cocompact group Γ ă IsompXq we have:

(i) Γ has a normal, finite index subgroup Γ̌ which splits as Γ̌ “ Γ̌Y ˆ Zn;
(ii) the projections of Γ on IsompY q and IsompRnq are discrete, as well as the factors 

Γ̌Y and Zn of Γ̌;
(iii) sys˛pΓY , Y q ě σ˚

0 .

Moreover if Γ is nonsingular then Γ̌ can be chosen of index rΓ : Γ̌s ď I0 and Γ̌Y is 
nonsingular. As a result, if Γ is nonsingular, M “ ΓzX is the quotient by a finite group 
of isometries Λ – Γ{Γ̌ with |Λ| ď I0 of a space M̌ which splits isometrically as Ň ˆ Tn, 
where Ň “ Γ̌Y zY and Tn is a flat n-dimensional torus.

In this case, we will say that Γ and M virtually split as Γ̌Y ˆ Zn and Ň ˆ Tn, 
respectively.

Proof. By Proposition 2.3, the space X splits isometrically as MˆNˆRn and IsompXq –

𝒮 ˆ 𝒟 ˆ ℰn where 𝒮 – IsompMq is a semi-simple Lie group with trivial center and 
no compact factors, 𝒟 – IsompNq is totally disconnected and ℰn – IsompRnq. Since 
IsompXq is assumed to be a Lie group then 𝒟 must be discrete. Let Γ𝒮 ,Γ𝒟 and Γℰn

be 
the projections of Γ on 𝒮,𝒟 and ℰn respectively. By [12, Theorem 2(i)] there exists a 
free abelian subgroup A of Γ of rank n which is commensurated in Γ, and its projection 
Aℰn

on ℰn is a crystallographic group. Arguing as in the proof of that theorem, we also 
deduce that the image A𝒮 of A on 𝒮 is finite by Borel density. On the other hand, the 
projection A𝒟 of A on 𝒟 is an abelian, commensurated subgroup of Γ𝒟. Since Γ𝒟 acts 
cocompactly, hence minimally, on the factor N , and every irreducible factor of N is not 
Euclidean, Proposition 4 of [12] implies that A𝒟 either fixes a point or acts minimally 
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on 𝒟; but an abelian group cannot act minimally on a proper, non-trivial, CATp0q-space 
without Euclidean factors, therefore A𝒟 fixes a point in N . This implies that A𝒟 is 
precompact, therefore finite, since 𝒟 is discrete.

Let ta1, . . . , anu be a generating set of A. For every i “ 1, . . . , n we write ai “

psi, di, τiq P 𝒮 ˆ𝒟ˆℰn. The discussion above implies that there exists K P N˚ such that 
aKi “ pid, id, τKi q for all i, where τi is a translation of Rn. Therefore the group

B “ tpid, id, τq P Γ s.t. τ P TranslpRn
qu

is a normal, free abelian subgroup of rank n of Γ. It then follows by [12, Theorem 2.(ii)] 
that Γ has a normal, finite index subgroup Γ̌ which splits as Γ̌ “ Γ̌Y ˆ Zn, where Γ̌Y is 
a discrete group of Y :“ M ˆ N , and Zn acts as a lattice on Rn. It is then immediate 
that also the projections ΓY and ΓRn of Γ act discretely on the respective factors. This 
proves (i) and (ii).

Moreover, Y is again a proper, geodesically complete, pP0, r0q-packed, CATp0q-space 
and ΓY acts D0-cocompactly on Y. Since Y has no Euclidean factors, Theorem 3.1
implies that sys˛pΓY , Y q ě σ˚

0 “ σP0,r0,D0pε0q, where ε0 is the Margulis constant, which 
proves (iii).

Finally, by Theorem 2.10 the possible isomorphism types of nonsingular groups Γ
satisfying the assumptions of Theorem 3.7 are finite, so the index of Γ̌ in Γ can be 
supposed uniformly bounded by a constant I0 only depending on P0, r0 and D0. The 
last assertion is consequence of (i) and of this bound. The fact that Γ̌Y is nonsingular if 
Γ is nonsingular is obvious. l

We remark that we do not know examples of a proper, geodesically complete, CATp0q
space X whose isometry group is Lie, and possessing a singular, discrete group Γ ă

IsompXq.

4. Convergence and collapsing

We now move to the problem of convergence of CATp0q-group actions. Namely, the 
basic objects we are interested are isometry groups of pointed spaces (which we will 
restrict to uniform lattices of CATp0q-spaces, from Section 4.2 on), that is triples pΓ, X, xq

where X is a proper metric space, x P X is a basepoint and Γ is a closed (but not 
necessarily discrete, nor cocompact) subgroup of IsompXq.

An equivariant isometry between isometric actions of pointed spaces pΓ, X, xq and 
pΛ, Y, yq is an isometry F : X Ñ Y such that

-- F pxq “ y;
-- F˚ : IsompXq Ñ IsompY q defined by F˚pgq “ F ˝ g ˝ F´1 yields an isomorphism 

between Γ and Λ.
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We recall the definition of equivariant Gromov–Hausdorff convergence of isometric ac
tions, as introduced by Fukaya in [28, Ch.1] and [29, §3].

Definition 4.1. Let pΓ, X, xq, pΛ, Y, yq be isometry groups of pointed spaces. Given ε ą 0, 
an equivariant ε-approximation from pΓ, X, xq to pΛ, Y, yq is a triple pf, ϕ, ψq where:

• f : Bpx, 1
ε q Ñ Bpy, 1

ε q is a map such that fpxq “ y and satisfying
- |dpfpx1q, fpx2qq ´ dpx1, x2q| ă ε @x1, x2 P Bpx, 1

ε q;
- @y1 P Bpy, 1

ε q Dx1 P Bpx, 1
ε q such that dpfpx1q, y1q ă ε;

• ϕ : Σ 1
ε pΓ, xq Ñ Σ 1

ε pΛ, yq is a map satisfying dpfpgx1q, ϕpgqfpx1qq ă ε @g P Σ 1
ε pΓ, xq

and @x1 P Bpx, 1
ε q such that gx1 P Bpx, 1

ε q;
• ψ : Σ 1

ε pΛ, yq Ñ Σ 1
ε pΓ, xq is a map satisfying dpfpψpgqx1q, gfpx1qq ă ε @g P Σ 1

ε pΛ, yq

and @x1 P Bpx, 1
ε q such that ψpgqx1 P Bpx, 1

ε q.

Definition 4.2. The equivariant, pointed Gromov–Hausdorff distance5 between two isom
etry groups of pointed spaces pΓ, X, xq and pΛ, Y, yq

deq-pGHppΓ, X, xq, pΛ, Y, yqq

is the infimum of ε for which there exists an equivariant ε-approximation from pΓ, X, xq

to pΛ, Y, yq and an equivariant ε-approximation from pΛ, Y, yq to pΓ, X, xq. A sequence 
of isometry groups of pointed spaces pΓn, Xn, xnq converges in the equivariant, pointed 
Gromov–Hausdorff sense to pΓ, X, xq if for every ε ą 0 there exists nε ě 0 such that if 
n ě nε then

deq-pGHppΓn, Xn, xnq, pΓ, X, xqq ă ε.

In this case we write pΓn, Xn, xnq ÝÑ 
eq-pGH

pΓ, X, xq.

For trivial groups Γ,Λ,Γn,Λn we recover the usual definition of pointed, Gromov--
Hausdorff distance and convergence (denoted dpGH and ÝÑ 

pGH
); moreover, for compact 

spaces with uniformly bounded diameter this reduces to the usual Gromov–Hausdorff 
distance (in the following, sometimes shortened GH-distance and denoted dGH).

In the sequel we will follow an equivalent approach which uses ultralimits, which is 
more adapted to our purposes. We will present it in the next subsection, and then recall 
the relations with the usual notion of Gromov–Hausdorff convergence, referring to [35] 
and [13]; see also [23], [16] for more details on ultralimits.

On the other hand, we will state our results in terms of Gromov–Hausdorff conver
gence, which is more commonly used in literature.

5 The definition is slightly different from the one in [28] and it might not define a true distance. However 
the two definitions are comparable and in particular they define the same convergence.
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4.1. Equivariant Gromov–Hausdorff convergence and ultralimits

A non-principal ultrafilter ω is a finitely additive measure on N such that ωpAq P t0, 1u

for every A Ď N and ωpAq “ 0 for every finite subset of N. We will write ω-a.s. or for 
ω-a.e.pjq in the usual measure theoretic sense. Given a bounded sequence pajq of real 
numbers and a non-principal ultrafilter ω there exists a unique a P R such that the set 
tj P N s.t. |aj ´ a| ă εu has ω-measure 1 for every ε ą 0 (cp. [23, Lemma 10.25]). The 
real number a is then called the ultralimit of the sequence aj and is denoted by ω-lim aj .

Fixing non-principal ultrafilter ω, for every sequence of pointed metric spaces pXj, xjq

one can define the ultralimit pointed metric space

pXω, xωq “ ω- limpXj , xjq

-- first, one says that a sequence pyjq, where yj P Xj for every j, is admissible if there 
exists M such that dpxj , yjq ď M for ω-a.e.pjq;
-- then, one defines pXω, xωq as set of admissible sequences pyjq modulo the relation 
pyjq „ py1

jq if and only if ω-lim dpyj , y
1
jq “ 0.

The point of Xω defined by the class of the sequence pyjq is denoted by yω “ ω-lim yj . 
Finally, the formula

dpω- lim yj , ω- lim y1
jq :“ ω- lim dpyj , y

1
jq

defines a metric on Xω which is called the ultralimit distance on Xω.
Using a non-principal ultrafilter ω, one can also talk of limits of isometries and of 

isometry groups of pointed metric spaces. A sequence of isometries gj of pointed metric 
spaces pXj , xjq is admissible if there exists M ě 0 such that dpgjxj , xjq ď M ω-a.s. 
Every such sequence defines a limit isometry gω “ ω-lim gj of Xω by the formula (see 
[23, Lemma 10.48]):

gωyω :“ ω- lim gjyj .

Finally, given a sequence of isometry groups of pointed spaces pΓj, Xj , xjq we can define 
the ultralimit group Γω “ ω- lim Γj as

Γω “ tω- lim gj s.t. gj P Γj for ω-a.e.pjqu

In particular the elements of Γω are ultralimits of admissible sequences.

Lemma 4.3 ([13], Lemma 3.7). The composition of admissible sequences of isometries is 
an admissible sequence of isometries and the limit of the composition is the composition 
of the limits.
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Therefore, one has a well-defined composition law on Γω: if gω “ ω-lim gj and hω “

ω-lim hj we set gω ˝ hω :“ ω- limpgj ˝hjq. With this operation Γω becomes a true group 
of isometries of Xω.

Notice that Γω depends, in general, on the chosen basepoints xj P Xj (since this 
choice selects the admissible isometries), and that if Xω is proper then Γω is always a 
closed subgroup of isometries of Xω [13, Proposition 3.8].

In conclusion, a non-principal ultrafilter ω being given, for every sequence of isometry 
groups of pointed spaces pΓj , Xj , xjq there exists an ultralimit isometry group of a pointed 
space

pΓω, Xω, xωq “ ω- limpΓj , Xj , xjq.

We now turn to the equivalence between the ultralimit approach and the best known 
notion of Gromov–Hausdorff convergence. The relation between the Gromov–Hausdorff 
convergence (simple, pointed, and equivariant) and the convergence via ultralimits theory 
is resumed by the following result:

Proposition 4.4 ([13, Proposition 3.13 & Corollary 3.14]). Let pΓj, Xj , xjq be a sequence 
of isometry groups of pointed spaces:

(i) if pΓj , Xj , xjq ÝÑ 
eq-pGH

pΓ8, X8, x8q, then pΓω, Xω, xωq – pΓ8, X8, x8q for every 

non-principal ultrafilter ω;
(ii) reciprocally, if ω is a non-principal ultrafilter and the ultralimit pXω, xωq is proper 

then pΓjk , Xjk , xjkq ÝÑ 
eq-pGH

pΓω, Xω, xωq for some subsequence tjku.

Moreover, if for every non-principal ultrafilter ω the ultralimit pΓω, Xω, xωq is equivari
antly isometric to the same isometry group of pointed space pΓ, X, xq, with X proper, 
then pΓj , Xj , xjq ÝÑ 

eq-pGH
pΓ, X, xq.

When restricted to the case Γj “ p1q for all j (resp. when the spaces Xj are compact), 
this statement also explains the standard relations between pointed Gromov–Hausdorff 
convergence (resp. simple Gromov–Hausdorff convergence) and ultralimit convergence, as 
studied for instance in [35]. In particular, this shows that if pXj , xjq ÝÑ 

pGH
pX8, x8q, then 

any family of isometry groups Γj ă IsompXjq (sub-)converges to some limit isometry 
group Γ8 of X8 with respect to the pointed, equivariant GH-convergence (since, for any 
choice of ω, the ultralimit Xω “ X8 is proper by (i), and then there exists pjkqkPN such 
that pΓjk , Xjk , xjkq ÝÑ 

eq-pGH
pΓω, Xω, xωq by (ii)).

A sequence pΓj , Xj , xjq is called D-cocompact if each Γj is D-cocompact, and uni
formly cocompact if it is D-cocompact for some D. It is not difficult to show that the 
ultralimit of a sequence of isometry groups of pointed spaces does not depend on the 
choice of the basepoints, if the isometry groups are uniformly cocompact:
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Lemma 4.5. Let pΓj , Xj , xjq be a sequence of isometry groups of pointed spaces, all 
D-cocompact, and let px1

jqjPN be a different sequence of basepoints. Then, for every 
non-principal ultrafilter ω, the ultralimit of pΓj , Xj , xjq is equivariantly isometric to the 
ultralimit of pΓj , Xj , x

1
jq.

Therefore, when considering the convergence of uniformly cocompact isometric ac
tions, we will often omit the basepoint, if unnecessary for our arguments. Finally, we 
remark that the equivariant pointed Gromov–Hausdorff convergence of a sequence of 
isometric actions with uniformly bounded codiameter implies the pointed Gromov--
Hausdorff convergence of the quotients.

Lemma 4.6 ([28, Theorem 2.1]). Let pΓj , Xjq be a sequence of D-cocompact isometry 
groups of pointed spaces. If pΓj , Xjq ÝÑ 

eq-pGH
pΓ8, X8q then ΓjzXj “: Mj ÝÑ

GH 
M8 :“

Γ8zX8.

Of course, even if the groups Γj are all discrete, the group Γ8 may be not discrete 
and the structure of the quotient Γ8zX8 is not clear at all.

4.2. Convergence of CATp0q-lattices

Our next goal is to explain what happens in our specific setting, where the Xj are 
all proper, geodesically complete CATp0q-spaces, and the Γj are uniformly cocompact. 
With this purpose, we now precisely define the following classes of isometry groups we 
are interested in:

- CAT0pD0q: this is the class of isometry groups of spaces pΓ, Xq where X is a proper, 
geodesically complete, CATp0q-space, and Γ is a D0-cocompact, lattice of X;

- CAT0pP0, r0, D0q: the subclass of CAT0pD0q made of the lattices pΓ, Xq such that 
X is, moreover, pP0, r0q-packed.

We will denote by 𝒪-CAT0pD0q, 𝒪-CAT0pP0, r0, D0q the respective classes of quotients 
M “ ΓzX: these are compact CATp0q-orbispaces, with pΓ, Xq respectively in CAT0pD0q

and CAT0pP0, r0, D0q.
We will say that a sequence of proper metric spaces Xj (and, by extension, a sequence 

of isometric actions pΓj , Xj , xjq) is uniformly packed if there exists pP0, r0q such that 
every Xj is pP0, r0q-packed. The proof of [13, Lemma 5.4] implies that

CAT0pD0q “
ď

P0,r0

CAT0pP0, r0, D0q.

More precisely, we have:
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Proposition 4.7. A subset ℱ Ď CAT0pD0q is precompact (with respect to the equivariant 
pointed Gromov–Hausdorff convergence) if and only if there exist P0, r0 ą 0 such that 
ℱ Ď CAT0pP0, r0, D0q.

Proof. The ``if'' direction follows from the fact that the class of proper, geodesically 
complete CATp0q-spaces which are pP0, r0q-packed is precompact,6 by [16, Theorem 6.4]: 
that is, every sequence of pointed spaces pXj , xjq in this class (sub)-convergences to some 
proper metric space pX8, x8q (which is still geodesically complete, CATp0q and pP0, r0q
packed). The conclusion then follows from the discussion after Proposition 4.4, showing 
that then any sequence of isometry groups Γj of the pointed spaces pXj , xjq subconverges 
in the pointed, equivariant GH-convergence to some isometry group Γ8 of pX8, x8q.

The other direction is provided by [13, Lemma 5.8], which shows that if pΓj , Xjq is a 
sequence of D0-cocompact isometry groups of spaces which converges in the equivariant 
pointed Gromov–Hausdorff sense to some isometry group pΓ8, X8q, then the sequence 
pΓj , Xjq is uniformly packed. l

Let us now consider a sequence of lattices pΓj , Xjq in CAT0pD0q, such that 
pΓj , Xjq ÝÑ 

eq-pGH
pΓ8, X8q. We will always denote by Mj “ ΓjzXj and M8 “ Γ8zX8

the quotient spaces. Our goal is to describe the limit group Γ8 acting on X8 and the 
quotient M8 “ Γ8zX8.

Definition 4.8 (Standard setting of convergence). We say that we are in the standard 
setting of convergence when we have a sequence of lattices pΓj , Xjq in CAT0pD0q such 
that pΓj , Xjq ÝÑ 

eq-pGH
pΓ8, X8q. Notice that, in this setting:

(i) we can always assume that the pΓj , Xjq’s belong to some CAT0pP0, r0, D0q, for some 
constants P0, r0 (by Proposition 4.7);

(ii) the limit space X8 is a proper, geodesically complete CATp0q-space which is still 
pP0, r0q-packed (since this class of spaces is closed under ultralimits and compact 
with respect to the pointed Gromov–Hausdorff convergence, by [16, Theorem 6.1]);

(iii) the limit group Γ8 may well be non-discrete, but it is always a closed subgroup 
of IsompX8q (as recalled after Lemma 4.3, by [13]), in particular M8 is always a 
genuine metric space;

(iv) the quotients Mj “ ΓjzXj ÝÑ
GH 

M8 “ Γ8zX8 (by Lemma 4.6).

6 And even compact, by Corollary 6.7 of [16], since the dimension of any such space is bounded by 
n0 “ P0{2.
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A note of attention should be put on (iv): the convergence of the quotient orbispaces 
Mj ÝÑ

GH 
M8 does not imply in general 7 the convergence of the isometry groups 

pΓj , Xjq ÝÑ 
eq-pGH

pΓ8, X8q (as this is false even for constant sequences, by Remark 2.1).
Moreover, we will say, for short, that we are in the nonsingular setting of convergence 

(resp. in the Lie setting) if each group Γj is nonsingular (resp. all isometry groups 
IsompXjq are Lie).

Finally, a sequence of lattices pΓj , Xjq ÝÑ 
eq-pGH

pΓ8, X8q in the standard setting of 

convergence (equivalently, the sequence of orbispaces Mj ÝÑ
GH 

M8) will be called:

- non-collapsing, if lim supjÑ`8 sys˛pΓj , Xjq ą 0;
- collapsing, if lim infjÑ`8 sys˛pΓj , Xjq “ 0.

These cases are not apparently mutually exclusive, but indeed they are. Actually, the 
two cases are respectively equivalent to the conditions that the dimension of the limit 
M8 “ Γ8zX8 equals the dimension of the quotients Mj or decreases, as we will prove 
in Subsection 4.6 (Theorem 4.16). This is a very intuitive but not trivial result, and will 
follow by a careful analysis of both the collapsed and non-collapsed case.

4.3. Convergence without collapsing

Theorem 4.9. Assume pΓj , Xjq ÝÑ 
eq-pGH

pΓ8, X8q in the standard setting, without collaps
ing. Then:

(i) the limit group Γ8 is closed and totally disconnected;
(ii) moreover, if all the groups Γj are nonsingular, then Γ8 is discrete and isomorphic 

to Γj for j big enough.

Further, the limit of the orbispaces Mj “ ΓjzXj is isometric to M8 “ Γ8zX8 and, in 
case (ii), Mj is equivariantly homotopy equivalent to M8 for j " 0.

Proof of Theorem 4.9. We choose a subsequence tjhu in such a way that 
limhÑ`8 sys˛pΓjh , Xjhq ą 0 exists, and we choose a non-principal ultrafilter ω with 
ωptjhuq “ 1. This is always possible since 𝒜 :“ tA P N : tjhu Ď Au is a filter in 
the sense of [20], so it is contained in an ultrafilter by [20, Theorem 7.1], which is 
non-principal since it contains infinite sets. Therefore we assume that

sys˛
pΓj , Xjq ě ε ą 0 for ω-a.e.pjq.

7 This is false even for sequences of Riemannian orbifolds with uniformly bounded sectional curvature, 
contrarily to what asserted in [28, Proposition 2.7] (where the non-collapsing assumption is forgotten). For 
instance, the product of a closed Riemannian manifold M “ ΓzX with a torus Tj “ ΓjzR2 converges to M
by taking Γj “ εjZ

2 with εj Ñ 0, but pΓ ˆ Γj , X ˆ R2
q does not converge to pΓ, Xq.
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By Proposition 4.4, it is enough to show the thesis for the ultralimit group Γω of Xω, 
which coincide respectively with Γ8 and X8.

By the remark (i) after 4.8, we may assume that all the pΓj, Xjq’s belong to the class 
CAT0pP0, r0, D0q, for suitable P0, r0, and that ε ď ε0. Let σ “ σP0,r0,D0p

ε 
4J0

q be the 
constant provided by Theorem 3.1.

By Lemma 4.5 the limit triple does not depend on the choice of the basepoints, so we 
may assume that the basepoints xj are those provided by Corollary 3.4(ii), that is the 
almost stabilizers Γσpxjq ă Γj fix the basepoint xj for ω-a.e.pjq. We have to show that 
Γ˝
ω “ tidu.
It is clear that if gω “ ω-lim gj P Σσ

2 pxωq then gj P Σσpxjq for ω-a.e.pjq. Therefore, 
gjxj “ xj by our choice of xj, so gωxω “ xω. Notice that the subset Σσ

2 pxωq Ă Γω

has non-empty interior: in fact, calling φxω
: Γω Ñ Xω the continuous map φxω

pgωq “

gωxω, the open set U “ φ´1
xω

pBpxω,
σ
2 qq is contained in Σσ

2 pxωq. Therefore U X Γ˝
ω is 

an open neighborhood of the identity in Γ˝
ω, and it generates Γ˝

ω; it then follows that 
xΣσ

2 pxωqy X Γ˝
ω “ Γ˝

ω. In particular every element of Γ˝
ω fixes xω. The set FixpΓ˝

ωq is 
convex, closed, non-empty and Γω-invariant because Γ˝

ω is a normal subgroup of Γω. 
The action of Γω on Xω is clearly D0-cocompact, hence minimal, so FixpΓ˝

ωq “ Xω and 
Γ˝
ω “ tidu. The facts that Γω is closed and that M8 is the limit of the Mj ’s are just the 

remarks (iii)&(iv) after Definition 4.8.
To prove part (ii) first recall that by Theorem 2.9, up to replacing ε with a smaller 

number (and possibly changing again the basepoint by Lemma 4.5), we also have 
syspΓj , xjq ě ε ą 0 for ω-a.e.pjq. It is then easy to deduce that syspΓω, xωq ě ε too 
(actually, if gω “ ω-lim gj is any element of Γω, then dpxj , gjxjq ě ε for ω-a.e.pjq, hence 
dpxω, gωxωq ě ε). Since Xω is proper, this is enough to show that Γω is discrete, because 
the orbit Γωxω is discrete and the stabilizer of xω is trivial.

Finally, choose D0 ă D ă D0 ` 1 such that dpxω, gωxωq ‰ 2D for all gω P Γω, 
and consider the generating sets Σj :“ Σ2Dpxjq and Σω :“ Σ2Dpxωq for Γj and Γω, 
respectively. It is classical that the spaces Xj and Xω are respectively quasi-isometric 
to the Cayley graphs of CaypΓj ,Σjq and CaypΓω,Σωq with the respective word metrics 
dΣj

and dΣω
, namely

1 
2D ¨ dpgxj , g

1xjq ď dΣj
pg, g1

q ď
1 

2pD ´ D0q
dpgxj , g

1xjq ` 1

and analogously for dΣω
and Xω. From this, one can prove exactly as in [13, Proposition 

7.6] that

`

CaypΓω,Σωq, tidu
˘

“ ω- lim
`

CaypΓj ,Σjq, tidu
˘

.

But, since by Theorem 2.10 we only have finitely many marked groups pΓj ,Σjq, this 
clearly implies that the pΓj ,Σjq’s must be all isomorphic for j big enough, in particular 
isomorphic to pΓω,Σωq.
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The second to last assertion follows from the fact that the class of proper, geodesically 
complete, pP0, r0q-packed, pointed CATp0q-spaces pXj , xjq is closed under ultralimits (see 
[16, Theorem 6.1]) and from Lemma 4.6; clearly, the diameter of the limit ΓωzXω is still 
bounded by D0.

Finally, by [19, Theorem 5.4], any isomorphism φj : Γj Ñ Γω between nonsingular 
uniform CATp0q-lattices can be upgraded to φ-equivariant homotopy equivalence fj :
Xj Ñ Xω, which proves that Mj and Mω are equivariantly homotopy equivalent. l

4.4. Convergence with collapsing

Theorem 4.10. Assume pΓj , Xjq ÝÑ 
eq-pGH

pΓ8, X8q in the standard setting, with collapsing, 
and let Γ˝

8 be the identity component of Γ8. Then:

(i) X8 splits isometrically and Γ8-invariantly as X 1
8 ˆ Rℓ, for some ℓ ě 1;

(ii) Γ˝
8 “ tidu ˆ TranslpRℓq, and X 1

8 “ Γ˝
8zX8.

The space X 1
8 is proper, geodesically complete, pP0, r0q-packed and CATp0q. The orbis

paces Mj “ ΓjzXj converge to M8 “ Γ8zX8, which is isometric to the quotient of X 1
8

by the closed, totally disconnected group Γ1
8 :“ Γ8{Γ˝

8.

Recall that all the spaces under consideration, being pP0, r0q packed, have dimension at 
most n0 “ P0{2, by Proposition 2.5. Also, recall the constant J0 introduced in Section 3.1, 
which bounds the index of the canonical lattice ℒpGq in any crystallographic group G of 
Rk, for k ď n0.

To prove Theorem 4.10, we will use the following general fact, whose proof is straight
forward and left to the reader:

Lemma 4.11. Let pΓj , Xj , xjq, pΓ1
j , X

1
j , x

1
j , q be two sequences as above, ω be a non

principal ultrafilter. Then the ultralimit of pΓj ˆ Γ1
j , Xj ˆ X 1

j , pxj , x
1
jqq is equivariantly 

isometric to pΓω ˆ Γ1
ω, Xω ˆ X 1

ω, pxω, x
1
ωqq.

We will also need the following, whose proof is included for completeness:

Lemma 4.12. Let A be a closed subgroup of translations of IsompRkq. Then A – Rℓ ˆZd

with ℓ ` d ď k. Moreover, there is a corresponding A-invariant metric factorization of 
Rk as Rℓ ˆ Rk´ℓ, such that the connected component A˝ – Rℓ can be identified with 
TranslpRℓq.

Proof. The group A may be identified with a subset V of Rk by identifying each trans
lation with its translation vector. Consider the connected component A˝ of the identity 
of A: it is a closed, abelian, connected subgroup of Rk. Hence, it is isomorphic to Rℓ for 
some ℓ, being the image of the exponential of a Lie subalgebra of Rn, which is a group 
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isomorphism. Hence, V is a vector subspace. We can split Rk isometrically as V ‘ V K, 
where V K is the orthogonal complement of V . Since A acts by translations, each isom
etry a P A can be decomposed as pa1, a2q, with a1 P V and a2 P V K. Notice that the 
isometry pid, a2q P A because the action of A˝ on V is transitive; so, if pa1, a2q P A, 
also the isometry pa1, idq belongs to A. In other words, A “ A˝ ˆ A K, where AK is the 
projection of A on IsompV Kq. Since A is closed, AK is closed too. So AK “ A{A˝ is a 
closed, totally disconnected subgroup of isometries of Rk, so a Lie group, hence discrete 
and free abelian. Thus, it is isomorphic to some Zd with d ď k ´ ℓ, acting on the factor 
Rk´ℓ. l

Proof of Theorem 4.10. As we did in the proof of Theorem 4.9 we choose a non-principal 
ultrafilter ω such that ω-lim sys˛pΓj , Xjq “ 0, and by Proposition 4.4 it is enough to show 
the thesis for the ultralimit pΓω, Xωq “ pΓ8, X8q. Again, by remark (i) after 4.8, we may 
assume that all the pΓj , Xjq’s belong to CAT0pP0, r0, D0q, for some constants P0, r0.

By our choice of the ultrafilter ω, we have sys˛pΓj , Xjq ď σ˚
0 for ω-a.e.pjq, where 

σ˚
0 “ σP0,r0,D0pε0q is the constant provided by Theorem 3.1 for ε “ ε0, the Margulis 

constant; so Xj splits as Yj ˆRkj with kj ě 1 for ω-a.e.pjq. By Lemma 4.5 the limit does 
not depend on the choice of the basepoints, so we can assume that the basepoints are the 
points xj “ pyj , vjq provided by Proposition 3.2, that is such that Γσ˚

0
pxjq preserves the 

slice tyju ˆ Rkj . Moreover, if kω “ ω-lim kj , we have kj “ kω for ω-a.e.pjq and kω ď n0.

Now, choose a positive ε ď
1
2 min

"

σ˚
0 ,

c

2 sin
´

π
J0

¯

*

Then, by Lemma 2.8, we deduce 

that every element g of a crystallographic group of Rk, for k ď n0, moving every point 
of BRkpO, 1 

2ε q less than 2ε is a translation. We consider the open subset of Γω defined 
by

Upxω, εq :“
␣

gω P Γω s.t. dpyω, gωyωq ă ε for all yω P BXω
pxω, 1{εq

(

.

Since xUpxω, εqy is an open subgroup of Γω containing the identity, we have xUpxω, εqy X

Γ˝
ω “ Γ˝

ω, for every ε ą 0. Remark that if gω “ ω-lim gj is in Upxω, εq, then for ω-a.e.pjq

the isometry gj belongs to

Upxj , 2εq :“
␣

gj P Γj s.t. dpyj , gjyjq ă 2ε for all yj P BXj
pxj , 1{p2εqq

(

.

Every element gj P Upxj , 2εq belongs to Γσ˚
0

pxjq since 2ε ď σ˚
0 , therefore it acts on 

Xj “ Yj ˆ Rkω as gj “ pg1
j , g

2
j q, where g1

j fixes yj (because of our choice of basepoints); 
moreover, g2

j is a global translation of Rkω , since it moves the points of BRkω pO, 1 
2ε q

less than 2ε. An application of Lemma 4.11 says that also Xω splits isometrically as 
Yω ˆ Rkω , where Yω is the ultralimit of the pYj , yjq’s. Moreover clearly Γω preserves 
the product decomposition. In particular every element of gω P Γ˝

ω can be written as 
a product uωp1q ¨ ¨ ¨uωpnq, with each uωpkq in Upxω, εq; as uωpkq “ ω-lim ujpkq with 
ujpkq “ pujpkq1, ujpkq2q P Upxj , 2εq, where ujpkq1 fixes yj and ujpkq2 is a translation, it 
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follows that also gω can be written as pg1
ω, g

2
ωq P IsompYωq ˆ IsompRkω q where g1

ωyω “ yω
and g2

ω is a global translation (being the ultralimit of Euclidean translations).
Let us call p : Γω Ñ IsompYωq the projection map. The group ppΓ˝

ωq is normal in 
ppΓωq. The set of fixed points FixpppΓ˝

ωqq is closed, convex, non-empty and ppΓωq
invariant (since ppΓ˝

ωq is normal in ppΓωq). Since Γω is clearly D0-cocompact, so it is 
ppΓωq. Then the action of ppΓωq on Yω is minimal (cp. [11, Lemma 3.13]) which im
plies that FixpppΓ˝

ωqq “ Yω, that is ppΓ˝
ωq “ tidu. We conclude that Γ˝

ω is a connected 
subgroup of tidu ˆ TranslpRkω q. Moreover, it is closed since Γω is closed, as recalled in 
Definition 4.8.(iii).

By Lemma 4.12, Rkω splits isometrically as Rℓ ˆ Rkω´ℓ and Γ˝
ω can be identified 

with the subgroup of translations of the factor Rℓ, for some ℓ ď kω. Setting X 1
ω :“

pYω ˆRkω´ℓq, this is still a proper, geodesically complete, pP0, r0q-packed, CATp0q-space, 
and clearly X 1

ω “ Γ˝
ωzXω. Notice that, since Γ˝

ω is normal in Γω, then the splitting 
Xω “ X 1

ω ˆ Rℓ is Γω-invariant.
Let us now show that Γ˝

ω is non-trivial, hence ℓ ě 1. Actually, if Γ˝
ω was trivial then Γω

would be totally disconnected, and by [9, Corollary 3.3], we would have sys˛pΓω, Xωq ą 0. 
However, we are able to construct hyperbolic isometries of Γω with arbitrarily small 
translation length, which will prove that Γ˝

ω is non-trivial. Indeed, fix any λ ą 0 and 
an error δ ą 0. By the collapsing assumption we can find hyperbolic isometries gj P Γj

with ℓpgjq ď δ, for ω-a.e.pjq. By D0-cocompactness, up to conjugating gj we can suppose 
gj has an axis at distance at most D0 from xj . Take a power mj of gj such that λ ă

ℓpg
mj

j q ď λ` δ. Then, the sequence pgmj

j q is admissible and defines a hyperbolic element 
of Γω whose translation length is between λ and λ ` δ. By the arbitrariness of λ and δ
we conclude.

Finally, the quotients Mj “ ΓjzXj converge to M8 “ Γ8zX8 “ ΓωzXω, by the 
remark (iv) after 4.8 and ΓωzXω “ pΓω{Γ˝

ωqzpΓ˝
ωzXωq “ Γ1

ωzX 1
ω. It is easy to see that 

the totally disconnected group Γω{Γ˝
ω is closed as a subgroup of IsompX 1

ωq. l

Remark 4.13. In full generality, the conclusion of Theorem 4.10 cannot be improved 
saying that the totally disconnected group Γ8{Γ˝

8 is discrete. Indeed, let pXj ,Γjq be the 
sequence considered in the Example 3.6, where none of the groups Γj have non-trivial, 
abelian, virtually normal subgroups. The sequence converges in the pointed equivariant 
Gromov–Hausdorff sense to a limit isometric action pX8,Γ8q, where X8 “ R2 ˆ T and 
the connected component of Γ8 is Γ˝

8 “ TranslpR2q ˆ tidu, so X 1
8 “ T . The group 

Γ8{Γ˝
8, acting on T , contains the infinite order, elliptic isometries induced by a and b, 

so it is not discrete. In particular Γ8 is not a Lie group.
On the other hand observe that, in general, if Γ8 is a Lie group, then one can use 

the same proof of [49, Lemma 58] to produce a non-trivial, nilpotent, normal subgroup 
of Γj , for j big enough. This means that the existence of non-trivial, nilpotent, normal 
subgroups in Γj for j big enough, and the corresponding splitting of the groups Γj, is 
strictly related to the structure of the limit group.
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In Section 4.7 we will see a more precise relation between the metric limit M8 and the 
approximants Mj in the standard, nonsingular setting of convergence in the collapsing 
case, provided that the isometry groups IsompXjq are Lie.

4.5. Riemannian limits

Recall that every Riemannian, geodesically complete CATp0q-space X is a Hadamard 
manifold, i.e. a complete simply connected manifold with nonpositive sectional curvature. 
If the limit M8 of a sequence of CATp0q-orbispaces is a Riemannian manifold, then the 
equivariant homotopy equivalence between Mj and M8 of Theorem 4.9 can be promoted 
to homeomorphism.

For this, we need the following preliminary fact:

Theorem 4.14. Let X be a n-dimensional Hadamard manifold. There exists ε “

εpX,D0q ą 0 such that if a proper, geodesically complete, D0-cocompact CATp0q-space 
X 1 satisfies

dp-GHppX,xq, pX 1, x1
qq ă ε

(for some choice of basepoints x, x1) then X 1 is a topological manifold.

Proof. Take a sequence of (proper, geodesically complete) pointed CATp0q-spaces 
pXj , xjq admitting D0-cocompact lattices Γj , and converging in pointed GH-distance 
to a Hadamard manifold pX,xq. Since pXj , xjq ÝÑ 

pGH
pX,xq, then (up to a subsequence) 

we may assume that the lattices pΓj, Xjq converge to some D0-cocompact (possibly non
discrete) isometry group Γ of X. Then, by Proposition 4.7, the lattices pΓj, Xjq belong 
to CAT0pP0, r0, D0q, for some P0 and r0.

Moreover, by D0-cocompactness, the distance of xj to the stratum Xnj

j of Xj of 
maximal dimension is uniformly bounded above; then, the dimension of Xj is exactly n
for j " 0, by [16, Proposition 6.5].

Now, using the terminology of [42], every point of X is pn, 0q-strained. Then, we set 
δ :“ 1 

50n2 and we claim that every point of Bpxj , 2D0q is pn, δq-strained if j is larger 
than some constant jδ. Actually, suppose that we could find a sequence of points pyjqjPN , 
each one in Bpxj , 2D0q, not pn, δq-strained. This sequence defines a point y P X, which 
is pn, 0q-strained and in particular also pn, δq-strained. Since all the balls Bpxj , 2D0q

are uniformly packed, we can use [42, Lemma 7.8] to deduce that also the points yj
would be pn, δq-strained, a contradiction. So, the fact that all points of Bpxj , 2D0q are 
pn, δq-strained implies that Bpxj , 2D0q is locally biLipschitz homeomorphic to Rn by 
[42, Corollary 11.8]. In particular, Bpxj , 2D0q is a topological manifold, and by D0
cocompactness we conclude that the whole Xj are topological manifolds. l

Corollary 4.15. Let pΓ, Xq be a torsionfree, uniform lattice of a Hadamard manifold. 
Then, there exists ε “ εpΓ, Xq ą 0 such that the following holds: for every other CATp0q
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lattice pΓ1, X 1q, if deq-pGHppΓ, Xq, pΓ1, X 1qq ă ε then M 1 “ Γ1zX 1 is homeomorphic to 
M “ ΓzX.

Proof. Let D0 “ diampΓzXq and suppose, by contradiction, that there exists a sequence 
of lattices pΓj , Xjq converging to pΓ, Xq, with Mj “ ΓjzXj not homeomorphic to M . 
Then, diampΓjzXjq ď 2D0 definitely, and by Proposition 4.7 the pΓj , Xjq’s and their 
limit pΓ, Xq belong to CAT0pP0, r0, 2D0q, for some P0 and r0. Since the limit group is 
discrete by assumption, we deduce that we are in the noncollapsing setting, by Theo
rem 4.10. Moreover, by Theorem 4.14, we know that the Xj’s are topological manifolds 
for j " 0, thus we are in the nonsingular setting of convergence. Then, by Theorem 4.9, 
we conclude that Γj is isomorphic to Γ for j " 0, in particular Γj is torsion-free as well. 
It follows that the Mj ’s are locally CATp0q-spaces which converge in the GH-distance 
to the Riemannian manifold M . Since we are in the noncollapsing case, the injectiv
ity radius of all the spaces Mj is uniformly bounded away from zero: then, applying 
[44, Theorem 1.8] (with δ that can be taken arbitrarily small since M is a Riemannian 
manifold), implies that Mj is homeomorphic to M for j " 0. l

The last step of the proof can be replaced by applying the Borel Conjecture for 
CATp0q-groups, see [4], in dimension different from 4.

4.6. Limit dimension and limit Euclidean factor

If a metric space X P CAT0pP0, r0, D0q then dimpXq ď n0 “ P0{2, by Proposition 2.5. 
Moreover, if pXj , xjq ÝÑ 

pGH
pX8, x8q then, by [16, Theorem 6.5]

dimpX8q ď lim inf
jÑ`8 

dimpXjq.

The following theorem precisely relates the collapsing (as defined in 4.8) in the standard 
setting of convergence to the dimension of the limit quotients, and is a direct consequence 
of the convergence Theorems 4.9 & 4.10.

Theorem 4.16 (Characterization of collapsing). Let pΓj , Xjq P CAT0pD0q be a sequence 
of lattices converging in the pointed equivariant GH-distance to pΓ8, X8q, and let Mj “

ΓjzXj, M8 “ Γ8zX8. Then:

(i) the sequence is non-collapsing if and only if TDpM8q “ limjÑ`8 TDpMjq;
(ii) the sequence is collapsing if and only if TDpM8q ă limjÑ`8 TDpMjq.

Moreover, in the above characterizations, the topological dimension TD can be replaced 
by the Hausdorff dimension HD.
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We just need the following additional fact in order to establish the persistence of the 
dimension.

Lemma 4.17. Let X be a proper, geodesically complete, CATp0q-space and Γ ă IsompXq

be closed, cocompact and totally disconnected. Then the quotient metric space M “ ΓzX

satisfies

HDpMq “ HDpXq “ TDpXq “ TDpMq.

Proof. The quotient map p : X Ñ M is open because it is the quotient under a group 
action. Moreover the fiber p´1prysq is discrete for all rys P M . Indeed, suppose there 
are points gjy accumulating to x P X, with gj P Γ. By Ascoli-Arzelà we can extract 
a subsequence, which we denote again pgjq, converging to g8 P Γ with respect to the 
compact-open topology. Since X is geodesically complete, then the stabilizer StabΓpyq

is open (see [11, Theorem 6.1]). In particular, g´1
8 gjy “ y and we have gjy “ g8y for 

j " 0. This shows that the fibers are discrete. Then, by [25, Theorem 1.12.7], we deduce 
that TDpXq “ TDpMq. On the other hand, since the projection p is 1-Lipschitz, we 
have HDpMq ď HDpXq. Moreover, HDpXq “ TDpXq because of [42, Theorem 1.1]. As 
TDpMq ď HDpMq always holds, we get

TDpMq ď HDpMq ď HDpXq “ TDpXq “ TDpMq. l

Proof of Theorem 4.16. As the groups are all D0-cocompact, by [16, Proposition 6.5] we 
have

TDpX8q “ HDpX8q “ lim 
jÑ`8

HDpXjq “ lim 
jÑ`8

TDpXjq,

so the limit exists. Moreover, TDpMjq “ HDpMjq “ TDpXjq “ HDpXjq for every j by 
Lemma 4.17. Therefore, we also have

TDpX8q “ HDpX8q “ lim 
jÑ`8

HDpMjq “ lim 
jÑ`8

TDpMjq.

Suppose first that the sequence is non-collapsing. In this case M8 is isometric to the 
quotient of X8 by a closed, cocompact, totally disconnected group by Theorem 4.9. 
Hence TDpM8q “ TDpX8q “ limjÑ`8 TDpMjq by Lemma 4.17, and similarly for the 
Hausdorff dimension.

Suppose now that the sequence is collapsing. Theorem 4.10 says that M8 is the 
quotient of a proper, geodesically complete, CATp0q-space X 1

8 of dimension strictly 
smaller than the dimension of X8, by a closed, cocompact, totally disconnected group. 
Again Lemma 4.17 then implies that

TDpM8q “ HDpM8q ă HDpX8q “ TDpX8q “ lim 
jÑ`8

TDpMjq
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and similarly for the Hausdorff dimension. l

Notice that since we proved that limjÑ`8 TDpMjq exists, Theorem 4.16 excludes 
sequences pΓj , Xj , xjq converging with mixed behavior (that is, such that along some sub
sequence the convergence is collapsed, and along other subsequences it is non-collapsed).

Another consequence of the analysis of convergence in the nonsingular setting, com
bined with the renormalization Theorem 3.5, is the persistence of the Euclidean factor 
at the limit:

Corollary 4.18 (Euclidean factor of limits). Let pΓj , Xjq Ď CAT0pD0q be a sequence of 
nonsingular lattices converging to pΓ8, X8q, and let kj be the dimension of the Euclidean 
factor of Xj. Then k8 :“ limjÑ`8 kj exists and equals the dimension of the Euclidean 
factor of X8.

Proof. By Proposition 4.4 it is sufficient to prove that for every non-principal ultrafilter 
ω the ultralimit kω “ ω-lim kj is the same and equals the dimension of the Euclidean 
factor of Xω. By the renormalization Theorem 3.5 and by Theorem 2.9, up to passing 
to an action of the groups Γj on new spaces X 1

j we may assume that the sequence is 
non-collapsing. Notice that this does not change the isometry type of the limit space Xω

because the spaces X 1
j provided by the renormalization Theorem 3.5 are isometric to Xj . 

Then, we can apply the convergence Theorem 4.9 and deduce that the limit group Γω is 
discrete (and cocompact). Now, by [12, Theorem 2], for any CATp0q-space X possessing 
a discrete, cocompact group Γ, the Euclidean rank coincides with the maximum rank of 
a free abelian commensurated subgroup A ă Γ. But this maximum rank is stable under 
ultralimits in the standard, nonsingular setting of convergence without collapsing, since 
by Theorem 4.9 the groups Γj are all isomorphic to Γω for j " 0. l

If the quotient spaces Mj “ ΓjzXj , M8 “ Γ8zX8 split (or virtually split) metri
cally maximal dimensional tori Tkj and Tk8 , the dimension k8 of the limit tori in the 
collapsing case is generally different to the limit of the kj ’s.

4.7. Collapsing when the isometry groups are Lie

We prove here the convergence Theorem C stated in the introduction, where we sup
pose to have a converging sequence of nonsingular CATp0q-orbifolds Mj “ ΓzXj where 
all the groups IsompXjq are Lie. This includes, for instance, all collapsing sequences 
of nonpositively curved Riemannian manifolds or, more generally, of CATp0q-homology 
manifolds.

For the proof, we need the following

Lemma 4.19. Let pΓj , Xj , xjq be a sequence of isometry groups of pointed spaces, and 
let ω be a non-principal ultrafilter. If Γ̌j are subgroups of Γj of index rΓj : Γ̌js ď I for 
ω-a.e.pjq, then rΓω : Γ̌ωs ď I.
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Proof. Suppose to find gω,1, . . . , gω,I`1 P Γω such that gω,mΓ1
ω ‰ gω,nΓ1

ω for all different 
m,n P t1, . . . , I`1u. We write gω,m “ ω-lim gj,m. We can find different m,n P t1, . . . , I`

1u such that g´1
j,mgj,n P Γ1

j for ω-a.e.pjq. By definition this implies that g´1
ω,mgω,n P Γ1

ω, a 
contradiction. l

Theorem G. Assume that a sequence of nonsingular lattices pΓj, XjqjPN Ď CAT0pD0q

converge collapsing to pΓ8, X8q, and that the groups IsompXjq are Lie. Let Xj “ Yj ˆRj

be the canonical splitting of the Euclidean factor of Xj, let X8 “ X 1
8 ˆRℓ be the splitting 

given by Theorem A, with ℓ “ dimpΓ˝
8q ě 1, and let k8 “ limj kj ě ℓ be the dimension 

of the Euclidean factor of X8. Then:

-- the lattice Γj has a normal subgroup of finite index Γ̌j splitting as Γ̌Yj
ˆ Zkj ;

-- the orbispace Mj “ ΓjzXj virtually splits as Ňj ˆ T
kj

j , where Ňj “ ΓYj
zYj is a 

nonsingular CATp0q-orbispace and Tkj “ Zkj zRkj is a flat torus.

Moreover:

(i) the Ňj’s converge non-collapsing to a nonsingular orbispace Ň8;
(ii) the tori Tkj converge to a flat torus Tk1

8, with k1
8 “ k8 ´ ℓ;

(iii) the Mj’s converge to the nonsingular orbispace M8 “ Γ1
8zX 1

8, where Γ1
8 “ Γ8{Γ˝

8

is discrete;
(iv) M8 is the quotient of Ň8 ˆ Tk1

8 by a finite group of isometries Λ8.

Finally, if pΓ8, X8q P CAT0pP0, r0, D0q and pΓ̌Y8 , Y8q is the limit of the pΓ̌Yj
, Yjq’s, 

then sys˛pΓ̌Y8 , Y8q ě σ˚
0 pP0, r0, D0q and |Λ8| ď I0pP0, r0, D0q.

Proof. Let ω be any non-principal ultrafilter, and let pΓω, Xωq be the ultralimit of the 
pΓj , Xjq’s. We know that ω-lim sys˛pΓj , Xjq “ 0. Therefore, the first assertion about 
Mj follows from Theorem 3.7: for j " 0, the space Xj splits as Yj ˆ Rkj , where Rkj

is the Euclidean factor, and there is a normal subgroup Γ̌j “ Γ̌Yj
ˆ Zkj Ÿ Γj of index 

rΓj : Γ̌js ď I0 such that M̌j “ Γ̌jzXj “

´

Γ̌Yj
zYj

¯

ˆ
`

Zkj zRkj
˘

“ Ňj ˆ Tkj and 

sys˛pΓ̌Yj
, Yjq ě σ˚

0 .
Let pΓ̌ω, Xωq, pΓ̌Yω

, Yωq and pAω,Rkω q be the ultralimits of the groups Γ̌j , Γ̌Yj
and Zkj

acting respectively on Xj , Yj and Rkj . By Lemma 4.11 we have corresponding splittings 
Xω “ Yω ˆ Rkω and Γ̌ω “ Γ̌Yω

ˆ Aω, with kω “ ω-lim kj ; moreover, by Corollary 4.18, 
kω “ k8 is the dimension of the Euclidean factor of Xω.

The groups Γ̌Yj
act nonsingularly without collapsing on Yj by Theorem 3.7, which 

implies that Γ̌Yω
acts discretely on Yω, by Theorem 4.9(ii). Therefore, the Ňj ’s converge 

without collapsing to a nonsingular orbispace Ňω “ Γ̌Yω
zYω. This proves (i).

Moreover, since rΓj : Γ̌js ď I0, Lemma 4.19 implies that rΓω : Γ̌ωs ď I0 too. There
fore the subgroup Γ̌ω is open in Γω and Γ̌˝

ω “ Γ˝
ω “ Rℓ, where ℓ ě 1 is provided by 

Theorem 4.10. On the other hand, Aω is closed as recalled after Lemma 4.3 acts co
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compactly by translations on Rkω , so Lemma 4.12 implies that Aω is isomorphic to the 
group Zkω´ℓ1

ˆRℓ1 acting on Rkω – Rkω´ℓ1
ˆRℓ1 , for some ℓ1 ě 0. As Γ̌Yω

acts discretely 
on Yω, it follows that Γ̌˝

ω “ A˝
ω “ Rℓ1 , therefore ℓ “ ℓ1.

Moreover, since the groups Zkj converge to Aω “ Zkω´ℓ ˆ Rℓ, and the factors act 
separately by translations on the factors Rkω´ℓ and Rℓ of Rkω , it is clear from Lemma 4.6
that the tori Tkj “ Zkj zRkj converge to the limit torus Zkω´ℓzRkω´ℓ “ Tkω´ℓ. This 
proves (ii).

Now, the group Γ̌1
ω :“ Γ̌ω{Γ̌˝

ω “ Γ̌Yω
ˆ Zkω´ℓ has index ď I0 in Γ1

ω “ Γω{Γ˝
ω; and, 

since the first one is discrete, it follows that also Γ1
ω is discrete. By Theorem 4.10 it 

follows that the spaces Mj converge to Mω “ Γ1
ωzX 1

ω, where X 1
ω “ Γ˝

ωzXω, hence Mω is 
a nonsingular orbispace, proving (iii).

Finally, remark that since Γ̌j is normal in Γj for all j, then Γ̌ω is normal in Γω (cp. 
[18, Lemma 6.14.(iii)]), and in turns this implies that Γ̌1

ω Ÿ Γ1
ω. Therefore, this space Mω

is the quotient of M̌ω :“ Γ̌1
ωzX 1

ω by the group Λω “ Γ1
ω{Γ̌1

ω which has cardinality ď I0.
Moreover Yω has no Euclidean factors because of Corollary 4.18, so sys˛pΓ̌Yω

q ě σ˚
0

by Theorem 3.7. This proves (iv). l

As a result of the convergence results proved in this section, we obtain the compactness 
Theorem D for CATp0q-homology orbifolds. Recall the class ℋ𝒪-CAT0pP0, r0, D0q de
fined in the introduction, consisting of all the quotients M “ ΓzX with pΓ, Xq belonging 
to CAT0pP0, r0, D0q, where X is supposed, in addition, to be a homology manifold.

Theorem H. For all fixed P0, r0 and D0, the class ℋ𝒪-CAT0pP0, r0, D0q is compact with 
respect to the Gromov–Hausdorff topology.

Proof. Let Mj “ ΓjzXj be a sequence in ℋ𝒪-CAT0pP0, r0, D0q. Since the Xj are 
homology manifolds, then Γj is nonsingular and IsompXjq is a Lie group for every 
j, as recalled in Section 2.5 and by Proposition 2.4. By [16, Theorem 6.1], the class 
CAT0pP0, r0, D0q is compact with respect to the Gromov–Hausdorff convergence. More
over, if pXj , xjq ÝÑ 

pGH
pX8, x8q, then X8 is again a homology manifold, by [41, Lemma 

3.3].
Now, by Theorem 4.16, the sequence pΓj , Xjq is either non-collapsing, or collapsing. In 

the first case, by Theorem 4.9 the quotients Mj converge to some space M8 “ Γ8zX8, 
for a discrete subgroup Γ8 of IsompX8q, hence it belongs to ℋ𝒪-CAT0pP0, r0, D0q. 
In the second case, the Mj’s converge to a lower dimensional limit space M8, which by 
Theorem C is isometric to the quotient of the space X 1

8 (a proper, geodesically complete, 
pP0, r0q-packed CATp0q-space, by Theorem 4.10) by the discrete, D0-cocompact group 
Γ1

8. Moreover, if X8 “ Y8 ˆ Rk8 is the splitting of the Euclidean factor, we have 
X 1

8 “ Y8ˆRk8´ℓ by the proof of Theorem 4.10 and by Corollary 4.18. By the Kunneth’s 
formula it then follows that Y8, and in turn X 1

8, are homology manifolds; therefore, M8

still belongs to ℋ𝒪-CAT0pP0, r0, D0q. l
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4.8. Isolation of Euclidean spaces and entropy rigidity

In this section we prove the rigidity and pinching Theorems E & F stated in the 
introduction.

Theorem I. There exists ε “ εpD0, nq ą 0 such that every D0-cocompact, geodesically 
complete CATp0q-space X satisfying dpGHpX,Rnq ă ε is isometric to Rn.

Proof. If the thesis is false, there exists a sequence of lattices pΓj, Xjq P CAT0pD0q such 
that the Xj ’s converge to Rn in the pointed GH-distance, but with Xj not isometric to 
Rn for every j. By Propositions 4.4 and 4.7, there exist P0, r0 ą 0 such that pΓj , Xjq P

CAT0pP0, r0, D0q for all j, and, up to extracting a subsequence, we may assume that 
the sequence pΓj , Xjq converges in the equivariant pointed GH-distance to pΓ,Rnq for 
some closed subgroup Γ ă IsompRnq. By the renormalization procedure of Theorem 3.5, 
which does not change the isometry type of the spaces Xj and keeps the diameter of 
the quotients ΓjzXj bounded by Δ0, we may assume that the sequence is noncollapsing. 
Moreover, the spaces Xj are topological manifolds for j " 0, by Corollary 4.14. Therefore 
we are in the nonsingular, non-collapsed setting of convergence, and we deduce from 
Theorem 4.9(ii) that the limit Γ is discrete, and Γj is isomorphic to Γ for j " 0. In 
particular Γj is virtually abelian of rank n. Then, [1, Corollary C] says that Xj is 
isometric to Rn, leading to the contradiction. l

We conclude by proving Theorem F. The idea is that, if we assume to have a sequence 
of uniformly packed and uniformly cocompact CATp0q-spaces with smaller and smaller 
entropy, we can pass to the limit and, by a continuity argument, deduce that the entropy 
of the limit is zero; we then conclude again from [1, Corollary C], saying that a space 
with zero entropy has to be flat. However, the continuity argument is delicate: it is 
known in some cases, under the assumption that the group actions are torsion-free (see 
[47, Proposition 38] and [13]). Here we will use a continuity result (Proposition A.1) for 
the entropy of spaces admitting nonsingular lattices, possibly with torsion, which will 
be proved in the Appendix, bypassing the techniques of [47] and working directly at the 
level of universal covers.

Theorem J. There exists h “ hpP0, r0, D0q ą 0 with the following property: for 
any geodesically complete CATp0q-space X which is pP0, r0q-packed and admits a D0
cocompact, discrete, nonsingular lattice, if EntpXq ă h then X is isometric to Rn, for 
some n.

Proof. Reasoning by contradiction, assume that there exists a nonsingular sequence 
pΓj , Xjq P CAT0pP0, r0, D0q such that EntpXjq Ñ 0 but Xj is not flat for every j, and (up 
to a subsequence) let pΓ8, X8q be the limit. After the renormalization of the Xj’s given 
by Theorem 3.5, which does not affect the packing constants and keeps the diameters 
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of ΓjzXj uniformly bounded by a constant Δ0 “ Δ0pP0, D0q, we may assume that the 
sequence is noncollapsing. Moreover, by definition, the renormalization does not change 
the entropy of Xj either (as the renormalized spaces are isometric to Xj). Therefore we 
are in the noncollapsing, nonsingular setting, so we deduce from Theorem 4.9 that the 
limit group Γ8 is still discrete, nonsingular and isomorphic to Γj for j " 0. Better, by 
Proposition 2.9 we can choose basepoints xj P Xj such that syspΓj , xjq (not only the 
free-systoles) are all larger than some constant s1

0 “ s1
0pP0, r0,Δ0q ą 0, and the same 

lower bound on the systole passes to the limit at a limit basepoint x8 P X8. We are now 
in position to apply Proposition A.1 to infer that EntpX8q “ limjÑ`8 EntpXjq “ 0. 
This implies that Γ8 has subexponential growth. Indeed, the exponential growth rate of 
Γ8 coincides with EntpX8q, as follows by the proof of [13, Proposition 5.7], and the latter 
is zero. Hence Γ8 is amenable, so it is Γj for j " 0. Therefore Xj , for j " 0, is isometric 
to some Euclidean space Rn by [1, Corollary C], which gives the contradiction. l

Appendix A. Continuity of entropy under GH-approximations

Proposition A.1. There exists ε “ εps0, D0, δq ą 0 such that if Γ and Γ1 are D0-lattices 
of proper, geodesic, simply connected spaces X,X 1 respectively, with mintsyspΓ, xq, 
syspΓ1, x1qu ě s0 and deq-pGHppΓ, X, xq, pΓ1, X 1, x1qq ă ε then

ˇ

ˇ

ˇ

ˇ

EntpXq 
EntpX 1q

´ 1
ˇ

ˇ

ˇ

ˇ

ď δ. (11)

The value of ε appearing in the statement can be taken equal to 1 
3L , where

L “ max
#

8D0,
1 
s0

,
2
δ

˜

D0 `

c

D2
0 `

δ

3

¸+

.

We divide the proof in several steps. We will first prove that the groups Γ,Γ1 have 
canonical generating sets which make them isomorphic as marked groups, and the marked 
isomorphism is given by the approximation morphisms. Then, we quantify the distortion 
of this isomorphism, showing that it is a p1`δ, Cq-quasi-isometry, which will imply (11).

Proof of Proposition A.1. Let pf, ϕ, ψq be an equivariant ε-approximation between 
pΓ, X, xq and pΓ1, X 1, x1q for ε “

1 
3L , with fpxq “ x1 according to the Definitions 4.1&4.2. 

Recall the subset ΣrpΓ, X, xq defined in (6), and set, for short,

Σr “ ΣrpΓ, X, xq, Σ1

r “ ΣrpΓ1, X 1, x1
q.

Notice that, ΣL and Σ1

L are generating sets for Γ and Γ1 respectively, since L ą 2D0 (see 
for instance [50, Appendix to §3]).
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Lemma A.2. The map ϕ : Σ3L Ñ Σ1

3L is a bijection with inverse ψ, and sends the identity 
element of Γ in the identity of Γ1.

Proof. To show the surjectivity, let g1 P Σ1

3L. Then, setting g “ ψpg1q, we have that 
g P Σ3L, dpfpgxq, g1x1q ă ε and dpfpgxq, ϕpψpg1qqx1q ă ε, by Definition 4.1. Hence

dpϕpgqx1, g1x1
q ă 2ε ă s0

which implies that ϕpgq “ g1 since syspΓ1, x1q ě s0. Assume now that g1, g2 P Σ3L satisfy 
ϕpg1q “ ϕpg2q “ g1 P Σ1

3L. Then, by Definition 4.1

dpgix, ψpg1
qxq ă dpfpgixq, fpψpg1

qxqq ` ε, for i “ 1, 2.

On the other hand, by Definition 4.1, dpfpgixq, ϕpgiqfpxqq “ dpfpgixq, g1x1q ă ε and 
dpfpψpg1qxq, g1x1q ă ε, therefore we deduce that

dpgix, ψpg1
qxq ď dpfpgixq, g1x1

q ` dpfpψpg1
qxq, g1x1

q ` ε ă 3ε ď s0,

which implies that g1 “ ψpg1q “ g2 as syspΓ, xq ě s0. So, ϕ is a bijection with inverse ψ. 
Finally dpfpe ¨ xq, ϕpeqfpxqq “ dpx1, ϕpeqx1q ă ε ă s0, therefore ϕpeq “ e necessarily. l

Lemma A.3. The maps ϕ, ψ induce isomorphisms ϕ̃ : Γ Ñ Γ1, ψ̃ : Γ1 Ñ Γ inverse to each 
other (which coincide with ϕ and ψ on ΣL and Σ1

L).

Proof. Let us first show that the map ϕ : ΣL Ñ Γ1 satisfies

ϕps1s2s3q “ ϕps1qϕps2qϕps3q, for every s1, s2, s3 P ΣL (12)

and that the same holds for the map ψ : Σ1

L Ñ Γ. Indeed, applying several times the 
Definition 4.1 we find

dpϕps2s3qfpxq, fps2s3xqq ă ε,

dpfps2s3xq, ϕps2qfps3xqq ă ε,

dpϕps2qfps3xq, ϕps2qϕps3qfpxqq “ dpfps3xq, ϕps3qfpxqq ă ε

and by the triangular inequality we get dpϕps2s3qx1, ϕps2qϕps3qx1q ă 3ε ď s0. Therefore 
ϕps2s3q “ ϕps2qϕps3q, as syspΓ1, x1q ě s0. Arguing in a similar way we also deduce that 
ϕps1s2s3q “ ϕps1qϕps2s3q “ ϕps1qϕps2qϕps3q. The proof for the map ψ is identical.

Let now ϕ̃ : FpΣLq Ñ Γ1 be the homomorphism from the free group with basis ΣL to 
Γ1 defined by extension of si ÞÑ ϕpsiq for every si P ΣL. Recall that by [50, App., Ch.3], 
the group Γ admits a presentation Γ “ xΣL|ℛy (that is, Γ is isomorphic to the quotient 
of the free group FpΣLq by the normal closure of ℛ), where every relator in ℛ has length 
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at most 3 in the alphabet ΣL. Then, if w “ s1s2s3 P ℛ, with each si P ΣL, we deduce 
by (12) that

ϕ̃pgq “ ϕ̃ps1s2s3q “ ϕps1qϕps2qϕps3q “ ϕps1s2s3q “ ϕpeq

which is the identity in Γ1 by Lemma A.2. This shows that the map ϕ̃ induces a homo
morphism Γ Ñ Γ1, still denoted by ϕ̃, which coincides with ϕ on ΣL. Similarly, ψ induces 
a homomorphism ψ̃ : Γ1 Ñ Γ such that ψ̃ “ ψ on Σ1

L.
To conclude that ϕ̃ is an isomorphism with inverse ψ̃ is enough to remark that they 

coincide with ϕ and ψ on the generating sets ΣL, Σ1

L respectively, and that ϕ and ψ are 
inverse to each other on these sets, by Lemma A.2. l

Lemma A.4. If dpx, gxq ě L and dpx1, g1x1q ě L we have:

dpx1, ϕ̃pgqx1
q ď dpx, gxqp1 ` δq ` 2pD0 ` εq

dpx, ψ̃pgqxq ď dpx1, g1x1
qp1 ` δq ` 2pD0 ` εq

Proof. Let d “ dpx, gxq ě L, let c “ rx, gxs be a geodesic between x and gx, and 
set n :“ r

2d
L s. Let us define xi :“ cpiL2 q for i “ 0, . . . , n ´ 1 and xn :“ gx. For every 

i “ 0, . . . , n we choose gi P Γ such that dpgix, xiq ď 2D0, with g0 “ id and gn “ g. We 
define hi “ g´1

i´1gi for i “ 1, . . . , n and we observe that g “ h1 ¨ ¨ ¨hn. Notice that each 
hi belongs to ΣL as

dpx, hixq ď
L

2 
` 4D0 ď L.

By definition of ϕ̃ we then have ϕ̃pgq “ ϕph1q ¨ ¨ ¨ϕphnq, and the usual application of 
Definition 4.1 yields

dpx1, ϕphiqx
1
q ď dpfpxq, fphixqq ` ε ď dpx, hixq ` 2ε

therefore

dpx1, ϕ̃pgqx1
q ď dpx1, ϕph1qx1

q ` . . . ` dpx1, ϕphnqx1
q

ď dpx, h1xq ` . . . ` dpx, hnxq ` 2nε

ď dpx, x1q ` . . . ` dpxn´1, xnq ` 2npD0 ` εq

“ d ` 2npD0 ` εq “ d

ˆ

1 `
2n
d 

pD0 ` εq

˙

ď dpx, gxq

ˆ

1 `
4 
L

pD0 ` εq

˙

` 2pD0 ` εq

ď dpx, gxqp1 ` δq ` 2pD0 ` εq,
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since n ď
2d
L ` 1, and 4 

L pD0 ` εq ď δ by our choice of L.
The proof for ψ̃ is the same. l

End of proof of Proposition A.1. Set B˚px,Rq “ Bpx,Rq ´ Bpx, Lq, and observe that 
we can equivalently compute the entropy of X as

EntpXq “ lim 
RÑ`8

1 
R

log # pΓx X B˚
px,Rqq .

By Lemma A.4, for every element g P Γ such that gx P B˚px,Rq we have dpx1, ϕ̃pgqx1q ď

p1 ` δqR ` 2pD0 ` εq. Observe moreover that the points ϕ̃pgqx1 are different for different 
g’s in Γ. Therefore

# pΓx X B˚
px,Rqq ď #

`

Γ1x1
X Bpx1, p1 ` δqR ` 2pD0 ` εq

˘

which yields

EntpXq ď p1 ` δq ¨ lim 
RÑ`8

1 
R

log #
`

Γ1x1
X Bpx1, Rq

˘

“ p1 ` δq ¨ EntpX 1
q.

Reversing the roles of X and X 1 we deduce that EntpX 1q ď p1 ` δqEntpXq, which proves 
(11) as 1 

1`δ ą 1 ´ δ. l

Appendix B. Table of constants

For the reader’s convenience, we collect here the constants we used and where they 
are defined.

• P0, r0: Section 2.3. They are the packing constants of the metric space.
• D0: Section 2.1. It is the upper bound on the codiameter of the group action.
• n0 “ n0pP0q: Proposition 2.5. It is the upper bound on the dimension.
• ε0 “ ε0pP0, r0q: Proposition 2.6. It is the Margulis’ constant.
• Jpkq: Proposition 2.7. It is the upper bound on the index of the maximal lattice of 

a crystallographic group of Rk.
• J0 “ J0pP0q :“ maxkPt0,...,n0u Jpkq ` 1: equation (9).
• A0 “ A0pP0, r0q, B0 “ B0pP0, D0q: Proposition 2.9. They bound the free systole of 

a nonsingular action in terms of the diastole.
• σP0,r0,D0p¨q: Theorem 3.1.
• ε˚ P pσP0,r0,D0pεq, εq: Theorem 3.1.
• σ˚

0 :“ σP0,r0,D0pε0q: equation (10). This constant ensures that if the free-systole is 
smaller than σ˚

0 then the space splits a non-trivial Euclidean factor.
• ε˛ :“ mintε0, sys˛pΓ, Xq{4J0u: Corollary 3.4.
• σpΓ, Xq :“ σP0,r0,D0pε˛q: Corollary 3.4.
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• s0 “ s0pP0, r0, D0q, Δ0 “ Δ0pP0, D0q: Theorem 3.5. Every D0-cocompact action on 
a proper, geodesically complete, pP0, r0q-packed, CATp0q-space can be renormalized 
so that it is Δ0-cocompact and the free-systole is bigger than s0.

• I0 “ I0pP0, r0, D0q: Theorem 3.7. It bounds the index of a subgroup that splits a 
Zk factor of a D0-cocompact, nonsingular lattice of a proper, geodesically complete, 
pP0, r0q-packed, CATp0q space whose full isometry group is Lie.

• ε “ εpD0, nq: Theorem E.
• h “ hpP0, r0, D0q: Theorem F.
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