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Single-chain nanoparticles (SCNP) are a new class of bio and soft-matter polymeric objects in
which a fraction of the monomers are able to form equivalently intra- or inter-polymer bonds.
Here we numerically show that a fully-entropic gas-liquid phase separation can take place in SCNP
systems. Control over the discontinuous (first-order) change — from a phase of independent diluted
(fully-bonded) polymers to a phase in which polymers entropically bind to each other to form a
(fully-bonded) polymer network — can be achieved by a judicious design of the patterns of reactive
monomers along the polymer chain. Such a sensitivity arises from a delicate balance between the
distinct entropic contributions controlling the binding.

Introduction: As elegantly epitomised in the van der
Waals theory [1], in atomic systems the gas-liquid phase
separation phenomenon originates from inter-particle at-
traction. More recently, colloidal systems have provided
evidence of purely entropy-driven “gas-liquid” phase tran-
sitions, as observed in the presence of depletion interac-
tions [2, 3], combinatorial attractions [4] and hard-core
interactions between particles with specific shapes [5].

While depletion interactions have been studied in de-
tails in the last 30 years [3, 6], combinatorial attrac-
tions have received much less attention. In their semi-
nal study, Safran and coworkers [4] investigated a system
composed by microemulsion droplets linked by telechelic
polymers [7]. The polymer body is exposed to the aque-
ous solvent while the hydrophobic ends are constrained
to reside inside the same or in two distinct oil droplets.
The different ways the polymer ends can be distributed
over the accessible droplets leads to droplet condensa-
tion, i.e. to the liquid state. DNA-coated colloids provide
further examples in which combinatorial entropy can be
exploited to drive phase separation. Here particles are
grafted with equal quantities of sticky ends and of their
complementary sequence [8, 9], or grafted with palin-
dromic sequences [10, 11]. In both cases, complete DNA
hybridization can take place inside the same particle or
between distinct particles and the balance between these
two possibilities is controlled by a combinatorial entropic
contribution.

In both telechelic polymers and DNA coated particles
the dominant inter-particle contributions are strong in-
teractions of the lock and key type such that the system
is constantly in its energetic ground (fully-bonded) state.
Particles can satisfy all possible bonds both in the gas
phase (colloid poor) via intra-particle bonds as well as in
the liquid phase (colloid rich), where bonds are shared
between different particles. Being the number of bonds
(and hence the energy) the same in both phases, entropy
becomes the only driving force for condensation [12].

Functionalized polymers, in which a fraction of the
monomers are able to form reversible bonds, have re-
cently entered the radar of the soft-matter [13–21] and
biophysics [22–26] communities, and experimentally syn-
thesised even inside cells to promote gelation [27]. If
the chain flexibility is large enough and the associative
monomers can form only single bonds, then at low density
bonding takes place essentially within the same polymer,
forming soft nano-objects named single-chain nanopar-
ticles (SCNP) [17]. At larger densities the combinato-
rial entropy should favour phase separation. However,
in this case the free energy has additional terms that
stem from the polymeric nature of the nanoparticles. In-
deed, in contrast to colloids, where in addition to bond-
ing the only other contribution is provided by the steric
repulsion, in SNCP systems one has to also take into ac-
count the conformational entropy contribution associated
to the change from an intra-polymer to an inter-polymer
bond. The dependence of all these entropic terms on the
number and type of attractive sites is complex [28] and
has not been completely mapped out yet. In general,
the interplay between the entropic contributions in play
is subtle, and the resulting phase behaviour difficult to
predict. In the specific case of SCNPs, at high density
no hints of a first-order transition have been observed
in experiments [18, 19] and simulations [29], consistent
with predictions of mean-field theory [30]. By contrast,
a continuous cross-over from isolated chains to percolat-
ing states have been observed [18, 19, 29], akin to the
gelation without phase separation phenomenon observed
in polymer and biopolymer systems [31, 32].

Here we show that, opposite to what previously found
and thought, a fully-entropic gas-liquid phase separation
can take place in SCNP systems. By studying a series of
differently functionalized polymers we demonstrate that
phase separation in this system takes place due to both
the attractive combinatorial entropy and the conforma-
tional entropy contribution associated to the change from
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an intra-polymer to an inter-polymer bond. We show
that this last term can be modulated by designing the
sequence of reactive monomers, offering the possibility
to discontinuously change, preserving all bonds, from a
dilute gas of independent polymers to a phase in which
different polymers bind to each other to form an extended
network.

We perform molecular dynamics simulations of
Kremer-Grest polymers [33] complemented by attractive
monomers that interact through a potential that enforces
the single-bond per reactive monomer condition and en-
ables a bond-swapping mechanism. The algorithm [34],
recently applied to a variety of soft-matter systems [35–
38], is capable to modify the bonding pattern close to
the fully bonded state, even when the thermal energy
kBT ≡ 1/β is much smaller than the bond strength εb,
overcoming kinetic bottlenecks (see section S1).

We simulate polymers composed by Nm = 254
monomers, 24 of which are equispaced reactive and 230
inert. We study a model, named (AAAA)6, in which
all (A-type) reactive monomers are identical, a model in
which A and B reactive monomers alternate, (ABAB)6,
and a model with four different (A, B, C, D) alternating
reactive monomers, (ABCD)6. A cartoon of the three
studied polymer models is shown in Fig. 1(a-c). Reac-
tive monomers are able to form one and only one strong
bond with another same-type monomer. We perform two
types of calculations. In the first, we simulate two poly-
mers to compute the effective potential as a function of
the relative distance between their centers of mass, while
in the second one we perform bulk simulations of hun-
dred or more polymers with periodic boundary conditions
to compute the equation of state and the coexistence
between phases. Further information on the numerical
methods are available in Ref. [39].
The problem: Consider a SCNP, a polymer in which

NR of the constituent monomers are reactive. Each re-
active monomer can form a strong bond with another
reactive monomer of the same type on the same or on
a nearby polymer. Different from functionalized col-
loidal (patchy) particles [40, 41], in which the rigidity
of the particle prevents reactive monomers belonging
to the same object from bonding with each other, in
the polymer case all reactive monomers can take part
in intra-polymer bonds. Being εb � kBT , each poly-
mer can assume a fully bonded (ground state) configu-
ration in which it is disconnected from all other poly-
mers (Fig. 1(d-f)). This raises the question whether
this “independent-polymer” state is the highest entropy
state for a system of such polymers or if swapping intra-
polymer for inter-polymer bonds can increase the system
entropy even further. Even more important is the ques-
tion about whether the increase in entropy, if present, is
strong enough to induce condensation of a dense “liquid”
phase starting from a dilute polymer solution.
Effective Potential (expectations): We begin in-

FIG. 1. Cartoons of the investigated polymers highlighting
the different conformational changes associated to the forma-
tion of a fully bonded configuration in the three models con-
sidered. Here inert monomers are coloured in grey, while re-
active monomers are depicted as coloured spheres. The three
polymers are shown in an open, (a-c) and closed, (d-f), confor-
mation. In (d-f) the inert monomers are not explicitly shown
and the reactive monomers are shown with enhanced size for
the sake of visibility.

vestigating the effective potential βVeff(R) between two
polymers as a function of the relative center-to-center
distance R, when εb � kBT . In this limit, the possible
available configurations of two polymers are restricted to
the ones in which all possible bonds are formed (either
intra- or inter-polymer bonds). Being the total num-
ber of bonds always fixed, energy does not play any role
in the interaction, leaving entropy as the only driving
force. Three different entropic contributions determine
βVeff(R). The first contribution includes the cost of
bringing two fully-bonded polymers at relative distance
R when only intra-polymer bonds are present. This is
the standard polymer-polymer entropic repulsion [42–
44]. The second contribution is a combinatorial term,
which account for the entropy gain of swapping intra-
with inter-polymer bonds. The number of configurations
in which both intra and inter bonds are allowed is larger
compared to the case in which only intra-polymer bonds
are present (Section S4), resulting in an attractive con-
tribution [11, 30].

The third and last contribution (Sconf) is linked to the
conformational change of the polymer on going from the
all intra-bond conformation to the mixed intra-/inter-
bonds case. This entropic change accounts for the dif-
ferent number of configurations available to the inert
monomers when the bonding pattern changes. Sconf is
sensitive to the relative distances between identical reac-
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tive monomers along the polymers and hence it can be
tuned to control the strength of βVeff by changing the
types of the reactive monomers along the chain. Inter-
estingly, as discussed in Section S2 simply changing the
number of inert monomers while leaving the type and
number of reactive monomers invariant does not mod-
ify the effective potential if distances are rescaled by the
gyration radius.

Fig. 1(a-c) shows the three SCNP discussed here in an
open configuration, while Fig. 1-(d-e-f) shows the same
models in a fully bonded configuration, to highlight the
importance of the conformational entropic contribution.
The figure vividly shows that on increasing the number of
distinct reactive types, the fully bonded polymer becomes
more compact. Assuming that bonds between nearest re-
active monomers are the ones preferentially formed [30]
(an hypothesis supported by simulations), to a first ap-
proximation each polymer in the bonded state can be
visualised as an independent “unit” of paired reactive
monomers, where the number of independent units is con-
trolled by the number of reactive monomers of the same
type. The change in conformational entropy ∆So→fb of
single chains going from an open unbonded state (identi-
cal for all polymers) to a fully bonded state (different for
each of the three polymers considered) can be calculated
via Hamiltonian integration (Sec. S1-F). The results, re-
ported in Table I, confirm the progressive entropic cost of
constraining the polymer into a configuration in which all
bonds are formed on going from (AAAA)6 to (ABAB)6.
Differences of about 1 kBT per reactive monomer char-
acterize the (ABAB)6 and the (ABCD)6 polymers as
compared to the (AAAA)6 polymer, a significant con-
figurational entropic cost required to satisfy all bond
constraints, which can be partially regained when intra
bonds are swapped with inter-polymer bonds.

Polymer ∆So→fb/kB ∆So→fb/kB R2
g/σ

2

type per reactive site
(AAAA)6 -93.0 -3.87 80
(ABAB)6 -110.6 -4.60 55
(ABCD)6 -119.3 -4.97 50

TABLE I. Entropy change ∆So→fb/kB from the open to the
fully bonded state for the three polymer types. The error
associated to ∆So→fb/kB is of the order of 10−1. The last
column reports the gyration radius R2

g/σ
2, where σ is the

unit of length, corresponding to the monomer diameter.

Effective Potential (numerical evaluation): To
evaluate the strength of the entropic contributions we
compute (as described in Section S1-C) βVeff(R) for the
three polymers. Note that we simulate under condi-
tions that allow for bond breaking (such that the bond-
swapping mechanism is active), but only configurations
in which all possible bonds are formed are included in
the statistical average. For each of the three models we

also evaluate the potential, βV intra
eff (R) where only intra-

bonds are allowed. Results are shown in Fig. 2.
Consistent with mean-field theory [30] and recent sim-

ulations [45], in the (AAAA)6 case, despite the smaller
βV intra

eff (R), βVeff(R) is always positive and close to zero
for all R, indicating that there is no net attraction
between the polymers: The entropic attraction almost
completely compensates the entropic repulsion. Differ-
ently and strikingly, in the other two cases, βVeff(R) is
strongly attractive, suggesting the possibility of a phase
separation. Thus an appropriate design of the reac-
tive monomer types can be used to control the resulting
inter-polymer attraction. To confirm the enhanced inter-
polymer binding, the inset of Fig. 2(b) shows the num-
ber of inter-polymer bonds for the three cases. In the
(AAAA)6 case only a limited number of inter-polymer
bonds are formed, even when the relative distance be-
tween the two polymers approaches zero. The confor-
mational entropic gain of opening (two) intra-polymer
bonds to form (two) inter-polymer bonds does not suffi-
ciently compensate the entropic repulsion. The differ-
ence βVeff(R) − βV intra

eff (R) provides a measure of the
total entropic attraction between two polymers (sum of
the combinatorial and of the conformational terms) and
it is shown in Fig. 2(b). The contribution βVeff(R) −
βV intra

eff (R) for the (AAAA)6 and for the (ABAB)6 (and
the (ABCD)6) sequences is quite different, confirming the
different role played by entropy for the three polymer
cases.

To support the numerical results for βVeff(R) −
βV intra

eff (R) we estimate the entropic attraction in an in-
dependent way. The partition function Z of the two-
polymer system at fixed relative distance, when both in-
tra and inter bonds are possible, can be approximated as
a sum over the number of inter-polymer bonds #b of a
specific type, from 0 to the maximum number of bonds
NR:

Z =
∑

0≤#b≤NR
#beven number

Ω#b
. (1)

The fully bonded condition imposes only even numbers
for #b. Here Ω#b

counts the number of micro-states
available to the two chains when #b inter-bonds are
present. The analogous expression, with the constraint
of only intra-polymer bonds, would include only the first
term of the sum (#b = 0) in Eq. 1. Hence the entropic
loss ∆S/kB on going from inter and intra bonds to only
intra bonds is

∆S

kB
= ln

Ω0

Z
≡ ln p(0), (2)

The quantity ln p(0), which provides a neat (and indepen-
dent) measure of the entropic attractive contribution, is
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also reported in Fig. 2(b) and favourably compares with
βVeff(R) − βV intra

eff (R).
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FIG. 2. (a) Effective potentials for the three polymers:
βVeff(R) and βV intra

eff (R) are shown with solid and dashed
lines, respectively. The error bars are upper bounds estimated
by splitting the data in two blocks and computing the abso-
lute difference between the effective interactions in each block,
divided by

√
2. (b) Attractive part of the potential estimated

as βVeff(R) − βV intra
eff (R) (open symbols) and as ln p(0) (see

Eq. 2, filled symbols). The inset shows the average num-
ber of inter-polymer bonds. Note that the abrupt decrease
of βVeff(R) for very short R in the (ABCD)6 case originates
from zipping of the bonds.

In Section S2 we show that the observed trends are
robust for changes in the polymer length (at fixed number
of reactive monomers, by increasing the number of inert
monomers) as well as for changes at fixed polymer length
on changing the number of reactive monomers.
Phase Behavior: To confirm that the entropic at-

traction for the (ABAB)6 and (ABCD)6 polymers is suf-
ficiently strong to condensate a “liquid” from the “gas”,
we evaluate their equation of state (Fig. 3(a)), calculated
as discussed in Section S1-D. Coherently with the two-
body effective interaction results, the (AAAA)6 system
behaves essentially as an ideal gas. Interestingly, this
θ-condition originates from the ability of the entropic at-
traction to essentially compensate the usual polymer re-
pulsion. By contrast, the pressure in both the (ABAB)6
and (ABCD)6 systems becomes quickly negative, sug-
gesting the presence of a phase transition between two
phases with significantly different polymer concentration.
As a proof of the possible presence of a phase separation
we perform direct-coexistence simulations (Section S1-
E), by preparing a starting configuration composed by an
inhomogeneous polymer concentration. Fig. 3(b) shows

the density profiles of the initial and final configurations
for all three models. The density of the (AAAA)6 system
becomes homogeneous and the two interfaces that were
present at time zero completely disappear. By contrast,
the gas-liquid interfaces are stable in both the (ABAB)6
and (ABCD)6 systems over the course of the simulation.
We find (not shown) that in the liquid phase at coexis-
tence the system percolates and that each polymer binds
with≈ 10 other polymers for the (ABAB)6 and (ABCD)6
models.
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FIG. 3. (a) Equations of state of the three investigated sys-
tems (points) and of an ideal gas of chains (orange dashed
line). The statistical uncertainty is smaller than the symbol
size. (b-d) Density profiles along x for the three investigated
systems evaluated with direct coexistence simulations. We
show the profiles of the density of the initial configuration
(dashed black lines) and of the average density of the final
state (solid red lines). Representative snaphosts of the initial
(grey) and final (red) states are shown below each plot.

Concluding Remarks: In summary, we have demon-
strated that opposite to what previously expected, a gas-
liquid phase separation can appear in systems of SC-
NPs. By simply alternating two different types of reac-
tive monomers, it is possible to tune the conformational
entropy change on swapping intra to inter binding. As a
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result, the strength of configurational and combinatorial
entropy can be harnessed to induce a fully entropic first-
order phase transition, even with a low overall concentra-
tion of reactive monomers. In view of the modern ability
to force living cells to express SCNP, it is foreseeable to
imagine — guided by entropy — a fine tuned control of
the phase behavior of these particles in biologically rele-
vant conditions [27] as well as a mechanism to optimise
multivalent binding [46, 47] in ligand-receptors equilib-
ria. At the same time, the design principles reported
here may help achieving a better understanding of phase
separation phenomena in cells, which are most often me-
diated by multivalent biomacromolecules [48–50]. Such
phenomena are commonly termed “liquid-liquid” transi-
tions, since in both phases proteins are dispersed in an
aqueous solvent — the protein rich and poor phases being
respectively the liquid and the gas in the present (implicit
solvent) model.
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S1. MODELS AND NUMERICAL DETAILS

A. Models

In the main text we discuss three polymer models.
Each polymer is composed by Nm = 254 monomers (24
reactive and 230 inert monomers M). Reactive monomers
are equally spaced by ten inert monomers each. The 24
reactive monomers can be of four types, which we label
A, B and C and D. The first polymer ( (AAAA)6 in the
following) is composed only of A-type reactive monomers.
The second polymer ( (ABAB)6 in the following) is com-
posed by an alternate regular sequence of A-type and
B-type reactive monomers. Finally, the third polymer
( (ABCD)6 in the following) is composed by an alter-
nate regular sequence of A-B- C- and D-type reactive
monomers. The sequences are reported in Table S1 and
pictorially represented in the snapshots of the main text.

Name Sequence
(AAAA)6 (AM10)23A
(ABAB)6 (AM10BM10)11AM10B
(ABCD)6 (AM10BM10CM10DM10)5AM10BM10CM10D

TABLE S1. The three main polymers investigated in this
work.

B. Numerical Details: interaction potential

All monomers that are nearest-neighbours along
the chain (topologically bonded) interact through the
Kremer-Grest [1] force field, sum of a WCA potential
and a FENE potential. More precisely, defining r as the
distance between bonded monomers,

VWCA(r) = 4ε

[( r
σ

)12

−
( r
σ

)6
]

+Vshift r < 21/6 (S1)

where ε and σ are the units of energy and length respec-
tively and Vshift is a constant that brings VWCA to zero
at r = 21/6σ. For r > 21/6 VWCA(r) = 0. The FENE
potential is

VFENE(r) = −1

2
Kd2

0 ln

(
1− d0

r

)2

(S2)

where d0 = 1.5σ and K = 30ε/σ2. Non-bonded
monomers interacts via an excluded-volume interaction,

modeled with the same WCA potential. The only attrac-
tive contribution arises from the interaction between the
reactive monomers.

To model binding, we borrow a functional form pro-
posed by Stillinger and Weber [2] in their model for Sil-
icon. The corresponding interaction potential Vbind(R)
is

Vbind(r) = Aεb

[
B
(σs
r

)4

− 1

]
eσs/(r−rc) (S3)

where σs = 1.05σ, rc = 1.68σ, B = 0.41, A = 8.97.
The coefficient εb modulates the strength of the bind-
ing attraction. Vbind goes continuously to zero as r ap-
proaches rc. In what follows, the attractive potential acts
only between reactive monomers of the same type.

To enforce the single-bond per reactive monomer con-
dition we implement a repulsive three body interaction
V3b which penalizes the formation of triplets of bonded
monomers [3]. In addition, V3b is designed to almost ex-
actly compensate the gain associated to the formation of
a second bond, originating an almost flat energy hyper-
surface which favours bond swapping even in the presence
of pair attraction energies much larger than the thermal
energy. The V3b interaction potential reads

V3b(rij , rik) = 0.9εb
∑

ijk

V3(rij)V3(rik) (S4)

where the sum runs over all triplets of bonded particles
(monomer i bonded both with k and j). rij is the dis-
tance between particle i and j. The pair potential V3(r)
is defined in terms of the normalized Vbind(r) as

V3(r) =

{
1 r ≤ rmin
−Vbind(r)

εb
, rmin ≤ r ≤ rc

}
(S5)

where rmin is the distance at which Vbind(r) has a min-
imum. We note on passing that no additional computa-
tional resources are requested to calculate V3b(rij , rik),
since the latter is defined in terms of previously calcu-
lated quantities. We also note that differently from the
Stillinger-Weber potential [2], which favours the forma-
tion of a tetrahedral ordering via an angular dependence,
here the three-body potential does not depend on rjk.

Fig. S1 shows the shape of VWCA (Eq. S1), Vbind(r)
(Eq. S3), and V3(r) (Eq.S5).
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FIG. S1. The different potentials acting between non-bonded
monomers.

C. Numerical Details: Effective potential
calculations

We have calculated the effective potential performing
simulations of two identical polymers at kBT = 1 for
12 < εb < 17 constrained by a harmonic potential acting
on the relative distance R between their centres of mass
R ≡ |~rCM1 − ~rCM2 | and centred around R0,

Vumbrella(R) =
1

2
K(R−R0)2 (S6)

We have explored 15 different R0 values, spaced from
R0 = σ to R0 = 30σ. For each simulation i we have
computed the probability distribution P (R) that the two
centres of mass are at a distance R.

From P (R) the effective potential βVeff(R) can be es-
timated as

βVeff(R) ∼ − ln

(
P (R)

R2
eβVumbrella(R)

)
(S7)

We extract from the simulation the configurations in
which all possible bonds are formed. Only these con-
figurations are included in the statistical average. The
top panel of Figure S2 shows how the bonding pattern
evolves during a simulation for the R = 10σ window of
the AAAA polymer: the number of bonds fluctuate and
fully-bonded configurations are obtained repeatedly. By
extracting the fully-bonded configurations it is possible
to follow the time evolution of the inter-polymers bonds
(green dots), in fully bonded states. Similar results are
obtained for all investigated center of mass distances and
for all polymer models.

The bottom panel of Figure S2 shows the bond au-
tocorrelation function, defined as the probability that a
bond that is present at t = 0 also exists, without ever be-
ing broken, at a later time t, as computed for selected um-
brella sampling windows in the whole range of explored
chain-chain separations for the ABCD system, which is
the system with the slowest convergence rate of all the
systems. For all explored windows, the probability that

a bond exists uninterruptedly for ≈ 8 × 106 σ
√
m/ε is

always less than 10−7. We note that our simulations run
for at least four times longer than the time range shown
here, meaning that the system is able to completely for-
get about its initial bonding pattern several times during
the course of the simulation.
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FIG. S2. Top: Time dependence of the total number of bonds
(intra and inter) and of the intra bonds for two AAAA poly-
mers fixed at center of mass distance 10 σ when βεb = 13.
The left panel is a zoom-in of the right panel that highlights
the evolution of the time series. Bottom: The bond autocor-
relation function for the ABCD system for selected umbrella
sampling windows. Note that the overall length of the sim-
ulations is roughly four times longer than the time interval
shown here (≈ 3.2 × 107 σ

√
m/ε).

For each of the three models we evaluated two effective
interactions: the full potential, Veff(R), and the potential
between polymers that can bind only intramolecularly,
V intra

eff (R). In this latter case the calculated potential
provides a measure of the repulsive excluded volume con-
tribution. The difference Veff(R) − V intra

eff (R) provides a
measure of the entropic attraction between the two poly-
mers. This entropic contribution is the sum of the com-
binatorial and conformational terms.

Result from different simulations have been combined to-
gether with the WHAM method [4].
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D. Numerical Details: Equation of state
calculations

For the (AAAA)6, (ABAB)6 and (ABCD)6 models we
have run bulk molecular dynamics simulations at con-
stant volume V , temperature T and number of polymers
Nc. We use a velocity Verlet integrator with time step
δt = 0.003 in units of σ

√
m/ε, where m is the mass of

a monomer, and a Andersen-like thermostat [5]. We fix
kBT = 1, Nc = 100 and vary V to compute the equation
of state in the required density range.

E. Numerical Details: Direct coexistence
calculations

We have also performed direct-coexistence molecular
dynamics simulations in which we use an elongated box
size along the x axis containing Nc = 200 chains. We use
the same simulation parameters of Section S1 D.

Since each reactive monomer can be involved in a single
bond only, the maximum number of bonds that can be
formed is given by Nmax

b = 24Nc/2. We define pb =
Nb/N

max
b , where Nb is the number of formed bonds. In

the simulations there are never more than 2 unformed
bonds (i.e. pb > 0.993), so that we can safely assume
that the energy is constant and the only driving force is
entropic.

F. Numerical Details: Hamiltonian integration

We evaluate the entropy difference ∆So→fb between
the open and fully-bonded state for the (AAAA)6 ,
(ABAB)6 and (ABCD)6 SCNP. To do so we run several
simulations of single polymers at 21 equally spaced val-
ues of the binding strength εb ranging from εb = 0, which
corresponds to an open state (identical for all polymers),
to εb = 20, corresponding to a fully bonded state (dif-
ferent for all polymer types). The change in free energy
between the two states is given by

∆Fo→fb =

∫ 20

0

〈
Ub
εb

〉
dεb (S8)

where Ub is the total binding energy of a configura-
tion and 〈·〉 is an ensemble average. Since, by defini-
tion, ∆Fo→fb = ∆Uo→fb − T∆So→fb, where ∆Uo→fb is
the difference in the average total energy between the
two states, the entropy difference between the open and
closed state of a given polymer is

∆So→fb =
∆Uo→fb −∆Fo→fb

T
. (S9)

Figure S3 shows
〈
Ub

εb

〉
and ∆So→fb for the three poly-

mer models investigated in the main text.
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FIG. S3. The integrand of Eq. S8 as a function of the two-
body interaction strength εb for the three polymer models
studied in the main text. The inset shows the resulting en-
tropy difference computed through Eq. S9.

S2. ADDITIONAL POLYMERS

A. Varying the spacing between the reactive sites

We evaluate here the effect of the spacing between re-
active sites by comparing the same three polymers stud-
ied in the article with three additional polymers with
the very same number of reactive sites (24), but spaced
by M = 20 inert monomers (instead of M = 10).
The total length of these additional three polymers is
thus Nm = 484 monomers (24 reactive and 460 inert
monomers M). The gyration radius of the three new poly-
mers is reported in Table S2.

Figure S4 shows that, when plotted as a function of
R/Rg, the number of inter-polymer bonds, the only-intra
potential and the effective potential, are seemingly inde-
pendent (or weakly dependent) of M .

Data on irreversible single-chain nanoparticles show
that the scaling exponents of irreversible fully-flexible
SCNPs are those of Gaussian chains [6, 7]. Figure S5
shows that this is the case also for fully-bonded, reversible
SCNPs, as the dependence of the radius of gyration of
both AAAA and ABAB polymers on M is compatible
with an exponent 0.5. Data of Ref. [6] also shows that
the gyration radius of the loops (which is related to the
entropic cost of forming a loop) scales with M with ap-
parent exponents that depend on the loop size. As a
result, understanding the reason for the weak M depen-
dence is not straightforward and simple scaling (mean-
field-like) arguments like those of Ref. [8] need a finer
tuning.

Regardless of its origin, the consequence on the ther-
modynamics of this scaling can be stated by saying that
the phase diagram, expressed as a function of the tem-
perature and of the scaled density ρRg, should be inde-
pendent on the length of the polymer at fixed number
of reactive sites. The number of spacing monomers is
thus irrelevant. This consideration also indicates that
the (AAAA)6 polymers will never phase separate, inde-
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Name Sequence R2
g/σ

2

(AAAA)6 (M=20) (AM20)23A 161
(ABAB)6 (M=20) (AM20BM20)11AM20B 110
(ABCD)6 (M=20) (AM20BM20CM20DM20)5AM20BM20CM20D 108
(AAAA)3 (M=20) (AM20)11A 85
(ABAB)3 (M=20) (AM20BM20)5AM20B 60

TABLE S2. The three polymers with larger spacing between the reactive sites.
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FIG. S5. The gyration radius of single AAAA and ABAB
polymers as a function of M .

pendently from the number of spacing monomers, as pre-
dicted by Semenov and Rubinstein [8].

B. Varying the degree of polymerization

We evaluate here the effect of the degree of polymeriza-
tion at fixed number of spacing inert monomers (M = 20)
on changing the number of repeating units (and hence of
the reactive monomers). Specifically, polymers are con-
stituted by 12 reactive units, for the AAAA and ABAB
cases. The gyration radius of the two new polymers is
also reported in Table S2. Fig. S6 compares the num-
ber of inter polymer bonds for polymers with 12 and 24
reactive sites with the same number of inert monomers.
Differently from the previous case, when distances are
scaled by Rg, the number of reactive site within Rg is
halved. Hence, the shorter polymer has a lower prob-
ability to form inter-particle bonds, as reflected in the
figure.

S3. CONFORMATIONAL AND
COMBINATORIAL ENTROPIES

Figure S7 provides visual representations of the en-
tropic contributions due to conformational and combi-
natorial entropies. Note that for the latter in general
the different bonding patterns (see Figure S7(b)) also
have different conformational contributions, since they
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FIG. S7. Sketches providing visual representations of some
of the different entropic contributions that play a role in the
thermodynamics of fully-bonded SCNPs. Chains are drawn
as black lines decorated with red spheres, representing the
reactive monomers. The grey lines indicate possible differ-
ent local configurations, one of which is highlighted in black.
(a) Closing a loop costs conformational entropy, since the ad-
ditional constraint greatly limits the available chain config-
urations (black and shaded curves). (b) In the fully-bonded
limit, when sites belonging to different chains come in contact
there are multiple ways of satisfying all the bonds (here shown
with dotted lines). If we focus on the four attractive sites in
the middle of the picture we see that there is only one pos-
sible way of forming intra-molecular bonds (blue lines), but
two ways of forming inter-molecular bonds (green and yellow
lines), which are thus favoured from a purely combinatorial
point of view.

are composed by different numbers of inter and intra-
molecular bonds. In the next section we explicitly com-
pute the combinatorial entropy of a system composed of
two polymers decorated with reactive monomers that can
form both intra- and inter-molecular bonds, with the cru-

cial assumption that all bonds have the same statistical
weight. For chain polymers this is a strong approxima-
tion (see e.g. Ref. [9]), but the derivation below can be
nonetheless a useful starting point for a more rigorous
approach.

S4. EVALUATING THE COMBINATORIAL
ENTROPY IN A SIMPLE SYSTEM

Assume that two polymers are at a distance compatible
for inter-polymer binding and that at this distance there
are 2N reactive monomers available to form N bonds.
Assume that the first N reactive monomers belong to
the first polymer and that the second half belong to the
second polymer. The total number of different bond-
ing patterns is (2N − 1)!! (where !! indicates the double
factorial), since the first picked reactive monomer can
bind with 2N − 1 other, the second picked can bind with
2N − 3 and so on. We note that the number of states
with only intra-bonds (zero inter bonds) is simply given
by [(N −1)!!]2, since the first reactive monomer can bind
only to N − 1 others and so on, generating a (N − 1)!!
contribution for each of the two polymers.

Thus two polymers allowed to form inter-polymer
bonds are stabilized, compared to two isolated polymers
in which only intra-bonds are possibile by an entropic
factor [10]

∆Scomb

kB
= ln

[
(2N − 1)!!

[(N − 1)!!]2

]
(S10)

If reactive monomers of different type are present, as
in the ABAB and in the ABCD SCNP, the entropic dif-
ference can be generalized as

∆Scomb

kB
=

mt∑

α=1

ln

[
(2Nα − 1)!!

[Nα − 1)!!]2

]
(S11)

where now Nα indicates the number of reactive sites of
type α, mt is the number of types and N =

∑
αNα.

Fig. S8 shows the resulting contribution of the combina-
torial entropy Scomb vs N for the three different polymer
topologies. ∆Scomb shows somewhat surprisingly a very
weak dependence on topology, with a slight preference for
AAAA over ABAB and ABCD within a fraction of kB .
If ∆Scomb were the only contribution, bonding would be
just a little bit stronger for the AAAA polymer.

The limit for large N is particularly simple. It can be
demonstrated by noting that the expression in Eq.(S10)
can be recast by using the relations

(2N − 1)!! =
(2N)!

2NN !

and

(N − 1)!! =
N !

2N/2(N/2)!
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FIG. S8. Combinatorial entropic gain associated to inter-
polymer binding for the three polymer configurations. All
polymers are characterized by comparable entropies.

so that

(2N − 1)!!

[(N − 1)!!]2
=

(2N)!

N !N !

(N/2)!(N/2)!

N !
=

(
2N
N

)
(
N
N/2

) .

We now note that
(

2N

N

)
=

2(2N − 1)

N

(
2(N − 1)

N − 1

)
.

By applying this relation N/2 times we find

(
2N

N

)
= 2N/2

N/2−1∏

i=0

2(N − i)− 1

N − i

(
N

N/2

)

and therefore

(2N(R)− 1)!!

[(N(R)− 1)!!]2
= 2N/2

N/2−1∏

i=0

2(N − i)− 1

N − i

= 2N/2
N/2−1∏

i=0

2

(
1− 1

2(N − i)

)
= 2N

N/2−1∏

i=0

(
1− 1

2(N − i)

)
.

The combinatorial entropy (Eq. S10) thus can be equiv-
alently rewritten as

∆Scomb

kB
= N log 2 +

N/2−1∑

i=0

log

(
1− 1

2(N − i)

)
.

We can derive a simpler (approximated) expression if N

is large. Indeed, in this limit log
(

1− 1
2(N−i)

)
≈ − 1

2(N−i)
and therefore

N/2−1∑

i=0

log

(
1− 1

2(N − i)

)
≈ −1

2

N/2−1∑

i=0

1

N − i

≈ −1

2

∫ N

N/2

dx

x
= −1

2
log 2

so that we find

∆Scomb

kB
≈ (N − 0.5) log 2, (S12)

simply indicating that each reactive monomer, if part of
an intra bond, select half of the possible bonding possi-
bilities.

In the general case of mt 6= 1 the latter expression
becomes

∆Scomb

kB
≈ (N − 0.5mt) log 2 ≈ N log 2.

In other words, in the large-N limit the combinatorial
entropic attraction ∆Scomb/kB does not depend on the
types of reactive monomers decorating the polymer chain
but only on their total number.
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