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 a b s t r a c t

We discuss the role of ambiguity in randomized reinsurance contracts, focusing on one-period 
stop-loss treaties. Ambiguity is modeled as an 𝜀-contamination of a reference joint probability 
with respect to the class of all finitely additive joint probabilities with a fixed loss marginal 
distribution. In a risk management perspective, we consider an insurer that systematically adopts 
a pessimistic attitude towards ambiguity. This translates in computing a lower expected profit, as 
a Choquet integral, and in adopting an ambiguous formulation of Value-at-Risk, both determined 
by the lower envelope of the 𝜀-contamination class. Next, the optimal retention level is obtained 
by maximizing the insurer’s lower expected profit, that is by applying a maximin criterion of 
choice. We provide a complete characterization of a randomized stop-loss reinsurance contract 
under ambiguity, and we study the impact of the ambiguity parameter 𝜀 on the optimal retention 
level as well as on the resulting expected profit. Finally, we highlight the existence of an ambiguity 
threshold above which the benefit of randomization vanishes.

1.  Introduction

A growing field of research in the actuarial literature analyzes the effect of ambiguity on (re)insurance contracts, since in this 
context uncertainty is sometimes not fully captured by a single probability measure. Ambiguity has its roots in economics and 
decision theory (see, e.g., [1,2]) and refers to situations where a probability measure is not completely known, or maybe is partially 
specified. This is the case of Ellsberg’s seminal work [3], where the term “ambiguity” has been introduced as the awareness of missing 
information, which is acknowledged to affect subjects’ choices. Ambiguity is also related to de Finetti’s notion of coherence [4,5] and 
to non-additive uncertainty measures [6].

In the insurance context, it is reasonable to consider the ambiguity associated with the probability of specific events as well as 
with the magnitude of the corresponding insurance claims. A prototypical example is given by insurance contracts offering a cover 
to events such as hurricanes, terrorist attacks, or political turmoils. A number of papers in the literature point out that, in presence 
of ambiguity, insurers with a pessimistic attitude towards ambiguity require higher premiums than those in the unambiguous case 
(see, e.g., [7,8]), or they are reluctant to cover certain types of risks. In particular, ambiguity plays a distinguished role in reinsurance 
which is, as is well-known, an insurance for insurance companies (see, e.g., [9]). Reinsurance helps insurers to mitigate their risks by 
absorbing part of their losses, reducing in this way both the insurer’s risk exposure and capital requirements. In general, reinsurance 
deals with rare, but potentially very large losses, which make the role of uncertainty and information of primary importance.
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Recently, a number of papers have explicitly taken into account the role of ambiguity in reinsurance contracts. Hu and Wang 
[10] show that the robust reinsurance demand and price are greater than their respective values without modeling ambiguity, and 
they increase as the insurer’s ambiguity aversion increases. Li and Young [11] derive the optimal robust reinsurance strategy for 
an ambiguity-averse insurer aiming at minimizing the ruin probability. Gu et al. [12] discuss an optimal excess-of-loss reinsurance 
contract in a continuous time principal agent framework, allowing both the insurer and the reinsurer to be ambiguity averse. Finally, 
Gu et al. [13] consider the optimal reinsurance problems for two competitive insurers and then study the optimal reinsurance premium 
determination, by taking into account model ambiguity. In this strand of literature, ambiguity concerns the insurer’s loss.

In the aforementioned studies, the effect of ambiguity is investigated in the context of classical deterministic reinsurance con-
tracts, where there is a deterministic function (also known as indemnity function) that specifies the risk sharing between insurer and 
reinsurer. In this paper we introduce ambiguity into a randomized reinsurance contract, where the latter is a contract in which the 
reinsurance coverage is subordinated to a random phenomenon. Despite randomized treaties are not common in the insurance in-
dustry, a significant body of literature argues that these instruments may enhance risk management efficiency for insurers. In this 
line of research, Gajek and Zagrodny [14] show that randomized treaties can produce lower ruin probabilities than non-randomized 
ones. Guerra and Centeno [15] show that randomizing the classical stop-loss treaty can be beneficial for an insurer who seeks to 
minimize a quantile risk measure. Moreover, Guerra and de Moura [16] prove that the reinsurance treaty that maximizes an expected 
utility criterion exists in a class of independent randomized contracts. As noted by Albrecher and Cani [17], randomized reinsurance 
contracts may be an efficient way of dealing with risks, thus randomization may be worthwhile to be considered. A further argument 
for the consideration of randomized reinsurance treaties is that they allow to incorporate the reinsurers’ counterparty risk. Since 
reinsurance is a critical risk management tool to ensure insurance company’s solvency, it is important to explicitly take into account 
the potential default of the reinsurer. In this regard, Yong et al. [18] argue that randomized contracts are theoretically equivalent 
to the mechanism of optimal reinsurance design under the potential default risk of the reinsurer. Shyamalkumar and Wang [19] 
observe that, even though there are hurdles for the marketplace adoption of randomized reinsurance contracts, the sub-optimality 
of deterministic contracts together with the need to incorporate the reinsurers’ counterparty risk are two supporting arguments in 
favour of the consideration of such reinsurance contracts.

Our work is closely related to the study by Albrecher and Cani [17]. In their model, the primary insurer benefits from reinsurance 
reimbursement according to the outcome of an independent random phenomenon, modeled by a Bernoulli random variable 𝑌 . They 
argue that such a random participation mechanism could be compatible with hearing about an event like a natural catastrophe, or 
it could be also interpreted in terms of a possible default of the reinsurer. In a one-period framework and adopting Value-at-Risk 
(VaR) as risk measure [20,21] together with the expected value principle [9] for the reinsurance premium, they find that randomized 
stop-loss reinsurance treaties may be beneficial for an insurer aiming to maximize his/her expected annual profit.

A raising stream of research stemmed from [17] interprets 𝑌  as an indicator of default or as a random indemnity regime. Recent 
literature on randomized reinsurance contracts either generalizes [17] by considering 𝑌  to take more than two values [22] or by 
referring to a general class of reinsurance contracts [23]. The common goal of the quoted papers is the design of optimal randomized 
reinsurance contracts either referring to a generic class of indemnity functions, or by focusing on a particular parametric class of 
them (like stop-loss treaties). In any case, all such approaches are tied to probabilistic assumptions on both the loss 𝑋 and the 
randomization variable 𝑌 . The goal of this paper is to design robust randomized reinsurance treaties by explicitly incorporating the 
notion of ambiguity and by taking a pessimistic (i.e., cautious) point of view. In turn, this is achieved by referring to a reference 
class of reinsurance contracts and providing a characterization of optimality (with respect to a chosen criterion) in the case beliefs 
are ambiguous. 

More in detail, here we introduce ambiguity in the randomized reinsurance contract considered in [17] (see also [24], where a 
reinsurance problem similar to that faced in this paper appears). In fact, it is reasonable to assume that the insurer has not a clear 
knowledge (or has just a partial knowledge) of the probability distribution governing the risk participation of the reinsurer. This means 
that the insurer may hold a subjective prior, but he/she may not be totally confident about it. A natural way to model this situation 
is to assume that the probability distribution of the random participation mechanism is a combination of the insurer’s prior and 
alternative probability distributions used as a perturbation of the reference probability measure. This naturally leads us to consider 
an 𝜀-contaminated randomized reinsurance model (see [5,25,26]), where the contamination parameter 𝜀 ∈ (0, 1) measures how much 
the insurer is confident in his/her probabilistic prior. The larger is 𝜀, the more weight is given to alternative probability distributions 
that belong to a class of probability measures describing different uncertainty scenarios. Thus, parameter 𝜀 can be interpreted as a 
degree of ambiguity. Furthermore, allowing for 𝜀 = 0 we get back to the unambiguous case.

Due to its intuitive interpretation and analytic tractability, 𝜀-contamination is a widely used model in the literature for decision-
making under ambiguity and portfolio selection (see, e.g., [27,28]). In the present paper, the reference probability distribution is 
𝜀-contaminated with respect to the class of all (finitely additive) probability distributions having a fixed marginal for the insurer’s 
aggregate loss 𝑋. Keeping the same setting of [17], we then perform a detailed analysis of the optimal randomized reinsurance treaty 
under ambiguity.

We suppose that the insurer adopts a systematically pessimistic behavior concerning ambiguity. More precisely, by referring to the 
lower envelope of the probability measures belonging to the 𝜀-contamination class, we encode a systematically pessimistic attitude 
towards ambiguity in the computation of the insurer’s expected profit, which has the purpose of deriving a cautious optimal retention 
level. From a mathematical point of view, this translates in computing lower expectations (that reduce to Choquet expectation 
[29–31]) with respect to the 𝜀-contamination class. Furthermore, pessimism enters into play also in the definition of VaR which is 
substituted by an ambiguous version, computed using the lower envelope of the 𝜀-contamination class (referred to as lower VaR). 
The lower VaR measure is defined as the infimum loss occurring with a certain lower probability level achieved for some probability 
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measure in the 𝜀-contamination class. For a given confidence level, the lower VaR is greater (i.e., more conservative) than the precise 
VaR with respect to the probability measures in the 𝜀-contamination class.

The main result of the paper is Theorem 1 appearing in Section 4, that characterizes the optimality of an 𝜀-contaminated random-
ized stop-loss treaty, by studying the optimality of the retention level 𝑑 ≥ 0. With a robust randomized reinsurance contract design 
in view, the purpose of our characterization is to perform a sensitivity analysis on the different parameters of the contract. Our aim 
is indeed to single out economic insights on the impact of ambiguity in a randomized reinsurance treaty in the form of [17].

We show that ambiguity, conveyed by 𝜀-contamination and affecting the random reinsurance participation mechanism, impacts 
on the optimal retention level as well as on the resulting lower expected profit. In particular, there exists a threshold 𝜀∗ such that for 
𝜀 < 𝜀∗ randomization is beneficial in maximizing the insurer’s expected lower payoff, with respect to absence of randomization. On 
the other hand, for 𝜀 > 𝜀∗ the randomized stop-loss treaties are no longer beneficial for the insurer, and the Choquet expectation of 
the insurer’s profit is maximized in correspondence of the classical deterministic reinsurance contract. This shows that the modeled 
pessimistic insurer has a precise tolerance to ambiguity when facing reinsurance dependently on a random phenomenon.

We point out that the main difference between the present work and [24] rests in how ambiguity is incorporated in the randomized 
stop-loss treaty. Indeed, the quoted paper limits to a loss 𝑋 with a finite range and considers inner and outer approximations of a 
reference lower probability, in place of an 𝜀-contamination. Despite this different modeling of ambiguity, in Remark 5 we show that, 
limiting to the finite case, the optimization problem we get in this paper reduces to that in [24] after a change of parameters.

The paper is structured as follows. Section 2 formalizes the randomized reinsurance contract together with an explanation of 
the financial and insurance concepts used in the paper. Section 3 introduces ambiguity in the model in the form of 𝜀-contamination. 
Section 4 presents the optimal retention level maximizing the insurer’s lower expected profit. Section 5 offers some numerical examples 
to illustrate the effect of ambiguity on the optimal retention level in a randomized stop-loss reinsurance contract as well as on the 
resulting lower expected profit. Section 6 gathers our conclusions and future perspectives. Finally, Appendix A gathers the necessary 
material on non-additive measures and integrals, while proofs are collected in Appendix B.

2.  Randomized reinsurance contracts

In this section we present the random reinsurance contract proposed by Albrecher and Cani [17] together with a presentation of 
the financial and insurance concepts used in the paper.

Let 𝑋 be a random variable representing the insurer’s aggregate loss in one time period, having range  = [0,+∞), cumulative 
distribution function 𝐹𝑋 ∶  → [0, 1], and finite expectation. In what follows, we assume that 𝐹𝑋 is continuous and strictly increasing 
on  (see, e.g., [17]), admitting the case 𝐹𝑋 (0) > 0, i.e., a positive atom at 𝑥 = 0.

Remark 1. The function 𝐹𝑋 can be extended to a cumulative distribution function 𝐹𝑋 ∶ ℝ → [0, 1] in a straightforward way by setting 
𝐹𝑋 (𝑥) ∶= 0, for all 𝑥 < 0. In this case, the presence of an atom at 𝑥 = 0 corresponds to a jump discontinuity which, in turn, means that 
we admit a null loss with positive probability, as is common in reinsurance models (see, e.g., [9]). 
Remark 2. All results of the present paper trivially adapt when the range of 𝑋 is a bounded interval  = [0, 𝑏). Indeed, in such case, 
it is sufficient to replace +∞ with 𝑏 wherever it appears. We leave the right endpoint open since reaching 𝑏 in the faced reinsurance 
problem is understood as absence of reinsurance. 

In the stop-loss reinsurance contract the insurer transfers to the reinsurer the financial risk exceeding a predetermined retention 
level 𝑑 ≥ 0, that is the loss retained by the insurer is given by min(𝑋, 𝑑). Since the seminal contribution of de Finetti [32], the study 
of the optimal retention level has motivated a whole research field.

In [17] the authors introduce randomness in the specification of the risk participation of the reinsurer, subordinating the reinsur-
ance coverage to the outcome of an independent Bernoulli random event. The randomized retained loss is

𝑟(𝑋, 𝑌 , 𝑑) =

{

min(𝑋, 𝑑), if 𝑌 = 1,
𝑋, if 𝑌 = 0,

(1)

where 𝑌  is a Bernoulli random variable with range  = {0, 1} and distribution 𝑃 𝑝0
𝑌  on 2 , independent of 𝑋, with 𝑃 𝑝0

𝑌 (1) = 𝑝0 ∈ [0, 1]. 
Therefore, the contract provides a stop-loss coverage only in case 𝑌 = 1, otherwise no reinsurance takes place.

We denote by 𝜋(𝑋) the premium the insurer requires to policyholders to insure the risk 𝑋, and by 𝜋𝑅(𝑑) the premium the insurer 
has to pay for a stop-loss reinsurance protection with retention level 𝑑. It is natural to assume that the lower is 𝑑, the higher is the 
premium required by the reinsurer. The aggregate loss of the insurer who subscribes a randomized reinsurance contract with retention 
level 𝑑 is

Loss = 𝑟(𝑋, 𝑌 , 𝑑) − 𝜋(𝑋) + 𝜋𝑅(𝑑) + 𝑟𝑐𝑜𝑐 𝜌(Loss)

where 𝜌 is a solvency risk measure and 𝑟𝑐𝑜𝑐 > 0 is the cost of capital rate related to the risk 𝑋. Typical choices for 𝜌 are the Value-at-Risk 
(VaR) risk measure, the expected shortfall risk measure, or, more generally, a coherent risk measure (see, e.g., [20,21]). Notice that 
solvency regulations require insurers to hold capital proportional to the risk undertaken (see [33]). In the following we assume that 
the cost of capital rate 𝑟𝑐𝑜𝑐 is constant, then it is not affected by the choice of the joint distribution of 𝑋 and 𝑌 .

By assuming that 𝜌 satisfies the translation invariance property (see e.g. [34], formula (2.4)), it follows that

𝜌 (Loss) =
𝜌(𝑟(𝑋, 𝑌 , 𝑑)) − 𝜋(𝑋) + 𝜋𝑅(𝑑)

1 − 𝑟𝑐𝑜𝑐
(2)
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Proceeding along the lines of [17] (Eq. (4)), the annual profit (i.e. the negative loss) is given by
𝑍(𝑋, 𝑌 , 𝑑) = 𝜋(𝑋) − 𝜋𝑅(𝑑) − 𝑟(𝑋, 𝑌 , 𝑑) − 𝑟𝑐𝑜𝑐 𝜌(Loss)

=
𝜋(𝑋) − 𝜋𝑅(𝑑)

1 − 𝑟𝑐𝑜𝑐
− 𝑟(𝑋, 𝑌 , 𝑑) −

𝑟𝑐𝑜𝑐
1 − 𝑟𝑐𝑜𝑐

𝜌(𝑟(𝑋, 𝑌 , 𝑑)), (3)

where in the last equation we have used (2).
In [17] the maximization problem of the expected annual profit is studied by assuming that Value-at-Risk is chosen as risk measure 

for the loss of the insurer, specified as
VaR𝛼(𝑟(𝑋, 𝑌 , 𝑑)) = inf

{

𝑥 ∶ 𝐹𝑟(𝑋,𝑌 ,𝑑)(𝑥) ≥ 𝛼
}

, (4)

where 𝛼 ∈ (0, 1) is the prescribed confidence level and

𝐹𝑟(𝑋,𝑌 ,𝑑)(𝑥) =

{

𝐹𝑋 (𝑥) if 0 ≤ 𝑥 < 𝑑,

𝑝0 + (1 − 𝑝0)𝐹𝑋 (𝑥) if 𝑥 ≥ 𝑑,

is the cumulative distribution function of the retained loss. As usual in the reinsurance context (see, e.g., [9]), authors in [17] adopt 
the expected value principle to compute the reinsurance premium, that is

𝜋𝑅(𝑑) = (1 + 𝜃)𝔼[𝑋 − 𝑟(𝑋, 𝑌 , 𝑑)],

where 𝜃 > 0 represents the reinsurer safety loading.
In [17] the authors consider randomization as an artificial stage where a two-value roulette wheel is spun, giving rise to the 

random variable 𝑌 . They argue that such a random participation mechanism could be compatible with hearing about an event like 
a natural catastrophe, or it could be also interpreted in terms of a possible default of the reinsurer. For both interpretations, the 
parameter 𝑝0 should not be under the control of the insurer. Moreover, the assumption of independence between 𝑋 and 𝑌  seems 
to be questionable. Hence, in the following sections ambiguity will be introduced in the model by substituting the product measure 
generated by 𝑃𝑋 and 𝑃 𝑝0

𝑌  with a suitable class of finitely additive joint probabilities.

3.  Randomized reinsurance contracts under ambiguity

In this section we introduce ambiguity in the randomized reinsurance contract presented in Section 2 in the form of an 𝜀-
contamination of a reference joint probability with respect to the class of all finitely additive joint probabilities with a fixed loss 
marginal distribution.

3.1.  Epsilon-contaminated loss distribution preserving reinsurance model

It is reasonable to assume that the insurer does not have a complete knowledge of the joint probability distribution exploited in 
the reinsurance model. First of all, the insurer might not have a precise information about the probability distribution of 𝑌 , according 
to which there is the reinsurance coverage or not. In other words, he/she is not able to specify the exact probability distribution of 
𝑌 , which is completely singled out by 𝑝0. In this case, 𝑝0 is interpreted as a reference prior for the random variable 𝑌 . Second, some 
forms of dependence could hold between 𝑋 and 𝑌 .

As usual, the loss cumulative distribution function 𝐹𝑋 induces a 𝜎-additive probability measure 𝑃𝑋 on the Borel 𝜎-algebra (). 
We further denote by 𝑆𝑋 (𝑥) ∶= 1 − 𝐹𝑋 (𝑥), for all 𝑥 ∈  , the survival function of 𝑋. We have that both 𝐹𝑋 and 𝑆𝑋 are invertible and 
it holds 𝐹−1

𝑋 (𝛼) = 𝑆−1
𝑋 (1 − 𝛼), for all 𝛼 ∈ [𝐹𝑋 (0), 1). We assume that the loss probability distribution 𝑃𝑋 of 𝑋 is not ambiguous, so we 

seek to preserve it.
We refer to the product space ( ×  ,()⊗ 2 ) that contains the sub-𝜎-algebras ̃()∶= {𝐴 ×  ∶ 𝐴 ∈ ()} and 

2̃∶= { × 𝐵 ∶ 𝐵 ∈ 2} isomorphic to () and 2 , respectively. As usual, we identify 𝑋 and 𝑌  with the projection maps on 
( ×  ,()⊗ 2 ).

We introduce the family of all finitely additive (f.a.) joint distributions on ()⊗ 2  with marginal 𝑃𝑋 :

𝑋 =
{

𝑃 ∶ 𝑃  is a f.a. probability on ()⊗ 2 , 𝑃
|̃() = 𝑃𝑋

}

, (5)

which is a convex and closed subset of the compact space [0, 1]()⊗2  endowed with the product topology. Since all the joint 
probability distributions with fixed marginal on () are taken, this implies that all kinds of dependencies with respect to 𝑌  are 
considered. We also notice that, in Eq. (5) for the variable 𝑋 a fixed probability distribution is considered, while for 𝑌  a completely 
uninformative model is taken. In particular, we have that the lower envelope 𝑃𝑋∗ = min𝑋 , where the minimum is set-wise on 
()⊗ 2 , turns out to be the inner measure induced by 𝑃𝑋 on ()⊗ 2  (see Appendix B).

We take as our reference the product 𝜎-additive measure on ()⊗ 2  given by 𝑃𝑋 and 𝑃 𝑝0
𝑌 , that we denote by 𝑃 𝑝0 , which is 

easily seen to belong to 𝑋 . Such joint probability distribution 𝑃 𝑝0  underlies two important assumptions:

(A1) The marginal of 𝑌  is fixed in advance, through the choice of 𝑝0 ∈ [0, 1].
(A2) The variables 𝑋 and 𝑌  are assumed to be stochastically independent.
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Our next goal is to relax assumptions (A1)-(A2), while preserving the marginal distribution of 𝑋. To do so, we proceed in analogy 
with the classical 𝜀-contamination model (see, e.g., [5,25]), in which we substitute the class of all finitely additive probabilities on 
()⊗ 2  with the subclass 𝑋 introduced in (5).
Definition 1. For 𝜀 ∈ (0, 1), the 𝜀-contamination loss distribution preserving class of 𝑃 𝑝0  is

𝑋,𝑝0 ,𝜀 = {𝑄 ∶ 𝑄 = (1 − 𝜀)𝑃 𝑝0 + 𝜀𝑃 , 𝑃 ∈ 𝑋}. (6)

Explicitly, 𝑋,𝑝0 ,𝜀 contains all the finitely additive joint probabilities obtained contaminating the reference 𝑃 𝑝0  with any finitely 
additive joint probability with marginal 𝑃𝑋 , and the parameter 𝜀 indicates the probability deviation from the prior 𝑃 𝑝0 .

It is easily seen that the lower envelope of 𝑋,𝑝0 ,𝜀 is attained and is a completely monotone normalized capacity, also called belief 
function, on ()⊗ 2 :

𝜈𝑋,𝑝0 ,𝜀 = min𝑋,𝑝0 ,𝜀, (7)

where the minimum is again intended set-wise on the elements of ()⊗ 2 . We also admit the case 𝜀 = 0, which corresponds to 
absence of ambiguity since 𝑋,𝑝0 ,0 = {𝑃 𝑝0} and 𝜈𝑋,𝑝0 ,0 = 𝑃 𝑝0 .

The properties of 𝑋,𝑝0 ,𝜀 and 𝜈𝑋,𝑝0 ,𝜀, and their connections to Choquet expectations are listed in the following proposition, that 
refers to Appendix A for notation and details. Below, ℂ𝜈𝑋,𝑝0 ,𝜀

 and ℂ𝑃𝑋 ∗
 are Choquet expectations (computed as Choquet integrals [29]) 

with respect to the belief functions 𝜈𝑋,𝑝0 ,𝜀 and 𝑃𝑋∗, while 𝔼𝑄 and 𝔼𝑃 𝑝0  are linear expectations (computed as Dunford integrals [35]).
Proposition 1. The following statements hold:

(i) 𝜈𝑋,𝑝0 ,𝜀 = (1 − 𝜀)𝑃 𝑝0 + 𝜀𝑃𝑋∗;
(ii) for every (possibly unbounded) (()⊗ 2 )-measurable 𝜈𝑋,𝑝0 ,𝜀-Choquet integrable function 𝑍 ∶  ×  → ℝ it holds that

ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑍] = min

𝑄∈𝑋,𝑝0 ,𝜀
𝔼𝑄[𝑍] = (1 − 𝜀)𝔼𝑃 𝑝0 [𝑍] + 𝜀ℂ𝑃𝑋 ∗

[𝑍].

For the sake of readability, the proof of Proposition 1 as well as all other proofs are postponed to Appendix B.
Proposition 1 states that the lower envelope 𝜈𝑋,𝑝0 ,𝜀 can be expressed as a mixture with parameter 𝜀 between the reference joint 

probability measure 𝑃 𝑝0  and the lower envelope of the class of finitely additive probabilities in Eq. (5). It also shows that the Choquet 
expectation with respect to 𝜈𝑋,𝑝0 ,𝜀 can be both expressed as a lower expectation and as a mixture with parameter 𝜀.

Working with the set 𝑋,𝑝0 ,𝜀 allows us to relax both hypotheses (A1)-(A2) on the joint distribution of (𝑋, 𝑌 ). Indeed, 𝑋,𝑝0 ,𝜀
contains all finitely additive joint distributions of (𝑋, 𝑌 ) with fixed marginals 𝑃𝑋 and 𝑃 𝑝0

𝑌 , so, all the possible dependencies between 
𝑋 and 𝑌  are taken into account. Moreover, the choice of a particular 𝑝0 is relaxed as well. To see this, denote by 𝜈𝑝0 ,𝜀𝑌  the restriction 
of 𝜈𝑋,𝑝0 ,𝜀 to 2̃ . Since 𝑃𝑋∗({𝑌 = 0}) = 𝑃𝑋∗({𝑌 = 1}) = 𝑃𝑋 (∅) = 0, Proposition 1 implies that 𝜈𝑝0 ,𝜀𝑌  can be seen as a non-additive belief 
function on 2 , defined as

 2 ∅ {0} {1} 

𝜈𝑝0 ,𝜀𝑌 0 (1 − 𝜀)(1 − 𝑝0) (1 − 𝜀)𝑝0 1

Hence, the introduction of 𝑋,𝑝0 ,𝜀 implies a switch from the additive distribution 𝑃 𝑝0
𝑌  to the non-additive measure 𝜈𝑝0 ,𝜀𝑌  for 𝑌 , the 

latter being the lower envelope of the restrictions of finitely additive joint probabilities in 𝑋,𝑝0 ,𝜀 to 2̃ .
The introduction of 𝑋,𝑝0 ,𝜀 configures a situation of ambiguity in the randomization. Furthermore, by referring to the lower 

envelope 𝜈𝑋,𝑝0 ,𝜀 we encode a systematically pessimistic attitude in the computation of the insurer’s expected profit, which has the 
purpose of deriving a cautious optimal retention level 𝑑∗.

3.2.  Expectations and risk measures under ambiguity: A pessimistic view

Switching from 𝑃 𝑝0  to 𝜈𝑋,𝑝0 ,𝜀 leaves open various possibilities for incorporating ambiguity in (3). Here, we adopt a systematically 
pessimistic attitude for the insurer, which translates in computing lower expectations with respect to 𝑋,𝑝0 ,𝜀, that is the Choquet 
expectations with respect to 𝜈𝑋,𝑝0 ,𝜀. We refer to Appendix A for the necessary preliminaries on non-additive measures and integrals. 
Furthermore, 𝜈𝑋,𝑝0 ,𝜀 enters into play also in the computation of an ambiguous version of the Value-at-Risk (VaR).

In the next proposition we characterize the lower cumulative distribution function defined, for all 𝑥 ∈  , as
𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) ∶= 𝜈𝑋,𝑝0 ,𝜀(𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥), (8)

of 𝑟(𝑋, 𝑌 , 𝑑) under 𝜈𝑋,𝑝0 ,𝜀 and the Choquet expectation ℂ𝜈𝑋,𝑝0 ,𝜀
[−𝑟(𝑋, 𝑌 , 𝑑)].

Proposition 2. The following statements hold:

(i) 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) =

{

𝐹𝑋 (𝑥) if 0 ≤ 𝑥 < 𝑑,

(1 − 𝜀)𝑝0 + [(1 − 𝜀)(1 − 𝑝0) + 𝜀]𝐹𝑋 (𝑥) if 𝑥 ≥ 𝑑,
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(ii) ℂ𝜈𝑋,𝑝0 ,𝜀
[−𝑟(𝑋, 𝑌 , 𝑑)] = −𝔼𝑃𝑋 [𝑋] + (1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥.

The following proposition lists the properties of the lower distribution function 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑). In particular, 𝐹

𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) can be formally 

regarded as a distribution function in probabilistic terms.
Proposition 3. The function 𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑) satisfies the following properties:

(i) lim
𝑥→0+

𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) =

{

𝐹𝑋 (0) if 𝑑 > 0,

(1 − 𝜀)𝑝0 + [(1 − 𝜀)(1 − 𝑝0) + 𝜀]𝐹𝑋 (0) if 𝑑 = 0;
(ii) lim

𝑥→+∞
𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) = 1;

(iii) if 𝑑 > 0, 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) has a jump discontinuity at 𝑥 = 𝑑 of size (1 − 𝜀)𝑝0 + [(1 − 𝜀)(1 − 𝑝0) + 𝜀 − 1]𝐹𝑋 (𝑑);

(iv) 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) is non-decreasing;

(v) 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) is right-continuous.

We point out that, contrary to probability theory, the knowledge of 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) does not uniquely determine the corresponding belief 

function 𝜈𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑). If 𝐹

𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) is taken as a probabilistic distribution function, then the classical probabilistic extension procedure gives 

rise to a 𝜎-additive probability measure on ()⊗ 2  that dominates 𝜈𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑).

Remark 3. Defining 𝐺𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) ∶= 1 − 𝜈𝑋,𝑝0 ,𝜀(𝑟(𝑋, 𝑌 , 𝑑) > 𝑥), for all 𝑥 ∈  , we get a pair of cumulative distribution functions 

(𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑), 𝐺

𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)) satisfying 𝐹

𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) ≤ 𝐺𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑) pointwise on  . The pair (𝐹
𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑), 𝐺

𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)) is usually referred to as p-box [26,36,37] 

and conveys both a systematically pessimistic and a systematically optimistic attitude. For the matter of the present paper, we will 
only work with 𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑). 
Concerning the computation of an ambiguous version of VaR by referring to 𝜈𝑋,𝑝0 ,𝜀, we recall that the standard theory of risk 

measures usually assumes that the probability distributions of risks are known. However, often probability distributions of risks are 
partially identified and this could affect agents’ decisions since this impacts on the calculation of risk measures and, in particular, of 
VaR.

When ambiguity is present and a pessimistic attitude is adopted, the capital requirement needs to increase with respect to situations 
where a probability distribution is perfectly known.

For 𝛼 ∈ (0, 1), we consider as a measure of risk the VaR computed with respect to the lower distribution function of 𝑟(𝑋, 𝑌 , 𝑑)
under 𝜈𝑋,𝑝0 ,𝜀

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) = inf

{

𝑥 ∶ 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) ≥ 𝛼

}

, (9)

where the infimum is taken in  . The previous quantity will be referred to as lower VaR in what follows. By Proposition 3 the lower 
VaR is a specific conservative risk measure.

It is easy to check the validity of the following proposition.
Proposition 4. For 1 > 𝜀′ > 𝜀 > 0, it holds that

VaR𝑋,𝑝0 ,𝜀′
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) ≥ VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑)).

The previous proposition tells us that increasing the parameter 𝜀 yields a higher value for the lower VaR, that in this case is defined 
as the infimum loss, that will occur with a certain lower probability. A new perspective is provided to full awareness on the capital 
requirement: the capital requirement increases with 𝜀, so ambiguity has a relevant impact and it could play a role in prudential 
regulation to measure risk exposures.

Regulators cope with ambiguity in several ways, including the shifting from best-case assumptions to conservative worst-case 
ones, and require insurers to test the reliability and robustness of their model estimation results to ambiguity. This may entail the 
imposition of capital add-ons on the solvency capital requirement.
Remark 4. Besides the lower VaR defined in (9), the present study could be extended to other risk measures, in particular to the 
coherent ones [38,39]. Indeed our model allows us to refer to the class 𝑋,𝑝0 ,𝜀 that can be used to generate a coherent risk measure. 
As in [17], we limit ourselves to consider an ambiguous version of VaR, to favor a straightforward comparison. 

The expression of VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) according to (9) can be determined through the generalized inverse [40] of 𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑), that is

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) = (𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑))
−1(𝛼), (10)

which is known to be left-continuous.
In particular, due to the possibility of an atom at 𝑥 = 0 for the distribution of 𝑋, we notice that if 𝛼 ∈ (0, 𝐹𝑋 (0)], then 

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) = 0, thus in what follows we assume 𝛼 ∈ (𝐹𝑋 (0), 1).
The following proposition characterizes the lower VaR in Eq. (10) as a function of the retention level 𝑑.
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Proposition 5. For 𝛼 ∈ (𝐹𝑋 (0), 1), let 𝑠 = min
{

𝛼
1−𝜀 ,

𝛼−𝐹𝑋 (0)
(1−𝜀)(1−𝐹𝑋 (0))

}

. The following statements hold:

(i) if 𝑝0 = 0, then
VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) = 𝐹−1
𝑋 (𝛼);

(ii) if 𝑠 < 1 and 𝑝0 ∈ (0, 𝑠), or 𝑠 ≥ 1, then

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

if 0 ≤ 𝑑 < 𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

,

𝑑 if 𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

≤ 𝑑 < 𝐹−1
𝑋 (𝛼),

𝐹−1
𝑋 (𝛼) if 𝑑 ≥ 𝐹−1

𝑋 (𝛼);

(iii) if 𝑠 < 1 and 𝑝0 ∈ [𝑠, 1], then

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) =

{

𝑑 if 0 ≤ 𝑑 < 𝐹−1
𝑋 (𝛼),

𝐹−1
𝑋 (𝛼) if 𝑑 ≥ 𝐹−1

𝑋 (𝛼).

Still referring to 𝜈𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑), note that the total premium that the insurer receives from the policy-holders does not depend on 𝑑, but 

only on the unambiguous distribution of 𝑋, that is
𝜋(𝑋) = (1 + 𝜏)𝔼𝑃𝑋 [𝑋], (11)

where 𝜏 > 0 is the safety loading of the first-line insurer (see, e.g., [9]). Concerning the reinsurance premium appearing in (3), adopting 
a lower expected value principle with respect to 𝜈𝑋,𝑝0 ,𝜀, we consider the premium given by

𝜋𝑅(𝑑) = (1 + 𝜃)ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑋 − 𝑟(𝑋, 𝑌 , 𝑑)], (12)

where 𝜃 > 0 is the safety loading of the reinsurer. In general, reinsurance loading is higher than that of direct insurance, thus we 
assume that 𝜃 ≥ 𝜏.

The following proposition characterizes the reinsurance premium.
Proposition 6. It holds that

𝜋𝑅(𝑑) = (1 + 𝜃)(1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥.

Within the 𝜀-contaminated reinsurance model, the insurer annual profit in (3) becomes

𝑍(𝑋, 𝑌 , 𝑑) =
𝜋(𝑋) − 𝜋𝑅(𝑑)

1 − 𝑟𝑐𝑜𝑐
− 𝑟(𝑋, 𝑌 , 𝑑) −

𝑟𝑐𝑜𝑐
1 − 𝑟𝑐𝑜𝑐

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)). (13)

The goal is to choose the retention level 𝑑 so as to maximize the Choquet integral of 𝑍(𝑋, 𝑌 , 𝑑) with respect to 𝜈𝑋,𝑝0 ,𝜀

ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑍(𝑋, 𝑌 , 𝑑)] = min

𝑄∈𝑋,𝑝0 ,𝜀
𝔼𝑄[𝑍(𝑋, 𝑌 , 𝑑)]. (14)

In this way we assume a pessimistic approach for the insurer towards the ambiguity introduced through the class 𝑋,𝑝0 ,𝜀 together with 
a maximin criterion of choice. We stress that the effect of pessimism in (14) is twofold as 𝑋,𝑝0 ,𝜀 affects both the lower expectation 
ℂ𝜈𝑋,𝑝0 ,𝜀

[𝑍(𝑋, 𝑌 , 𝑑)] and the lower Value-at-Risk VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)).

Statement (ii) of Proposition 2 together with (11) and Proposition 6 allow us to state the following explicit expression for the 
lower expected profit.
Proposition 7. It holds that

ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑍(𝑋, 𝑌 , 𝑑)] =

𝜋(𝑋)
1 − 𝑟𝑐𝑜𝑐

− 𝔼𝑃𝑋 [𝑋]

−
𝑟𝑐𝑜𝑐

1 − 𝑟𝑐𝑜𝑐

((

1 + 𝜃
𝑟𝑐𝑜𝑐

)

(1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥 + VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑))
)

.

4.  The optimization problem

In this section we study the maximization of (14) with respect to the retention level. Defining

𝑔(𝑑) ∶= 1
𝜅 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥 + VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑)), (15)

with

𝜅 ∶= 1
(

1 + 𝜃
𝑟𝑐𝑜𝑐

)

(1 − 𝜀)𝑝0
, (16)
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we get that maximizing ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑍(𝑋, 𝑌 , 𝑑)] over 𝑑 ≥ 0 is equivalent to

min
𝑑≥0

𝑔(𝑑). (17)

We first notice that the function 𝑔(𝑑) satisfies the following properties:

(1) lim
𝑑→+∞

𝑔(𝑑) = 𝐹−1
𝑋 (𝛼);

(2) 𝑔(0) =
𝔼𝑃𝑋 [𝑋]

𝜅 + VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 0)).

Hence, we can limit to cope with the solution of problem (17). We also notice that, if 𝛼 ∈ (0, 𝐹𝑋 (0)], then VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) = 0, 

therefore we get that 𝑔(𝑑) is minimized for 𝑑∗ = +∞.
The following theorem characterizes the minimizer of problem (17), assuming that 𝛼 ∈ (𝐹𝑋 (0), 1).

Theorem 1. Let 𝑑∗ be the minimizer of problem (17). For 𝛼 ∈ (𝐹𝑋 (0), 1), let 𝑠 = min
{

𝛼
1−𝜀 ,

𝛼−𝐹𝑋 (0)
(1−𝜀)(1−𝐹𝑋 (0))

}

. The following statements hold:

(i) if 𝑝0 = 0, then 𝑑∗ = +∞;
(ii) if 𝑠 < 1 and 𝑝0 ∈ (0, 𝑠), or 𝑠 ≥ 1, then
(a) 𝜅 ≤ 1 − 𝛼 implies 𝑑∗ = +∞;
(b) 1 − 𝛼 < 𝜅 < 1−𝛼

(1−𝜀)(1−𝑝0)+𝜀
 implies

𝑑∗ =

{

𝑆−1
𝑋 (𝜅) if 𝑔(𝑆−1

𝑋 (𝜅)) ≤ 𝐹−1
𝑋 (𝛼),

+∞ otherwise,

(c) 𝜅 ≥ 1−𝛼
(1−𝜀)(1−𝑝0)+𝜀

 implies

𝑑∗ =

{

𝑆−1
𝑋

(

1−𝛼
(1−𝜀)(1−𝑝0)+𝜀

)

if 𝑔
(

𝑆−1
𝑋

(

1−𝛼
(1−𝜀)(1−𝑝0)+𝜀

))

≤ 𝐹−1
𝑋 (𝛼),

+∞ otherwise;

(iii) if 𝑠 < 1 and 𝑝0 ∈ [𝑠, 1], then
(d) 𝜅 ≤ 1 − 𝛼 implies 𝑑∗ = +∞;
(e) 1 − 𝛼 < 𝜅 < 𝑆𝑋 (0) implies

𝑑∗ =

{

𝑆−1
𝑋 (𝜅) if 𝑔(𝑆−1

𝑋 (𝜅)) ≤ 𝐹−1
𝑋 (𝛼),

+∞ otherwise,

(f) 𝜅 ≥ 𝑆𝑋 (0) implies

𝑑∗ =

{

0 if 𝔼𝑃𝑋 [𝑋] < 𝜅𝐹−1
𝑋 (𝛼),

+∞ otherwise.

In the above theorem, the statement 𝑑∗ = +∞ means that no reinsurance takes place. The optimization method has been imple-
mented in Python and is available on GitHub.1

The following example shows the solution of problem (17) for a random variable 𝑋 with unbounded range  = [0,+∞) and 
cumulative distribution function 𝐹𝑋 with no atom at 𝑥 = 0.

Example 1. Let 𝑋 be exponentially distributed, that is 𝑋 ∼ 𝐄𝐱𝐩
(

𝜆 = 1
5

)

, so 𝐹𝑋 (0) = 0, and ∫ +∞
𝑑 𝑆𝑋 (𝑥) d𝑥 = 𝑒−𝜆𝑑

𝜆 , for 𝑑 ≥ 0. Notice 
that  = [0,+∞) and 𝔼𝑃𝑋 [𝑋] = 1

𝜆 .
Take 𝛼 = 8

10 . If we choose 𝜀 = 1
10 , then 𝑠 =

𝛼
1−𝜀 = 8

9 = 0.8̄. Therefore, if 𝑝0 = 8
10 , then we have

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) =

⎧

⎪

⎨

⎪

⎩

5 ln 7
5 if 0 ≤ 𝑑 < 5 ln 7

5 ,

𝑑 if 5 ln 7
5 ≤ 𝑑 < 5 ln 5,

5 ln 5 if 𝑑 ≥ 5 ln 5,

and we fall in statement (ii) of Theorem 1.
Choosing 𝜏 = 𝜃 = 0.1 and 𝑟𝑐𝑜𝑐 = 0.07 we obtain

𝑔(𝑑) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

306
35 𝑒

− 𝑑
5 + 5 ln 7

5 if 0 ≤ 𝑑 < 5 ln 7
5 ,

306
35 𝑒

− 𝑑
5 + 𝑑 if 5 ln 7

5 ≤ 𝑑 < 5 ln 5,

306
35 𝑒

− 𝑑
5 + 5 ln 5 if 𝑑 ≥ 5 ln 5.

1 Public GitHub repository: https://github.com/itsdavide/eclp-model.
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Fig. 1. Graph of 𝑔(𝑑) and of the minimizer 𝑑∗.

Since 𝜅 = 1
(

1+ 𝜃
𝑟𝑐𝑜𝑐

)

(1−𝜀)𝑝0
= 175

306 , 1 − 𝛼 = 2
10 , 

1−𝛼
(1−𝜀)(1−𝑝0)+𝜀

= 5
7 , we have that 1 − 𝛼 < 𝜅 < 1−𝛼

(1−𝜀)(1−𝑝0)+𝜀
, so we are in case (b) of statement 

(ii) of Theorem 1. Hence, we have that 𝑆−1
𝑋 (𝜅) = 5 ln 306

175  is candidate to be the minimizer of 𝑔(𝑑).
Finally, since 𝑔

(

5 ln 306
175

)

< 𝐹−1
𝑋 (𝛼) we get that the minimizer is indeed 𝑑∗ = 5 ln 306

175 . Fig. 1 shows the graph of function 𝑔(𝑑) and 
the minimizer 𝑑∗. 

By referring to Remark 2, the next example considers the solution of problem (17) for a random variable 𝑋 with bounded range 
 = [0, 𝑏) and cumulative distribution function 𝐹𝑋 with no atom at 𝑥 = 0. In this case, it is sufficient to replace +∞ with 𝑏 in Theorem 1: 
in particular, the optimal value 𝑑∗ = 𝑏 is understood as absence of reinsurance.

Example 2. Let 𝑋 be uniformly distributed, that is 𝑋 ∼ 𝐔𝐧𝐢𝐟 ([0, 𝑏)) with 𝑏 = 20, so 𝐹𝑋 (0) = 0, and ∫ 𝑏
𝑑 𝑆𝑋 (𝑥) d𝑥 = (𝑏−𝑑)2

2𝑏 , for 𝑑 ∈ [0, 𝑏). 
Notice that  = [0, 𝑏) and 𝔼𝑃𝑋 [𝑋] = 𝑏

2 .
Take 𝛼 = 8

10 . If we choose 𝜀 = 1
10 , then 𝑠 =

𝛼
1−𝜀 = 8

9 = 0.8̄. Therefore, if 𝑝0 = 8
10 , then we have

VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) =

⎧

⎪

⎨

⎪

⎩

40
7 if 0 ≤ 𝑑 < 40

7 ,

𝑑 if 407 ≤ 𝑑 < 16,

16 if 16 ≤ 𝑑 < 20,

and we fall in statement (ii) of Theorem 1.
Choosing 𝜏 = 𝜃 = 0.2 and 𝑟𝑐𝑜𝑐 = 0.07 we obtain

𝑔(𝑑) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

243(20−𝑑)2
3500 + 40

7 if 0 ≤ 𝑑 < 40
7 ,

243(20−𝑑)2
3500 + 𝑑 if 407 ≤ 𝑑 < 16,

243(20−𝑑)2
3500 + 16 if 16 ≤ 𝑑 < 20.

Since 𝜅 = 1
(

1+ 𝜃
𝑟𝑐𝑜𝑐

)

(1−𝜀)𝑝0
= 175

486 , 1 − 𝛼 = 2
10 , 

1−𝛼
(1−𝜀)(1−𝑝0)+𝜀

= 5
7 , we have that 1 − 𝛼 < 𝜅 < 1−𝛼

(1−𝜀)(1−𝑝0)+𝜀
, so we are in case (b) of statement 

(ii) of Theorem 1. Hence, we have that 𝑆−1
𝑋 (𝜅) = 3110

243  is candidate to be the minimizer of 𝑔(𝑑).
Finally, since 𝑔

(

3110
243

)

> 𝐹−1
𝑋 (𝛼) we get that the minimizer is 𝑑∗ = 𝑏 = 20, which means that reinsurance does not take place. Fig. 2 

shows the graph of function 𝑔(𝑑) and the minimizer 𝑑∗.

Remark 5. When  is finite, i.e.,  = {𝑥1,… , 𝑥𝑡} with min = 𝑥1 = 0, we still assume 𝐹𝑋 ∶  → [0, 1] is strictly increasing on  . 
We have that 𝐹𝑋 can be trivially extended to a piecewise constant function on [0,+∞), with a jump discontinuity in correspondence 
of every element of  . In this case, Theorem 1 needs to be reformulated since 𝐹𝑋 is not strictly increasing nor continuous, seen as a 
function on [0,+∞).

In this particular case, a suitable version of Theorem 1 can be obtained by referring to Theorem 5 in [24]. In the quoted paper 
we consider a set 𝑌 = {𝑃 𝑝

𝑌 ∶ 2 → [0, 1] ∶ 𝑝 ∈ [𝑝1, 𝑝2]} of marginal probability distributions for 𝑌  with 𝑃𝑌 ({1}) = 𝑝, where 0 ≤ 𝑝1 ≤
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Fig. 2. Graph of 𝑔(𝑑) and of 𝑑∗ that coincides with the upper bound 𝑏 = 20.

𝑝2 ≤ 1. Given a fixed marginal probability distribution 𝑃𝑋 for 𝑋, we introduce the set
 = {𝑃 𝑝 ∶ 2× → [0, 1] ∶ 𝑃 𝑝({(𝑥, 𝑦)}) = 𝑃𝑋 ({𝑥})𝑃

𝑝
𝑌 ({𝑦}),

(𝑥, 𝑦) ∈  ×  , 𝑝 ∈ [𝑝1, 𝑝2]}.

In the quoted paper we show that the lower envelope 𝑃 = min is generally not a belief function: actually 𝑃  can fail 2-monotonicity 
(see Appendix A). For this reason, in [24], the lower envelope 𝑃  is outer approximated by a belief function 𝜈𝑜𝑜 that preserves the 
𝑋-marginal and minimizes the squared Euclidean distance with respect to 𝑃 . It turns out that 𝜈𝑜𝑜 is unique and is also the 2-monotone 
outer approximation that preserves the 𝑋-marginal and minimizes the squared Euclidean distance with respect to 𝑃 .

Given 𝜈𝑋,𝑝0 ,𝜀 defined as in (7), setting 𝑝1 = (1 − 𝜀)𝑝0 and 𝑝2 = (1 − 𝜀)𝑝0 + 𝜀, by a straightforward adaptation of Proposition 2 of the 
present paper and Theorem 3 in [24], we derive that

ℂ𝜈𝑋,𝑝0 ,𝜀
[−𝑟(𝑋, 𝑌 , 𝑑)] = ℂ𝜈𝑜𝑜 [−𝑟(𝑋, 𝑌 , 𝑑)]

= 𝔼 [−𝑟(𝑋, 𝑌 , 𝑑)] = −𝔼𝑃𝑋 [𝑋] + 𝑝1
∑

𝑗>𝑘(𝑑)
(𝑥𝑗 − 𝑑)𝑃𝑋 ({𝑥𝑗}),

where 𝑘(𝑑) is the maximum index in {1,… , 𝑡} such that 𝑥𝑘(𝑑) ≤ 𝑑 and 𝔼  is the lower expectation functional computed with respect 
to  . Notice that the last summation vanishes if 𝑘(𝑑) = 𝑡.

Analogously, by Proposition 2 of the present paper and Theorem 4 in [24] we derive that
𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) = 𝐹 𝑜𝑜

𝑟(𝑋,𝑌 ,𝑑)(𝑥)

= 𝐹 𝑟(𝑋,𝑌 ,𝑑)(𝑥) =

{

𝐹𝑋 (𝑥) if 0 ≤ 𝑥 < 𝑑,

𝐹𝑋 (𝑥) + (1 − 𝐹𝑋 (𝑥))𝑝1 if 𝑥 ≥ 𝑑,

where 𝐹 𝑜𝑜
𝑟(𝑋,𝑌 ,𝑑) and 𝐹 𝑟(𝑋,𝑌 ,𝑑) are the lower cumulative distribution functions induced by 𝜈𝑜𝑜 and 𝑃 , respectively.

Summing up, though 𝜈𝑋,𝑝0 ,𝜀, 𝜈𝑜𝑜 and 𝑃  are distinct non-additive measures, corresponding to the distinct sets of probability measures 
𝐜𝐨𝐫𝐞(𝜈𝑋,𝑝0 ,𝜀), 𝐜𝐨𝐫𝐞(𝜈𝑜𝑜) and  (see Appendix A), they give rise to the same optimization problem (14), thus they correspond to the same 
optimal retention level 𝑑∗, which is characterized by Theorem 5 in [24]. In other terms, these three different ways of introducing 
ambiguity in the randomized reinsurance model are equivalent for the optimal retention selection problem. 

5.  A paradigmatic example of reinsurance

Here we present some numerical results in order to illustrate the effect of ambiguity on the optimal retention level in a randomized 
stop-loss reinsurance contract as well as on the resulting lower expected profit. Moreover, we perform a sensitivity analysis with 
respect to the relevant model parameters. Unless otherwise specified, in all this section we set the following prototypical values for 
the parameters

𝜏 = 0.1, 𝑝0 = 0.9, 𝛼 = 0.95, 𝜃 = 0.2, 𝑟𝑐𝑜𝑐 = 0.07,

and we refer to an insurer having a pessimistic attitude towards ambiguity, according to Section 3. Moreover, we consider a random 
variable 𝑋 with unbounded range  = [0,+∞) endowed with the shifted Pareto distribution with an atom at 𝑥 = 0 to model the 

Fuzzy Sets and Systems 544 (2026) 110043 

10 



D. Petturiti, G. Stabile and B. Vantaggi

Fig. 3. Lower cumulative distribution of the retained loss 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) for several values of the contamination parameter 𝜀.

Fig. 4. Optimal retention level as a function of 𝑝0 for several values of the contamination parameter 𝜀.

aggregate loss of the insurer as in [17], i.e.,

𝐹𝑋 (𝑥) = 1 − 0.95
( 1000
1000 + 𝑥

)3
, for 𝑥 ≥ 0.

Notice that 𝐹𝑋 (0) = 0.05, moreover, it holds that

∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥 = 4.75 ⋅ 108

(𝑑 + 1000)2
, for 𝑑 ≥ 0.

In particular, we have that 𝔼𝑃𝑋 [𝑋] = 475 and the premium of the first-line insurer is 𝜋(𝑋) = (1 + 𝜏)𝔼𝑃𝑋 [𝑋] = 522.5.
Fig. 3 displays the lower cumulative distribution of the retained loss 𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑) (see Proposition 2 (i)) for such a distribution function 
in correspondence of several values of the contamination parameter 𝜀. The solid blue line is the cumulative distribution function 𝐹𝑋
of the aggregate loss 𝑋. Without ambiguity (that is 𝜀 = 0), the lower cumulative distribution function 𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑) is equal to 𝐹𝑋 for 𝑥 < 𝑑, 
whereas it is equal to the dashed blue line for 𝑥 ≥ 𝑑. Introducing ambiguity, as 𝜀 increases, the part of 𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑) for 𝑥 ≥ 𝑑 is pushed 
downward.

Fig. 4 shows the optimal retention level 𝑑∗ as a function of 𝑝0 for several values of the contamination parameter 𝜀. For our parameter 
values, Theorem 1 guarantees that a finite optimal retention level exists. More precisely, the optimal retention level depends on the 
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Fig. 5. Maximal lower expected profit as a function of 𝑝0 for several values of the contamination parameter 𝜀.

value of 𝜅 (see Eq. (16)), and the two sub-cases

1 − 𝛼 < 𝜅 < 1 − 𝛼
(1 − 𝜀)(1 − 𝑝0) + 𝜀

or 𝜅 ≥ 1 − 𝛼
(1 − 𝜀)(1 − 𝑝0) + 𝜀

may occur. Without ambiguity (that is 𝜀 = 0) we get the same optimal retention level depicted in Fig. 5 in [17]. There is an angle 
point approximately at 𝑝0 = 0.838. For 𝑝0 < 0.838, it is optimal to choose 𝑑 such that the lower VaR is minimized. For 𝑝0 ∈ [0.838, 1], 
the optimal retention level increases in order to have a cheaper reinsurance premium. We notice that, as 𝜀 increases, the region where 
it is optimal to choose the retention level such that the lower VaR is minimized enlarges and the angle point shifts to the right.

Interestingly, there is a value 𝜀̄ (in Fig. 4 it is 𝜀̄ ≈ 0.16) such that for 𝜀 > 𝜀̄ the maximization of the lower expected profit coincides 
with the minimization of VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) alone, irrespective of the value of 𝑝0. In other words, in case the 𝜀-contamination in the 
model is above the threshold 𝜀̄, the incentive to save on the reinsurance premium is completely eliminated, and the insurer maximizes 
its lower expected profit by choosing the retention level such that the lower VaR is minimized. Hence, the threshold 𝜀̄ refers to the 
role played in the minimization problem (17) by the two terms composing 𝑔(𝑑) in (15), that varies according to the ambiguity level 
𝜀.

Fig. 5 shows how ambiguity impacts on the maximal lower expected profit. More precisely, for a fixed value of 𝜀, the optimal 
retention level 𝑑∗ is determined for each value of 𝑝0 ∈ [0, 1] and the maximal lower expected profit is depicted. From Fig. 4 we know 
that, before the angle point, the lower VaR minimization goal prevails on the reduction of reinsurance premium and 𝑑∗ decreases 
as 𝑝0 increases. As a consequence, the lower VaR decreases outbalancing the increase of the reinsurance premium, and then the 
lower expected profit increases until it reaches its maximum value, after that it decreases as 𝑝0 approaches 1, that corresponds to 
deterministic reinsurance. Introducing ambiguity, the lower expected profit is still first increasing, but in a less steep manner, and the 
value of 𝑝0 where the maximal lower expected profit is attained shifts to the right. For low values of 𝜀, there is an interval of values 
of 𝑝0 where the randomized strategies outperform the classical deterministic strategy (that is 𝑝0 = 1).

As 𝜀 increases, there exists a threshold 𝜀∗ (it is 𝜀∗ ≈ 0.21 for the parameter values used in Fig. 5) such that for 𝜀 > 𝜀∗ the maximal 
lower expected profit becomes monotone increasing and it reaches its maximum value for 𝑝0 = 1, i.e., in correspondence of the 
classical deterministic strategy. Therefore, in case the ambiguity affecting the model through the 𝜀-contamination is high enough, 
randomized stop-loss treaties are no longer beneficial for the insurer. Let us point out that the threshold 𝜀∗ refers to a different 
phenomenon due to ambiguity with respect to that singled out by 𝜀̄, thus the two values are generally different.

To have a better visualization of the threshold 𝜀∗, Fig. 6 shows the maximal lower expected profit, evaluated at the optimal 
retention level 𝑑∗, as a function of 𝜀 and 𝑝0, together with the corresponding contour plot, for 𝛼 = 0.95, 𝜃 = 0.2, and 𝑟𝑐𝑜𝑐 = 0.07. The 
surface of ℂ𝜈𝑋,𝑝0 ,𝜀

[𝑍(𝑋, 𝑌 , 𝑑∗)] reaches its maximum for values strictly less than 𝑝0 = 1, in the top left angle of the figure. The surface 
confirms that, for 𝜀 > 𝜀∗, the maximum level of ℂ𝜈𝑋,𝑝0 ,𝜀

[𝑍(𝑋, 𝑌 , 𝑑∗)] is reached for 𝑝0 = 1. On the other hand, for an increasing 𝜀
ranging in 0 < 𝜀 < 𝜀∗, one needs to increase 𝑝0 along the crest of the surface in order to ensure the maximum ℂ𝜈𝑋,𝑝0 ,𝜀

[𝑍(𝑋, 𝑌 , 𝑑∗)]. So, 
the optimal 𝑝0 in terms of maximal lower expected profit can be actually regarded as a strictly increasing function of 𝜀, for 𝜀 ranging 
in 0 < 𝜀 < 𝜀∗.

Finally, it is interesting to analyze the sensitivity of the threshold 𝜀∗ with respect to the parameters 𝜃 and 𝑟𝑐𝑜𝑐 , which characterize 
the reinsurance contract. At this aim, we study in Fig. 7 the sensitivity of the maximal lower expected profit with respect to 𝜃 (upper 
plot) and to 𝑟𝑐𝑜𝑐 (lower plot), having fixed the value of the contamination parameter at 𝜀 = 0.1, corresponding to an insurer that is 
quite convinced of the reference prior probability. As 𝜃 increases, i.e., the reinsurance becomes more expensive, the lower expected 
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Fig. 6. Maximal lower expected profit ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑍(𝑋, 𝑌 , 𝑑∗)] as a function of 𝜀 and 𝑝0.

profit decreases (from Proposition 7, ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑍(𝑋, 𝑌 , 𝑑)] is decreasing with respect to 𝜃) and the value of 𝑝0 where the maximal lower 

expected profit is attained shifts to the left. As a consequence, the value of the threshold 𝜀∗ increases (𝜀∗ is 0.13 for 𝜃 = 0.1, is 0.17 
for 𝜃 = 0.15, and is 0.21 for 𝜃 = 0.2). On the other hand, as the cost of capital rate 𝑟𝑐𝑜𝑐 increases, the lower expected profit decreases 
but the value of 𝑝0 where the maximal lower expected profit is attained shifts to the right. Therefore, the value of the threshold 𝜀∗
decreases (𝜀∗ is 0.29 for 𝑟𝑐𝑜𝑐 = 0.05, is 0.24 for 𝑟𝑐𝑜𝑐 = 0.06, and is 0.21 for 𝑟𝑐𝑜𝑐 = 0.07).
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Fig. 7. Sensitivity of the maximal lower expected profit with respect to 𝜃 (upper plot) and to 𝑟𝑐𝑜𝑐 (lower plot) for 𝜀 = 0.1.

6.  Conclusions and future works

This paper investigates the interplay between ambiguity and risk in a one-period randomized stop-loss reinsurance treaty in the 
setting of [17]. This is done by considering a suitable 𝜀-contamination of a reference joint probability, the latter underlying the 
choice of a marginal reinsurance probability together with an independence hypothesis. In the framework where the randomization 
mechanism is not controllable, ambiguity must be taken into account. Assuming a systematically pessimistic attitude of the insurer, 
we show that randomization under ambiguity has a beneficial role with respect to the deterministic case, up to a specific threshold 
𝜀∗ for the ambiguity parameter. Indeed, for values of 𝜀 larger than 𝜀∗, all the benefits of randomization vanish. In turn, the threshold 
𝜀∗ is shown to be sensitive to reinsurance contract parameters, that is the safety loading 𝜃 and the cost of capital rate 𝑟𝑐𝑜𝑐 .

Our model generalizes the non-ambiguous model in [17] by referring to all the (finitely additive) joint probability measures with 
fixed 𝑋-marginal, whose restrictions on the 𝑌  dimension form the set of all Bernoulli distributions. Such set is used to 𝜀-contaminate 
the product measure between a fixed 𝑋-marginal and a fixed 𝑌 -marginal, the latter being a Bernoulli distribution with parameter 𝑝0. 
In this way, we relax the assumptions on the fixed 𝑌 -marginal and the stochastic independence among the marginals. A drawback 
of this approach is that we switch from stochastic independence to all the possible dependencies. A possible line of future research 
could be to restrict to a class of suitable joint probability measures with fixed 𝑋-marginal and 𝑌 -marginal ranging in a reference set, 
in which the dependence structure among marginals is given by a chosen family of copula functions. In this line, limiting to an 𝑋
with finite range, in Remark 5 we do so referring to the product copula. In such case we show that the resulting optimization problem 
coincides with that faced in this paper.
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The research carried out in this paper has several future extensions aiming at modeling different insurer’s attitudes. For instance, by 
considering the upper envelope of the 𝜀-contamination class, a systematically optimistic insurer can be modeled, thus the maximization 
of the upper expected payoff results in a maximax criterion of choice. Similarly, we can envisage the introduction of a pessimism 
parameter 𝛽 to be used in a Hurwicz-like criterion of choice [41,42]. In this concern, it is important to notice that the choice of 
a different attitude towards ambiguity impacts also on how the ambiguous version of VaR is computed, since a lower distribution 
function is replaced by an upper distribution function or by a 𝛽-mixture of the lower and the upper distribution functions, respectively 
(see Remark 3). In turn, since the ambiguous version of VaR appears in the definition of the insurer profit (3), the three different 
approaches express three formally different strategies in which ambiguous expectations and risk quantification are carried out. This 
will require a careful comparison on the impact in the optimal retention level 𝑑∗.

Another line of future research is to consider different types of randomized reinsurance contracts, always with the goal of inves-
tigating the implications of ambiguity.
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Appendix A.  Non-additive measures and integrals

Let Ω be a non-empty set and  a 𝜎-algebra of its subsets. A set function 𝜈 ∶  → [0, 1] is said to be a completely monotone normalized 
capacity (see, e.g., [31,43]) if:

(i) 𝜈(∅) = 0 and 𝜈(Ω) = 1,
(ii) for all 𝑘 ≥ 2 and 𝐴1,… , 𝐴𝑘 ∈ , it holds that

𝜈

( 𝑘
⋃

𝑖=1
𝐴𝑖

)

≥
∑

∅≠𝐼⊆{1,…,𝑘}
(−1)|𝐼|+1𝜈

(

⋂

𝑖∈𝐼
𝐴𝑖

)

.

Following the jargon of [44], a completely monotone normalized capacity is also called a belief function. On the other hand, if condition 
(ii) holds for a fixed 𝑘 only, then 𝜈 is called a 𝑘-monotone capacity.

In case condition (ii) holds with an equality, 𝜈 reduces to a finitely additive probability measure on , for which we customarily use 
the symbol 𝑃  in place of 𝜈. We also notice that 𝜎-additive probability measures are particular belief functions. The set of belief functions 
on  turns out to be a closed (and therefore compact) subset of [0, 1] endowed with the product topology, and the same holds for 
the set of finitely additive probability measures on . On the other hand, it is known that the set of 𝜎-additive probability measures 
on  is generally not closed (see, e.g., [5]).

Every belief function 𝜈 on  is associated with a non-empty convex and closed set of finitely additive probability measures on , 
called core, defined as [6,30]

𝐜𝐨𝐫𝐞(𝜈) = {𝑃 ∶ 𝑃  is a f.a. probability measure on , 𝑃 ≥ 𝜈}, (A.1)

such that 𝜈 = min 𝐜𝐨𝐫𝐞(𝜈), where minima are set-wise on .
Let 𝑋 ∶ Ω → ℝ be an -measurable function, its Choquet integral with respect to a belief function 𝜈 (see [30]) is defined as:

∫𝐶 𝑋 d𝜈 = ∫

0

−∞
[𝜈(𝑋 ≥ 𝑥) − 1] d𝑥 + ∫

+∞

0
𝜈(𝑋 ≥ 𝑥) d𝑥. (A.2)
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In the particular case 𝜈 is a finitely additive probability measure 𝑃 , (A.2) reduces to a Dunford integral [31,35] and if 𝑃  is a 𝜎-additive 
probability measure, then (A.2) reduces to a standard Lebesgue integral [30,31].

If 𝑋 is bounded, then ∫𝐶 𝑋 d𝜈 and − ∫𝐶 (−𝑋) d𝜈 are always real numbers belonging to the interval 
[

inf
𝜔∈Ω

𝑋(𝜔), sup
𝜔∈Ω

𝑋(𝜔)
]

 (see, e.g., 
[31]). For a general 𝑋, we say that 𝑋 is 𝜈-Choquet integrable if

∫𝐶 (−|𝑋|) d𝜈 > −∞. (A.3)

By the properties of the Choquet integral (see [30]) condition (A.3) is equivalent to

0 ≤ ∫𝐶 |𝑋| d𝜈 ≤ − ∫𝐶 (−|𝑋|) d𝜈 < +∞,

which by Proposition 9.3 in [30] is equivalent to

∫𝐶 𝑋 d𝜈 ∈ ℝ and − ∫𝐶 (−𝑋) d𝜈 ∈ ℝ. (A.4)

In case of a 𝜈-Choquet integrable function 𝑋, we define its Choquet expectation with respect to 𝜈 as

ℂ𝜈 [𝑋] = ∫𝐶 𝑋 d𝜈, (A.5)

and, in the particular case 𝜈 reduces to a finitely additive probability measure 𝑃 , we write 𝔼𝑃 [𝑋] = ℂ𝑃 [𝑋]. Finally, Proposition 10.3 
in [30] implies that

ℂ𝜈 [𝑋] = min
𝑃∈𝐜𝐨𝐫𝐞(𝜈)

𝔼𝑃 [𝑋], (A.6)

so, ℂ𝜈[𝑋] can be given a lower expectation interpretation. Let us notice that (see [30]), if 𝑋 ≥ 0 we have that

ℂ𝜈 [𝑋] = ∫

+∞

0
𝜈(𝑋 ≥ 𝑥) d𝑥 = ∫

+∞

0
𝜈(𝑋 > 𝑥) d𝑥.

Appendix B.  Proofs

Consider the product space ( ×  ,()⊗ 2 ) that contains the sub-𝜎-algebras ̃() and 2̃ . The probability distribution 𝑃𝑋 can 
be identified with a measure on ̃(), so it induces an inner measure on ()⊗ 2 : for all 𝐴 ∈ ()⊗ 2  set

𝑃𝑋∗(𝐴) = sup{𝑃𝑋 (𝐵) ∶ 𝐵 ×  ⊆ 𝐴, 𝐵 ∈ ()}. (B.1)

Notice that 𝑃𝑋∗ is a completely monotone (see Appendix A) normalized capacity on ()⊗ 2  which is also continuous from 
above: for all {𝐴𝑛}𝑛∈ℕ ⊆ ()⊗ 2

𝐴𝑛 ↓ 𝐴 ⟹ 𝑃𝑋∗(𝐴𝑛) ↓ 𝑃𝑋∗(𝐴). (B.2)

We also have that values of 𝑃𝑋∗ are always attained by 𝑃𝑋 (see, e.g., [45]): for all 𝐴 ∈ ()⊗ 2 , there is 𝐵 ∈ () such that
𝑃𝑋∗(𝐴) = 𝑃𝑋 (𝐵), (B.3)

in particular, we denote the above event as
𝐴∗ = 𝐵 ×  . (B.4)

Below we collect all the proofs of result appearing in the paper. The validity of Proposition 1 for bounded (()⊗ 2 )-measurable 
functions is well-known in the literature (see, e.g., [5,6]). Similarly, its validity for (possibly unbounded) (()⊗ 2 )-measurable 
𝜈𝑋,𝑝0 ,𝜀-Choquet integrable functions is easily proven by combining results in [30] and [31]. Here, we provide a direct proof to make 
the paper self-contained.
Proof of Proposition 1.  Statement (i) directly follows by (6) and (7).

Statement (ii). We first prove that 𝑋,𝑝0 ,𝜀 = 𝐜𝐨𝐫𝐞(𝜈𝑋,𝑝0 ,𝜀), where the second set is defined as in (A.1).
Let 𝑍 ∶  ×  → ℝ be a bounded (()⊗ 2 )-measurable function. We have that

min
𝑄∈𝑋,𝑝0 ,𝜀

𝔼𝑄[𝑍] = min
𝑃∈𝑋

𝔼((1−𝜀)𝑃 𝑝0+𝜀𝑃 )[𝑍]

= min
𝑃∈𝑋

(

(1 − 𝜀)𝔼𝑃 𝑝0 [𝑍] + 𝜀𝔼𝑃 [𝑍]
)

= (1 − 𝜀)𝔼𝑃 𝑝0 [𝑍] + 𝜀 min
𝑃∈𝑋

𝔼𝑃 [𝑍]

= (1 − 𝜀)𝔼𝑃 𝑝0 [𝑍] + 𝜀ℂ𝑃𝑋 ∗
[𝑍],

where ℂ𝑃𝑋 ∗
[𝑍] = min

𝑃∈𝑋
𝔼𝑃 [𝑍] follows by Corollary 6.17 in [31]. Moreover, by the main theorem in [6] and the linearity with respect 

to the integrating capacity of the Choquet integral (see, e.g., [30]) we have that
min

𝑄∈𝐜𝐨𝐫𝐞(𝜈𝑋,𝑝0 ,𝜀)
𝔼𝑄[𝑍] = ℂ𝜈𝑋,𝑝0 ,𝜀

[𝑍]
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= ℂ(1−𝜀)𝑃 𝑝0+𝜀𝑃𝑋 ∗
[𝑍]

= (1 − 𝜀)𝔼𝑃 𝑝0 [𝑍] + 𝜀ℂ𝑃𝑋 ∗
[𝑍].

Since 𝑋,𝑝0 ,𝜀 and 𝐜𝐨𝐫𝐞(𝜈𝑋,𝑝0 ,𝜀) are convex and closed sets of finitely additive probability measures that induce the same lower 
expectation functional on the set of bounded (()⊗ 2 )-measurable functions on  ×  , Corollary 8.36 in [31] implies that 
𝑋,𝑝0 ,𝜀 = 𝐜𝐨𝐫𝐞(𝜈𝑋,𝑝0 ,𝜀).

Finally, the proof follows by statements (i) and Proposition 10.3 in [30]. ∎
Proof of Proposition 2.  Statement (i). For every 𝑥 ∈  it holds that

{𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥}∗ = {𝑋 ≤ 𝑥},

that implies 𝑃𝑋∗(𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥) = 𝑃𝑋 ({𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥}∗) = 𝐹𝑋 (𝑥), moreover, fixing 𝑝0 ∈ [0, 1], by [17] we get that

𝑃 𝑝0 (𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥) =

{

𝐹𝑋 (𝑥) if 0 ≤ 𝑥 < 𝑑,

𝑝0 + (1 − 𝑝0)𝐹𝑋 (𝑥) if 𝑥 ≥ 𝑑.

Therefore, we obtain
𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) = 𝜈𝑋,𝑝0 ,𝜀(𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥)

= (1 − 𝜀)𝑃 𝑝0 (𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥) + 𝜀𝑃𝑋∗(𝑟(𝑋, 𝑌 , 𝑑) ≤ 𝑥)

=

{

(1 − 𝜀)𝐹𝑋 (𝑥) + 𝜀𝐹𝑋 (𝑥) if 0 ≤ 𝑥 < 𝑑,

(1 − 𝜀)[𝑝0 + (1 − 𝑝0)𝐹𝑋 (𝑥)] + 𝜀𝐹𝑋 (𝑥) if 𝑥 ≥ 𝑑,

=

{

𝐹𝑋 (𝑥) if 0 ≤ 𝑥 < 𝑑,

(1 − 𝜀)𝑝0 + [(1 − 𝜀)(1 − 𝑝0) + 𝜀]𝐹𝑋 (𝑥) if 𝑥 ≥ 𝑑.

Statement (ii). We have that
ℂ𝜈𝑋,𝑝0 ,𝜀

[−𝑟(𝑋, 𝑌 , 𝑑)] = (1 − 𝜀)𝔼𝑃 𝑝0 [−𝑟(𝑋, 𝑌 , 𝑑)] + 𝜀ℂ𝑃𝑋 ∗
[−𝑟(𝑋, 𝑌 , 𝑑)]

= −(1 − 𝜀)
(

𝔼𝑃𝑋 [𝑋] − 𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥

)

−𝜀∫

+∞

0
𝑆𝑋 (𝑥) d𝑥

= −𝔼𝑃𝑋 [𝑋] + (1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥.

 ∎
Proof of Proposition 3.  Statements (i) and (ii) immediately follow by statement (ii) of Proposition 2.

Statement (iii). If 𝑑 > 0, we have that
(1 − 𝜀)𝑝0 + [(1 − 𝜀)(1 − 𝑝0) + 𝜀]𝐹𝑋 (𝑑)

= (1 − 𝜀)𝑝0 + (1 − 𝜀)𝐹𝑋 (𝑑) − (1 − 𝜀)𝑝0𝐹𝑋 (𝑑) + 𝜀𝐹𝑋 (𝑑)

= 𝐹𝑋 (𝑑) + (1 − 𝜀)𝑝0 − (1 − 𝜀)𝑝0𝐹𝑋 (𝑑)

≥ 𝐹𝑋 (𝑑),

and the positive size of the jump is obtained by difference.
Statement (iv). For 0 ≤ 𝑥 < 𝑑, 𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑)(𝑥) is non-decreasing since 𝐹𝑋 (𝑥) is. For 𝑥 ≥ 𝑑, 𝐹𝑟(𝑋,𝑌 ,𝑑)(𝑥) is non-decreasing since (1 − 𝜀)𝑝0 +
[(1 − 𝜀)(1 − 𝑝0) + 𝜀]𝐹𝑋 (𝑥) is an increasing affine transformation of 𝐹𝑋 (𝑥). Finally, global non-decreasingness follows by statement (iii).

Statement (iv). Right-continuity immediately follows by the definition of 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑)(𝑥) and the proof of statement (iv). ∎

Proof of Proposition 4.  The proof is an immediate consequence of (9) ∎
Proof of Proposition 5.  We first determine (𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑))
−1(𝛼) as a function of 𝛼 ∈ (𝐹𝑋 (0), 1). We set

𝐻(𝑥) ∶= 𝐹𝑋 (𝑥),

𝐺(𝑥) ∶= (1 − 𝜀)𝑝0 + [(1 − 𝜀)(1 − 𝑝0) + 𝜀]𝐹𝑋 (𝑥).

Therefore, we obtain

(𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑))

−1(𝛼) =

⎧

⎪

⎨

⎪

⎩

𝐺−1(𝛼) if 𝛼 ∈ (𝐺(𝑑), 1),

𝑑 if 𝛼 ∈ (𝐻(𝑑), 𝐺(𝑑)],

𝐻−1(𝛼) if 𝛼 ∈ (𝐹𝑋 (0),𝐻(𝑑)],
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=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

if 𝛼 ∈ (𝐺(𝑑), 1),

𝑑 if 𝛼 ∈ (𝐻(𝑑), 𝐺(𝑑)],

𝐹−1
𝑋 (𝛼) if 𝛼 ∈ (𝐹𝑋 (0),𝐻(𝑑)].

Next we express VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) = (𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑))
−1(𝛼) as a function of 𝑑, taking 𝛼 ∈ (𝐹𝑋 (0), 1) as a fixed constant.

We first notice that if 𝑝0 = 0, then 𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑) ≡ 𝐹𝑋 , therefore statement (i) follows. Hence, suppose 𝑝0 ∈ (0, 1]. In this case, considering 

the above expression of (𝐹𝑋,𝑝0 ,𝜀
𝑟(𝑋,𝑌 ,𝑑))

−1(𝛼), we have that

0 <
𝛼 − (1 − 𝜀)𝑝0

(1 − 𝜀)(1 − 𝑝0) + 𝜀
< 1 ⟺ 𝑝0 <

𝛼
1 − 𝜀

,

and also

𝛼 > (1 − 𝜀)𝑝0 + [(1 − 𝜀)(1 − 𝑝0) + 𝜀]𝐹𝑋 (0) ⟺ 𝑝0 <
𝛼 − 𝐹𝑋 (0)

(1 − 𝜀)(1 − 𝐹𝑋 (0))
,

where both quantities 𝛼
1−𝜀  and 

𝛼−𝐹𝑋 (0)
(1−𝜀)(1−𝐹𝑋 (0))  can be greater than 1. Hence, setting 𝑠 = min

{

𝛼
1−𝜀 ,

𝛼−𝐹𝑋 (0)
(1−𝜀)(1−𝐹𝑋 (0))

}

 statements (ii) and (iii) 
are obtained from (𝐹𝑋,𝑝0 ,𝜀

𝑟(𝑋,𝑌 ,𝑑))
−1(𝛼). ∎

Proof of Proposition 6.  By statement (iii) of Proposition 1 and statement (ii) of Proposition 2 we get

𝜋𝑅(𝑑) = (1 + 𝜃)ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑋 − 𝑟(𝑋, 𝑌 , 𝑑)]

= (1 + 𝜃)
[

(1 − 𝜀)𝔼𝑃 𝑝0 [𝑋 − 𝑟(𝑋, 𝑌 , 𝑑)] + 𝜀ℂ𝑃𝑋 ∗
[𝑋 − 𝑟(𝑋, 𝑌 , 𝑑)]

]

= (1 + 𝜃)
[

(1 − 𝜀)
{

𝔼𝑃𝑋 [𝑋] + 𝔼𝑃 𝑝0 [−𝑟(𝑋, 𝑌 , 𝑑)]
}

+𝜀
{

𝔼𝑃𝑋 [𝑋] + ℂ𝑃𝑋 ∗
[−𝑟(𝑋, 𝑌 , 𝑑)]

}]

= (1 + 𝜃)
[

𝔼𝑃𝑋 [𝑋] + ℂ𝜈𝑋,𝑝0 ,𝜀
[−𝑟(𝑋, 𝑌 , 𝑑)]

]

= (1 + 𝜃)(1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥.

 ∎
Proof of Proposition 7.  For a fixed 𝑑 ≥ 0, the first and third terms of the expression of 𝑍(𝑋, 𝑌 , 𝑑) in (13) are constants when 
computing ℂ𝜈𝑋,𝑝0 ,𝜀

[𝑍(𝑋, 𝑌 , 𝑑)]. By translation invariance of the Choquet integral (see [30]) and statement (ii) of Proposition 2 we get

ℂ𝜈𝑋,𝑝0 ,𝜀
[𝑍(𝑋, 𝑌 , 𝑑)] =

𝜋(𝑋) − 𝜋𝑅(𝑑)
1 − 𝑟𝑐𝑜𝑐

+ ℂ𝜈𝑋,𝑝0 ,𝜀
[−𝑟(𝑋, 𝑌 , 𝑑)]

−
𝑟𝑐𝑜𝑐

1 − 𝑟𝑐𝑜𝑐
VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑))

=
𝜋(𝑋)

1 − 𝑟𝑐𝑜𝑐
− 1

1 − 𝑟𝑐𝑜𝑐

(

(1 + 𝜃)(1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) 𝑑𝑥

)

−𝔼𝑃𝑋 [𝑋] + (1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥

−
𝑟𝑐𝑜𝑐

1 − 𝑟𝑐𝑜𝑐
VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑))

=
𝜋(𝑋)

1 − 𝑟𝑐𝑜𝑐
− 𝔼𝑃𝑋 [𝑋]

−
𝑟𝑐𝑜𝑐

1 − 𝑟𝑐𝑜𝑐

((

1 + 𝜃
𝑟𝑐𝑜𝑐

)

(1 − 𝜀)𝑝0 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥 + VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑))
)

.

 ∎
Proof of Theorem 1.  We first notice that if 𝑝0 = 0, then

𝑔(𝑑) = VaR𝑋,𝑝0 ,𝜀
𝛼 (𝑟(𝑋, 𝑌 , 𝑑)) = 𝐹−1

𝑋 (𝛼),

therefore statement (i) follows. Hence, suppose 𝑝0 ∈ (0, 1]. We need to distinguish two cases according to the value of 𝑠 and 𝑝0 since 
they determine the expression of VaR𝑋,𝑝0 ,𝜀

𝛼 (𝑟(𝑋, 𝑌 , 𝑑)), according to Proposition 5.
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Statement (ii). Suppose 𝑠 < 1 and 𝑝0 ∈ (0, 𝑠), or 𝑠 ≥ 1. We have that

𝑔(𝑑) = 1
𝜅 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥 +

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

if 0 ≤ 𝑑 < 𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

,

𝑑 if 𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

≤ 𝑑 < 𝐹−1
𝑋 (𝛼),

𝐹−1
𝑋 (𝛼) if 𝑑 ≥ 𝐹−1

𝑋 (𝛼).

Notice that

𝐹−1
𝑋

(

𝛼 − (1 − 𝜀)𝑝0
(1 − 𝜀)(1 − 𝑝0) + 𝜀

)

= 𝑆−1
𝑋

(

1 − 𝛼
(1 − 𝜀)(1 − 𝑝0) + 𝜀

)

.

Hence, 𝑔(𝑑) is decreasing for 𝑑 < 𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

 and 𝑑 > 𝐹−1
𝑋 (𝛼). For 𝑑 ∈

[

𝐹−1
𝑋

(

𝛼−(1−𝜀)𝑝0
(1−𝜀)(1−𝑝0)+𝜀

)

, 𝐹−1
𝑋 (𝛼)

]

 we have that

𝑔′(𝑑) = − 1
𝜅
𝑆𝑋 (𝑑) + 1

therefore

𝑔′(𝑑) ≥ 0 ⟺ 𝑑 ≥ 𝑆−1
𝑋 (𝜅),

and from this we derive points (a)–(c).
Statement (iii). Suppose 𝑠 < 1 and 𝑝0 ∈ [𝑠, 1]. We have that

𝑔(𝑑) = 1
𝜅 ∫

+∞

𝑑
𝑆𝑋 (𝑥) d𝑥 +

{

𝑑 if 0 ≤ 𝑑 < 𝐹−1
𝑋 (𝛼),

𝐹−1
𝑋 (𝛼) if 𝑑 ≥ 𝐹−1

𝑋 (𝛼).

Analogously to statement (ii), for 𝑑 ∈
[

0, 𝐹−1
𝑋 (𝛼)

]

, we have that

𝑔′(𝑑) = − 1
𝜅
𝑆𝑋 (𝑑) + 1

therefore

𝑔′(𝑑) ≥ 0 ⟺ 𝑑 ≥ 𝑆−1
𝑋 (𝜅),

and from this we derive points (d)–(f). ∎
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\begin {equation}\kappa := \frac {1}{\left (1 + \frac {\theta }{r_{coc}} \right )(1-\epsilon )p_0}, \label {Kconst}\end {equation}


$\CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d)]$


$d \ge 0$


\begin {equation}\min _{d \ge 0} g(d). \label {eq:ming}\end {equation}


$g(d)$


$\lim \limits _{d \to +\infty } g(d) = F_X^{-1}(\alpha )$


$g(0) = \frac {\EE _{P_X}[X]}{\kappa } + \VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,0))$


$\alpha \in (0, F_X(0)]$


$\VaR _{\alpha }^{X,p_0,\epsilon }(r(X,Y,d)) = 0$


$g(d)$


$d^* = +\infty $


$\alpha \in ( F_X(0),1)$


$d^*$


$\alpha \in (F_X(0),1)$


$s = \min \left \{\frac {\alpha }{1 - \epsilon },\frac {\alpha - F_X(0)}{(1-\epsilon )(1 - F_X(0))}\right \}$


$p_0 = 0$


$d^* = +\infty $


$s < 1$


$p_0 \in (0,s)$


$s \ge 1$


$\kappa \le 1-\alpha $


$d^* = +\infty $


$1-\alpha < \kappa < \frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon }$


\begin {equation*}d^* = \left \{ \begin {array}{@{}ll} S_X^{-1}(\kappa ) & \mbox {if $g(S_X^{-1}(\kappa )) \le F_X^{-1}(\alpha )$},\\[1ex] +\infty & \mbox {otherwise}, \end {array} \right .\end {equation*}


$\kappa \ge \frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon }$


\begin {equation*}d^* = \left \{ \begin {array}{@{}ll} S_X^{-1}\left (\frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon }\right ) & \mbox {if $g\left (S_X^{-1}\left (\frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon }\right )\right ) \le F_X^{-1}(\alpha )$},\\[1ex] +\infty & \mbox {otherwise}; \end {array} \right .\end {equation*}


$s < 1$


$p_0 \in [s,1]$


$\kappa \le 1-\alpha $


$d^* = +\infty $


$1-\alpha < \kappa < S_X(0)$


\begin {equation*}d^* = \left \{ \begin {array}{@{}ll} S_X^{-1}(\kappa ) & \mbox {if $g(S_X^{-1}(\kappa )) \le F_X^{-1}(\alpha )$},\\[1ex] +\infty & \mbox {otherwise}, \end {array} \right .\end {equation*}


$\kappa \ge S_X(0)$


\begin {equation*}d^* = \left \{ \begin {array}{@{}ll} 0 & \mbox {if $\EE _{P_X}[X] < \kappa F_X^{-1}(\alpha )$},\\[1ex] +\infty & \mbox {otherwise}. \end {array} \right .\end {equation*}


$d^* = +\infty $


$X$


$\X = [0,+\infty )$


$F_X$


$x = 0$


$X$


$X \sim {\bf Exp}\left (\lambda = \frac {1}{5}\right )$


$F_X(0) = 0$


$\int _{d}^{+ \infty } S_X(x) \,\d x = \frac {e^{-\lambda d}}{\lambda }$


$d \ge 0$


$\X = [0,+\infty )$


$\EE _{P_X}[X] = \frac {1}{\lambda }$


$\alpha = \frac {8}{10}$


$\epsilon = \frac {1}{10}$


$s = \frac {\alpha }{1-\epsilon } = \frac {8}{9} = 0.\bar {8}$


$p_0 = \frac {8}{10}$


\begin {equation*}\VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,d)) = \left \{ \begin {array}{@{}ll} 5\ln \frac {7}{5} & \mbox {if $0 \le d < 5 \ln \frac {7}{5}$},\\[1ex] d & \mbox {if $5\ln \frac {7}{5} \le d < 5 \ln 5$},\\[1ex] 5 \ln 5 & \mbox {if $d \ge 5 \ln 5$}, \end {array} \right .\end {equation*}


$\tau = \theta = 0.1$


$r_{coc} = 0.07$


\begin {equation*}g(d) = \left \{ \begin {array}{@{}ll} \frac {306}{35}e^{-\frac {d}{5}} + 5 \ln \frac {7}{5} & \mbox {if $0 \le d < 5 \ln \frac {7}{5}$},\\[1ex] \frac {306}{35}e^{-\frac {d}{5}} + d & \mbox {if $5 \ln \frac {7}{5} \le d < 5 \ln 5$},\\[1ex] \frac {306}{35}e^{-\frac {d}{5}} + 5 \ln 5 & \mbox {if $d \ge 5 \ln 5$}. \end {array} \right .\end {equation*}


$\kappa = \frac {1}{\left (1+\frac {\theta }{r_{coc}}\right )(1-\epsilon )p_0} = \frac {175}{306}$


$1-\alpha = \frac {2}{10}$


$\frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon } = \frac {5}{7}$


$1-\alpha < \kappa < \frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon }$


$S_X^{-1}(\kappa ) = 5 \ln \frac {306}{175}$


$g(d)$


$g\left (5 \ln \frac {306}{175}\right ) < F_X^{-1}(\alpha )$


$d^* = 5 \ln \frac {306}{175}$


$g(d)$


$d^*$


$g(d)$


$d^*$


$X$


$\X = [0,b)$


$F_X$


$x = 0$


$+\infty $


$b$


$d^* = b$


$X$


$X \sim {\bf Unif}([0,b))$


$b = 20$


$F_X(0) = 0$


$\int _d^b S_X(x) \d x = \frac {(b - d)^2}{2b}$


$d \in [0,b)$


$\X = [0,b)$


$\EE _{P_X}[X] = \frac {b}{2}$


$\alpha = \frac {8}{10}$


$\epsilon = \frac {1}{10}$


$s = \frac {\alpha }{1-\epsilon } = \frac {8}{9} = 0.\bar {8}$


$p_0 = \frac {8}{10}$


\begin {equation*}\VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,d)) = \left \{ \begin {array}{@{}ll} \frac {40}{7} & \mbox {if $0 \le d < \frac {40}{7}$},\\[1ex] d & \mbox {if $\frac {40}{7} \le d < 16$},\\[1ex] 16 & \mbox {if $16 \le d < 20$}, \end {array} \right .\end {equation*}


$\tau = \theta = 0.2$


$r_{coc} = 0.07$


\begin {equation*}g(d) = \left \{ \begin {array}{@{}ll} \frac {243(20 - d)^2}{3500} + \frac {40}{7} & \mbox {if $0 \le d < \frac {40}{7}$},\\[1ex] \frac {243(20 - d)^2}{3500} + d & \mbox {if $\frac {40}{7} \le d < 16$},\\[1ex] \frac {243(20 - d)^2}{3500} + 16 & \mbox {if $16 \le d < 20$}. \end {array} \right .\end {equation*}


$\kappa = \frac {1}{\left (1+\frac {\theta }{r_{coc}}\right )(1-\epsilon )p_0} = \frac {175}{486}$


$1-\alpha = \frac {2}{10}$


$\frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon } = \frac {5}{7}$


$1-\alpha < \kappa < \frac {1-\alpha }{(1-\epsilon )(1-p_0) + \epsilon }$


$S_X^{-1}(\kappa ) = \frac {3110}{243}$


$g(d)$


$g\left (\frac {3110}{243}\right ) > F_X^{-1}(\alpha )$


$d^* = b = 20$


$g(d)$


$d^*$


$b = 20$


$g(d)$


$d^*$


$\X $


$\X = \{x_1,\ldots ,x_t\}$


$\min \X = x_1 = 0$


$F_X:\X \to [0,1]$


$\X $


$F_X$


$[0,+\infty )$


$\X $


$F_X$


$[0,+\infty )$


$\P _Y = \{P_Y^p :2^\Y \to [0,1] \,:\, p \in [p_1,p_2]\}$


$Y$


$P_Y(\{1\}) = p$


$0 \le p_1 \le p_2 \le 1$


$P_X$


$X$


\begin {equation*}\begin {array}{@{}l} \P = \{P^p:2^{\X \times \Y } \to [0,1] \,:\, P^p(\{(x,y)\}) = P_X(\{x\})P_Y^p(\{y\}),\\[1ex] (x,y) \in \X \times \Y , \, p \in [p_1,p_2]\}. \end {array}\end {equation*}


$\underline {P} = \min \P $


$\underline {P}$


$2$


$\underline {P}$


$\nu ^{oo}$


$X$


$\underline {P}$


$\nu ^{oo}$


$2$


$X$


$\underline {P}$


$\nu _{X,p_0,\epsilon }$


$p_1 = (1-\epsilon )p_0$


$p_2 = (1-\epsilon )p_0 + \epsilon $


$k(d)$


$\{1,\ldots ,t\}$


$x_{k(d)} \le d$


$\underline {\EE }_\P $


$\P $


$k(d) = t$


$F_{r(X,Y,d)}^{oo}$


$\underline {F}_{r(X,Y,d)}$


$\nu ^{oo}$


$\underline {P}$


$\nu _{X,p_0,\epsilon }$


$\nu ^{oo}$


$\underline {P}$


$\core (\nu _{X,p_0,\epsilon })$


$\core (\nu ^{oo})$


$\P $


$d^*$


\begin {equation*}\tau = 0.1, \, p_0=0.9, \, \alpha =0.95, \, \theta =0.2, \, r_{coc}=0.07,\end {equation*}


$X$


$\X = [0,+\infty )$


$x = 0$


\begin {equation*}F_X(x) = 1-0.95 \left (\frac {1000}{1000+x} \right )^3, \quad \mbox {for $x \ge 0$.}\end {equation*}


$F_X(0) = 0.05$


\begin {equation*}\int _{d}^{+\infty } S_X(x) \,\d x = \frac {4.75 \cdot 10^8}{(d + 1000)^2}, \quad \mbox {for $d \ge 0$.}\end {equation*}


$\EE _{P_X}[X] = 475$


$\pi (X) = (1 + \tau )\EE _{P_X}[X] = 522.5.$


$F_{r(X,Y,d)}^{X,p_0,\epsilon }$


$\varepsilon $


$F_{r(X,Y,d)}^{X,p_0,\epsilon }$


$\varepsilon $


$F_X$


$X$


$\varepsilon =0$


$F_{r(X,Y,d)}^{X,p_0,\epsilon }$


$F_X$


$x<d$


$x \geq d$


$\varepsilon $


$F_{r(X,Y,d)}^{X,p_0,\epsilon }$


$x \geq d$


$p_0$


$\varepsilon $


$d^*$


$p_0$


$\varepsilon $


$\kappa $


\begin {equation*}1-\alpha <\kappa <\frac {1-\alpha }{(1-\epsilon )(1-p_0)+\epsilon } \quad \mbox {or} \quad \kappa \geq \frac {1-\alpha }{(1-\epsilon )(1-p_0)+\epsilon }\end {equation*}


$\varepsilon =0$


$p_0$


$\varepsilon $


$p_0=0.838$


$p_0<0.838$


$d$


$p_0\in [0.838,1]$


$\varepsilon $


$\bar {\varepsilon }$


$\bar {\varepsilon }\approx 0.16$


$\varepsilon >\bar {\varepsilon }$


$\VaR _{\alpha }^{X,p_0,\epsilon }(r(X,Y,d))$


$p_0$


$\varepsilon $


$\bar {\varepsilon }$


$\bar {\varepsilon }$


$g(d)$


$\epsilon $


$\varepsilon $


$d^*$


$p_0\in [0,1]$


$d^*$


$p_0$


$p_0$


$1$


$p_0$


$\varepsilon $


$p_0$


$p_0=1$


$\varepsilon $


$\varepsilon ^*$


$\varepsilon ^* \approx 0.21$


$\varepsilon >\varepsilon ^*$


$p_0=1$


$\varepsilon $


$\epsilon ^*$


$\bar {\epsilon }$


$\epsilon ^*$


$\CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d^*)]$


$\varepsilon $


$p_0$


$d^*$


$\varepsilon $


$p_0$


$\alpha =0.95$


$\theta =0.2$


$r_{coc}=0.07$


$\CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d^*)]$


$p_0 = 1$


$\varepsilon > \varepsilon ^*$


$\CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d^*)]$


$p_0 = 1$


$\varepsilon $


$0 < \varepsilon < \varepsilon ^*$


$p_0$


$\CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d^*)]$


$p_0$


$\varepsilon $


$\varepsilon $


$0 < \varepsilon < \varepsilon ^*$


$\varepsilon ^*$


$\theta $


$r_{coc}$


$\theta $


$r_{coc}$


$\varepsilon =0.1$


$\theta $


$r_{coc}$


$\varepsilon =0.1$


$\theta $


$\CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d)]$


$\theta $


$p_0$


$\varepsilon ^*$


$\varepsilon ^*$


$\theta =0.1$


$\theta =0.15$


$\theta =0.2$


$r_{coc}$


$p_0$


$\varepsilon ^*$


$\varepsilon ^*$


$r_{coc}=0.05$


$r_{coc}=0.06$


$r_{coc}=0.07$


$\epsilon $


$\epsilon ^*$


$\epsilon $


$\epsilon ^*$


$\epsilon ^*$


$\theta $


$r_{coc}$


$X$


$Y$


$\epsilon $


$X$


$Y$


$p_0$


$Y$


$X$


$Y$


$X$


$\epsilon $


$\beta $


$\beta $


$d^*$


$\Omega $


$\A $


$\sigma $


$\nu :\A \to [0,1]$


$\nu (\emptyset ) = 0$


$\nu (\Omega ) = 1$


$k \ge 2$


$A_1,\ldots ,A_k \in \A $


\begin {equation*}\nu \left (\bigcup _{i = 1}^k A_i\right ) \ge \sum _{\emptyset \neq I \subseteq \{1,\ldots ,k\}} (-1)^{|I| + 1} \nu \left (\bigcap _{i \in I} A_i\right ).\end {equation*}


$k$


$\nu $


$k$


$\nu $


$\A $


$P$


$\nu $


$\sigma $


$\A $


$[0,1]^{\A }$


$\A $


$\sigma $


$\A $


$\nu $


$\A $


$\A $


\begin {equation}\core (\nu ) = \{P \,:\, \mbox {$P$ is a f.a. probability measure on $\A $, $P \ge \nu $}\}, \label {eq:core}\end {equation}


$\nu = \min \core (\nu )$


$\A $


$X:\Omega \to \RR $


$\A $


$\nu $


\begin {equation}\ {\int \hspace {-0.31cm}C}\ X \,\d \nu = \int _{-\infty }^0 [\nu (X \ge x) - 1] \, \d x + \int _{0}^{+\infty } \nu (X \ge x) \, \d x. \label {eq:choquet}\end {equation}


$\nu $


$P$


$P$


$\sigma $


$X$


${\int \hspace {-0.27cm}C}\ X \d \nu $


$-\ {\int \hspace {-0.27cm}C}\ (-X) \d \nu $


$\left [\inf \limits _{\omega \in \Omega } X(\omega ), \sup \limits _{\omega \in \Omega } X(\omega )\right ]$


$X$


$X$


$\nu $


\begin {equation}\ {\int \hspace {-0.31cm}C}\ \left (-|X|\right ) \d \nu > - \infty . \label {eq:integ}\end {equation}


\begin {equation*}0 \le \ {\int \hspace {-0.31cm}C}\ |X| \d \nu \le - \ {\int \hspace {-0.31cm}C}\ \left (- |X|\right ) \d \nu < + \infty ,\end {equation*}


\begin {equation}\ {\int \hspace {-0.31cm}C}\ X \d \nu \in \RR \quad \mbox {and} \quad - \ {\int \hspace {-0.31cm}C}\ (-X) \d \nu \in \RR . \label {eq:integ-bis}\end {equation}


$\nu $


$X$


$\nu $


\begin {equation}\CC _{\nu }[X] = \ {\int \hspace {-0.31cm}C}\ X \,\d \nu , \label {Xeqn22-A.5}\end {equation}


$\nu $


$P$


$\EE _{P}[X] = \CC _{P}[X]$


\begin {equation}\CC _{\nu }[X] = \min _{P \in \core (\nu )} \EE _P [X], \label {Xeqn23-A.6}\end {equation}


$\CC _{\nu }[X]$


$X \ge 0$


\begin {equation*}\CC _{\nu }[X] = \int _{0}^{+\infty } \nu (X \ge x) \,\d x = \int _{0}^{+\infty } \nu (X > x) \,\d x.\end {equation*}


$(\X \times \Y , \B (\X ) \otimes 2^\Y )$


$\sigma $


$\widetilde {\B (\X )}$


$\widetilde {2^\Y }$


$P_X$


$\widetilde {\B (\X )}$


$\B (\X ) \otimes 2^\Y $


$A \in \B (\X ) \otimes 2^\Y $


\begin {equation}{P_X}_* (A) = \sup \{P_X(B) \,:\, B \times \Y \subseteq A,\, B \in \B (\X )\}. \label {Xeqn24-B.1}\end {equation}


${P_X}_*$


$\B (\X ) \otimes 2^\Y $


$\{A_n\}_{n \in \NN } \subseteq \B (\X ) \otimes 2^\Y $


${P_X}_*$


$P_X$


$A \in \B (\X ) \otimes 2^\Y $


$B \in \B (\X )$


\begin {equation}{P_X}_*(A) = P_X(B), \label {Xeqn26-B.3}\end {equation}


\begin {equation}A_* = B \times \Y . \label {Xeqn27-B.4}\end {equation}


$(\B (\X ) \otimes 2^\Y )$


$(\B (\X ) \otimes 2^\Y )$


$\nu _{X,p_0,\epsilon }$


$\P _{X,p_0,\epsilon } = {\bf core}(\nu _{X,p_0,\epsilon })$


$Z:\X \times \Y \to \RR $


$(\B (\X ) \otimes 2^\Y )$


$\CC _{{P_X}_*}[Z] = \min \limits _{P \in \P _X} \EE _{P}[Z]$


$\P _{X,p_0,\epsilon }$


${\bf core}(\nu _{X,p_0,\epsilon })$


$(\B (\X ) \otimes 2^\Y )$


$\X \times \Y $


$\P _{X,p_0,\epsilon } = {\bf core}(\nu _{X,p_0,\epsilon })$


$x \in \X $


\begin {equation*}\{r(X,Y,d) \le x\}_* = \{X \le x\},\end {equation*}


${P_X}_*(r(X,Y,d) \le x) = P_X(\{r(X,Y,d) \le x\}_*) = F_X(x)$


$p_0 \in [0,1]$


\begin {equation*}P^{p_0}(r(X,Y,d) \le x) = \left \{ \begin {array}{@{}ll} F_X(x) & \mbox {if $0 \le x < d$},\\[1ex] p_0 + (1-p_0)F_X(x) & \mbox {if $x \ge d$}. \end {array} \right .\end {equation*}


$d > 0$


$0 \le x < d$


$F_{r(X,Y,d)}^{X,p_0,\epsilon }(x)$


$F_X(x)$


$x \ge d$


$F_{r(X,Y,d)}(x)$


$(1-\epsilon )p_0 + [(1-\epsilon )(1-p_0) + \epsilon ]F_X(x)$


$F_X(x)$


$F_{r(X,Y,d)}^{X,p_0,\epsilon }(x)$


$(F_{r(X,Y,d)}^{X,p_0,\epsilon })^{-1}(\alpha )$


$\alpha \in (F_X(0),1)$


$\VaR _{\alpha }^{X,p_0,\epsilon }(r(X,Y,d)) = (F_{r(X,Y,d)}^{X,p_0,\epsilon })^{-1}(\alpha )$


$d$


$\alpha \in (F_X(0),1)$


$p_0 = 0$


$F_{r(X,Y,d)}^{X,p_0,\epsilon } \equiv F_X$


$p_0 \in (0,1]$


$(F_{r(X,Y,d)}^{X,p_0,\epsilon })^{-1}(\alpha )$


\begin {equation*}0 < \frac {\alpha - (1-\epsilon )p_0}{(1 - \epsilon )(1-p_0) + \epsilon } < 1 \Longleftrightarrow p_0 < \frac {\alpha }{1-\epsilon },\end {equation*}


\begin {equation*}\alpha > (1-\epsilon )p_0 + [(1-\epsilon )(1-p_0) + \epsilon ]F_X(0) \Longleftrightarrow p_0 < \frac {\alpha - F_X(0)}{(1-\epsilon )(1 - F_X(0))},\end {equation*}


$\frac {\alpha }{1-\epsilon }$


$\frac {\alpha - F_X(0)}{(1-\epsilon )(1 - F_X(0))}$


$1$


$s = \min \left \{\frac {\alpha }{1-\epsilon },\frac {\alpha - F_X(0)}{(1-\epsilon )(1 - F_X(0))}\right \}$


$(F_{r(X,Y,d)}^{X,p_0,\epsilon })^{-1}(\alpha )$


$d \ge 0$


$Z(X,Y,d)$


$\CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d)]$


\begin {equation*}\begin {array}{@{}l} \displaystyle { \CC _{\nu _{X,p_0,\epsilon }}[Z(X,Y,d)] = \frac {\pi (X) - \pi _R(d)}{1 - r_{coc}} + \CC _{\nu _{X,p_0,\epsilon }}[- r(X,Y,d)]} \\[2ex] \displaystyle { ~~~~~~~~~~~~- \frac {r_{coc}}{1 - r_{coc}} \VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,d)) } \\[2ex] \displaystyle { ~~~ = \frac {\pi (X)}{1 - r_{coc}} -\frac {1}{1 - r_{coc}} \left ( (1+\theta )(1-\epsilon )p_0 \int _{d}^{+\infty } S_X(x)\,d x\right ) } \\[2ex] \displaystyle { ~~~~~~~~~~~~ - \EE _{P_X}[X] + (1 - \epsilon )p_0 \int _{d}^{+\infty } S_X(x) \,\d x } \\[2ex] \displaystyle { ~~~~~~~~~~~~ - \frac {r_{coc}}{1 - r_{coc}} \VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,d)) } \\[2ex] \displaystyle { ~~~= \frac {\pi (X)}{1 - r_{coc}} - \EE _{P_X}[X] } \\[2ex] \displaystyle { ~~~~~~~~~~~~ - \frac {r_{coc}}{1 - r_{coc}} \left ( \left (1 + \frac {\theta }{r_{coc}}\right ) (1-\epsilon )p_0\int _d^{+\infty }S_X(x) \, \d x + \VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,d)) \right ). } \end {array}\end {equation*}


$p_0 = 0$


\begin {equation*}g(d) = \VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,d)) = F_X^{-1}(\alpha ),\end {equation*}


$p_0 \in (0,1]$


$s$


$p_0$


$\VaR _\alpha ^{X,p_0,\epsilon }(r(X,Y,d))$


$s < 1$


$p_0 \in (0,s)$


$s \ge 1$


\begin {equation*}g(d) = \frac {1}{\kappa }\int _d^{+\infty }S_X(x) \, \d x + \left \{ \begin {array}{@{}ll} F_X^{-1}\left (\frac {\alpha - (1-\epsilon )p_0}{(1-\epsilon )(1-p_0) + \epsilon }\right ) & \mbox {if $0 \le d < F_X^{-1}\left (\frac {\alpha -(1-\epsilon )p_0}{(1-\epsilon )(1-p_0) + \epsilon }\right )$},\\[1ex] d & \mbox {if $F_X^{-1}\left (\frac {\alpha -(1-\epsilon )p_0}{(1-\epsilon )(1-p_0) + \epsilon }\right ) \le d < F_X^{-1}(\alpha )$},\\[1ex] F_X^{-1}(\alpha ) & \mbox {if $d \ge F_X^{-1}(\alpha )$}. \end {array} \right .\end {equation*}


\begin {equation*}F_X^{-1}\left (\frac {\alpha - (1-\epsilon )p_0}{(1-\epsilon )(1-p_0) + \epsilon }\right ) = S_X^{-1}\left (\frac {1 - \alpha }{(1-\epsilon )(1-p_0) + \epsilon }\right ).\end {equation*}


$g(d)$


$d < F_X^{-1}\left (\frac {\alpha - (1-\epsilon )p_0}{(1-\epsilon )(1-p_0) + \epsilon }\right )$


$d > F_X^{-1}(\alpha )$


$d \in \left [F_X^{-1}\left (\frac {\alpha - (1-\epsilon )p_0}{(1-\epsilon )(1-p_0) + \epsilon }\right ), F_X^{-1}(\alpha )\right ]$


\begin {equation*}g'(d) = -\frac {1}{\kappa }S_X(d) + 1\end {equation*}


\begin {equation*}g'(d) \ge 0 \Longleftrightarrow d \ge S_X^{-1}(\kappa ),\end {equation*}


$s < 1$


$p_0 \in [s,1]$


\begin {equation*}g(d) = \frac {1}{\kappa }\int _d^{+\infty }S_X(x) \, \d x + \left \{ \begin {array}{@{}ll} d & \mbox {if $0 \le d < F_X^{-1}(\alpha )$},\\[1ex] F_X^{-1}(\alpha ) & \mbox {if $d \ge F_X^{-1}(\alpha )$}. \end {array} \right .\end {equation*}


$d \in \left [0,F_X^{-1}(\alpha )\right ]$


\begin {equation*}g'(d) = -\frac {1}{\kappa }S_X(d) + 1\end {equation*}


\begin {equation*}g'(d) \ge 0 \Longleftrightarrow d \ge S_X^{-1}(\kappa ),\end {equation*}

