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1. Introduction

The theory of CAT(0)-groups, i.e. groups admitting a geometric action on some
CAT(0)-space, whose roots can be traced back to the *70s with the works of Gromoll-Wolf
[30] and Lawson-Yau [38] on fundamental groups of compact, nonpositively curved man-
ifolds, has flourished in the last twenty years, with stunning developments in geometric
group theory and applications to low dimensional topology; let us just mention all the re-
search opened by the rank rigidity conjecture for CAT(0)-spaces and the methods coming
from the theory of cubulable groups, with application to the virtually Haken conjecture.

The works of Caprace and Monod [10], [11] shed some new light on the structure
of CAT(0)-spaces possessing a geometric action; as we will see, their results, together
with the deep, recent insights on the topology of locally compact, geodesically complete,
CAT(k)-spaces provided by Lytchak and Nagano in [42], [41], will be of great importance
for our work.

In this paper, which should be thought as a companion paper of [19], we continue the
study of packed CAT(0)-spaces and discrete group actions on such spaces initiated in [16]
and [17], investigating the convergence of geometric actions of groups on CAT(0)-spaces
along the line of the classical theory of convergence in Riemannian geometry.

Namely, we will be interested in uniform CAT(0)-lattices, that is discrete, cocompact
isometry groups I' of some CAT(0)-space X; one equivalently says that I" acts geomet-
rically on X. Throughout this paper all CAT(0)-spaces will be assumed to be proper
and geodesically complete, which ensures many desirable geometric properties, such as
the equality of topological dimension and Hausdorff dimension, the existence of a canon-
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ical measure px, etc. (see Section 2 for fundamentals on CAT(0)-spaces). Our goal is
to describe precisely the structure of equivariant Gromov—Hausdorff limits of sequences
of (possibly collapsing) geometric actions on CAT(0)-spaces I';, —~ X,,, and of the cor-
responding quotients M,, = I';,\X,,. As an application of the theory, we will present a
compactness result (Theorem D) and some rigidity and pinching theorems (Theorems E
and I below); see also some stability results in Section 4 (Theorem 4.14 and Corollar-
fes 4.15, 4.18).

1.1. Packing condition and convergence of CAT(0)-lattices.

To begin with, let us denote by
CATo(Do)

the class of uniform CAT(0)-lattices® (I, X) with diam(I'\X) < Dy. We will also say
that T' acts Dg-cocompactly on X when diam(I'\X) < Dy, and that the space X is Dg-
cocompact. Notice that the constant Dy is there simply to fix a scale, as the metric of any
cocompact CAT(0)-space X can be renormalized in order that it becomes Dy-cocompact.

The lattice I is called nonsingular if there exists at least a point z € X with trivial
stabilizer: this is a mild assumption on the action which rules out pathological (although
differently interesting) cases, see for instance [17, Example 1.4] and [5, Theorem 7.1].
This condition is automatically satisfied for instance when the lattice is torsion-free or
X is a homology manifold (see Section 2.1 and [17]).

We will call the quotient metric space M = I'\X a CAT(0)-orbispace and say that
the CAT(0)-orbispace M is nonsingular if T' acts nonsingularly on X. Notice that if T
is torsion-free then M is a locally CAT(0)-space.

The starting point of our study is to understand when a family of uniform CAT(0)-
lattices admits a limit (possibly not a lattice), i.e. the precompactness of our class
CAT((Dgp). The notion of convergence that we will use is the equivariant Gromov—
Hausdorff convergence (a la Fukaya, cp. [28]). We refer to Section 4 for the precise
definition; let us just mention here that, if we denote by Br(z,r) the subset of ele-
ments v € I' moving z € X less than r, saying that a sequence of lattices (I';, X;)
converges towards a limit action (T's, Xo) simply means that there exist Gromov—
Hausdorff e-approximations f. : Bx,(x;, %) — Bx, (%o, %) between larger and larger
balls of X;, X centered at basepoints z; and z, which are e-equivariant with respect
to maps ¢. : Br, (z;, %) — Br, (s, %) (that is, with an equivariancy error smaller than
g), for e —> 0. For sequences of lattices which are Dg-cocompact, the limit does not
depend on the basepoints x;, x4; moreover, this is equivalent (up to subsequences) to
taking the ultralimit group I',, acting on the ultralimit metric space X, defined using
any non-principal ultrafilter w, provided that the space X, is proper, see [13] and §4.1.

3 We empbhasize that by uniform CAT(0)-lattice we mean a CAT(0)-group I' with a fixed, faithful geo-
metric action of I" on some CAT(0)-space X, which explains the notation (I, X).
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Now, the answer to the existence of limits for a family of CAT(0)-lattices is simple and
comes from the very definition of equivariant GH-convergence: any family of isometry
groups I'; < Isom(X;) (sub-)converges to some limit isometry group I's, of a space X,
as soon as the spaces X; converge to Xo with respect to the pointed Gromov—-Hausdorff
distance, see Proposition 4.4. Hence, the precompactness of a sequence in CATy(Dy)
reduces to precompactness of the underlying spaces.

Recall that a metric space X is said to satisfy the Py-packing condition at scale rg
(for short, X is (Py,ro)-packed) if every ball of radius 3rg in X contains at most P
points that are 2rg-separated. For geodesically complete CAT(0)-spaces, the convexity
of the distance function implies that a packing condition at some scale ry yields an
explicit, uniform control of the packing function Pack(R,r) of X (that is, the maximum
number of disjoint r-balls that one can pack in any R-ball), see [16, Theorem 4.2]. This
is exactly Gromov’s classical condition for precompactness of a family of spaces (also
known as “uniform compactness of r-balls”, cp. [31], or “geometrical boundedness” [21]).
Moreover, it is easy to see that every compact metric space, as well as every metric space
X admitting an uniform lattice, is (P, ro)-packed for some constants Py and ro (cp. the
proof of [13, Lemma 5.4]). Summarizing: the class CAT((Dy) has a natural filtration

CATo(Do) = U CAT()(Po,To,Do) (].)

Poy,ro

where CAT(Po, 70, Do) is the subset of CATy(Dg) made of lattices (I', X) such that X
is (Pp,r0)-packed, and from the packing assumption one can deduce the following:

Proposition (Proposition 4.7). A subset F < CATo(Dy) is precompact with respect to the
equivariant pointed Gromov—Hausdorff convergence if and only if there exist Py,rg > 0
such that F < CAT()(P(), 70, Do)

We stress the “only if” part in the above statement: for a family of CAT(0)-lattices
with uniformly bounded codiameter, the uniform packing assumption at some fixed scale
is a necessary condition in order to converge. In view of this, this assumption is crucial
for studying equivariant Gromov—Hausdorff limits and is, in a sense, minimal.

This (Py,ro)-packing condition should be thought as a weak, local substitute of a
lower bound on the curvature; however, it is much weaker than assuming the curvature
bounded below in the sense of Alexandrov, or than a lower bound of the Ricci curvature
in the Riemannian case, and even of a CD(k,n) condition. Indeed, the Bishop-Gromov’s
comparison theorem for Riemannian n-manifolds with Ricx > —(n — 1)k for k = 0 (or
its generalization to CD(k,n) spaces, see for instance [51]) yields a doubling condition

:U’(BX ('Tv 2T))
M(BX (LIL‘, ’I"))

from which the packing condition at scale 1y < r/4 easily follows. Notice however that

< C(k,n,r) (2)

the class of CD(k,n) metric measure spaces which are CAT(0) restricts to topologi-



N. Cavallucci, A. Sambusetti / Advances in Mathematics 482 (2025) 110555 5

cal manifolds, by [36], whereas our class contains non-manifolds. As proved in [16], for
geodesically complete CAT(0)-spaces, the packing condition at some scale is the same
as a uniform upper bound of the canonical measure of all r-balls, a condition sometimes
called macroscopic scalar curvature bounded below cp. [33], [48].

1.2. Collapsing and non-collapsing sequences and their limits

Coming to the problem of describing the possible limits of lattices in our class, the
first important distinction is between collapsing and non-collapsing sequences. We define
the free systole of a lattice I' as

sys®(I, X) = inf  inf d(z, gz
ys' (I, X) 2€X gel'*\I° (z, 92)
where I'* = I'\{id} and I'° is the subset of elliptic elements of T".
For nonsingular lattices, when assuming a bound on the diameter, the smallness of
the free systole is quantitatively equivalent to the smallness of the diastole of the lattice,
that is the invariant

dias(T", X) = sup inf d(z, gx)
reX ger'*
(see Proposition 2.9). Accordingly, a lattice (I',X) is said to be e-collapsed if
sys®(I', X') < e, and a sequence (I';, X;) jen is said to converge collapsing to (I'e, Xo) if
limsup,_, sys®([;, X;) = 0; the sequence will be called non-collapsing otherwise.

The collapsing condition for uniform CAT(0)-lattices turns out to be equivalent to the
fact that the dimension of the limit orbispace My = '\ Xy is strictly smaller than the
dimension of the orbispaces M; = I';\X;, as we will prove in Theorem 4.16, Section 4.6;
this is a very intuitive but nontrivial result, which follows a-posteriori from the analysis
of both the collapsing and non-collapsing case. Therefore, we can also say unambiguously
that the orbispaces M; converge collapsing when sys®(I';, X;) — 0.

The following result shows that limits of CAT(0)-lattices may well be non-discrete,
both in the collapsing and in the non-collapsing case; they however always define a closed,
totally disconnected group of isometries of a canonical factor of the limit space (which is
another source of interest in the theory of totally disconnected groups):

Theorem A (Limits of CAT(0)-lattices, Theorems 4.9 & 4.10). Let (I';, X;)jen <
CATo(Dg) be a sequence of lattices converging in the equivariant Gromov-Hausdorff
distance to a limit isometry group Iy, Xo), and let M; = T';\X; the corresponding
orbispaces. Then:

— Xy is a proper, geodesically complete CAT(0)-space,
— T < Isom(Xy) is a closed and Dg-cocompact group,
— the M;’s converge to My, = T'x\ X, in the Gromov-Hausdorff topology.



[ N. Cavallucci, A. Sambusetti / Advances in Mathematics 482 (2025) 110555

Moreover, if the sequence (I'j, Xj) jeN is:

i) non-collapsing, then the group Ty is totally disconnected; in addition, if each T'; is
nonsingular, then ' is discrete, isomorphic to I'; for j » 0, and My, is equivariantly
homotopic equivalent to M; for j » 0;

ii) collapsing, then X, splits isometrically as X', x R® with £ = 1, Ty, is not discrete
with identity component TS, = R*, acting as the group of translation of the factor
RY; finally My, = T" \X., where T, = T, /TS, is closed and totally disconnected.

If the limit M, is a Riemannian manifold, then the equivariant homotopy equivalence
between M; and My, can be promoted to homeomorphism, as we will see in Section 4.5
(Corollary 4.14).

Remarks (Non-discrete limits).

i) A sequence of (singular) lattices can converge to a non-discrete group even without
collapsing: an example can be found in [5]. In that paper the authors build an infinite,
ascending chain of lattices I'; of a regular tree T" with bounded valency, with same
compact quotient, containing torsion subgroups G; < I'; whose order tends to infinity.
The sequence (I';,T') is non-collapsing (as T' does not split) and the limit group I'y
is a totally disconnected, non-discrete subgroup of Isom(7") (since if it was discrete,
there would be a bound on the order of its finite subgroups, by [8, Corollary II.2.8],
contradicting the fact that the limit contains arbitrarily large finite subgroups too).

ii) In the collapsing case, even assuming that the lattices are nonsingular or torsion-free,
one cannot improve in general the conclusion saying that the totally disconnected group
I, is discrete: see Example 3.6 and Remark 4.13.

1.3. Group splitting and collapsing in the Lie setting

By Theorem A, the class CATo(Dy) is not closed, because of the existence of either
singular or collapsing sequences, which make the limit group non-discrete (while it is
not difficult to see that the conditions of being Dg-cocompact and (P, rg)-packed are
stable under Gromov-Hausdorff limits). The problem of determining a natural extension
of CAT((Dy) which forms a compact class will be considered by the first author in [15].

However, as we will see in a moment, the limit My of the quotient orbispaces
M; = T';\X; might still be a reasonable CAT(0)-orbispace, even when the sequence
is collapsing. For this, we need to understand more deeply how collapsing occurs in our
class, and it is exactly the purpose of the following.

The main idea to give M, a CAT(0)-orbispace structure is that, for a collapsing
sequence, the spaces X split as Y; x R’ and we would like to prove a corresponding
splitting of the groups I'; = 'y, x 7!, with each factor preserving the product decompo-
sition; then, we would show that collapsing only happens in the Euclidean factor via the
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action of Z¢, and disintegrate the action of the continuous part I'S, of the limit group
Ty, on Xy = Yo, x RE

Unfortunately, this picture breaks down for general nonsingular CAT(0)-lattices: as
opposite to the Riemannian case (where, for any lattice of a non-positively curved Rie-
mannian manifold with Euclidean factor R¥, it is always possible to virtually split a free
abelian subgroup of rank £), we will see in §3.2, Example 3.6, an example of a collapsing
sequence of lattices (I';, X;) belonging to CAT(Py, 79, Do), where X is the product of
a tree T with R?, but T'; does not split any abelian group of positive rank (not even
virtually). Actually, the splitting of a CAT(0)-space X as X’ x R? forces a lattice I' of X
to act preserving the components (i.e. every g € I' acts as (¢',¢”), where ¢’ € Isom(X’)
and g” € Isom(R’)), but, in general, the projections of I' on Isom(X’) and Isom(R™)
are not discrete, as [12, Example 1] shows; this is precisely the obstruction to virtually
splitting the Z*-factor from I'.

On the other hand, the group splitting always holds (virtually) for sufficiently col-
lapsed uniform lattices of CAT(0)-spaces whose full isometry group is Lie:

Theorem B (Group splitting in the Lie setting, extract from Theorem 3.7). Given
Py, 10, Dy, there exist of = o (Py,ro,Do) > 0 and Iy = Iy(Po, 70, Do) such that the
following holds. Let X be a proper, geodesically complete, CAT(0)-space whose isometry
group is a Lie group, and let X =Y x R™ be the splitting of the mazximal Euclidean
factor of X: then, every uniform lattice T' of X has a mormal, finite index subgroup I
which splits as T = Ty x Z™ where 'y (resp. Z") acts discretely on'Y (resp. R™).

If T is nonsingular then I is nonsingular too. Moreover, if X is (Py,ro)-packed and
[ is Do-cocompact then sys®(Dy,Y) = o and T' can be chosen of index [I': I'] < Iq.

In this situation, M = I'\X is finitely covered (in the sense of orbispaces) by the
orbispace M := f‘\X , which splits as a metric product N x T™, where N = f‘y\Y and
T™ = Z™R" is a torus. We will say in this case that the orbispace M splits virtually.

The first part of Theorem 3.7 is a pretty natural consequence of Caprace and Monod’s
work on isometry groups of CAT(0)-spaces. On the other hand, the control of the index of
I'in I and the bound of the diastole on the non-Euclidean factor follow from a finiteness
theorem proved in [19] and a subtle splitting result which will be recalled in Section 3.1,
Theorem 3.1. Both estimates are crucial to understand Gromov—Hausdorff limit of the
quotient spaces M; = I';\X; when the actions collapse. As a result, we obtain a complete
description of how nonsingular lattices collapse, in the Lie setting:

Theorem C (Collapsing in the nonsingular, Lie setting). Assume that a sequence of non-
singular lattices (I';, X;) jen S CATo(Dg) converge collapsing to (I'w, Xoo), and that the
groups Isom(X;) are Lie. Let X; =Y xR7 be the canonical splitting of the Euclidean fac-
tor of Xj, let Xon = X/, x R be the splitting given by Theorem A, with { = dim(I'g,) > 1,
and let ks, = lim; k; > £ be the dimension of the Euclidean factor of Xo. Then:
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— the lattice I'; has a normal subgroup of finite index f‘j splitting as f‘yj x ZFi;
— the orbispace M; = T,)\X; wirtually splits as Nj x Tfj, where Nj = L'y, \Yj is a
nonsingular CAT(0)-orbispace and T* = Z*\R¥i is a flat torus.

Moreover:

(i) the Nj ’s converge non-collapsing to a nonsingular orbispace Ny;
(ii) the tori T*i converge to a flat torus Tk, with kL, =ko —¥£;
(iii) the M;’s converge to the nonsingular orbispace My, = T, \X! , where I, =T /TS,
is discrete;
(iv) My, is the quotient of Ny x T by a finite group of isometries Ay .

Finally, if (T, Xo0) € CATo(Po,70, Do) and (T, ,Yeo) is the limit of the (T'y,,Y;)’s,
then syso(f‘yoo,Yoo) = o (Po,r0, Do) and |Ay| < Io(Po,ro, Do) (here of and Iy are the
same as in Theorem B).

In other words, this theorem says that the collapsing occurs in this class only by
possibly shrinking to a point a flat torus (virtual) fiber. This result is new even for
collapsing sequences of compact Riemannian manifolds M with nonpositive sectional
curvature —x < k(M) < 0. Notice that also the fact that ko equals the dimension of the
Euclidean factor of X, is not trivial and follows by Theorem A, see Corollary 4.18.

1.4. A compactness theorem for CAT(0)-homology orbifolds

An interesting case where the above convergence theorem applies is the one of CAT(0)-
homology orbifolds. A metric space M is a CAT(0)-homology orbifold if it can be realized
as the quotient M = T'\X of a proper CAT(0)-space X which is a homology manifold
(with respect to the induced topology) by a discrete group of isometries. We denote
respectively by

HO—CAT()(D()), HO—CAT()(P(), To, Do)

the class of compact CAT(0)-homology orbifolds M = I'\X with diam(M) < Dy, and
the subclass of those such that X is, moreover, (P, ro)-packed.
Notice that, as a consequence of (1) we still have

HO-CATo(Dg) = | | HO-CATo(Py, 70, D).

Po,ro

The class of CAT(0)-homology orbifolds is interesting for many reasons. First remark
that CAT(0)-homology manifolds are always geodesically complete (cp. [8, Proposition
I1.5.12]); also, their lattices always yield nonsingular orbispaces (see discussion in Sec-
tion 2.1).
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More importantly, the class HO-CAT((Py, ro, Do) contains all nonpositively curved
Riemannian manifolds with (uniformly) bounded sectional curvature. The advantage
over Riemannian manifolds is that being a homology manifold is a property which is sta-
ble under Gromov-Hausdorff convergence (as well as the CAT(0) and the (P, ro)-packing
conditions), see [17, Theorem 6.1] and [41, Lemma 3.3]; in contrast, limits of Riemannian
manifolds, even without collapsing, yield at best manifolds with C''**-metrics, for which
the Riemannian curvature is not defined.

Finally, the full isometry group of a CAT(0)-homology manifold is always a Lie group,
as we will prove in Section 2.1, Proposition 2.4, which allows us to apply the results of
Theorem C in this class and show the following:

Theorem D (Gromov-Hausdorff compactness). For all fixed Py,ro and Dq, the class
HO-CAT(Py, o, Do) is compact with respect to the Gromov—Hausdorff topology.

Actually, among the natural classes of metric spaces containing all Riemannian man-
ifolds with bounded sectional curvature, HO-CAT (P, ro, Do) is the smallest class we
know to be compact under Gromov—Hausdorff limits.

Comparing with the classical compactness theorems in Riemannian geometry (with
bounded sectional curvature, e.g. [32], or bounded Ricci curvature as in [2], [3]), the
novelty here is that, besides the wider generality of application (metric spaces, bounded
packing instead of bounded curvature, torsion allowed), we do not assume any lower
bound neither on the injectivity radius nor on the volume, thus allowing convergence to
spaces of smaller dimension.

We stress the fact that, in order to obtain a closed class, it is necessary to consider also
quotients by discrete groups with torsion. Indeed, a sequence of compact, nonpositively
curved manifolds with uniformly bounded curvature does not converge, generally, to a
locally CAT(0)-manifold or even to a locally CAT(0)-homology manifold, as the following
simple example shows.

Example. Let M; be the quotient of R? by the discrete group I'; generated by {t,g;},
where ¢ is the translation of length 1 along the z-axis and g; is the glide reflection with
axis equal to the y-axis, with translation length % Each Mj is a smooth, flat 2-manifold
homeomorphic to the Klein bottle. However, the M;’s converge collapsing to a metric
space My, which is the quotient of R? by the limit I'o, of the groups (t, g;». The limit
space My, is homeomorphic to the closed interval [0, 1], which is not a homology manifold
since it has boundary points; but it clearly is a (flat) Riemannian orbifold.

Remark. One can sharpen Theorem D in the Riemannian setting. Suppose that M; =
I'\X; € HO-CATy(Py, 70, Do) is a sequence of Riemannian orbifolds converging to Me:
then, My, is isometric to a quotient T, \ X’ . where X/ is a topological manifold. This
follows by the same argument of the proof of Theorem D and [41, Theorem 1.3].
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1.5. Isolation and pinching theorems

The following results are two direct applications of the theory developed so far, and
follow a classical scheme of proof: we assume to have a sequence of counterexamples and
pass to the limit; then, we obtain a contradiction by using, respectively, a well-known
result of Adams and Ballmann about virtually abelian lattices of CAT(0)-spaces, and a
continuity result for the entropy (which we will prove in Appendix A).

Theorem E (Isolation of R™ among cocompact CAT(0)-spaces). There exists € =
e(Do,n) > 0 such that every Dy-cocompact, geodesically complete CAT(0)-space X sat-
isfying dpcu(X,R™) < € is isometric to R™.

Notice that, in particular, this result implies that there do not exist arbitrarily small,
Dy-periodic deformations of the Euclidean metric of R™ which remain nonpositively
curved, unless these deformations are flat.

Finally, we recall that the (packing, or covering) entropy of a proper CAT(0)-space X
is the asymptotic invariant defined as

Ent(X) = lim sup % log(Pack(R, 1)) (3)

R—+00

This can be equivalently defined as the critical exponent of any uniform lattice of X,
and does not depend on the small, chosen radius 7, see Section 2.3. It is well-known [43]
that the entropy of a Hadamard manifold X possessing a torsionless, uniform lattice I"
coincides with the topological entropy of the geodesic flow on the unit tangent bundle
of the manifold M = "\ X.

Theorem F (Entropy-rigidity of R™). There exists h = h(Py,ro, Do) > 0 with the follow-
ing property: for any geodesically complete CAT(0)-space X which is (Py,ro)-packed and
admits a Dg-cocompact, discrete, nonsingular lattice, if Ent(X) < h then X is isometric
to R™, for some n.

As a consequence, any non-flat, compact Riemannian manifold M with sectional cur-
vature —k < Ky < 0 and diam(M) < D has topological entropy greater than a positive,
universal constant hg = ho(x, D) (for hg = h(Py, o, D), where (Py,rg) are the packing
constant deduced from the lower curvature bound given by (2)).

ACKNOWLEDGMENTS. The authors thank P.E. Caprace, S. Gallot and A. Lytchak for
many interesting discussions during the preparation of this paper, and D. Semola for
pointing us to interesting references.
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2. Preliminaries on CAT(0)-spaces

We fix here some notation and recall some facts about CAT(0)-spaces. Throughout
the paper X will be a proper metric space with distance d. The open (resp. closed) ball
in X of radius r, centered at x, will be denoted by Bx(z,r) (resp. Bx(z,7)); we will
often drop the subscript X when the space is clear from the context.

A geodesic in a metric space X is an isometry c¢: [a,b] — X, where [a, b] is an interval
of R. The endpoints of the geodesic ¢ are the points c(a) and ¢(b); a geodesic with
endpoints z,y € X is also denoted by [z, y]. A geodesic ray is an isometry c: [0, +00) —> X
and a geodesic line is an isometry ¢: R — X. A metric space X is called geodesic if for
every two points x,y € X there is a geodesic with endpoints x and y.

A metric space X is called CAT(0) if it is geodesic and every geodesic triangle
A(z,y,2) is thinner than its Euclidean comparison triangle A(Z,, 2): that is, for any
couple of points p € [z,y] and ¢ € [z, z] we have d(p, q) < d(p, q) where p, g are the corre-
sponding points in A(Z, ¢, Z) (see for instance [8] for the basics of CAT(0)-geometry). As
a consequence, every CAT(0)-space is uniquely geodesic: for every two points x,y there
exists a unique geodesic with endpoints x and y.

A CAT(0)-space X is geodesically complete if every geodesic c: [a,b] — X can be
extended to a geodesic line. For instance, if a CAT(0)-space is a homology manifold then
it is always geodesically complete, see [8, 11.5.12].

The boundary at infinity of a CAT(0)-space X (that is, the set of equivalence classes of
geodesic rays, modulo the relation of being asymptotic), endowed with the Tits distance,
will be denoted by 0X, see [8, Chapter I1.9].

A subset C of X is said to be convex if for all z,y € C the geodesic [z, y] is contained
in C. Given a subset Y € X we denote by Conv(Y") the conver closure of Y, that is the
smallest closed convex subset containing Y. If C' is a convex subset of a CAT(0)-space
X then it is itself CAT(0), and its boundary at infinity 0C naturally and isometrically
embeds in 0.X.

We will denote by HD(X) and TD(X) the Hausdorff and the topological dimension
of a metric space X, respectively. By [42] we know that if X is a proper and geodesically
complete CAT(0)-space then every point x € X has a well defined integer dimension in
the following sense: there exists n, € N such that every small enough ball around = has
Hausdorff dimension equal to n,. This defines a stratification of X into pieces of different
integer dimensions: namely, if X* denotes the subset of points of X with dimension k,
then

X = U X",
keN

The dimension of X is the supremum of the dimensions of its points: it coincides with
the topological dimension of X, cp. [42, Theorem 1.1].
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Calling H* the k-dimensional Hausdorff measure, the formula

hx = Z HF XF
keN

defines a canonical measure on X which is locally positive and locally finite.
2.1. Isometry groups and orbispaces
The translation length of an isometry g of a CAT(0)-space X is defined as
l(g) = ég)f( d(z, gx).

When the infimum is realized, the isometry g is called elliptic if £(g) = 0 and hyperbolic
otherwise. The minimal set of g, Min(g), is defined as the subset of points of X where
g realizes its translation length; notice that if ¢ is elliptic then Min(g) is the subset of
points fixed by g. An isometry is called semisimple if it is either elliptic or hyperbolic; a
subgroup ' of isometries of X is called semisimple if all of its elements are semisimple.

Let Isom(X) be the group of isometries of X, endowed with the compact-open topol-
ogy: as X is proper, it is a topological, locally compact group. A subgroup I' of isometries
is discrete if it is discrete as a subset of Isom(X) (with respect to the compact-open topol-
ogy). A uniform lattice of X is a discrete isometry group I' such that the quotient metric
space I\ X is compact; then, we call diam(T'\X) the codiameter of T'. We will often say
that I' is D-cocompact if diam(T\X) < D, and that the space X is cocompact if it admits
a uniform lattice. Notice that a cocompact CAT(0)-space X is always proper.

The action of ' on X (and, by extension, the group T itself) is called nonsingular
if there exists a point 2o € X such that the pointwise stabilizer Stabr(zg) is trivial,
and singular otherwise; see [17, Example 1.4] and [19, Remark 5.3] for examples of this
phenomenon.

Finally, when dealing with isometry groups of CAT(0)-spaces with torsion, a difficulty
is that there may exist nontrivial elliptic isometries which act as the identity on open
sets. Following [22, Chapter 11], a subgroup T" of Isom(X) will be called rigid (or slim,
with the terminology used in [17]) if for all g € T the subset Fix(g) has empty interior.

Notice that a torsion-free group is trivially rigid, as well as any discrete group acting
on a CAT(0)-homology manifold, as proved in [17, Lemma 2.1]. Also, every rigid isometry
group I' is automatically nonsingular since, by Baire’s theorem, the union of fixed-point
sets of all elliptic elements of I has empty interior, cp. [17, Proposition 2.11].

We will call the quotient metric space M = I'\X of a proper, geodesically complete,
CAT(0)-space X by a discrete group of isometries I', a CAT(0)-orbispace. We will also
say that the CAT(0)-orbispace M is nonsingular (resp. rigid) if T' acts nonsingularly
(resp. rigidly) on X. Notice that if T' is torsion-free then M is a locally CAT(0)-space.

When restricting our attention to groups I' acting rigidly on X (i.e. such that every
g € I acting as the identity on an open subset is trivial) then our definition of CAT(0)-
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orbispace is equivalent to the notion of rigid, developable orbispace as defined in [22,
Ch.11] through an orbifold atlas, with CAT(0) universal covering in the sense of orbis-
paces. However, our results will apply to all CAT(0)-orbispaces as defined above (with
some distinction between the singular and nonsingular cases).

Remark 2.1. Notice that a CAT(0)-orbispace has more structure than simply the struc-
ture of a metric space, including also the data of a group action on some CAT(0)-space.
In this sense, it is worth stressing that (as opposite to the case of Riemannian orbifolds)
two lattices I'1, 'y of different CAT(0)-spaces X7, X5 may give the same metric quotient
M.

An example of this (for CAT(1)-orbispaces) is the k-triplex X constructed in [45]:
this is a proper, geodesically complete, purely k-dimensional CAT(1)-space (actually, a
topological sphere) admitting a lattice I' = Z3 such that M = T'\X is isometric to the
CAT(1)-orbispace M’ = Z,\S¥, with Z, acting as a rotation of .

An example for CAT(0)-orbispaces can be constructed by taking a ramified covering
of a flat torus T = Z2*\R?: let X be obtained by taking two copies T;\; of T" minus
a geodesic segment 7, and then glueing together the resulting couples of boundaring
edges (v, ,7; ) with (75,75 ). This yields a (metric) ramified covering f : X — T from
a topological surface of genus 2 to the initial torus, with ramification locus given by
the endpoints of . Notice that X is a metric space which has an involutive isometry
o such that (¢)\X = T, and it can be seen as the quotient of a CAT(0)-space X by a
lattice I containing an elliptic element & of order 2 (and all its conjugates). Calling r
the subgroup of Isom(X) generated by & and T, we have that T\ X is also isometric to
T.

On the other hand, the underlying metric space M = I'\X determines X and T’
when I' acts freely (since in this case X is just the universal cover of M), or when X is
Riemannian, as the following result shows:

Proposition 2.2. Let I' and IV be discrete isometry groups of two Hadamard manifolds X,
X' respectively. If T\X is isometric to T'\X' then there exists an isomorphism ¢: I’ — T
and a p-equivariant isometry F: X — X',

Proof. The space M =T\ X =I"\X admits two orbifold structures induced by the two
actions of T" and V. By [37, Lemma 2.2] the two orbifold structures coincide since locally
the actions of I' on X and IV on X’ are isometrically equivariant. Since both X and X’
are simply connected, we deduce that they are both orbifold universal coverings of M
(see for instance [37, Theorem 2.9], originally proved in [52]). By the universal property
of the orbifold universal covering we get a diffeomorphism F: X — X’ commuting with
the projections 7 and 7’ on M. By construction I is also equivariant with respect to an
isomorphism between I' and I". Finally, again by [37, Lemma 2.2] and the commutation
property ™ o F = 7, we get that F' is a local isometry and therefore a global one. []
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Strictly speaking, in view of the discussion above, the quotient metric space M = I'\ X
should only be called the support of the orbispace; we will continue to use the sloppy
terminology CAT(0)-orbispace both for the support and for the metric space with its
uniformizing global chart X — M, as far as the statements involved are clear. For this
reason, we will say that two CAT(0)-orbispaces M =T'/X and M’ =T"/X’ are:

— equivariantly homotopy equivalent, if there exist an isomorphism ¢: I' — I” and a
p-equivariant homotopy equivalence® F: X — X';
— isometric as orbispaces if, moreover, the map F' is an isometry.

2.2. Lie isometry groups

In general, the full isometry group Isom(X) of a CAT(0)-space is not a Lie group, for
instance in the case of regular trees. When a CAT(0)-space X admits a uniform lattice

I then Isom(X) is known to have more structure, as proved by P.-E. Caprace and N.
Monod:

Proposition 2.3 (/11, Thm.1.6 & Add.1.8], [10, Cor.3.12]). Let X be a proper, geodesi-
cally complete, CAT(0)-space, admitting a uniform lattice. Then X splits isometrically
as M x R™ x N, where M is a symmetric space of noncompact type and D := Isom(N)
is totally disconnected.

Moreover Isom(X) =~ § x &, x D, where S is a semi-simple Lie group with trivial
center and without compact factors, and &, = Isom(R™).

In particular, under the assumptions of Proposition 2.3, the group Isom(X) is a Lie
group if and only if the factor D is discrete, since D is second countable being the
isometry group of a proper metric space. On the other hand, Isom(X) is always a Lie
group when X is a CAT(0)-homology manifold:

Proposition 2.4. Let X be a locally compact, CAT(0)-homology manifold. Then Isom(X)
is a Lie group.

Proof. If the dimension of X is smaller than or equal to 2 then X is a topological
manifold. Otherwise we can find a Isom(X)-invariant, locally finite subset E of X such
that X\F is a topological manifold (see [41, Theorem 1.2]). Since X is a homology
manifold, then every sufficiently small punctured ball B(x,r)\{z} around a fixed point
x € X has the same homology of a sphere ([41, Lemma 3.1 and Lemma 2.1]). In particular,
B(x,r)\{z} is connected for every small enough r. It is also locally path connected, so it
is path connected. We show that X\F is path connected. Let x,y € X be two arbitrary
points and let [z,y] be the geodesic joining them. Since E is locally finite, the geodesic

4 That is, a map satisfying F(gz) = @(g9)F(z) for every z € X and every g € I', admitting moreover a
¢~ t-equivariant homotopy inverse G : X' — X (i.e. such that F oG and G o F are homotopic to the identity
through, respectively, I'-equivariant and I''-equivariant homotopies).
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[z,y] meets E in a finite number of points {z1,...,znx}. For every i = 1,..., N we can
find r; > 0 such that B(z;,r)\{z;} does not contain other points of E and such that
B(z;,m)\{z:} is path connected. Hence, we can modify the geodesic [z,y] around z; in
such a way that the new path avoids F. The resulting path is in X\E and joins = and
y. This shows that X\E is path connected.

The Hausdorff dimension of X\E is at most the Hausdorff dimension of X, which
coincides with its topological dimension, say n, as recalled at the beginning of Section 2;
therefore, HD(X\E) = n.

The classical work about the Hilbert-Smith Conjecture implies that the group
Isom(X) is a Lie group if and only if it does not contain a subgroup isomorphic to some
p-adic group Z,, see for instance [40]. Now, a theorem of Repovs and Sgepin asserts
that Z, cannot act effectively by Lipschitz homeomorphisms on any finite dimensional
Riemannian manifold. The proof of [46, Theorem 1.1] adapts perfectly to our setting;
indeed, if we suppose that the p-adic group acts on X by isometries we can apply [53]
as in [46] to deduce that HD(X\FE) = n + 2, giving a contradiction. []

2.8. The packing condition and Margulis’ lemma

Let X be a metric space and r > 0. A subset Y of X is called r-separated if d(y,y') > r
for all y,' € Y. Given z € X and 0 < r < R we denote by Pack(B(x, R),r) the maximal
cardinality of a 2r-separated subset of B(x, R). Moreover we denote by Pack(R,r) the
supremum of Pack(B(z, R),r) among all points of X. Given Py,rg > 0 we say that X
satisfies the Pp-packing condition at scale ro (or that it is (Py,ro)-packed, for short)
if Pack(3rg,r0) < Pp. We will simply say that X is packed if it satisfies a Py-packing
condition at scale rq, for some Py, rg > 0.

The packing condition should be thought as a metric, weak replacement of a Ricci
curvature lower bound. Actually, by Bishop-Gromov’s Theorem ([6]), for a n-dimensional
Riemannian manifold a lower bound on the Ricci curvature Ricx > —(n — 1)k, & = 0,
implies a uniform estimate of the packing function at any fixed scale rg, that is

vHr (370)

Pack(3rg,rg) < ——-—-
(3r0,70) vy (70)

(4)

where vgy (r) is the volume of a ball of radius r in the n-dimensional space form with
constant curvature —x.

Also remark that every metric space admitting a cocompact action is packed (for some
Py, o), see the proof of [13, Lemma 5.4].

The packing condition has many interesting geometric consequences for complete,
geodesically complete CAT(0)-spaces, as showed in [18], [16], [14], [17], [19]. Here, we
just recall the following uniform bounds on the canonical measure of balls, and of the
entropy and dimension. Recall from (3) that the (packing, or covering) entropy of a
proper CAT(0)-space X is the asymptotic invariant defined as
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1

Ent(X) = limsup — log(Pack(R, r))
R—+oo R

and does not depend neither on the point = (by the triangular inequality) nor on the

small, chosen radius r (by [16, Corollary 4.8]). It can be equivalently defined as the

critical exponent of any uniform lattice I of X, as proved in [14], that is

. 1
Ent(X) = lim —log(#(I'z n B(z, R))) (5)
Proposition 2.5 ([16, Theorem 4.9]). Let X be a complete, geodesically complete, (Py,ro)-
packed, CAT(0)-space. Then X is proper, and

(i) there exist functions v,V: (0,+00) — (0,+00) depending only on Py, ro such that
for all x € X and R > 0 we have

v(R) < px(B(z,R)) < V(R);
(ii) the entropy of X is bounded above in terms of Py and o, namely

log(1 + P,
Ent(X)éM;
To

(iii) the dimension of X is at most ng := Py/2.

Let now T be a subgroup of Isom(X). For x € X and r > 0 we set

Y (T, X,x) :={g el s.t. d(z,gz) <r} (6)
fr(va) = <§T(F7X7x)> (7)

The groups I',.(X, z) are sometimes called “almost stabilizers”; when the context is clear
we will simply write 3,.(T', z) or ¥,.(z) and T, (z).

Notice that, since X is assumed to be proper and I' acts by isometries, a subgroup
T is discrete if and only if the orbit 'z is discrete and Stabr(z) is finite for some (or,
equivalently, for all) 2 € X. This is in turn equivalent to asking that the subsets 3, ()
are finite for all x € X and all r > 0.

The following remarkable version of the Margulis’ Lemma, due to Breuillard-Green-
Tao, is another important consequence of a packing condition at some fixed scale. It
clarifies the structure of the almost stabilizers T'.(x) for small r. We describe it for
geodesically complete CAT(0)-spaces:

Proposition 2.6 ([7, Corollary 11.17]). Given Py, o > 0, there exists g = £9(Po,70) > 0
such that the following holds. Let X be a proper, geodesically complete, (Po,ro)-packed,
CAT(0)-space and let T be a discrete subgroup of Isom(X): then, for every x € X and
every 0 < € < &g, the almost stabilizer T.(x) is virtually nilpotent.
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We will often refer to the constant ey = £¢(Py,70) as the Margulis’ constant. The
conclusion of Proposition 2.6 can be improved for cocompact groups, as in this case the
group I'.(z) is virtually abelian (cp. [8, Theorem I1.7.8]; indeed, a cocompact group of a
CAT(0)-space is always semisimple).

2.4. Discrete, virtually abelian groups

Recall that the (abelian, or Priifer) rank of an abelian group A, denoted rk(A), is the
maximal cardinality of a subset S © A of Z-linear independent elements. The rank of
a virtually abelian group G, rk(G), is the rank of any free abelian subgroup A of finite
index in G (notice that if A’ is a finite index subgroup of an abelian group A, then A
and A’ have same rank, so rk(G) is well defined).

Among CAT(0)-spaces, the Euclidean space R* and its discrete groups play a spe-
cial role. In the following, we will denote by & the group of isometries of R*, and by
Transl(R¥) the normal subgroup of all translations, so that & = Transl(R¥) x O(k).

A crystallographic group is a discrete, cocompact group G of isometries of R*. The
simplest and most important of them, in view of Bieberbach’s Theorem, are Fuclidean
lattices: i.e. free abelian crystallographic groups. It is well known that a lattice must act
by translations on R¥ (see for instance [26]); so, alternatively, a lattice £ can be seen as
the set of linear combinations with integer coefficients of k independent vectors by, . .., b
(we will make no difference between a lattice and this representation); the integer k is
called the rank of the lattice. For our purposes, the content of the famous Bieberbach’s
Theorems can be stated as follows:

Proposition 2.7 (Bieberbach’s Theorem). There exists J(k), only depending on k, such
that the following holds true. For every crystallographic group G of R* the subgroup
L(G) = G n Transl(R¥) is a normal subgroup of index at most J(k), in particular a
lattice.

The subgroup £(G) is called the mazimal lattice of G.
An almost immediate consequence of Bieberbach’ theorem is the following lemma,
which will be crucial in characterizing the limits of collapsing sequences in Section 4.4.

For this we set 7, := 4 /2sin (ﬁ)

Lemma 2.8. Let G be a crystallographic group of R¥, and let 0 < r < ry. If g € G moves
all points of Brx(O, %) less than r, then g € Transl(R¥).

Proof. Let g(z) = Axz + b be a nontrivial isometry of G satisfying the assumptions,
with A € O(k). If A = Id there is nothing to prove. We assume, by contradiction,
that A # Id. Proposition 2.7 implies that g’ is a translation for some j < J(k). Since
¢ (z) = Alz + Zi;g A'h, we deduce that A’ = Id. Let us consider the (nontrivial)
subspace V' orthogonal to Fix(A). We can decompose V in the orthogonal sum of a
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subspace Vj, on which A acts as a reflection, and of some planes V;, each of which A
acts on as a nontrivial rotation with angle ¢;. Since A has order at most J(k), we have
2
If Vp is not trivial then take a vector vy of length 1 in Vj. Denote by by = Avg the
projection of b on the line spanned by wvg. For all ¢t € R it holds

d(g(tvo), tvo) = | — 2tve + b|| = |\ — 2t].

So, for r < +/2, we can always find ¢, with |t,| < % such that |X\ —2¢,| > r; but the point
t,vg contradicts the assumptions on g.

On the other hand, if Vj is trivial, then there is at least a plane V; on which A acts
as a nontrivial rotation, say V7. Let b; be the projection of b on V;. We choose v1 € V}
of norm 1 such that b = A(Av; — v1) for some A\ > 0. The length of Avy; — vy is at

least 2sin (ﬁ), because ¥ = %, therefore d(g(tvi),tv1) = 2tsin (ﬁ) vt = 0.
Again, if r < 4 /2sin (ﬁ) we can find ¢, with || < % such that ¢,v; contradicts the
assumptions on g. []

2.5. Finiteness results

The systole (or minimal displacement) and the free-systole of a discrete group I' at a
point x € X are defined respectively as

s o L s
SyS(F,ZE) T gler%‘f* d(zvgx)7 Sys (va) T geIl‘Iﬂl‘i\‘I‘o d(]?,gll?),

where T'* = I'\{id} and T'° is the subset of all elliptic isometries of T'.
Accordingly, the (global) systole and the free-systole of T' are defined as

sys(T', X) = inf sys(T, x), sys®(T', X) = inf sys®(T, x).
zeX zeX
The diastole and the free-diastole of " are

dias(T, X') = sup sys(T, z), dias®(T, X) = sup sys®(T, z).
reX reX
Notice that the action of T' is nonsingular if and only if dias(T, X) > 0.
While obviously one always has, by definition,

the free systole and the diastole are quantitatively equivalent (for small values) for non-
singular, cocompact actions on packed CAT(0)-spaces with bounded codiameter. More
precisely:
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Proposition 2.9 (Theorem 3.1, [19]). Given Py, rg and Dy, there exist Ay = Ao(Py,r0) >
0, By = Bo(Py, Dg) > 1 such that the following holds true: for every proper, geodesi-
cally complete, (Py,ro)-packed, CAT(0)-space X, and every discrete, nonsingular, Dg-
cocompact group T' < Isom(X) we have

BO_I/diaS(F’X) < sys®(T, X) < Ay - dias(T', X)

provided that the free systole and the diastole are both smaller than min{rg,eg}.
(Here, €q is the Margulis’ constant given by Proposition 2.6.)

This equivalence will be useful when studying the convergence of non-collapsing se-
quences of groups with elliptic elements.

We conclude recalling two of the main findings of [19], which we will be crucial in
our convergence results. The first is a general finiteness theorem for uniformly packed,
Dy-cocompact CAT(0)-lattices T, up to abstract isomorphism. The second one is more
subtle and also requires a uniform lower bound of the diastole: it bounds the number
of such groups I' up to isomorphism of marked groups. In order to state it correctly,
recall that a marked group is a group I' endowed with a generating set >; two marked
groups (', X) and (I, %’) are said to be equivalent if there exists a group isomorphism
¢ : ' — I" such that ¢(X) = ¥'. It is well known (cp. for instance [50], [32]) that if X
is a geodesic metric space and I' < Isom(X) is discrete and Dg-cocompact, then for all
D > Dy the subset

Sop(x) := {geT s.t. d(x,gz) < 2D} (8)

is a generating set for I, that is ['ap(z) = T, for every x € X (recall the definition (7))
of T'.(x): we call this a 2D-short generating set of T' at .

Theorem 2.10 (/19, Theorem A € Prop.5.1]). Let Py,ro and Dy be fized. There exist only
finitely many nonsingular Dg-cocompact lattices (I', X) of proper, geodesically complete,
CAT(0)-spaces which are (Py,10)-packed, up to group isomorphisms. Moreover, for every
fizted D = Dy and s > 0, there exist only finitely many marked groups (I', %), up to
equivalence of marked groups, such that:

— T is a Dg-cocompact lattice of a proper, geodesically complete, (Py,r0)-packed,
CAT(0)-space X satisfying sys(T',x) = s for some x € X,
~ ¥ =Yyp(x) is a 2D-short generating set of I' at x.
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3. Splitting under collapsing
3.1. Space splitting

We record here one of the main results of [19]: if a uniform lattice I' of a packed,
CAT(0)-space X is sufficiently collapsed (that is, the free-systole is sufficiently small),
then X splits a non-trivial Euclidean factor.

Recall that the dimension of every (proper, geodesically complete) (P, ro)-packed
CAT(0)-space X is bounded above by ng = Py/2, by Proposition 2.5. Recall also the
Margulis’s constant €9 given by Proposition 2.6, which depends only on the packing
constants Py, rg. Then, we set

= 1
ey T Y

where J(k) is the constant appearing in Bieberbach’s theorem (Proposition 2.7), bound-
ing the index of the maximal lattice of every crystallographic group in dimension k.
Notice that Jy depends only on ng, so ultimately only on Py. Finally, for a discrete sub-
group I' < Isom(X), recall the definition (7) of almost-stabilizer T',.(x) < I' generated by
¥, (x) given in Section 2.1.

Theorem 3.1 (see [19], Splitting Theorem 4.1 and its proof). Given Py,rog and Dy,
there exists a function opyry.p, : (0,e0] — (0,e0] (depending only on the parame-
ters Py, 1o, Do) such that the following holds. Let X be a proper, geodesically complete,
(Py,r0)-packed, CAT(0)-space, and T' < Isom(X) be discrete and Dg-cocompact. For
every chosen ¢ € (0,e0], if there exists g € X such that tk(Ty(z0)) = 1, where
0 = Opy,ro.Dy (€), then:

(i) the space X splits isometrically and T-invariantly as Y x R¥, with k > 1;

(ii) there exists €* € (0py vy, Dy (€), €) such that the rank of the virtually abelian subgroups
T« (z) is exactly k, for all v € X;

(iii) for every x € X there exists y € Y such that Tex (z) preserves {y} x RF;

(iv) for every x € X the projection of Tex (z) on Isom(R¥) is a crystallographic group,
whose maximal lattice is generated by the projection of a subset ¥ C Xy j,..x(x);

(v) for every x € X the closure of the projection of Tex (x) on Isom(Y) is compact and
totally disconnected;

(vi) for every x € X the group Tex (x) contains a finite index, free abelian subgroup A of

rank k which is commensurated in T (hence, Tex (x) is itself commensurated in T).
In particular, the above properties hold if sys® (L', X) < opy vy, D (€)-

Here, by I'-invariant splitting we mean that every isometry of I' preserves the product
decomposition. By [8, Proposition 1.5.3.(4)] we can see I' as a subgroup of Isom(Y") x
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Isom(R*¥). In particular it is meaningful to talk about the projection of A on Isom(Y’) and
Isom(R¥). Recall that a subgroup G < T’ is said to be commensurated in T if the groups
G and yGy~! are commensurable in T" for every v € ' (i.e. the intersection G n yGy~!
has finite index in G for every v € I').

Let us define, for the following, the constant (only depending on Py, g, Do)

Ug = UPO,ToyDo(go) (10)

Assertion (iii) yields, for every z € X, a slice {y} x RF preserved by Fa_ak (x) (as of <
e¥ < gp), provided that sys®(I', X) < o so that X splits as Y x R¥. For our convergence
theorems, we need to strengthen this conclusion and to show that, for at least one specific
point xg, the slice can be chosen to be the one passing through x. This is proved by the
following;:

Proposition 3.2. Let X be a proper, geodesically complete, (Py,ro)-packed CAT(0)-space,
and let T be a discrete, Do-cocompact subgroup of Isom(X). Assume that sys®(T, X) <
of, so that X splits as Y x R¥ by Theorem 3.1. Then there exists xo = (yo,v) € X such
that Fo_ak (zg) preserves {yo} x RF.

The proof is based on a maximality argument similar to [17, Theorem 3.1]. We just
need a very basic fact.

Lemma 3.3 ([17, Lemma 3.3]). For every x € X and r > 0 there exists an open set U 3 x
such that ¥,.(y) € X,(z) for ally e U.

Proof of Proposition 3.2. We introduce a partial order on X defined by
z < ' if and only if io_ak (z) < fask (z).

This is indeed a partial order since the inclusion of subsets of I" is. We can show that
there is a maximal element as in the proof of [17, Theorem 3.1, Step 3|, which we report
here for the reader’s convenience: Lemma 3.3 implies that the function x — #Egsk (x) is
upper semicontinuous and clearly I'-invariant, so (by cocompactness) it has a maximum
and it is enough to take a point x where the maximum is realized.

Apply Theorem 3.1.(iii) to the point x: there exists yo € ¥ such that fgak () preserves
{yo} x R¥. If 2 € {yo} x R¥, then we set 29 = z and there is nothing more to prove.
Otherwise call zg the projection of x on the closed, convex, fo_sk (z)-invariant subset
{yo} x R*. Let c: [0,d(z,70)] — X be the geodesic [z, z] and set

T = sup{t € [0, d(z, zq)] s.t. fgak (c(t)) =T« (x)}.

By definition T' = 0 and we claim that T' = d(x, z9) and it is a maximum.
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In fact, assume Fa_ak (c(t)) = Fo_:)k (x). So, Fo_ak (ct+1t)) Fo_ak (c(t)) = Fo_ak (z) for all
t’ > 0 small enough, by Lemma 3.3. On the other hand, for every g € Fo_sk () we have
d(xo, gzr9) < d(z,gx) (since g acts on Y fixing yo). Therefore, by the convexity of the
displacement functions we deduce that fo_sk (x) < foak (c(t+1t')) too. This shows that the
supremum defining 7" is not realized, unless T' = d(x,z¢). Let now 0 < ¢, < T such
that ¢, — T, so the points ¢(t,) converge to ¢(T). By Lemma 3.3 we get igap (c(tn)) <
Yox(c(T)) for all n big enough. But X (c(tn)) = X, (2) is maximal for < because of
the choice of z, therefore X (x) = X x(c(tn)) = X% (c(T)) for all n big enough. This
implies that T = d(z,zo) is actually a maximum. Hence, I' « (z0) = I' % (), and zo is

the point we are looking for. []

A consequence of Theorem 3.1 is the following control of the almost stabilizers, which
will be useful in studying converging sequences. Recall the function op, », b, : (0,€0] —
(0,e0] given by Theorem 3.1, where g is the Margulis constant, and the constant .Jy
introduced at the beginning of this section. Then:

Corollary 3.4. Let X be a proper, geodesically complete, (Py,ro)-packed CAT(0)-space,
and let T be a discrete, Do-cocompact subgroup of Isom(X). Let (T, X) =0p, ry.D, (°)

be the constant obtained for e°=min {60, SYSZ(%X)} Then

(i) the almost stabilizers fo(p,x)(f) are finite, for all z € X;
(ii) there ewists wo € X such that I 5p x)(20) fives xo.

Observe that, since by (i) the group f,,(nx)(x) is finite, then it has a fixed point (as
it acts on a CAT(0)-space, cp. [8, Chapter II, Corollary 2.8]). Here we are saying that
for at least one specific point g we have that FU(F’ x) (o) fixes exactly 2.

Proof of Corollary 3.4. We first prove (i), and set, for short, o = o(T", X). Suppose that
there exists € X such that I'y(z) is not finite: since T',(x) is finitely generated and
virtually abelian, then it contains a hyperbolic isometry, so rk(Ty(z)) = 1. Theorem 3.1
implies that X splits isometrically and I'-invariantly as Y x R*, with & > 1, and that
there exists ¢* € (0,e°) such that T.«(x) projects on Isom(R¥) as a crystallographic
group. Moreover, we can find elements of >, Jo-e* () that project to translations on
Isom(R¥). But these elements are hyperbolic isometries of I' with translation length at
most 4.Jp - * < sys®(I', X), a contradiction.

Assertion (ii) follows from an argument similar to that of Proposition 3.2: we consider
the same partial order x < 7’ < X, (x) € X,(2'), and find a maximal element x. The
group I'x(z) being finite implies that the closed, convex set Fix(I',(x)) is not empty. If

x € Fix(I'y(z)), then ¢ = x and there is nothing more to prove. Otherwise we call z¢ the

projection of z on Fix(I',(x)), consider again the geodesic c: [0,d(x,z0)] — [z,20] € X
and we show as in Proposition 3.2 that
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T := sup{t € [0,d(z,70)] s.t. T5(c(t)) = To(x)} = d(x,20)

by Lemma 3.3 and the convexity of the displacement function. Moreover, again by
Lemma 3.3 and by the maximality of z it follows that T = d(z,z() is a maximum,
hence T',(2) = T'v(z), and z( is the announced fixed point. []

Finally, we record here another corollary of the splitting theorem, which will be used
in studying the Euclidean factor of the limit of a sequence of collapsing actions in Sec-
tion 4.6.

Theorem 3.5 (/19], Renormalization Theorem E). Given Py,rg, Do, there exist sy =
s0(Po,m0, Do) > 0 and Ay = Ag(Po, Dg) such that the following holds. Let T be a
discrete and Dg-cocompact isometry group of a proper, geodesically complete, (Po,T0)-
packed CAT(0)-space X : then T' admits also a faithful, discrete, Ag-cocompact action by
isometries on a CAT(0)-space X' isometric to X, such that sys®(T, X') = sq.

Moreover, the action of T' on X is nonsingular if and only if the action on X' is
nonsingular.

3.2. Group splitting: a counterexample

The Splitting Theorem 3.1 might suggest that, under the assumption that the action
is sufficiently collapsed, then also the group I' virtually splits a non-trivial free abelian
subgroup. Unfortunately, while this is always the case for non-positively curved Rieman-
nian manifolds by the work of Eberlein [24] (indeed, in that case it is always possible to
split virtually a free abelian subgroup whose rank coincides exactly with the rank of the
maximal Euclidean factor of the space), this is no longer true for discrete, cocompact
groups of general, geodesically complete CAT(0)-spaces, as [12, Example 1] shows. More
examples of this phenomenon can be found in [39] and a structural study has been done
in [34].

In this section, we present a basic example, constructed in [39], showing that, no
matter how the action is collapsed, the virtual splitting cannot be proved under our
hypotheses.

Example 3.6. We construct a sequence of proper, geodesically complete, CAT(0)-spaces
X, all (Po,r0)-packed for the same constants Fy,ro > 0, and a sequence of discrete,
nonsingular groups I'; < Isom(X;) which are all Dy-cocompact for some Dy > 0 such
that:

(a) each I'; has no non-trivial, virtually normal, abelian subgroups;
(b) sys®(I'j,X;) — 0as j — +o0.

Recall that a subgroup A of a group I' is said to be virtually normal if there exists a
finite index subgroup IV such that A n T is normal in IT”.



24 N. Cavallucci, A. Sambusetti / Advances in Mathematics 482 (2025) 110555

Observe that (b) gives strong restrictions to the spaces X; and the groups I'; in virtue
of Theorem 3.1; indeed, the spaces X; will split a Euclidean factor and the groups I'; will
have a commensurated non-trivial, abelian subgroup. On the other hand, the condition
that T" virtually splits a free abelian factor of positive rank is equivalent to having a
virtually normal, non trivial, free abelian subgroup, by [12, Theorem 2J; so, these groups
I'; do not split.

The idea behind the example is very simple. We start as in [39] from the lattices
L, L_ of Z? = {a,b]| [a,b] = 1) respectively generated by B = {a?b~! ab?} and by
B_ = {a?b,a"1b?}, and define the (torsion-free) HNN-extension

I'={a,b,t|[a,b] =1, ta®»'t7' = a?b, tab®t™ = a~'b%)

that is I' = Z?%,,, where ¢ : L, — L_ is given by ¢(a?b™1) = a?b and ¢(ab?) = a=1b%.
We denote by T its Bass-Serre tree: this is a locally finite tree, since [Z? : L4] = 5.
The group I acts naturally on T and on R?, with a, b acting on the latter as orthogonal
translations of length 1 and t as a rotation around the origin O of angle arccos(%).

Let us consider the diagonal action of I' on the (proper, geodesically complete)
CAT(0)-space X := T xR2 which is (P, 1)-packed for some Py > 0. First notice that this
action is faithful. In fact, the pointwise stabilizer of the axis of t on T"is (),,cz 72,
which is trivial. Indeed, suppose that w € (),,cz t"Z2t™™, that is w = t"2,t~™ for some se-
quence (2, )nen in Z2. Then dg:z (w0, O) = drz(t"2,0, 0) = dr: (2,0, O) for every n, as
t fixes O. By discreteness of the action of Z2 on R? we can assume that z, = z € Z? for in-
finitely many n’s; therefore, there exist integers n # m such that w = t"zt™" = t"zt™™,
ie. z = tFzt™F for some k # 0. This implies that 20 = t*20, but since t acts as a
rotation by an angle which is an irrational multiple of 7, then t* does not fix any point
different from O. It follows that z, and in turn w, is necessarily trivial.

Moreover, it is straightforward to check that the action of I' on X is discrete, while
both the actions of I' on the two factors are not. Finally, the action of I' on X is
nonsingular (since I is torsion-free) and 1-cocompact, since it is on both factors.

It remains to check that I' has no virtually normal, nontrivial, abelian subgroups.
Suppose T virtually normalizes an abelian subgroup A of rank k& > 1. By [12, Theorem
2.(ii)] the space X = R? x T splits as Y x R* and a finite index subgroup I' of I" splits
as a product T'y x ZF, where I'y acts discretely on Y and ZF acts as a lattice on R¥.
By [27, Theorem 1.1] we deduce that either Y =T (if k =2) or Y =R x T (if k = 1).
The first case has to be excluded since in that case the projection of I on R? would be
discrete, containing the discrete group I'y as finite index subgroup. In the second case
we would find a finite index subgroup of the projection of I on R? that preserves a line,
which is clearly not possible. The irreducibility of I' has been proved also in [39], after
the proof of Theorem 7.5.

We now take X; = % -R? x T and define I'; := T" with its natural action on X; induced
by the action of I' on X. The sequence of groups I'; acting on X; clearly satisfies the
conditions (a) and (b).
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The behavior of this sequence will be further studied in §4.4, Example 4.13.
3.8. Group splitting: when the isometry group is Lie

The purpose of this section is to prove that a uniform lattice I" of a CAT(0)-space X
with a nontrivial Euclidean factor R¥ virtually splits a free abelian subgroup of rank k,
provided that Isom(X) is a Lie group. By Proposition 2.4, this holds, in particular, for
all CAT(0)-homology manifolds.

The group splitting stems almost immediately from [12]. However, for our convergence
results, we need a more precise result, that is to bound the index in I' of the subgroup
I" which splits ZF.

Theorem 3.7. Given Py,rg, Do, there exist Iy and of > 0 (the same as in Propo-
sition 3.2), only depending on Py, ro, Dy, such that the following holds. Let X be a
proper, geodesically complete, (Py,ro)-packed, CAT(0)-space whose isometry group is a
Lie group, and let X =Y x R"™ be the splitting of the mazimal Euclidean factor of X.
Then for every discrete, Dg-cocompact group T' < Isom(X) we have:

(i) T has a normal, finite index subgroup " which splits as I' =Ty x Z";
(ii) the projections of T' on Isom(Y') and Isom(R™) are discrete, as well as the factors
I'y and Z" of f‘;
(iii) sys*(Ty,Y) = of.

Moreover if T' is nonsingular then I can be chosen of index [T : f] < Iy and I'y is
nonsingular. As a result, if T' is nonsingular, M = T\X is the quotient by a finite group
of isometries A = T/T" with |A| < Iy of a space M which splits isometrically as N x T™,
where N = f‘y\Y and T™ is a flat n-dimensional torus.

In this case, we will say that I' and M wirtually split as I'y x Z" and N x T,
respectively.

Proof. By Proposition 2.3, the space X splits isometrically as M x N xR™ and Isom(X) =~
S x D x &, where § =~ Isom(M) is a semi-simple Lie group with trivial center and
no compact factors, D =~ Isom(N) is totally disconnected and &, =~ Isom(R"™). Since
Isom(X) is assumed to be a Lie group then D must be discrete. Let I's,I'p and T'g, be
the projections of ' on S, D and &, respectively. By [12, Theorem 2(i)] there exists a
free abelian subgroup A of I' of rank n which is commensurated in I', and its projection
Ag, on &, is a crystallographic group. Arguing as in the proof of that theorem, we also
deduce that the image Ag of A on § is finite by Borel density. On the other hand, the
projection Ap of A on D is an abelian, commensurated subgroup of I'p. Since I'p acts
cocompactly, hence minimally, on the factor N, and every irreducible factor of IV is not
Euclidean, Proposition 4 of [12] implies that Ap either fixes a point or acts minimally
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on D; but an abelian group cannot act minimally on a proper, non-trivial, CAT(0)-space
without Euclidean factors, therefore Ap fixes a point in N. This implies that Ap is
precompact, therefore finite, since D is discrete.

Let {a1,...,a,} be a generating set of A. For every i = 1,...,n we write a; =
(si,di, ) € S x D x &,. The discussion above implies that there exists K € N* such that

ak = (id,id, 7€) for all i, where 7; is a translation of R™. Therefore the group

B ={(id,id, 7) € T s.t. 7 € Transl(R")}

is a normal, free abelian subgroup of rank n of I'. Tt then follows by [12, Theorem 2.(ii)]
that I' has a normal, finite index subgroup I" which splits as ' = I'y x Z", where I'y is
a discrete group of Y := M x N, and Z" acts as a lattice on R"™. It is then immediate
that also the projections I'y and I'g~ of ' act discretely on the respective factors. This
proves (i) and (ii).

Moreover, Y is again a proper, geodesically complete, (P, ro)-packed, CAT(0)-space
and 'y acts Dg-cocompactly on Y. Since Y has no Euclidean factors, Theorem 3.1
implies that sys®(T'y,Y) = of = op, ry.D, (€0), Where €¢ is the Margulis constant, which
proves (iii).

Finally, by Theorem 2.10 the possible isomorphism types of nonsingular groups I'
satisfying the assumptions of Theorem 3.7 are finite, so the index of I' in I' can be
supposed uniformly bounded by a constant Iy only depending on Py, ry and Dy. The
last assertion is consequence of (i) and of this bound. The fact that Iy is nonsingular if
I is nonsingular is obvious. []

We remark that we do not know examples of a proper, geodesically complete, CAT(0)-
space X whose isometry group is Lie, and possessing a singular, discrete group I' <
Isom(X).

4. Convergence and collapsing

We now move to the problem of convergence of CAT(0)-group actions. Namely, the
basic objects we are interested are isometry groups of pointed spaces (which we will
restrict to uniform lattices of CAT(0)-spaces, from Section 4.2 on), that is triples (T', X, x)
where X is a proper metric space, x € X is a basepoint and T' is a closed (but not
necessarily discrete, nor cocompact) subgroup of Isom(X).

An equivariant isometry between isometric actions of pointed spaces (I', X, z) and
(A,Y,y) is an isometry F': X — Y such that

- Fr) =y;
— Fy: Isom(X) — Isom(Y) defined by Fy(g) = F o go F~! yields an isomorphism
between I" and A.
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We recall the definition of equivariant Gromov—Hausdorff convergence of isometric ac-
tions, as introduced by Fukaya in [28, Ch.1] and [29, §3].

Definition 4.1. Let (T, X, z), (A, Y, y) be isometry groups of pointed spaces. Given € > 0,
an equivariant e-approzimation from (', X, x) to (A,Y,y) is a triple (f, ¢, %) where:

o f: B(x, %) — By, é) is a map such that f(z) = y and satisfying
- d(f(x1), fz2)) — d(21,22)| <€ Va1, 29 € Bz, 1);
- Vy1 € B(y, 1) 3z1 € B(w, 1) such that d(f(z1),y1) <¢&;
o ¢:X1(D,x) > X1(A,y) is a map satisfying d(f(gz1),d(9)f(z1)) <e Vge X1 (T, x)
and Vazzzl € B(x, 5 such that gz1 € B(z, 1); ’
e Y: Y1 (A y) — X1 (T, z) is a map satisfying d(f(¢(g)z1),gf(x1)) <e Vge X1(A,y)
and Vz; € B(z, é)s such that ¥ (g)z1 € B(z, 1). E
Definition 4.2. The equivariant, pointed Gromov-Hausdorff distance® between two isom-
etry groups of pointed spaces (', X, z) and (A,Y,y)

deq-pGH((F7 X7 ZL‘), (A7 1/7 y))

is the infimum of ¢ for which there exists an equivariant e-approximation from (I', X, x)
to (A,Y,y) and an equivariant e-approximation from (A,Y,y) to (I', X, x). A sequence
of isometry groups of pointed spaces (I'y,, Xy, ) converges in the equivariant, pointed
Gromov-Hausdorff sense to (I, X, x) if for every € > 0 there exists n. > 0 such that if
n = n. then

deq-pGH((FTu X’rl) xn)v (F7 X7 x)) <E.

In this case we write (I, Xp, 2,) — (T, X, ).
eq-pGH
For trivial groups I', A, T, A,, we recover the usual definition of pointed, Gromov—
Hausdorff distance and convergence (denoted dpgu and a»l), moreover, for compact
P

spaces with uniformly bounded diameter this reduces to the usual Gromov-Hausdorff
distance (in the following, sometimes shortened GH-distance and denoted dgp).

In the sequel we will follow an equivalent approach which uses ultralimits, which is
more adapted to our purposes. We will present it in the next subsection, and then recall
the relations with the usual notion of Gromov-Hausdorff convergence, referring to [35]
and [13]; see also [23], [16] for more details on ultralimits.

On the other hand, we will state our results in terms of Gromov—Hausdorff conver-
gence, which is more commonly used in literature.

5 The definition is slightly different from the one in [28] and it might not define a true distance. However
the two definitions are comparable and in particular they define the same convergence.
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4.1. Equivariant Gromov—Hausdorff convergence and ultralimits

A non-principal ultrafilter w is a finitely additive measure on N such that w(A) € {0, 1}
for every A € N and w(A) = 0 for every finite subset of N. We will write w-a.s. or for
w-a.e.(j) in the usual measure theoretic sense. Given a bounded sequence (a;) of real
numbers and a non-principal ultrafilter w there exists a unique a € R such that the set
{j € N s.t. |a; — a|] < ¢} has w-measure 1 for every ¢ > 0 (cp. [23, Lemma 10.25]). The
real number a is then called the ultralimit of the sequence a; and is denoted by w-lima;.

Fixing non-principal ultrafilter w, for every sequence of pointed metric spaces (X;, z;)
one can define the wultralimit pointed metric space

(Xw,2w) = w-lim(X;, x;)

— first, one says that a sequence (y;), where y; € X, for every j, is admissible if there
exists M such that d(x;,y;) < M for w-a.e.(j);
— then, one defines (X,,,z,) as set of admissible sequences (y;) modulo the relation
(y;) ~ (y;) if and only if w-lim d(y;,y;) = 0.

The point of X,, defined by the class of the sequence (y;) is denoted by y,, = w-limy;.
Finally, the formula

d(w-lim y;, w-lim y}) := w-lim d(y;, y})

defines a metric on X, which is called the ultralimit distance on X,,.

Using a non-principal ultrafilter w, one can also talk of limits of isometries and of
isometry groups of pointed metric spaces. A sequence of isometries g; of pointed metric
spaces (X;,x;) is admissible if there exists M > 0 such that d(g;z;,z;) < M w-as.
Every such sequence defines a limit isometry g, = w-limg; of X,, by the formula (see
[23, Lemma 10.48]):

Gl = w-lim 9iY;-

Finally, given a sequence of isometry groups of pointed spaces (I'j, X;, z;) we can define
the ultralimit group I', = w-limT'; as

I, = {w-limg; s.t. g € T'; for w-a.e.(j)}
In particular the elements of I',, are ultralimits of admissible sequences.
Lemma 4.3 ([13], Lemma 3.7). The composition of admissible sequences of isometries is

an admissible sequence of isometries and the limit of the composition is the composition
of the limits.



N. Cavallucci, A. Sambusetti / Advances in Mathematics 482 (2025) 110555 29

Therefore, one has a well-defined composition law on I',,: if g, = w-lim g; and h, =
w-lim h; we set g, o hy, := w-lim(g; o h;). With this operation I, becomes a true group
of isometries of X,,.

Notice that I',, depends, in general, on the chosen basepoints z; € X, (since this
choice selects the admissible isometries), and that if X, is proper then T, is always a
closed subgroup of isometries of X, [13, Proposition 3.8].

In conclusion, a non-principal ultrafilter w being given, for every sequence of isometry
groups of pointed spaces (I';, X, ;) there exists an ultralimit isometry group of a pointed
space

(Tw, Xu, zw) = w-Im(T;, X;, z;).

We now turn to the equivalence between the ultralimit approach and the best known
notion of Gromov—Hausdorff convergence. The relation between the Gromov—Hausdorff
convergence (simple, pointed, and equivariant) and the convergence via ultralimits theory
is resumed by the following result:

Proposition 4.4 (13, Proposition 3.13 & Corollary 3.14]). Let (T';, X;,x;) be a sequence
of isometry groups of pointed spaces:

1) o (T, X;,z5) i (Too, Xoo, Too), then (T, Xu,2w) = (T, Xoo, Ton) for every
eq-p

non-principal ultrafilter w;
(ii) reciprocally, if w is a non-principal ultrafilter and the ultralimit (X, x,,) is proper

then (T, , Xj,, %) . (Tw, Xw,xw) for some subsequence {ji}-
eq-p

Moreover, if for every non-principal ultrafilter w the ultralimit (Ty,, Xy, ) is equivari-
antly isometric to the same isometry group of pointed space (T', X,x), with X proper,
then (T, X;,z;) — (I, X,z).
eq-pGH

When restricted to the case I'; = (1) for all j (resp. when the spaces X; are compact),
this statement also explains the standard relations between pointed Gromov—Hausdorff
convergence (resp. simple Gromov—Hausdorff convergence) and ultralimit convergence, as
studied for instance in [35]. In particular, this shows that if (X, z;) on (X, Zop), then

any family of isometry groups I'; < Isom(X;) (sub-)converges to some limit isometry
group I'y, of X, with respect to the pointed, equivariant GH-convergence (since, for any
choice of w, the ultralimit X,, = X, is proper by (i), and then there exists (ji)ren such

that (ij,Xjk,IZij) —_— (Fw,Xw7l’w) by (11))
eq-pGH

A sequence (T';, X;,x;) is called D-cocompact if each T'; is D-cocompact, and uni-
formly cocompact if it is D-cocompact for some D. It is not difficult to show that the
ultralimit of a sequence of isometry groups of pointed spaces does not depend on the
choice of the basepoints, if the isometry groups are uniformly cocompact:
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Lemma 4.5. Let (I';, X;,2;) be a sequence of isometry groups of pointed spaces, all
D-cocompact, and let (a:;-)jeN be a different sequence of basepoints. Then, for every
non-principal ultrafilter w, the ultralimit of (I';, X, x;) is equivariantly isometric to the
ultralimit of (I';, X, x%).

Therefore, when considering the convergence of uniformly cocompact isometric ac-
tions, we will often omit the basepoint, if unnecessary for our arguments. Finally, we
remark that the equivariant pointed Gromov—Hausdorff convergence of a sequence of
isometric actions with uniformly bounded codiameter implies the pointed Gromov-—
Hausdorff convergence of the quotients.

Lemma 4.6 (/28, Theorem 2.1]). Let (I';, X;) be a sequence of D-cocompact isometry
groups of pointed spaces. If (I';, X;) i (P, Xoo) then TH\X; =: M; e My, =
eq-p

Lo\ X o

Of course, even if the groups I'; are all discrete, the group I'y; may be not discrete
and the structure of the quotient I',\ X4 is not clear at all.

4.2. Convergence of CAT(0)-lattices

Our next goal is to explain what happens in our specific setting, where the X; are
all proper, geodesically complete CAT(0)-spaces, and the I'; are uniformly cocompact.
With this purpose, we now precisely define the following classes of isometry groups we

are interested in:

- CAT((Dy): this is the class of isometry groups of spaces (I', X) where X is a proper,
geodesically complete, CAT(0)-space, and T is a Dy-cocompact, lattice of X;

- CATo(Py,ro, Dp): the subclass of CAT((Dy) made of the lattices (I', X) such that
X is, moreover, (Py, ro)-packed.

We will denote by O-CAT((Dy), O-CATo(Py, 10, Do) the respective classes of quotients
M =T\X: these are compact CAT(0)-orbispaces, with (I", X) respectively in CAT(Dy)
and CATy(Py, 79, Do).-

We will say that a sequence of proper metric spaces X; (and, by extension, a sequence
of isometric actions (I'j, X;,x;)) is uniformly packed if there exists (Fp,ro) such that
every X is (Py,ro)-packed. The proof of [13, Lemma 5.4] implies that

CATo(Dg) = || CAT,(Py, 7o, Do)-

Po,ro

More precisely, we have:
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Proposition 4.7. A subset F < CATo(Dy) is precompact (with respect to the equivariant
pointed Gromov-Hausdorff convergence) if and only if there exist Py,rqg > 0 such that
Fc CATQ(P(), 70, Do)

Proof. The “if” direction follows from the fact that the class of proper, geodesically
complete CAT(0)-spaces which are (Py, rg)-packed is precompact,® by [16, Theorem 6.4]:
that is, every sequence of pointed spaces (X, z;) in this class (sub)-convergences to some
proper metric space (X, o) (which is still geodesically complete, CAT(0) and (Py, r0)-
packed). The conclusion then follows from the discussion after Proposition 4.4, showing
that then any sequence of isometry groups I'; of the pointed spaces (X}, x;) subconverges
in the pointed, equivariant GH-convergence to some isometry group Iy, of (Xg, o).

The other direction is provided by [13, Lemma 5.8], which shows that if (I';, X;) is a
sequence of Dy-cocompact isometry groups of spaces which converges in the equivariant
pointed Gromov-Hausdorff sense to some isometry group (I's, X ), then the sequence
(T'j, X;) is uniformly packed. [

Let us now consider a sequence of lattices (I'j,X;) in CATy(Dyp), such that
(T, X;) e (T, Xoo). We will always denote by M; = T';\X; and My, = I'p\ X
the quotient spaces. Our goal is to describe the limit group 'y, acting on X4 and the
quotient My, = I'p\Xoo.

Definition 4.8 (Standard setting of convergence). We say that we are in the standard
setting of convergence when we have a sequence of lattices (I';, X;) in CATy(Dy) such
that (I';, X;) —> (I's,Xw). Notice that, in this setting:

eq-pGH

(i) we can always assume that the (I';, X;)’s belong to some CAT((Fy, 7o, Do), for some
constants Py, ro (by Proposition 4.7);

(ii) the limit space X, is a proper, geodesically complete CAT(0)-space which is still
(Po,r0)-packed (since this class of spaces is closed under ultralimits and compact
with respect to the pointed Gromov-Hausdorff convergence, by [16, Theorem 6.1});

(iii) the limit group I'y, may well be non-discrete, but it is always a closed subgroup
of Isom(Xo,) (as recalled after Lemma 4.3, by [13]), in particular M, is always a
genuine metric space;

(iv) the quotients M; = I';\X; e My =T\ Xy (by Lemma 4.6).

6 And even compact, by Corollary 6.7 of [16], since the dimension of any such space is bounded by
no = Py/2.
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A note of attention should be put on (iv): the convergence of the quotient orbispaces
M; < M, does not imply in general ” the convergence of the isometry groups

(T, X;) 2 (T, Xoo) (as this is false even for constant sequences, by Remark 2.1).
eq-p

Moreover, we will say, for short, that we are in the nonsingular setting of convergence
(resp. in the Lie setting) if each group I'; is nonsingular (resp. all isometry groups
Isom(X;) are Lie).

Finally, a sequence of lattices (I';, X;) e (I's, Xo) in the standard setting of

convergence (equivalently, the sequence of orbispaces M; o Mo,) will be called:

- non-collapsing, if limsup,_, , ., sys®(I';, X;) > 0;
- collapsing, if liminf;_, |, sys®(I';, X;) = 0.

These cases are not apparently mutually exclusive, but indeed they are. Actually, the
two cases are respectively equivalent to the conditions that the dimension of the limit
My, = T\ X equals the dimension of the quotients M, or decreases, as we will prove
in Subsection 4.6 (Theorem 4.16). This is a very intuitive but not trivial result, and will
follow by a careful analysis of both the collapsed and non-collapsed case.

4.3. Convergence without collapsing

Theorem 4.9. Assume (I';, X;) - (Tw, Xoo) in the standard setting, without collaps-
eq-p

ing. Then:

(i) the limit group Ty, is closed and totally disconnected;
(ii) moreover, if all the groups I'; are nonsingular, then I'y, is discrete and isomorphic
to I'; for j big enough.

Further, the limit of the orbispaces M; = I';\X; is isometric to My = T'x\Xy and, in
case (ii), M; is equivariantly homotopy equivalent to My, for j » 0.

Proof of Theorem 4.9. We choose a subsequence {jh,} in such a way that
limp_, o0 sys®(Ly,, X;,) > 0 exists, and we choose a non-principal ultrafilter w with
w({jn}) = 1. This is always possible since A := {A € N : {jp} < A} is a filter in
the sense of [20], so it is contained in an ultrafilter by [20, Theorem 7.1], which is
non-principal since it contains infinite sets. Therefore we assume that

sys®(I'j, X;) = € > 0 for w-a.e.(j).

7 This is false even for sequences of Riemannian orbifolds with uniformly bounded sectional curvature,
contrarily to what asserted in [28, Proposition 2.7] (where the non-collapsing assumption is forgotten). For
instance, the product of a closed Riemannian manifold M = I'\X with a torus 7; = I';\R? converges to M
by taking I'; = st2 with €; — 0, but (I' x I';, X x R?) does not converge to (', X).
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By Proposition 4.4, it is enough to show the thesis for the ultralimit group Iy, of X,
which coincide respectively with I'y, and Xo.

By the remark (i) after 4.8, we may assume that all the (I';, X;)’s belong to the class
CATy(Py, 10, Do), for suitable Py, 79, and that ¢ < €p. Let 0 = opo,ro’Do(ﬁ) be the
constant provided by Theorem 3.1.

By Lemma 4.5 the limit triple does not depend on the choice of the basepoints, so we
may assume that the basepoints z; are those provided by Corollary 3.4(ii), that is the
almost stabilizers I', (z;) < T; fix the basepoint z; for w-a.e.(j). We have to show that
e = {id}.

It is clear that if g, = w-limg; € ¥¢ (z,,) then g; € Xo(x;) for w-a.e.(j). Therefore,
gjx; = x; by our choice of z;, so gux., = x.. Notice that the subset E%(xw) c T,
has non-empty interior: in fact, calling ¢, : ', — X, the continuous map ¢, (gu) =

T

gwiw, the open set U = ¢ '(B(zy, §)) is contained in Xg (z,,). Therefore U n T'g, is

o

an open neighborhood of the identity in I'C, and it generates I'C; it then follows that

w? w?

(g (2y)) n TG, = I'y. In particular every element of I'}, fixes x,. The set Fix(Ty)) is
convex, closed, non-empty and I',-invariant because I';, is a normal subgroup of I',,.
The action of T',, on X, is clearly Dy-cocompact, hence minimal, so Fix(I'%) = X, and
I'?, = {id}. The facts that I',, is closed and that Mg, is the limit of the M;’s are just the
remarks (iii)&(iv) after Definition 4.8.

To prove part (ii) first recall that by Theorem 2.9, up to replacing € with a smaller
number (and possibly changing again the basepoint by Lemma 4.5), we also have
sys(T';,z;) = € > 0 for w-a.e.(j). It is then easy to deduce that sys(T',,,z,) = € too
(actually, if g, = w-lim g; is any element of I',,, then d(z;, gjz;) = € for w-a.e.(j), hence
d(xw, guTw) = €). Since X, is proper, this is enough to show that Ty, is discrete, because
the orbit I',,z,, is discrete and the stabilizer of x,, is trivial.

Finally, choose Dy < D < Dy + 1 such that d(x,,g,z,) # 2D for all g, € Ty,
and consider the generating sets ¥; := EQD(.TJ') and ¥, := Yap(z,,) for I'; and T,
respectively. It is classical that the spaces X; and X, are respectively quasi-isometric
to the Cayley graphs of Cay(I';,3;) and Cay (T, ¥.,) with the respective word metrics
ds; and dy,, namely

1
: d(ngvg/xj) < dEj (gagl) < 2( d(gajj7gl‘rj> +1

2D D — Dy)

and analogously for dy,, and X,,. From this, one can prove exactly as in [13, Proposition
7.6] that
(Cay (T, Ey,), {id}) = w-lim (Cay(T';, ¥;), {id}).

But, since by Theorem 2.10 we only have finitely many marked groups (I';,%;), this
clearly implies that the (I'j, X;)’s must be all isomorphic for j big enough, in particular
isomorphic to (T, X,,).
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The second to last assertion follows from the fact that the class of proper, geodesically
complete, (P, ro)-packed, pointed CAT(0)-spaces (X, ;) is closed under ultralimits (see
[16, Theorem 6.1]) and from Lemma 4.6; clearly, the diameter of the limit T',,\ X, is still
bounded by Dy.

Finally, by [19, Theorem 5.4], any isomorphism ¢, : I'; — T',, between nonsingular
uniform CAT(0)-lattices can be upgraded to y-equivariant homotopy equivalence f; :
X; — X, which proves that M; and M,, are equivariantly homotopy equivalent. [

4.4. Convergence with collapsing

Theorem 4.10. Assume (I';, X;) o (T, Xoo) in the standard setting, with collapsing,
eq-p
and let I's, be the identity component of I's,. Then:

(1) Xo splits isometrically and T -invariantly as X!, x RY, for some £ > 1;
(ii) ', = {id} x Transl(R?), and X!, = '3\ X .

The space X/, is proper, geodesically complete, (Py,ro)-packed and CAT(0). The orbis-
paces M; = T';\X; converge to My, = I'ix\X oo, which is isometric to the quotient of X/,
by the closed, totally disconnected group T, := T /TS,.

Recall that all the spaces under consideration, being ( Py, o) packed, have dimension at
most ng = Py/2, by Proposition 2.5. Also, recall the constant Jy introduced in Section 3.1,
which bounds the index of the canonical lattice £(G) in any crystallographic group G of
RF, for k < ny.

To prove Theorem 4.10, we will use the following general fact, whose proof is straight-
forward and left to the reader:

Lemma 4.11. Let (T';, Xj,z;), (I}, X}, 2%,) be two sequences as above, w be a non-
principal ultrafilter. Then the ultralimit of (I'; x I}, X; x X7, (z;,2})) is equivariantly
isometric to (T, x T, Xy x X, (%0, 2),)).

We will also need the following, whose proof is included for completeness:

Lemma 4.12. Let A be a closed subgroup of translations of Isom(R¥). Then A =~ R* x Z4
with £ + d < k. Moreover, there is a corresponding A-invariant metric factorization of
RF as RY x R*=*, such that the connected component A° =~ R¢ can be identified with
Transl(R).

Proof. The group A may be identified with a subset V of R* by identifying each trans-
lation with its translation vector. Consider the connected component A° of the identity
of A: it is a closed, abelian, connected subgroup of R*. Hence, it is isomorphic to R¢ for
some /¢, being the image of the exponential of a Lie subalgebra of R™, which is a group
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isomorphism. Hence, V is a vector subspace. We can split R¥ isometrically as V @ V*,
where V= is the orthogonal complement of V. Since A acts by translations, each isom-
etry a € A can be decomposed as (a1, as), with a; € V and as € V*. Notice that the
isometry (id,as) € A because the action of A° on V is transitive; so, if (a1,a2) € A,
also the isometry (aq,id) belongs to A. In other words, A = A° x A 1, where A" is the
projection of A on Isom(V*). Since A is closed, A* is closed too. So At = A/A° is a
closed, totally disconnected subgroup of isometries of R¥, so a Lie group, hence discrete
and free abelian. Thus, it is isomorphic to some Z? with d < k — ¢, acting on the factor
kaé. n

Proof of Theorem 4.10. As we did in the proof of Theorem 4.9 we choose a non-principal
ultrafilter w such that w-limsys®(I';, X;) = 0, and by Proposition 4.4 it is enough to show
the thesis for the ultralimit (T'y,, X)) = (I'eo, Xoo). Again, by remark (i) after 4.8, we may
assume that all the (I';, X;)’s belong to CAT((Py, ro, Do), for some constants Py, 7.
By our choice of the ultrafilter w, we have sys®(I';, X;) < of for w-a.e.(j), where
o8 = 0p,.ro,Dy(€0) is the constant provided by Theorem 3.1 for € = ¢, the Margulis
constant; so X; splits as Y; x R with k; > 1 for w-a.e.(j). By Lemma 4.5 the limit does
not depend on the choice of the basepoints, so we can assume that the basepoints are the
points z; = (y;,v;) provided by Proposition 3.2, that is such that Fo_sk (x;) preserves the
slice {y;} x R¥. Moreover, if k,, = w-lim k;, we have k; = k,, for w-a.e.(j) and k, < no.

Now, choose a positive € < % min {05‘, 2 sin (Jlo) } Then, by Lemma 2.8, we deduce
that every element ¢ of a crystallographic group of R¥, for k < ng, moving every point
of Bgrx (O, 2%) less than 2¢ is a translation. We consider the open subset of I',, defined

by

U(zy,€) = {gw ey s.t. d(Yw, 9wy ) < € for all y,, € Bx_(z,,, 1/6)}.

Since (U(z., €)) is an open subgroup of T',, containing the identity, we have (U (z,, €)Y N
Iy, =T, for every € > 0. Remark that if g, = w-lim g; is in U(x., ), then for w-a.e.(j)
the isometry g; belongs to

Ulzj,2¢) :={g; € I; s.t. d(y;, g;y;) < 2¢ for all y; € Bx, (x;,1/(2¢)) }.

Every element g; € U(z;,2¢) belongs to fo_sk (x;) since 2¢ < o, therefore it acts on
X; =Y; xRk as g; = (95,97), where g} fixes y; (because of our choice of basepoints);
moreover, g; is a global translation of RF« since it moves the points of Bk, (O, 2%)
less than 2¢. An application of Lemma 4.11 says that also X, splits isometrically as
Y, x R¥~ where Y,, is the ultralimit of the (Yj,y;)’s. Moreover clearly I',, preserves
the product decomposition. In particular every element of g, € I'y, can be written as
a product uy(1)---uy(n), with each u, (k) in U(zy,e); as u,(k) = w-limu;(k) with
uj(k) = (uj(k),u;(k)") € U(x;,2¢), where u;(k) fixes y; and u;(k)” is a translation, it
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follows that also g,, can be written as (g/,, g”) € Isom(Y,,) x Isom(R*~) where g’y = v,
and g’ is a global translation (being the ultralimit of Euclidean translations).

Let us call p: ', — Isom(Y,,) the projection map. The group p(I'{,) is normal in
p(T'y). The set of fixed points Fix(p(T'y,)) is closed, convex, non-empty and p(T,)-
invariant (since p(I'Y) is normal in p(T',)). Since T, is clearly Dy-cocompact, so it is
p(T'y). Then the action of p(I'y,) on Y, is minimal (cp. [11, Lemma 3.13]) which im-
plies that Fix(p(I'?)) = Y, that is p(T',) = {id}. We conclude that T'C is a connected
subgroup of {id} x Transl(R¥«). Moreover, it is closed since T, is closed, as recalled in
Definition 4.8.(iii).

By Lemma 4.12, R¥« splits isometrically as R? x R¥~f and T° can be identified
with the subgroup of translations of the factor R, for some ¢ < k,. Setting X/ :=
(Y, x RF~=*) this is still a proper, geodesically complete, ( Py, ro)-packed, CAT(0)-space,
and clearly X/ = I'’\X,. Notice that, since I'{, is normal in T',,, then the splitting
X, = X! x R* is T'y-invariant.

Let us now show that I', is non-trivial, hence ¢ > 1. Actually, if I',, was trivial then I',,
would be totally disconnected, and by [9, Corollary 3.3], we would have sys®(T',,, X,,) > 0.
However, we are able to construct hyperbolic isometries of I',, with arbitrarily small
translation length, which will prove that I'{, is non-trivial. Indeed, fix any A > 0 and
an error 0 > 0. By the collapsing assumption we can find hyperbolic isometries g; € I';
with £(g;) < 0, for w-a.e.(j). By Do-cocompactness, up to conjugating g; we can suppose
g; has an axis at distance at most Dy from z;. Take a power m; of g; such that A <
E(g;nj ) < A+ 6. Then, the sequence (g;nj) is admissible and defines a hyperbolic element
of T',, whose translation length is between A and A + §. By the arbitrariness of A and ¢
we conclude.

Finally, the quotients M; = I';\X; converge to My = I'x\Xo = I,\X,, by the
remark (iv) after 4.8 and T, \X, = (Dy/ToN\To\Xw) = TL\X],. It is easy to see that
the totally disconnected group I',,/T', is closed as a subgroup of Isom(X/). [

Remark 4.13. In full generality, the conclusion of Theorem 4.10 cannot be improved
saying that the totally disconnected group I's, /TS, is discrete. Indeed, let (X,;,T';) be the
sequence considered in the Example 3.6, where none of the groups I'; have non-trivial,
abelian, virtually normal subgroups. The sequence converges in the pointed equivariant
Gromov—Hausdorff sense to a limit isometric action (Xq, 'y ), where Xo, = R2 x T and
the connected component of I'y, is 'S, = Transl(R?) x {id}, so X/, = T. The group
' /TS, acting on T', contains the infinite order, elliptic isometries induced by a and b,
so it is not discrete. In particular I', is not a Lie group.

On the other hand observe that, in general, if 'y, is a Lie group, then one can use
the same proof of [49, Lemma 58] to produce a non-trivial, nilpotent, normal subgroup
of I';, for j big enough. This means that the existence of non-trivial, nilpotent, normal
subgroups in I'; for j big enough, and the corresponding splitting of the groups I';, is
strictly related to the structure of the limit group.
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In Section 4.7 we will see a more precise relation between the metric limit My, and the
approximants M in the standard, nonsingular setting of convergence in the collapsing
case, provided that the isometry groups Isom(X) are Lie.

4.5. Riemannian limits

Recall that every Riemannian, geodesically complete CAT(0)-space X is a Hadamard
manifold, i.e. a complete simply connected manifold with nonpositive sectional curvature.
If the limit My, of a sequence of CAT(0)-orbispaces is a Riemannian manifold, then the
equivariant homotopy equivalence between M; and M, of Theorem 4.9 can be promoted
to homeomorphism.

For this, we need the following preliminary fact:

Theorem 4.14. Let X be a n-dimensional Hadamard manifold. There exists ¢ =
e(X, Do) > 0 such that if a proper, geodesically complete, Dy-cocompact CAT(0)-space
X' satisfies

dp—GH((X7 .’13), (X/,J?/)) <E€
(for some choice of basepoints x,x’) then X' is a topological manifold.

Proof. Take a sequence of (proper, geodesically complete) pointed CAT(0)-spaces
(X, ;) admitting Dy-cocompact lattices I';, and converging in pointed GH-distance

to a Hadamard manifold (X, ). Since (Xj,z;) (X, ), then (up to a subsequence)

GH
we may assume that the lattices (I';, X)) convergpe to some Dy-cocompact (possibly non-
discrete) isometry group I' of X. Then, by Proposition 4.7, the lattices (I';, X;) belong
to CATy (P, ro, Dy), for some Py and .

Moreover, by Dyg-cocompactness, the distance of x; to the stratum X]T-Lj of X; of
maximal dimension is uniformly bounded above; then, the dimension of X; is exactly n
for j » 0, by [16, Proposition 6.5].

Now, using the terminology of [42], every point of X is (n,0)-strained. Then, we set
§ := =iz and we claim that every point of B(z;,2Dy) is (n,d)-strained if j is larger
than some constant js. Actually, suppose that we could find a sequence of points (y;);en,
each one in B(z;,2Dy), not (n,§)-strained. This sequence defines a point y € X, which
is (n,0)-strained and in particular also (n,§)-strained. Since all the balls B(x;,2Dp)
are uniformly packed, we can use [42, Lemma 7.8] to deduce that also the points y;
would be (n,§)-strained, a contradiction. So, the fact that all points of B(x;,2Dg) are
(n, d)-strained implies that B(z;,2Dy) is locally biLipschitz homeomorphic to R™ by
[42, Corollary 11.8]. In particular, B(x;,2Dy) is a topological manifold, and by Dy-
cocompactness we conclude that the whole X; are topological manifolds. [J

Corollary 4.15. Let (T, X) be a torsionfree, uniform lattice of a Hadamard manifold.
Then, there exists € = (T, X) > 0 such that the following holds: for every other CAT(0)-
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lattice (I, X"), if deqpcu((I,X), I",X")) < e then M’ = T'"\X' is homeomorphic to
M =T\X.

Proof. Let Dy = diam(T"\ X) and suppose, by contradiction, that there exists a sequence
of lattices (I'j, X;) converging to (I', X), with M; = I';\X; not homeomorphic to M.
Then, diam(I';\X;) < 2D, definitely, and by Proposition 4.7 the (I';, X;)’s and their
limit (T, X) belong to CATo(FPy,r9,2Dy), for some Py and rg. Since the limit group is
discrete by assumption, we deduce that we are in the noncollapsing setting, by Theo-
rem 4.10. Moreover, by Theorem 4.14, we know that the X;’s are topological manifolds
for 7 » 0, thus we are in the nonsingular setting of convergence. Then, by Theorem 4.9,
we conclude that I'; is isomorphic to I' for j » 0, in particular I'; is torsion-free as well.
It follows that the M;’s are locally CAT(0)-spaces which converge in the GH-distance
to the Riemannian manifold M. Since we are in the noncollapsing case, the injectiv-
ity radius of all the spaces M; is uniformly bounded away from zero: then, applying
[44, Theorem 1.8] (with § that can be taken arbitrarily small since M is a Riemannian
manifold), implies that M; is homeomorphic to M for j » 0. O

The last step of the proof can be replaced by applying the Borel Conjecture for
CAT(0)-groups, see [4], in dimension different from 4.

4.6. Limit dimension and limit Fuclidean factor

If a metric space X € CAT( (P, ro, Do) then dim(X) < ng = Py/2, by Proposition 2.5.
Moreover, if (X;,z;) v (X, Too) then, by [16, Theorem 6.5]
P

dim(Xo) < liminf dim(Xj).

j—+w
The following theorem precisely relates the collapsing (as defined in 4.8) in the standard

setting of convergence to the dimension of the limit quotients, and is a direct consequence
of the convergence Theorems 4.9 & 4.10.

Theorem 4.16 (Characterization of collapsing). Let (I'j, X;) € CATo(Dy) be a sequence
of lattices converging in the pointed equivariant GH-distance to (I'en, Xoo), and let M; =
FA\X;, My =To\Xo. Then:

(i) the sequence is non-collapsing if and only if TD(My) = limj_, 1o TD(M;);
(ii) the sequence is collapsing if and only if TD(My) < lim;_, 1o TD(M;).

Moreover, in the above characterizations, the topological dimension TD can be replaced
by the Hausdorff dimension HD.
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We just need the following additional fact in order to establish the persistence of the
dimension.

Lemma 4.17. Let X be a proper, geodesically complete, CAT(0)-space and I' < Isom(X)
be closed, cocompact and totally disconnected. Then the quotient metric space M = T'\X
satisfies

HD(M) = HD(X) = TD(X) = TD(M).

Proof. The quotient map p: X — M is open because it is the quotient under a group
action. Moreover the fiber p~1([y]) is discrete for all [y] € M. Indeed, suppose there
are points g;y accumulating to x € X, with g; € I'. By Ascoli-Arzela we can extract
a subsequence, which we denote again (g;), converging to g, € I' with respect to the
compact-open topology. Since X is geodesically complete, then the stabilizer Stabr(y)
is open (see [11, Theorem 6.1]). In particular, g ;'g;y = y and we have g;y = gy for
j » 0. This shows that the fibers are discrete. Then, by [25, Theorem 1.12.7], we deduce
that TD(X) = TD(M). On the other hand, since the projection p is 1-Lipschitz, we
have HD(M) < HD(X). Moreover, HD(X) = TD(X) because of [42, Theorem 1.1]. As
TD(M) < HD(M) always holds, we get

TD(M) < HD(M) < HD(X) = TD(X) = TD(M). [

Proof of Theorem 4.16. As the groups are all Dy-cocompact, by [16, Proposition 6.5] we
have

TD(X») = HD(X») = lim HD(X;) = lim TD(X;),
J—+00 Jj—+00
so the limit exists. Moreover, TD(M,) = HD(M;) = TD(X,) = HD(Xj;) for every j by
Lemma 4.17. Therefore, we also have

TD(Xy) = HD(X») = lim HD(M;) = lim TD(M;).
J—+00 Jj—+00
Suppose first that the sequence is non-collapsing. In this case M, is isometric to the
quotient of Xy by a closed, cocompact, totally disconnected group by Theorem 4.9.
Hence TD(My) = TD(Xo) = limj, 4o TD(M;) by Lemma 4.17, and similarly for the
Hausdorff dimension.

Suppose now that the sequence is collapsing. Theorem 4.10 says that My is the
quotient of a proper, geodesically complete, CAT(0)-space X/, of dimension strictly
smaller than the dimension of X, by a closed, cocompact, totally disconnected group.
Again Lemma 4.17 then implies that

TD(M.,) = HD(M,) < HD(X,) = TD(X,) = lim TD(M;)

J—+00
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and similarly for the Hausdorff dimension. []

Notice that since we proved that lim;_, o, TD(M;) exists, Theorem 4.16 excludes
sequences (I';, X, x;) converging with mixed behavior (that is, such that along some sub-
sequence the convergence is collapsed, and along other subsequences it is non-collapsed).

Another consequence of the analysis of convergence in the nonsingular setting, com-
bined with the renormalization Theorem 3.5, is the persistence of the Euclidean factor
at the limit:

Corollary 4.18 (Euclidean factor of limits). Let (I';, X;) < CATo(Dy) be a sequence of
nonsingular lattices converging to (I'en, Xoo), and let k; be the dimension of the Euclidean
factor of X;. Then ko 1= limj_, 4 k; exists and equals the dimension of the Euclidean
factor of Xoo.

Proof. By Proposition 4.4 it is sufficient to prove that for every non-principal ultrafilter
w the ultralimit k, = w-limk; is the same and equals the dimension of the Euclidean
factor of X,,. By the renormalization Theorem 3.5 and by Theorem 2.9, up to passing
to an action of the groups I'; on new spaces X ]’ we may assume that the sequence is
non-collapsing. Notice that this does not change the isometry type of the limit space X,
because the spaces X ; provided by the renormalization Theorem 3.5 are isometric to X ;.
Then, we can apply the convergence Theorem 4.9 and deduce that the limit group I'y, is
discrete (and cocompact). Now, by [12, Theorem 2], for any CAT(0)-space X possessing
a discrete, cocompact group I', the Euclidean rank coincides with the maximum rank of
a free abelian commensurated subgroup A < I'. But this maximum rank is stable under
ultralimits in the standard, nonsingular setting of convergence without collapsing, since
by Theorem 4.9 the groups I'; are all isomorphic to I'y, for j » 0. [

If the quotient spaces M; = [';\X;, My = I'x\ Xy split (or virtually split) metri-
cally maximal dimensional tori T* and T*=, the dimension k, of the limit tori in the
collapsing case is generally different to the limit of the k;’s.

4.7. Collapsing when the isometry groups are Lie

We prove here the convergence Theorem C stated in the introduction, where we sup-
pose to have a converging sequence of nonsingular CAT(0)-orbifolds M; = I'\X; where
all the groups Isom(X;) are Lie. This includes, for instance, all collapsing sequences
of nonpositively curved Riemannian manifolds or, more generally, of CAT(0)-homology
manifolds.

For the proof, we need the following

Lemma 4.19. Let (I';, X;,x;) be a sequence of isometry groups of pointed spaces, and
let w be a non-principal ultrafilter. If f’j are subgroups of T'j of index [T'; : IV’J] < I for
w-a.e.(§), then [Ty, : T,] < I.
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Proof. Suppose to find g, 1,..., 9w i+1 € L'y, such that g, I, # gunI, for all different
m,n € {1,...,I+1}. We write g, y, = w-lim g; ,,. We can find different m,n e {1,..., I+
1} such that gj_’}ngjm € I'; for w-a.e.(j). By definition this implies that JomGwn €T, a
contradiction. []

Theorem G. Assume that a sequence of nonsingular lattices (I'j, X;)eny S CATo(Do)
converge collapsing to (T, Xo0), and that the groups Isom(X;) are Lie. Let X; = Y; xR
be the canonical splitting of the Euclidean factor of X;, let Xon = X!, x R be the splitting
given by Theorem A, with £ = dim(I'y,) > 1, and let ko = lim; k; > £ be the dimension
of the Euclidean factor of X . Then:

— the lattice I'; has a normal subgroup of finite index fj splitting as lv“yj x 7%
— the orbispace M; = I';\X; virtually splits as Nj X Tfj, where Nj =I'y,\Yj is a
nonsingular CAT(0)-orbispace and T* = Z*\R*s is a flat torus.

Moreover:

(i) the Nj ’s converge non-collapsing to a nonsingular orbispace Ny;
(ii) the tori T*i converge to a flat torus Tk, with kLo =ko —L;
iii) the M;’s converge to the nonsingular orbispace My, = T, \X.,, where I',, = 'y, /TS
J [ee] [ee] 0 [ee]
is discrete;
(iv) My, is the quotient of Ny x TFe by a finite group of isometries Ay .

Finally, if (T, Xw) € CATo(Py,70,D0) and Uy, ,Ye) is the limit of the (f;xj.,Y») ’s,
then sys®(Ty,,, Yos) = 0 (Po, 70, Do) and |Ay| < Io(Po, 70, Do).

Proof. Let w be any non-principal ultrafilter, and let (T',,, X,,) be the ultralimit of the
(T, X;)’s. We know that w-limsys®(I';, X;) = 0. Therefore, the first assertion about
M; follows from Theorem 3.7: for j » 0, the space X; splits as Y} x R¥5 | where RFs
is the Euclidean factor, and there is a normal subgroup fj = fizj x Zki < I'; of index
[0 & T5] < T such that M = DXy = (Ty,\5) x (Z5\RM) = Nj x T and
syso(f%.,Yj) = of.

Let (T, X.), (Ty,,Y.,) and (A,,, R*¥) be the ultralimits of the groups T';, f‘;/j and Z*i
acting respectively on X, Y; and R*i. By Lemma 4.11 we have corresponding splittings
X, =Y, xRF and T, = fyw x Ay, with k,, = w-lim k;; moreover, by Corollary 4.18,
k., = kg is the dimension of the Euclidean factor of X,,.

The groups f‘yj act nonsingularly without collapsing on Y; by Theorem 3.7, which
implies that wa acts discretely on Y,,, by Theorem 4.9(ii). Therefore, the N. ;’s converge
without collapsing to a nonsingular orbispace N,, = I'y.\Y,,. This proves (i).

Moreover, since [I'; : f‘J] < Iy, Lemma 4.19 implies that [T, : T',] < Iy too. There-
fore the subgroup I, is open in I', and f‘fj) =T° = R’ where ¢ > 1 is provided by
Theorem 4.10. On the other hand, A, is closed as recalled after Lemma 4.3 acts co-
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compactly by translations on R¥, so Lemma 4.12 implies that A, is isomorphic to the
group ZF«=t x R¥ acting on R¥» >~ RF~¢ x RY for some ¢ > 0. As 'y, acts discretely
on Y, it follows that ', = A2 = RY', therefore £ = /.

Moreover, since the groups Z* converge to A, = Z"~¢ x R, and the factors act
separately by translations on the factors R¥»—¢ and R of R¥« | it is clear from Lemma 4.6
that the tori T* = Z*i\R¥ converge to the limit torus ZF~—*\RF~—¢ = Tke=¢ This
proves (ii).

Now, the group I", := [',/T° = 'y, x Z*~* has index < Iy in I, = T,/T%; and,
since the first one is discrete, it follows that also I', is discrete. By Theorem 4.10 it
follows that the spaces M; converge to M,, = I\ X/, where X/, = I')\ X,,, hence M,, is
a nonsingular orbispace, proving (iii).

Finally, remark that since f‘j is normal in I'; for all j, then I, is normal in T, (cp.
[18, Lemma 6.14.(iii)]), and in turns this implies that I, < T”,. Therefore, this space M,
is the quotient of M, := I\ X/, by the group A, = I, /T, which has cardinality < Io.

Moreover Y,, has no Euclidean factors because of Corollary 4.18, so sys®(I'y,) = o
by Theorem 3.7. This proves (iv). [

As a result of the convergence results proved in this section, we obtain the compactness
Theorem D for CAT(0)-homology orbifolds. Recall the class HO-CATy(Py, ro, Do) de-
fined in the introduction, consisting of all the quotients M = I'\X with (T, X') belonging
to CATy(Py, ro, Do), where X is supposed, in addition, to be a homology manifold.

Theorem H. For all fized Py, o and Dy, the class HO-CATy(Py, ro, Do) is compact with
respect to the Gromov-Hausdorff topology.

Proof. Let M; = I';\X; be a sequence in HO-CAT((FPy, 79, Do). Since the X; are
homology manifolds, then I'; is nonsingular and Isom(Xj;) is a Lie group for every
Jj, as recalled in Section 2.5 and by Proposition 2.4. By [16, Theorem 6.1], the class
CAT(Py, 0, Do) is compact with respect to the Gromov—Hausdorff' convergence. More-
over, if (X;,z;) IE)I (X, Too), then Xo, is again a homology manifold, by [41, Lemma

3.3].

Now, by Theorem 4.16, the sequence (I';, X;) is either non-collapsing, or collapsing. In
the first case, by Theorem 4.9 the quotients M; converge to some space My, = I'px\ X,
for a discrete subgroup I', of Isom(X), hence it belongs to HO-CATy(FPo, 70, Do).
In the second case, the M;’s converge to a lower dimensional limit space My, which by
Theorem C is isometric to the quotient of the space X/ (a proper, geodesically complete,
(Po,r0)-packed CAT(0)-space, by Theorem 4.10) by the discrete, Dg-cocompact group
I, . Moreover, if X, = Y, x RF» is the splitting of the Euclidean factor, we have
X! = Y, x RF==¢ by the proof of Theorem 4.10 and by Corollary 4.18. By the Kunneth’s
formula it then follows that Y5, and in turn X/, are homology manifolds; therefore, My,
still belongs to HO-CAT(Py, r9, Do). [
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4.8. Isolation of Fuclidean spaces and entropy rigidity

In this section we prove the rigidity and pinching Theorems E & F stated in the
introduction.

Theorem 1. There exists € = £(Dg,n) > 0 such that every Dg-cocompact, geodesically
complete CAT(0)-space X satisfying dpcu(X,R™) < e is isometric to R™.

Proof. If the thesis is false, there exists a sequence of lattices (I';, X;) € CAT((Dy) such
that the X;’s converge to R"™ in the pointed GH-distance, but with X; not isometric to
R™ for every j. By Propositions 4.4 and 4.7, there exist Py, ro > 0 such that (I';, X;) €
CAT(Py, 10, Do) for all j, and, up to extracting a subsequence, we may assume that
the sequence (I'j, X;) converges in the equivariant pointed GH-distance to (I',R™) for
some closed subgroup I' < Isom(R™). By the renormalization procedure of Theorem 3.5,
which does not change the isometry type of the spaces X; and keeps the diameter of
the quotients I';\X; bounded by Ay, we may assume that the sequence is noncollapsing.
Moreover, the spaces X; are topological manifolds for j » 0, by Corollary 4.14. Therefore
we are in the nonsingular, non-collapsed setting of convergence, and we deduce from
Theorem 4.9(ii) that the limit I' is discrete, and I'; is isomorphic to I' for j » 0. In
particular T'; is virtually abelian of rank m. Then, [1, Corollary C] says that X; is
isometric to R", leading to the contradiction. []

We conclude by proving Theorem F. The idea is that, if we assume to have a sequence
of uniformly packed and uniformly cocompact CAT(0)-spaces with smaller and smaller
entropy, we can pass to the limit and, by a continuity argument, deduce that the entropy
of the limit is zero; we then conclude again from [1, Corollary C], saying that a space
with zero entropy has to be flat. However, the continuity argument is delicate: it is
known in some cases, under the assumption that the group actions are torsion-free (see
[47, Proposition 38] and [13]). Here we will use a continuity result (Proposition A.1) for
the entropy of spaces admitting nonsingular lattices, possibly with torsion, which will
be proved in the Appendix, bypassing the techniques of [47] and working directly at the
level of universal covers.

Theorem J. There exists h = h(Py,r9,Dg) > 0 with the following property: for
any geodesically complete CAT(0)-space X which is (Po,ro)-packed and admits a Dg-
cocompact, discrete, nonsingular lattice, if Ent(X) < h then X is isometric to R™, for
some n.

Proof. Reasoning by contradiction, assume that there exists a nonsingular sequence
(T'j, X;) € CATo(Fy, ro, Do) such that Ent(X;) — 0 but X; is not flat for every j, and (up
to a subsequence) let (I'sy, Xoo) be the limit. After the renormalization of the X,’s given
by Theorem 3.5, which does not affect the packing constants and keeps the diameters
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of I';\X; uniformly bounded by a constant Ag = A¢(Fo, Dy), we may assume that the
sequence is noncollapsing. Moreover, by definition, the renormalization does not change
the entropy of X either (as the renormalized spaces are isometric to X;). Therefore we
are in the noncollapsing, nonsingular setting, so we deduce from Theorem 4.9 that the
limit group I'y, is still discrete, nonsingular and isomorphic to I'; for 7 » 0. Better, by
Proposition 2.9 we can choose basepoints x; € X; such that sys(I';,z;) (not only the
free-systoles) are all larger than some constant s{, = s,(Py, r0,Ag) > 0, and the same
lower bound on the systole passes to the limit at a limit basepoint z, € Xo. We are now
in position to apply Proposition A.1 to infer that Ent(X,) = lim;_, ;o Ent(X;) = 0.
This implies that Iy, has subexponential growth. Indeed, the exponential growth rate of
Iy, coincides with Ent(X,), as follows by the proof of [13, Proposition 5.7], and the latter
is zero. Hence I', is amenable, so it is I'; for j » 0. Therefore X, for j » 0, is isometric
to some Euclidean space R™ by [1, Corollary C], which gives the contradiction. []

Appendix A. Continuity of entropy under GH-approximations

Proposition A.1. There exists € = £(sg, Do, 0) > 0 such that if ' and I are Dy-lattices
of proper, geodesic, simply connected spaces X, X' respectively, with min{sys(T,z),
sys(IV, 2")} = so and deq-pau (I, X, z), (I, X', 2")) < ¢ then

‘%_1‘@. (11)

The value of € appearing in the statement can be taken equal to :,%L, where

1 2 / 1)
L= 8Dy, —, = | D D? + = .
max{ 0’3075< o + 0+3>}

We divide the proof in several steps. We will first prove that the groups I',I” have
canonical generating sets which make them isomorphic as marked groups, and the marked
isomorphism is given by the approximation morphisms. Then, we quantify the distortion
of this isomorphism, showing that it is a (1 + J, C')-quasi-isometry, which will imply (11).

Proof of Proposition A.1. Let (f,®,%) be an equivariant e-approximation between
(T, X,z) and (I", X', 2') for e = 3, with f(z) = 2’ according to the Definitions 4.1&4.2.
Recall the subset X,.(T', X, z) defined in (6), and set, for short,

s, =5, X, z), S =51, X, 2).

Notice that, ¥, and E/L are generating sets for I and I respectively, since L > 2Dy (see
for instance [50, Appendix to §3]).
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Lemma A.2. The map ¢ : Y31, — E;L s a bijection with inverse ¥, and sends the identity
element of ' in the identity of T".

Proof. To show the surjectivity, let ¢’ € f; .- Then, setting g = 9(¢’), we have that
g€ X3, d(f(gz),g'x") < e and d(f(g9z), p(x(¢9"))z’") < €, by Definition 4.1. Hence

d(¢(g)2’,g'z") < 2e < s9

which implies that ¢(g) = ¢’ since sys(I’,2’) > so. Assume now that g, go € Y37, satisfy
&(91) = ¢(g2) = ¢’ € ¥4 . Then, by Definition 4.1

d(giz, (g')x) < d(f(giw), f(¥(g)x)) + €, fori=1,2.

On the other hand, by Definition 4.1, d(f(g;x), #(g;)f(x)) = d(f(giz),d'z") < ¢ and
d(f(¥(g")x),g'z") < e, therefore we deduce that

d(giz,¥(g')x) < d(f(gix),g'a") +d(f((g")x), g'x") + & < 3¢ < s0,

g2 as sys(I', ) = sg. So, ¢ is a bijection with inverse .

which implies that g; = ¢(¢') =
) =d(@', p(e)x’) < e < s, therefore ¢(e) = e necessarily. []

Finally d(f(e - ), ¢(e) f(x)

Lemma A.3. The maps ¢, induce isomorphisms g{; T -1, 1/? : TV — T inverse to each
other (which coincide with ¢ and ¢ on X1 and flL)

Proof. Let us first show that the map ¢: ¥ — I satisfies

¢(s15953) = P(s1)p(s2)¢(s3), for every s1,59,53 € ¥, (12)

and that the same holds for the map : ilL — TI'. Indeed, applying several times the
Definition 4.1 we find

d(¢(s253)f (), f(s2837)) <€,
d(f(s2837), (s2) f(s37)) <€,
d(p(s2) f(s3z), d(s2)9(s3) f(x)) = d(f(s3z), d(s3)f(2)) < ¢

and by the triangular inequality we get d(p(s283)a’, p(s2)d(s3)x’) < 3e < sg. Therefore
@d(s283) = @(s2)p(s3), as sys(IV,a’) = sg. Arguing in a similar way we also deduce that
d(s18253) = ¢d(51)d(s283) = P(s1)d(s2)@(s3). The proof for the map ¢ is identical.

Let now ¢: F(X;) — IV be the homomorphism from the free group with basis ¥, to
I defined by extension of s; +— ¢(s;) for every s; € ¥1. Recall that by [50, App., Ch.3],
the group I' admits a presentation I' = (X1 |R) (that is, I is isomorphic to the quotient
of the free group IF (X)) by the normal closure of R), where every relator in R has length
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at most 3 in the alphabet 3. Then, if w = s18983 € R, with each s; € ¥, we deduce
by (12) that

?(g9) = d(s15283) = P(51)9(52)9(53) = P(s15253) = P(e)

which is the identity in I” by Lemma A.2. This shows that the map ¢ induces a homo-
morphism I' — I, still denoted by (;3, which coincides with ¢ on ¥z. Similarly, v induces
a homomorphism : IV — I" such that ¢ = ¢) on ilL.

To conclude that ¢ is an isomorphism with inverse 1) is enough to remark that they
coincide with ¢ and v on the generating sets 37, &, respectively, and that ¢ and v are
inverse to each other on these sets, by Lemma A.2. []

Lemma A 4. If d(z,gx) = L and d(2',¢'z") > L we have:
d(z',¢(g)x") < d(x,gz)(1 + ) + 2(Do + €)
d(z,9(g)x) < d(a’,g'z")(1 + 8) + 2(Dg + €)

Proof. Let d = d(z,gx) > L, let ¢ = [z,gx] be a geodesic between x and gz, and
set n 1= [2]. Let us define z; := c(i%) for i = 0,...,n — 1 and =, := gz. For every
1 =0,...,n we choose g; € I such that d(g;x, ;) < 2Dy, with gy = id and g, = g. We
define h; = g;llgi for i = 1,...,n and we observe that g = hy --- h,. Notice that each
h; belongs to X1, as

L
d(z, hiz) < 5 + 4Dy < L.

By definition of ¢ we then have ¢(g) = é(h1)---é(hy), and the usual application of
Definition 4.1 yields

d(2',¢(hi)x") < d(f(x), f(hix)) + € < d(z, hix) + 2¢
therefore

d(z', ¢(g)x") (@', d(h1)x’) + ...+ d(@’, p(hp)z')

<d
<d(z,hiz) + ...+ d(z, hpz) + 2ne
<d(z,z1)+ ...+ d(@p_1,2Tn) + 2n(Do + €)

=d+2n(D0+€)=d(1+2§(D0+5)>

< d(z, gx) (1 + %(Do + s)> +2(Dg + ¢)

< d(z,gz)(1 4 6) + 2(Dg + ¢),
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since n < 24 + 1, and 4 (Dy + €) < & by our choice of L.
The proof for ¢ is the same. [

End of proof of Proposition A.1. Set B*(x, R) = B(x, R) — B(x, L), and observe that
we can equivalently compute the entropy of X as

Ent(X) = lim %log#(FxmB*(x,R)).

R—+0

By Lemma A .4, for every element g € T' such that gz € B*(x, R) we have d(2/, ¢(g)z’) <
(1+0)R+2(Dg + ¢). Observe moreover that the points ¢(g)z’ are different for different
g’s in I'. Therefore

# [Tz n B*(z,R)) < # (I"s' n B(a', (1 + 0)R + 2(Dg + ¢))

which yields
Ent(X) < (1+46)- lim 1 log# (I'"2’ A B(z',R)) = (14 6) - Ent(X").
R—+w R

Reversing the roles of X and X’ we deduce that Ent(X’) < (1 + §)Ent(X), which proves
(1) as 5 >1—-46. O

Appendix B. Table of constants

For the reader’s convenience, we collect here the constants we used and where they
are defined.

e Py, ro: Section 2.3. They are the packing constants of the metric space.

e Dy: Section 2.1. It is the upper bound on the codiameter of the group action.

e ng = no(Py): Proposition 2.5. Tt is the upper bound on the dimension.

o g9 = &0(Py, ro): Proposition 2.6. It is the Margulis’ constant.

o J(k): Proposition 2.7. It is the upper bound on the index of the maximal lattice of
a crystallographic group of R¥.

o Jo = Jo(Po) := maxpeqo,....noy J (k) + 1: equation (9).

o Ay = Ap(Po,r0), Bo = Bo(Py, Dyp): Proposition 2.9. They bound the free systole of
a nonsingular action in terms of the diastole.

* Opy.ro,Do () Theorem 3.1.

o e* € (0p,.ry.Do(€),€): Theorem 3.1.

o 0} 1= 0pyry.De(€0): equation (10). This constant ensures that if the free-systole is
smaller than o then the space splits a non-trivial Euclidean factor.

o £°:=min{eg,sys® (T, X)/4.Jp}: Corollary 3.4.

o 0(I', X) 1= 0py.ry,0,(€°): Corollary 3.4.
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e s0 = $0(Po,r0, Do), Ao = Aog(FPo, Dg): Theorem 3.5. Every Dy-cocompact action on
a proper, geodesically complete, (P, ro)-packed, CAT(0)-space can be renormalized
so that it is Ag-cocompact and the free-systole is bigger than sg.

o Iy = Ip(Po, 70, Dp): Theorem 3.7. It bounds the index of a subgroup that splits a
7 factor of a Dy-cocompact, nonsingular lattice of a proper, geodesically complete,
(Py, ro)-packed, CAT(0) space whose full isometry group is Lie.

e £ =¢(Dg,n): Theorem E.

e h = h(Py,r9,Dp): Theorem F.
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