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1 Introduction

Solitons are local minima of the static energy functional of a field theory. Each individual
soliton of a given class is labeled by a set of coordinates that describe its collective degrees of
freedom e.g. its position and orientation in space. When they are quantized, they generate
a Hilbert space that can be decomposed into irreducible representations of the Galileo
group and of the internal symmetry group of the theory. Hence, in the low-energy limit,
soliton states behave as one-particle states. Furthermore, when fermions are coupled to
the constituent fields of a soliton, the soliton may acquire a fermion number, which may be
non-integer and whose fractional part can be computed perturbatively. Several solitonic
field configurations have been studied in the literature. Some of them are protected by
a topological conservation law, that forbids their decay into the perturbative vacuum,
both at the classical and at the quantum level. One of the field configurations that enjoy
topological protection is the Skyrmion, a soliton of the chiral Lagrangian theory that was
found [1] in an attempt to formulate a unified theory of mesons and baryons before the
quark model was available. The Skyrme model was then revived starting in ref. [2], with
a work aimed to study their quantum properties. It was found that the predictions of the
Skyrme model agree in general with about a 30% or better accuracy with the experimental
data on baryons. Not all solitons have topological quantum numbers to protect them
against decay. Some of them are just metastable states.

The electroweak Skyrmion (EWS) is a Skyrmion in the Weinberg-Salam electroweak
(EW) theory that appeared in the literature for the first time in ref. [3]. The authors
assumed the presence of a new non-renormalizable term, that must be added to the elec-
troweak Lagrangian in order to stabilize the topologically nontrivial solutions. Two years
later, two articles, [4] and [5], studied numerically this possibility. The existence of multi-
Skyrmion solutions was studied in ref. [6], and the classical process of production and
destruction of EWSs was studied numerically in ref. [7]. All these works made the simpli-
fying assumptions of a non-dynamical Higgs scalar and of a decoupled hypercharge field.
The topic was revived recently in ref. [8], where the authors performed a numerical study,
relaxing the assumption of a frozen Higgs. They found the region of the parameter space
that allows for the existence of the EWS, deriving an upper bound of approximately 8 TeV
for its mass, and they noted how the production and destruction of these states are (B+ L)-
violating processes. Other papers on the subject appeared [9-13], discussing in particular
the possibility of the EWS as a dark matter constituent.

The present work has the aim to progress along these lines by studying some classical
and quantum properties of the EWS. In particular, we find that the mass of the EWS
previously found in the literature with a dynamical Higgs field was overestimated by an
order of magnitude. We determine the rotational and vibrational modes of the EWS and
use this to argue, together with arguments on its topology and parity, that the EWS
is a spin-zero boson in its ground state. We furthermore find results on its asymptotic
interactions as well as its interactions with fermions. We finally discuss some constraints
from phenomenology, which can basically rule out the EWS in the semiclassical regime of
parameter space.



It is organized with the following structure. In section 2, we review the EWS with
dynamical Higgs and present our new numerical results. In section 3, we construct a Hilbert
space for the collective degrees of freedom of the Skyrmion, and find its spin, statistics and
other quantum numbers. In section 4, we compute perturbatively the lepton number of the
soliton. In section 5, we find an expression for the long-distance interaction between two
EWSs in the semiclassical approximation. In section 6, some phenomenological aspects
and the EWS as a dark matter candidate are discussed. We conclude in section 7 with
a discussion. We have delegated details about the breather (or oscillon) to appendix A,
the asymptotic interaction potential to appendix B and the asymptotics of the fields to
appendix C.

2 The electroweak Skyrme model

The electroweak Skyrmion (EWS) is a soliton solution of the higher-derivative extension
of the electroweak (EW) theory, described by the Lagrangian

Lows = Lew + ¢ tr (D,8){(D,2) — (D,2) (D)), (2.1)

8A
where Lrw is the electroweak theory of Weinberg and Salam with gauge group SU(2), x
U(1)y, which we will briefly review:
1 1 1 A 2\ 2

Low = —55tr WWWW—QQ—,QH B B+ S tr (D, ®)f(D'®)— . (tr((I)TCD) — ) , (2.2)
where the SU(2)r, gauge fields are W, = gWﬁ%, a = 1,2,3, with field strength tensor
Wy = 0,W, — 0,W, —i[W,,W,] and the U(1)y gauge field is B, = g’b#%g, with field
strength tensor B, = 0,8, —0,B,,. The Higgs doublet is parametrized as a 2 x 2 complex
matrix with real determinant

® = (ir2¢" ¢) = (_@T z?) . D,®=0,0—iW,®+iPB, . (2.3)

With this parametrization, the SU(2)r group acts on the Higgs doublet as a left mul-
tiplication and the hypercharge group, is a gauged subgroup of SU(2)g, acts as a right

multiplication
SUQ2):® — L, W, — LW,L" —i9,LL", (2.4)
R 3
U(l)y : ® — e 7 B, — B, + %a,ﬁ, (2.5)

the Higgs sector manifestly enjoys a global SU(2)r, x SU(2) g symmetry, which is commonly
referred to as custodial symmetry. The Higgs doublet can also be parametrized as

v+ h
V2

where h describes the Higgs scalar, while the matrix H describes the would-be Goldstone

b =sH, s = eER, H e SU(2), (2.6)

bosons that originate by spontaneous symmetry breaking. Passing to unitary gauge, one



can eliminate H, the would-be Goldstone bosons, leaving no further gauge freedom. Note
that the parametrization (2.6) is singular whenever s(z) = 0 at any z € RY3, which means
that the unitary gauge is generally ill-defined and fails to capture some non-perturbative
phenomena, e.g. chiral anomalies. The scalar field expectation value causes a spontaneous
symmetry breaking of the total gauge group SU(2)r x U(1)y to its diagonal subgroup
U(1)em, which acts as

. .3 . .3 . .3 . .3 3
U)em : ® — ez de €7 | W, — etz We 7 + %(%6 . (2.7)

The perturbative spectrum consists of the fields'

. : 1 .
A, =sin HwW;f +cos0,B,,, Z, = cos HwW;f —sin 6, B, , Wf = ﬁ (W/} + 1W3) ,
(2.8)
where tanf, = %l is the Weinberg angle. Wﬁ, Wi and Z, acquire a mass mwy =

myz cos by, = %, while the remaining massless gauge boson A, is the gauge field of U(1)em.
The Higgs mass is my = V2 v. The phenomenological values of the dimensionful param-

eters are
my = 80.379 GeV , mp, = 125.1 GeV v =246 GeV . (2.9)

The numerical results in the rest of the paper are all done with these values fixed.

The parametrization ® of the Higgs doublet has the advantage of providing an ex-
tremely simple form of the coupling to a fermion doublet, whose mass matrix is proportional
to the identity

Lieptons = Y10y — y(®Pr + ®TPL)Y, (2.10)
where y(®) = my1s and the transformation laws of the fermions are
LeSU@2)L: Y — Ly, Yr — YR,
. . ) 3 (2.11)
e eU(l)y: ¢r—e %,  r— e Vg,

where Y is the hypercharge.

Now we turn to the analysis of the topological structure of the classical field configu-
ration space of the theory. We restrict to the subspace of static field configurations with
finite energy. The energy functional of the EW part of the theory is

1 1 1
Epw = / d3z {Qtr W + —5tr Bg; + St (Do®)T(Do®) (2.12)
g g

1 1 1 A 2
- @tr W7+ @tr B + St (D;®)(D;®) + 1 (tr(qﬂcb) - ’U2> ] .

From this expression, it is evident that any static field configuration with finite energy

must approach to pure gauge at spatial infinity

7'3 v

3
WN — Wlac = —iHTa'uH, BH .y BYac — 8M5?’ b s P — [ ieT

r—00 r—oo  H r—>00 2
(2.13)

"We use the convention in which an electrically charged elementary field with charge @ transforms as
b e“"‘quS under U(1)em.



The topology of the static field configurations that satisfy these boundary conditions can be
partially classified through the winding number of the H field and with the Chern-Simons
number of the weak gauge field

1
s
1 2i

The winding number ny is generally ill-defined. Due to the singularity of the parametriza-
tion (2.6), which allows H to be discontinuous whenever s(z) = 0. If, however s(z) # 0 ev-
erywhere, ny will be an integer thanks to the boundary conditions (2.34) (i.e. lim, oo H =
15). Instead, ncs is an integer only when W, = iUt9,U, (U € SU(2)) and in this case cor-
responds to the winding number of U. nyg and ncg are not gauge invariant. Under gauge
transformations with winding number N, they transform as ngy — ng+N, ngs — ncs+N.
Nevertheless, they can be used to construct the gauge invariant quantity n = ng — ncs,
which elegantly can be written as

1 3
n= -5 5Cijk /d% tr (HTDZ-H H'D;H H'DH + ;HTWijDkH> : (2.16)

For the classical vacuum field configurations given in eq. (2.13), ncs = nyg = w(H).
Topologically distinct vacua are separated by energy barriers, whose points of minimal
height are unstable field configurations called sphalerons [14]. In this paper, we will use a
“modified Chern-Simons” number [5, 8]:

1 .
nw = _2471'2 /d3$ sijktr(ﬂ/VinWk) N (217)

which converges to the Chern-Simons number ncg for pure gauge configurations.

2.1 The Skyrme term

The addition of the Skyrme term to the electroweak Lagrangian has the aim to stabilize the
Skyrmion in the limit in which the Higgs field and the weak gauge fields are frozen. In this
subsection, we show that the Skyrme term contains (almost) the only effective operators
among those of dimension six and eight, that, at least in principle, meet this requirement.
The operator we are looking for:

i) must not disappear in the limit g — 0, when the gauge fields are pure gauge,
ii) must not disappear in the limit mj; — oo, when the Higgs doublet is frozen,

iii) must scale at least as 4 with o < 3 under dilatations in order to circumvent Derrick’s
theorem.

At low energies, the physics beyond the Standard Model can be integrated out and its effects
can be embedded in a momentum expansion in terms of non-renormalizable operators
depending on the Standard Model fields

d=6
G

A2

d=8
L=Lov+ Y og=6+zcjvog=8+-.. (2.18)



Qow | (STOWELWE || Qw | can Wi WP
i | (@l i | Ea W W W
Qo <¢*¢>BWBW Qs | (¢10)?
o5 | (670)B Qoo | (#le)0(e10)
Qowr | (677 )W“ B* || Qpp | (¢"D"9)*(¢'Dyd)
Quivy | (817°0) W5, B 1

Table 1. Dimension-6 operators in the SMEFT Lagrangian involving electroweak fields.

Qus | (010)* QY | (Duo! Dye)(D¥ ¢! D)
QY | (#16)2(Dyug Do) QY | (Duo' Do) (Dot DY)
Q% | (910)(efre0)(Dust Do) | Q) | (D46t Dug)(D*61D,g)

Table 2. Dimension-8 operators in the SMEFT Lagrangian involving electroweak fields.

There are two inequivalent ways of writing this series [15]. It can be expressed using the
whole Higgs doublet ¢ (see eq. (2.3)) as a building block, which leads to the Standard
Model Effective Field Theory (SMEFT), or it can be expressed treating h and H (see
eq. (2.6)) as unrelated fields, which leads to the Higgs Effective Field Theory (HEFT). In
the rest of this work, we will adopt a SMEFT-based approach. Let us first look at the
operators of dimension six, in the basis of ref. [16]: These operators cannot stabilize the
Skyrmion. All the operators that contain a field strength tensor vanish when the fields are
pure gauge. The remaining operators can be excluded due to Derrick’s theorem.

We are forced to search for a suitable extension among the dimension-8 operators;
the following table presents the operators that do not involve field strength tensors: As a
consequence of Derrick’s theorem, the only operators that can stabilize the Skyrmion are
Q((;l), Qfﬁ and Qgi). The Skyrme term (2.1) corresponds to the particular combination of
operators:

1, «a 2 3
OSk = 5(@5{)4) + Q((;54) - 2@51)4)) . (2‘19)

Custodial symmetry is satisfied as long as the coefficients of Q((;l) and Q((;) are equal.
In principle, by choosing different coefficients of the three operators, or by adding other
operators of dimensions six and eight, it is still possible to obtain a stable soliton, and it is
expected that these operators give non-negligible contributions to the EWS computation.
These possibilities have been studied in ref. [13], in the HEFT context, but will not be
taken into account in the present work. Our choice has the advantage of yielding equations
of motion that are linear in second-derivatives of the fields, as pointed out in ref. [2]. We
will not discuss the origin of the Skyrme term, which can be the low-energy counterpart
of a variety of renormalizable extensions of the Standard Model [8], in particular of those
including massive fermions [17-19].



2.2 The electroweak Skyrmion solution

The Ansatz for the weak gauge field configuration is chosen to be spherically symmetric?

WZ(X) = g% gaij@j flir) 4 ((5z’a — -@i-ﬁa>.f127('r) + ,@ii'ab(:) , W()(X) =0. (2.20)

Field configurations of this kind have the nice property of being invariant under combined
global SU(2)r, and spatial SO(3) transformations

WP (x) = D;;W;(Dx) = AWi(x)AT, D e SO@3), AecSU(?2) (2.21)

The Higgs field configuration is chosen to be of the form

1y, (2.22)

which is invariant under spatial rotations and under SU(2)giag C SU(2)1, x SU(2)R trans-
formations. Therefore, in this gauge the solution has zero Higgs winding number, and is
characterized by its Chern-Simons number only.

We briefly review some previous results on this topic. The solutions have been studied
in the literature in the limit where the Higgs field [4, 5, 7] or the gauge fields [10] are frozen.
When both limits are taken (¢ — 0,m; — c0), the Lagrangian takes the form

2 4

_v Tram v
L 4tr (OuH)"(0"H) + 391

tr [HT 0, H, H ayH] 2 (2.23)

which is a scaled-up version of the Skyrme Lagrangian with massless mesons. In this
reduced model, the Skyrmion mass would be
3 5
v 10° GeV
M, ~22T N 2.24
EWS A2 T (A/100 GeV)2 (224)
and its lifetime infinite. In ref. [5] the authors work under assumption of non-dynamical
Higgs and dynamical gauge fields (g # 0, mj, — 00). The results are expressed as a function
of the dimensionless parameter £ = 942%. It was found that the Skyrmion has a mass [5]

Cait ~ 10,  Aerp ~ 250 GeV,  Mpws ~ 15 TeV . (2.25)

where &.it and Aqie are the lowest values of the parameter £ and A for which the EWS
is classically stable (see section 2.5 for a more detailed discussion). In ref. [8] the EWS
is studied using the most general assumptions of dynamical Higgs and gauge fields (g #
0, mp, # 00). The shape of the Skyrmion was obtained as a function of the modified Chern-
Simons number ny of the field configuration at fixed A, by introducing the Lagrange
multiplier A and minimizing the functional:

Ex=E - Xnw —n{}9) . (2.26)

2Minimizing over the field configurations of this form yields a true minimum of the potential thanks to
the principle of symmetric criticality [20].



In this way, one can obtain the energy of the EWS (if the solution exists) as a function
of A in parameter space, and of ny in field configuration space. In ref. [8] the Skyrmion

mass and radius relations were obtained:

43 v

and the mass is minimized quite close to, but not exactly at ny, = 1. All current literature

(2.27)

considers the U(1)y fields decoupled (¢’ = 0, B, = 0) at the zeroth order of the semiclassical
approximation. This assumption is reasonable as long as ¢’ < g, which is true in nature
as sin? Oy ~ 0.223.

2.3 Numerical results

The shape of the EWS can be determined by minimizing the integral obtained by sub-
stituting the spherically symmetric Ansatz (2.20) into the static energy functional of the
theory (2.1). Thanks to spherical symmetry, the resulting integral is one dimensional, and
the integrand is a polynomial in fi(r), fo(r), b(r), o(r) and their first derivatives:

43
F= A2 Ena‘m (228)
with the dimensionless energy functional?
b\? b\? 2 2
Erat = /dT{Oé [(f{ - 2f2r) + <f§ +(2f1 - l)r) +t3 <f12 +f5 - f1) ]

2

™ N2 2 [ 2 2 b 2/ 2 2
+E(O') +o <f1 +f2+2>+5r (6 —1)
o i+
+ (4 B)ot |02+ T (v ) | (2:29)

where we have performed the rescaling [8] of the radial coordinate by r — {»r and the
fields by (f1, f2,b) — %(fl, f2,b) and we have defined

A4 m%v2
= mz P= g (2.30)

Note that in this functional there are no derivatives of b, which therefore is not a proper
dynamical variable but a Lagrange multiplier and can be solved algebraically

2ra(2fafi + (1 —2f1)f5)

b= . 2.31
20((L— 270 + 47 + 1207 + 2 fF & )0 231
The corresponding Euler-Lagrange equations
1 OF .

" nat .
" _—_ = f; =1,2 2.32
C T 8ra of, 0 TLE (2:32)

1 OFy

4 L=, (2.33)

O T (P22 + f2)o%) o

3We note that there were two typos in the reduced energy in ref. [8], i.e. a factor of o? was missing in
the last term and the sign in front of (2f1 — 1)b/r was opposite in the second term.
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Figure 1. FElectroweak Skyrmion profile functions for different values of A = 100,150,200,
250, 300 GeV, corresponding to the curves from left to right (right to left) in the left (right) figure,
plotted as functions of the log radius rA?/v (r). The modified Chern-Simons charge is localized
where the Higgs field vanishes.

must be solved numerically with the boundary conditions

f1(0) = f1(0) = f2(0) = b(0) = £3(0) = ¥'(0) = 0’(0

0,
fi(o0) = f2(o0) = b(o0) = (o) — :

(2.34)

which ensure the finiteness of the energy and the regularity at the origin.

The modified Chern-Simons number for this configuration in dimensionless coordi-
nates is 5 1

ny = ;/;dr (f2+ . (2.35)

In order to solve the field equations, mathematically we could eliminate b algebraically,
but it turns out not to be the best way for the numerical methods we have utilized. Our
numerical method is the following. We solve the second-order differential equations (2.32)—
(2.33) using the arrested Newton-flow and updating b by its exact solution (2.31) at every
step. The arrested Newton-flow algorithm works by evolving the flow “time” and evaluating
the potential energy FEynat[f1, f2,0] at every step, setting the first flow-time derivative to
zero (fy = fo = ¢ = 0) if Ey. increases. At every step, b is updated using its exact
solution (2.31). We measure the right-hand side of the equations and after they integrate
to a number smaller than 1075, we stop the flow and the numerical solution has been
obtained. Contrary to claims in the literature, we do not need to restrict the fields to a
specific Chern-Simons number if our initial guess is close enough to the correct solution.

In order to define the size or radius of the EWS, we define the following mean-squared
functional

9 Jdr riX
r2 =

= 2.36
Jdr 22X’ ( )

where we can take X to be the energy density X = &£, the Chern-Simons density X = Qw
or simply X = (1 — o).
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Figure 2. Electroweak Skyrmion profile functions (left) and energy densities (right) for A =
200 GeV.
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Figure 3. Mass (left) and radius (right) in GeV (GeV ~!) for the different EWSs of figure 1. Three
different definitions of the radius are shown, where eq. (2.36) is used with the energy density, the

modified Chern-Simons density and (1 — )2, respectively.

We now present our numerical results. In figure 1 we show the profile functions fi,
f2, b, and o for various values of A in the range A € [100,300] GeV. The smaller A is,
the smaller is the size of the solution in dimensionless coordinates. This is an artifact of
the dimensionless units, because in physical units when restoring v/A?, the solutions do
shrink as A is increased. In figure 2(a) the profile functions are shown in a non-log scale
plot for A = 200 GeV, whereas in figure 2(b) the corresponding energy density is shown.
In figure 3(a), the energy of the EWS is shown in GeV as a function of A. The energy or
mass of the EWS clearly decreases as A increases, as one would expect.

In figure 3(b), the radius of the EWS is shown in fm according to various definitions of
the density used as a measure and for the range of A used for the solutions in figure 1. The
radius of the EWS lies in the 1073-10~* fm range and shrinks as the scale A is increased.
We can also see that the energy density is about an order of magnitude more extended than
the modified Chern-Simons density; this is largely due to the tail of the Higgs field. Ap-
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Figure 4. (a) Modified Chern-Simons number (2.35) for the solutions of figure 1. They are so
close to one for the entire range of A, that we cannot determine whether they are not exactly equal
to one from their numerical error. (b) Energy of the YM tensor in GeV for the same solutions.

proximate relations of the energy and radius obtained with the energy density as functions
of A and v are given by

A A3
M= (0'0130+ 16.9 TeV) A2
A A? v
~  —0.0749 - 2 2.37
= ( T30Gy (513 GeV)2> A2 (2:37)

Finally, in figure 4(a) we show the modified Chern-Simons number (2.35) for the solutions
of figure 1. This number is always very close to one. Since the number is so close to unity,
we cannot determine whether it is smaller than one or that is simply the numerical error
of the solution. In figure 4(b), we display the energy of the YM field strength tensor,
which can be seen to be four orders of magnitude smaller than the mass of the EWS for
A > 150 GeV. This means that the gauge field W; is very close to being pure gauge, which
explains why nyy is so close to unity.

We find here that in ref. [8] both the mass and the radius are overestimated by more
than an order of magnitude, probably due to the numerical method utilized in that work.

2.4 Quantum and higher-derivative corrections

An important comment in store is about quantum corrections. In figure 3(a), we notice
that around A ~ 200 GeV, the mass of the EWS becomes of the order of the Higgs mass,
and thus of the scale of the most massive perturbative particle. We can thus say that at
this scale there is a threshold for the soliton transitioning from a (semi-)classical object
to a quantum soliton. Another way to infer this is to estimate when the Compton wave
length of the soliton Acompton ~ ﬁ becomes of the same order of the soliton size. Using
the relations (2.37) we have +; ~ R for A ~ 130 GeV.

The Lagrangian (2.1) defines an effective field theory with a physical cutoff A. In order
for our treatment to be consistent, we need to have R > 1. The r, notion in figure 3(b),

~10 -



which is the most adequate to compare higher-derivative corrections, is consistently of the
same order of % Therefore, we must conclude that for these values of A, a fully consistent
treatment of the EWS requires a more detailed knowledge of the UV completion of the
SMEFT Lagrangian. This is very similar to what happens for the Skyrmion in QCD with
higher-derivative corrections. Corrections are expected to be important and of order one,
but still under control.

2.5 Stability of the EWS

A soliton is classically stable if it is a local minimum of the energy in field configuration
space. The classical stability of the EWS depends on the value of the parameter A. We
briefly review the previous results on this topic. As we already observed, in the limit
g — 0,mp — oo, the EWS corresponds to a rescaled version of the QCD Skyrmion,
and hence is completely stable. In ref. [5], under the assumption of non-dynamical Higgs
(g # 0,mp — 00) the classical stability criterion of the Skyrmion is found to be

£ 2> &ait 21035, M 15 TeV . (2.38)

4N
s
classically stable solutions exist only for A > A =~ 90 GeV, which leads to the following

where & = On the other hand, using a dynamical Higgs field, ref. [8] found that
upper bound on the mass
M <8 TeV . (2.39)

The decay of the EWS can also happen through quantum effects: if the EWS has
no topological quantum number (which is the case) it can decay by tunneling through
the barrier that separates it from the perturbative vacuum. There are at least two decay
channels. Let us consider for simplicity a solitonic field configuration with (ny,ng) ~
(1,0). We have the following possibilities

o The EWS can tunnel to the vacuum with (nw,ng)vac = (0,0) with a change of the
(modified) Chern-Simons number only.

o The EWS can tunnel to the vacuum with (ny,ng)vac = (1,1) with a change of the
Higgs winding number only.

These two processes are not equivalent, and, in general, happen at different rates. This
can be seen by taking the limit, mj; — 0o, in which the Higgs field is frozen at its vacuum
expectation value: if we increase my, the fluctuations of the Higgs field are more and more
suppressed, and the energy barrier between two field configurations that differ by one unit
of ny only becomes higher and higher. When my, is infinite, ny becomes a topological
invariant and the above-mentioned energy barrier becomes infinite, making tunneling in
that direction impossible. An estimate of the decay rate of the EWS has been made in
ref. [21] under the assumption of a frozen Higgs field. As the discussion above implies, this
estimate completely misses decay processes of the second kind. The dynamical Higgs has
two competing effects on the stability of the EWS. On one hand it lowers its mass rendering
it more stable. On the other hand it opens new decay possibilities, in other words it lowers

- 11 -
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Figure 5. Dimensionless energy of EWS as a function of the modified Chern-Simons number (ny )
for A = 200 GeV. The black dots represent solutions calculated with the EOM for the constrained
problem, whereas the red curve is taken from ref. [8].

also the potential barrier. To compute this properly, at least in the semiclassical limit, it
is necessary to find the bounce solution.

In order to make an estimate, we attempt to flow the solution in field configuration
space from (nw,ng) ~ (1,0) to (nw,ng) ~ (0,0), since this is the simplest and possible
by utilizing the additional Lagrange multiplier term (2.26) and changing the Chern-Simons
number from unity to zero. This flow of solutions will estimate the height of the barrier
of one of the decay modes, which we estimate to be around 2 TeV, see figure 5. We note

that our flow solution became difficult to follow for ny < 0.55; since the region in field

configuration space 0.6 < ny < 0.9 our results are quite similar to those of ref. [8], their
barrier height is most likely correct. Since ~ 2 TeV > 0.117 TeV, with the latter being our
result for the EWS mass at A = 200 GeV, we can utilize the instanton approximation for

the bound for estimating the lifetime of the EWS [21]:

1672
T Myle @ ~32x10%s . (2.40)

Notice that the approximate agreement between our results and those of ref. [8] stops to
hold for 0.95 < ny < 1, where the solution decreases significantly in energy. For a more
accurate estimate of the lifetime of the EWS, it is necessary to find a bounce solution that
can describe the unwinding of both the Higgs field and the gauge fields. We propose the
spherically symmetric Ansatz

Wi(x,7) = Efmj'@jm + (0ia — i‘ii'a)M T iy b(r, 7)
! v " (2.41)
We(x,7) = Zafo(r, 7). O(z) = [o(r,7)1a 4+ 7Bo(r,T)] ,

V2
where 7 in the profile functions is Euclidean time. The Euclidean equations of motion must
be solved with the usual boundary conditions of a bounce. Notice that the parametrization

of the Higgs field is nonsingular, which allows this solution to describe the two decay
channels mentioned above.
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We now make an estimate of the height of the sphaleron barrier with a different method.
We note that if the Higgs field vanishes, the gauge field configuration — if pure gauge —
is both scale invariant and deformable to a configuration with vanishing winding number.
While a scale transformation, i.e. r — pr, does not change the winding number, a de-
formation f; — pfi with fo = /f1(1 — f1) (from eq. (2.29)) and b given by eq. (2.31)
with ¢ = 0 can change the winding number to zero. We assume here that the gauge field
configuration that we have found is so close to pure gauge, that we can assume that the
latter deformation holds, and we only need to disentangle the tails from the Higgs field to
be able to unwind the Skyrmion. We push the Higgs field to be zero for r € [0, 0.1] for the
A = 200 GeV configuration, and determine the energy of this deformation

2

' r
Elll{attggs’ deform _ /dr lQ(OJ)Q + Bri(c? — 1)?], 0(rmin) = 0 (Pmin) =0,  7Tmin = 0.1 .
(2.42)
We find Egtggs’ deform 0.1491, which corresponds to 698 GeV in physical units. This

value is somewhat smaller than the estimate made with the equations of motion shown
in figure 5, but we are here neglecting the fact that the gauge fields are not exactly pure
gauge. We thus believe that the estimate ~ 2 TeV is quite reasonable.

3 Quantization of collective coordinates

The collective coordinates of the EWSs can be quantized following the procedure outlined
in refs. [22, 23] step-by-step, and using the property (2.21).

3.1 Rotations and isorotations

The rotational collective coordinates of the EWS correspond to the symmetries broken by
the soliton and unbroken by the vacuum. This symmetry group consists of the spatial rota-
tions and of the diagonal isospin. These transformations act on W; according to eq. (2.21),
and leave ® invariant. If A,L € SU(2) are the matrices that parametrize rotations and
diagonal isorotations respectively, the Lagrangian for the corresponding collective degrees
of freedom is

8’

. -I— .
LI‘Ot = —E() + A tr [(LA) (LA)} 5 A= W

oo
/0 ar (22 4203400 . (31)
where FEj is the classical energy of the EWS and A is the moment of inertia and the
coordinates and fields have been rescaled as in section 2.3.
In figure 6 we show the moment of inertia of the EWS for the solutions of figure 1.
Like the size of the EWS, it shrinks as A is increased. An approximate relation for moment
of inertia as a function of v and A is given by

v3

=)
14.08GeV ) m¥, A2

A~ <26.88 + (3.2)

This Lagrangian describes a (0 + 1)-dimensional gauge theory with local symmetry A —
UYA, L — LU, where U € SU(2) is time dependent. We can use this gauge freedom to
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Figure 6. Moment of inertia, A, of eq. (3.1) for the solutions of figure 1.

impose the condition L = 15. In this way, our Lagrangian further simplifies to
Lot = —Eo + Mr(ATA) . (3.3)

The quantization of a scalar field on a 3-sphere is well known [2, 23] for the spherically sym-

metric problem of the single Skyrmion. The generators of rotation and weak isorotations
can be constructed as

I, =i\ tI“(AATTa), Jy = —iX tr(ATATa) , (3.4)

which are su(2) algebra-valued, mutually commute and identically satisfy I? = J2. Canon-
ical quantization yields the rotational Hamiltonian

I? I(I+1)
Houiu=FE+-—=FE+ —= .
rot o+ I\ o+ 2\ ; (3 5)
where the eigenvalue of the squared operator of weak isospin is I(I + 1).

3.2 Breather mode

Although technically it is not a collective coordinate, we also quantize the breather mode.
We define a scale transformation as follows

Wi(x) — nWi(nx),  @(x) — @(nx), (3.6)

where 7 is a time-dependent quantity that parametrizes the transformation. Note that,
according to this transformation law, spatial components of covariant derivatives scale as

D;®(z) — nD;®(nz) . (3.7)

In order to have Dy®(z) — nDy®(nx), we must also let Wy acquire a spherically sym-
metric nontrivial value, that we parametrize as

Wo(x) = ng (nr) ﬁa% : (3.8)
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Figure 7. The breather frequency, w. (in GeV) for the solutions of figure 1.

We now plug the transformed fields into the action (2.1), which yields a kinetic part due
to n = n(t) and the potential part of the action pics up both positive and negative powers
of n.

First we need to determine the new profile function &, which turns out to be exactly
solved by £ = b, with b given by the solution (2.31) in terms of fi, fo and o. Next we
can determine the characteristic frequency of oscillations, which is the breather mode.
Expanding in small perturbations e = 1 — 1, we obtain the breather frequency

2Bnat + 120nat
We= 4| ———, 3.9
¢ \/Dl,nat + DQ,nat ( )
with the functionals
o) 7,2 b2
Bnat:/ dr [(U,)2+02 <f12+f22+> )
0 2 2
Cnat = / dr BTQ(UQ - 1>27
0
00 2b 2 b 2
D1 nat = / ?”er{%é[ (f{ - rfz) + (fé +(2f1 — l)r) }
0
2 2\ 2 N2 o? 2
+2(f1 —|—f2)0 (J) +T2b )
Doyt = / P2dr (17(0')? + 10?) (3.10)
0

For further details on this derivation, see appendix A.

Figure 7 shows the breather frequency for the solutions of figure 1 in GeV, which in
physical units grows nearly linearly with A. A fit for w, is:

2

we ~ 277.917 GeV — 0.23092A + 0.00907898 .
GeV

(3.11)
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3.3 Parity

Let us now consider the action of parity on the collective modes. For a time-independent
vector field, parity changes the overall sign of both the argument and of its spatial part (in
3-dimensional space), and the argument of the temporal part

P W()(X) — W(](—X), Wl(X) — —Wi(—X) . (312)

Performing this transformation on the Skyrmion field, one sees that its effect consists in
changing the sign of fo and b. It is easy to see that this transformation cannot be reabsorbed
by a transformation of any of the collective coordinates A and &, and that the EWS defined
above does not seem to have a definite parity. The action of parity can be interpreted as
follows: the Skyrmion is not sent to a rotated version of itself, but rather to a new field
configuration that we can call the anti-Skyrmion. We can add a further quantum number
1 | that specifies whether the field configuration is a Skyrmion or an anti-Skyrmion, and
that transforms as

Ppm=L, Plh=m. (3.13)
The parity operator P is diagonal in the rotated basis
+

V2

The parity operator P commutes with all the rotation generators (3.4). The profile func-
tions f1(r), f2(r) and b(r) must be formally promoted to commuting operator-valued func-
tions f1(r), fo(r) and b(r) such that

AM =+, LD =+fIN, bt)=+b1,

. . ) (3.15)
hh =+,  RL=-fLL, b=-bl),

and
P AiP=+f, Pfop=—f, PoP=-b. (3.16)

In general, any observable O will be a function of A, e, and the profile functions fi, fo, b.
From eq. (3.15) we have

O(A,&; fi, f2,0) 1) = O(A,&; fu, fo, b) [1) = OT(A,0) 1)

i . (3.17)
O(A,S; f1>f27b) |\J/> = O(A,E, f17 _f2a _b) |\L> =0 (A>E) ‘\L> )

where all the other quantum numbers have been omitted. We define the parity operator
so that it leaves A and e invariant

PfAP=A, PleP=¢. (3.18)

The action of P on A has been chosen such that the angular momentum is a pseudovector
and the weak isospin operator is diagonal and parity-even. Note that the moment of inertia,
A, and the characteristic frequency of the breather, w., are both parity-invariant quantities.
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3.4 Spin and statistics

To determine whether the EWS should be quantized as a boson or as a fermion, we need to
study the action of the rotation group on the corresponding field configuration. Following
Manton [24], we impose the radial gauge condition W, = 0; i.e. we need to find a gauge
transformation that satisfy

UW,U' —i0,UUT =0 . (3.19)

Using W;.(x) = ;Wi(x) = g% 2, F (r), we find that the unitary matrix U must satisfy the
parallel transport equation

||
U =—-iUW, = U(x)=-exp <—ig;a§:a dr’ F(r')) . (3.20)
0
The lower integration limit in the exponent of U(x) has been chosen in order to have a
function that is single-valued at the origin. Now the gauge is completely fixed up to a
global gauge rotation. The Higgs field at infinity takes the form

By (7) = exp <—ig7;:%a /0 T F@«)) . (3.21)

The asymptotic behavior in eq. (C.4) ensures finiteness of the exponent. Introducing the
coordinates 6 € [0,7] and ¢ € [0,27] on S%, we can write

. 3.22
sinf et¥  cos6 ( )

N cosf sinf e”i®
Taxa(&(ﬂ) = ( > :
A 27 rotation defines a closed loop in the space of continuous functions S? — 53,
parametrized by

Do (2,0) = A(0)Poo(2)AT(0),  A(oy) = A(oy) =13 . (3.23)

We need to determine whether or not this loop is contractible. As the loop is closed, we
can compactify the o coordinate, and see the loop as an element of the space of continuous
functions S2 — S3, of which we need to know the homotopy class. This can be computed
as in ref. [20]. In order to simplify our calculation, we choose A(c) so that it describes
a circular loop around the Z3 axis. In this way, ®o(%,0) can be obtained simply by the
replacement

D (2(6,p)) — Poo(2(0,0+0)), (3.24)

where o has been rescaled so that o € [0,2x]. The homotopy class of the loop can be
computed from the integral

1 —1 —1 —1
ﬂ/du(ﬁ,%a)tr (dcboocboo AdDo P /\d(I)OOCDOO) , (3.25)

where du(6, o, 0) is a measure whose exact form is not needed. We can immediately see
that this integral is zero, as, thanks to our choice of the loop, the derivatives with respect
to ¢ and o are equal, and thus they cancel due to antisymmetry. We conclude that our
loop is contractible, and thus the EWS must be quantized as a boson. This means that
the spin and weak isospin eigenvalues I of eq. (3.5) must be integers.
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Figure 8. The rotational energy gap, AE,., in GeV, for the solutions of figure 1.

3.5 Discussion

From the previous subsections, it follows that the Hilbert space of a static EWS is spanned
by states of the form

[ =J I3, J3,n, 1) . (3.26)
The energy of such states is
I(I+1 1
EI:J,n = EO + (2)\) + (n + 2) We - (327)

The spin and weak isospin are always integer, and the states are bosonic. We can now
discuss the order of magnitude of the energy gaps for the physical parameters considered
in solutions of figure 1; i.e. 100 < A < 300. We consider the ground state FEpp, the first
rotationally excited state Ej o and the first vibrationally excited state Ep; in eq. (3.27).
For Ey, A and w. we use the numerical fits obtained earlier. The rotational energy gap
which we define as

ABEiot = FE19—Epp = —, (3.28)

> =

is plotted in figure 8.

Thus the rigid rotor approximation is valid, as the rotational energy gap is two orders
of magnitude smaller than the mass of the EWS. For thermal energies much smaller than
AFE,. ~GeV the soliton is in its ground state. The vibrational energy gap is defined as

AEvi, = Eop — Eoo = we - (3.29)
The EWS with A € [100,300] GeV thus possesses the properties
AFE o <€ E()’o ~ AFE . (330)

For practical purposes, this yields important implications. First, the rigid rotor approxi-
mation is valid, as the rotational energy gap is two orders of magnitudes smaller than the
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mass of the EWS. The vibrational energy gap is of order or even bigger than the EWS
mass, so we do not have to consider these effects as long as the soliton approximation is
valid. For thermal energies much smaller than AFE,. ~ GeV the soliton is in its spin-zero
ground state.

4 Interaction with leptons

4.1 Lepton number

The fractional part of the lepton number of a soliton can be obtained through the Goldstone-
Wilczek adiabatic method [25, 26], which yields the expression

("10) = gz tr <HT D,HH'D,HH'D,H + %HT WVpDUH> . (4.1)
This is exactly the anomalous current whose charge is appears in (2.16). As explained in
section 2, this quantity does not exist for field configurations for which s(x) = 0 at one (or
more) point(s), because the derivative expansion of the fermion current needed to obtain
this result, works under the assumption of small field gradients. This condition is violated
when the fermion mass term goes to zero at one point, leading to a pathological behavior
in the results of the calculation.

For field configurations with H = 15, the lepton charge computed from (4.1) is equal
to its Chern-Simons number. Substituting the profile functions of the Skyrmion field
configuration as expressed in equation (2.20) into the Chern-Simons number, one sees
that the fermion number exists, and its value is

3

m—ncs_—g? dr(f1 L2 b+—/ Sdr (rfof! — rfify - 2f10) (4.2)

where we used the notation introduced in section 3.3. This quantity is not an ordinary
number, but an operator that acts on the Hilbert space of collective coordinates. The only
quantum number that is relevant to the value of ny, is parity. If ncg is the Chern-Simons
number calculated on the soliton state, we obtain that, in the basis |1]), the lepton number

()py = (ngs 0 ) : (4.3)

is a matrix

—Nncs
Note that parity and lepton number cannot be diagonalized simultaneously.

4.2 Spectral flow

As the Chern-Simons number of the EWS is, in general, a non-integer quantity, it cannot
be equal to the number of leptons that is emitted (or absorbed) during the destruction (or
production) of an EWS. It has been shown that this latter quantity is equal to the net
number of fermion levels of the Dirac Hamiltonian

Hpirac = 74 (0; — iW;Pr) — y°y(®Pr + ' Py), (4.4)
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that cross zero energy during an adiabatic interpolation that connects the initial and final
states [27]. As the quantity we are looking for is a gauge-invariant integer, we reasonably
conjecture that the number of leptons produced in such a process is a function f(Ang),
where ny has been defined in eq. (2.14) and is the only integer and gauge-invariant quantity
characterizing the interpolation. The other potential quantity that may play this role is
the integer part of Angg, but by a suitable gauge transformations can always be turned
into Ang. This function must satisfy the conditions

f(n) ez, f(0)=0, f(kn) =Ekf(n), Vk,neZ. (4.5)
From this conditions it follows that
fn)=a-n for some a€’l (4.6)

This conjecture is known to be true in the case in which the initial weak field is pure gauge
with nonzero winding number and the Higgs scalar is frozen at its vacuum expectation
value [27]. Moreover, in ref. [7] it is shown that this conjecture is true also in the case of
the Skyrmion and of the EWS with non-dynamical Higgs. In these cases, the constant a
is equal to the number of leptons that satisfy myR < 1, where R is the Skyrmion radius.

When the Higgs is not frozen, the previous results can be taken as a point of departure
for a new argument. Using the same approach of ref. [7], we have to study the spectral
flow under a suitable interpolation that connects the EWS with dynamical Higgs to the
EWS in the limit m;, — oo. Unfortunately, this interpolation has a peculiarity that may
invalidate the previous results. In order to see what happens during the interpolation, let
us compare the squares of the Dirac Hamiltonian in the case of frozen, and of dynamical
Higgs

1 g

H?=-D? 4+ m? - S Wi Pr, (frozen) (4.7a)
1 g

H? = —D? + %% + iyds — §Wi]~a”PL . (dynamical) (4.7b)

In both cases, the field strength term is of order 1/R?, and must be compared with the
other terms to see if a zero energy bound state may, at least in principle, appear during the
interpolation. While in eq. (4.7a) the free Hamiltonian has a mass gap my, and the gauge
fields can be considered as a perturbation around it, in eq. (4.7b) any possible mass gap
depends on the shape of s(r), and can be arbitrarily close to zero. This makes the study
of the spectral flow of the Dirac Hamiltonian particularly difficult.

5 Long-distance interaction

In this section we consider the interaction between two distant rotating EWSs, neglecting
vibrational modes. We expect a contribution to the semiclassical interaction energy for
each fundamental degree of freedom: the weak and hypercharge gauge bosons, the Higgs
scalar, and the leptons. In the end of this section, we will see that the contribution of the
hypercharge gauge fields is dominant even at the classical level. Some general considerations
on long-distance interactions between solitons are given in appendix B.
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5.1 Higgs and gauge fields

Let us consider two spherically symmetric Skyrmion field configurations with centers at
x1 and Xg, characterized by the rotational collective coordinates A, B € SU(2). The
superposition of them has the form

Wi(x; A, B) = AW;(x — x1) AT + BW;(x — x) BT,

(5.1)
h(x) = h(|x = x1]) + h(|x — x2) .

This field approximately satisfies the equations of motion when |x12| > R with R being
the Skyrmion radius. Due to exponential suppression of the fields at spatial infinity, the
leading order contribution to the interaction potential is given by the quadratic interaction

terms in the static energy functional Viy, = Vlgtl) + ‘/;]El‘t/[/) where
Vi (xp9) = — / d*x hW(=V2 + m2)h? | (5.2a)
Vi) (x15) = — Dy (BT A) / dx W (—V20i; + 8:0; + mb )Wy . (5.2b)

We used the same notation of appendix B to denote the asymptotic fields at large distances.
To obtain the interaction energy, we need the source terms for h and W (see appendix C):

S (x) = 1Y 56)(x) (5.3a)
mp,
S (x) = =% £,,0;6®) (x) . (5.3b)
myy

Substituting into eq. (5.2) and enforcing the delta constraint, one obtains the potentials

2 —mpr
)y = (V)¢
= - (2) (5.40)
2
W) (o) — Ca e mwr
Vit (x) = =Dy (BT A) (m%v ) (=V?6ab + 0al) prl (5.4b)

where r = |x| is the distance between the Skyrmions. We see that the interactions medi-
ated by the Higgs and gauge fields have a range ~ 1/v. The Higgs exchange interaction
potential (5.4a) does not depend on the orientation of the solitons, which means that, if we
see it as an operator acting on the two-soliton Hilbert space, its effect is state-independent.
Instead, the operator (5.4b) depends on the relative orientation of the solitons, and its
effect depends on the value of the relative angular momentum J,q = J1 — Jo. As a conse-
quence, two Skyrmions in the ground state feel Higgs exchange interaction but no vector
boson exchange interaction.

In figure 9 we show the coefficient of the asymptotic function, that the Higgs field
tends to, see eq. (C.2). In the left panel, the convergence of the solution to the asymptotics
is shown, whereas the extracted value is shown in the right panel. Fitting the A behavior
of the coefficient ¢, we get

28.64 116. 2
286 GeV_( 65GeV> ‘ (5.5)

Cp ~ A A
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Figure 9. The coefficient ¢, of eq. (C.2) computed with the numerical solutions presented in
figure 1.

5.2 Electromagnetic properties

The temporal and spatial components of the electromagnetic current are
Jom = €3aW{ WY, (5.6)
Tim = £sar (WPOW? — WEOWY) + W2 (W2 + (W22 + W3 [Wiwd + w2wg] .

Using these expressions, we can compute the electric charge, and the electric and magnetic
dipole moments of a rigidly rotating EWS. Recalling that, due to the symmetries, a rotation
acts on the EWS fields as in eq. (2.21), we obtain, for the electric charge

. 81i [ .
Qem = €3ab / dBx WeWw?P = ?7” dr (2f2+2f3 +1?) w(AAT) =L . (5.7)
0

For the electric dipole moment and for the magnetic dipole moment, we can use the fact
that they both behave as vectors under rotations: we can compute them for A = 15, and
rotate them afterwards. The electric dipole moment turns out to be identically zero

di = 30 / d*x 2, WiW?P =0 (5.8)
Instead, the magnetic dipole is
m; = eijk/dgx ijfm
_ 4 /mdr{[2f2 Fb(b— )] — SAB(F2 + £2) + 7b2]} . (5.9)
308 | 1 2 511 1 2

For a rotating EWS, the magnetic dipole moment is thus proportional to D;3(A). If seen as
an operator acting on the Hilbert space of the collective coordinates, D;3(A) vanishes in the
ground state due to rotational invariance. Contrarily to the classical solution, the quantized
EWS does not possess a magnetic dipole moment. At the classical level, this computation
of the magnetic dipole moment is equivalent to solving the equations of motion of the
hypercharge field B, for ¢ < g in the EWS background through a multipole expansion.
Of course, this procedure neglects the backreaction of the hypercharge field, and a more
careful analysis should treat the hypercharge and the weak gauge fields on equal footing.
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Figure 10. Feynman diagrams that involve triple and quadruple gauge couplings in proton-proton
collisions [28].

5.3 Leptons

The interaction energy due to the leptons can be obtained by integrating out the lepton
fields and repeating the calculation of the previous sections on the resulting quantum
effective action. The path integration of the Fermi variables has been performed in refs. [17,
18]. The only effect of the leptons on the quadratic part of the initial Lagrangian is to
renormalize the coupling constants. In order to see the contribution of the lepton exchange
to the interaction energy (that we expect to have a range ~ m[l) we need to take into
account higher-order terms that are suppressed by the distance between the EWSs. We
will leave such calculation for future work.

6 EWS phenomenology

6.1 Collider constraints on the Skyrme term

We obtain some experimental constraints on the coefficient of the Skyrme term from anal-
ysis of the data collected by the CMS detector at the LHC (CERN). The data concerns the
anomalous electroweak production of WW, WZ and ZZ boson pairs in association with
two jets in proton-proton collisions at y/s = 13 TeV with a luminosity of 35.94:0.9 fb~1 [28].
The diagrams contributing to this process are shown in figure 10. We return again to the
convention in which the Higgs doublet is represented as a vector with two complex compo-
nents (see eq. (2.3)), and the Skyrme term as a linear combination of the operators Q((;Al),

QE;) and Q((;). Their most general orthogonal linear combination is commonly denoted as

fso fSl fsz
/3

£¢4 —

(6.1)

- S 0g+ 1o p& Q4]+ [@n+Q$+QQL

where M is some mass scale. The three dimensionless coefficients «, 8 and ~ are linear
functions of fso, fs1 and fso

_ fso+ fs2—2fsn
3 )

B =fso— fs2, V= g(fs,0+fs,1+fs,2) : (6.2)
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WW (TeV~4) WZ (TeV™?)
fso/M*  [-2.7,2.7] [—40, 40]
fsa/M* [-3.3,3.4] [—32,32]

Table 3. The experimental limits on fgo and fs1 at 95% CL [28].

By definition, the constant A that multiplies Ogg in the SMEFT expansion is

1 _1<fs,o+fs,2 2fs71> ‘

MY Mt M4

(6.3)

A3
The current upper bounds on fso, fs1 and fs2 can be used to find a corresponding lower
bound on A. The data for fgo and fs; from ref. [28], with 95% CL, are shown in the
table 3. However, to the best of our knowledge, there are no data concerning fs2, nor any
theoretical bound from e.g. unitarity or positivity that allow to express it as a function of
[s0 and fs 1. This makes constraining A an impossible task.

In order to make sense of this data, we are forced to make some additional assumptions
that cannot be justified from first principles. For example, we can assume that custodial
symmetry is satisfied also to this order in the SMEFT, which is equivalent to imposing the
constraint fgo = fs2. In this case

1 2 (fs,o s

a M4 MA

>
=3 ) — A >0.71TeV. (6.4)

Another possibility is to fix the ratios between the fg; using a UV completion of the
Skyrme term. In ref. [8], three different UV completions are given. The Skyrme term can
be generated by an SU(2) triplet vector boson V} with Lagrangian

1
Lov =3 (DuVVaD”V““ — D, VDIV 4 MW;VW) +gvVE2 Im (¢T GGD%) . (6.5)
Computing the Wilson coefficients, one can show that
1
fso=fs2= —§f5,1 = A >0.74TeV . (6.6)

Another possibility is to generate the Skyrme term through a scalar singlet S with La-

grangian

1
Loy = —5S(D* + M*)S + kS|l . (6.7)

In this case
fso=1fso=0 = A>0.82TeV. (6.8)

In general, due to the fact in eq. (6.4) there is the fourth power of A, for any model that
predicts ratios a/ fg; ~ O(1) the corresponding bound for A is very close to 0.7 — 0.8 TeV,
except when fgo + fs2 — 2fs 1 is very close to zero.
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6.2 Dark matter

In this section we compute the relic abundance of cosmological EWSs. We assume that:

1. The cosmological EWSs have been produced after the electroweak phase transition
(Tew ~ 10'°K). This assumption is necessary, as the classical solution does not exist
in the unbroken phase of the theory.

2. The production was thermal i.e. the EWSs, S, have been produced in reactions of
the form X + X — S+ S where X are Standard Model particles. These reactions, of
course, conserve B+ L. As we are neglecting those production channels that result in
a net B+ L change, we are probably misestimating the abundance actually predicted
by the model.

3. The cosmological EWSs freeze out at T" ~ M/30, and at that moment were non-

relativistic.

4. The thermally averaged cross section of the EWSs can be roughly approximated by
the geometric cross section (ov) ~ 7T>\200mpton at A ~ 130 (see section 2.4).

Given these assumptions, we can compute the abundance with the solution of the Boltz-
mann equation [29, 30]:

2 xy 10 )1/2 10-8GeV—!
f2sh 0'1<10> (g*(M) (ov) (69)

where xy = M/T ~ 30 at freeze out and g.(M) ~ 90 is the number of relativistic degrees

of freedom at temperature M. The results of this calculations is
Qgh? ~ 1075, (6.10)

which is significantly smaller than the DM abundance Qpjsh? ~ 0.2. It is instructive to
compare our results with those of ref. [8]. Assuming the A-dependence of the EWS mass
and radius to be that in eq. (2.27) and applying the formula (6.9), one obtains Qgh? ~
(A/3 TeV)?, which, at the classical-to-quantum transition A ~ 310 GeV is approximately
Qsh? ~ 10~%. We conclude that thermally produced EWSs cannot be considered plausible
DM candidates.

7 Conclusion

In this paper we discussed various aspects of the electroweak-Skyrme theory. This model
has been studied in the past, always with the assumption of the Higgs field frozen at
the vacuum expectation value. Recently, this model has been reconsidered assuming a
dynamical Higgs field. Our finding is that the effect of the dynamical Higgs is even greater
than previously recognized. We find that in the range of A from 100 to 300 GeV, the EWS
mass goes from 350 to 30 GeV, roughly a factor 10 lower than what was previously found.
The profile functions for the EWS show two regions: one internal where the Higgs field is
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vanishing and the gauge fields are at their maximum value, and one external with no gauge
fields and where the Higgs approaches its vacuum expectation value. As A is increased
the soliton becomes smaller and lighter, as expected before. We considered the rotational
degrees of freedom and their quantization. We found that in the region of parameters we
are considering, the gap in the rotational energies is of order of GeV, thus considerably
smaller than the EWS mass scale. The rotational energy gap is big enough to justify
the rigid rotor approximation we have been using. We showed that, if no other terms are
present in the effective Lagrangian, the EWS must be quantized as a boson and the ground
state is a scalar particle with spin-zero. For the vibrational energy scales, we considered
the breather (interpreted as a particle, it is often called an oscillon), a particular vibration
of the scale factor which is relatively easy to compute, and should give the right order of
magnitude of the vibrational scales.

We considered the effect of the hypercharge, as a perturbation of the EWS. This gives a
magnetic dipole moment to the classical EWS. When the rotational degrees of freedom are
quantized, the magnetic dipole is oriented toward the spin direction of the particle. In the
spin-zero ground state, there is no remnant of the magnetic dipole moment. We considered
fermion interactions with the electroweak Skyrmion. They can induce a fermion number to
the EWS through the Goldstone-Wilczek mechanism. We considered the coupling of the
EWS with the vector bosons and the Higgs field, and then computed the large distance
interaction potential between two solitons.

We then consider, at the qualitative level, the issues of stability and quantum correc-
tions. The EWS is not a topologically protected soliton, it is separated by the sphaleron
barrier to the normal vacuum. It is, at most, metastable. In the region of parameters we
considered, with A above 100 GeV. The mass of the EWS is always well below the sphaleron
barrier, so for any phenomenologically reasonable value of A we expect to have a metastable
soliton. Quantum corrections are expected to be very important. At A ~ 200 GeV the EWS
is already at the scale of the Higgs mass. In general, solitons can be treated semi-classically
only if they are heavier than any perturbative particle. So we can trust a semiclassical soli-
ton analysis in a relatively small window, between the stability barrier Ay, (which we can
estimate roughly to be 50 GeV) and the region where quantum effects become considerable
Apmax (which we can estimate to be roughly 200 GeV). For larger values of A, the particle
corresponding to the EWS is certainly there, and it is metastable with a very large life-
time. We cannot say much about its properties such as mass, radius and coupling with
other particles. A naive extrapolation of the semiclassical analysis would predict that the
mass goes to zero as A — 0o, but a conservative guess is that it will stabilize itself around
the Higgs mass scale.

Phenomenological constraints on A are quite severe, and they impose a parameter
space that is outside the rigorous validity of the approximations we have made. For A
in the range preferred by phenomenology, the EWS is a very quantum soliton and also
very stable. This poses an interesting challenge for the future as this particle should be
there, at least for this choice of higher-derivative corrections, and it is not semiclassical.
Another aspect to look into is the modification of the EWS sector as we change the types
of higher-derivative corrections.
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Various things remain to be explored in the future. One aspect that should be consid-
ered with more precision is a complete analysis of the energy functional in the landscape
of field configurations, with the sphaleron and all the possible saddle points, and how they
are affected by the combination of Higgs mass and Skyrme term. To study the exact decay
process, one should look, at least semiclassically, at the bounce solution to understand pre-
cisely the tunneling process that leads to the EWS decay. The numerical approach, both
for the landscape and for the bounce problems, is quite complex to be carried out with the
same precision we obtained for the solution of the EWS and this would require dedicated
work in the future. Another task for future work is to study multi-EWS bound states. The
multi-Skyrmions are very well studied in the Skyrme literature, and are known to be very
stable solutions with multiple baryon numbers. They should also exist in the electroweak
Skyrme model and may have an impact on the phenomenological aspects. From a phe-
nomenological perspective, the most pressing thing to do now would be to learn how to
treat the EWS in a region of parameter space where quantum corrections are large.
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A The breather

The scaling law under dilatations of the EWS fields are expressed in eq. (3.6), and the
new time-component of the weak gauge field is introduced in eq. (3.8). We plug these
transformed quantities into the Lagrangian and find an effective action for the dilatation
parameter 7. The terms that do not depend on Wy can be easily found by a change of
variables. Define

A= /d3:1: <4;2tr Wi — S%tr(piqﬂpj@ - D]-<I>TDZ-<I>)2> , (A.1a)
B= /d3:1; %tr D;®'D;®, (A.1b)
C = /d% %(tr TP —0?)2, (A.1c)
then B o
A— A, BHZ, Cn—>$. (A.2)
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The virial law for the static solution reads
A=B+3C. (A.3)

The remaining terms are the time-dependent terms:

1 77 — 1 3 a a 3 2
17 3 t
§D2 = d’x tr Dg®'Dy® . (A4b)
We now make the rescaling
v v 2
%Fra t%ph (fl?f?abag)%g(flaf%bag) . (A5)

We introduce the dimensionless Lagrangian for the breather

D2 nat

22
Lbr,nat (Dl nat 1 ) Z (nAnat + —Bpat + 3 Cnat) ) (AG)

where the dimensionless coefficients obey

473

(me A, 37 C, Dl» D2) = ?(Lbr,nata Anata Bnata Onata Dl,nata D2,nat) ) (A7)

and are given by

Arar = /ooo dr{a [(f{ - 2f2i>2 + (fé +(2f - 1)&)2 + 7% (r2+1£2- fl)j

s eI (A50)

o r? N2 2 [ r2 2 b
Bus = [ ar | 5@ 0 (414

Chat = /OO drpri(c® —1)?, (A.8c)

Dlnat—/ 2dr{2a [(fl 2§f2> (fé—fl_fflf—i—;(b'—f/)z]

2 2 2 ’ ﬁ (‘7/)2 _7\2
PP+ )+ 502y (AsQ)

, (A.8D)

D2,nat = / Tzdr <7“2(0'/)2 + 520'2) . (A8e)
0

a and § are defined in eq. (2.30). For small perturbations e = 7 — 1 around the classical
minimum, the Lagrangian reduces to that of a harmonic oscillator with frequency

2Bhpat + 12Ca
We = \/t""t (A.9)

Dl,nat + DQ,nat

~ 98 —



The new profile function £ can be determined as a function of fi, fo, b and o. If we consider
£ as a dynamical variable of the system, it must satisfy the Euler-Lagrange equation

d ¢ 0 d § 5
B of g ) Format = — — 5z ) DPina Do pat) =0 . Al
(dréé’ 65) brnet =0 = (dr&s/ 6€>( tna + Donae) =0 (A.10)

Suitable boundary conditions are
£0)=0,  &(0)=0. (A.11)
Explicitly, the equation of motion for £ is

2612\ 4f2 / 1-2f1\ 2(2f1 — 1)
r>r+<f2f ; ) ;

2 2 2
+250 (£;+f2)+

" w2 N /
&b+ -¥) = (4

0.2

_i_i
(07

(A.12)
§

(o)?(€ ~ b)l :

An educated guess is that the solution of £ is & = b, since this reduces the equation of
motion to an algebraic equation that can easily be compared to that for b. We obtain

2bfy\ 4 1-2 2(2f1 — 1 2 2b0%(f2 + f3
(1= 28) o (- ) A2 2L
which can be solved for b:

200 (1 — 2f1)% + 4f3) + 1202 + 2(f7 + f3)ot’

which is exactly the static equation of motion for b. This establishes that £ = b is a
solution. A quick inspection of eqs. (A.8d)-(A.8e) shows that £ = b is a local minimum of
D1 nat + D2 nat, and thus it maximizes we.

B Interaction potentials

In this appendix, we briefly show how to compute the interaction potential between two
solitons taking into account all the relevant contributions. In order to avoid irrelevant
complications, we consider the case of a soliton made of a scalar field ¢ with action

5(6) = [ ate [30u0 0% - Jme* +V(0)] (B.1)

Let ¢(x) be a soliton field configuration. For |x| > R, with R being the soliton radius, the
asymptotic field ¢, (x) satisfies the approximate equations of motion

(= V% 4+ m*)doo(x) = S(x), (B-2)

where S(x) is a source with support in x = 0. Let ¢(x — x;) and ¢(x — x2) be two
identical solitons with x19 > R. Far from x; and x3, the total asymptotic field ¢oo(x) =
Poo(X — X1) + Poo(x — x2) satisfies

(=V2 4+ m?) oo (x) = S(x — x1) 4+ S(x — x3) . (B.3)
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From these equations of motion, and neglecting anharmonic contributions, we can guess
an approximate expression for the total energy of the two solitons

Eyot = 2Eg1 + / d*x [qﬁ(”(—v? +m?)p?@ — @M _ ¢<1>S<2>} T (B.4)

where we have used the notation ¢ = ¢oo(x — x;) and S = S(x — x;) and where
FEg is the energy of a single soliton. The ellipses contain anharmonic terms, that can be
neglected within our approximation. The first term of the integrand in eq. (B.4) yields the
tail-tail contributions, while the other two terms yield the core-tail contribution. Using
the equations of motion, one ends up with

Etot — 2Esol - /d3X ¢(1)(*v2 + m2)¢(2) + ... (B5)

which explains the minus sign in eq. (5.2). The resulting interaction potential is always
attractive, in agreement with the particle exchange interpretation.

C Asymptotic behavior of the EWS fields

C.1 Fields at large distance

The asymptotic behavior of the solutions can be easily found by inserting the Ansatz (5.1)
into the linearized equations of motion. The results obtained with this method depend
only on the quadratic part of the action and on the form of the Ansatz

(-V2+m})o(x) =0,  (=VZ4mi)Wix) =0, aWi(x)=0. (C1)

The linearized equations (C.1) must be valid for x # 0. As shown in appendix B their
right-hand side can contain a distribution with support at the origin. Solving the linearized
equations for the Higgs field, we simply obtain

Ch efmhr

1 _— 2
a(r) = —|—mh pp— U(T)mdh o , (C.2)

where ¢;, and dj, are real constants. For the weak gauge fields, the linearized equations of
motion for the functions F; = %, Fy = % and B = 2 are coupled

, _
£a [B’+T(B—F2) —0, (C.3a)

2 2 2 4 1
€aijd; | FY + ;Fl’ -=h —m%VFl} g [B”Jr ;B’— ﬁ(B—Fg) —m3, B

2

: - (C.3D)
+(0ia—2iZa) {Fél+rFé+ﬂ(B—F2)—m%vF2 =0.

The independence of the three members of the second equation can be easily proven by
multiplying them by #;, (d;x — 2;2%) and e4;12x. The first equation is a constraint on the
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initial conditions, so it introduces no redundancy in the system. The most general solution
of these equations at infinity is

C . . . .
Fi(r) e ﬁ [j_a(imwr) + iy_o(imwr)] ,
I e_mWT
B(r) +2F2(r) 3 2
.C . . . .
B(r) — Fy(r) — —i-L [j_s(imwr) + iy_s(imwr)] ,

r—00 41

(C.4)

where cq, cg, ¢y are real constants and j, and 3, are spherical Bessel functions. Instead,
for r — 0, we have

Fi(r) —pida y—2(imwr),
emw'l‘ _ e—mw'l’
B 2F: - C.5
(1) +2Fo(r) — dy (C5)
B(r) — F(r) = dyy—s(imwr),
where dq, dg, d, are real constants. The constraint (C.3a) has not been imposed yet. This
will be done in the next subsection by passing to momentum space.

C.2 Source terms

The source term for the Higgs field h = v(o — 1) can be easily obtained from the distribu-

—mr

tional identity (—V? +m?)¢_— = 6 (x) applied to the field in eq. (C.2). The result is
S (x) = P56 (x) . (C.6)
mp

We now search for a source term for the weak fields S(") satisfying

(2

(=283 + 0:0; + miy b ) Wi(x) = S (x) . (C.7)

The source Si(W) can be a function of the derivatives 9; and of the Pauli matrices 7% applied
on a Dirac delta centered at the origin, 6©) (x), and must satisfy all the symmetries of W;.
In order to find the source, we make the Fourier transform of both sides of eq. (C.7) using
the same notation of eq. (2.34). First, we rearrange the terms in eq. (2.20) as

1 1
Wi = Em‘j:@jFl + (:i’iﬁﬁa — 3(5m) (B — Fz) + g‘sia(B + 2F2) . (CS)

Then, we separate the radial and angular part of the Fourier-transformed weak field by
means of the identity

TP = 3204+ 1) (i) P+ 2)jelpr) (G9)
V4

where P, are the Legendre polynomials and j, are the modified spherical Bessel functions.
For the angular part, we use the identities

/ APy - p) = dmdyg, (C.10)
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4
[ AP ) = S ouai. (C.10)
A 1 . 47 R 1
/de (.’L’Z‘{L'j — 3(5,]) Pg(w 'p) = ?(5&2 (pipj — 35”) . (C.lOC)
We find that
— Y e ) 47 o0 .
Wai(p) = — 47T1€aijpj/0 r’dr Fy(r)ji(pr) + ?(Z‘a A r2dr (B(r) + 2Fy(r))jo(pr)
.1 o0 .

—d4m <pipj - 35ij) /0 r’dr (B(r) — Fa(r))j2(pr) . (C.11)

Then we substitute the asymptotic expressions for F}, F5 and B into the equation and use
the integrals

o0 e . 1 1

/O T2d7” ar jg(qr) = am, (Cl2a)

e 2 . . . . . q 1
dr (j- _ =S C.12b
e Geatiar) +iy-atar) (e = s (C.12b)

& . . . . ig?2 1
/0 rdr (j_s(iar) + iy_s(iar)) ja(qr) = FEraE (C.12¢)

We finally obtain the result
— 1 . Ca 1 cg 1 2) Cy

Wai = - aijPj — *61'(1 iPa — *51'(1 . C.13
T [mw 3= o+ (o= o) 2| (C1)

Before applying the operator (p25ij — pipj + m%V(Sij), we need to impose the condition
0;Wf(x) = 0, which, in momentum space, takes the form

— 1 [1e 2
0=npW. (p) = - - T 2 — =c, =0 C.14
DPiWai (P) p2 T m[%{/ [3 mw 3m%/{/p 1 Pa %] Cy ) ( )

which means that the source is

52/1/) (p) = —ic—gsmjpj , (momentum space) (C.15a)
My

ng) (x) = —c—gsaij(?jé(g) (x) . (position space) (C.15Db)
myy

The asymptotic expression for Wy; in position space is thus

Cor e~ mwT
Wai(X) = —m2 Eaijaj At (0.16)
w
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