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Abstract

We give a complete characterisation of the parity of bg(n), the number of 8-regular
partitions of n. Namely, we prove that bg(n) is odd precisely when 24n + 7 has the
form p**1m? with p prime and p 1 m.
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1 Introduction

Partition functions are very natural and elementary objects, being defined as the number
of ways we can decompose a non-negative integer as the sum of positive integers, pos-
sibly with some constraints. A partition of n is a nonincreasing sequence (Ag, ..., Ag)
of positive integers, possibly empty, such that A; + - - - + Ay = n. A partition is called
L-regular if no A ; is divisible by ¢, and we denote the number of ¢-regular partitions
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of n by by(n). The generating functions of many partition functions have connections
to the theory of modular forms, and in particular to the Dedekind eta-function 7(z)
(see Sect. 2). For example, if p is prime the generating function of b ,; (n) is congruent
modulo p to a power of 1(z) (see Lemma 2.1).

In [10], Serre proved that if r is an even positive integer, then n"(z) is lacu-
nary, i.e. the density of the nonzero Fourier coefficients is zero, if and only if
r € {2,4,6,8, 10, 14, 26}. All but one of the cases where Lemma 2.1 furnishes a
relation between the arithmetic of b,,;(n) modulo p and an even lacunary power of
n(z) have appeared in the literature (see, for example, [1, 4, 7, 8]). The main result of
our paper addresses the remaining case.

Theorem 1.1 Let n be a positive integer and let bg(n) denote the number of 8-regular
partitions of n. Then bg(n) is odd if and only if

24n 4+ 7 = p4“+1m2 (D

Sor some prime p and integers m > 0, a > 0 such that p { m.

Curiously, the factorisation (1) also appears in [2, Theorem 1.4 (1)], which charac-
terises the behaviour modulo 4 of certain overpartition functions (we are not aware of
a direct connection between these overpartitions and 8-regular partitions). The parity
of bg(n) was previously known only for 7 restricted to certain arithmetic progressions
(see [3, Theorem 3.19]).

The paper is organised as follows: in Sect. 2, we recall some well-known results
about modular forms and describe the main tool in our argument (Lemma 2.1). In
Sect. 3, we characterise the parity of bg(n).

2 Preliminaries

It is well known that
o0 o0
[Ja-an" =) pme",
n=1 n=0

where p(n) is the number of partitions of n. We begin by establishing a connection
between {-regular partition functions and powers of the Dedekind eta-function

n@ =q% [ —q™,

m=1

where ¢ = ¢2"Z and Im(z) > 0.
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Lemma 2.1 Let p be aprime and let r and s be positive integers such thatr = (p/ —1)s
for some j > 1. Then

(prj(n)q”p/z;]) =n(z)" (mod p).

n=0
Proof We begin by noting that

H (1 4 m) Zb,,,m)q

Moreover, we have the congruence

my _ (L=g™ (L —gPmy
1— = = d p).
Goa =gy = =gy ™7

Combining these yields

@ =q% [Ja-qg" = (Z b, (n)q"%) (mod p)

m=1 n=0
and our result follows.

Note that when (r, s) = (14, 2), Lemma 2.1 yields

o0 2 oo
@) = (Z bs(n)qn+274) = Y bgng? T (mod 2). @)

n=0 n=0

For r € {2,4,6,8, 10, 14, 26}, Serre [10] proved that n" can be written as a linear
combination of modular forms with complex multiplication (CM) associated to Hecke
characters on Q(+/—1) or Q(+/=3) (for the definition of modular forms with CM and
their relations with Hecke characters, see [9, Sect. 3]). More precisely, " is a scalar
multiple of a CM form when r € {2, 4, 6, 8}, and a linear combinations of two or four
forms when r € {10, 14} or r = 26, respectively.

We end this section by recalling properties of the Fourier coefficients of a Hecke
eigenform. Let N and k be positive integers. We denote by Sk (N, x) the C-vector
space of cusp forms of weight k that are invariant under the action of I'|(N) and
on which IH(N) acts via the Dirichlet character y modulo N (for more details see
for instance [5, Sect. 4.3, p. 119]). Let f€ Si(N, x) be a normalised eigenform with
g-expansion

o0

f@) =) amyq".

n=1

@ Springer



G. Cherubini, P. Mercuri

The Fourier coefficients a(n) are multiplicative, i.e.
a(nm) = a(n)a(m) 3)
when gcd(n, m) = 1, and we have the recursion
a(p’) = a(p)a(p’™") = x(p)p*la(p’™?)

for p prime and j > 2 (see for instance [5, Proposition 5.8.5]). It follows that for all
j =2, we have

Li/2) . ‘
a(p)) = Z(—l)’(’ ) r)x(p)’p““”ra(p)f—”. @
=0

3 Parity of the 8-regular partition function

In this section, we prove Theorem 1.1. Let x be the Dirichlet character given by

) = (—1)@=D/2if ged(n, 6) =1,
X o otherwise.

Let ¢k ... € S7(144, x) be the normalised eigenforms associated to the Hecke char-
acters c4+ on K = Q(+/=3) of conductor f= 4/=30 and defined as follows. Let a
be an ideal in Og = Z [%j] coprime to f and leta = x + y«/—_3 (x,y € Z)be
the unique generator of a withx = 1 (mod 3) =1 (mod 4)). Letting

cx(a) = (=D)EF D260,

we have

Pk .c:(@) =Y cx(@g™™® =3 "ai(n)q", )

n=1

where in the first sum a runs over the nonzero ideals of Ok coprime to f (the Galois
orbit {¢g ¢, , ¢k .c_} is listed with label 144.7.g.d on [6]). By [10, Sect. 2.6], we have

n'*(122)=q" — 14¢"° +77¢°"' — ... = ;«DK () — ¢k (). (6)
720¢/=3 -

Next, by (2), we have

o
n'*(122) = Y " bg(m)g**"*7  (mod 2).
n=0

@ Springer



Parity of the 8-regular partition function

It follows that

ar(an+7) —a_(24n +7)
7200/=3

Lemma 3.1 Let p be a prime such that p =5 or 11 (mod 12). Then

bg(n) = (mod 2). (7

ay(p)y=a_(p/)=1 (mod?2) if jiseven,
ay(pHy=a_(p/)=0 if j is odd.

Proof Since p = 2 (mod 3), p is inert in Og. This implies that Og has no ideal of
norm p/ if j is odd, while if j is even, there is a unique ideal p//>Og of norm p/.
Our result follows.

Lemma 3.2 Let p be a prime such that p = 1 (mod 12). Then

(=1)//2  (mod 4) if jiseven,
as(p’y=a_(p/)=1{2 (mod 4) ifj=1 (mod4),
0 (mod 4) if j =3 (mod 4).

Proof Write p = z> + 3w? withz, w € Z and z = 1 (mod 3). Since z> + 3w? = 1
(mod 4), we have that z is odd and w is even. This implies that z + w = z — w
(mod 4), and hence (—1)@+tw=D/2 = (—1)@=w=D/2 1t follows from this and (4) that
ay(p/) =a_(p’) forall j > 1. Next, since (z &= w+/—3) are the ideals of O above
p, by (5), we have

as(p) = (=)W =D/2(2:6 _ 907402 + 270z2w* — 54w’) =2 (mod 4).
Combining this with (4), we find
Lj/2] iy
Jy — 1V j—2r
ar(py= Yy (1) ( ] )2 (mod 4)
r=0
from which our lemma follows.

Lemma 3.3 Let p be a prime such that p =7 (mod 12). If j is even, then

9 (mod 16) if p=19 (mod 24)andj =2 (mod 4),
1 (mod 16) otherwise.

ar(p!) =a_(p’) = {
If j is odd, then
ap(p)) = —a_(p)) =1tv/-3
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with

— 8 (mod 16) if p=7 (mod24)andj=1 (mod 4),
" 10 (mod 16) otherwise.

Proof Write p = z> + 3w? with z even, w odd and z = 1 (mod 3). Replacing w
with —w if necessary, we may ensure that z + w = 1 (mod 4) and hence z — w = 3
(mod 4). Then by (5), we have

ar(p) = —(z+wv=3)° 4+ (z —wv=3)% = —a_(p)
which implies

ar(p)

N=in

If j is odd, by (4), we obtain a (p/) = —a_(p’) and

—122%w + 12023w> — 108zw° = —108zw> =4z (mod 16).

at (P’)

V-3

1 Z( )P6r61+(l7)j2r =27+ Hp*Y™D  (mod 16).

If j is even, by (4), we have a+(pj) = a_(pj) and

2o, .
. J—r . .
ar(ph) =Y ( . )pﬁ’a+(p)f ¥ =p¥  (mod 16).
r=0

The result follows by noting that z = 0 (mod 4) if and only if p = 19 (mod 24).
Proof of Theorem 1.1 Write 24n + 7 =[] » 7. Then, by (3), we have

az4n +7) = [ [ax(p®). ®)

By Lemmas 3.1, 3.2, 3.3, we find that ay (p/) = a_(p/) if p # 7 (mod 12) or if
p =7 (mod 12) and j is even, while a(p’/) = —a—_(p’) if p =7 (mod 12) and j
is odd. Therefore, we can write

ayQn+7) —a_Qin+7) = (1 — (=) [T ar (p*"), )
14
where

> L

p=7(12)
ap odd

@ Springer



Parity of the 8-regular partition function

If y is even, it follows from (7) that bg(n) is even. Assume from now onwards that
y is odd. By Lemma 3.3, for each prime p = 7 (mod 12) with «), odd, we have
ay(p*r) = t/—3 with 8 | ¢. It follows that if y > 3, then

ar(4n+7) —a_24n+17)
V-3

=0 (mod 1024) (10)

and bg(n) is even by (7).
Finally, assume y = 1 and denote by p’ the prime divisor of 24n + 7 with p’ =7
(mod 12) and o) odd. Then 1 — (=1)” = 2 and by Lemma 3.3, we deduce that

“+<24"+73‘_i3*(24”+7> =0 (mod 32) if p’ =19 (mod 24) orif p’ =7 (mod 24) and

o, =3 (mod 4). If p’ =7 (mod 24) and o)y = 1 (mod 4), then by Lemma 3.3,
we have

ay(24n +7) —a_(24n +7)
V=3

=16 [ [ a+(p™) (mod 32). (11)
P#p’

We observe that, by Lemmas 3.1, 3.2, 3.3, the product in (11) is even if and only if
there is a prime p # p’ with ,, odd. This concludes the proof of the theorem by (7).
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