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Abstract

The b value, the scaling exponent of the Gutenberg-Richter law, is a widely investi-
gated parameter in statistical seismology, quantifying the relative proportion of small
and large earthquakes in a seismic catalog. Despite its simple definition, an accurate and
reliable estimation is not straightforward due to some methodological limitations (e.g.,
assumptions behind their derivation) and to catalog incompleteness. Different methods
have been proposed during the last six decades for measuring the b value. Among
them, the b-positive approach, using the positive difference of consecutive magnitudes,
enables the mitigation of the so-called short-term incompleteness. In this article, we
review these methods, showing that all the approaches converge to a universal formula
if the magnitudes of earthquakes are properly standardized and selected. We also
review b value estimations by establishing methodological consistency through com-
parison with extensive simulations. Moreover, we provide bEST, a novel MATLAB/
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Python tool for a multimethodological assessment of the b value.

Introduction

The Gutenberg-Richter law (Gutenberg and Richter, 1944) is
one of the most important relationships in statistical seismol-
ogy: it rules the earthquake size scaling in a wide range of mag-
nitudes (M). It is featured by two free parameters: the a value,
accounting for the seismic rate, and the b value, representing
the slope of the size-frequency distribution in a semilog plot:

log,o(Nxy) = a - b(M - M,), (1)

in which N, is the number of events above M, and M. is the
magnitude of completeness, the magnitude above which only a
statistically negligible part of seismic events is not recorded.
Equation (1) corresponds to an exponential distribution (Aki,
1965): several methods exist to compute the b value in a maxi-
mum-likelihood estimation (MLE) framework (Aki, 1965;
Kijko and Smit, 2012; Taroni, 2021). However, because cata-
logs are affected by different kinds of incompleteness because
of the finite sensitivity of seismic networks, a reliable assess-
ment of M, is crucial. Two main types of incompleteness are
known to affect seismic catalogs: background incompleteness
and short-term incompleteness (STI). The first one depends on
the spatial organization of the seismic network, specifically on
the number and density of seismic stations; it is sometimes
called seismic network density incompleteness (SNDI). The
latter is a shadowing effect of larger seismic events over smaller
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ones (Kagan, 2004; Lolli and Gasperini, 2006). Although the
SNDI can be estimated with statistical techniques (Woessner
and Wiemer, 2005; Herrmann and Marzocchi, 2021; Taroni,
2023), the STI periods are tricky to model, due to their
short-time (hours to weeks) duration. A quite elegant solution
was proposed in van der Elst (2021): assuming an exponential
distribution of magnitudes, their positive differences turn out
to be Laplace-distributed with the scaling parameter exactly
equal to the b value. Such an algorithm is much easy to be
implemented, stable and less affected by STI. The efficiency
of this method, called “b-positive,” has been recently enhanced
by Lippiello and Petrillo (2024), which also extend the estima-
tion considering the differences of nonconsecutive magnitudes.
Tinti and Gasperini (2024) investigated the theoretical formu-
lation of the uncertainty related to the b-positive method,
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avoiding to estimate this quantity by applying the use of
bootstrapping, as instead typically done in the literature
(Schorlemmer et al., 2003; Amorese et al., 2010). In the same
article by Tinti and Gasperini (2024), they also provide a com-
prehensive history of the b value estimation methods, starting
from the Aki (1965) approach. Both the classical MLE and b-
positive estimations have different formulations in the case of
binned magnitudes (Guttorp and Hopkins, 1986; van der Elst,
2021). In this work, we demonstrate that different types of b
value estimations are essentially the same, and one formula can
be used to perform the estimation, together with its counter-
part for binned magnitudes. We also describe the novel
MATLAB/Python (see Data and resources) functions devel-
oped to estimate the b value with different methods.

Methods

The MLE of the b value using the Aki (1965) formula and the
Ogata and Yamashina (1986) correction for an unbiased esti-
mation is

N-1

b= ln(i\]O)X’ @

in which N is the number of events used in the b value esti-
mation, In is the natural logarithm, X corresponds to the mean
on the values of the vector X, and X; = M; — M., with M, the
magnitude of the ith event, and M, the magnitude of complete-
ness. According to the approach by Taroni (2021), which is
equivalent to the one by Kijko and Smit (2012) approach
(see the supplemental material for the proof, available to this
article), we can still use equation (1), with X; = M; - M,
being M_; the variable magnitude of completeness associated
with the ith event. Moreover, if we consider X; = AM;, in
which AM; is the positive difference between two consecutive
magnitudes (b-positive, van der Elst, 2021), or the first positive
difference between k consecutive magnitudes (b-more-positive,
Lippiello and Petrillo, 2024; Godano et al., 2025), we can still
use equation (1) because such quantities are still exponentially
distributed (Lippiello and Petrillo, 2024). For these two meth-
ods, it is also possible to consider, instead of positive
differences, differences larger than a fixed threshold value
Am (e.g., 0.2, van der Elst, 2021).

In the case of binned magnitudes, Guttorp and Hopkins
(1986) demonstrated that the correct estimation formula is

ho | 1n(X+_MBm), 3)
- X

in which My, is the magnitude binning (usually 0.1 for My
and 0.01 for M,,). As in the previous formula, different defi-
nitions of the X; enable the use of equation (3) for different
estimation methods. Again, all the methods are based on the
same assumption, that is, X; follows a discretized exponential
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distribution, also called geometric distribution (Guttorp and
Hopkins, 1986).

Finally, the uncertainty o on the estimated b value can be
computed through the Aki (1965) formula, which uses the
normal approximation:

. b

0= ik (4)
There are several formulas to estimate the uncertainty o (Tinti
and Gasperini, 2024); here, we prefer to keep the simplest one
(equation 4) and test the validity of the normal approximati
on through massive simulations. The validation of such an
approximation would also allow a general, easier strategy for
testing possible b value differences in two or more groups and b
value spatiotemporal variations.

In the next section, we describe a novel MATLAB/Python
toolbox that we then use to demonstrate the validity of these
formulas.

bEST Toolbox

Our toolbox contains three functions and three scripts. The
functions are as follows.

BEST: this function allows the estimation of the b value and its
uncertainty sigma with three different approaches: the classical
Aki (1965) MLE for catalogs with fixed MC; the Kijko-Smit-
Taroni (Kijko and Smit, 2012; Taroni, 2021) method for catalogs
with a variable M_; the b-positive method (van der Elst, 2021). In
all cases, the estimation in the case of binned magnitudes is also
available (Guttorp and Hopkins, 1986; Tinti and Gasperini,
2024).

BEST_bmorepos_bootstrap: this function allows the estima-
tion of the b value and its uncertainty sigma with the b-more-
positive method (Lippiello and Petrillo, 2024), using bootstrap
for the estimation of the uncertainty sigma. In addition, the
estimation in the case of binned magnitudes is available
(Tinti and Gasperini, 2024). This function also includes the
computation of the spatial distances between the events, to
compute the differences only between events with a maximum
epicentral distance of D, (one of the input parameters), as
recommended by Lippiello and Petrillo (2024).

Magnitudes_simulation: this function allows the simulation
of magnitudes from a Gutenberg-Richter law (i.e., an exponen-
tial distribution) in a fast way.

The scripts are:

Script_Validation: this script allows for validating the first
three estimation methods, using simulated catalogs (Fig. 1).

Script_Validation_bmorepos_bootstrap: this script allows
for validating the b-more-positive estimation method, with
bootstrap for uncertainty, using simulated catalogs (Fig. 2).

Script_Real Example: this script allows the use of all
methods with a real catalog, enables a multimethodological
assessment in the estimation of the b value parameter
(Table 1).
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Figure 1. Panels (a) and (b): comparison between real b value used in the simulation (in this case b
value = 1, black line), empirical distributions (blue curve in the left panel and blue histogram in the
right panel), and theoretical distributions (red-dotted curves), for cumulative distribution function
(CDF) and probability density function (PDF); the gray horizontal line shows the 0.5 threshold; in
these panels, the b-positive approach with a magnitude binning = 0 and Am = 0 is checked.
Panels (c) and (d): the same as panels (a) and (b), but for the Taroni (2021) and Kijko and Smit
(2012) approaches with a magnitude binning = 0.1. Panels (e) and (f): the same as panel (a) and (b),
but for the Aki (1965) approach with a magnitude binning = 0.01. Panels (g) and (h): the same as
panels (a) and (b), but for the Lippiello and Petrillo (2024) approach, with kK = 5, a magnitude
binning = 0, and Am = 0.1. In all these cases, 10* catalogs with 10* magnitudes were simulated.
The color version of this figure is available only in the electronic edition.
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Results

Simulated catalogs

We simulated thousands of
magnitudes to check the reli-
ability of the previously pre-
sented formulas. We used a
random generator of exponen-
tial variables to simulate them,
rounding the magnitudes to 0.1
or 0.01 when we want to sim-
ulate binned values.

Therefore, we compared the
real b value used in the simula-
tion with the empirical distribu-
tion of the estimated b values
and the theoretical distribution,
that is, a Gaussian distribution
with mean computed from
equation (2) or (3) (depending
on the magnitude binning)
and standard deviation from
equation (4) (this
approximation is described in
Aki, 1965). Figure 1 shows these
results: the left and right panels
present the cumulative distribu-
tion function (CDF) and the
probability density function
(PDF), respectively. If the for-
mulas for the estimation are
correct, the real b value line
must intersect the CDFs at
the 0.5 threshold and the peaks
of the PDFs. This is clearly vis-
ible in the figure; therefore, we
can claim that the simulations
confirm the validity of the
two formulas (equations 2 and
3), for all the different b value
estimation methods. There is
only an inconsistency for
uncertainty ¢ in the Lippiello
and Petrillo (2024) method
(see Fig. 1g,h). This can be jus-
tified because this approach
considers k consecutive magni-
tude differences, inducing a cor-
relation between the X;, and
thus invalidating the normal
approximation of Aki (1965).
However, this inconsistency
can be overcome by estimating

normal
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the uncertainty o through the bootstrapping procedure, as
suggested in Lippiello and Petrillo (2024): we also verify this
procedure, finding that bootstrapping can properly describe
the uncertainty o (see Fig. 2).

Real catalog

We applied the four different b value estimation methods to
the catalog CAT5 of Chiaraluce et al. (2022); this catalog con-
tains the events of the Central Italy Amatrice-Norcia 2016-
2017 seismic sequence (Fig. 3). Because it contains several
strong events and the related aftershock sequences, it is suitable
for the application of our bEST toolbox. We computed the
magnitude of completeness (M.) using the Herrmann and
Marzocchi (2021) approach, that is, checking the exponential-
ity of the magnitudes, obtaining M, = 1.7. The STI periods
were assessed using the Tremors software (Figlioli et al, 2024):
we found that during STI periods the M, increases by 0.5 for
one day after each M,, 5+ event, by 1.0 for two days after each
M,, 5.5+ event, and by 1.5 for three days after each M, 6.0+
event (Fig. 3).

The characterization in terms of completeness of STI peri-
ods is necessary for the Taroni (2021) and Kijko and Smit
(2012) approaches (named as Kijko-Smit-Taroni in Table 1)
for the estimation of the b value. For the b-positive and b-
more-positive approaches this characterization is unnecessary,
and even the estimation of M could be avoided. In Table 1, we
summarize all the estimation results; for the b-positive and b-
more-positive approaches we used two magnitude difference
thresholds (Am >0 and Am > 0.3, similarly to Lippiello
and Petrillo 2024), and both the estimations using the events
above M. and using all the events (marked as “no M_” in
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Figure 2. Panels (a) and (b): comparison between real b value used in
the simulation (in this case b value = 1, black line), empirical distri-
butions (blue curve in the left panel and blue histogram in the right
panel), theoretical distributions (red-dotted curves), and distribution
computed using bootstrapping (green-dotted curves), for CDF and
PDF; the gray horizontal line shows the 0.5 threshold. Here are the
results for the Lippiello and Petrillo (2024) approach, with k =5, a
magnitude binning = 0, and Am = 0.1 (103 catalogs with 103
magnitudes were simulated, lesser than the previous examples due to
the heavy computational cost of the bootstrapping procedure). The
color version of this figure is available only in the electronic edition.

TABLE 1
Estimated b Values and Their Uncertainties Sigma
Using Different Methods

b Number of

Method Value Sigma Events

Aki 1.20 0.0057 44,754
Kijko-Smit-Taroni 1.37 0.0084 26,787

b positive (Am > 0) 1.49 0.01 22,439
b-more-positive (Am > 0) 1.47 0.02 37,349
b-positive (Am > 0.3) 1.38 0.016 7,690
b-more-positive (Am > 0.3) 1.39 0.019 28,471
b-positive (Am > 0.3, no M,) 1.56 0.0037 174,541
b-more-positive (Am > 0.3, no M)  1.63 0.03 569,340

Such an example demonstrates the importance of a multimethodological assessment

in the estimation of the b value parameter.
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Table 1). Our results show the lower value for the classical Aki
(1965) method, as expected due to STI periods that lead to a
biased low estimate of the b value. The estimation of Kijko-
Smit-Taroni is similar to b-positive and b-more-positive if
Am > 0.3 and only events above the completeness are consid-
ered. Highest estimates are obtained by b-positive and b-more-
positive if Am > 0.3 and using all events in the catalog.

Conclusions
All the Gutenberg-Richter b value estimators, from the very first
one of Aki (1965) to the last one of Lippiello and Petrillo (2024),
are based on the exponentiality of their input. Here, we dem-
onstrate that with a unique formula, plus another one in the
case of magnitude binning, it is possible to consider all the dif-
ferent methodologies together. Regarding the uncertainty in the
estimation, the simple normal approximation by Aki (1965) is
valid for all the approaches, except for the Lippiello and Petrillo
(2024) method (in this case, the bootstrap method is preferable).
We provide both MATLAB and Python codes to perform the b
value estimation, facilitating its multimethodological assess-
ment. These scripts are tested through extensive simulations,
guaranteeing their robustness and reliability.

Regarding the use of the different methods, we give these
general recommendations:

1. the classical Aki (1965) approach leads to a low biased esti-
mation of the b value in presence of ST

2. the methods of Kijko and Smit (2012) and Taroni (2021) are
equivalent, and are useful only if the magnitude of com-
pleteness (M) changes in time or space;

3. b-positive and b-more-positive methods do not need the
computation of M, but a careful investigation of the mini-
mum magnitude difference (Am) is recommended;
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Figure 3. (a) Time versus magnitude plot for the catalog used in this
real example; (b) Incremental number versus magnitude plot, to
highlight the short-term incompleteness (STI) periods, as sug-
gested by Zhuang et al. (2017); (c) Magnitude frequency distri-
bution, incremental (red dots) and cumulative (blue circles), with
the estimated magnitude of completeness (black dashed line). The
color version of this figure is available only in the electronic edition.

4. in the case of regional or worldwide catalogs affected by STI,
only Kijko and Smit (2012)-Taroni (2021) and b-more-
positive methods must be used (the b-positive works well
if M. does not change with space); and

5. multimethodological assessment in the estimation of the b
value parameter allows to understand the epistemic uncer-
tainty related to the estimation, which is usually larger than
expected (Lombardi et al., 2025).

Data and Resources

The code and data used in this work are freely available at https://
github.com/MatteoTaroniINGV/bEST---Universal-estimation-of-
the-Gutenberg-Richter-b-value. MATLAB (www.mathworks.com/
products/matlab) was used to perform all the calculations. Both web-
sites were last accessed in December 2025. In the supplemental
material, there is the proof of equivalence between the Kijko and
Smit (2012) and Taroni (2021) methods.
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