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A B S T R A C T

A continuum model for granular materials, which transitions from an elastic jammed phase to rapid flows, is
developed using a large deformation Eulerian formulation for compressible elastic-viscoplastic response. The
model incorporates constitutive functions capturing 𝜇(𝐼) rheology, the value of the solid fraction developed
for steady-state shearing, and the transient response for shear reversal based on experiments and simulations
of interacting particles using the Discrete Element Method (DEM). The present model exhibits hyperelastic
response with the stress determined by measures of elastic dilatation and elastic distortional deformations.
This causes the stress to naturally have a direction different from the rate of deformation tensor for transient
response. Examples examine pure dilation, steady-state simple shear, transient shearing with shear reversal for
constant volume and constant non-shearing components of stress, and the transient transition to jamming.
1. Introduction

Granular materials are ubiquitous in nature and engineering appli-
cations, such as soils, powders, pharmaceuticals, and food products.
They are systems formed by discrete particles, which can have differ-
ent shapes and sizes, that interact through normal and shear contact
forces [1]. This special microstructure conveys a response that tran-
sitions from solid-like elastic response with high solid fractions, to
fluid-like flowing behavior for moderate rates and solid fractions, to
gas-like behavior for high rates and low solid fractions [2].

The introduction of an external load to granular materials results
in an uneven distribution of filamentary force chains depending on the
unique shapes and arrangement of particles [3,4]. Techniques such as
photoelastic force measurements, extensively applied for both quali-
tative and quantitative assessments of these forces, underscore their
sensitivity to the regularity of particle shapes [5–8]. A macroscopic
manifestation of these force chains is observed in the transition from
a fluid-like state to a solid-like elastic state, a phenomenon known
as jamming [9]. Jamming occurs when particles are densely packed
or subjected to sufficient pressure, leading to a configuration where
they are nearly immobilized and form an elastic structure. Additionally,
shear stress application can induce jamming by prompting particles to
rearrange, forming force chains that impede further flow [10].
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To characterize the transition from a jammed solid-like state to
a fluid-like state, especially under conditions of high solid fractions
and low rates of deformation, many works have made use of addi-
tional internal-state variables called a fabric tensor, or a coordination
number, that represent local inter-grain contacts which give rise to
inter-grain contact forces. In this spirit, [11] extensively explored var-
ious definitions of the fabric tensor and their effects on the solid-like
to fluid-like transition. A history-dependent viscosity tensor was used
in [12], and a rate-independent hypoplastic model has been generalized
to include dilatancy with a fabric tensor based on an evolution equation
in [13]. A thermomechanical approach was used in [14] to construct
elastic–plastic models for soils and sands. This approach provided a
rigorous derivation of the yield condition, flow rule, and dissipation
function, making important distinctions between the rates of plastic
work and plastic dissipation, often assumed to be equal in existing soil
mechanics theories. Employing a hyperplasticity theory, [15] proposed
a formulation that incorporates isotropic and rotational hardening,
providing insights into two distinct manifestations of isotropic and
anisotropic elastic–plastic coupling, with a specific focus on clays.
Interestingly, [16] presented a phase diagram for jammed materials,
offering a statistical description of jammed states wherein random close
packing is interpreted as the ground state of the ensemble of jammed
matter. In this paper, the term jamming signifies the point at which the
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material ceases to flow inelastically and the response is characterized
by that of an elastic solid. Recent experiments by [17] specifically
addressed the fluidization response of granular media in proximity
to the jamming solid–fluid transition. Notably, several studies, such
as [18,19], adopt a parallel approach to model stresses in granular
materials. This approach involves considering both stresses generated
by force chains and an additional contribution due to interparticle colli-
sions. The latter contribution is typically modeled using the concept of
granular temperature, which reflects the kinetic energy of the particles.
However, this kinetic theory-based approach is not employed in the
present study.

Some continuum models utilized non-Newtonian fluid mechanics
to model compressible granular materials [20,21], specifically address-
ing the fluid-flow region. Additionally, [22] extended the scope by
generalizing depth-integrated viscous terms in continuum equations,
developing 𝜇(𝐼) rheology for dense granular flows. A study by [23]
roposed, and numerically implemented, a constitutive framework for
ranular media that allows the material to traverse through its many
ommon phases during the flow process. When dense, the material is
reated as a pressure-sensitive elasto-viscoplastic solid obeying a yield
riterion and a plastic flow rule given by the 𝜇(𝐼) inertial rheology

of granular materials. When the solid volume fraction drops below a
critical level, the material is allowed to pull apart and is treated as a
stress-free media. In [24] an elastic–plastic model using a Lagrangian
formulation was developed that captures 𝜇(𝐼) rheology and numerous
numerical simulations for steady-state flows were analyzed.

The advent of powerful computers with large memories has enabled
the use of microscopic discrete simulations, notably the Discrete Ele-
ment Method (DEM), to dynamically calculate systems of interacting
particles with arbitrary shapes [25]. In DEM simulations, the dynamical
equations for each particle are solved, assuming functional forms for
the contact forces (normal and shear) that characterize particle interac-
tions. These contact forces are often modeled as soft contacts, allowing
particles to interpenetrate. The analysis of data from DEM simulations
has unveiled scaling laws for various quantities and functional forms
for the steady-state value 𝜙𝑐 of the solid fraction, as evidenced by [26]
and [27]. DEM simulations have also been instrumental in studying the
jamming transition, as demonstrated by [28]. However, it is crucial
to note that constitutive modeling of contact forces in DEM simula-
tions is an active research area, as highlighted by [29]. While DEM
simulations provide valuable insights into the underlying physics of
granular materials, their feasibility diminishes for large-scale systems,
where continuum approaches become essential.

The objective of this paper is to develop a continuum model of
granular materials for the full range of response from a jammed elastic
solid to a flowing material. Specifically, an Eulerian formulation of con-
stitutive equations for compressible elastic-viscoplastic response, which
exhibit a continuity of solid and fluid states [30] and exhibit a smooth
elastic–inelastic transition [31,32], is enriched with known functional
forms for granular materials. Evolution equations for internal state
history-dependent variables in the model are inspired by empirical
functional forms, that capture important observations in DEM simula-
tions of interacting particles. The present model exhibits hyperelastic
response with the stress determined by measures of elastic dilatation
and elastic distortional deformations. This causes the stress to naturally
have a direction different from the rate of deformation tensor for tran-
sient response. In particular, the proposed model includes functional
forms for 𝜇(𝐼) rheology in [21,22], for the steady-state solid fraction
𝜙𝑐 in [27] and modifications for the response near jamming discussed
in [26]. Furthermore, although the proposed model includes solid-like
response, it is fully Eulerian in the sense that there is no dependence on
arbitrary specifications of total and plastic deformation measures and
reference and intermediate configurations. Consequently, the steady-
state response depends only on the current state of the material and not
on the history of the response that led to steady-state. This approach
2

is different from more standard approaches that determine the stress
Table 1
List of Latin symbols, equations and descriptions.

Parameter Eqn. Description

𝑎𝑖 (28) Constants in the evolution equation for 𝜙𝑠
𝑎𝑐 (26) Constant in the function 𝜙𝑐
𝐀𝑝 (9) Direction of the inelastic deformation rate
𝑏𝑐 (26) Constant in the function 𝜙𝑐
𝑏𝑖𝑗 (45) Components of �̄�𝑒
�̄�𝑒 (9) Elastic distortional deformation
𝐶 (32) Constant in the function 𝛤
𝑑 (23) Length parameter related to the particle diameter
𝐃 (1) Rate of deformation
𝐷′

𝑖𝑗 (70) Components of 𝐃′

𝐃′∗ (39) Modified rate of distortional deformation
 (11) Total rate of material dissipation
𝑑 (14) Dissipation due to inelastic distortional deformation
𝜙 (14) Dissipation due to changes in the solid fraction
𝐞𝑖 (43) Fixed orthonormal base vectors
𝑔 (32) Yield function
𝐠′𝑒 (33) Elastic distortional strain
𝐺𝑠 (18) Shear modulus of the granular material
𝐻 (84) Thickness of the shearing layer
𝐼 (23) Inertial number
𝐼∗ (40) Modified inertial number
𝐈 (2) Second order identity tensor
𝐼0 (24) Constant defining the function 𝜇(𝐼)

Table 2
List of Latin symbols, equations and descriptions (continued).

Parameter Eqn. Description

𝐽 (60) Total dilatation
𝐽𝑠𝑒 (4) Elastic dilatation of the solid particles
𝑘 (67) Stiffness of the contact springs
𝑘𝑠 (19) Determines the bulk modulus of the granular material
𝐿 (43) Value of the shearing rate
𝐋 (1) Velocity gradient
𝑚 (48) Auxiliary parameter
𝑝 (13) Pressure
𝑝∗ (38) Normalized value of 𝑝
𝐓 (11) Cauchy stress
𝑇12 (63) Shear component of 𝐓
𝑢 (82) Shear displacement
𝐯 (1) Velocity of a material point
𝐱 (1) Position of a material point

based on the rate of deformation tensor, coordination numbers, and
history-dependent fabric tensors as in [33–35].

An outline of the paper is as follows. Sections 2 and 3 present the
general and specific constitutive equations for the model, respectively.
Section 4 presents a summary of the model equations and Section 5
discusses examples of pure dilation, steady-state shear, transient shear-
ing with shear reversal for constant volume and constant non-shearing
components of stress, and the transient smooth transition to jamming.
Section 6 presents conclusions. Since there are a number of variables
used to capture the complicated response of granular materials, Ta-
bles 1, 2, 3 summarize all variables, the equations where they are
introduced or defined and a brief description of their meanings.

2. General constitutive equations

The objective of this section is to summarize the Eulerian formu-
lation of the model for elastically isotropic elastic–inelastic response
used to model granular material. This model introduces a strain energy
function that depends on an elastic dilatation and an elastic distortional
deformation tensor. Motivated by the work in [36,37], these elastic de-
formation measures are determined directly by evolution equations that
include rates of inelasticity. The stress is determined by hyperelastic
constitutive equations in terms of these elastic deformation measures.
These equations are Eulerian in the sense that they are insensitive to
arbitrary specifications of reference and intermediate configurations
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Table 3
List of Greek symbols, operators, equations and descriptions.

Parameter Eqn. Description

𝛼1 (10) First invariant of elastic distortional deformation
𝛼2 (10) Second invariant of elastic distortional deformation
�̇� (38) Shearing rate
�̇�∗ (38) Normalized shearing rate �̇�
𝛾 (46) Auxiliar parameter
𝛾𝑒 (33) Measure of elastic distortional strain
𝛾𝑚 (49) Steady-state value of 𝛾
𝛤 (32) Controls the inelastic deformation rate
𝛤𝐽 (62) Controls the rate of evolution of 𝜙𝐽
�̇� (31) Equivalent total distortional deformation rate
𝜀𝑣 (7) Elastic volume compression
𝜁1 (25) Angle defining 𝜇1
𝜁2 (25) Angle defining 𝜇2
𝜅 (32) hardening variable
𝜅𝑐 (51) Value of 𝜅 determining the elastic limit
𝜅𝑚 (51) Steady-state value of 𝜅
𝜇(𝐼) (24) Coefficient for 𝜇(𝐼) rheology
𝜇(𝐼∗) (42) Modified value of 𝜇(𝐼) rheology
𝜇1 (25) Constant defining the function 𝜇(𝐼)
𝜇2 (25) Constant defining the function 𝜇(𝐼)
𝜈𝑠 (19) Poisson’s ratio of the solid particles
𝜌 (3) Mass density of the granular material
𝜌𝑏 (82) Mass density per unit area
𝜌𝑠 (3) Current density of the particles
𝜌𝑠𝑧 (4) zero-stress density of the particles
𝜙𝑐 (26) Function for the steady-state value of 𝜙𝑠
𝜙𝐽 (28) jamming value of 𝜙𝑠
𝜙𝑠 (3) Solid volume fraction
𝛴 (11) Strain energy per unit mass
̇( ) (1) Material derivative
( )′ (2) Deviatoric part of a tensor
𝐀 ⋅ 𝐁 (2) Inner product of two tensors
𝐚⊗ 𝐛 (43) Tensor product between two vectors
⟨𝑥⟩ (8) Macaulay brackets

as well as total and plastic strain measures [38]. Even though elastic
strains remain small for granular materials, the constitutive equations
must be properly invariant under superposed rigid body motions to be
able to model the large total deformations of a flowing material.

2.1. Kinematics

A material point located in the present configuration by the vector 𝐱
has velocity 𝐯, gradient of velocity 𝐋 and rate of deformation 𝐃 defined
by

𝐯 = �̇�, 𝐋 = 𝜕𝐯∕𝜕𝐱, 𝐃 = 1
2
(𝐋 + 𝐋𝑇 ), (1)

where ̇( ) denotes material time differentiation. Also, the deviatoric part
f a tensor is denoted by ( )′, so for example

′ = 𝐋 − 1
3
(𝐋 ⋅ 𝐈)𝐈, (2)

where 𝐈 is the second order identity tensor and 𝐀 ⋅ 𝐁 = tr(𝐀𝐁𝑇 ) is the
inner product of two second order tensors 𝐀,𝐁.

2.2. Evolution equation for the elastic dilatation

Following the work in [39] a granular material has mass density 𝜌
and solid volume fraction 𝜙𝑠 in the current configuration. Moreover,
𝜌𝑠 is the density of the solid particles in the current configuration.
Assuming that the pore space is evacuated, it follows that the current
density 𝜌 of the granular media is given by

𝜌 = 𝜙𝑠𝜌𝑠, (3)

and the elastic dilatation 𝐽𝑠𝑒 of the solid particles is defined by

𝑠𝑒 =
𝜌𝑠𝑧 , 𝜌 = 𝜌𝑠𝑧𝐽

−1𝜙𝑠, (4)
3

𝜌𝑠 𝑠𝑒
here 𝜌𝑠𝑧 is the zero-stress density of the solid particles. Next, using
the conservation of mass of the granular material

̇ + 𝜌(𝐃 ⋅ 𝐈) = 0, (5)

it follows that the elastic dilatation 𝐽𝑠𝑒 satisfies the evolution equation

�̇�𝑠𝑒
𝐽𝑠𝑒

= 𝐃 ⋅ 𝐈 +
�̇�𝑠
𝜙𝑠

, (6)

which indicates that the rate of elastic dilation of the solid particles, �̇�𝑠𝑒,
is determined by the influences of the total dilatation rate and the rate
of solid volume fraction change, �̇�𝑠. Eq. (6) requires the specification
of an evolution equation for �̇�𝑠. This elastic dilatation is greater than
unity for expanded states 𝐽𝑠𝑒 > 1 and is less than unity for compressed
states 𝐽𝑠𝑒 < 1. For states where 𝐽𝑠𝑒 > 1, the particles are not compressed
due to contacts, and the pressure vanishes. Hence, it is convenient to
introduce the volumetric compressive strain 𝜀𝑣 by the expression

𝜀𝑣 = ⟨1 − 𝐽𝑠𝑒⟩, (7)

where the Macaulay brackets are defined by

⟨𝑥⟩ = max(𝑥, 0). (8)

These Macaulay brackets have been used to cause the pressure (positive
in compression) to vanish when the granular material is expanded
sufficiently for the particles to lose contact with each other.

2.3. Evolution equation for the elastic distortional deformation

Motivated by the work in [40] the elastic distortional deforma-
tion �̄�𝑒 of the granular material is a symmetric, unimodular, positive-
definite tensor which satisfies the evolution equation

̇̄𝐁𝑒 = 𝐋′�̄�𝑒 + �̄�𝑒𝐋′𝑇 − 𝛤𝐀𝑝, 𝐀𝑝 = �̄�𝑒 − ( 3
�̄�′−1
𝑒 ⋅ 𝐈

) 𝐈, (9)

where 𝛤 ≥ 0 is a function that controls the magnitude of the inelastic
deformation rate and needs to be specified by a constitutive equation.
Also 𝐀𝑝 controls the direction of the inelastic deformation rate and
atisfies the condition 𝐀𝑝 ⋅ �̄�−1

𝑒 = 0, which ensures that �̄�𝑒 remains
nimodular. Moreover, the first invariant 𝛼1 of the elastic distortion
̄
𝑒 satisfies the equations

1 = �̄�𝑒 ⋅ 𝐈, �̇�1 = 2�̄�′
𝑒 ⋅ 𝐃 − 𝛤𝐀𝑝 ⋅ 𝐈. (10)

or general elastically isotropic response the strain energy should in-
lude the second invariant 𝛼2 = �̄�𝑒 ⋅ �̄�𝑒 of �̄�𝑒, but this is not used for
implicity. Also, for an elastic process with 𝛤 = 0 from an initially
ero-stress state with �̄�𝑒 = 𝐈, the evolution Eq. (9) integrates to obtain
̄
𝑒 equal to the unimodular part of the left Cauchy–Green deformation

ensor.

.4. General constitutive equation for stress

For the purely mechanical theory, the rate of material dissipation 
equires

= 𝐓 ⋅ 𝐃 − 𝜌�̇� ≥ 0, (11)

here the specific (per unit mass) strain energy function of the granular
aterial 𝛴 is taken in the form

= 𝛴(𝜀𝑣, 𝛼1), (12)

nd the stress is specified by

= −𝑝𝐈 + 𝐓′, 𝑝 = 𝜙𝑠𝜌𝑠𝑧
𝜕𝛴
𝜕𝜀𝑣

, 𝐓′ =
2𝜙𝑠

1 − 𝜀𝑣
𝜌𝑠𝑧

𝜕𝛴
𝜕𝛼1

�̄�′
𝑒, (13)

where 𝐓′ is the deviatoric stress, 𝑝 is the pressure and use has been
made of (3)–(4), (6) and (10). This specification of stress is made to
ensure that when 𝛤 = 0 the model reproduces hyperelastic response.
Also, the Cauchy stress for uniaxial stress is positive in tension.



International Journal of Mechanical Sciences 277 (2024) 109391M.B. Rubin et al.

w
𝜀
p

𝐀

w
t



T
I
a

3

e
f

3

H

𝜌

T
r

T
b

𝑝

I
i
i
c
c

𝐁

a
c

𝐁

T
d
r

3

a
s
g

𝐓

w
n
t
b
s
S
i
r
r

0

3

p
r
b
𝑝
0
C
m

2.5. Rates of material dissipation

Using the definitions (4), (7), the constitutive Eqs. (13) and the
evolution Eqs. (6) and (10), the rate of material dissipation (11) can
be written in the form

 = 𝑑 +𝜙, 𝑑 =
𝜙𝑠

1 − 𝜀𝑣
𝛤𝜌𝑠𝑧

𝜕𝛴
𝜕𝛼1

(𝐀𝑝 ⋅ 𝐈), 𝜙 = 𝑝
�̇�𝑠
𝜙𝑠

, (14)

where 𝑑 is the dissipation rate due to inelastic distortional deforma-
tion and 𝜙 is the dissipation rate due to changes in solid fraction.
Furthermore, the strain energy is specified to satisfy the restrictions

𝛴 = 0, 𝜕𝛴
𝜕𝜀𝑣

= 0, for 𝜀𝑣 = 0, �̄�𝑒 = 𝐈,

𝜕2𝛴
𝜕𝜀2𝑣

> 0, 𝜕𝛴
𝜕𝛼1

> 0,
(15)

hich cause the strain energy to vanish for a zero-stress state with
𝑣 = 0, �̄�𝑒 = 𝐈 and cause the effective bulk and shear moduli to be
ositive.

By expressing �̄�𝑒 in its spectral form it was shown in [40] that

𝑝 ⋅ 𝐈 = �̄�𝑒 ⋅ 𝐈 −
9

�̄�−1
𝑒 ⋅ 𝐈

≥ 0, (16)

hich together with the restriction (15) on the shear modulus ensures
hat the rate of inelastic distortional deformation is dissipative

𝑑 ≥ 0. (17)

he total rate of material dissipation (14) must be non-negative  ≥ 0.
n the next section an evolution equation for �̇�𝑠 is specified which
llows 𝜙 to be positive or negative while ensuring that  ≥ 0.

. Specific constitutive equations

The objective of this section is to propose specific constitutive
quations with functions that are calibrated to models of 𝜇(𝐼) rheology
or steady-state flows and observations from DEM simulations.

.1. A specific form for the strain energy function

The strain energy function is specified by the compressible Neo-
ookean form

𝑠𝑧𝛴 = 𝐺𝑠
[

−𝑘𝑠
{

𝜀𝑣 + ln(1 − 𝜀𝑣)
}

+ 1
2
(𝛼1 − 3)

]

. (18)

he term in 𝛴 depending on the elastic compression 𝜀𝑣 controls the
esponse to compression, with 𝑘𝑠𝐺𝑠 > 0 being the zero-stress bulk

modulus, and the term in 𝛴 depending on 𝛼1 controls the response
to the elastic distortional deformation, with 𝐺𝑠 > 0 being the zero-
stress shear modulus of the granular material. Also, assuming the solid
particles are elastically isotropic, the normalized bulk modulus 𝑘𝑠 is
determined by the zero-stress Poisson’s ratio 𝜈𝑠 of the solid particles by

𝑘𝑠 =
2(1 + 𝜈𝑠)
3(1 − 2𝜈𝑠)

, (19)

hen, with the help of (13) the stresses associated with (18) are given
y

=
𝜙𝑠

1 − 𝜀𝑣
𝐺𝑠𝑘𝑠𝜀𝑣 ≥ 0, 𝐓′ =

𝜙𝑠
1 − 𝜀𝑣

𝐺𝑠�̄�′
𝑒. (20)

t is emphasized that the elastic measures 𝜀𝑣 and �̄�′
𝑒 are used here

nstead of the coordination number and fabric tensor in [35]. Further
nspection of (20) suggest that 𝜀𝑣 is related to the coordination number
ontrolling the pressure and �̄�′

𝑒 is related to the traceless fabric tensor
ontrolling the deviatoric stress.

Furthermore, from (9) it can be shown that
̇̄ ′ ′ ̄ ̄ ′𝑇 ̄ ′ ̄ ′
4

𝑒 = 𝐋 𝐁𝑒 + 𝐁𝑒𝐋 − 2(𝐁𝑒 ⋅ 𝐃 )𝐈 − 𝛤𝐁𝑒, (21) r
nd for small elastic distortional deformations �̄�𝑒 ≈ 𝐈 so this equation
an be approximated by

̇̄ ′
𝑒 = 2𝐃′ − 𝛤 �̄�′

𝑒. (22)

his indicates that the stress 𝐓′ is proportional to the deviatoric rate of
eformation 𝐃′ for steady-state response ( ̇̄𝐁′

𝑒 = 0) but not for transient
esponse ( ̇̄𝐁′

𝑒 ≠ 0).

.2. 𝜇(𝐼) Rheology

The proposed model is developed to simulate the deviatoric stress
nd the solid volume fraction predicted by the 𝜇(𝐼) rheology model for
teady-state flow. From [21,22] it is recalled that for 𝜇(𝐼) rheology of
ranular materials, the deviatoric stress is expressed in the form

′ =
√

2𝜇(𝐼)𝑝 𝐃′

|𝐃′
|

, 𝐼 =

√

2 |𝐃′
|𝑑

√

𝑝
𝜌

=

√

2 |𝐃′
|𝑑

√

𝐺𝑠𝑘𝑠𝜀𝑣
𝜌𝑠𝑧

, (23)

where |𝐃′
| =

√

𝐃′ ⋅ 𝐃′, 𝐼 is the inertial number, 𝑑 has the dimensions
of length, which represents the particle size, and the phenomenological
function 𝜇(𝐼) is defined by

𝜇(𝐼) = 𝜇1 +
𝜇2 − 𝜇1
1 + 𝐼0

𝐼

. (24)

In this expression 𝐼0 is a constant and 𝜇1 and 𝜇2 are defined by

𝜇1 = tan 𝜁1, 𝜇2 = tan 𝜁2, (25)

where 𝜁1 and 𝜁2 are the constant minimum and maximum friction slope
angles.

There seems to be some confusion in the literature about whether
𝑝 in (23) is the pressure in the granular media, as defined in [[21],
Eq. (3)] and in [[22], Eqs. (2.8), (2.9)], or is the normal compression
applied to a shearing layer as in [[21], Fig. 1]. To be definite, in this
paper 𝑝 is the pressure in the granular media.

The function 𝜙𝑐 is motivated by the model in [27]

𝜙𝑐 =
𝜙𝐽

1 + 𝑎𝑐
𝜙𝐽

𝐼𝑏𝑐
> 0, (26)

here the inertial number 𝐼 is defined in (24), and 𝑎𝑐 and 𝑏𝑐 are non-
egative constants, and 𝜙𝐽 (1 > 𝜙𝐽 > 0) is a constant that represents
he critical solid volume fraction at the onset of jamming. It should
e noted that 𝜙𝑐 is equal to the jamming value 𝜙𝐽 when 𝐼 = 0. For
teady-state with small values of 𝐼 this form is the same as that in [27].
pecifically, this functional form has been modified relative to that
n [27] to ensure that 𝜙𝑐 approaches zero for large values of 𝐼 , while
emaining non-negative. Also, these evolution equations ensure that 𝜙𝑠
emains in the range

< 𝜙𝑠 ≤ 𝜙𝐽 < 1. (27)

.3. Evolution equation for the solid volume fraction

This model limits attention to states of a granular material with
ositive pressure (i.e. 𝑝 > 0) which maintains particle contacts. The
ate of material dissipation 𝜙 in (14) due to solid fraction changes will
e non-negative for porous compaction 𝑖.𝑒. �̇�𝑠 > 0 at positive pressure
> 0. However, bulking is identified with porous dilation 𝑖.𝑒. �̇�𝑠 <
at positive pressure 𝑝, which tends to cause negative dissipation.

onsequently, the evolution equation for solid fraction during bulking
ust be restricted so that the total rate of material dissipation 

emains non-negative.
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To satisfy these restrictions, and motivated by the work in [41] the
evolution equation for 𝜙𝑠 is proposed in the form

�̇�𝑠
𝜙𝑠

= exp
[

−𝑎1
( 𝜙𝑠
𝜙𝐽 − 𝜙𝑠

)]

⟨−𝐃 ⋅ 𝐈⟩

−
[

( 𝑎2
√

𝜀𝑣

)

⟨𝜙𝑠 − 𝜙𝑐⟩

𝐺𝑠𝑘𝑠 +
( 𝑎2
√

𝜀𝑣

)

⟨𝜙𝑠 − 𝜙𝑐⟩ 𝑝

]

𝑑

+ 𝛤 (𝑎3 + 𝑎4⟨−𝐃 ⋅ 𝐈⟩)𝜀𝑣⟨𝜙𝑐 − 𝜙𝑠⟩,

(28)

where the maximum value of 𝜙𝑠 is limited to 𝜙𝐽 which is the onset
of jamming. More specifically, 𝜙𝑠 is a measure of the particle packing.
The term associated with volumetric compression ⟨−𝐃⋅𝐈⟩ tends to cause
the solid fraction 𝜙𝑠 to increase (compaction of the particle packing)
towards the jamming value 𝜙𝐽 with the rate of the transition controlled
by the constant 𝑎1 ≥ 0. The example of dilatation in Section 5.1
examines the influence of 𝑎1. The rate of distortional dissipation 𝑑
tends to cause the solid fraction 𝜙𝑠 to evolve towards the function 𝜙𝑐 ,
which characterizes the steady-state value of 𝜙𝑠, with the rate of the
transition controlled by the constant 𝑎2 ≥ 0. This term, which is active
only during inelastic distortional deformation, causes 𝜙𝑠 to decrease
when 𝜙𝑠 > 𝜙𝑐 and to increase when 𝜙𝑠 < 𝜙𝑐 , as can be seen in
Figs. 3b and 5b. This increase in 𝜙𝑠 at positive pressure is denoted as
𝑏𝑢𝑙𝑘𝑖𝑛𝑔, which is similar to what can occur in porous rock [42]. The
last term on the right-hand-side of (28) tends to cause 𝜙𝑠 to increase
towards 𝜙𝑐 when 𝜙𝑐 > 𝜙𝑠 with the transition controlled by the constants
𝑎3 ≥ 0, 𝑎4 ≥ 0. This increase in 𝜙𝑠 stops when 𝜀𝑣 = 0 and the pressure
vanishes. Also, that dependence of this term on ⟨𝐃 ⋅ 𝐈⟩ and the constant
𝑎4 are necessary to obtain the good correspondence with the result of
the DEM simulation discussed in Section 5.4.2.

From (14) it can be seen that increase in 𝜙𝑠 is dissipative 𝜙 > 0
and that decrease in 𝜙𝑠 is not dissipative 𝜙 < 0. Consequently, the
coefficient of the term associated with 𝑑 is specified to ensure that
the total dissipation remains non-negative  ≥ 0. Specifically, using
these expressions, the total dissipation rate due to inelastic distortional
deformation rate and due to solid fraction changes in (14) is given by

 = 𝑝 exp
[

−𝑎1
( 𝜙𝑠
𝜙𝐽 − 𝜙𝑠

)]

⟨−𝐃 ⋅ 𝐈⟩

+
[ 𝐺𝑠𝑘𝑠
𝐺𝑠𝑘𝑠 +

( 𝑎2
√

𝜀𝑣

)

⟨𝜙𝑠 − 𝜙𝑐⟩ 𝑝

]

𝑑

+ 𝛤 (𝑎3 + 𝑎4⟨−𝐃 ⋅ 𝐈⟩)𝜀𝑣⟨𝜙𝑐 − 𝜙𝑠⟩ 𝑝 ≥ 0.

(29)

This form ensures that the rate of material dissipation due to inelastic
distortional deformation rate dominates the non-dissipation due to
bulking so that the restriction (29) is automatically satisfied. Further-
more, with the help of (14), (16) and (18) the expression for 𝑑 is given
by

𝑑 =
𝜙𝑠

1 − 𝜀𝑣
𝛤𝐺𝑠𝐀𝑝 ⋅ 𝐈 ≥ 0. (30)

3.4. A constitutive equation for 𝛤

Following the work in [31] for a model with a smooth elastic–
inelastic transition, the equivalent total distortional deformation rate
�̇� is defined by

�̇� =
√

2
3
𝐃′ ⋅ 𝐃′, (31)

nd a modified form of the function 𝛤 , which controls the rate of
nelastic deformation in (32), is specified by

= 3
2𝐶𝜅

�̇�⟨𝑔⟩, 𝑔 = 1 −
(1 − 𝐶)𝜅

𝛾𝑒
, 0 < 𝐶 < 1, (32)

where 𝑔 is a yield function, the equivalent elastic distortional strain 𝛾𝑒
is defined by

𝛾 =
√

3 𝐠′ ⋅ 𝐠′ , 𝐠′ = 1 �̄�′ , (33)
5

𝑒 2 𝑒 𝑒 𝑒 2 𝑒
is an equivalent elastic distortional yield strain, and the constant 𝐶
controls the amount of overstress. Also, with the help of (20), (23) and
(33) it can be shown that for 𝜇(𝐼) rheology

2
( 𝜙𝑠𝐺𝑠
1 − 𝜀𝑣

)

𝛾𝑒 =
√

3𝜇(𝐼)𝑝. (34)

The expression (32) for 𝛤 was motivated by the small elastic de-
ormation steady-state response. Specifically, for small elastic deforma-
ions the evolution Eq. (9) for �̄�𝑒 can be approximated by

̇ ′𝑒 = 𝐃′ − 𝛤𝐠′𝑒. (35)

ext, with the help of (31)–(33) the steady-state solution of (35) during
oading yields the results

′ = 𝛤𝐠′𝑒, �̇� = 2
3
𝛤𝛾𝑒 =

�̇�𝛾𝑒
𝐶𝜅

[

1 −
(1 − 𝐶)𝜅

𝛾𝑒

]

, (36)

which requires

𝛾𝑒 = 𝜅 for steady-state. (37)

Thus, the constitutive Eq. (32) causes the onset of yield to occur when
𝛾𝑒 = (1 − 𝐶)𝜅 with a smooth transition to steady response 𝛾𝑒 = 𝜅 for
monotonic loading.

3.5. A modification for the response near jamming

[26] studied the response near jamming and showed that in the limit
𝜙𝑠 → 𝜙𝐽 the data for 𝜙𝐽 ≥ 𝜙𝑠 collapses to a single curve when 𝑝 and
the shearing rate �̇� are replaced by 𝑝∗ and �̇�∗, which are defined by

𝑝∗ =
𝑝

(𝜙𝐽 − 𝜙𝑠)2∕3
, �̇�∗ =

�̇�
(𝜙𝐽 − 𝜙𝑠)4∕3

, (38)

here it is noted that the expressions in [26] are written in terms of
he void fraction 1 − 𝜙𝑠. This suggests that 𝐃′∗ be defined by

′∗ = 𝐃′

|𝜙𝐽 − 𝜙𝑠|
4∕3

. (39)

ext, with the help of 𝐼 in (24) the modified value 𝐼∗ of 𝐼 is defined
by

𝐼∗ =
𝜙𝐽

𝜙𝐽 − 𝜙𝑠
𝐼. (40)

The numerator is specified so that 𝐼∗ approaches 𝐼 for small solid
ractions 𝜙𝑠 → 0. Now, with the help of 𝑝∗ in (38) and 𝐃′∗ in (39)

this form of 𝐼∗ can be rewritten as

𝐼∗ =
𝜙𝐽

𝜙𝐽 − 𝜙𝑠

√

2(𝜙𝐽 − 𝜙𝑠)4∕3|𝐃′∗
|𝑑

√

(𝜙𝐽−𝜙𝑠)𝑝∗
𝜌

= 𝜙𝐽

√

2|𝐃′∗
|𝑑

√

𝑝∗
𝜌

. (41)

This shows that 𝐼∗ is consistent with the observations in [26] near the
jamming limit. Moreover, this suggests that 𝐓′ in (23) is replaced by

𝐓′ =
√

2𝜇(𝐼∗)𝑝 𝐃′

|𝐃′
|

, 𝜇(𝐼∗) = 𝜇1 +
𝜇2 − 𝜇1
1 + 𝐼0

𝐼∗

. (42)

These modifications improve the performance of the model for the
transitions between solid and fluid responses near jamming, where the
𝜇(𝐼) rheology does not perform well.

3.6. A constitutive equation for 𝜅

To develop a constitutive equation for 𝜅, use is made of an exact
solution for steady-state simple shear for which

𝐋 = 𝐿 𝐞1 ⊗ 𝐞2, �̇� = 𝐿
√

3
, (43)

where 𝐿 > 0 controls the shearing rate, 𝐞𝑖 is a fixed orthonormal triad
of vectors and 𝐚⊗𝐛 denotes the tensor product of the two vectors 𝐚 and
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𝐛. For simple shear the deformation is isochoric 𝐃 ⋅ 𝐈 = 0 and it follows
rom (6) that

𝑑
𝑑𝑡

[ 𝜙𝑠
1 − 𝜀𝑣

]

= 0, (44)

ven when the solid fraction 𝜙𝑠 is not constant due to elastic dilatation
f the particles. Also, the pressure 𝑝 and deviatoric stress 𝐓′ are given
y (20).

Next, from [43] the steady-state solution of (9) for simple shear is
iven by

̄
𝑒 = 𝑏11𝐞1 ⊗ 𝐞1 + 𝑏22(𝐞2 ⊗ 𝐞2 + 𝐞3 ⊗ 𝐞3) + 𝑏12(𝐞1 ⊗ 𝐞2 + 𝐞2 ⊗ 𝐞1),

̄ ′
𝑒 = 𝑏′22(−

1
2
𝐞1 ⊗ 𝐞1 + 𝐞2 ⊗ 𝐞2 + 𝐞3 ⊗ 𝐞3) + 𝑏12(𝐞1 ⊗ 𝐞2 + 𝐞2 ⊗ 𝐞1),

11 =
1 + 2𝛾2

(1 + 𝛾2)1∕3
, 𝑏22 =

1
(1 + 𝛾2)1∕3

, 𝑏12 =
𝛾

(1 + 𝛾2)1∕3
,

𝑏′22 =
𝑏22 − 𝑏11

3
= −

2𝛾2

(1 + 𝛾2)1∕3
, 𝛾𝑒 =

𝛾
√

3 + 4𝛾2

2(1 + 𝛾2)1∕3
.

(45)

where auxiliary parameter 𝛾

𝐿 = 𝛾 𝛤 . (46)

has been introduced to simplify the expressions (45).
Now, with the help of (20) and (42), for steady-state simple shear,

the stress 𝑇12 is given by

𝑇12 =
( 𝜙𝑠𝐺𝑠
1 − 𝜀𝑣

) 𝛾
(1 + 𝛾2)1∕3

= 𝜇(𝐼∗)𝑝 = 𝜇(𝐼∗)𝜙𝑠𝐺𝑠𝑘𝑠
𝜀𝑣

1 − 𝜀𝑣
, (47)

hich can be rewritten in the form

3 − 𝑚𝛾2 − 𝑚 = 0, 𝑚 =
[

𝜇(𝐼∗)𝑘𝑠𝜀𝑣
]3. (48)

nd solved to obtain

= 𝛾𝑚 = 𝑚
3
+

(108 𝑚 + 8𝑚3 + 12 𝑚
√

81 + 12𝑚2 )1∕3

6

+ 2𝑚2

3(108 𝑚 + 8𝑚3 + 12 𝑚
√

81 + 12𝑚2 )1∕3
,

(49)

Next, using (32) and (43), Eq. (46) with 𝛾 = 𝛾𝑚 requires
√

3𝛾𝑚
2𝐶𝜅

⟨1 −
(1 − 𝐶)𝜅

𝛾𝑒
⟩ = 1, (50)

which will yield the steady-state solution 𝛾𝑒 = 𝜅 that is used to obtain
he functional form of 𝜅 given by

= max(𝜅𝑚, 𝜅𝑐 ), 𝜅𝑚 =

√

3𝛾𝑚
2

, (51)

here (1 − 𝐶)𝜅𝑐 > 0 determines the finite elastic limit for low values
f pressure. The constant 𝜅𝑐 determines the minimum value of 𝜅 which

characterizes the elastic limit for jamming. To avoid confusion, 𝐼∗ in (40)
s used to determine 𝛾𝑚 in (49) and 𝐼 in (23) is used to determine 𝜙𝑐
n (26).

. Summary of the state variables, evolution equations, constitu-
ive equations and material parameters

.1. State variables and evolution equations

The history-dependent state variables in this model are the elas-
ic dilatation 𝐽𝑠𝑒, the elastic distortional deformation tensor �̄�𝑒 and
he solid volume fraction 𝜙𝑠, which are determined by the evolution
qs. (6), (9) and (28), respectively, and need initial conditions

̄ }

(52)
6

𝐽𝑠𝑒(0),𝐁𝑒(0), 𝜙𝑠(0) .
Table 4
List of parameters, equations, and references.

Parameter Value Eqn. Reference

Strain energy function
𝜌𝑠𝑧 [kg/m3] 2550 (4) [22]
𝐺𝑠 [kPa] 10 (18) None
𝜈𝑠 1/3 (19) None

Inelastic transition parameter
𝐶 0.9 (32) None

Parameters for 𝜇(𝐼) rheology
𝑑 [mm] 0.1 (23) [22]
𝐼0 0.01285 (24) [35]
𝜁1 [Deg] 18.9 (25) [22]
𝜁2 [Deg] 29.0 (25) [22]
𝜙𝐽 0.64 (28) [26]

Parameters for 𝜙𝑐
𝑎𝑐 0.2161 (26) None
𝑏𝑐 0.20 (26) None

Parameter for 𝜅
𝜅𝑐 1.0 × 10−5 (51) None

Parameters for the evolution of 𝜙𝑠
𝑎1 0.02 (28) None
𝑎2 60.0 (28) Optimized using [35]
𝑎3 40.0 (28) Optimized using [35]
𝑎4 [s] 300 (28) Optimized using [35]

Initial condition
𝜀𝑣(0) 6.1147 ×10−3 (7) Optimized using [35]

4.2. Constitutive equations and material constants

The elastic response of the model is determined by the strain energy
function 𝛴 in (18) for compression of the solid grains and resistance of
distortion of the granular media, which depends on the constant zero-
stress density 𝜌𝑠𝑧, and the zero-stress shear modulus 𝐺𝑠 and normalized
bulk modulus 𝑘𝑠
{

𝜌𝑠𝑧, 𝐺𝑠, 𝑘𝑠
}

, (53)

he pressure 𝑝 and the deviatoric Cauchy stress 𝐓′ are given by (20).
hese stresses depend algebraically on the elastic compression 𝜀𝑣, the
lastic distortional deformation �̄�𝑒 and the solid volume fraction 𝜙𝑠.
he function 𝛤 in the evolution Eq. (9), which controls the rate of

nelastic deformation, is specified by (32) with one constant

𝐶
}

, (54)

ith the effective elastic distortional deformation 𝛾𝑒 defined by (33)
nd the hardening function 𝜅 defined by (51). In the expression for
𝑚 in (49) the auxiliary function 𝑚 is defined by (48). This function

is defined by five additional constants (the particle diameter 𝑑, the
eference inertial number 𝐼0, the friction angles 𝜁1, 𝜁2 and the jamming
alue 𝜙𝐽 of the solid fraction)

𝑑, 𝐼0, 𝜁1, 𝜁2, 𝜙𝐽
}

, (55)

here use is made of the expressions (25) for the friction coefficients
1, 𝜇2. Furthermore, the evolution Eq. (28) for the solid volume fraction
𝑠 has four additional constants

𝑎1, 𝑎2, 𝑎3, 𝑎4
}

, (56)

he function 𝜙𝑐 in (26), which determines the steady-state value of 𝜙𝑠,
as two additional constants

𝑎𝑐 , 𝑏𝑐
}

, (57)

nd the hardening parameter 𝜅 in (51) has another constant

𝜅𝑐
}

, (58)

hat determines the elastic limit of jamming.
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Table 5
Initial values for steady-state simple shear.

Parameter Value Parameter Value

�̇�0 [1/s] 0.758618 𝑏12 6.52235 × 10−3

𝑏11 − 1 7.09029 × 10−5 𝑏22 − 1 −1.41803 × 10−5

5. Examples used to calibrate the material constants

A consistent set of material parameters for a single granular material
was not found in the literature. Consequently, values are taken from
different sources. Therefore, the set of material parameters used for
the examples in this section shows the capabilities of the proposed
model and not the response of a specific material. The complete set of
reference parameters for dry spherical particles is listed in Table 4 along
with the equation where the parameter is first introduced or defined as
well as references when applicable.

For general deformations, the response of the material depends
on nonlinear equations that couple the influences of the material
constants. However, for the simple example of pure dilatation it is
possible to isolate the influence of 𝑎1. The values of 𝑎2, 𝑎3, 𝑎4 in Table 4
were optimized by trial and error to match the simulations of transient
shearing with shear reversal for constant volume and constant non-
shearing components of stress reported in [[35], Figs. 1, 2]. Unless
otherwise specified, the values of the parameters used in the examples
are taken from Table 4 with initial values specified in Table 5. The
value of 𝐺𝑠 was specified arbitrarily and is used to normalize all
stresses. Furthermore, it is noted that the Eulerian formulation yields
steady-state solutions that depend only on the current state of the
material. Specifically, they are independent of the initial conditions that
lead to the steady-state.

5.1. Specification of 𝑎1

Consider cyclic pure dilatational response 𝐃′ = 0 from a zero-stress
tate with initial conditions

𝑠𝑒(0) = 1, 𝜙𝑠(0) = 0.60, 𝐁𝑒(0) = 𝐈. (59)

or this case, the total dilatation 𝐽 from the zero-stress state is specified
y

= 1 + 0.1
[

cos(𝜋𝑇 ) − 1
]

, 𝐃 ⋅ 𝐈 = �̇� , 0 ≤ 𝑇 ≤ 2, (60)
7

𝐽

where 𝑇 is a normalized time and 𝐽 cycles in the range 0.8 ≤ 𝐽 ≤ 1.0.
Since the distortional deformation rate vanishes in this example, the
evolution Eq. (28) for 𝜙𝑠 reduces to

�̇�𝑠
𝜙𝑠

= exp
[

−𝑎1
( 𝜙𝑠
𝜙𝐽 − 𝜙𝑠

)]

⟨−𝐃 ⋅ 𝐈⟩, (61)

hich isolates the influence of 𝑎1.
Fig. 1 (a,b) shows the influence of 𝑎1 on the response to pure

ilatation. During compression (decrease in 𝐽 from 𝐽 = 1 to 𝐽 = 0.8)
he pressure increases along the curved lines, whereas during expansion
increase in 𝐽 from 𝐽 = 0.8 to 𝐽 = 1) the pressure decreases to zero
long a nearly straight line and remains zero for additional expansion.
lso, 𝜙𝑠 increases during compression and remains constant during
xpansion. From this figure it can be seen that as 𝑎1 decreases the initial
lope of the pressure curve decreases, the slope of the solid fraction
urved increases and the maximum value of the pressure for 𝐽 = 0.8
ecreases. This means that the parameter 𝑎1 characterizes the resistance
f the granular material to compaction, that is, for small values of 𝑎1
he material compacts rapidly until 𝜙𝑠 approaches the jamming value
𝐽 , yielding a smaller elastic dilatation and hence smaller pressure.

For cyclic loading between fixed values of the total dilatation 𝐽 the
irst loading causes 𝜙𝑠 to attain its maximum value for the amplitude of
he cycle. Unloading occurs on the nearly straight line until it vanishes
nd remains zero during continued expansion. During recompression
he pressure remains zero until it intersects the previous unloading
urve and then increases following the nearly straight unloading curve.
his continues for additional cycles.

From Fig. 1b it can also be seen that the particles are compressible
ince the volume continues to decrease after the solid fraction 𝜙𝑠 ap-
roaches its jamming value 𝜙𝐽 = 0.64. This indicates that the particles
end to maintain their spherical shapes with the solid volume fraction
emaining nearly constant during compression. However, for highly
lastically or inelastically deformable particles it is possible to propose
n evolution equation for 𝜙𝐽 of the form

̇ 𝐽 = 𝛤𝐽 (1 − 𝜙𝐽 ) ≥ 0, (62)

here the function 𝛤𝐽 ≥ 0 requires a constitutive equation. This
volution equation models elastic and inelastic shape changes of the
articles and allows the granular material to compact out all porosity
ith 𝜙𝐽 → 1. However, this functional form for 𝛤𝐽 is not used in this
aper.
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5.2. Steady-state simple shear

For steady-state simple shear with 𝐋 given by (43), it follows from
(20), (42), (45)–(47) and the evolution Eq. (28) with 𝑎2 > 0 that

𝜙𝑠 = 𝜙𝑐 , 𝑝 = 𝜙𝑐𝐺𝑠𝑘𝑠
𝜀𝑣

1 − 𝜀𝑣
,

𝑇12 = 𝜇(𝐼∗)𝑝 =
𝜙𝑐𝐺𝑠
1 − 𝜀𝑣

𝛾𝑚
(1 + 𝛾2𝑚)1∕3

, 𝐿 = 𝐼
𝑑

√

𝐺𝑠𝑘𝑠𝜀𝑣
𝜌𝑠𝑧

,
(63)

where 𝛾𝑚 is determined by (48) and (49).

5.3. Specification of 𝑎𝑐 , 𝑏𝑐 and calibration of 𝐼0, 𝜀𝑣 based on DEM simula-
tions

The values of 𝜙𝑐 , 𝐼 and 𝜇(𝐼∗) can be determined by the steady-state
simple shear regions in the DEM simulation in [[35], Fig. 1]. With
specified values for these quantities (42) can be solved for 𝐼0 to deduce
that

𝐼0 = 𝐼∗
𝜇2 − 𝜇(𝐼∗)
𝜇(𝐼∗) − 𝜇1

, 𝐼∗ = 𝐼
𝜙𝐽

𝜙𝐽 − 𝜙𝑐
. (64)

In addition, (26) can be solved for the constant 𝑎𝑐 to obtain

𝑎𝑐 =
𝜙𝐽

𝐼𝑏𝑐
(𝜙𝐽
𝜙𝑐

− 1
)

. (65)

where 𝜇1, 𝜇2 are determined by (25) and the constants in Table 4.
Specifically, to be consistent with the DEM simulation in [[35], Fig.

]

𝑠 = 𝜙𝑐 = 0.60, 𝐼 = 0.0003, 𝜇(𝐼∗) = 0.40. (66)

Fig. 2 shows the influence of 𝑏𝑐 on the steady-state values of 𝜙𝑐 in (26)
for a range of 𝐼 . In the limit that the inertial number approaches zero
the critical solid volume fraction 𝜙𝑐 approaches the jamming value 𝜙𝐽 ,
with a zero slope at 𝐼 = 0. From this figure it can be seen that the
decrease in 𝜙𝑐 with increase in 𝐼 is enhanced by increasing the value
of 𝑏𝑐 .

For the remainder of the simulations 𝑎𝑐 and 𝑏𝑐 take the values
recorded in Table 4. The values specified in Table 4 are consistent with
(66). Also, using the approximation [44] of the stiffness 𝑘 of the contact
springs in the DEM simulations

𝑘 = 1
2
𝜋𝑑𝐺𝑠(1 + 𝜈𝑠), (67)

t follows that the steady-state pressure in [[35], Fig. 1] is given by
𝑝 𝑑
𝑘

= 9.4 × 10−3 =
2𝑝

𝜋𝐺𝑠(1 + 𝜈𝑠)
,

𝑝
𝐺𝑠

= 9.8437 × 10−3, (68)

with the specification 𝜈𝑠 = 1∕3. Using the constitutive Eq. (63) for
ressure with 𝜙𝑠 = 0.6 this value corresponds to

𝑣 =
𝑝

𝑝 + 𝜙𝑠𝐺𝑠𝑘𝑠
= 6.1147 × 10−3. (69)

In this regard, it is noted that this value of elastic compression 𝜀𝑣 was
used in all simulations.

5.4. Transient response

This section uses the transient shearing DEM simulations in [35] to
calibrate material constants in the proposed model, Specifically, [35]
analyzed two types of transient shearing simulations. Both simulations
specify the shearing velocity on the boundaries of the shearing region.
They start with steady-state simple shear with a negative shearing rate
and transition to steady-state simple shear with a positive shearing rate.
One simulation maintains simple shearing during the transition. The
other simulation maintains constant non-shearing stress components.
Material constants are calibrated by matching the results in these
simulations.
8

Fig. 2. Influence of the parameter 𝑏𝑐 on the critical solid volume fraction 𝜙𝑐 (Eq. (26))
hat approaches 𝜙𝐽 for vanishing inertial number.

To analyze these simulations the velocity gradient 𝐋, the deviatoric
eformation rate 𝐃′ and �̇� are specified by

= 𝐿𝐞1 ⊗ 𝐞2 +
1
3
(𝐃 ⋅ 𝐈)𝐈 +𝐷′

11𝐞1 ⊗ 𝐞1 − (𝐷′
11 +𝐷′

33)𝐞2 ⊗ 𝐞2 +𝐷′
33𝐞3 ⊗ 𝐞3,

′ = 𝐷′
11𝐞1 ⊗ 𝐞1 − (𝐷′

11 +𝐷′
33)𝐞2 ⊗ 𝐞2 +𝐷′

33𝐞3 ⊗ 𝐞3

+ 𝐿
2
(𝐞1 ⊗ 𝐞2 + 𝐞2 ⊗ 𝐞1),

�̇� = 1
√

3

√

4(𝐷′2
11 +𝐷′

11𝐷
′
33 +𝐷′2

33) + 𝐿2,

(70)

here the shearing rate 𝐿 is specified and the values of 𝐃 ⋅ 𝐈, 𝐷′
11, 𝐷

′
33,

hich are active during the transition, need to be determined. More-
ver, from (9) and (20) the functional forms of the elastic distortional
eformation �̄�𝑒, the pressure 𝑝 and the deviatoric stress 𝐓′, can be
pecified by

̄
𝑒 = 𝑏11𝐞1 ⊗ 𝐞1 + 𝑏22𝐞2 ⊗ 𝐞2 + 𝑏33𝐞3 ⊗ 𝐞3

+ 𝑏12(𝐞1 ⊗ 𝐞2 + 𝐞2 ⊗ 𝐞1), 𝑏33 =
1

𝑏11𝑏22 − 𝑏212
,

�̄�′
𝑒 =

2𝑏11 − 𝑏22 − 𝑏33
3

𝐞1 ⊗ 𝐞1 +
−𝑏11 + 2𝑏22 − 𝑏33

3
𝐞2 ⊗ 𝐞2

+
−𝑏11 − 𝑏22 + 2𝑏33

3
𝐞3 ⊗ 𝐞3 + 𝑏12(𝐞1 ⊗ 𝐞2 + 𝐞2𝐞1),

�̄�′
𝑒|
2 = 2

3
(

𝑏211 + 𝑏222 + 𝑏233 − 𝑏11𝑏22 − 𝑏11𝑏33 − 𝑏22𝑏33 + 3𝑏212
)

,

𝑝 = 𝜙𝑠𝐺𝑠𝑘𝑠
𝜀𝑣

1 − 𝜀𝑣
, 𝐓′ =

𝜙𝑠𝐺𝑠
1 − 𝜀𝑣

�̄�′
𝑒,

(71)

here 𝑏𝑖𝑗 , 𝜙𝑠, 𝜀𝑣 are determined by the specific problem being solved.
hen, the evolution Eqs. (9) require

̇ 11 =
4𝐷′′

11
3

𝑏11 −
2(𝐷′′

11 +𝐷′′
33)

3
𝑏22 −

2𝐷′′
33
3

𝑏33 +
4𝐿
3

𝑏12

− 𝛤
[

𝑏11 −
3

𝑏11+𝑏22
𝑏11𝑏22−𝑏212

+ 1
𝑏33

]

,

̇ 22 = −
2𝐷′

11
3

𝑏11 −
4(𝐷′

11 +𝐷′
33)

3
𝑏22 −

2𝐷′
33
3

𝑏33 −
2𝐿
3

𝑏12

− 𝛤
[

𝑏22 −
3

𝑏11+𝑏22
𝑏11𝑏22−𝑏212

+ 1
𝑏33

]

,

̇ 12 = 𝐿𝑏22 − (𝐷′
33 + 𝛤 )𝑏12.

(72)

These results are valid for the transient shearing examples considered
in the following sections (see Table 1).
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Fig. 3. Simple Shear Jump Test. (a) Shear rate: the initial value of the shearing rate 𝐿(0) = −0.758618 s−1 is consistent with the steady-state simulation in [35]. (b) Solid volume
fraction: 𝜙𝑠(0) = 0.60. When 𝐿 = 0, 𝜙𝑠 maintains the steady-state value 𝜙𝑐 (0), yet 𝜙𝑐 abruptly jumps to the jamming value 𝜙𝐽 . When 𝐿 jumps to �̇�0∕2 from �̇�0, 𝜙𝑐 reaches a new
steady-state value. (c–d) Shear stress and pressure for jump test simulations.
Fig. 4. Transient Simple Shear. Comparison of shear stress (a) and pressure (b) with DEM simulations in ([35], Fig. 1), using a normalized duration �̇�0𝛥𝑡 = 0.5 of the transition
region where the shear rate increases linearly, indicated with a gray area in the figure.
w
5.4.1. Transient simple shear (Determination of 𝑎2, 𝑎3 based on DEM sim-
ulations)

For transient simple shear at constant volume, the evolution
Eqs. (72) are solved with the specifications

𝐃 ⋅ 𝐈 = 𝐷′
11 = 𝐷′

33 = 0. (73)

Also, the evolution Eq. (28) is solved for 𝜙𝑠 and the value of 𝜀𝑣 is
determined by integrating (44) to obtain

𝜀𝑣 = 1 −
𝜙𝑠(0) , (74)
9

𝜙𝑠[1 − 𝜀𝑣(0)] H
here 𝜙𝑠(0) and 𝜀𝑣(0) are specified initial values. Specifically, the
steady-state initial conditions are specified to be consistent with (66)
with 𝐼0 determined by (64) and the initial solid volume fraction is
specified

𝜙𝑠(0) = 0.6. (75)

Also, 𝜀𝑣(0) is given by (69), which is used to determine 𝐿(0) by (63) and
𝛾 by (48) and (49). Then, the initial values of 𝑏11, 𝑏22, 𝑏12 are determined
by (45).

Since the steady-state value of 𝜙𝑠 in (26) depends explicitly on
the shearing rate, 𝜙𝑐 jumps abruptly when the shearing rate changes.
owever, the value 𝜙𝑠 of the solid fraction, which is determined by the
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Fig. 5. Transient shear with constant non-shearing components of stress: comparison of shear stress (a) and solid volume fraction (b) with DEM simulations in ([35], Fig. 2), using
the same duration of the transition region in Fig. 4.
𝐷

evolution Eq. (28), exhibits a smoother transition during these changes.
Fig. 3 shows the response to a jump test with an initial shearing rate
of 𝐿(0) = −�̇�0 < 0. This value is consistent with the steady-state value
of 𝐼 used for simple shearing in [35] (Fig. 1 therein) and reported in

able 5. The shear rate subsequently jumps to 𝐿 = 0, then to 𝐿 = �̇�0,
hen to 𝐿 = �̇�0∕2, and finally back to 𝐿 = �̇�0. The value �̇�0 is kept
onstant for all figures in this paper. Additionally, the initial values
f 𝑏11, 𝑏22, 𝑏12 for the steady-state simple shear solution of (72) are
ecorded in Table 5.

With regard to Fig. 3, it is noted that since 𝛤 = 0 when 𝐿 = 0,
𝜙𝑠 = 𝜙𝑐 (0) remains constant during the period when 𝐿 = 0 even though
𝑐 jumps to the value 𝜙𝑐 = 𝜙𝐽 . After the jump from 𝐿 = 0 to 𝐿 = �̇�0,
𝑠 = 0.6 remains constant since 𝜙𝑐 = 0.6 for 𝐿 = ±�̇�0. During the
eriod when 𝐿 = �̇�0∕2 the solid fraction 𝜙𝑠 transitions to its new steady-
tate value of 𝜙𝑐 . Finally, after the jump back to 𝐿 = �̇�0, the solid
raction transitions back to the value 𝜙𝑠 = 0.6. This is best observed

in Fig. 3b, which compares the responses of 𝜙𝑠 and 𝜙𝑐 . These results
indicate that the steady-state response depends only on the current state
of the material and not on the previous history, which is expected for
this Eulerian formulation of the constitutive equations. Also, the elastic-
viscoplastic response of the proposed model can be seen in the last drop
in stress followed by recovery in Fig. 3c and in the pressure in Fig. 3d.

Figure 1 in [35] shows the response of DEM simulations for simple
shear with transitions from steady-state with a negative shearing rate
𝐿(0) < −�̇�0 to zero shearing rate 𝐿 = 0 and then to steady-state with
𝐿 = �̇�0. Figures 1a,b in [35] indicate that when the shearing rate drops
to zero the pressure and shear stress remain constant. However, when
the shearing rate becomes positive, there is a drop in pressure to about
20% of its steady-state value with a finite transition time followed by
an increase in pressure with a longer transition time. Also, the shear
stress divided by the pressure increases from its negative steady-state
value to its positive steady-state value with a relatively rapid transition
time.

The first and second jumps shown in Fig. 3 are qualitatively the
same as those in the DEM simulations. However, the response to the
jump from 𝐿 = 0 to 𝐿 = �̇�0 is significantly different from that shown
in Fig. 1 in [35], which exhibits a transition time during the drop
in pressure and a longer transition time to nearly obtain steady-state
for 𝐿 = �̇�0. This suggests that during these transition periods the
motion of the particles in the DEM simulation is not consistent with
the homogeneous deformation rate that is assumed in the formulation
of the transient response (70) analyzed here. In the DEM simulations
10

the transient response is obtained by changing the applied velocity of
the boundaries which necessarily yields at least some inhomogeneous
deformation rate.

To better model the response predicted by the DEM simulation it is
assumed that jump in the velocity gradient from 𝐿 = −�̇�0 to 𝐿 = 0 is
instantaneous but that the increase from 𝐿 = 0 to 𝐿 = �̇�0 is linear over
a transition time determined by the simulations. This is an attempt to
model the inhomogeneous shearing rate in the DEM simulation. The
pressure presented in ([35], Figure 1) was normalized by the stiffness
parameter 𝑘 so its absolute value (67) is not relevant. Consequently,
to compare the pressure predicted by the proposed model with the
DEM results, the pressure predicted by the proposed model was scaled
linearly to match the initial steady-state value shown in ([35], Fig. 1)
and the results are presented in Fig. 4.

The value of the constant 𝑎2, which controls the increase in 𝜙𝑠
during the transition, was determined by matching the peak drop in the
pressure shown in Fig. 4b. Also, the constant 𝑎3, which controls the rate
of decrease in 𝜙𝑠 and the transition time �̇�0𝛥𝑡 = 0.5 were determined
by matching the recovery of the pressure shown in Fig. 4b, that occurs
due to elastic expansion of the particles.

5.4.2. Transient shear with constant non-shearing components of stress
(Determination of 𝑎4 based on DEM simulations)

Figure 2 in [35] shows the response of DEM simulations starting
with steady-state simple shear with negative shearing rate 𝐿 = −�̇�0
and transitioning to steady-state simple shear with positive shearing
rate 𝐿 = �̇�0 maintaining constant non-shearing components of stress. In
contrast with simple shear, this shearing deformation is not isochoric.

Since the diagonal components of stress are constants during the
transition it follows that
𝑑
𝑑𝑡

( 𝜙𝑠𝜀𝑣
1 − 𝜀𝑣

)

= 0, 𝑑
𝑑𝑡

[( 𝜙𝑠
1 − 𝜀𝑣

)

(2𝑏11 − 𝑏22 − 𝑏33)
]

= 0,

𝑑
𝑑𝑡

[( 𝜙𝑠
1 − 𝜀𝑣

)

(−𝑏11 + 2𝑏22 − 𝑏33)
]

= 0,
(76)

determine the values of 𝐃 ⋅ 𝐈, 𝐷′
11, 𝐷

′
33. In particular, using (6), (7) and

(72) it can be shown that

𝐃 ⋅ 𝐈 = −(1 − 𝜀𝑣)
�̇�𝑠
𝜙𝑠

,

′
11 =

(𝐃 ⋅ 𝐈 + 𝛤 )(𝑏11𝑏22 + 𝑏11𝑏33 − 2𝑏22𝑏33) − 2𝐿(𝑏22 + 𝑏33)𝑏12
2(𝑏11𝑏22 + 𝑏11𝑏33 + 𝑏22𝑏33)

,

𝐷′ = −
(𝐃 ⋅ 𝐈 + 𝛤 )(2𝑏11𝑏22 − 𝑏11𝑏33 − 𝑏22𝑏33) − 2𝐿𝑏22𝑏12 .

(77)
33 2(𝑏11𝑏22 + 𝑏11𝑏33 + 𝑏22𝑏33)
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Fig. 6. Response to transition to jamming. (a) Sketch of the model. (b) Time evolution of displacement obtained by solving the governing differential Eq. (82) with the parameters
given in (84). (c) Normalized shear stress versus time, with the elastic response regions indicated by the black portion of the curve. (d) Decrease of the hardening variable 𝜅 with
time until the elastic limit value 𝜅𝑐 is reached.
Also, the value of 𝜀𝑣 can be determined by solving Eq. (71) for the
pressure to obtain

𝜀𝑣 =
𝑝

𝑝 + 𝜙𝑠𝐺𝑠𝑘𝑠
. (78)

In view of (77), the evolution Eq. (28) is rewritten in the forms

�̇�𝑠
𝜙𝑠

= −
[

( 𝑎2
√

𝜀𝑣

)

⟨𝜙𝑠 − 𝜙𝑐⟩

𝐺𝑠𝑘𝑠 +
( 𝑎2
√

𝜀𝑣

)

⟨𝜙𝑠 − 𝜙𝑐⟩ 𝑝

]

𝑑 for 𝜙𝑠 ≥ 𝜙𝑐 ,

�̇�𝑠
𝜙𝑠

=
𝑎3𝛤𝜀𝑣⟨𝜙𝑐 − 𝜙𝑠⟩

1 − (1 − 𝜀𝑣) exp
[

−𝑎1
( 𝜙𝑠
𝜙𝐽−𝜙𝑠

)]

− 𝑎4𝛤𝜀𝑣⟨𝜙𝑐 − 𝜙𝑠⟩
for 𝜙𝑐 > 𝜙𝑠.

(79)

Now, (23),(24) and (31) are used to deduce that

�̇� = 𝐼

𝑑
√

3

√

𝐺𝑠𝑘𝑠𝜀𝑣
𝜌𝑠𝑧

(80)

which is used with (72) and (77)–(79) to write the rates �̇�𝑠, �̇�11, �̇�22, �̇�12
as functions of 𝐼 . Thus, with the help of the expressions for �̇� in (31)
and (80), the value of 𝐼 is determined by the equation
√

2
3
𝐃′ ⋅ 𝐃′ = 𝐼

𝑑
√

3

√

𝐺𝑠𝑘𝑠𝜀𝑣
𝜌𝑠𝑧

. (81)

Then, the values of the rates �̇�𝑠, �̇�11, �̇�22, �̇�12 and the value of 𝐼 are
determined by simultaneously solving the Eqs. (72), (77), (78), (79)
and (81) at each step of the integration procedure.

For this example, the initial conditions are those for the steady-
state simple shear solution discussed in the previous subsection, which
specifies the constant value of 𝑝 for the simulation with constant
non-shearing components of stress. Specifically, using the constants in
Table 4 for this simulation, the initial steady-state solution is consistent
with 𝑝 in (68), 𝜀 (0) in (69) and the initial values recorded in Table 5.
11

𝑣

Fig. 5 shows the response predicted by the proposed model together
with results of the DEM simulation in [[35], Fig. 2]. Fig. 5b compares
the predictions of the model for 𝜙𝑠 with those of the DEM simulation.
The value of the constant 𝑎4, which controls the influence of 𝐃 ⋅𝐈 on the
increase of solid volume fraction 𝜙𝑠 during the transition, was selected
to closely match the peak value of 𝜙𝑠 observed in the DEM simulation
(Fig. 5b). To account for the higher initial steady-state value of 𝜙𝑠 in
the DEM simulation compared to the simulation in ([35], Fig. 1), the
value of 𝑎4 was calibrated to result in a slightly lower peak value of
𝜙𝑠. This value of 𝑎4 was necessary to ensure that 𝜙𝑠 follows the rapid
increase in 𝜙𝑐 during the transition onset. Also, the transition time for
this simulation was specified by �̇�0𝛥𝑡 = 0.75. The results in Figs. 4 and 5
show that the proposed model quantitatively predicts the observations
in the DEM simulation in [35].

5.5. The smooth transition to jamming

To study the smooth transition to jamming, consider the transient
simple shear problem sketched in Fig. 6a. The granular material of
height 𝐻 is fixed at its bottom surface and its top surface is attached
to a block of mass density 𝜌𝑏 per unit area which can only move hori-
zontally. The system is semi-infinite with a uniform velocity gradient.
The equation of motion of the block is given by

𝜌𝑏�̈� = −𝑇12, (82)

where 𝑢 is the horizontal displacement of the block in the positive 𝐞1
direction and 𝑇12 is the shear stress in the granular material. The initial
conditions of the system are consistent with the steady-state simple
shear solution recorded in Tables 4 and 5 and the initial values of 𝑢
are specified by

𝑢(0) = 0, �̇�(0) = �̇�0𝐻, (83)

Also, 𝜌𝑏,𝐻 and 𝜅𝑐 are specified by
𝜌𝑏 = 0.8 × 10−4 [s2/m], 𝐻 = 0.05 [m], 𝜅𝑐 = 0.002. (84)
𝐺𝑠
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This value of 𝜅𝑐 is greater than that in Table 5 to increase the elastic
imit for low values of pressure.

Figs. 6b-d show the response of the system during the transition to
amming. The displacement plot (Fig. 6b) reveals that the block initially
lides and then undergoes oscillations that gradually diminish due to
issipation, eventually transitioning to elastic oscillations as the mate-
ial jams. The shear stress plot (Fig. 6c) exhibits a similar oscillatory
attern, with the black lines demarcating the elastic response regions.
ig. 6d showcases the corresponding decline in 𝜅 until it reaches 𝜅𝑐 ,

which sets the finite yield value.

6. Conclusions

Constitutive functions in a large deformation continuum model for
the response of an elastic–inelastic granular material have been deter-
mined using functional forms for 𝜇(𝐼) rheology and observations based
on DEM simulations. The constitutive equations are Eulerian in the
sense that they do not depend on arbitrary specifications of a reference
or intermediate configuration or a total or plastic deformation measure.
The stress in the continuum model is determined by hyperelastic ex-
pressions based on a compressible Neo-Hookean strain energy function
with the elastic dilatation and the elastic distortional deformation
determined by evolution equations. The rate of inelastic deformation
in the evolution equation for elastic distortional deformation exhibits
a smooth elastic–inelastic transition with the hardening variable cal-
ibrated by the rate-dependent steady-state response to simple shear.
Also, an evolution equation for the solid fraction is proposed using
its steady-state value determined in DEM simulations. Specifically, the
non-dissipative response to decrease in the solid fraction at positive
pressure is limited by the dissipative response of inelastic distortional
deformation to ensure that the total dissipation remains non-negative.

Examples show that jumps in shear rate for transient simple shear
cause smooth changes in the state variables and that the steady-state
response is truly Eulerian and independent of the history-dependence
of loading. Examples are considered which show that the proposed
model predicts well results observed in DEM simulations for transient
simulations of simple shear and transient shearing with constant non-
shearing components of stress. Also, an example has been discussed
which shows that the model exhibits a smooth transition from inelastic
flowing to elastic oscillations in a jammed state. The model has been
developed with three-dimensional equations that can be implemented
in computer codes for predicting transient flow of granular materials.

In the analysis outlined in this paper, kinetic energy was delib-
erately excluded. However, it could be relevant for portraying non-
homogeneous deformation observed in inertial transitions or bursts,
which can instigate instabilities such as landslides or avalanches [45].
This intriguing subject deserves further exploration as a possible exten-
sion of the proposed model.
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